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G(N,P,T ) =U −TS + pV

F(N,V,T ) =U −TS

Hermann	Ludwig	Ferdinand	von	Helmholtz	
(August	31,	1821	–	September	8,	1894)		

Josiah	Willard	Gibbs	(February	11,	1839	–	April	
28,	1903)	
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Transition	state	theory	

Henry	Eyring	
(February	20,	1901	-

December	26,	1981)	

Measurement	of	free	energy�	

	

1.	ratio	of	probability	

	

	

	

2.	reversible	work	

F = −kBT ln
pA
pB

3	

ΔG ≈W reversible
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X-ray	crystallography	

Neutron	Scattering	

fluorescence	spectroscopy	

Hydrogen-deuterium	exchange	mass	spectrometry	(HX-MS)	

time-resolved	HX-MS	

surface	plasmon	resonance	(SPR)	

Terahertz	spectroscopy	

NMR	

differential	scanning	calorimetry	(DSC)	

isothermal	titration	calorimetry		

isothermal	titration	calorimetry	(ITC)	
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ITC:	Isothermal	Titrational	Calorimetry	

MicroCal	 5	
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F = −kBT lnQ

Q = dΓexp −βU (r N )( )∫
F = kBT ln

1
Q
⎛

⎝
⎜

⎞

⎠
⎟+C

= kBT ln
1

dΓexp −βU (r N )( )∫

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
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= kBT ln
dΓexp +βU (r N )( )exp −βU (r N )( )∫

dΓexp −βU (r N )( )∫

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
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= kBT ln exp +βU (r
N )( )
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An	analytical	term,	ignorable	
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Z(N ,V ,T ) = 1
N !h3N

e−βH dΓ∫

=
1

N !h3N
exp −β(

pi
2

2mi
∑ )−βU (!r1,

!r2,",
!rN )

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
dΓ∫

=
1

N !λ3N
exp −βU (!r1,

!r2,",
!rN )⎡⎣ ⎤⎦d

3Nr∫

=
1

N !λ3N
Q

λ =
h2

2πmkBT
=

2π!2

mkBT
de	Broglie	

thermal	wavelength	

https://www.natur.cuni.cz/chemie/fyzchem/nachtig/prednaskst/Lecture_8.pdf	

http://puccini.che.pitt.edu/~karlj/Classes/CHE2101/l14.pdf	

	

Configurational	integral	

Here	V	denotes	volume,	and	
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Three	major	frameworks	

•  Core	idea:	

1.  Use	different	parameters	to	describe	states,	
such	as	temperature	

2.  Use	different	Hamiltonians:	H1, H2	
3.  Introduce	a	parameter,	and	construct	a	

parameterized	Hamiltonian:	H(λ),	leaving:	
H(λ=0)=H1, H(λ=1)=H2	

ΔF = −kBT ln
Qfinal
Qstrart

= −kBT ln
Q1
Q0
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FREE	ENERGY	PERTURBATION	
Chapter	1	
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Calculate	the	difference	between	two	

phase	spaces	in	on	single	phase	space,	

actually	this	is	a	perturbation	method.	

P(ΔU)	
e-βΔU	

e-βΔUP(ΔU)	

14	

ΔF = −kBT ln
Qfinal
Qstrart

= −kBT ln
Q1
Q0

ΔF = −kBT ln
exp −βU1(r

N )( )dΓ∫
exp −βU0 (r

N )( )dΓ∫

= −kBT ln
exp −β[U1(r

N )−U0 (r
N )]( )exp −βU0 (r N )( )dΓ∫

exp −βU0 (r
N )( )dΓ∫

= −kBT ln exp −β[U1(r
N )−U0 (r

N )]( )
0

= −kBT ln exp −βΔU( )P0 (ΔU )dΔU∫
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P(ΔU)	
e-βΔU	

e-βΔUP(ΔU)	

If	the	difference	between	two	

potential	energies	is	too	large,	the	

integrant	becomes	very	small,	the	

simulation	thus	fails!	

ΔF = −kBT ln exp −βΔU( )P0 (ΔU )dΔU∫


)� ���
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ΔF = −kBT ln exp −β[U1(r
N )−U0 (r

N )]( )
0

ΔU =U1(r
N )−U0 (r

N )

≈ ΔU
0
−
β
2

ΔU 2

0
− ΔU

0

2⎛
⎝
⎜

⎞
⎠
⎟

From	cumulant	expansion,	one	can	use	even	simpler	formula	to	practice.	

1.	Zwanzig,	R.	W.,	High-temperature	equation	of	state	by	a	perturbation	method.	

I.  Nonpolar	gases,	J.	Chem.	Phys.	1954,	22,	1420–1426	
2.	Kenney,	J.	F.;	Keeping,	E.	S.,	Mathematics	of	Statistics,	[2nd	edition],	Van	Nostrand:	
Princeton,	NJ,	1951		
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ΔF = ΔU
0
−
1
2
βσ 2
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Real	Start	State	 Real	Final	State	Alchemical	intermediates	

V0

λ = 0 λ =1

V1

λ = 0.5

V (λ)

ΔG =G(1)−G(0) = G(1)−G(λ = 0.9)⎡⎣ ⎤⎦+

G(λ = 0.9)−G(λ = 0.8)⎡⎣ ⎤⎦+!+ G(λ = 0.1)−G(0)⎡⎣ ⎤⎦

(Suppose	we	added	8	intermediate	states)	
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For	more	sophisticated	method	to	obtain	ΔG	accurately,	one	can	use	BAR	

(Bennet’s	acceptance	Ratio).	

https://github.com/samuelymei/freeenergy/blob/master/notes/

Bennett_Acceptance_Ratio.ipynb	
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PROBABILITY	METHOD	
Chapter	2	
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T=80000.0	K	
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V (ξ )

V biased (ξ )
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ΔF1←0 = −kBT ln
P1
P0

25	

P(ξ ) =
e−βUδ(ξ − !x)d3N x∫

Q

P(U ) = e
−βU g(U )
Q

=
δ(U −U ')e−βU 'g(U ')∫ dU'

Q

P(λ) = Q(λ)
Nnorm

=
e−βHδ(λ '−λ)d3N xλ '∫

Nnorm

d3N x = g(U )dU
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Mark	Tuckerman,	Statistical	Mechanics,	Oxford	University	Press,	2010	
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p(U ;N ,V ,T ) = e
−βU g(N ,V ,U )
Q(N ,V ,T )

Configurational	Integral	

Probability	density	

Density	of	state	
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!p(U ;N ,V ,T ) = f (U )

ΔU f (U ')
U '

∑

In	discrete	case:	

Number	of	times	the	system	is	in	[U,	U+ΔU]	

ΔU → 0 f (U ')
U '

∑ →∞

In	continuous	limit:	

!p(U ;N ,V ,T )→ p(U ;N ,V ,T )

Can	be	obtained	from	MD	directly!	
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Tilde	‘~’	means	in	

practical.	
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!g(N ,V ,U ) = !p(U ;N ,V ,T0 )e
β0UQ(N ,V ,T0 )

Q(N,V,T0)	is	a	constant,	and	is	irrelevant	to	U.		
	

And	looks	we	can	choose	any	temperature	T0	to	obtain	g(N,V,U).		
	

But	in	MD	it’s	hard	to	obtain	g(U)	out	of	its	equilibrium	value.	
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Can	be	obtained	by	MD	
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U (T ) =
Ue−βU !g(U )dU∫
e−βU !g(U )dU∫

=
Ue−(β−β0 )U !p(U ;T0 )dU∫
e−(β−β0 )U !p(U ;T0 )dU∫

What	we	have	done:	

	

measured	distributions	at	one	set	of	state	conditions,	(N,	V,	T0)	here,	are	projected	
onto	another,	(N,	V,	T)	here,	is	termed	as	‘histogram	reweighting’	
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Q(N ,V ,T0 )

Q(N ,V ,T0 )
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ξ (T ) =
!ξ (U )e−(β−β0 )U !p(U ;T0 )dU∫
e−(β−β0 )U !p(U ;T0 )dU∫

ξ (U ') =
ξ (q)δ(U (q)−U ')dq

V N∫
δ(U (q)−U ')dq

V N∫
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U(x)	

x	

g(U;T0)	can	be	only	
obtained	within	this	region.	
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β1A(T1)−β2A(T2 ) = ln
!p(U ;T1)
!p(U ;T2 )

⎡

⎣
⎢

⎤

⎦
⎥+ (β1 −β2 )U

!p(U ;N ,V ,T1) =
e−β1U !g(N ,V ,U )
Q(N ,V ,T1)

!p(U ;N ,V ,T2 ) =
e−β2U !g(N ,V ,U )
Q(N ,V ,T2 )

β1A(T1) = −ln[Z (N ,V ,T1)]= −ln[Q(N ,V ,T1)]+C(T1)

= −ln[e−β1U !g(N ,V ,U )]+ ln[ !p(U ;N ,V ,T1)]+C(T1)

β1A(T1)−β2A(T2 ) = ln[
!p(U ;T1)
!p(U ;T2 )

]− ln[e−β1Ue+β2U ]+C(T1)−C(T2 )

~3Nln(T1/T2)/2	

Proof:	
And	there	is	a	best	U,	which	can	maximize	

this	equation.	

!p(U ;N ,V ,T ) = f (U )

ΔU f (U ')
U '

∑

34	

Analytical	
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Application	of	reweighting:	WHAM	

•  weighted	histogram	analysis	method:	WHAM	

•  The	variable	wanted	is	g(U),	which	contains	no	
temperature.	 But	 the	 potential	 energy	 U	
wanted	 would	 be	 hard	 to	 sample	 at	 some	
temperature.	 So	 the	 actual	 usage	 is	 to	
simulate	 at	 different	 temperature	 several	
times,	 to	 obtain	multiple	 trajectories,	 and	 at	
last	 use	 a	 weight	 based	 on	 the	 error	
estimation	to	construct	the	g(U).	

35	

本
课
件
仅
供
学
习
参
考
，
禁
止
外
传
商
用



!pr ,i (U ;T ) =
!p(U ;Ti )e

−(β−βi )U

!p(U ;T )e−(β−βi )U dU∫
From	definition:	

And	from	the	

original	formula:	

p(U ;N ,V ,T ) = e
−βU g(N ,V ,U )
Q(N ,V ,T )

And	consider	the	g(U)	is	unchanged,	we	can	derive:	

!pr ,i (U ;T ) =
Qi
Q
!p(U ;Ti )e

−(β−βi )U

r	means	reweighted.	

Here	T	is	a	target	temperature,	while	Ti	is	the	
temperature	MD	is	performed.	T<Ti	

It’s	obtained	from	

the	ith	simulation.	

36	
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Ferrenberg	&	Swendsen’s	WHAM	

!pr (U ;T ) = wi (U ) !pr ,i (U ;T )
i

∑ = wi (U )
Qi
Q
!p(U ;Ti )e

−(β−βi )U

i

∑
With	a	constraint:	

wi (U )
i

∑ =1

Now	the	problem	at	hand	is	to	optimize	the	set	of	wi	with	the	constraint	above.	

But	we	can	go	further	to	transform	the	problem	even	easier.	

	

That	is,	to	minimize	the	sampling	error.	
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Final	result	

!pr
*(U ;T ) =

fi (U )exp(−βU )
i

∑
ftot ,i exp(βi !Ai −βiU )

i

∑
exp(−βi !Ai ) = !pr

*(U ;Ti )
U

∑
!pr (U ;T ) =

!pr
*(U ;T )

!pr
*(U ;T )

U

∑

Total	number	of	

counts	in	the	ith	
MD	run.	

Homework:	
	
Derive	this	set	of	formula	from	
previous	equations.	
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Number	of	counts	in	

potential	energy	U	
and	in	the	ith	MD	run.	
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When	U	has	parameters	

40	

!pr
*(U ;T ) =

fi (
!
V ,ξ )exp(−β λ jV j

j
∑ )

i
∑

ftot ,i exp(βi !Ai −βi λi, jV j
j
∑ )

i
∑

exp(−βi !Ai ) = !pr
*(
!
V ,ξ;T )

U
∑

!pr (
!
V ,ξ;T ) =

!pr
*(
!
V ,ξ;T )
!pr
*(
!
V ,ξ;T )

U
∑

U = λ jVj
j

∑ ; Ui = λi , jVj
j

∑
!
V means	all	possible	V	

i:	the	ith	simulation	run.	(window)	

j:	the	jth	parameter,	λj	
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Stratification	(Window)	

42	

ΔA(ξ ) = A(ξ )− A(ξ0 ) = −kBT ln
P(ξ )
P(ξ0 )

⎡

⎣
⎢

⎤

⎦
⎥

P(ξ0 + (i −0.5)ξ ) =
fi
f j

j

∑

ΔA(ξ0 + (i −0.5)ξ ) = −kBT ln
fi
f0

⎡

⎣
⎢

⎤

⎦
⎥

Intuitive	thought:	

So,	one	needs	to	obtain	P(ξ)	stepwise!	
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The	overlap	among	windows	is	needed,	since	

one	needs	the	overall	normalization	factor!!	
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Vi
biased (ξ ) =V (ξ )+ 1

2
ki (ξ −ξ0,i )

2

Umbrella	sampling	for	rare	event:	

ΔGi (ξ ) = −
1
β
lnPi

unbiased (ξ )

= −
1
β
lnPi

biased (ξ )− 1
2
ki (ξ −ξ0,i )

2 +Fi

44	
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Vi
biased (ξ ) =V (ξ )+ 1

2
ki (ξ −ξ0,i )

2

Umbrella	sampling	for	rare	event:	

Gi (ξ ) = −
1
β
lnPi

unbiased (ξ )

= −
1
β
lnPi

biased (ξ )− 1
2
ki (ξ −ξ0,i )

2 +Fi
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THERMODYNAMIC	INTEGRATION	
Chapter	3	

47	

本
课
件
仅
供
学
习
参
考
，
禁
止
外
传
商
用




 ������ �$�2��2#��"����/��

Thermodynamic	Integration	

ΔF = F(λb )−F(λa ) =
dF(λ)
dλλa

λb∫ dλ

dF(λ)
dλ

= −kBT
d
dλ
lnQ

= −kBT
1
Q
dQ
dλ

= −kBT
1
Q
d dΓexp −βU(r N )( )∫

dλ

= −kBT
1
Q

dΓ −
1
kBT

%

&
'

(

)
*
dU(r N )
dλ

exp −βU(r N )( )∫

=
dU(r N )
dλ 48	

A = AnPn
n

∑ = An
1
Zλ
e−βEn

n

∑
=
1
Zλ

∂En
∂λ

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟e

−βEn

n

∑ =
∂En
∂λ

n

∑
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U (λ) = λUN + (1−λ)UO
dU
dλ

=UN −UO

dF (λ)
dλ

=
dU (r N )
dλ

= UN −UO

ΔF = F (λb )− F (λa ) =
dF (λ)
dλλa

λb∫ dλ

= UN −UOλa

λb∫ dλ

λ

dU
dλ

U (λ) = λ2UN + (1−λ)
2UO

dU
dλ

= 2λUN − 2(1−λ)UO

0
�

Other	example	of	dU/dl:	
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Tim	Sauer,	Numerical	Analysis,	3rd	Edition,	2018	
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Thermodynamic	Integration	

Journal	of	Computational	Chemistry	33:1374–1382	2012		
J.	AM.	CHEM.	SOC.	132(14):9	2010		

Pengyu	Ren	

asolute	free	

energy	change	
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OTHER	METHODS	
Chapter	4	
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Umbrella	Integration	

How	to	choose	the	force	constant	and	the	

interval?	

Kastner,	J.	and	W.	Thiel.	(2005)J.	Phys.	Chem.	123:144104-144105.	

Kästner,	J.	2011.	Umbrella	sampling.	Wiley	Interdisciplinary	Reviews:	Computational	Molecular	
Science	1:932-942.	

Pi
biased (ξ ) =

assume 1
2πσ i

exp −
(ξ −ξ0,i )

2

2σ i
2

"

#
$

%

&
';

dGi (ξ )
dξ

= −
1
β

1
Pi
biased (ξ )

dPi
biased (ξ )
dξ

− k(ξ −ξ0,i )

= (ξ −ξ0,i )
1
βσ i

2 − ki
(

)
*

+

,
-

ΔG(ξ ) = dGi (ξ )
dξ∫

i=1

N

∑ dξ = 1
2
(ξ −ξ0,i )

2 1
βσ i

2 − ki
(

)
*

+

,
-

i=1

N

∑
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V (ξ )

V biased (ξ )
US	vs.	UI	

There	is	a	constant	Fi	in	each	window.		
	

In	traditional	method,	weighted	histogram	analysis	method	(WHAM),	

this	constant	is	determined	iteratively.	

	

In	UI,	dGi/dξ	is	calculated,	then	integrate	with	windows,	avoid	the	
determining	of	Fi.			

Gi
US (ξ ) = − 1

β
lnPi

unbiased (ξ )

= −
1
β
lnPi

biased (ξ )− 1
2
ki (ξ −ξ0,i )

2 +Fi

ΔGUI (ξ ) = dGi (ξ )
dξ∫

i=1

N

∑ dξ = 1
2
(ξ −ξ0,i )

2 1
βσ i

2 − ki
%

&
'

(

)
*

i=1

N

∑
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In	reaction	dynamics,	lots	of	bins	are	needed	to	ensure	accurate	energy.	

(energy	change	1kcal/mol,	the	rate	changes	about	10	times	at	room	

temperature.)		

Kastner,	J.	and	W.	Thiel.	(2005)J.	Phys.	Chem.	123:144104-144105.	

Bins:	the	number	of	bins	used	to	

construct	histograms	

In	RPMD	practice,	

5000	bins	will	be	

used	to	calculate	

PMF.	
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less	No.	of	bins	

More	No.	of	bins	
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The	confidence	of	the	UI	assumption	
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Anything	can	help	to	reduce	

computing	time?	

s s-1	s+1	

J.	Am.	Chem.	Soc.	2015,	137,	3041−3050	
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ABF	

	

Metadynamics	

	

String	method:	Eric	Vanden-Eijnden,	Benoit	Roux,	Martin	Karplus,	

Weinan	E	

	

Nudged	Elastic	Band	

	

ITS	

	

Transition	Path	Theory	

	

Replica	Exchange	
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Frontiers	in	Pharmacology,	2018,	9,	923		
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V (x;α,E) =
V (x) V (x) ≥ E

V (x)+ (E −V (x))2

α + (E −V (x))
V (x) < E

⎧

⎨
⎪⎪

⎩
⎪
⎪

��(� �22��� �"�3��(���

big	α	

small	α	
E	

Song,	J.,	Li,	Y.,	Ji,	C.	et	al.	Sci	Rep	2015,	5,	7906.	https://doi.org/10.1038/srep07906	

F = −kBT ln P
0 (x)⎡

⎣
⎤
⎦

P0 (x)∝ e−βV (x)

P(x)∝ e−βV (x;α ,E )

⇒ P0 (x) = P(x)eβ V (x;α ,E )−V (x)
⎡⎣ ⎤⎦
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REMD	
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w =
1, Δ ≤ 0

e−Δ , Δ ≥ 0

⎧

⎨
⎪

⎩⎪
Δ =

1
kBTj

−
1
kBTi

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟ E(q

[i])− E(q[ j])( )
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Ø  4*350: ��Bennett �'$(multistate Bennett Acceptance ratio, MBAR)
#$�

�� 13��(R)/(S)-3-��(:+.��,��;%�380 K(R)-/385 K(S)-�  

97��Bennett �'$(MBAR)50�
+�1���

1.  Liu, W.; Li, P.; Mei, Y., Journal of Molecular Modeling 2019, 25, 187. 
2.  Shirts, M. R.; Chodera, J. D., The Journal of Chemical Physics 2008, 129, 124105.�
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Metadynamics	

V (x,t) = dτωe− x−x(τ )
⎡⎣ ⎤⎦

2
/(2σ 2 )

0

t

∫
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Metadynamics	(2)	

J.	Comput.	Chem.	2009,	30,	1615–1621	

Reweighting	

N (s, f )

t0 ≤ t < t1 Nt (s, f )

Histogram:	

!V (s,t) =ω(t)e−(s−s1)
2 /(2σ 2 )

Nt (s) =

Nt (s, f )
f

∑
Nt (s, f )

s, f

∑

Nt+Δt (s) = e
−β ( !V (s,t )+ !c(t ))ΔtNt (s)

t1 ≤ t < t2

t == t1

P( f ) =

eβV (s,t )Nt (s, f )
s

∑
eβV (s,t )Nt (s, f )

s, f

∑

ω(t) =ω0e
−V (s1,t )/ΔT

Here	f	is	a	variable	
f=f(R).	The		
f(R)’s	unbiased	
distribution	P(f)	is	
what	we	want.		

!c(t) = − !V (s,t)
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c(t) = ds eβV (s,t+Δt ) − eβV (s,t )⎡
⎣

⎤
⎦∫

O(R)
0
= O(R)eβ V (s[R],t )−c(t )

⎡⎣ ⎤⎦

O(R) = δ(s[R]− s*)

F (s*)

Once	set:	

we	obtain	

J.	Phys.	Chem.	B	2015,	119,	736−742	
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