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Electronic structure
Hartree-Fock method in molecules and solids (1)
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Electronic structure of atoms

Brief review of Quantum mechanics: 
Results of atoms
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Ĥ = ̂T + ̂V

̂T = 1
2m

̂p2 ̂pj = ℏ
i

∂
∂xj

̂p = ( ̂px, ̂py, ̂pz) Basic example of vector operator

Typically, we prefer to discuss in position space.

̂V = V(r)

iℏ ∂
∂t

ψ(r, t) = Ĥψ(r, t)

ψ(r, t) = e−iEt/ℏψ(r)
In many cases, the hamiltonian does not contain time explicitly, so

Ĥψv(r) = Evψv(r)
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Quantum mechanical results of H-like Atom

Ĥ = − ℏ2

2m0
∇2 − 1

4πε0

Ze2

r

ψnlm(r) = Rnl(r)Pm
l (cos θ)eimϕ

r = (r, θ, ϕ)

En = − m0Z2e4

2ℏ2(4πε0)2
1
n2 = − 13.6

n2 eV
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Fl,m(θ, ϕ) ≡ Pm
l (cos θ)eimϕ

l = 0, F0,0 = 1
4π

l = 1, F1,0 = 3
4π

cos θ = 3
4π

z
r

l = 1, F1,± 1 = 3
8π

sin θe± iϕ ⇒ ± 3
8π

x ± y
r

(F1,1 − F1,−1)
2i

= 3
8π

y
r

(F1,1 + F1,−1)
2 = 3

8π
x
r

Yl,m(θ, ϕ) Spherical harmonics 
S. Hassani, 

Mathematical Physics, 
2nd edition, Springer, 

2013, Chapter 13

F1,|1|, F1,|1|′�
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n= 1, l = 0

n= 2, l = 1

m = 0 m = − 1 m = 1

s: sharp

p: principal

d: diffuse

f: fundamental


Haken & Wolf, 

The Physics of Atoms and Quanta, 

Springer, 2010, pp. 176

本
课
件
仅
供
学
习
参
考
，
禁
止
外
传
商
用



Rn,l = Nn,le−κnrrlL2l+ 1
n+ 1 (2κnr)

Here  is a 
normalization factor, 
defined as:

Nn,l

∫
∞

0
R2r2dr = 1

κn = − m0Ze4

ℏ2(4πε0)
1
n

L2l+ 1
n+ 1 (ρ) ≡ d2l+ 1

dρ2l+ 1 Ln+ 1

A derivative of the Laguerre polynomials Ln+ 1

Ln+ 1(ρ) = eρ dn+ 1e−ρρn+ 1

dρn+ 1

L1
1 = − 1

R1,0 = Ne−κ1r

Example: 
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R1,0 = Ne−κ1r

r2 |R1,0 |2 = N2r2e−2κ1r

In quantum chemistry, the first Laguerre polynomial is called 
Slater Type Orbital (STO).


It’s used in ADF (Amsterdam Density Functional).
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https://demonstrations.wolfram.com/HydrogenAtomRadialFunctions/

http://ne.phys.kyushu-u.ac.jp/seminar/MicroWorld2_E/2Part3_E/2P32_E/hydrogen_atom_E.htm
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Electronic structure of many electron atoms

Hermann Haken & Hans C. Wolf, The 
Physics of Atoms and Quanta, 
Springer, 2004
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Quantum 
mechanics for 
molecules
From brute-force to Hartree-
Fock Self-Consistent Field

https://physicstoday.scitation.org/do/10.1063/pt.6.6.20171222a/full/

https://mathshistory.st-andrews.ac.uk/Biographies/Hartree/
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Variational method
Sion (Switzerland) February 22, 1878 – Göttingen July 7, 1909
Walter Ritz
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The variation principle:


Given a normalized wave function  that satisfies the appropriate 
boundary conditions, then the expectation value of the Hamiltonian is an 
upper bound to the exact ground state energy.

|Φ̃⟩

⟨Φ̃ |Φ̃⟩ = 1

⟨Φ̃ | Ĥ |Φ̃⟩ ≥ E0

Once  the identity holds.|Φ̃⟩ = |Φ0⟩

or
⟨Φ̃ | Ĥ |Φ̃⟩

⟨Φ̃ |Φ̃⟩
≥ E0
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Proof of the variation principle:

(With the help of completeness of basis)

⟨Φ̃ |Φ̃⟩ = 1 = ∑
αβ

⟨Φ̃ |Φα⟩⟨Φα |Φβ⟩⟨Φβ |Φ̃⟩ = ∑
α

|⟨Φα |Φ̃⟩ |2

⟨Φ̃ | Ĥ |Φ̃⟩ = ∑
α

⟨Φ̃ |Φα⟩⟨Φα | Ĥ |Φα⟩⟨Φα |Φ̃⟩ = ∑
α

Eα |⟨Φα |Φ̃⟩ |2

⟨Φ̃ | Ĥ |Φ̃⟩ ≥ ∑
α

E0 |⟨Φα |Φ̃⟩ |2 = E0 ∑
α

|⟨Φα |Φ̃⟩ |2 = E0

∑
α

|Φα⟩⟨Φα | = 1本
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H+
2

Step further: hydrogen molecular ion
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Quantum mechanical treatment of H+
2

Constructive interference: bonding state

ra

rb

Rab
a

b

Ĥαϕα(rα) = (− ℏ2

2m0
∇2 − 1

4πε0

e2

rα ) ϕα(rα) = E0
αϕα(rα)

α = a, b

E0
a = E0

b = E0

Starting point: 

Atomic Schrödinger Equation
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(− ℏ2

2m0
∇2 − e2

4πε0ra
− e2

4πε0rb ) ψ(ra, rb) = Eψ(ra, rb)

ra = (Ra,x − x)2 + (Ra,y − y)2 + (Ra,z − z)2

rb = (Rb,x − x)2 + (Rb,y − y)2 + (Rb,z − z)2

Molecular Schrödinger Equation
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(− ℏ2

2m0
∇2 − e2

4πε0ra
− e2

4πε0rb ) caϕa+

(− ℏ2

2m0
∇2 − e2

4πε0rb
− e2

4πε0ra ) cbϕb

= E(caϕa + cbϕb)

Guess:

Use atomic wave functions 

as building blocks!

E0 E0

ϕa ϕbψ = caϕa + cbϕb

Ĥa

Ĥb

The atomic wave 
functions used 
here are also called 
orbitals.
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E0 − E
ΔE

− e2

4πε0rb
caϕa + E0 − E

ΔE

− e2

4πε0ra
cbϕb = 0

⟨ϕa |ϕb⟩ = S ≠ 0 ⟨a |
−e2

4πε0rb
|a⟩ = C ⟨a |

−e2

4πε0ra
|b⟩ = D

ΔEca + Cca + ΔEScb + Dcb = 0
(ΔE + C)ca + (ΔES + D)cb = 0

Left multiply  (suppose we’re using real functions): ⟨a |r⟩

Left multiply : ⟨b|r⟩
(ΔES + D)ca + (ΔE + C)cb = 0

C, D ∈ ℝ

⟨a | Ô |b⟩ ≡ ∫ dr ϕ*a (r)Ôϕb(r)

⟨a |r⟩ = ϕ*a (r)
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(ΔE + C)ca + (ΔES + D)cb = 0
(ΔES + D)ca + (ΔE + C)cb = 0

(ΔES + D)2 − (ΔE + C)2 = 0

ΔE1 = E0 + C − D
1 − S

ΔE2 = E0 + C + D
1 + S

Here  is always small. So in later discussion, we can omit it.S
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⟨a |
−e2

4πε0rb
|a⟩ = C

⟨a |
−e2

4πε0ra
|b⟩ = D

ra = Rab + rb

rb = ra − Rab
1
rb

= 1
|ra − Rab|

≈ 1
Rab

(1 + rb

Rab
)

When  is large, , this term counters the 

repulsion between the two protons.

Rab C ≈ − e2

4πε0Rab

So the bonding mainly 
comes from the exchange 
term , a pure quantum 
effect.

D

ϕα(r) ∝ e−κr

࿯زኞ҅̽ᕮ຅۸਍̾
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-1.7

Experimental value: −2.65 eV eV kcal/
mol

Calc. -1.7 -39.2

Expr. -2.65 -61.1
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H2

Step even further: hydrogen molecule
Fritz Wolfgang London,  
(March 7, 1900 - March 30, 1954) 
German American physicist

Walter Heinrich Heitler, 
 ( 2 January 1904 - 15 November 1981)  
German physicist 
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ra1

rb1

Rab
a

b

ra2
rb2

r12

Ĥ = − ℏ2

2m0
∇2

1 − e2

4πε0ra1

− ℏ2

2m0
∇2

2 − e2

4πε0rb2

− e2

4πε0rb1

− e2

4πε0ra2

+ e2

4πε0Rab
+ e2

4πε0r12

ĤΨ(r1, r2) = EΨ(r1, r2)

( − ℏ2

2m0
∇2

1 − e2

4πε0ra1
)ϕa(r1) = E0ϕa(r1)

( − ℏ2

2m0
∇2

2 − e2

4πε0rb2
)ϕb(r2) = E0ϕb(r2)

本
课
件
仅
供
学
习
参
考
，
禁
止
外
传
商
用



Pauli exclusion principle

The principle that two identical fermions cannot 
occupy the same quantum state in a body such as 
an atom. 

— — Collins Encyclopedia
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ϕa(r1)ϕb(r2) ϕa(r1)ϕb(r2)α(1)α(2)

ϕa(r1)ϕb(r2)α(1)α(2) − ϕa(r2)ϕb(r1)α(2)α(1)

First, we need to consider the spin. ⟨α(i) |α( j)⟩ = δij

⟨β(i) |β( j)⟩ = δij

⟨α(i) |β( j)⟩ = 0

But the Hartree product does not fulfill the Pauli exclusion principle.

Ψ = α(1)α(2)Ψu (r1, r2) = α(1)α(2)[ϕa(r1)ϕb(r2) − ϕb(r1)ϕa(r2)]
u: ungrade (Germany, odd)

g: grade (Germany, even)
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Slater determinant

Ψ ∝ ϕa(r1)α(1) ϕa(r2)α(2)
ϕb(r1)α(1) ϕb(r2)α(2)

Standard tool for describing fermions.

(1900-1976)
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All possibilities
Ψ = α(1)α(2)Ψu (r1, r2)
Ψ = β(1)β(2)Ψu (r1, r2)

Ψ = 1
2 (α(1)β(2) + α(2)β(1))Ψu (r1, r2)

Ψ = 1
2 (α(1)β(2) − α(2)β(1))[ϕa(r1)ϕb(r2) + ϕa(r2)ϕb(r1)]

= 1
2 (α(1)β(2) − α(2)β(1))Ψg (r1, r2)

Ψ = fspin(1,2)Ψg or u (r1, r2)

Triplet

Singlet
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Heitler & London method
ĤΨ(r1, r2) = EΨ(r1, r2)

Since there is no spin term in , we can just use  and  as trial solutions.Ĥ Ψg Ψu

Here we use a concise notation, fix the first term as the function containing 
the position of the first electron, and the second term as the function 
containing the second electron.

ϕa(r1)ϕb(r2) − ϕb(r1)ϕa(r2) ≡ |ab⟩ − |ba⟩

本
课
件
仅
供
学
习
参
考
，
禁
止
外
传
商
用



⟨Ψ |Ψ⟩ ≡ ∫ ∫ |Ψ |2 d3r1d3r2 d3r ≡ dxdydz = r2 sin θdrdθdϕ

⟨Ψ |Ψ⟩ = [⟨ab| ± ⟨ba |] [ |ab⟩ ± |ba⟩]
= ⟨ab|ab⟩ ± ⟨ab|ba⟩ ± ⟨ba |ab⟩ + ⟨ba |ba⟩

⟨ab|ab⟩ = ⟨a |a⟩⟨b|b⟩ = 1 = ⟨ba |ba⟩

⟨ab|ba⟩ = ⟨ba |ab⟩ = ⟨a |b⟩⟨b|a⟩ = |S|2 = S2

⟨Ψ |Ψ⟩ = 2(1 ± S2)
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⟨Ψg or u | Ĥ |Ψg or u ⟩
⟨Ψ |Ψ⟩ ≥ Eground

(⟨ab| ± ⟨ba |)Ĥ( |ab⟩ ± |ba⟩)
= 2⟨ab| Ĥ |ab⟩ ± 2⟨ab| Ĥ |ba⟩

⟨ab| Ĥ |ab⟩

= ∫ ∫ ϕ*a ϕ*b [2E0 − e2

4πε0rb1

− e2

4πε0ra2

+ e2

4πε0Rab
+ e2

4πε0r12 ] ϕaϕbd3r1d3r2

ϕ*a (r1)ϕ*b (r2)
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∫ ϕ*a (r1)[− e2

4πε0rb1 ] ϕa(r1)d3r1 = C = ∫ ϕ*b (r2)[− e2

4πε0ra2 ] ϕb(r2)d3r2

Coulomb interaction energy of 
nucleus b with electron 1 in 
state a. 

Coulomb interaction energy of 
nucleus a with electron 2 in 
state b. 

a b

|ϕb|2

− e2

4πε0ra

a b
− e2

4πε0rb

|ϕa |2
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⟨ab|
e2

4πε0r12
|ab⟩ = ECE⟨ab|

e2

4πε0Rab
|ab⟩ = ERN

Epart 1 = 2E0 + 2C + ERN + ECE
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⟨ab| Ĥ |ba⟩

= ∫ ∫ ϕ*a ϕ*b [2E0 − e2

4πε0rb1

− e2

4πε0ra2

+ e2

4πε0Rab
+ e2

4πε0r12 ] ϕbϕad3r1d3r2

∫ ∫ ϕ*a ϕ*b 2E0ϕbϕad3r1d3r2 = 2E0S

⟨a |
−e2

4πε0rb1
|b⟩⟨b|a⟩ = DS ⟨a |b⟩⟨b|

−e2

4πε0ra2
|a⟩ = DS

⟨ab|
e2

4πε0Rab
|ba⟩ = ERNS2 ⟨ab|

e2

4πε0r12
|ba⟩ = ECE

本
课
件
仅
供
学
习
参
考
，
禁
止
外
传
商
用



Epart 2 = 2E0S2 + 2DS + ERNS2 + ECE

Eg ,u =
⟨Ψg or u | Ĥ |Ψg or u ⟩

⟨Ψ |Ψ⟩ = 2⟨ab| Ĥ |ab⟩
2(1 ± S2)

± 2⟨ab| Ĥ |ba⟩
2(1 ± S2)

=
Epart 1 ± Epart 2

1 ± S2

= 2E0 + 2C + ERI
1 ± S2

± 2DS + ECE
1 ± S2 + ERN

Epart 1 = 2E0 + 2C + ERI + ERN
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-3.14

Experimental value: −4.48 eV
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Keith Ladler, The World of Physical Chemistry, Oxford University Press, 1995

Actually, the exchange interaction is the driving force of bonding!
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Covalent-Ion resonance

ψcov = N [ϕa(r1)ϕb(r2) ± ϕb(r1)ϕa(r2)]

ψion = N′�[ϕa(r1)ϕa(r2) ± ϕb(r1)ϕb(r2)]
Ψ = ψcov + cψion

Till now, what wave function we used is one electron move near one atom, 
and another electron move near another atom separately.

But still there is some possibility the electrons all reside one single nucleus.

And we can assume the final wave function is the linear combination of both.
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Influence in Condensed Matter Physics
Resonating VB

P. Coleman, Nature | Vol581 | 7May2020 | 29
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Hund-Mulliken-Bloch method

One at first ignores the fact that two electrons are present. Instead, we 
consider the motion of a single electron in the field of the two nuclei or, in 
other words, we begin with the solution of the hydrogen molecule-ion 
problem.  

ψg (r) = N [ϕa(r) + ϕb(r)] Ψ(x1, x2) = ψg (r1)ψg (r2)
1
2

[α(1)β(2) − β(1)α(2)]

The energy from Hund-Mullikan-Bloch method is higher than that from 
Heitler-London’s, but it’s a starting point of calculating multi-electron 
molecules. This is the thought of LCAO: Linear Combination of Atomic 
Orbital. 
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Outlines of MO

In this type of theory, the A and B atoms are brought together firstly to become a 
‘united atom’ AB. Then the electrons are fed one by one into the AB molecule.


This thought is firstly given by Sir John Edward Lennard-Jones (1894-1954). The 
MO method is proposed to explain molecular spectra.


The contributors including Sir Lennard-Jones, Hund, Mullikan, Gerhard 
Herzberg, Felix Bloch (extended this thought into investigations of solids), 
Charles A. Coulson, Erick/Walter Hückel (they are brothers) and so on.
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ϕa → ϕa + dϕb
ϕb → ϕb + dϕa

Ψg (r1, r2) = [ϕa(r1) + dϕb(r1)] [ϕb(r2) + dϕa(r2)] + [ϕb(r1) + dϕa(r1)] [ϕa(r2) + dϕb(r2)]
= (1 + d 2)[ |ab⟩ + |ba⟩] + 2d [ |aa⟩ + |bb⟩]
∝ ψcov + cψion c = 2d

1 + d2
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General method

Multi-electron molecules: H-F
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Preliminary
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Setup

rj, j = 1,2,⋯, N
There are  electrons:N

There are  nuclei:M
RK, ZK, K = 1,2,⋯, M

V(rj) = ∑
K

VK(rj) VK(rj) = − ZKe2

4πε0 |RK − rj |

|RK − rj | = (XK − xj)2 + (YK − yj)2 + (ZK − zj)2
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Hamiltonian
Ĥ(rj) ≡ Ĥ( j) = ℏ2

2m0
∇2

j + V(rj) Here we have neglected the 
spin-orbit interaction.

Wjl = e2

4πε0 |rj − rl |
Ĥint = 1

2 ∑
j≠l

Wjl = ∑
j< l

Wjl

Ĥ = ∑
j

Ĥ( j) + Ĥint

Things must consider:  
1. Pauli exclusion principle. 
2. Electrons interact each other. 
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Distraction: Linear Variational Principle
From previous discussion on variational principle, there is no a priori 
choice of the trial basis: . So we need a systematical guess for it. |Φ̃⟩

|Φ̃⟩ =
N

∑
i= 1

ci |Ψi⟩ Known basis
Setup: 

⟨Ψi |Ψj⟩ = δij ⟨Ψi | Ĥ |Ψj⟩ = Hij ⟨Φ̃ |Φ̃⟩ = ∑
ij

cicj⟨Ψi |Ψj⟩ = ∑
i

c2
i = 1

In general, this is 
a real number ⟨Φ̃ | Ĥ |Φ̃⟩ = ∑

ij
cicjHij
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Lagrange multiplier

⟨Φ̃ | Ĥ |Φ̃⟩ = ∑
ij

cicjHij

Goal: optimize this summation: Restraint: orthonormalization 

⟨Φ̃ |Φ̃⟩ = ∑
ij

cicj⟨Ψi |Ψj⟩ = ∑
i

c2
i = 1

ℒ = ⟨Φ̃ | Ĥ |Φ̃⟩ − E(⟨Φ̃ |Φ̃⟩ − 1) = ∑
ij

cicjHij − Ẽ(∑
i

c2
i − 1)

∂
∂ck

ℒ = 0, k = 1,2,⋯, N

∑
j

cjHij − Ẽci = 0
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∑
j

cjHij − Ẽci = 0

Hc = ẼcLinear variational equation:

HC = CẼ

Hcα = Ẽαcα α = 0,1,⋯, N − 1 Ciα = cα
iIntroduce :C

Ẽ0 = ⟨Φ̃0 | Ĥ |Φ̃0⟩ ≥ E0
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Atomic Units

Attila Szabo & Neil Ostlund, Modern Quantum Chemistry, Dover, 1996
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Many electron Hamiltonian in a.u.

Ĥ = −
N

∑
i= 1

1
2 ∇2

i −
N

∑
i= 1

M

∑
A= 1

ZA

riA
+

N

∑
i= 1

N

∑
j> i

1
rij
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Spin Orbitals and Spatial Orbitals
Orbital A wave function for a single particle, such as 

electron.

Molecular 
Orbital A wave function of a electron in a molecule.

Spatial Orbital A function of the position vector and describes the 
distribution density as its square norm.

Spin Orbital Spatial orbital multiplies a spin function, either spin-
up or spin-down.
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Keith Ladler, The World of Physical Chemistry, Oxford University Press, 1995
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∫ ψ*i (r)ψj(r)d3r = δij ≡ ⟨i | j⟩ χ(x) =
ψ(r)α(ω)
or
ψ(r)β(ω)

Spatial orbital Spin orbital

Given  spatial orbitals , one can form a set of  
spin orbitals  as:

K {ψi | i = 1,2,⋯, K} 2K
{χi | i = 1,2,⋯,2K}

χ2i−1(x) = ψi(r)α(ω)
χ2i(x) = ψi(r)β(ω)} i = 1,2,⋯, K

⟨χi |χj⟩ ≡ ∫ χ*i (x)χj(x)dx = δij
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Hartree Product
Ĥ = ∑

i
Ĥ(i) Ĥ(i)χj(xi) = εj χj(xi)

ΨHP(x1, x2, ⋯, xN) = χi(x1)χj(x2)⋯χk(xN)

ĤΨHP = EΨHP E = εi + εj + ⋯ + εk
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Slater Determinant for many electron system

Ψ ∝ ϕa(r1)α(1) ϕa(r2)α(2)
ϕb(r1)α(1) ϕb(r2)α(2)Recall the Slater determinant for :H2

Ψ(x1, x2, ⋯, xN) = (N!)−1/2

χi(x1) χj(x1) ⋯ χk(x1)
χi(x2) χj(x2) ⋯ χk(x2)

⋮ ⋮ ⋯ ⋮
χi(xN) χj(xN) ⋯ χk(xN)
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Ψ(x1, x2, ⋯, xN) = (N!)−1/2

χi(x1) χj(x1) ⋯ χk(x1)
χi(x2) χj(x2) ⋯ χk(x2)

⋮ ⋮ ⋯ ⋮
χi(xN) χj(xN) ⋯ χk(xN)

= |χi(x1)χj(x2)⋯χk(xN)⟩
= |χi χj⋯χk⟩ = | ij⋯k⟩
= ̂a†

i ̂a†
j ⋯ ̂a†

k |00⋯0⟩

|⋯χm⋯χn⋯⟩ = − |⋯χn⋯χm⋯⟩
{ ̂a†

α, ̂a†
β} = 0

|⋯χm⋯χn⋯⟩ = ̂a†
m ̂a†

n|⋯0⋯0⋯⟩ = − ̂a†
n ̂a†

m |⋯0⋯0⋯⟩ = − |⋯χn⋯χm⋯⟩

To learn second quantization 
from zero, one can resort to C. 
Kittel, Quantum Theory of 
Solids, 2nd edition, 1987, 
Chapter 5.
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|K⟩ = | ij⟩
|L⟩ = |kl⟩ ⟨K |L⟩ = 1

2!
1
2!

(⟨ij | − ⟨ji | )( |kl⟩ − | lk⟩)

= 1
2 (δikδjl − δilδjk − δjkδil + δjlδik)

= δikδjl − δilδjk
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⟨12 |12⟩ = ∫ ∫ ∫ ∫ ψ*1 (r1)σ*1 (ω1)ψ*2 (r2)σ*2 (ω2) ×

ψ1(r1)σ1(ω1)ψ2(r2)σ2(ω2)d3r1d3r2dω1dω2

|Ψ⟩ = |12⟩
= |χ1(x1)χ2(x2)⟩
= |ψ1(r1)σ(ω1)ψ2(r2)σ(ω2)⟩
= ̂a†

1 ̂a†
2 |0⟩
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|Ψ⟩ = |12⟩
= |χ1(x1)χ2(x2)⟩
= |ψ1(r1)σ(ω1)ψ2(r2)σ(ω2)⟩
= ̂a†

1 ̂a†
2

⟨Ψ |Ψ⟩ = ⟨12 |12⟩

= 1
2 (⟨12 | − ⟨21 | )( |12⟩ − |21⟩)

= 1
2 (1 − 0 − 0 + 1) = 1

⟨12 |12⟩ = ∫ ∫ ∫ ∫ ψ*1 (r1)σ*1 (ω1)ψ*2 (r2)σ*2 (ω2) ×

ψ1(r1)σ1(ω1)ψ2(r2)σ2(ω2)d3r1d3r2dω1dω2

Suppose: 
σ1(ω) = α(ω), σ2(ω) = β(ω)
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= 1
2 ⟨0 | ( ̂a2 ̂a1 − ̂a1 ̂a2)( ̂a†

1 ̂a†
2 − ̂a†

2 ̂a†
1) |0⟩

= 1
2 ⟨0 | ( ̂a2 ̂a1 ̂a†

1 ̂a†
2 − ̂a2 ̂a1 ̂a†

2 ̂a†
1−

⟨Ψ |Ψ⟩ = ⟨12 |12⟩

= 1
2 (⟨12 | − ⟨21 | )( |12⟩ − |21⟩)

̂a1 ̂a2 ̂a†
1 ̂a†

2 + ̂a1 ̂a2 ̂a†
2 ̂a†

1) |0⟩

= 1
2 × 2 = 1

If use Wick’s theorem, the 
deduction can become easier.
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Second Quantization 
Representation
Another notation formula saving life
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{ ̂a†
α, ̂a†

β} ≡ ̂a†
α ̂a†

β + ̂a†
β ̂a†

α = 0

{ ̂aα, ̂aβ} = 0

{ ̂aα, ̂a†
β} = δαβ

|n1, n2, ⋯, ni, ⋯, ⟩

=
( ̂a†

1)n1

(n1)!
( ̂a†

2)n2

(n2)!
⋯ ( ̂a†

i )ni

(ni)!
⋯ |0⟩

=
N

∏
j= 1

( ̂a†
j )nj

(nj)!
|0⟩

n̂i |n1, n2, ⋯, ni, ⋯, ⟩
= ni |n1, n2, ⋯, ni, ⋯, ⟩n̂i = ̂a†

i ̂ai
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̂ai |n1, n2, ⋯, ni, ⋯⟩

= 1
(n1)!(n2)!⋯(ni)!⋯

̂ai( ̂a†
1)

n1( ̂a†
2)

n2⋯( ̂a†
i )

ni⋯ |0⟩

= (−1)n1

(n1)!(n2)!⋯(ni)!⋯
( ̂a†

1)
n1 ̂ai( ̂a†

2)
n2⋯( ̂a†

i )
ni⋯ |0⟩

= (−1)∑i−1
j= 1 nj

(n1)!(n2)!⋯(ni)!⋯
( ̂a†

1)
n1( ̂a†

2)
n2⋯ ̂ai( ̂a†

i )
ni⋯ |0⟩

= σi

(n1)!(n2)!⋯(ni)!⋯
( ̂a†

1)
n1( ̂a†

2)
n2⋯(1 − ̂a†

i ̂ai)( ̂a†
i )

ni−1⋯ |0⟩

= σi(1 − ni) |n1, n2, ⋯, (ni − 1), ⋯⟩

{ ̂aα, ̂a†
β}

α≠β
= ̂aα ̂a†

β + ̂a†
β ̂aα = 0

{ ̂aα, ̂a†
α} = ̂aα ̂a†

α + ̂a†
α ̂aα = 1

σi = (−1)∑i−1
j= 1 nj

{ = 0, ni = 0
= σi |n1, n2, ⋯,0i, ⋯⟩, ni = 1
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̂a†
i |n1, n2, ⋯, ni, ⋯⟩

= 1
(n1)!(n2)!⋯(ni)!⋯

̂a†
i ( ̂a†

1)
n1( ̂a†

2)
n2⋯( ̂a†

i )
ni⋯ |0⟩

= (−1)n1

(n1)!(n2)!⋯(ni)!⋯
( ̂a†

1)
n1 ̂a†

i ( ̂a†
2)

n2⋯( ̂a†
i )

ni⋯ |0⟩

= (−1)∑i−1
j= 1 nj

(n1)!(n2)!⋯(ni)!⋯
( ̂a†

1)
n1( ̂a†

2)
n2⋯ ̂a†

i ( ̂a†
i )

ni⋯ |0⟩
σi = (−1)∑i−1

j= 1 nj

̂a†
i |ni⟩ = ni + 1 |ni + 1⟩

= σi ni + 1 |n1, n2, ⋯, ni + 1,⋯⟩ { = σi |n1, n2, ⋯,1i, ⋯⟩, ni = 0
= 0, ni = 1

本
课
件
仅
供
学
习
参
考
，
禁
止
外
传
商
用



Ψ(x1, x2, ⋯, xN) = (N!)−1/2

χi(x1) χj(x1) ⋯ χk(x1)
χi(x2) χj(x2) ⋯ χk(x2)

⋮ ⋮ ⋯ ⋮
χi(xN) χj(xN) ⋯ χk(xN)

= |χi(x1)χj(x2)⋯χk(xN)⟩
= |χi χj⋯χk⟩ = | ij⋯k⟩
= ̂a†

i ̂a†
j ⋯ ̂a†

k |00⋯0⟩
= ̂a†

i ̂a†
j ⋯ ̂a†

k |0⟩
In ground state calculations, all the shown positions are single-occupied.


So there is slight difference from the general case.  

ni = 1
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Second quantization of operators

Φ

Ψ
̂A ̂A†

Φ†

Ψ†

Second Quantization

Mapped by Operator
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Piers Coleman, Introduction to Many-Body Physics, 2015
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Single-particle operator
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̂Aϕi = ψi

ψi = ∑
k

Cikϕk

̂A†ϕ†
i |0⟩ = ψ†

i |0⟩

ψ†
i = ∑

k
Cikϕ†

k

̂Aϕi = ∑
k

Cikϕk

⟨ϕl | ̂A |ϕi⟩ = ∑
k

Cik⟨ϕl |ϕk⟩

Ali = Cil

First, we consider single electron case.

Second quantization:
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Since there is 
only 1 electron

̂A†ϕ†
i = ∑

k
Cikϕ†

k

̂A†ϕ†
i ϕi = ∑

k
Cikϕ†

k ϕi

̂A† ∑
i

ϕ†
i ϕi = ∑

k,i
Cikϕ†

k ϕi

̂A†N̂ = ∑
k,i

Cikϕ†
k ϕi

̂A† = ∑
k,i

Cikϕ†
k ϕi

Insert the relation: Ali = Cil

̂A† = ∑
k,i

Akiϕ†
k ϕi

̂A ⟶ ∑
k,i

Akiϕ†
k ϕi
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Proof of the second quantization of single electron operator

⟨ϕl | ̂A |ϕl⟩ = All ⟨ϕl |∑
k,i

Akiϕ†
k ϕi |ϕl⟩

= ⟨0 |ϕl ∑
k,i

Akiϕ†
k ϕiϕ†

l |0⟩ = ⟨0 |∑
k,i

Akiϕlϕ†
k ϕiϕ†

l |0⟩

= ⟨0 |∑
k,i

Aki(δlk − ϕ†
k ϕl)(δil − ϕ†

l ϕi) |0⟩

= ⟨0 |∑
k,i

Akiδlk(δil − ϕ†
l ϕi) + ϕ†

k ϕi(1 − n̂l) |0⟩

= ⟨0 |∑
k,i

Akiδlkδil |0⟩ = All
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Extend our finding to particlesN-

̂A =
N

∑
n= 1

̂An
This single-particle operator has lots of examples, such as:

̂T = − 1
2 ∑

n
∇2

n
̂V = − ∑

n [∑
A

ZA

|RA − rn| ] ̂μ = ∑
n

̂μn

Ψ = ̂AΦ ⟶ Ψ† = ̂A†Φ†

Ψ† |0⟩ = ∑
n

̂A†
nΦ† |0⟩

= ∑
n

̂A†
nϕ†

N⋯ϕ†
n⋯ϕ†

1 |0⟩

̂A†
nϕ†

n = ∑
l

Cnlϕ†
l

= ∑
l

Alnϕ†
l
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Ψ† |0⟩ = ∑
n

ϕ†
1 ⋯(∑

l
Cnlϕ†

l )⋯ϕ†
N |0⟩

= ∑
n

∑
l

Alnϕ†
1 ⋯ϕ†

l ⋯ϕ†
N |0⟩

= ∑
n,l

Alnϕ†
1 ⋯ϕ†

l (ϕnϕ†
n)⋯ϕ†

N |0⟩

= ∑
n,l

Aln(−1)l−1ϕ†
l (−1)l−1ϕnϕ†

1 ⋯ϕ†
n⋯ϕ†

N |0⟩

= ∑
n,l

(Alnϕ†
l ϕn)[ϕ†

1 ⋯ϕ†
n⋯ϕ†

N |0⟩]

̂A†
nϕ†

n = ∑
l

Alnϕ†
l

̂A(single−particle) → ∑
n,l

Alnϕ†
l ϕn

Aln = ⟨l | ̂A |n⟩
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Verification of the one-body operator
|Ψ0⟩ = |1⋯a⋯b⋯N⟩

⟨Ψ0 | Ô1 |Ψ0⟩ = ∑
μν

⟨μ | ̂h |ν⟩⟨Ψ0 | ̂a†
μ ̂aν |Ψ0⟩

Here we are considering the ground state, so   
and  must be within the set 

:

μ
ν

{1,2,⋯, a, ⋯, b, ⋯, N}

⟨Ψ0 | Ô1 |Ψ0⟩ = ∑
ab

⟨a | ̂h |b⟩⟨Ψ0 | ̂a†
a ̂ab|Ψ0⟩

= ∑
ab

⟨a | ̂h |b⟩⟨Ψ0 | (δab − ̂ab ̂a†
a) |Ψ0⟩

Since in the ground state, all  are occupied, add a new one cause the 
Slater determinant being zero, we have:

{1,⋯, a, ⋯, b, ⋯, N}

⟨Ψ0 | Ô1 |Ψ0⟩ = ∑
ab

⟨a | ̂h |b⟩⟨Ψ0 | (δab) |Ψ0⟩ = ∑
a

⟨a | ̂h |a⟩
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Double-particle operator
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̂A =
N

∑
i< j

̂Aij
S.Q.→

N

∑
i< j

̂A†
ij

N

∑
i< j

̂A†
ijϕ

†
1 ⋯ϕ†

i ⋯ϕ†
j ⋯ϕ†

N |0⟩

=
N

∑
i< j

ϕ†
1 ⋯ψ†

i ⋯ψ†
j ⋯ϕ†

N |0⟩

=
N

∑
i< j

∑
k,l

Cij,klϕ†
1 ⋯ϕ†

k ⋯ϕ†
l ⋯ϕ†

N |0⟩

From quantum mechanics of first quantization, we have known:

Cij,kl = ∫ ∫ d3rd3r′�ϕk(r)ϕl(r′�) 1
|r − r′ �|

ϕi(r)ϕj(r′�) = ⟨kl | ij⟩

And we suppose  has the expansion:
N

∑
i< j

̂A†
ij

N

∑
i< j

̂A†
ij =

N

∑
i< j

∑
k,l

Aij,klϕ†
k ϕ†

l ϕiϕj
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Now let us try to find the relationship between  and .Aij,kl Cij,kl
N

∑
i< j

∑
k,l

(Aij,klϕ†
k ϕ†

l ϕiϕj)ϕ†
1 ⋯ϕ†

i ⋯ϕ†
j ⋯ϕ†

N |0⟩

=
N

∑
i< j

∑
k,l

(Aij,klϕ†
k ϕ†

l )(−1)i−1(−1) j−1ϕ†
1 ⋯ϕ†

i−1ϕ
†
i+ 1⋯ϕ†

j−1ϕ
†
j+ 1⋯ϕ†

N |0⟩

=
N

∑
i< j

∑
k,l

(Aij,klϕ†
k )(−1) j−2(−1)i−1(−1) j−1ϕ†

1 ⋯ϕ†
i−1ϕ

†
i+ 1⋯ϕ†

j−1ϕ
†
l ϕ†

j+ 1⋯ϕ†
N |0⟩

=
N

∑
i< j

∑
k,l

Aij,kl(−1)(i−1)+ ( j−2)+ (i−1)+ ( j−1)[ϕ†
1 ⋯ϕ†

i ⋯ϕ†
j ⋯ϕ†

N |0⟩]
=

N

∑
i< j

∑
k,l

(−Aij,kl)[ϕ†
1 ⋯ϕ†

i ⋯ϕ†
j ⋯ϕ†

N |0⟩] Aij,kl = − Cij,kl
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Example of the sign changing:

ϕ†
3 ϕ†

5 ϕ3ϕ5 |1,2,3,4,5,6⟩
= (−1)4ϕ†

3 ϕ†
5 ϕ3 |1,2,3,4, × ,6⟩

= (−1)4(−1)2ϕ†
3 ϕ†

5 |1,2, × ,4, × ,6⟩
= (−1)4(−1)2(−1)3ϕ†

3 |1,2, × ,4,5,6⟩
= (−1)4(−1)2(−1)3(−1)2 |1,2,3,4,5,6⟩
= − |1,2,3,4,5,6⟩
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Since when , there would be two same annihilation operators:i = j

̂A†
ii = ∑

k,l
Aii,klϕ†

k ϕ†
l ϕiϕi = 0̂

For fermion that is equal to zero, so we can remove the constraint , and 
make the summation run over all the possibilities, and then divide by two.

i < j

̂A†
(two−particle) =

N

∑
i< j

̂A†
ij = − 1

2 ∑
ijkl

Cij,klϕ†
k ϕ†

l ϕiϕj = − 1
2 ∑

ijkl
⟨kl | ij⟩ϕ†

k ϕ†
l ϕiϕj

At last, we can use a trick to remove the minus sign using anti-commutation relation.

̂A†
(two−particle) =

N

∑
i< j

̂A†
ij = 1

2 ∑
ijkl

⟨kl | ij⟩ϕ†
k ϕ†

l ϕjϕi
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B-O Hamiltonian from Second quantization 
Collect all the expressions

Ĥ = ∑
i

̂h i + ∑
i< j

1
rij

= ∑
μν

h μν ̂a†
μ ̂aν + 1

2 ∑
μνλσ

⟨μν |λσ⟩ ̂a†
μ ̂a†

ν ̂aσ ̂aλ

∑
i

̂h i = ∑
ij

h ij ̂a†
i ̂aj = ∑

ij
h ij(δij − ̂aj ̂a†

i )

When considering ground state Slater 
determinant, since in it all possible positions 
are occupied, so that when create an electron 
at the th position, the determinant would be 
zero.

i-

i

Ĥ = ∑
i

h ii ̂a†
i ̂ai + 1

2 ∑
μνλσ

⟨μν |λσ⟩ ̂a†
μ ̂a†

ν ̂aσ ̂aλ
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Verification of the two-body operator
|Ψ0⟩ = |1⋯a⋯b⋯N⟩

⟨Ψ0 | Ô2 |Ψ0⟩ = 1
2 ∑

μνλσ
⟨μν |λσ⟩⟨Ψ0 | ̂a†

μ ̂a†
ν ̂aσ ̂aλ |Ψ0⟩

Here we are considering the ground state, 
so   and  must be within the set 

:
μ ν

{1,2,⋯, a, ⋯, b, ⋯, N}

⟨Ψ0 | Ô2 |Ψ0⟩ = 1
2 ∑

abcd
⟨ab|cd⟩⟨Ψ0 | ̂a†

a ̂a†
b ̂ad ̂ac |Ψ0⟩
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⟨Ψ0 | Ô2 |Ψ0⟩ = 1
2 ∑

ab
⟨ab|cd⟩⟨Ψ0 | ̂a†

a(δbd − ̂ad ̂a†
b) ̂ac |Ψ0⟩

= 1
2 ∑

ab
⟨ab|cd⟩⟨Ψ0 |δbd ̂a†

a ̂ac − ̂a†
a ̂ad ̂a†

b ̂ac |Ψ0⟩

= 1
2 ∑

ab
⟨ab|cd⟩⟨Ψ0 |δbd(δac − ̂ac ̂a†

a) − ̂a†
a ̂ad(δbc − ̂ac ̂a†

b) |Ψ0⟩

= 1
2 ∑

ab
⟨ab|cd⟩⟨Ψ0 |δbdδac − δbd ̂ac ̂a†

a − ̂a†
a ̂adδbc + ̂a†

a ̂ad ̂ac ̂a†
b|Ψ0⟩

= 1
2 ∑

ab
⟨ab|cd⟩⟨Ψ0 |δbdδac − δbc(δad − ̂ad ̂a†

a) |Ψ0⟩

= 1
2 ∑

ab
[⟨ab|ab⟩ − ⟨ab|ba⟩]
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Back to main text
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Suppose: 
σ1(ω) = β(ω), σ2(ω) = β(ω)

⟨Ψ |Ψ⟩ = ⟨12 |21⟩

= 1
2 (⟨12 | − ⟨21 | )( |12⟩ − |21⟩)

= 1
2 (1 − S− S + 1) = 1 − S

⟨12 |21⟩ = ∫ ∫ ψ*1 (r1)β*1 (ω1)ψ*2 (r2)β*2 (ω2) ×

ψ2(r1)β2(ω1)ψ1(r2)β1(ω2)d3r1d3r2

= ∫ ∫ ψ*1 (r1)ψ*2 (r2)ψ2(r1)ψ1(r2)d3r1d3r2 = S

Fermi hole
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Hartree-Fock approximation

https://physicstoday.scitation.org/do/10.1063/pt.6.6.20171222a/full/

https://mathshistory.st-andrews.ac.uk/Biographies/Hartree/
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|Ψ0⟩ = |χ1χ2⋯χN⟩

From variation principle, the best wave function of this functional form is 
the one which gives the lowest possible energy

E0 = ⟨Ψ0 | Ĥ |Ψ0⟩

Once one can optimize the wave function, one can obtain the best 
estimation from Hartree-Fock method.

̂f(i)χ(xi) = εχ(xi) ̂f(i) = − 1
2 ∇2

i −
M

∑
A= 1

ZA

riA
+ vHF(i)
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The Hartree-Fock ground state 

|χ1χ2⋯χa χb⋯χN⟩
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Minimal basis model

ϕ1 ≡ ϕ1(r − R1)

ϕ(r − R) = (ζ3

π )
1/2

e−ζ|r−R|Slater orbital:

Gauss orbital:

ϕ(r − R) = (2α
π )

3/4
e−α|r−R|2

⟨ϕ1 |ϕ2⟩ = S

First, consider the atomic orbital:

ϕ2 ≡ ϕ2(r − R2)
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LCAO from the minimal basis
ψ1 = [2(1 + S)]−1/2(ϕ1 + ϕ2)
ψ2 = [2(1 + S)]−1/2(ϕ1 − ϕ2)

χ1 = ψ1(r)α(ω)
χ2 = ψ1(r)β(ω)
χ3 = ψ2(r)α(ω)
χ4 = ψ2(r)β(ω)

|Ψ0⟩ = |χ1χ2⟩
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|Ψ0⟩ = |χ1χ2⟩
χ1 ≡ ψ1, χ2 ≡ ψ̄1
χ3 ≡ ψ2, χ4 ≡ ψ̄2

|Ψ0⟩ = |ψ1ψ̄1⟩
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Excited Determinants
|Ψ0⟩ = |χ1χ2⋯χa χb⋯χN⟩

(2K
N) = (2K)!

N!(2K − N)!
With  orbitals and  electrons, there are 
multiple different Slater determinants:

2K N

After H-F calculation, the energy of each  is fixed. 
So the choices different from the ground state Slater 
determinant can be explained as excitation.

χi
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|Ψr
a⟩ = |χ1χ2⋯χr χb⋯χN⟩

|Ψrs
ab⟩ = |χ1χ2⋯χr χs⋯χN⟩

|Φ⟩ = c0 |Ψ0⟩+

∑
ra

cr
a |Ψr

a⟩ + ∑
a< b,r< s

crs
ab|Ψrs

ab⟩ + ⋯

Consider the possible choices of S-D, 
this is called configuration interaction 
(CI). 
Taking into the full account of choices is 
named full-CI.
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Correlation energy
Ecorr ≡ Ereal − E0

Energy from Hartree-Fock limit
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D. Folmsbee, G. Hutchison, 
Int J Quantum Chem. 2021;121:e26381. S. Grimme et al. J. Phys. Chem. Lett. 2014, 5, 4275−4284 
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J. Chem. Phys. 2020, 153, 124111 
https://doi.org/10.1063/5.0021955
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Examples of S-Ds in minimal basis of H2

(2 * 2
2 ) = (4)!

2!(2 * 2 − 2)! = 6

|Φ0⟩ = c0 |Ψ0⟩ + c22̄
11̄ |Ψ22̄

11̄⟩ = c0 |Ψ0⟩ + c34
12 |Ψ34

12⟩
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Operators and Matrix Elements
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From the minimal basis of H2

Ĥ = (− 1
2 ∇2

1 − ZA

r1A
− ZB

r1B ) + (− 1
2 ∇2

2 − ZA

r2A
− ZB

r1B ) + 1
r12

= ̂h (1) + ̂h (2) + 1
r12

Core-Hamiltonian

<̂1 = ̂h (1) + ̂h (2)

<̂2 = 1
r12

One-body operator

Two-body operator
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⟨Ψ0 | ̂h (1) |Ψ0⟩ = ∫ dx1dx2 {2−1/2 [χ1(x1)χ2(x2) − χ2(x1)χ1(x2)]}
*

×

̂h (r1){2−1/2 [χ1(x1)χ2(x2) − χ2(x1)χ1(x2)]}
= 1

2 ∫ dx1dx2 {χ*1 χ*2 ̂h (r1)χ1χ2 + χ*2 χ*1 ̂h (r1)χ2 χ1

−χ*1 χ*2 ̂h (r1)χ2 χ1 − χ*2 χ*1 ̂h (r1)χ1χ2}

Simplified 
denotation: 
χα(x1)χβ(x2) ≡ χα χβ

⟨Ψ0 | ̂h (1) |Ψ0⟩ = 1
2 ⟨1 | ̂h (1) |1⟩ + 1

2 ⟨2 | ̂h (1) |2⟩

∫ dx2 χ*2 (x2)χ1(x2) = 0

∫ dx2 χ*1 (x2)χ2(x2) = 0

本
课
件
仅
供
学
习
参
考
，
禁
止
外
传
商
用



⟨Ψ0 | ̂h (2) |Ψ0⟩ = ⟨Ψ0 | ̂h (1) |Ψ0⟩One can prove: 

⟨Ψ0 | <̂1 |Ψ0⟩ = ⟨1 | ̂h (1) |1⟩ + ⟨2 | ̂h (1) |2⟩
= ⟨1 | ̂h |1⟩ + ⟨2 | ̂h |2⟩

One can also prove: 

⟨Ψ34
12 | <̂1 |Ψ34

12⟩ = ⟨3 | ̂h |3⟩ + ⟨4 | ̂h |4⟩

⟨Ψ34
12 | <̂1 |Ψ0⟩ = 0
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⟨Ψ0 | <̂2 |Ψ0⟩ = 1
2 ∫ dx1dx2 {[χ1χ2 − χ2 χ1]*

1
r12

[χ1χ2 − χ2 χ1]}
= 1

2 ∫ dx1dx2 {χ*1 χ*2
1

r12
χ1χ2 + χ*2 χ*1

1
r12

χ2 χ1

−χ*1 χ*2
1

r12
χ2 χ1 − χ*2 χ*1

1
r12

χ1χ2}
= ∫ dx1dx2 χ*1 χ*2

1
r12

χ1χ2 − ∫ dx1dx2 χ*1 χ*2
1

r12
χ2 χ1

Since r12 = r21

Two-electron integral
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Notation of two-electron integrals
⟨ij |kl⟩ = ⟨χi χj |χk χl⟩

= ∫ dx1dx2 χ*i (x1)χ*j (x2)
1

r12
χk(x1)χl(x2)

⟨Ψ0 | <̂2 |Ψ0⟩ = ⟨12 |12⟩ − ⟨12 |21⟩
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Some properties
⟨ij |kl⟩ = ⟨ji | lk⟩ ⟨ij |kl⟩ = ⟨kl | ij⟩*

Anti-symmetrized two-electron integral

⟨ij | |kk⟩ = ⟨ij |kk⟩ − ⟨ij |kk⟩ = 0

⟨ij | |kl⟩ = ⟨ij |kl⟩ − ⟨ij | lk⟩
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Transition from spin orbital to spatial orbital

E0 = ⟨1 | ̂h |1⟩ + ⟨1̄ | ̂h | 1̄⟩ + ⟨11̄ |11̄⟩ − ⟨11̄ | 1̄1⟩

E0 = ⟨Ψ0 | Ĥ |Ψ0⟩ = ∑
a

⟨a | h |a⟩ + 1
2 ∑

ab
⟨ab| |ab⟩

Since , and , so: ⟨aa | |aa⟩ = 0 ⟨ab| |ab⟩ = ⟨ba | |ba⟩ ∑
a< b

⟨ab| |ab⟩ = 1
2 ∑

ab
⟨ab| |ab⟩
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⟨11̄ | 1̄1⟩ = ∫ dr1dω1dr2dω2ψ*1 (r1)α*(ω1)ψ*1 (r1)β*(ω1)

1
r12

ψ1(r1)β(ω1)ψ1(r2)α(ω2) = 0

⟨11̄ |11̄⟩ = ∫ dr1dω1dr2dω2ψ*1 (r1)α*(ω1)ψ*1 (r1)β*(ω1)

1
r12

ψ1(r1)α(ω1)ψ1(r2)β(ω2)

= ∫ dr1dr2ψ*1 (r1)ψ*1 (r1)
1

r12
ψ1(r1)ψ1(r2) = (11 |11)
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⟨ik | jl⟩ = (ij |kl)

E0 = 2(ψ1 | ̂h |ψ1) + (ψ1ψ1 |ψ1ψ1)
= 2(1 | ̂h |1) + (11 |11)

E0 = 2
N/2

∑
a

(a | h |a) +
N/2

∑
a

N/2

∑
b

[2(aa |bb) − (ab|ba)]
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Coulomb integral and Exchange integral
Jij = (ii | jj) = ⟨ij | ij⟩

Kij = (ij | ji) = ⟨ij | ji⟩
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Hartree-Fock equation
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Collection of what we have
|Ψ0⟩ = |χ1χ2⋯χN⟩

χi( ⃗r) = σi(ω)
N

∑
α= 1

ciαϕα( ⃗r)

⟨a | h |a⟩ = ∫ ψ*a ( ⃗r)(− 1
2 ∇2 −

M

∑
A= 1

ZA

ra,A ) ψa( ⃗r)d3r⟨σa |σa⟩

⟨ab| |ab⟩ = ∫ ∫ ψ*a ( ⃗r1)ψ*b [( ⃗r2)
1

r12
ψa( ⃗r1)ψb( ⃗r2)⟨σa |σa⟩⟨σb|σb⟩−

ψb( ⃗r1)ψa( ⃗r2)⟨σa |σb⟩⟨σb|σa⟩] d3r1d3r2
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χi( ⃗r) = σi(ω)
N

∑
α= 1

ciαϕα( ⃗r)

ψ1 = [2(1 + S)]−1/2(ϕ1 + ϕ2)
ψ2 = [2(1 + S)]−1/2(ϕ1 − ϕ2)

χ1 = ψ1(r)α(ω)
χ2 = ψ1(r)β(ω)
χ3 = ψ2(r)α(ω)
χ4 = ψ2(r)β(ω)

Example (fixed coefficients):

S = ⟨ϕ1 |ϕ2⟩

ϕ1( ⃗r) = 1
π

e−| ⃗r− ⃗R 1|

ϕ2( ⃗r) = 1
π

e−| ⃗r− ⃗R 2|
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Matrix elements 1
| ⃗r1 − ⃗r2 |

=
∞

∑
l= 0

rl
<

rl+ 1>
Pl(cos ω)

In which  stands for the smaller of the two 
distances  and ,  is the greater of 
the two distances, and  is a 
Legendre polynomial.

Since  and , 
then the angle  is the angle between the two 
directions. The addition theorem:

r<
| ⃗r1 | | ⃗r2 | r>

Pl(cos ω)

⃗r1 = (r1, θ1, φ1) ⃗r2 = (r2, θ2, φ2)
ω

Pl(cos ω) = 4π
2l + 1

l

∑
m= −l

Y*lm(θ1, φ1)Ylm(θ2, φ2)

1
| ⃗r1 − ⃗r2 |

=
∞

∑
l= 0

l

∑
m= −l

4π
2l + 1

rl
<

rl+ 1>
Y*lm(θ1, φ1)Ylm(θ2, φ2)

本
课
件
仅
供
学
习
参
考
，
禁
止
外
传
商
用



Distraction: Lagrange multiplier
A cylinder, with its radius  and height , given its surface known as , 
what’s its largest volume?

r h 6π

V = πr2h S = 2πrh + 2πr2 = 6π

ℒ = V − λ(S− 6π) = πr2h − λ(2πrh + 2πr2 − 6π)

∂ℒ
∂r

= 2πrh − λ(2πh + 4πr) = 0

∂ℒ
∂h

= πr2 − λ(2πr) = 0 r = 2λ

rh − λh − 2λr = 0

h = 4λ λ = 1
2 {h = 2

r = 1
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E0 = ⟨Ψ0 | Ĥ |Ψ0⟩ = ∑
a

⟨a | h |a⟩ + 1
2 ∑

ab
⟨ab| |ab⟩|Ψ0⟩ = |χ1χ2⋯χN⟩

⟨a |b⟩ = δab

ℒ = E0[{χa}] −
N

∑
a= 1

N

∑
b= 1

εba(⟨a |b⟩ − δab)

δℒ = δE0[{χa}] −
N

∑
a= 1

N

∑
b= 1

εbaδ⟨a |b⟩ = 0
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δ⟨a |b⟩ = ⟨δa |b⟩ + ⟨a |δb⟩ = ⟨δa |b⟩ + c . c .

δE0 =
N

∑
a= 1

[⟨δa | h |a⟩ + ⟨a | h |δa⟩]

+ 1
2 ∑

a,b
[⟨(δa)b|ab⟩ + ⟨a(δb) |ab⟩ + ⟨ab| (δa)b⟩ + ⟨ab|a(δb)⟩]

− 1
2 ∑

a,b
[⟨(δa)b|ba⟩ + ⟨a(δb) |ba⟩ + ⟨ab| (δb)a⟩ + ⟨ab|b(δa)⟩]

⟨δa | h |a⟩ = ⟨a | h |δa⟩*

⟨ij |kl⟩ = ⟨ji | lk⟩
⇒ ⟨a(δb) |ab⟩ = ⟨(δb)a |ba⟩

∑
ab

⟨(δb)a |ba⟩ = ∑
ba

⟨(δa)b|ab⟩

= ∑
ab

⟨(δa)b|ab⟩
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δE0 =
N

∑
a= 1

⟨δa | h |a⟩ + ∑
a,b

⟨(δa)b|ab⟩ − ∑
a,b

⟨(δa)b|ba⟩

+ c . c .

δℒ =
N

∑
a= 1

⟨δa | h |a⟩ + ∑
a,b

[⟨(δa)b|ab⟩ − ⟨(δa)b|ba⟩]

−∑
ab

εab⟨δa |b⟩ + c . c . = 0

=
N

∑
a= 1 {⟨δa | h |a⟩ +

N

∑
b= 1

[⟨(δa)b|ab⟩ − ⟨(δa)b|ba⟩]

−
N

∑
b= 1

εab⟨δa |b⟩} + c . c . = 0
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δℒ =
N

∑
a= 1

∫ dx1(δχ*a ){ ̂h χa +
N

∑
b= 1

[>̂b − ?̂b] χa −
N

∑
b= 1

εabχb} + c . c . = 0

̂h χa +
N

∑
b= 1

[>̂b − ?̂b] χa =
N

∑
b= 1

εabχb

>̂bχa = >̂b(1)χa(1) = [∫ dx2 χ*b (2)r−1
12 χb(2)] χa(1)

?̂bχa = ?̂b(1)χa(1) = [∫ dx2 χ*b (2)r−1
12 χa(2)] χb(1)
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̂h χa +
N

∑
b= 1

[>̂b − ?̂b] χa =
N

∑
b= 1

εabχb

ℱ̂χa =
N

∑
b= 1

εabχb

ℱ̂ = ̂h +
N

∑
b= 1

[>̂b − ?̂b]Fock operator:

Hartree-Fock 
equation:

本
课
件
仅
供
学
习
参
考
，
禁
止
外
传
商
用



Canonical H-F equation
χ′�a = ∑

b
χbUba |Ψ′�0⟩ = det(U) |Ψ0⟩

U†U = 1 det [U†U] = |det(U) |2 = 1 det(U) = eiϕ (± 1)

∑
a

>̂′�a(1) = ∑
a

∫ dx2 χ′�*b (2)r−1
12 χ′�b(2)

= ∑
bc [∑

a
U*baUca]∫ dx2 χ*b (2)r−1

12 χb(2) = ∑
a

>̂a(1)

∑
a

U*baUca = (UU†)cb = δcb
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ℱ̂′� = ℱ̂

ε′� = U†εU

ℱ̂ |χ′�a⟩ = ε′�a |χ′�a⟩
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