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Brief review of Quantum mechanics:
Results of atoms

Electronic structure of atoms



H=T+YV Typically, we prefer to discuss in position space.
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Quantum mechanical results of H-like Atom
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S: sharp

p: principal

d: diffuse

f: fundamental

Haken & Wolf,
The Physics of Atoms and Quanta,
Springer, 2010, pp. 176
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In quantum chemistry, the first Laguerre polynomial is called
Slater Type Orbital (STO).
It’s used in ADF (Amsterdam Density Functional).

ADF

Understand and predict chemical properties and reactivity,
with the fast and accurate molecular DFT code ADF.

Get your free trial

or see other products in the Amsterdam Modeling Suite




Probability density = r2|Rpn(r)|2

Internet Seminar
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Introduction to Quantum Mechanics

Ground state
n=1
[=0

— Dashed line : Radius by Bohr's quantum theory

Dr. Kenjiro Takada
Emeritus professor of Kyushu University
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Electronic structure of many electron atoms

Hermann Haken & Hans C. Wolf, The

Physics of Atoms and Quanta,
Inner X-ray Springer, 2004
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Quantum
mechanics for
molecules

From brute-force to Hartree-
Fock Self-Consistent Field

https://mathshistory.st-andrews.ac.uk/Biographies/Hartree/

https://physicstoday.scitation.org/do/10.1063/pt.6.6.20171222a/full/
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The variation principle:

Given a normalized wave function | @) that satisfies the appropriate

boundary conditions, then the expectation value of the Hamiltonian is an
upper bound to the exact ground state energy.
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Once \Cb) = | ®,) the identity holds.



Proof of the variation principle: N
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Step further: hydrogen molecular ion
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Quantum mechanical treatment of H;r
Constructive interference: bonding state

Starting point:
Atomic Schrodinger Equation
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Molecular Schrodinger Equation
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(Guess:
Use atomic wave functions
as building blocks!

The atomic wave
functions used

here are also called
orbitals. H h
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Left multiply (b |r):
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(AE + C)c, + (AES + D)c, = 0
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Here S is always small. So in later discussion, we can omit it.
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When R , is large, C ~ — , this term counters the
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repulsion between the two protons.

9) So the bonding mainly
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4 term D, a pure quantum
eolq effect.
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Antibonding

L
' Bonding

Experimental value: —2.65 eV




Step even further: hydrogen molecule

Walter Heinrich Heitler, Fritz Wolfgang London,
(2 January 1904 - 15 November 1981) (March 7, 1900 - March 30, 1954)
German physicist German American physicist
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Pauli exclusion principle

The principle that two identical fermions cannot
occupy the same quantum state in a body such as
an atom.

— — Collins Encyclopedia




First, we need to consider the spin. (a(@) | a(j)) = 5z'j
br)r) W G ) ra(Da2) (D) | B(7)) = O

But the Hartree product does not fulfill the Pauli exclusion principle.
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Slater determinant

P o ¢, rpa(l) ¢, (r)a2)
Qp(rpa(l) @y (ry)a(2)

Standard tool for describing fermions.

(1900-1976)



¥ :fspin(lﬁz)lpg or u(rb r2)

All possibilities

¥ = a()a2)¥,(r, 1)
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Heitler & London method

Since there is no spin term in H, we can just use ¥, and ¥, as trial solutions.

Here we use a concise notation, fix the first term as the function containing
the position of the first electron, and the second term as the function
containing the second electron.

D)1y — Pp(r)),(ry) = |ab) — | ba)
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Coulomb interaction energy of Coulomb interaction energy of
nucleus b with electron 1 in nucleus a with electron 2 in

state a. state b.
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Experimental value: —4.48 eV
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Actually, the exchange interaction is the driving force of bonding!

Keith Ladler, The World of Physical Chemistry, Oxford University Press, 1995




Covalent-lon resonance

Till now, what wave function we used is one electron move near one atom,
and another electron move near another atom separately.

Veoy = N |t (1) £ () (ry))

But still there Is some possibility the electrons all reside one single nucleus.
And we can assume the final wave function is the linear combination of both.

Wion = N’ |@,(r))do(ry) £ ¢ (r)y(ry))

Y =y o + ¥,



Influence in Condensed Matter Physics
Resonating VB

Materials Research Bulletin
Volume 8, Issue 2, February 1973, Pages 153-160

Resonating valence bonds: A new kind of
inSU.lator? * 1. L. Pauling, Proc. N.A.S. 39, 551 (1953); Nature of the Chemical Bond,

p. 394. Cornell University Press, Ithaca, New York (1960).
. P. W. Anderson, Phys. Rev. 86, 694 (1952).
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J. Appl. Phys. 42, 1595 (1971),
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Hund-Mulliken-Bloch method

One at first ignores the fact that two electrons are present. Instead, we
consider the motion of a single electron in the field of the two nuclei or, In
other words, we begin with the solution of the hydrogen molecule-ion
problem.

|
v () =N[p ) +dP]  Px,x) = w i)y, ) 7 a(1)B2) - f(Ha(2)]

The energy from Hund-Mullikan-Bloch method is higher than that from
Heitler-London’s, but it’s a starting point of calculating multi-electron
molecules. This is the thought of LCAO: Linear Combination of Atomic
Orbital.



Outlines of MO

In this type of theory, the A and B atoms are brought together firstly to become a
‘united atom’ AB. Then the electrons are fed one by one into the AB molecule.

This thought is firstly given by Sir John Edward Lennard-Jones (1894-1954). The
MO method is proposed to explain molecular spectra.

The contributors including Sir Lennard-Jones, Hund, Mullikan, Gerhard
Herzberg, Felix Bloch (extended this thought into investigations of solids),
Charles A. Coulson, Erick/Walter Hlckel (they are brothers) and so on.
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Kinetic energy (nucl. and el.) Coulomb repulsion (el.-el.)

/——/_—

N electrons

Coulomb attraction (el.-nucl.) Coulomb repulsion (nucl.-nucl.)

Multi-electron molecules: H-F

General method



Preliminary



Setup

There are N electrons:

There are M nuclei:
RK’ZK’ K — 1,2,"‘,M

)
/e

Vi) = Y Vi(r) Vr)=—-——+~
’ ; < ) drey | Rg — 17|

|RK_"]°| — (XK_xj)z_l'(YK_yj)z_I'(ZK_Zj)z



Hamiltonian

. . h* H
_ N 2 ere we have neglected the
H(rj) = H() = 2my, J T V(rf) spin-orbit interaction.
2
e n |
Wy=—  H =—§:W.=§:W
N dmey | — 1| N J

£l i<l

H= ) H(j+Hy,
J

Things must consider:
1. Pauli exclusion principle.
2. Electrons interact each other.




Distraction: Linear Variational Principle

From previous discussion on variational principle, there is no a priori
choice of the trial basis: | ®). So we need a systematical guess for it.

N
\(D> — Z C; \ ‘Pi> Known basis
Setup: i=1
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In general, this is
a real number




Lagrange multiplier

Goal: optimize this summation: Restraint: orthonormalization
X1 LT & 1 & 2
(BIA|®) = ) cgHy — (DID) = ) --<\P-\\P->= ¢’ =1
I 1

Z = (®|H|®) - E(D| D) — 1) = ) ccH, E(Zc —1)
4]
0
—#=0, k=12,-,N
Ock

Z c;H;; — Ec,=0
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Linear variational equation:

2

J

~/

Hc = Ec

Hc*=FE c* a=0,1,- N-1 *

04

Ly

HC = CE

Introduce C:



Atomic Units

Physical quantity Conversion factor X Value of X (SI)

Length 52918 x 10”'' m
Mass 9.1095 x 107! kg
Charge 1.6022 x 10~1° C
Energy 4.3598 x 10~ '8 )

Angular momentum 1.0546 x 10734 Js
Electric dipole moment ea, 8.4784 x 1073° Cm
Electric polarizability eald "’ 1.6488 x 104! C’m?J !
Electric field e 'ay’ 51423 x 10'' Vm™!
Wave function ag>'? 2.5978 x 10'3 m~ 3?2

Attila Szabo & Neil Ostlund, Modern Quantum Chemistry, Dover, 1996



Many electron Hamiltonian in a.u.

X N Moz XY
H =~ 25 DDV DD
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Spin Orbitals and Spatial Orbitals

A wave function for a single particle, such as

Orbital
electron.
Molecular | |
Orbital A wave function of a electron in a molecule.

A function of the position vector and describes the

Spatial Orbital distribution density as its square norm.

Spatial orbital multiplies a spin function, either spin-

Spin Orbital .
up or spin-down.




In quantum mechanics one replaces the word ‘orbit’ with erbital, a word
introduced by R. 5. Mulliken who defined it in a simple way by saying that an

orbital 1s as much like an orbit as quantum mechanics permits. More precisely,
the word ‘orbital’ refers to a wavetunction that relates to a single electron

associated with an atom or molecule.

Keith Ladler, The World of Physical Chemistry, Oxford University Press, 1995



y(r)a(@)
Jl//i*(l’)l//j(l’)d37‘ = 0;; = (i]]) (x) = 4 or
w(r)p(w)
Spatial orbital Spin orbital

Given K spatial orbitals {wi li=1,2,---,K }, one can form a set of 2K
spin orbitals {)(l- = 1,2,---,2K} as:

Xai1(%) = '//i(r)a(a))} i=1,2,--,K

10i(%) = y(r)p(w)

X ‘){,) = [)(i*(X))(j(x)dx — 51-].



Hartree Product
1= ) H(G)  H(yx) = ex/x)

v

‘PHP(xla X9y ot xN) — )(i(xl))(j(xz). . .)(k(xN)

\ 4
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Slater Determinant for many electron system

¢ (rpa(l) @ (r)a(2)
X
gp(rpa(l) @y (r))a(2)

Recall the Slater determinant for H,: ¥

xixy) (X e (X))

\P(xl,xz, ...,xN) — (N!)—I/Z )(i(xZ) )(j(xz) )(k(xz)

Xixn)  x(xy) o i Xy)




Xi(x1) )(j(x1) e (X))

Y(x, x5, -, xy) = (NH)~1? Xi%2)  X(%3) -+ xi(X)

Xixn)  x(xy) - (xy)

To learn second quantization — ‘ )(l-(x 1))(j(x2)--- )(k(xN))

from zero, one can resort to C. -

Kittel, Quantum Theory of — U(z)(])(k> — ‘ l]---k)

Solids, 2nd edition, 1987, a . Nt A

Chapter 5. — aiaj...ak‘()()...(» {aa, aﬁ} =0
‘ ...)(m...)(n...> — ‘ ...)(n...)(m...>

A\

[ ey ey ) = @;a;‘ ceieQeer) = — @Z@M e eQeer0eer) = = | ooy ey, e )



| K) = |ij)
(K|L) =
| L) = | ki) \/ \/2!
= 5(5%5]'1 — 0,0 — 030 + 0;10)
— ik5jl — 5il5jk

| = iDL kL) = [lk))



[¥) =112)
= |1 (xDx(x2))
= [y (rpo(w )y, (r)o(w,))
= cAﬂL 7 \ 0)

(12]12) = JJJJ"//{k(”l)gf(ah)l//;("z)gf(a)z) X

W, (rl)al(a)l)l/fz(rz)az(a)z)d3 | d’ r,dw,dw,




|¥) =112) Suppose:

= | y1(xxr(x5)) o1(w) = a(w), 6,(w) = p(w)
= |y (r)o(@))y,(ry)o(w,)) (P W) = (12]12)
- il

|
= S((12] = 211)(112) = [21)

1
=—(1-0-0+1)=1

(12]12) = [JJ'Jl/ff(ﬁ)dfk(ah)l//;(”z)gf(wz) X

W, (rl)al(a)l)l/fz(rz)(fz(a)z)d3 | d’ rdw,dw,




If use Wick’s theorem, the

<‘P | ‘P> — <12| 12> deduction can become easier.
|
= 5(<12\ — 21 D)(]12) = [21))
1 b At At A
= 5(0 | (azal — alaz)(aT I aT Jf) | 0)

= —<O | (azaléﬂk 1 — aa,a)d T
el

ad AT a , + alazéﬁ AT) )
1

=—=X2=1

2
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/\T A\
ik d)) =
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s F'tjs %5
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K

{C/l\a, Aﬁ} —_ O B
e
B al) |
= |1 o)
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(—=1) Z;: g

(n) ! (np) 1+--(nm) -+

O;

) ) -

— Gi(l R ni) ‘ ny, Ny, *--,

(n; — 1), -

)

(&Wl‘)m&i(d;)nz. ..(&l”f)ni. .1 0)

@yn(atyr--aaly'-- 0y

@yn(atys--(1 — ata)@n-

{

aanmayy -0

{&a, a;}

= (),

— gi‘nl,nz, ,()
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1, =0
+ala, =1
n.=1



&jlnl,nz, ey Ty )

1
= af@hyn@aly=@e- 0y

(1) 1(mp) Lee- (1) Lo

— 1)1

(n)(np) I+ () I+

(n)(ny)!---(my) ! -
&j\ni) =+/n+1|n+1)
n. = 0

i—1
0; = (— 1)2].:1”]-

=o0.|n,,n,, ---,1., ),
:61\/nl+1‘n1,n2, --.,ni—l—l’--.> { :Ol‘ [> %2 l > l
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xixy)  xixp) - lx))
‘P(xl,xz, '"’xN) — (N!)_1/2 )(i(xZ) )(j(xz) )(k(xz)

X{Xy) )(j(xN) - 0 (Xy)
— |)(i(x1))(j(x2)“')(k(xzv)>
— U(i)(j“‘)(k> = |ij---k)

— AtAt.. 4T
=a;d; a, [00---0)

— ATAT...AT —
=a;d; a, |0) n =1

In ground state calculations, all the shown positions are single-occupied.
So there is slight difference from the general case.



Second quantization of operators

Second Quantization

O — P’

Mapped by Operator A l l 14T
Y — ¥’



First quantization

Second quantization

Wavefunction —
field operator
Commutator

Density
Arbitrary basis
Change of basis

Orthogonality

One-particle energy

Interaction

Many-body
wavefunction

Schrodinger equation

Y(x) = (x[¥)

[x, p] = ih

p(0) = Y ()|

Y = (AlY)

(SIyr) = 25 (SIA) (A1)
(AATY = 87

gy

Zl</ v('xl

W(x1,X2,...XN)

(Z H; + Zi<j V,:,‘) U = ihW

W (x)

[V ), ¥ ()] = 8P (x — X))
p(xX) = VT ()Y (x)

U

ag =Y, (51M) Y

[V, ¥ 1 = Sy

A (x)( b U(x))tZ/(x)

V=7 M,V(X—X) pOP() -
=iy V(q)ck+q el Kk

Ol (x) - Y (en) | W)

[HO+ [ AUV —0)]P (x)
= ihiyr(x)

Piers Coleman, Introduction to Many-Body Physics, 2015



Single-particle operator



First, we consider single electron case.

Ad. = v ATpT|0
b= Second quantization: ¢ )=
Z Cixx l//: — &
k
A, = Z Cirdr

<¢Z\A\¢>—Z Cid i | D)



Since there is At — C

. .
AT Z ¢;¢i — 2 Cik¢;j¢i only 1 electron . i@, P




Proof of the second quantization of single electron operator

(1Al ) = A, CADI AT
k,i
— <O ‘ ¢l Z Aki¢;¢i¢; ‘ O> — <O ‘ Z Aki¢l¢;¢i¢; ‘ O>
k,i k,i
= (0] ) A8y — b} b)(S;— b 0)
k,i

= (0] ) Abu(By— b ) + ¢l (1 — 7)) | 0)

ki
= (0] ZAkiélkéil‘()) =
ki



Extend our finding to N-particles

n




V] 10) = Z qbf(z Cnl¢;)"'¢m 0)

) [
— Z ZAlanf“'be“'éb]M 0)
n |

n,l

= Y A== ) T 0)
n,l

— Z (Aln¢;¢n) [¢1T¢;’(¢;" O>]
n,l

A (Gingle—particle) 2A1n¢;¢n
n,l




Verification of the one-body operator
| W,) = |1--a---b---N)
Here we are considering the ground state, so u

(ol O |¥y) = 2 (el h|v) (W &Z&y‘qj& and v must be within the set
|22 % {1,2,"‘,61, ...,b, ...,N}:

(Pol O11Wo) = Y (alh|b)(¥ylala, | Po)
ab

= Y (alh1b)(Po| (3, — a5 | ¥o)
ab

Since in the ground state, all {1,---,a, -+, b, ---, N} are occupied, add a new one cause the
Slater determinant being zero, we have:

(Pol O, |Wo) = ) (alh|b)(¥,|(B,) |Wo) = ) (alh]a)
ab a



Double-particle operator



N N

N
VAT A N A A\
= ZAij - 2.4 2A17¢1 ;@ Py0)
i<j i<j i<j
N
— Z¢f'°'%T°"l/GT"'¢]$‘O>
i<j
N
— 2 Z Cyisah! -+l 10)
1<j k,l

From gquantum mechanics of first guantization, we have known:

Ci = ”d%d%'qbk(r)cbl(r') HODE) = (| i)

jr —r]|

N N

N
And we suppose Z Aj has the expansion: Z AZ] = Z Z Az‘j,kﬁb;j ¢;¢l¢j

]
i<j i<j i<j kil



Now let us try to find the relationship between A;; ;; and C;; 4.

N
DI IR C A X AR AR AR M (1)

1<j k,l
N
— z 2 (Azii,klgb;gb;)(_1)i_1(—l)j_l¢j"'¢ii1¢i11"'ijlqull'"gb;\;‘ 0)
i1<j k,l
— Z Z (Aij,klgb]j)(—1)1—2(_1)1—1(_1)]-1¢f...¢i4r_1¢i11...gbjw:lqblw‘quil...gb];r" 0)
1<j k,l
N]
= Z ZAij,kl(_l)(i D+(j 2)+(i‘1)+(j_1)[ﬁbf"‘(/ﬁf“‘ﬁbf”‘ﬁbﬁ‘O>]
i1<j k,l

N
_ z Z (—Aij,kl) l¢f¢;¢;¢;\ O)]

1<j k,l




Example of the sign changing:

B a5 | 1.2.3.45.6)
= (= 1)4¢3T¢5T¢3 1,2,3,4, X,6)
= (= D (= 12]¢pI 11,2, X 4, X ,6)
= (= A= DA=1%p] 1,2, X 4,5.,6)

= (=D*=1)*(=1)’(=1)?]1,2,3,4,5,6)
=—-11,2,3,4,5,6)



Since when 1 = J, there would be two same annihilation operators:
Al = ZA b D biep, =

For fermion that is equal to zero, so we can remove the constraint 1 < J, and
make the summation run over all the possibilities, and then divide by two.

AT oot ZA* = ——Z Ci i i bith; = ——Z<kzwzf>¢*¢T¢¢

1<j 1jkl 1kl

At last, we can use a trick to remove the minus sign using anti-commutation relation.

N

Atho—partlcle) Z AT — 5 2 <kl ‘ l]>¢T¢T¢ ¢

1<j ykl




B-O Hamiltonian from Second quantization

Collect all the expressions

Zh+2—

h, a'

Ut ut a,d

U el

+ 2 (uv| do)

ﬂvla

Z 7y = Z hiala. = Z hi(5,; — Ga’)

When conS|der|ng ground state Slater

determinant, since in it all possible i-positions
are occupied, so that when create an electron

at the 1th position, the determinant would be
Zero.

Z hadla; + = Z (uv | Ao)diala,a,

Mvﬂa



Verification of the two-body operator
W,y =|1---a--b---N)

(Vo) O1'Pg) =3 3 (v 120}V L, o

ﬂvﬂa

Here we are considering the ground state,
so 4 and v must be within the set

{12,--,a,-, b, ,N}:

(P10, 1'¥) = Z (ab | cd)(¥,|didTa,a, |¥o)
abcd



\ 1 A o atn
(W0l 0,1Wg) = = ) (ab|cd) (¥ |al(8,y — 44d})i| W)
1
S b|cd)(¥,|d —ala,aa. |y
22(“ | cd) (W | Byt auaqa,d.| W)
1 . A
= = 3 (ablcd) (¥ (8, = d,}) = 41a8y — G.d}) | Wo)
1
=52<ab\cd><wo|5bd5 — 8,8, — A48, + L0047 |P,)

1 . A
=3 Z (ab|cd){¥y| 5,45, — 6p(8,4— agal) | ¥y)

= %Z [(ab |ab) — (ab | bd)]
ab



Back to main text




Suppose: (P|¥) =(12]21)

o(w) = p(w), oy(w) = p(w) — %((12\ — 21)([12) —|21))

1
=5(1—S—S+1)=1@

Fermi hole
(12]21) = J'[l/ff(’ﬁ)ﬁfk(wl)l//;(”z)ﬁ;(wz) X
Wo () oy (r 2),51(602)(13” 1d3’” 2

— J[W;k(rl)wgk(rz)wz(l’l)vjl (r2)d3r1d37'2 _ g



https://mathshistory.st-andrews.ac.uk/Biographies/Hartree/

https://physicstoday.scitation.org/do/10.1063/pt.6.6.20171222a/full/



\\P()) — \)(1)(2"')(1\7)

From variation principle, the best wave function of this functional form is
the one which gives the lowest possible energy

E0:<‘Po\ﬁ\‘{'0>

Once one can optimize the wave function, one can obtain the best
estimation from Hartree-Fock method.

. . 1 9) - ZA HE, -
flip(x) = ex(x) fliy = ==VZ= ) == + v

2 A=1"iA



The Hartree-Fock ground state

V‘f;:?r‘. e ‘)(1)(2“.)(61)(19.“)(]\7)

orbitals

occupied
in
orbi‘tgls




Minimal basis model

First, consider the atomic orbital:

01 = P)(r —Ry) Py = Pr(r — Ry)

53 1/2
Slater orbital: dpr — R) = ( ) o —¢Ir—K|
T

Gauss orbital:

p(r —R) = (270[)3/4{“""’”2

<€b1 | ¢2> —



LCAO from the minimal basis

v, = [2(1 + 174, + ¢,) 11 =y (na(w)
b= R0+ S~ gy P =m0
X3 = l/fz(" )a(w)
X4 = y(r)p(w)

“Po> = | i)



\‘P()) = | 12!

XI=EVY, HEY
3=V, X4 =Y

v

| Wo) = ly9)




Excited Determinants

o) = LaxeXadp = Xn)
With 2K orbitals and N electrons, there are (ZK ) (2K)'

multiple different Slater determinants: NJ N (2K — N)!

After H-F calculation, the energy of each y: is fixed.

So the choices different from the ground state Slater
determinant can be explained as excitation.




\\PZ) — ‘)(1)(2"')(r)(b°°')(N>

|V ) = |\ xXXn)

| D) = ¢y | Pp)+

Z I"‘\PI">_I_ Z ‘\{ﬂ"

a<b,r<s

Consider the possible choices of S-D,
this i1s called configuration interaction
(Cl).

Taking into the full account of choices is
named full-CI.




Correlation energy

JFcorr — Ereal _

Hartree - Fock Exoct Result

Limit Energy from Hartree-Fock limit

——  FUl| - C]

Number of Spatial Basis Functions K

| 10 100 1000 10,000

Number of Slater Determinants (2’:‘)
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Examples of S-Ds in minimal basis of H>

g—H—1

|
(22* 2) W . Wo> = bruad = Wby = 1Ty 2

C21(2%2 —2)!

—H—2
W22y = [23) = [yaxe) = |¥34 ;

1

— 22 22\ __ 34 34
‘(I)O> — CO‘lPO> T Cli ‘\Pﬁ) — CO‘\PO> T 612 ‘le




Operators and Matrix Elements



From the minimal basis of H-

R - |
= (1) + hQ2)|+ —
F12

Core-Hamiltonian
One-body operator

Two-body operator




K

<\Po | }Al(l) | To) = deldxz {2_1/2 [Zl(x1))(2(x2) _)(z(xl))ﬁ(xz)] } X

h(r 1){ 217 [)( 1D (X)) — 1r(X)x 1(x2)] }
Simplified 1 ) )
denotation: = 5 J'dxldxz { XX )y 0 + 0 X )y
X XDX3(X0) = X0 X5

dezxik (X2)x1 (%) =0

N N

o 1 A 1 o
(ol (1) ¥o) = (1A 1) + =21 h(1)]2)



One can prove: (W, | h(2) | W) = (P, | h(1)|P,)

(Wol O, |Wo) = (11 A()| 1) + (2| h(1)|2)
= (11h|1) + (2| h|2)
One can also prove:

(P1310,1973) = (3| h|3) + (4| h|4)

(1310, 1¥o) =



1 1

(o @2 [ Wy) = E[dxldxz { ¥ev4) —)(2)(1]*7[)(1)(2 — o1 }
12

| | |
== [dxldxz {x{kxf — X XX XX
2 F12 F12

| |
=X X)X —)Gkﬂ(fk—)(l)(z}
. F12 r12
Since 1y, = 1y,

1 |
doe; dx, v — X1 — J'dxldxz;(f XXX

12 12

Two-electron integral



Notation of two-electron integrals

(i | kl) = <)(i)(j X

]
= deldxz X (x 1)){,->I< (xz)r—)(k(x DX(%)
12

(Wol Oy | Wy = (12[12) — (12]21)



Some properties

(Gl kl) = (illky (G| kl) = (kL] 1)*

Anti-symmetrized two-electron integral

G| kl) = Cij [ kl) = <ij | Ik)

(G| [ kk) = (ij | kk) = (ij | kk) = O



Transition from spin orbital to spatial orbital

l\Po> = !X1X2> = I'/’l%l)

Eo = (bl + <xalhlx2) + x| xaxz) — <eaxalxzx:)

Ey=(1|h|1)+(1|h|T)+ (1T|11) — (11| 11)

. |
Ey=(Wo|H|¥,) = Z<a\h\a>+5§,<abuab>

d

Since (aa||aa) = 0,and {(ab||ab) = (ba||ba), so: Z AN %Z (ab||ab)

a<b ab



(11]11) = Jdrlda)ldrzda)2Wf<(’”1)05*(a)1)l/ff<(”1),5*(w1)

|
—y (rpa(w )y, () plw,)
F12

1
= Jdl’1dr21/ff<(l‘1)‘/ffk(7‘1)r—l//1(rl)y/l(rz) = (11]11)
12

(11]11) = Jdrlda)ldrzdm2Wf<(r1)05*(0)1)l//f<(”1),5*(0)1)

|
—y,(r)p(o)y(r)a(w,) = 0
12



(k| jl) = (i | kD)

Ey = 2(y ‘illl/jl) + (yyn lyyn)
=21 A1)+ (11]11)

.

N/2 N/2 NI2

EO:2Z(a\h\a)+ZZ [Z(aa\bb)—(ab\ba)]
a a b




Coulomb integral and Exchange integral
J; = Giljj) = (ij | if)

Kij = (jlji) = {ij1ji)



Hartree-Fock equation



Collection of what we have

L — N
|Yo) = i xn )(i(?) ~ () Z ¢ ¢a(?)
a=1

- 1 ) L ZA =\ 13
(alh|a) = [vf?(r) ——V2I- ) w,(r)d’r(c,| o,)

2 A=1 @A

1
(ab||ab) = J'JW2<(71)W§ l(7z)r—Wa(7l)Wb(72)<Ua | 6,){0}, | 05)—
)

W (FOW(Fo) o, | 6,){0, | 0,) | dridr,



Y
2{F) = 0(@) Y CiathoP)
a=1

Example (fixed coefficients):

w = [2(1 + S)]_1/2(§b1 +¢,) S=(P;|P,) N = W, (r)o(w)

w, = [2(1 + )72, — ) X2 =y (N)p(o)
R 1 R X3 = yr(ra(w)
p(r) =—=e 7 2 = yr(Df()

N

1 . =
$(F) = —=e T

Nz



Matrix elements

| = ri
— = . P/(cos w)
‘ rl I rZ‘ =0 r>

In which r_ stands for the smaller of the two
distances | 7| and |7, |, r. is the greater of

the two distances, and P/(cos w) is a
Legendre polynomial.

Since 7, = (ry,0,,¢,) and 1, = (1, 6,, @,),
then the angle w is the angle between the two
directions. The addition theorem;

" - IO P (cos w) = Z “ (01, 0) Y05, )

FIG. 1.3 Notation and coordinate system for Eq. (1.2-20).

m——l

(91 ’ §”1 ) lem(eza §02)



Distraction: Lagrange multiplier

A cylinder, with its radius r and height /1, given its surface known as 67,
what’s its largest volume?

V = nr*h S = 2nrh + 2nr° = 61

L =V =S =6n) = ar’h — A2xrh + 2ar* — 61)

0L
a—=27rrh—/1(27th+47rr)=0 rh — Ah — 2Ar =0
r

0 1 =
—— = ar* = Q2nr) =0 r=21 h=41 A=— {h 2
oh 2



| Wo) = Liaaw)  Eo= (Yol H|W) = 2 (a|hla) +%Z (ab||ab)
ab

A

{a|b) =6,

N N
F =El{x}1- ), ) en{alb) —5,)

a=1 b=1

v

N N
5L = SE[{x,}1= ), ) €.dalb) =0

a=1 b=1



o{a|b) = (6a|b) + {(a|dob) = (da|b) + c.c.

Y
SEy= Y [(dalhla) +(alh|éa)|  (Salhla)=(alh|éa)*

a=1

J% Y [(Ba)b|ab) + (a(5b) | ab) + (ab | (5a)b) + (ab | a(&b))]
a,b

_% Y [((8a)b| ba) + (a(8b) | ba) + (ab| (8b)a) + (ab| b(Sa)))
a,b

(ij | kl) = (ji| 1K) 2. (@b)alba) = ) ((3a)b|ab)

= (a(6b) |ab) = {((6b)a | ba) ab ba
= D ((Ga)b|ab)

ab



N
OF, = Z (oalh|a) + Z ((0a)b|ab) — Z ((0a)b | ba)
a=1 a,b a,b
+cC.cC.
N
5 =Y (Salh|a)+ ) [((Ba)b|ab) — ((8a)b|ba)]
a=1 a,b

—Zeab(éalb)+c.c. =0

N
Z {(&z | h|a) + Z [((561)19 | ab) — ((6a)b | ba)]

a=1

N
—Zeab(éa\b)} +c.c.=0

b=1



N

N
o7 = 3 [aso{ bt 372 7]
b=1

=

1

) N ) N
hy, + Z [fb— ‘%/b])(a = Zgab)(b
b=1

b=1

Fota= Fo(Da(1) = “dxzx,f@)r;;xb(z)] 2D

K oHa = F (D (1) = “dxzxf(Z)rf;xa(Z)] Xp(1)



Fock operator:

Hartree-Fock
equation:




Canonical H-F equation

2= D, %Usa | ') = det(U) | ¥y)
b
UU=1 det [U“LU] = |det(U)|* = 1 det(U) = e (%1)
Y =) [dxz;(é*@)rl—; 7(2) Y Ui U, = (UUY,, = 4§,

— 2 [Z UIZZUca] dezx;(Z)r;zlxb(Z) = Z}a(l)
bc a

A






Enag



