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Lawrence Livermore scientist Berni Alder will celebrate his 90th birthday and his 60th anniversary 
at the Laboratory. He still comes into the Laboratory twice a week in the afternoon. Photo by Julie 
Russell/LLNL (https://www.llnl.gov/news/berni-alder-pioneer-times) �2012� 
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Berni Alder, 1925-2020 

https://www.nature.com/articles/d41586-020-02858-5 
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Journal of Chemical Physics, 1957, 27, 1208 
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!pi = −
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ĤΨ(r,R) = EΨ(r,R)

Ĥ = T̂nuc + T̂ele +
ZIZJ
RI − RJJ=I+1

Nn

∑
I=1

Nn

∑ +
1

ri − rjj=i+1

Ne

∑
i=1

Ne

∑ −
ZI
RI − rii=1

Ne

∑
I=1

Nn

∑

Ψ(r,R) = χ (R)ψ(R;r)
Born-Oppenheimer approximation 

Ĥ = T̂nuc +V̂ (R) H =Tnuc + E0 (R)
1. The motion of electrons and nuclei can be 
described separately. 

2. After separating electron and 
nuclear motion, use classical 
dynamics to describe nuclei 

Pre-determined 
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M p =1836me

X. Z. Li & E. G. Wang, Computer Simulations of Molecules and Condensed Matter, 
World Science Press & Peking University Press, 2013 16 
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DOI:10.1126/science.1254419 

Unit: kJ/mol 
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r(t +Δt) = (1)

r(t −Δt) = (2)

Verlet, L.: Computer “experiments” on classical fluids. i. Thermodynamical properties of 
Lennard-Jones molecules. Phys. Rev. 1967, 159, 98–103 
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r(t +Δt) = r(t)+v(t)Δt + F(r(t))
2m

Δt2 + 1
6
∂3r
∂t3 t

Δt3 +O(Δt 4 ) (1)

r(t −Δt) = r(t)−v(t)Δt + F(r(t))
2m

Δt2 − 1
6
∂3r
∂t3 t

Δt3 +O(Δt 4 ) (2)

v(t) = r(t +Δt)− r(t −Δt)
2Δt

+O(Δt2 )

r(t +Δt) = 2r(t)− r(t −Δt)+ F(r(t))
m

Δt2 +O(Δt 4 )

Verlet, L.: Computer “experiments” on classical fluids. i. Thermodynamical properties of 
Lennard-Jones molecules. Phys. Rev. 1967, 159, 98–103 
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v(t +Δt / 2) = v(t)− ∂V
∂r(t)
$

%
&

'

(
)
Δt
2m

+O(Δt3)

r(t +Δt) = r(t)+v(t +Δt / 2)Δt +O(Δt 4 );

v(t +Δt) = v(t +Δt / 2)− ∂V
∂r(t +Δt)
$

%
&

'

(
)
Δt
2m

+O(Δt2 )

William C. Swope, Hans C. Andersen  
Peter H. Berens, Kent R. Wilson 
A computer simulation method for the calculation of 
equilibrium constants for the formation of physical clusters 
of molecules: Application to small water clusters  
Journal of Chemical Physics, 76, 637-649 25 
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dρ
dt

=
∂ρ
∂t
+ iL̂{ρ}= 0, dρ

dt
= iL̂{ρ}

iL̂{ρ}= [H ,ρ]= ∂H
∂pi

∂ρ
∂qi

−
∂H
∂qii=1

3N

∑ ∂ρ
∂pi

ρ( p,q;t) = eiL̂{ρ}tρ( p,q;t = 0)

≈ eiL̂2{ρ}t /2eiL̂1{ρ}teiL̂2{ρ}t /2ρ( p,q;t = 0)

�!M�-�#C�?HM�5�F#�H�*C�DC.�F�,#)�

Trotter expansiona 

Classical Liouville theorem 

A. Pérez, M. E. Tuckerman, and M. H. Müser, J. Chem. Phys. 130, 184105 (2009). 
M. E. Tuckerman, Statistical Mechanics, Oxford University Press, 2010 
a: 1) Trotter, H., On the product of semi-groups of operators. Proceedings of the American Mathematical Society 10, 545–551 (1959). 
 2) M. Suzuki, Generalized Trotter’s formula and systematic approximants of exponential operators and inner derivations with applications to many-body 
problems, Comm. Math. Phys. 51, 183-190 (1976)  

O(t3) 

Classical propagator 

ρ =
e−H /(kT )

Z
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Classical operator 
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ρ =
e−H /(kT )

Z
=
e− p

2 /(2mkT )

Z
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dA
dt

=
∂A
∂t
+ iL̂{A}= iL̂{A} (A = A( !q, !p))

iL̂{A}= [H ,A]= ∂H
∂pi

∂A
∂qi

−
∂H
∂qii=1

3N

∑ ∂A
∂pi

iL̂ = ∂H
∂pi

∂
∂qi

−
∂H
∂qii=1

3N

∑ ∂
∂pi

= "qi
∂
∂qi

+ "pi
i=1

3N

∑ ∂
∂pi

Quiz (1)�What’s Liouville theorem� 
Quiz (2)�Difference between dρ and ∂ρ? 

Hamilton equation 

Classical Poisson bracket 

If A is a dynamical variable, (A does not explicitly contain time) 
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eiL̂{A}t = eiL̂{A}(NΔt ) = eiL̂{A}Δt⎡
⎣

⎤
⎦
N

x(t) = ( p,q) = eiL̂{x}NΔtx(0)

The perturbation of x=(q,p) under the perturbation of L should be 
small enough to guarantee the phase trajectory stable.  
 

L̂→ L̂+ΔL̂
⇒ x→ x +Δx
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iL̂ = ∂H
∂pi

∂
∂qi

−
∂H
∂qi

∂
∂pi

⎡

⎣
⎢

⎤

⎦
⎥

i=1

3N

∑ = !qi
∂
∂qi

+ !pi
i=1

3N

∑ ∂
∂pi

= iL̂1 + iL̂2

iL̂1 = !xi
∂
∂xii=1

3N

∑ =
∂H
∂pi

∂
∂xii=1

3N

∑

iL̂2 = !pi
∂
∂pii=1

3N

∑ = −
∂H
∂xi

∂
∂pii=1

3N

∑
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H =
p2

2m
ρ = e

−
β p2

2m

∂H
∂p

=
p
m

∂H
∂x

= 0

∂ρ
∂p

= −
β p
m
ρ

∂ρ
∂x

= 0

iL̂1ρ = iL̂2ρ = 0
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H =
p2

2m
+
1
2
mω 2x2 ρ =

1
Z
e
−
β p2

2m
−
βmω 2

2
x2

∂H
∂p

=
p
m

∂H
∂x

= mω 2x

∂ρ
∂p

= −
β p
m
ρ

∂ρ
∂x

= −βmω 2xρ

Omit Z below 
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iL̂1ρ =
∂H
∂p

∂ρ
∂x

=
p
m

−βmω 2xρ( )
= −βω 2 pxρ

iL̂2ρ = −
∂H
∂x

∂ρ
∂p

= −mω 2x −
β p
m
ρ

⎛

⎝
⎜

⎞

⎠
⎟

= βω 2xpρ

�/�$D#���(���F$CB?��1*�?##�HCF� ���
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iL̂2 iL̂1ρ( ) = −∂H
∂x

∂ −βω 2 pxρ⎡
⎣

⎤
⎦

∂p

= βω 2 mω 2x( ) −xρ − β pxm ρ
⎡

⎣
⎢

⎤

⎦
⎥= −βmω 4x2ρ 1−

β p2

m

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

iL̂1 iL̂2ρ( ) = ∂H
∂p

∂ βω 2xpρ⎡
⎣

⎤
⎦

∂x

= βω 2
p2

m

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ ρ + x −βmω

2xρ( )⎡
⎣⎢

⎤
⎦⎥= βω

2 p2

m
ρ 1−βmω 2x2( )
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( p(t),q(t)) = eiL̂{x}t ( p(0),q(0))

≈ eiL̂2{x}t /2eiL̂1{x}teiL̂2{x}t /2x(0)

.FC$�H!�CFM�HC��# CF?H!$� ���

eiL̂2{x}Δt /2x(t0 ) = 1+ iL̂2
Δt
2
+
1
2!
iL̂2( )

2 Δt
2

⎛

⎝
⎜

⎞

⎠
⎟

2

+!
⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥
x(t0 ) ≈ 1+ iL̂2

Δt
2

⎛

⎝
⎜

⎞

⎠
⎟x(t0 )

= x(t0 )+
Δt
2

!pi
∂x(t0 )
∂pii=1

3N

∑

38 

本
课
件
仅
供
学
习
参
考
，
禁
止
外
传
商
用



.FC$�H!�CFM�HC��# CF?H!$� ���

x0 = x1
0,x2

0,!,x3N
0 , p1

0, p2
0,!, p3N

0{ }
∂x0
∂pi

= 0,0,!,0,0,!,1,!,0{ }

ith momentum 
p does not related to x 

39 

eiL̂2{x}Δt /2x(t0 ) = x(t0 )+
Δt
2

!pi
∂x(t0 )
∂pii=1

3N
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eiL̂2Δt /2x0 = x1
0,x2

0,!,x3N
0 ; pi +

Δt
2
!pi

⎧
⎨
⎩

⎫
⎬
⎭i=1

3N⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

= x1
0,x2

0,!,x3N
0 ; pi −

∂V
∂xi

Δt
2

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪i=1

3N⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

= x0 (
!q(t0 );

!p(t0 +
Δt
2
))

This is the first step of velocity Verlet 
algorithm! 

.FC$�H!�CFM�HC��# CF?H!$� ���

x part is still unchanged, only p part 
propagated half delta t. 
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∂
∂xi
x(t0;t0 +

Δt
2
) = 0,0,!,1,!,0,0,!,0{ }

ith position 
p does not related to x 

x(t0;t0 +
Δt
2
) = x1

0,x2
0,!,x3N

0 , p1
t0+

Δt
2 , p2

t0+
Δt
2 ,!, p3N

t0+
Δt
2

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

eiL̂1Δtx(t0 +
Δt
2
) = xi +Δt !xi{ }i=1

3N
; p1

t0+
Δt
2 , p2

t0+
Δt
2 ,!, p3N

t0+
Δt
2

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

= xi +
pi
m
Δt

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪i=1

3N

; p1
t0+

Δt
2 , p2

t0+
Δt
2 ,!, p3N

t0+
Δt
2

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
= x( !q(t0 +Δt);

!p(t0 +
Δt
2
))

After propagating half 
delta t, the position is still 
unchanged.  
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eiL̂2Δt /2x( !q(t0 +Δt);
!p(t0 +

Δt
2
)) = x( !q(t0 +Δt);

!p(t0 +Δt))

.FC$�H!�CFM�HC��# CF?H!$� 
��
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Runge-Kutta,  
Runge-Kutta-Gill,  
Runge-Kutta-Adams-Moulton-Hamming 
 
Gear predictor-correction 
 
Symplectic algorithm 
 
How to choose? 
1.  Stability� 
2.  Accuracy� 
3.  Speed� 
4.  Memory� 
5.  Symmetry of time reversion� 
6.  Simplicity                 Long time stability in NVT ensemble�

match Boltzmann distribution, and time reverse symmetry 
dp× dr

Highly stable 

Velocity is more accurate. 
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The rate of transitions from state i to state j is the same as from j to i, on average. 

The flux of probability from state i to state j is exactly balanced by the probability 
flux from j to i: 

pi → π iρij
eq = p j → π jρ ji

eq

Probability Flux 

Probability depends on the ensemble: 
 
Microcanonical ensemble:  
 
 
Canonical ensemble: 

ρi
eq = ρ =

1
Ω

ρi
eq ∝ e−βEi

Distribution 
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