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current required to change the potential distribution in the transition region
is related to other hole currents is discussed in Section 4.1.

Under our assumptions, after the voltage d¢ is applied, a steady state is
reached involving no current hence Vg, = Vi, = 0. Consequently, both
¢p and ¢, are constant and

Cp — Pn = 6(,9 (2.25)

since the holes are being supplied from a source at a potential 8¢ higher than

for the electrons.
We shall then have

p=mn

n=mn

— ) 1k —
igq(?p WIET m 8q(m WIET (2.26)

‘.eq(qb—wn).'ki” =m eq(sff—?l)!k'ﬂ ! (2.27)

where
o1 = (op T 0n)/2, ¢p =01+ 00/2, on=o¢1—8/2 (228)

and
m = nq e, (2.29)

Thus the effect of applying the potential 8¢ in the pseudo-equilibrium case
is equivalent to changing n, to m just as if the energy gap had been reduced
by gbe.

In the p-region, n <K p and so that p = —ax is a good approximation.
Similarly, in the n#-region, we set » = ax. Hence we have in the p-region

¥ = o1+ (8¢/2) — (kT/q) In (—ax/ns) (2.30)
and in the n-region
¥ = o1 — (60/2) + (kT/q) In (ax/n). (2.31)

Hence the effect of 8¢ is to shift ¢ in the p-region upwards by é¢ compared
to ¢ in the n-region. This is an example of the general result that ¢ — ¢,
tends to remain constant at a given point in the p-region no matter what dis-
turbances occur and ¥ — ¢, tends to remain constant in the n-region.

The Capacity for the Neulral Case K < 1

For the neutral case, we calculate the total number of holes, P, between
x. and ¥, as a function of 8¢. The charge of these holes is ¢# and the effective
capacity is ¢ dP/d d¢. As explained above, we are really interested in the
change in number of holes in the transition region. However, the value of P
is relatively insensitive to the location of the limits x, and x, so long as they
lie in regions where the conductivity approaches the maximum values in the



p-n JUNCTIONS IN SEMICONDUCTORS 47

- and n-regions. In the following calculations, we shall consider a unit area
of the junction so that values of P and of capacity are on a unit area bases.

The value of P is obtained by integrating p dx making use of the neu-
trality condition to establish the functional relationship between ¢ and .
The neutrality condition can be written as

ax = 2, sinh iid k;‘ e1) = 2n, sinh % (2.32)

where # = gy — ¢)/kT and
p=me I = gy (2.33)
n=me" (2.34)

so that the value of P can be obtained by changing variables from x to #:

P = fxbp dx = f%p(Zn;/a) cosh u du
oL (2.35)
= (ni/a) f (L + e ™ du = (ni/a)luy — s + (620 — e ") /2]

For the cases of practical interest, the value of p at x = %a , denoted by
Pa, and the value of n at x = x, , denoted by n, , will both be large compared
to n;. Consequently, we conclude that

ty = —In(pa/m) and up = In my/my
are both larger than unity in absolute value but probably less than twenty
for a reasonable variation of impurity between x, and a, . (For example for
a change in potential of 0.2 volts such as would occur between p- and n-type

germanium, #, and 2, would each be about 4 in magnitude.) Hence we ob-
tain for P,

P = (ni/2a)(2(uy — ua) + (pa/m1)* — (11/m)*)
o pﬁ_/2a + (ny/a)(uy — ) (2.36)

where we have neglected (u1/m)* which is <1 and the negligible compared
to 1, — #, . The term p,/2a is simply the integrated acceptor-minus-donor
density in the p-region, as may be seen as follows:

0 0
f (No — Na) dx = f (—ax) dv = axi/2 = p/2a. (2.37)

The secoﬁ(l term in (2.36) is essentially the sum of the holes of the right
of ¥ = 0 plus the electrons to the left of x = 0, whose charge is also com-
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pensated by holes. The total number of holes can be expressed in terms of
8¢ through the dependence of n; on 8p. The second term is thus

(ny/a)[In(ns/m1) + In (pa/m)] -
= (n}/a)e”™" - (In(mps/ni) — ¢dp/kT]  (2.38)

Hence for a small change dée in 8¢, the change in charge dQ = ¢ dP and the
capacity C are given by
=40 _ f— ﬁ ln (o pa/ni) — (goo/kT) — 1. (2.39)
dée kT a o

This capacity can be reexpressed in terms of the difference in ¢ between
vy and a : When 8¢ = 0, corresponding to the thermal equilibrium case,

we have
patis = 1} " HTVINT (2.40)

Using this together with the definitions of Lp and L, we obtain

gl — Ya — 8¢)/RT — 1] FOkT
4r(2L5/La)

C = (241)

In this expression ¥, and ¥4 are the potentials when dp = 0; so that
¥ — (Ya + 8¢)

is thus the increase in potential in going from x, to a, when & is applied.
For thermal equilibrium, 80 = 0 and, as discussed above, the term in
Vs — Ve will be about 10. Hence, using the definition K = Lp/2L, , we have

=2 «/4r(4K Lp/10) (2.42)
For K <« 1, the case for which this formula is valid, C will be the capacity
of a condenser whose dielectric layer is much less than L, thick.
Caj)aciiy for Space Charge Case, K 2> 1

As discussed in connection with (2.30) and (2.31), the applizd potentil
8¢ reduces the increase (= 2¢,) in ¢ between the p-region and the n-region
by 8¢/2 on each side of x = 0. This is accomplished by a narrowing of the
space charge layer by 8x, on each side where (according to (2.20))

Sfm = —0p/2 = dwgarmbrn/k (2.43)

The decrease in width dx, brinzs with it an increase in number of holes
—ax dx,, per unit area of the junction on the p-side and an equal number of

electrons on the n-side. Thus a charge of holes par unit area of 69 = —gaxmdxm
must flow in from the left. The capacity per unit area is, therefore,
G = 89/d¢ = qaxadxa/dp = x/4m2xn (2.44)
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corresponding to a condenser of thickness 2x. . It is evident that formula
(2.44) will hold for a small change déy superimposed on a large biis 8¢ pro-
vided that 2x, is the thickness of the space charge region undet the condi-
tions when 3¢ is applied. If ¥, is the value of ¥ for 8¢ = 0, then ¢, =
¥Ymo — 8p/2; and C will vary as

C = «[4rqa/3k(Yno — 60/2)]M3/8 (2.45)
so that 1/C? should plot as a straight line versus &y with slope
3 1927
— (87/n)'(3x/8mwga) = — ——. (2.46)
K*qa

In addition to the holes which flow to account for the change in ¢, the
concentration of holes in the #n-region will be increased by a factor
exp(¢de/kT). However, this increase does not lie in the transition region;
we shall consider it later, in Section 4, in connection with a-c. admittance.

Comparison of the Two Capacilies

It is instructive to compare the two capacities just derived. We suppose
that for one value of 7; we have K >> 1 so that the space charge solution is
good. For this case we choose ¥, = —am and a4, = ., so0 as to bound the
space charge layer. We then imagine #; to be increased, either by raising
the temperature or by applying a potential difference dp. The capacity then
changes from

Cop. chg. = K/8Txm t0 Creut. = 5k/87K Ly (2.47)
(i.e., from (2.44) to (2.42)) so that the ratio is
Cnaut. iﬁ
Csp-chz- - KLy (2-48)

For K < 1, this ratio is large, both because of K in the denominator and
because xn > L, so that aw/Lp > Lo/Lp = 1/2 K.

In Section 4.4 we shall compare these capacities with that due to d13u51on
of holes and electrons beyond the transition region.

24 The Abrupl Transilion

For completeness we shall consider the case in which the impurity con-
centration changes abruptly from p, to un, at x = 0. For this case the po-
tential in the space-charge layer will be of the parabolic type discussed by
Schottky, the potentials varying as

¢ = 2n/k)q po(x — x,)* + constant, x<0 (249
¢ = —(2r/x)q nalx — %,)° + constant, x> 0 (2.50)
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where x, < 0 and x, > 0 are the ends of the space-charge layer in the p-
and n-regions. The gradient of potential at & = 0 must be equal for the two
layers leading to

—Pp¥p = Ha¥n (2.51)

so that if the total width of the space charge layers is W = x, — a,, it
follows that

xp = —nW/(nn + pp) and x, = p,W/ (1 + p2). (2.52)
The potential difference across the layer, which is ¥4 — ¥u is
U — Yo = Qrg/0)(pprs + narh) = [2rg pona/x(py + w)IW* | (2.53)
If pp > n, this reduces to ‘
¥ — Yo = 2mg nW°/k (2.54)

the formula given by Schottky, which should be appreciable in this case,
for which all the voltage drop occurs in the n-region.
The capacity for the abrupt transition will be

C = x/4xW (2.55)

where W is obtained by solving (2.53). For this case (1/C)* should plot as a
straight line versus s — Va:

51; = [8n(py + 1) /xq pp 1) — V). (2.56)

3. GENERAL CONCLUSIONS CONCERNING THE JUNCTION CHARACTERISTIC

In this section we shall consider direct current flow through the junction
and shall derive the results quoted in Fig. 1 relating the current distribution
to the characteristics of the junction. We shall suppose that holes and elec-
trons are thermally generated in pairs at a rate g and recombine at a rate
rnp so that the net rate of generation per unit volume is

(net rate of generation) = g — rnp,

which vanishes at equilibrum. Obviously, g = ;. If relatively small con-
centrations 8p and én of holes and electrons are present in excess of the
equilibrium values, the net rate'of generation is

8p = dir = g — r(n+ dn)(p + 8p) = —rndp — rpdn (3.1)

This is equivalent to saying that excess holes in an n-type semiconductor,
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and excess electrons in a p-type semiconductor, respectively, have lifetimes
7, and 7, given by

op = —8p/r, = —mbdporr, = 1/rn = p/g (3.2)
and
on = —on/r, = —rpénorr, = 1/rp = n/g. (3.3)

We shall have occasion to use this interpretation later. (We later consider
the modifications required when surface recombination occurs, Section 4.2,
Appendix V, and the effect of a localized region of high recombination rate,
Section 4.6, Appendix IIIL.)

In principle, the steady-state solution can be obtained in terms of the
three potentials ¥, ¢, and ¢, . These must satisfy three simultaneous or-
dinary differential equations, which we shall derive. As discussed in Section
2, we consider all donors and acceptors to be ionized so that Poisson’s equa-
tion becomes

Ty _ _ng (ax + ni !PT gy gt VTERIRT) (3.4)
d:\'2 X - 1 1 0

an equation in which the unknowns are the three functions @p,y n and .
The total current density, from left to right, is

de, de,
- L= — r 4 py 2P |, '
I=I1,+1 qu I:p e + bn o (3.5)
The elimination of p and # by equation (2.4) results in an equation in-
volving the three unknown functions and 7. The divergence of hole current,
equal to the net rate of generation of holes, is

I, _ g d«ap)’ _ g dyde, | & ,,a,,]
- " gr\ax) T Erard T ode (3.6)
= q(g — rnp) = qg(1 — "7,

with p in the second term given by (2.4) so that (3.6) is also an equation
for the three unknown functions. The equation for d7,/dx can be derived
from the last two and adds nothing new. These three equations can be used
to solve for dy/dx’, d°e,/dx" and de,/dx in terms of lower derivatives and /.
They thus constitute a set of equations sufficient to solve the problem pro-
vided that physically meaningful boundary conditions are imposed. We
shall not, however, deal directly with these equations; the main reason for
deriving them was to show that the problem in question is, in principle,
completely formulated. Instead of attempting to solve the equations, we
shall discuss certain general features of the solutions for ¢, and ¢, , using
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approximate methods, and in this way bring out the essential features of

the theory of rectification.
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Fig. 5—Potential and current distributions for forward current in p-» junctions.

(a) p-n junction under equilibrium conditions.
(b) Division of current between holes and electrons.
(c) Distribution of potentials for forward current flow showing how the potential 8p
applied at x, changes ¢, ¢, and ¢.

In Fig. 5 we represent a general situation which may be used to illustrate
the nature of the resistance of the junction. Part (a) corresponds to thermal
equilibrium and shows the potential distribution and Fermi level in ac-
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cordance with the scheme used in Fig. 2. Part (b) shows the current dis-
tribution for a forward current I from left to right and (c) shows
the corresponding potential distribution and values of ¢, and ¢, , the total
applied potential being dp. Recombination prevents the hole current from
penetrating far into the n-region, the depth of penetration being described
by the diffusion length L, = /Dr, = ~/Dp,/g, where p, is the hole con-
centration in the n-region. The electron current similarly is limited by
L. = \/bDr, = \/bDn,/g. (Diffusion lengths are evaluated for particular
models of the junction in Section 4.) Far from the junction, therefore, the
hole and electron concentrations have their normal values and consequently
¢p = ¢, and ¢, — ¢ has its normal value. This accounts for the equal dis-
placement &y for all three curves at ¥ = x,. The curves for ¢, and ¢, have
a continuous downward trend which produces the currents

d‘Pp

= — gbun %
- and I, = —qbun . 3.7

IF = _qﬂp dx

The area between the ¢, and ¢, curves has a special significance: This differ-
ence is related to the excess rate of recombination and the integral of this
rate over the entire specimen must be sufficient to absorb the hole current
I, = I entering at x, so that the entire current at a3 is carried by electrons.
In terms of ¢, — ¢, and equation (3.6) we obtain

I

L) — L) = [ = d,

(3.8)

I

EN
gqf (2P en KT _ 1) dy.

From (3.8) we conclude that if g is increased indefinitely for a specified
current /, then ¢, — ¢, must approach zero. For this case, in which the
rate of recombination and generation is very high, ¢, = ¢, and

=1+ In= —qu(p + bn) doy/dx (3.9)

and
Th £
o = —f doy = If dx/qu(p + bn) = IRy, (3.10)

where Ry is simply the integral of the local resistivity corresponding to
densities p and n. For smaller values of g, I does not divide in the ratio p:bn
and ¢, # ¢n and dp > IRy P

We shall next give an approximate treatment for the case in which &p,
(7 for junction), the value of ¢, — @a at & = 0, is an appreciable fraction of

10 A general proof that ¢ > IRp is given in Appendix I.
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the total voltage drop. For this purpose we treat ¢, — ¢, as constant over 4
range of integration from x = —L, to x = +L, obtaining

I = gq(Lﬂ + Lp)[e(qaw.’k'r) - 1]

Ia[e(qﬁwﬂk’l') - 11

(3.11)

where

= gg(L. + L;) (3.12)

is the current density corresponding to the total rate of generation of hole-
electron pairs in a volume L, + L, thick. We next consider dpx, + d¢rn
shown in Fig. 5c, where, as the subscript R implies, these are thought of as
resistive terms and are given by the integrals

0 zp 0 zh
S¢rp + Sorn = —f dey, — fu don = f I, dx/qup +‘/; I, dx/qubn.

The denominators are both approximately qu(p + dn) which occurs in the
integral for Ry. Furthermore, for most of the first range 7, = I and for
most of the second I, = I. Near x = 0, I, or I, must be at least I/2. Hence
it is evident that 8gg, + 8¢r. cannot be much less than 7R, . We shall repre-
sent it by IR; where Ry < 2R, < 2R,.

In terms of Ry and I,, the relationship between current and voltage
becomes

: I
dp = bprp + Sprn + 6y = Rl + E;: In (1 + 17) (3.13)

This corresponds to an ideal rectifier in series with a resistance Ry. The
junction will, therefore, be a good rectifier if the second term represents a
much higher resistance.

We shall compare the two resistances for the case corresponding to K < 1. |
For this case, we have p = —ax and # = +ax except in the narrow range
x| < L, = n;/a. The integral Ry can be approximated by integrating
dx/o for x outside of the range =L, using the approximation =ax for
p and n and approximating the integral from —Z, to +L. by 2L./o (in-
trinsic). This procedure gives

R, = j:m dx/q”&t + m f d'lr/‘]ﬂ'bd.l, (3 14)

q o (1 + )]n (xs/La)

where it is supposed that —x, = x; and that ln (x/L,) is large compared to
2/(b+ 2 + 1/b). The evaluation of L, and L, for use in /, is more involved
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since 7, and 7, are both functions of x. We shall obtain an approximate self-
consistent diffusion length by assuming that the holes diffuse, on the average,
to just such a depth, L,, that in uniform material of the type found at
L, , their diffusion length would also be L, . At a depth L, , the value of
nis al, so that by (3.2), 7,is 1/raL, = n?/'gaL,, . Thus we write

L, = Dr, = Dni/gal,. (3.15)

We can solve the equation (3.15) for L, and a similar one for L, and insert
the results in equation (3.13). For small 7 this gives

, 1
do/I = Ry + (kT/ql.) = qﬁ;i (1 + 5) In (/L)

+ kT/(¢ & (DLan)"* (1 + 8').

It is seen that for g large, the second term, corresponding to the rectifying
resistance, becomes small. For this case, as discussed above, ¢, = ¢, and
the exact integral for R, should be used and the junction will give poor
rectification.

It is also instructive to consider L, as a variable. Increasing L, corre-
sponds to making the transition from p to n» more gradual. It is evident
that varying L, changes the two terms of (3.16) in opposite directions so
that there will be an intermediate value of L, for which the resistance of
the junction is a minimum. As L, approaches zero, however, the second
term should be modified: If we imagine that in the transition region the
concentration (Nq — N,) varies only over a finite range, bounded by fixed
values #n, and p, in the n- and p-regions, then it is clear that the limiting
values of L,and L, should be given not by (3.15) but by /Dr, and \/4Dr,
where 7, and 7, are evaluated in the n-region and p-region. This leads to a
limiting value for 7,, which is given in equation (4.11) of the following
section. In the range for which (3.16) applies, however, the interesting
result holds that widening the transition region initially decreases the re-
sistance by furnishing a larger volume in which holes and electrons may com-
bine or be generated.

The condition that é¢,; dominate the resistance is that the second term
of (3.16) be much larger than the first, This leads to the inequality

(3.16)

kT qun; _ nes _ 4/3
1K msﬂ—s : “L—a = (D?h‘/gLu) = (Lim'/Lu) (3-17)

where we have neglected various factors involving 4, which are nearly unity,

and In(xy/L,) (which must be about 4 for Ge since the conductivity at a;
is about exp(4) times the intrinsic conductivity). The quantity

Ly = (Dni/g)" (3.18)
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is the diffusion length for holes in the intrinsic region. The inequality states
that the diffusion length must be much larger than Z, . This is equivalent
to the previous statement that the hole current must penetrate the n-region
for the rectifier to have a good characteristic. (If a local region of high re-
combination is present in the transition region, this result just quoted need
not apply. See Section 4.6.)

If the hole current penetrates deeply into the n-region and Ry is negligible,
then we can conclude that the current-voltage characteristic will fit the
ideal formula. For these assumptions &z, on Fig. 5 will be small and the
principal change in ¢, will occur relatively deep in the n-region, at least
beyond the transition region. So long as the hole concentration introduced
in the n-region is much smaller than u,, the hole current into the n-region
will be a linear function of the value of p at the right edge of the transition
region, being zero when p equals p., the equilibrium value of p. This
leads at once to a hole current proportional to p — p. and since the shift
of , in respect to ¥ at the edge of transition region is 8o, p — pn is
equal to pn(exp(ade/kT)—1). (These ideas are discussed in detail in Sec-
tion 4.) A similar relationship will hold for electrons entering the p-region;
hence the total current will vary as exp(gdp/k7)—1. This is a theoretical
rectification formula" giving the maximum rectification for carriers

of charge g¢.

4. TREATMENT OF PARTICULAR MODELS

4.1 Introduction and Assumplions

In this section we shall deal chiefly with good rectifiers so that the 7R
drop, discussed in connection with R, in Section 3, is negligible. We shall
deal chiefly with the case for which the transition region is narrow com-
pared to the diffusion length; consequently, there is little change in I, in
traversing the transition region. In Fig. 6(a) we consider a hypothetical
junction in which the properties are uniform outside the transition region.
The division of the specimen into three parts as shown is seen to be reason-
able for germanium: In n-type germanium, the diffusion constant for holes
is about 40 cm®/sec and the lifetime is greater than 10~° sec so that the
diffusion distance is L, = v/Dr, > 6 X 107" cm. This is much greater than
most transition regions.

The major drop in ¢, must occur to the right of the transition region. This
follows from our assumptions: First, we may neglect the /R drop in the
p-region; hence ¢, is substantially constant from x = ¥, to ¥ = ¥7, . Second,
the decrease in ¢, is much less in the transition region than in the n-region;
this follows from two considerations: the resistance for hole flow is lower in

1 C, Wagner, Phys. Zeils. 32, 641-645 (1931).



