A more practical technique, which does not require the use of an optimal frequency
domain filter. is to simply monitor the image estimate at the output of the linear filter
u(z,y), and terminate the process when a *visually optimal” result is achieved. In
most situations, some subjective idea of the variance of the image is available. Results

of this technique are shown in chapter 6.
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Chapter 5

Novel Support-Finding Algorithm

This chapter presents a novel method of determining the support of the true image
for situations in which the size of the true object is unavailable. It is inspired by the

concept of cross-validation.

5.1 Introduction to Principle of Cross-validation

('ross-validation (CV) is a widely recognized technique in the field of data analysis.
It is sometimes known as “leave-one-out” or predictive sample reuse. Historically,
it has been used as a criterion for estimating the optimal regularization parameter
in smoothing problems [63]. Recently, CV has been applied to image restoration
applications. It has been shown to be a reliable estimator of regularization parame-
ters [64], an effective stopping criterion [62], [61], and has been used for assessing the
legitimacy of tentative constraints [65]. As discussed in chapter 2, it has also been
proposed for blind image restoration (28].

The principle behind CV is straightforward. The data is divided into two sets:
an estimation set and a validation set. The estimation set is used to obtain a model
or estimate based on a particular parameter value or assumption. The validation
set is then used to validate the performance of the model or estimate and thus the
assumption. In this way, many competing parameter values or assumptions may

be tested to find the most appropriate. The difficulty faced with dividing the data
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‘nto two sets is that it is necessary to use as much of the data as possible to obtain
a reliable estimate, but it is also desirable to test the estimate on as much of the
data that was excluded from the estimation process as possible. CV deals with this
dilemma by allowing all the data to be used for both purposes.

The data is divided into M sets (M > 1). The assumption being tested is imposed
on all the sets but one, and a validation error measure is computed for the omitted
set. The process is repeated, selecting a different set each time, until all the sets have
been exhausted. The validation error measures for each set are averaged to produce
the validation error for the particular parameter value or assumption. In this way, all
the data is used for both estimation and validation.

In image restoration applications, the data used for estimation and validation are
the given blurred image pixels. The restored image estimate is validated by “reblur-
ring” (convolving) it using the known PSF, and finding the energy of its deviation
from the original blurred image pixels excluded from the estimation process. Unfor-
tunately, the procedure becomes unreliable if the PSF model is inaccurate.

The following section presents a novel technique for objectively assessing the va-
lidity of a support size used for blind image restoration. The method is based on the

principle of cross-validation.

5.2 CV Approach of Determining the Ob ject Sup-

port Size

For situations in which the object support size is unknown, determining it by visual
inspection often proves cumbersome and unreliable. Therefore, a method for assessing
the optimal support size automatically and objectively is desirable. The proposec
method is motivated by the CV methods used for non-blind image restoration.
Because in blind image restoration the PSF is unknown, it is impossible to validate
the estinated image by reblurring it in the way discussed in the previous section.
Therefore, another method of assessing a support is required. Instead of dividing the

degraded image pixels into estimation and validation sets, the a priori information
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can be divided into s ich sets. That is, we make use of the fact that the image is
positive and of finite support. A support region S is assumed and the pixels outside
the assumed support are randomly chosen to be in one of the M groups {S1.....Sm}-
All the pixels outside .S, denoted by S, are minimized except for those in group k.
Specifically, the “restored” image fk(z,y) is obtained by minimizing the following

estimation error

min E(S)= min Y. [f(z,y)— Lal?

{n(z.y)} {u(z.y)} (x.9)€5-Fx

where f(z,y) = u(z,y) * g(z,y)-

This estimation is validated by calculating the energy of (f(z,y) —Lg) for (z,y) €
Sy, and the negative pixels within S. The nonnegativity of the image estimate is an
objective measure of the authenticity of an assumed support. The validation error is

given by

V) =2 | T o) - Lal+ & fz<x,y)[1'sg“§f*("y’]

k=1 |(z.y)€5s (zy)es
The support region S which minimizes V(5) is considered to be the optimal sup-
port for restoration. In practice, S may be chosen to be any shape, the parameters
of which are varied to select the most appropriate support region. For the results
presented in this thesis, the support is assumed to be rectangular with variable di-

mensions. The orientation is fixed.

5.3 Implementation Issues of the CV Approach

Since the full cross-validation procedure requires M “restorations” to assess a selected
support, a simpler approach is suggested. The method requires much less computa-
tional time and power and does not substantially sacrifice the performance of the full
procedure. The technique, commonly referred to as the holdout method, is imple-

mented as a feastble alternative.
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The validation error may be approximated by computing the error over ouly a
single deleted set of pixels rather than all M sets. This way only a single restoration

is required to assess a given support. The expression for the new validation error is

Viuo(S) = —_”-SE i ST filz,y) — Lel + 5o i q i, > fi [ — )f (I'y))}
il 2

JWES z.y)ES

where the deleted set is 5. Even though the procedure is equivalent to the holdout
method, it is motivated by the CV approach, so it is considered to be a stmplified
form of CV.

In general, the CV criterion is nonlinear with respect to its parameters of interest
and is difficult to minimize analytically. Therefore, numerical techniques must be
employed to determine the minimizing support parameters. A search procedure is
incorporated to find the minimum of the validation error function, which is in general
multimodal. Fortunately, simulation results show that the validation error is smooth
with respect to support parameters. Any local minima are dominated by large scale
changes in the function. Therefore, the search procedure can initially consist of a
selecting points on a widely spaced grid of possible support parameters. The grid
is continually made finer to pinpoint the precise location of the minimum. The
procedure in algorithmic form for rectangular support is provided in table 5.1

Simulation results presented in chapter 6 demonstrate the reiiable performance of

the procedure.
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Table 5.1: Summary of the support-finding algorithm

e Assume an equally spaced grid of support parameter values (L..Ly) from (1.1) to
(Neg— LNy = 1)

1) Select a rectangular support S with dimensions (Lz, Ly) from the grid. If all values in
the grid have been selected before, either

I. form a finer grid with the same number of elements centred about the minimum
of the validation error found so far. and select a parameter set out of this.
2. Go to step 6 if the exhausted grid contains successive elements.

2) Kandomly divide the pixels outside the selected support into Al groups {S..... Sar) of
equally numbered elen cnts.

3) Based on S. “restore” the image by minimizing

S lftry) - LaP
(r,g)e.?-'s',

where f(r.y) = u(z,y) » g(+ ).
4) Calculate the simplified validation error based on the minimizing parameters u*(z.y) of
step 3.

: . ! 3 2 1 ;2 1 —sea(f=,(z.
Viol(S) = —=— Z [f (e y)— L]’ +—= Z iy gn(£ 1(z.9)
sl (r.y)€5: i i {z.y)ES

5) Go tostep 1.

6) Select the support parameters that minimize Vho(S) as the optimal support size for
restoration.
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Chapter 6

Simulation Results and

Comparisons

The proposed blind deconvalution method for images is implemented using the steep-
est descent and conjugate gradient algorichms for optimization as summarized in ta-
bles 3.2 and 3.3. respectively. Simulations were conducted for the case of a unifermly
black background (Lg = 0). For the results presented in this chapter, the following
constraint was imposed on the p .rameters using the penalty method of section -4.1.3.

with 4 = 1. to avoid the trivial ali-zero solution.

N

u

u(r.y)=1

b
<

Tu

L]
1l
o
it

Simulation results of three existing methods! in the class of nonparametric finite
support techniques are provided for comparison to assess the performance of the
proposed algoritbm.

The following acronyms are used to refer to the different technigues:

IBD lterative blind deconvolution method
CG Conjugate gradient method

SA Simulated aunealing algorithm

1Gection 2.2 describes all three methods.




NAS-RIF Nonnegativity and support constraints recursive inverse filtering method

proposed in this thesis

These methods are compared on the basis of their convergence properties, perfor-
mance under ideal conditions, performance in the presence of noise. and performance
when the size of the support is incorrect.

Simulations results are also shown for the proposed support-finding algorithm.

6.1 Convergence Properties

As mentioned in section 2.2, the convergence properties of the IBD method are un-
known. The algorithm, at times, appears to converge to a solution, but then diverges
on subsequent iterations. To avoid such problems, the IBD algorithm is implemented
such that the best image estimate (in terms of the known conditions of nonnegativity
and support), generated so far in the iterative process, is saved as the current image
estimnate. This is suggested in [18]. Because of the unpredictable behaviour of the
method, the algorithm is not self-terminating; it is run for a pre-specified number
of iterations. Simulation results on this algorithm reveal that although the method
sometimes produces good results, it can become unstable. The convergence of the
algorithm is highly dependent on the initial conditions, and parameter o shown in
equation 2.1,

The CCG method was proposed to alleviate the instability of the IBD method.
It has definite termination conditions, and does not require fine tuning of specific
parameters; however, the method is highly susceptible to becoming trapped in local
minima of the nonconvex cost function. While the CG method showed global con-
vergrace for the test images shown in [24], tLe algorithm converged to local minima
for the images presented in the simulations for this thesis.

The SA method attempts to compensate for the nonconvexity of its proposed cost
function. However, it requires the “careful” reduction of the simulated annealing
probability parameter p at each iteration. If p is reduced too quickly the algorithm

can covverge to a local minimum; if it is reduced too slowly, convergence to the global
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minimum can be slow. in which case computaticnal time is wasted. In general, the

method is computationally demanding, even for reasonably small-sized images.

6.2 Comparison of the Performance of the Algo-

rithms

Two related measures of performance will be used to help assess the quality of the
restorations: the percentage mean square error (MSE) and signal-to-nose ratio -

provement (SNRI). These quantities 2re defined beiow.

Ewenlef () = J(e. )]

MSE(f) 2 100
() ZV(I,!}) f3(x,y)

snpp & MSE(9)
‘ MSE(f)

Because any scaled version of the image estimate is desired, a is chosen sueh that

M,JE(f) is minimized. Specifically,

o = D¥en [(£0) ()
z:V(r'y) JHz,y)

Even though the MSE is not a reliable estimator of the subjective quality of a
restored image, it will be used to give some indication of the performance of the
schiemes.

Various combinations of images and blurs were tested in the simulations of the
four algorithms. The most significant are presented. The three images tested in

simulations are:

BIR image a synthetically generated binary text image of the words “BLIND M-
AGE RESTORATION”

toy image a grey-scale image of a toy

UT image a synthetically generated binary image of the letters “UT"
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Figures 6.3 to 6.10 show the results of the proposed NAS-RIF algorithm. tie IBD
method. and the SA method for noiseless conditions and assuming the availability of
the exact object support. The CG method did not produce meaningful results for
these images, and its results are, therefore, not shown.

Figures 6.3 to 6.6 correspond to results of restorations of the BIR image degraded
by the 21 x 21 PSF for the NAS-RIF and IBD methods. The SA method is com-
putationally too intensive to produce a restoration for a blurred image of this size.
The results show the original and blurred images as well as the resulting restorations.
Percentage mean square error as a function of iteration is also presented to show the
rates of convergence of the methods.

The IBD method produced comparable results to the proposed NAS-RIF method
for the 21 x 21 and 23 x 23 PSFs. The convergence rate for the IBD method was
often much slower than the NAS-RIF method. For the 51 x 51 PSF and the 11 x 11
blur, the IBD methkod did not converge to an acceptable solution. Different initial
conditions and a values were tested, but reasonable convergence was not obtained
for any of them. In fact, the IBD method lost stability in all situations involving the
11 x 11 blur. Figure 6.6(f) shows the MSE for the first 200 iterations of the 1BD
method. The algorithm was terminated at this point because of instability.

Figures 6.7 to 6.9 show results of a grey-scale toy image with the 21 x 21 PSFE,
93 x 23 PSF and 11 x 11 blur. The proposed NAS-RIF method produced a good
estimate in all cases. The IBD method, however, failed to converge to a reasonable
solution, and the SA method was too computationally time consuming.

Figure 6.10 shows the restorations of the UT image degraded by the 21 x 21
PSF for the NAS-RIF, IBD and SA methods. All techniques provided good results.
The IBD method converged slower than the proposed N AS-RIF technique. The SA
method converged in 40 cycles, which should not be confused with 40 iterations. Each
cycle in the simulated annealing algorithm is composed of 50 scans on the image [25],
which is effectively 200 iterations.

For many of the simulations presented, it is evident that the MSE plots for the

NAS-RIF method appear spiked. The value of the MSE has a tendency to shoot up
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{a) CG Penalty Method (b} G Anchoring Method
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Figure 6.2: Mean square errors for NAS-R'F method using conjugate gradient and
steepest descent minimization algorithms

unexpectedly as it appears to be settling. This is a result of the conjugate gradi-
ent minimization routine. The conjugate directions selected by the algorithm has a
tendency to cause a rapid increase and decrease in the MSE. The steepest descent
algorithm exhibits smooth behaviour. Figure 6.2 shows plots of the MSEs for the
NAS-RIF method using the conjugate gradient and the steepest descent minimiza-
tions methods. The MSEs relate to the restoration of the toy image degraded by the
21 x 21 PSF. They are shown for two constraints on the parameters u(z,y): the sum
of the parameters u(z,y) is equal to one, imposed using the penalty method with
v = 1, and the center tap of u(r,y) is equal to one, imposed by anchoring it. Fig-
ures 6.2(a) and (b) correspond to the conjugate gradient algorithm and figures 6.2(c)
and (d) correspond to the steepest descent method. Each minimization algorithm

exhibits the same type of transient behaviour for both constraints.
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Figure 6.3: Results for the BIR image degraded by the 21 x 21 PSF under ideal
conditions
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Figure 6.4: Results for the BIR image degraded by the 23 x 23 PSF under ideal
conditions
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Figure 6.5: Results for the BIR image degraded by the 51 x 51 PSF under ideal

conditions
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Figure 6.6: Results for the BIR image degraded by the 11 x 11 blur under ideal
conditions
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Figure 6.7: Results for the toy image degraded by the 21 x 21 PSF under ideal
conditions
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Figure 6.8: Results for the toy image degraded by the 23 x 23 PSF under ideal

conditions
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(@) True Image (b) Blurred image
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Figure 6.9: Results for the toy image degraded by the 11 x 11 blur under ideal
conditions
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(a) True Image (b) Blurred Image
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Figure 6.10: Results for the UT image degraded by the 23 x 23 PSF under ideal
couditions

69



6.2.2 Robustness to Additive Noise

This section presents the results of the algorithms in the presence of additive white
Gaussian noise. The blurred signal-to-noise ratio (BSNR) is used as a measure of
the extent of degradation due to noise. It is defined as the ratio of the energy of the

blurred signal to the energy of the noise.

a ZV(:,y) !:72(137 '!I)
ZV(r.y) n_"’-(l-’ '/)

BSNR

where §(x,y) = f(z,y) * h(z,y) and n(zx,y) is the additive noise.

The IBD method proved to be more robust to noise than the other methods. The
noise parameter ¢ in the algorithm has ti.e effect of suppressing noise amplification.
Figure 6.11 shows results of the NAS-RIF and IBD methods for the restoration of
the BIR image blurred by the 21 x 21 FSF at a BSNR of 50 dB. The best and
worst estimates in terms of MSE are shown. The averages of 10 restorations using
different noise realizations are also displayed. The best and averaged estimates are
comparable for both methods. The worst estimate of the NAS-RIF method, shown
in figure 6.11(c), is of poorer quality than that for the IBD method, shown in fig-
ure 6.11(d). The mean square errors are displayed in figures 6.11(g) and 6.1 I(h). The
solid lines represent the MSEs for the best estimate case, and the dashed lines are
the MSEs for the worst estimate case. The MSEs of figure 6.11(g) for the NAS-RIF
method, both, initially began to converge to the desired solution. However, after sub-
sequent iterations, the worst estimate case deviated and exhibited noise amplification
at termination. Premature termination of the procedure would produce better results
in the presence of noise.

Figure 6.11(h) shows the MSE plots for the IBD method. The MSEs both converge
to an acceptable solution at termination, although the MSE for the worst estimate
case takes longer. The IBD method is more effective at suppressing noise. However,
experience shows that the noise parameter a must be carefully chosen for reliable
restoration, even in the noiseless situation. The value of « is selected through trial

and error.
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Figure 6.12 shows the results of the NAS-RIF method for the toy image blurred
by the 21 x 21 PSF at a BSNR of 50 dB. Very little noise amplification is evident
in the best and worst estimates. Figure 6.12(d) shows the percentage mean square
errors for the best (solid line), and worst (dashed line) estimates. The case of the best
restoration, exhibits much faster convergence than that of the worst restoration. In
addition. the sharp peaks in the MSE for the worst case. are not evident for the best
estimate. Figure 6.13 shows the image estimate at different stages of the restoration
procedure for 40 dB BSNR. As the iterations progress. the irage initially gets clearer.
then degrades because of noise amplification. Thus. premature termination is an
effective method of regularizing the problem.

In general. the SA algorithm demonstrated a tolerance for noise above 40 dB.
The optimal rate of decrease of the parameter p for global convergence had to found
through trial and error. When acceptable convergence was achieved, its results were
slightly better than that of the NAS-RIF algorithm without premature termination.
and were poorer than the results of the IBD method and NAS-RIF method with

prematire termination.

6.2.3 Robustness to Incorrect Support Size

This section addresses the effect of incorrect support size on the restoration proce-
dures. All restoration procedures demonstrated little tolerance for underestimated
image support sizes. The IBD method was intolerant to overestimation of *he image
support sizes as well. The algorithm failed to converge properly for any of the simula-
tions using incorrect support sizes. The simulation results of the proposed NAS-RIF
method (using the BIR image and the 21 x 21 PSF) for overestimated and underes-
timated supports is shown in figure 6.14. The true image support 1s 15 x 65. The
overestimated and underestimated supports are 17 x 67 and 13 x 63. respectively.
The proposed algorithm is hizhly robust to overestimation of the support size.
Table 6.1 shows the SNRIs of the image estimates at differently assumed supports for
the toy image degraded by the 21 x 21 PSF. In general. as t'1e estimated support size

gets close to 2he actual support value of "t .+ ~i. the SNLTineree wes [t should be
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Figure 6.14: NAS-RIF algorithin results for inaceurate support sizes

noted that the maximum SNRI occurred for 121 %83 which is aslight overestination.

6.3 Performance of Support-Finding Algorithm

The proposed support-finding algorithn <hows definite promise. Table 6.2 <umme
rizes the results o the BIR image degraded by the 21 x 21 and 23 %23 PSFsar 60 (4B,
and the 11 x 11 blur at 40 dB. The algorithim of table 5.1 was used with Al =2 The
correct support size of the image is 15 % 63 Ineach simulation, the correct vertical
dimension was estimated. and the horizontal dimension was slightly overe tunated
The support-finding algorithm was also applied on a degraded version of the toy
image. The 21 x 21 PSF was used to blur the original image and noise was added
to produce a BSNR of 60 dB. The algorithm of table 9.1 was used with M- 2
The search roatine tested four grids of potential support sizes with successively finer
points. Fieare 6.15 shows the validaon errors calenlated at cach of the potnts on
the grids. The figure shows that the validation error is generally smooth. and docsno
possess any severe local extrema. The minimm validation error ocenrred at 120 7 X1

which is close to the true value of 119 » ST,
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Table 6.1: SNR Improvement as a function of estimated support size

estimated support | SNRI
127x89 15.8 dB
12385 20.6 dB |
121x83 22.2 dB
119x381 21.9 dB
117x79 0.6 dB
115%77 0.0 dB
111x73 0.0 dB

Table 6.2: Estimated support sizes from the support-finding algorithm

blur Estimated Support
11 x 11 blur 15 x 69
21 x 21 blur 15 x 67
23 x 23 blur 15 x 75

Thus, the novel support-finding algorithm holds promise in blind image restora-

tion.
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Cha~ter 7

Conclusions and Further Research

7.1 Conclusions

A novel blind deconvolution scheme for the class of nonparametric finite support
restoration methods is developed. It has clear advantages over existing techniques
of its class because convergence to the feasible set of solutions is guaranteed. The
convexity of the proposed cost function is proven analytically. The behaviour of
the algorithm in the presence of finite extent equalizers and noise is examined, and
performance improvement techniques are proposed to adjust for possible ill-effects.

For situations in which the support of the original iinage is unknown, a novel
support-finding algorithm is presented. The algorithm is inspired by the principle of
cross-validation. In CV, the given data is divided into two groups for estimation and
validation. In the proposed method, the a priori knowledge about the true image is
divided into these sets, yielding a method suitable for blind image restoration. In
its computationally simpler form, the algorithm can be recognized to be the holdout
method.

Simulation results of the proposed NAS-RIF algorithm are presented to demon-
strate the potential of the techniq :e for practical blind image restoration. Its perfor-
mance is compared to that of existing methods of its class. The same assumptions
about the true image are required for all algorithms. The existing IBD, SA, and CG

methods req aire that the blur be nonnegative with known finite support. In contrast,

~1
-1



the proposed method requires that the blur only be invertible.

The proposed algorithm shows much better performance than existing techniques
at high SNRs. Other methods demonstrate difficulties ranging from ill-convergence
and instability to enormous computational requirements.

The IBD :ethod works well for some of the binary images tested in this thesis.
Results are comparable to the proposed NAS-RIF algorithm, but convergence of the
IBD method is often slower. The IBD method is more effective in suppressing additive
noise. Its major drawback is that it has difficulty converging to an acceptable solution
for more complicated grey-scale images; instability often results.  In addition. no
specific termination conditions exist for the method, and the quality of restoration
depends on the initial conditions and the noise parameter a.

The CG method has definite termination conditions and does not suffer from
instabilities like the IBD method. However it often exhibits convergence to the local
minima of its cost function. Experience shows that for images of size greater than 25 x
25, selection of initial conditions to achieve global convergence is nearly umpossible.

The SA method produces comparable results to the NAS-RIF and IBD algorithms
at high SNRs. Convergence to the global minimum depends on how the probability
parameter p is reduced. If p is reduced too rapidly, then the method will converge to
a local minimum. Convergence speed is, in general, extremely slow, so the method
is limited to very small images and is, therefore, unsuitable for practical blind image
restoration.

A drawback of the proposed method is that it is susceptible to excessive noise am-
plification at low SNRs. Early termination of the algorithm before such amplification

is employed to produce acceptal-le results.

7.2 Further Research

‘The field of blind image restoration is still quite young and there exist many possible
areas for further research. Those specific.lly related to the contributions made in this

thesis are presented below:
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This thesis addresses the problem of blind image restoration on a single image
frame. For many applications multiple frames exist in which the original images
are highly correlated. This occurs in applications such as motion estimation.
robot vision, and colour image processing. A modification of the algorithm to
incorporate the correlation between frames can provide valuable information for

the recioratien procedure.

The proposed scheme exhibits noise amplification at low SNRs. A reliable
method of regularizing the problem (possibly by rolling off the equalizer trans-
fer function) would be beneficial. To maintain convexity of the cost function,
the parameters u(z,y) must be constrained to lie in a convex set. Restricting
u(z,y) to be handlimited represents a convex constraint. Thus, by imposing
this restriction on the equalizer, noise amplification can be suppressed. The
cut- T frequency that produces a visually appealing restoration needs to be

investigated.

The proposed technique uses a priori information about nonnegutivity and sup-
port of the original image. Generalization of the algorithm for arbitrary con-
straints can provide insight into the type information that preserves convergence
and uniqueness of the solution. The proposed method can be extended for use

in a wider variety of applications.

For applications in which the nonlinear properties of the imaging system are
significant, a method of finding the parameters of the nonlinearity in conjunction

with restoring the image can benefit many imaging facilities.



Appendix A

Proof of Convexity of Cost

Function

A.1 Proof of Convexity of the Nonnegativity Con-
straint Cost Function

The following analysis proves that the following function, which corresponds to the

nonnegativity constraint on the image estimate, is convex:

J, = Z f‘-z(x’y) [1 —sgn(f(r,y))]

(£.¥)€Dsup 2
It is common in convex analysis to approximate a given function J by a sequence
of more “regular” functions J,. To select a sequence of functions J., -egularization
based on the convolution operation may be performed {44]. A “kernel function”
K : R — R*, which is continuous, vanishes outside sorae compact interval, and is
constrained such that fg K(y)y = 1 is chosen. The function K. (y) for positive
integer 7 is defined as:

K.y):= K(ry) fory € R
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for which J(z) may be apj roximated as:
Jo() = J(z) * K. (x) =/RJ(x—y)1(,(y)dy

for r,y € R, where r is known as the regularizaticn constant. The smoothness
properties of J, depend on those of i. For instance, if K € C*, a C™ regularization
is obtained.

If such a sequence for .J; can be used. then the following theorem may be used to

prove convexity.

Theorem A.1 Let the conver functions J, : RN — R converge pointwise for r — oo
to J:RYN = R. Then J is convez and for each compact set S, the convergence of J,

to .J is uniform on S.

A commonly used kernel is introduced below:

ce™T for ly] < 1

K(y):=
0 for |y} > 1

where ¢ > 0 is chosen so that fg A{y)dy = L.
For J(f) = f* [L:SEIM] where sgn(-) is defined in equation 3.4. a sequence J:(f)

may be formed as shown below.

J) = ) xRS

1/

(EETER
l/r 2

{ :{;r ) €"V°“dj for f < —1/r

(fl/r f=y) 2?' visidy  for —1/r< f < 1/r
for f2>1/r

31



Taking the second derivative of J.(f) with respect to f gives

,

2¢ j'l{/ f"V’—ldy for f < —1/r

a*J.
a‘fgf) _ ﬁ jl/ tr-v‘—l tllj r()r —1/7. < f < _l/r
L U for £ 2 Ufr
[ 2 for [ < —1/r
fl/rrrzy.’_ldy
= {207 for —1/r < f<1fr (A1)

RN
eyt =1 fy
-1/r (lJ

L 0 for f > 1/r

Thus defining a sequence of functions Ji, C ("™ for r € Z such that

2 (£.)€Dsup f—l/r f r.y) Ew r-£”_1 déy,  for fey) < =ifr
JIT = Z(I-y)EDsup f;(/: y)( ) Ery)..("' "’£Ey" ‘IEI!I f‘)r - l/r < j:(‘l"!l) e l/"

0 for f(r,y) > 1/r

where £, € R. Tle Hessian of Jy, with respect to {u(1, 1), u( Moy, Ny )} can be

calculated using equation A.i to be

Jie= Y Adr,y)G(rey)

[Calid :[).'up

where

gz(‘r*y) T {l(J»'v y).‘](‘" - Nnu.’l - N'/u
G(z,y) = ' '
glz — New, v — Nyp)g(x,y) - g2z = Ny = Ny

and

2 f()!‘f(.L'J < 1/r
Az, y) = 2fl/' ee'v-'dJ for —1/r < flx,y) < 1r (A.2)

0 for f(z,y) 2 1/r

where G(x,y) is lexicographically ordered. Because Adz,y) = 0 for all (x,y).
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V2.J,, is in the form of a sum of nonnegatively scaled positive semi-definite matrices,
which is also positive semi-definite. Thus, from theorem 3.1, Jir is convex for r € Z

which implies that J; is convex through theorem A.l.

A.2 Proof of Convexity of Support Constraint

Cost Function

The following analysis proves that the following function, which corresponds to the

support constraint on the image estimate. Is convex:

Jy= S [flz,y) = Ls)

(I-!I)E[).'up

The Hessian of Jo with respect to parameters {u(1.1),...,u(Nzu, Ny} is easily cal-
culated.
an/2 . o
—2 =2 5 flz.yglz-n+lLy—unt+l)
du(ry,yr) <
(z.)E€Dsup
and
%y )
. . =2 glr—rn+ly—yp+gle —ra+ly—p+1)
Ou(xy,y1)du(rs,y2) - —
(£.W)ED .y,
Therefore,
g*(z,y) o gl@, y)g(z— Newt 1y — Ny + 1)
Vz. 2——-'—2 :
(r.y)€Dmy . 2
!]('c—!\ru+lv.u_Nyu_*_l)g(I!y) o g (z-NI"-!— lvy—N!ﬂl+l)

(A.3)
Because V2J, is in the form of a covariance matrix which i1 known to be positive
semi-definite, Jy is convex from theorem 3.1. Therefore, J is convex with respect to
its parameters {u(1,1),....u(Nzy, Nyu)}-

Since J; and Ja are both convex, it follows from theorem 3.2 that J is also convex.



Appendix B

Analysis of the Effect of
Truncation of Equalizer on Global

Minimum of Cost Function

The following analysis shows that if the two-dimensional FIR inverse w(.r,y) filter
is made sufficiently large in extent. the global minimum of the cost function oceurs
“close” to the global minimum in the case for which u(r,y) is infinite n extent.
Noiseless conditions are assumed.

The true inverse of the blur u*(xr,y) is assumerd to be absolutely surmmable, that

18
o0 o0

S S lut(ey)l =S, <o (B.1)

LI Y= =0
Without loss of generality, the two-dimensional inverse filter is parametrized using

(2N, + 1) x (2N, + 1) taps. The constant ¢ is chosen such that £ > 0 and

>

Y Y Wmlce X

e e () (13.2)
IZ|>Nz+1 |y[2 Ny +1 r==-cuy

gk

s
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Qne can always choose a pair (N...N,) such that

w(r.y) for |l < Npand |yf £V
.r.y):J -y ] vl } (B3

0 for [r] > Moor |yl >V,

Therefore., u!V=¥)(r_y) is of finite extent. The proposed cost function becomes:

.](U(N,.Ny)) = : [u(""-"N")(JZy)*{](l.y)]"’+ }: [”(‘\‘""\")(J\!I)*g](_.r,_u)—[‘h.]'“'
(£.Y)E€Dnegu! V5 N0) (r.5)€Dwp
(B.1)
where Dpeg(uN=¥)) is the set of pixels of [wM=-Ns) (£, y) * g(x,y)] that are negative

within Dgup, Dsup 15 the set of pixels outside the region of support of the true image,
and * represents two-dimensional discrete linear convolution. For simplicity, D,,., will

NeNy) should be

be used instead of D,wg(u(‘v"Ny)). but the dependence of Dy, on ul
noted.
Substituting [u"(x.y) + u!M=N) (. y) - w(r.y)] for u¥=M)(r y) in equation B.4

and expanding gives:

J(u(Nvay)) —
S ey gl )P+ X etley) v oley) — Ll
(z,¥)EDneyg (z.v)€Dwp
+ S (W (e y) — (e, y)) * gz )]
(z,4)€Dn.y,
+ 0 (NN (ey) — u(e,y)) * gl ) - Lal
(I.y)ED.-up
+ 2 X [u'(x,y)*g(w,y)][(u‘N"N"’(I,y)—u'(r,y))*.f/(r,y)]
(r‘y)EDneq
+ 2 Y (W) *glzy) - LellMM (e y) - u(e,y) « gz, )l (B5)
(x'yjebf—"l;
Letting
NN e ) = uNeM) 4 g(2,y) and
f(z,y) = u(z,y)*9g(z,y)
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and using the relation of equation B.3. equation B.5 becomes.

S Ve

~—

i+ S ey — Ll

(r.y)€ln.g (r)E€D cup

[ > Yy ge =y =)
(2Y)ED g [T/ |2N:+1 [y | >Ny +1

[ Y Y o« ygr -2y —y) - Lel’

(r.y)€D cup I I>Nz+1 [y [ 2Ny +1

+ 2 Y fleal X Yo ut( (e -2y =y

(£ y)€Dney (12 N4y [2Ny+1

+ o+
Mz 2

m

2 Y ey -Lell Y 2 W yele -y =)l

(ry)€Dup "2 N:+1 ly' 1> Ny+1
< S feyP+ Y ey - Ll
I y)€Dn.y (z.9)€Dzup

T DI D DD DI Ve F 3|

(z,4)E€EDney |TI2N+1 [y 2Ny+1

SN D DI D DD DI TR eI

(r.y)€Deup [ 1> Ne+1 [y 12Ny +1

+ Wi 3 Syl T 2 WE

(£.y)€Dnrg I I2N+1 [y |2Ny+1
+ 20 Y, ey - Lell > > lu=(=', )]
(r.y)€Dp (22N 41 |y 12Ny +1

where the following property is used

3 Y w el -2y —9)

I >N +1 | 2Ny +1

< ) oo et y)llgle — 2y =)

21> Nz +1 [y 2Ny +1

S ("ma.x: Z Z ‘u-(xly y')l

/|2 Na+1 [y 2 Ny+1

The constant Goes represents the maximum value of |g(z,y)| for all (z,v).

Using equation B.1 and the inequality of B.2.

.](u(Nvav)) S

> FEoP+ X ) - Ll

(£.¥)EDney (r,y}€Deup
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<4 Sz(r'ila:qi[n Dne'g ” + “ D"‘p ”]
S (S tran) = Le)]

bo2eGea S Y S+
(£.3)EDneg (=.y)€Dwp

where || - || represents the number of elements in the given set.

Using the fact that
w(r' oyl = 'y =)

oy =Yy + Y Y

|12 Ne+1 1y 2 Ny +1

and that
Z Z u(rl' y,)g(l' - Ilvy - y,) _\: *':("rna.r' u
I >N 41 [y |2Ny+1
the following relationship is derived
(B.6)

NN 2, y) > [ () = CiasS,

Therefore,
{(z,y): NN (1 y) < O} 0V Dy
(B.7)

Dneg =
{(x.y): f(2,y) < eGmazSu} N Doy

and the fact that

B.7.

from equation B.6.
J(u™=M)) can be further bounded with the aid of

f*(z,y) 2 0 (since f*(z.y) is the true image in the noiseless situation).
(B.%)

J(uN=M)y <

EZG;Znaz'Sz “ Dﬂ?ﬂ ”

Z [f'(‘t7y)_ LB]2

(z.v)€D.up

2,2 '2
+ € C’mnz‘su

+ 2EGmaISu[EGmnzSu “ D"EQ ” + Z
(zw)€D,

+

[ Daeg Il + 1l Dy ]
(f*(z,y) - Ln)]
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. 2
S iftry)l (B.9)
(rypeliy.
where D;, = {(r.y): f(r.y)< 0} D,y The final term of B.X. which is equal to
zero. has been added.
Letting .J* represent the minimum cost in the infinite parameter case. we see that

the second and final terms of inequality B.8 is equal to J”. Therefore. we find that

TNy < J 46262 _SHa || Dacg | + || Doup W46GmazSul 3 (S (229)=Ls)]
(z.3)€Dup

Because f*(z,y) is the true image, f*(z.y) = Lg for (z,y) € Dsup and the bound
becomes

SN < I 4 €22 SHA || Daey || + 1| Do ] (B.10)

mar' ' u

Since the inverse filter parameters u(z,y) are continuous with respect to J. it
follows that if J= = J(u'¥=¥s)), then the global minimum for the finite parameter
case is “near” u"(r.y).

Therefore, by making the number of two-dimensional equalizer taps sufficiently
large, € can be made arbitrarily small. resulting in the image estimate close to the

true image.

[02]
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Appendix C

Analysis of the Effect of Noise on
the Proposed Algorithm

C.1 Effect of Noise on the Global Minimum

Because the proposed cost function J is nonlinear, an exact relationship between the
global minima in the presence and absence of noise is difficult to characterize. This
section derives the value of the cost function at the true inverse blir parameter setting
for noisv conditions and assuming infinite extent equalizers are available. This value
gives an indication of the bias introduced in the resiored image. The proposed cost

function may e represented as:

J = S fAry)el(fey)
(z.¥)€Dup
+ Y {(flz,y) - Lp)* (C.1)
(zy)€Deup

"

The image estimate f(z,y) is given by

flz,y) = §(z,y) * ulz,y) = flz.y) +ilz,y)
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where n(z.y) is the additive noise and

glz.y) = glz.y) +nlr.y)
flroy) = gle.y)=u(z.y)
ilr.y) = n(z,y)=*u(z.y)

The function cl(-) is defined as

0 iff>0
1 it f<O

cd(f) =

The cost function can be written in terms of j:(x,y) and 7(x,y) as shown below

J = (F(z.y) + 2f(z, y)ilz.y) + 22 (2.9l f(z.9) + Az 9))

(I.y)E[).-u,,
Y (Pley) +2f(ey)ile,y) + @3 (z.y) - 2Lafle.y) = 2Lp(e.y) + L]
(r.y)EDup
Assuming the additive noise is stationary zero-mean and Gaussian, the following
expectations are calculated. The term pn(n) represents the probability density func-
tion (pdf) of the noise. Since n(z,y) is zero-mean and Gaussian. n(r,y), which is a

filtered version of n{z,y), is also zero-mean and Gaussiaa with variance

ot= Y. Y Ruez-ziy2-— y)ul(er, y1)u(rz. y2)

Y(r1.y1) Y{r2.y2)

where R,(r,y) is the spatial autocorrelation of n(z,y).

E{cl(s+n)}

o0 1 -
_/ cl(s + n)pn(n)dn = / e~ 1% dn
—oo 2ng J-o0

- -7
E{ncl(s+n)} = /_oo ncl(s + n)pn(n)dn
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l - i 2t
= ne “dn
\V/ Ixc -

-

— r*s:/.’ﬁ:
V2
E{n*cl(s +n)} = / nicl(s + n)pxy(n)dn
l -s -y PR Y
= = / ne ™ 12 dn
2o -

- Ferli-o(F)]

where
) [ o 2
Q=) £ / e T dr
V?.JT s
Using these results the expectation of the cost in the presence of noise at the trae

inverse PSF u" is evaluated. Here, fle.y) = u(z.y) * g(z.y) = fr.y). the true

image.

- L —f(r,y) fle, o\ e yee
E{J(uv)} = [(fz(l'.’l ) + a?) (l -Q (———-)) — (______._) P MRV RS ]
(r.yé%?_wp Y \/20' \/.Z_TF

+ Y [Fey) + 2 E(aley)) + B4R (e,n))

(I.y)ED—;;
~2Lgf(z.y) - 2Ls Elilz,y)} + L]

- 20, . o _ —f(z,y) ) _,,f(lvy)(—f“(z,y)/znl}
(Ivyg')sup [(f ( ’J) " ) <l Q ( \/iO’ ) 2% ‘

+ Y
(T'y)EDsup
because E{f(z,y)} =0 and f(z,y) is equal to Lp for (£,y) € Dy,
For the case that n(z,y) is zero-mean additive white Gaussian noise (AWGN)

with variance o2,

=2 33 [z )

IT==00 Y==0
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Therefore. the bias of the cost function due to zero-mean AWGN is given by

FlJodc ey = Z (fz(r.y)-f-r,r"’)(l_Q<_____{;_:f;y"))

(r.y)eDayy

I S L Ly e

i

‘

(£yE€ED up

where || Dy,p || represents the number of elements in Dyyp.

C.2 Effect of Noise on Support Constraint Cost
Function

The proposed cost function is the sum of a non-qua-ratic term representing the non-
negativity constraint. and a perfectly quadratic term representing the support con-
straint. ldeally, both terms should both have a global minimum at the same location.
That is. their costs should be zero at the true solution. If only the cost corresponding

support constraint is considered, the effect of noise on the global minimum is straight-

noise has little effect on it at moderate levels, thus, in such situations. the effect of
noise on the global minimum of the support constraint cost function alone can lead
to valuable insight into the effect of noise on the overall solution.

The cost function lor the support constraint can be represented using lexicograph-

ically ordered matrices as

S (flzy) - Ls)?

(z,y)€Dup

= [Gu, - L]TS[("—uk - L)

Ja

]

where N,, x Ny, is the dimension of the equalizer, Ny; X Nyg) is the size of the

blurred image, and Ny; x Ny is the size of the restored image. Because flz,y) =
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u(x.y) * g(<.y).

Vop o= Vo, Va1
Vup = Vg + NV —
The matrices are detined as
w(l.1) ] g1 1) g(1.0) di=Now b2 Now £2) ]
u(1.2) . g(1.2) g(l. 1) = Npw F 202N,
uy = . = . . |
| w(News Nyw) |

i g( [\"'xj. IV,JI) g( 1\’71-)4'. i\'yf -1 ) q( :’\'1._,,, ‘\'W)

and the elements of L are given by

LB lr(f,l])e [)suy
{L]y+(r—l);\'“, = ’

0 otherwise

forl <z < Nyandl <y<Ny. Sisa diagonal matrix with the diagonal entries
being 1 or 0, such that

' l lf(I.,y)E 1)511;)
[Slyte-1) 30+ z=108y, = .
0 if(z.y) € Dyup

for ] <o < Nyand 1l <y < Ny

The cost function may be reformulated as

J = [Guy, — L]" S[Gu — L]

where (3 = SG. The global minimum of this cost is well known, and can be repre-

sented in terms of the singular values of G as shown below.

T

- —-m.nﬂm,n Y
u = Z —_— (C.2)
m,mn ’\"l.ﬂ
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where {A,..} are the singular values of G and {u,. .}, {wn.} are the associated

elgenvectors such that

-T - 2

((_' _(_')En..u = ’\m._n.l‘.m..n
- T .
TASR _ 12

(&. )Lm,u - ’\nx,ngrn.’ll

When the blurred image is perturbed by noise. G is replaced with (. such that

G=G+ X\
where & = SN, and
a1 n(1.0) e (=N 420Ny +2) |
| ma n(1.1) n(=Npu + 2. =Ny +3)
| n(Nep Nyg) m(Nep Ny = 1) - n(Nzg, Nyg) ]

Therefore.

E(GTCY = E{GG+ NG+ NG+ NN

For zero-mean white Gaussian noise n(r. y) of variance o2,

=T ~ 2 Ay y
E{Q -—'} = GT('+ “ D’“P “ UYZLINzuNquV.ruNyu

where [N, Ny NeuNyu 1S the Ny Nyy X Npy Ny identity matrix.
. ST, AT .
The eigenvectors of E{G (} are the same as for G G, but the eigenvalues are

2
m,n

equal to A2+ parallel Dy, || o2. Therefore, on average, the noise has the effect of
. . =T . . .

perturbing the eigenvalues of E{G (i} by a quantity proportional to o2. The smaller

the singular value A, the greater the relative perturbation, and the greater the effect

on the solution of equation C.2.
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In general. to successfully identify the inverse blur. the singular values of (7 must

be large compared to o,..
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