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Blind Deconvolution of Still Images using
Recursive Inverse Filtering

Master of Applied Science and Engineering 1995
Deepa Kundur
Department of Electrical and Computer Engineering
University of Toronto

Abstract

This thesis presents a novel blind deconvolution technique for the restoration
of linearly degraded images without explicit knowledge of either the original image
or point spread function. The technique applies to situations in which the scene
consists of a finite support object against a uniformly grey background. This occurs mn
applications such as astronomy, and medical imaging. The only information required
are the nonnegativity of the true image and the support size of the original object. A
novel support-finding algorithm is proposed for situations in which the exact object
support is unknown.

The restoration procedure involves equalization of the blurred image using a con-
vex cost function. The performance of the technique for truncated equalizer param-
eters, and in the presence of noise are examined analytically. The new approach is
experimentally shown to be more reliable and to have faster convergence than the

existing nonparametric finite support blind deconvolution methods.
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Chapter 1

Introduction

Image restoration is an important and difficult task in image processing. The goal of
restoration is to reconstruct or recover an image that has been degraded by using some
a priori knowledge of the degradation phenomenon and true image. Most restoration
techniques model the degradation process and attempt to apply an inverse procedure
to obtain an approximation of the original image. The various approaches that have
appeared in literature depend on the particular degradation and image models [1].

The difficulty of image restoration arises largely because of the following:

I. The degradation process is often unknown and must be estimated from the

blurred image characteristics.

2. Even when the degradation is known, the inversion process required may not

be unique or may be ill-conditioned.

3. The actual noise value at each pixel is unknown and must be estimated using

the statistics of the noise or degraded image.

1.1 The Linear Image Restoration Problem

A general degraded image-formation model is represented by the following equation:

glu,v) = S[/w h(u, v, us, Uhf(ul-vl))duldl’i] ¢ n{u,v) (1.1)



where g{u.v) is the degraded image. f(-) is the true image. h(-} is the point spread
function! (PSF). and n(u.r) is the noise process that atfects the mmage formation
at the time of recording. The symbol - corresponds to a point-by-point operation.
Most recording systems. such as those which use photographic film. introduce a point
nonlinearity represented by s[-] in equation 1.1.

Some assumptions may be made about the degradation process to simplify equa-
tion 1.1: the point-nonlinearity is negligible. the notse introduced to the system s
purely additive. and the PSF acts as a linear shift invariant operator on the true
image. These assumptions are commonly used in practice for a variety of applica-

tions [2]. The model simplifies to

glu,v) = / / .‘ h(uw — wy. v — o) flug o v)dudey + n{u. i) (1.2)

With uniform sampling. the degradation model can be reduced to a discrete approx-

imation of the form {1

g(o,y) = h(x.y)* fley) +nlr.y) (1.3)

where (r.y) represents the discrete pixel coordinates, h(r, y) is the impulse response
of the sampled system (referred to as the PSF or blur), g(r.y) and fir, y) are the
average values of g(u.v) and f(u.v). respectively, over a pixel area in the sampling,
grid, and * represents the two-dimensional discrete linear convolution operator.

In this simplified model. the observed image g(r,y), true image flr,y) and noise
n(r,y) are coupled linearly, so the problem of recovering f(r,y) from g(r,y) is referred
to as the linear image restoration problem [3]. Figure 1.1 gives an overview of the
discrete linear degradation model.

Linearity of a restoration process refers to the chosen image degradation model,

uot the selected restoration scheme. Existing linear image restoration algorithins

UIf we consider the true image to be a single bright point on a black background, the blurring of
this point source is called the point spread function. In practice, the term point spread function is
used to denote nonnegative blurring functions.




n(x.y)

fix.y) hix.y} g(x.y)
— D)

2-D LSI filter
True Image Degraded Image

Figure 1.1: Linear Degradation Model

assume that the PSF is known a priori and attempt to invert it and reduce noise by
using varying amounts of information about the PSF, true image, and noise statistics.

In this thesis the linear degradation model of equation 1.3 is assumed.

1.2 Introduction to the Blind Deconvolution Problem
for Images

[n many situations, the PSF is unknown and little can be assumed about the original
image. Therefore. the majority of existing image restoration techniques are not appli-
cable for solving this type of problem. The process of simultaneously estimating the
PSF (or its inverse) and restoring an unknown image is known as blind image restora-
tion. For the linear degradation model of equation 1.3, it is specifically referred to as
blind deconvolution. The blind deconvolution problem for images may be expressed

as follows: .

Given a blurred image, find an estimate of the true image using partial or

no information about the PSF and true image.

In practice, some a priori information is required to successfully restore the im-
age. The partial information available is specific to each imaging application, so many
diverse techniques for blind deconvolution of images have been proposed. The chal-
jenge is to design a method that exhibits the most appropriate compromise among

computation complexity, reliability, and robustness to noise for a given application.

3



1.3 Motivation behind us;ag I3lind Deconvolution
for Image Restoration

There exist several motivating factors behind the use of blind deconvolution for image
processing applications. The most significant are discussed in this section.

In many practical situations, it is costly. dangerous or physically impossible to
obtain a priori information about the scene to be imaged. For example.in applications
like remote sensing and astronomy it is difficult to statistically model the original
image or even know specific information about scenes never imaged before 1], [5].
In addition, the degradation cannot be accurately specified. In aerial imaging and
astronomy, the blurring cannot be accurately modelled as a random process, sinece
fAuctuations in the PSF are diffic.ilt to characterize [6]. In real-time image processing,
such as medical vid ~cone.encing, the parameters of the PSF are not known to
instantaneously deb.ur ir *-ges [7]. Moreover, on-line identification techniques used to
estimate the de “radatior wiey Lesuit in significant error, which can create artifacts in
the restored imaye [8].

The hardware associated with image sersors is complicated and difficult to cal-
ibrate. Although calibration methods work well in measuring the impilse respotse
of the imag'ng system, they are complex. which limits their wide usage [6], [9]. One
might also want to restore images for which an impulse response calibration has not
been periormed o' is imprecise. ln addition, the high cost of some adaptive imaging
systems makes in-1ging infeasible for some observations facilities. Even with adaptive
optics systems, t! e po’ential for phase error exists, so post-processing techniques, such
as blind deconvolutica, are still required [19], [11].

Tt ohysical requirements for improved image quality are unrealizable in some
applications. For instance, in space exploration, the physical weight of a high res-
olution camera exceeds practical constraints. Similarly, in x-ray imaging, improved
image quality occurs with increased incident x-ray beam intensity, which is hazardous
to a patient’s health [12].

It is clear that the development of a practical blind deconvolution scheme for




images would benefit many observation facilities.

1.4 Contributions of this Thesis

The objective of this thesis is to address many of the problems associated with existing
blind deconvolution schemes for images. Existing methods exhibit a poor compromise
among computational con plevity, . ~liability of the solution, portability of the algo-
rithm to differert app' - atious, and tobustness to noise. Chapter 2 gives an overview
of the existing classe of ai_orithms and discusses their strengths and limitations.

The first contril ition of this vork is the development of a novel blind deconvo-
lution technique for the restoration of linearly degraded images. Explicit knowledge
of either the original image or point spread function is not required. The proposed
technique is relevant to applications in which an object of finite extent is imaged
against a uniformly grey background. The edges of the object are assumed to be
completely or almost completely included within the observed frame. This often oc-
curs in applications such as astronomy, and medical imaging. The only information
required for restoration is the nonnegativity of the true image, and support size of the
original object. ‘L'he restoration procedure involves recursively equalizing the blurred
image using a convex cost function. Chapter 3 introduces the technique and presents
a proof of convexity of the associated cost function. Uniqueness of the solution and
suitable methods for optimization are discussed. Chapter 4 examines the behaviour
of the proposed technique under practical conditions. The effect of using an FIR
inverse filter of arbitrary dimensions on the quality of restoration is discussed. In
addition. analytic expressions for the performance of the technique in the presence of
noise are derived and methods of compensatiug for undesirable effects are proposed.
The advantage of the proposed technique over existing methods is that convergence
to the feasible set of solutions is guaranteed.

The second contribution is the design of a novel support-finding algorithm, for
situations in which the size of the original object is unknown. The algorithm is

based on the principle of cross-validation. Because it is computationally expensive, a




simpler approach is suggested which does not substantially sacrifice its performance.
Chapter 5 provides a discussion of the algorithm

The third contribution of this thesis is a comparative study ot the performance of
the proposed technique with other methods belonging to the class of nonparametrie,
finite support blind deconvolution methods for images. The proposed technique is
shown to produce more reliable results and to often converge faster than the other
methods. In addition. it is more robust to overestimation of the support size. Chap
ter 6 presents simulations results showing the quality of restored images for cach

method.

Conclusions and further research are included in Chapter 7.



Chapter 2

Existing Classes of Blind

Deconvolution Techniques

The methods developed for blind deconvolution of images apply to the restoration
of grey-scale images. They can be grouped into six major classes based on their
assumptions about the true image and blur. Various algorithms and implementations
for cach class exist. The following sections briefly describe these methods and discuss
the advantages and disadvantages of implementing each for blind image restoration.
Figure 2.1 provides a classification map of existing techniques.

The basis of comparison is broken down into four categories:

—

. Reliability of solution: the convergence and uniqueness properties of the solution

13

Computational complezity: the computational processing required for proper

restoration

3. Portability of algorithm: the potential for using the algorithm for many different

applications

4. Robustness to noise: the reliability of the algorithm in the presence of additive

noise

The relative impurtance of each of the above factors depends on the particular

application. For example, in real-time image restoration, reducing computational

7



Techniques for Blind Deconvolution

of Still Images
A Prion Blur ARMA Parameter Zero Sheet Sepantion
Identification Estimation Methods Methods
[13]-{16] {261-(28] (3310341
Nonparametric F}nilc Equa}iz:nion Based Multichanne! Etind
Support Restoration on Higher Order Deconvolution Techniques
TCChniqUCS [17]'[25] Statistics [61 135 l ;hl
+proposed method {31].032]) o

Figure 2.1: Classification Map of Existing Blind Image Restoration Technigues

complexity is of the utmost importance, but for medical imaging applications, the
reliability of the solution is the primary consideration.

The general idea behind all blind deconvolution methods is to incorporate the
partial information available about the image and blur into an optimality criterion.
An estimate of the image and blur is produced by attemptingto minimize or maxinize

this criterton.

2.1 A Priori Blur Identification Methods

In practice, the PSF is often identified from the degraded image characteristics hefore
restoration. Based on this estimate, the image is restored using one of the classical
restoration procedures.

Some commonly used identification techniques assume that a parametric model
for the PSF is known. In particular, the blurring may be known to result from
camera motion or an out-of-focus lens. For each of these PSFs a single parameter
is used in the model, and the associated power spectrum of the PSF is known to
contain zeros at locations related to this parameter value. Assuming that the power

spectrum of the image has no zeros, an estimate of the PSF’s parameter value is made




using the location of the zeros of the power spectrum of the degraded image [13]. A
major drawback of these methods is their high sensitivity to noise. More robust
techniques [14],[15] have been proposed to improve the accuracy of the identification
of the spectral nulls in the presence of noise; however, such methods cannot identify
PSFs that do not possess any spectral nulls, such as the Gaussian PSF.

Other techniques are based on local image characteristics. A point source, line
or edge within the image is isolated. and the PSF is identified assuming radial sym-
metry [16]. In many cases, however. no special features on the blurred image can
be established: moreover, the PSF estimate is dependent on the particular feature
isolated within the image.

The main advantage of the techniques of this class is their low computational

complexity.

2.2 Nonparametric Finite Support Restoration Tech-
niques

In contrast to the a priori blur identification methods, the algorithms of this class
do not assume parametric models for either the image or the blur. The true im-
age is assumed to be positive, and to be comprised of an object with known finite
support against a uniformly black. grey or white background. The support refers
to the smallest rectangle within which the object is completely encompassed. If the
background is black, which corresponds to a pixel value of zero, the support is the
smallest rectangle within which the true image pixels are nonzero. The proposed
blind deconvolution scheme falls into this class of techniques. The three most pop-
ular nonparametric finite support restoration methods are discussed in this section,

and are used for comparison in Chapter 6.
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Figure 2.2: Iterative Blind Deconvolution Method

2.2.1 Iterative Blind Deconvolution Method

The iterative blind deconvolution method proposed by Ayers and Dainty [17} is, by
far, the most popular method in this class of restoration techniques. The general
algorithm is designed to be implementable on a digital computer using Fast-Fourier
Transform (FFT) algorithms. The basic structure of the algorithm is preseuted in
figure 2.2. The image estimate is denoted by f(.c,y\, the PSF estimate by iL(J,y).
and the linearly degraded image by g(r.y). The capital letters represent Fast-Fourier
Transformed versions of the corresponding signals. Subseripts denote the iteration
number of the algorithm.

After a random initial guess is made for the image, the algorithr alternates be-
tween the image and Fourier domains, enforcing known constraints in cach  The
constraints are based on information available abour, the image and P’SF. The imaze
f(z,y) and PSF h(z,y) are both assumed to be positive with finite known support.
The image domain constraints are imposed by replacing negative-valued pixcls within
the region of support and nonzero pixels outside the region of support with zero valued

pixels. The Fourier domain constraint involves estimat.ng the PSF (image) using, the
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FFT of the degraded 1mage and image (PSF) estimate. That is. at the kth iteration.

fliwr) = Glu.v)Fi_lu.v) (2.1)
|Feoy(u.v)|2 + + af | Hiylu. o)
(r(u,l.')f‘{k_l(u.l‘)

| Heoy(u.v)]2 + af|Fey(uv)?

—
[
H
[V

—

[}k(u,r')

The real constant « represents the energy of the additive noise and is determined
by prior knowledge of th- noise contamination level. if available. The value of a
must be chosen carefully for reliable restoration. The algorithm is run for a specified
number of iterations, or until the estimates begin to converge.

The method is popnlar for its low computational complexity. Many different
implementations of this basic algorithm have been suggested. They differ in their
assumptions about the true image and PSF. and how these assumptions are imposed
in the image and Fourier domains (17]. [18]. [19]. [21]. [22]. Extensions have been
proposed for situations where several degraded versions of the same image are avail-
able [20]. [23]. Another advantage of this technique is its robustness to noise because
of the Wiener-like filters (equations 2.1. and 2.2) used in the Fourier domain.

The major drawback of the method is its lack of reliability. The uniqueness and
convergence properties are, as yet, uncertain. In addition. the restoration is seusitive

to the initial iinage estimate, and the algorithm often exhibits instability.

2.2.2 Conjugate Gradient Method

The conjugate gradient method was proposed by Lane [24] to alleviate the problems
associated with the instability of the iterative blind deconvolution method. The image
and PSF are assumed to be nonnegative with known finite support. Essentially, the
procedure involves the minimization of the following cost function using the conjugate

gradient optimization routine:

Jen) b= Y P+ T R+ Y 16w )= Fuv) A o)l

{r.y)€y (r.y)€n Y(u.v,

(2.3)
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where v; and 7, represent pixels for which the image and PSF estimates violate their
known constraints.

The algorithm attempts to minimize equation 2.3 by varyving the pixels corre-
sponding to the image estimate j:(r.y) and PSEF estimate iz(.r._u). with arbitrary
initial conditions for all pixels. Although the algorithm has reasonably low compu
tational complexity and appears to be fairly robust to notse. it suffers from incorrect
convergence to local minima. The cost J s multimodal, so the mmimization ron:
tine is often trapped in local minima. For realistic tinages, it is almost tnpossible to

achieve proper convergence.

2.2.3 Simulated Annealing Method

The simulated annealing approach by MecCallum [25] entails the minimization of the

following multimodal cost function:

J(f(e ) b))y = Y ey v htorn) - gl )
v(r.y)

The image and PSF are assumed to be positive with known finite support.. Using,
these constraints on f(r. y) and h(xr. ). a stinlated anncaling procedure is employed
for the minimization of .J. In simulated annealing. estimates of the cost funetion
parameters are iteratively varied to globally minimize J. The parameter values are
randomly perturbed. If the perturbation reditees . then it is acceptedsif it inereases
J. then it is accepted with probability p. The probability p is reduced as iterations
progress. In the case of infinite precision and infinitely many iterations, the procedure
is guaranteed to reach the global minimum of a multimodal cost function.

The restoration algorithm is reliable and provides reasonable results in the pres-
ence of noise.

The major disadvantage is that convergence to the global minimum of the cost
function is slow. The speed of convergence of the algorithm depends to a large extent

on how quickly p is reduced.
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2.3 ARMA Parameter Estimation Methods

Another approach for blind image restoration involves modelling the true image as
a two-dimensional autoregressive (AR) process and the PSF as a two-dimensional
linear system with finite impulse response. The degraded image is therefore modeled
as a noisy observation of an autoregressive moving average (ARMA) process. There-
fore, the blind deconvolution problem becomes an ARMA parameter identification
problem.

Several approaches have been proposed to estimate the ARMA parameters. Among
these are maximum likelihood estimation [26]. [27], and generalized cross-validation [28].

Although these methods are reasonably robust to noise, there exist numerous lim-
itations. Both techniques suffer from convergence to local optima. Various starting
points may be used in the algorithm, with the hope that at least one initial condi-
tion will result in a globally optimal solution. However, as the number of unknown
parameters increase with the order of the parametric models, the number of subopti-
mal solutions increase, and the number of initial guesses required to reach to global
minimum grows unacceptably large. To compensate the PSF is assumed to be of a
certain type (eg. Gaussian. out-of-focus).

[n addition, second order statistics are used to identify the parameters. Therefore.
the phase of the PSF is undetermined. To overcome this ambiguity the PSF estimate
is constrained to be symmetric, that is, to have zero phase.

Although an AR model for the image can be justified in some situations [29],
its use in restoration has shown to result in images with smoothed edges and ring-
ing artifacts because of the model’s insensitivity to abrupt changes in local imnage

characteristics [30].
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2.4 Equalization Methods Based on Higher Or-

der Statistics

This class of techniques are useful for the restoration of texture images. They are
based on the minimization of a given cost function which accounts for the probabilistic
nature of the true image [31]. [32]. The degraded image is passed through an nverse
FIR filter vielding an estimate of the true image. The FIR filter parameters are
updated in order to minimize a cost function which incorporates the higher order
statistics (HOS) model of the true image.

The main advantage to these methods is that they allow the identification of
non-minimum phase PSFs. The primary limitation is that the true image must he

accurately modelled by a known non-Gaussian probability distribution.

2.5 Zero Sheet Separation Algorithms

The method of zero sheets has received attention because it provides valuable insight
iuto the blind deconvolution problem in multiple dimensions. Lane and Bates [33]
have shown that any degraded image g, formed by convolving several individual
components f1, fa.. ... fu, having compact support, is antomatically deconvolvable
provided its dimension is greater than one. Their argnment rests on the analytic
properties of the Laplace Transform (LT) in multiple dimensions. The zeros of the
LT of a K -dimensional component f; is necessarily continnous and lies on a (2 =2)-
dimensional hyper-surface. By separating these hyper-surfaces, the individual com-
ponents may be recognized up to a complex scale factor.

Although the technique does not require any a priori information other than the
fact that the true image and blur are compact. there exist major drawbacks: the
algorithm is highly sensitive to noise, and the fastest algorithm to date [34] has a
computational complexity of O(N*), where N is the number of pixels of the blurred

image.
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2.6 Multichannel Blind Deconvolution Techniques

Multichannel techniques deal with situations in which differently biurred versions
of the same image are available for processing. Some of them attempt to improve
reliability of existing single-frame schemes by incorporating some method of averaging
in the restoration procedure [35], [6].

The most successful methods f this class are the cepstrum based high order statis-
tics algorithms [36]. The approach combines partial, higher order cepstral information
from two differently blurred frames to provide information about the individual PSFs.
Using this information, the individual PSFs are reconstructed and an estimate of the
true image is computed. The PSFs are assumed to be FIR sequences with no zeros
in common with each other, in common with the true image. or on the unit circle.
The technique is robust to additive noise. and does not require any particular infor-
mation about the image or PSF. The major limitation of the technique is that it is

computationally intensive, and is implemented only for one-dimensional blurs.
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Chapter 3

Proposed Recursive Inverse

Filtering Algorithm

This chapter introduces the proposed nonnegativity and support constraints recursive
inverse filtering (NAS-RIF) algorithm for blind d.convolution of images. A specific
definition of the problem in terms of the partial information available on the true
image and PSF is provided. The algorithm is described, and a proof of convexity of
the associated cost function is given. The chapter concludes with a discnssion of the

numerical optimization routines nsed for minimization of the cost function.

3.1 Problem Definition and Assumptions

The objective of blind deconvolution of images is to construct a reliable estimate of
the true scene. This task is achieved by using some information about the imaging
process as a reference to deconvolve the true image and PSF from the blurred image.

The problem addressed by this thesis may be stated as follows:

Given a grey-scale image g(r,y) degraded by a linear shift invariant PSF
h(z,y), find a reliable estimate of the true image f(z,y) given partial or

no information about the PSF and true image.

The goal is to obtain a scaled shifted version of the true image. That is,
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Figure 3.1: Blind Deconvolution Problem

fle.y) = K f(z — Dz,y — Dy)

Experience shows that in general K, D., and D, are not recoverable by blind
deconvolution algorithms. however, this does not constitute a severe limitation. Fig-
ure 3.1 gives an overview of the blind deconvolution problem for images.

The partial information assumed about the true image and PSF distinguishes
nsany of the existing blind deconvolution methods from one another. In this thesis,

the following assumptions are made about the imaging process, true image, and PSF.
e The degradation is described by the linear model of equation 1.3.

e The imaging is performed such that the object is entirely encompassed by the

observed frame.

e The background of the image is uniformly grey, black or white. This often
occurs in such diverse applications as magnetic resonance imaging, fluorescence

microscopy. and astronomical speckle imaging.
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Figure 3.2: Example of a Finite Support Image

e The true image is nonnegative and its support is known a priori. Figure 3.2

illustrates what is meant by the region of support.
e The true image and PSF are irreducible'.

o The inverse of the PSF exists and both the PSF and its inverse are absolutely

summable. That is,

Z Z lh(z,y)| < 0o

TT=00 Y= —00

and

$ S ) < o

r=—00 Yy=—0

No other constraints are imposed for the PSF. If the actual support of the true
image is unknown, a novel support-finding algorithm, described in chapter 5, is used
to determine the extent of the object.

Constraints of nonnegativity and support have been used in non-blind restoration
problems to improve resolution of gamma-ray spectra (37], [38]. Evidence exists that

nonnegativity and support information can extrapolate high frequency components

1 An irreducible signal is one which cannot be expressed as the convolution of two or more com-
ponent signals, on the understanding that the two-dimensional delta function is not a component
image
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lost when distortion is bandlimiting [39]. Therefore, such constraints hold promise in
blind image restoration.

The problem is that of finding an estimate of the image flz,y), given g(z,y) by
minimizing a criterion that incorporates knowledge of the support and nonnegativity
of the true image. A solution which globally minimizes the criterion is termed a

feasible solution.

3.2 Proposed Approach: Recursive Two-Dimensional
Equalization

As described in Chapter 2, existing blind deconvolution techniques for images exhibit
a poor compromise among computational complexity, reliability of solution, robust-
ness to noise, and portability. They are, therefore, unsuitable for practical imaging
applications.

The objectives of a new blind deconvolution scheme are to have low computational
complexity, yet produce reliable results. The algorithm should exhibit improved con-
vergence properties over existing techniques and should provide meaningful solutions
in the presence of additive noise.

The proposed NAS-RIF algorithm belongs to the class of nonparametric restora-
tion techniques described in section 2.2. In this class of methods, the object is as-
sumed to be imaged completely within the frame. In addition, the true image and
blur are assumed to be nonnegative with known support. Similarly, in the NAS-
RIF method, the same assumptions are made about the true image; in contrast the
proposed method does not require that the PSF be finite in extent with known di-
mensions. Instead, the PSF is required to have an inverse. Chapter 6 compares the

performance of the proposed technique with the existing techniques of this class.
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3.2.1 General Introduction

The novel algorithm presented is globally structured. Globally structured algorithms
refer to a set of linear image restoration techniques which use information from a
wide data region, if not the entire data set, for restoration of a single pixel [3]. This
approach is useful in blind restoration because of the importance of maximizing the
use of what little information is available. An iterative approach is chosen to perform
blind deconvolution because such techniques do not require statistical knowledge of
the image and/or blur. In addition, they are flexible in incorporating a priori nfor-
mation, are free from causality restrictions, and have shown to restore high quality
images without degrading detail for situations where the PSF is known [10].

Most of the existing iterative techniques can be grouped into two subgroups:
1) least squares estimation (LSE}, which entails the minimization of a squared-error
criterion [40], and 2) projection onto convex sets [41],[42]. The latter, projection onto
convex sets (POCS), identifies convex sets lying in 1mage parameter space (usually
RY, where N is the number of pixels in the image estimate), corresponding to a priori
knowledge about the noise and true image. A given convex set represents the set of
all possible image estimates for a corresponding assumption about the image or noise.
At each iteration. an estimate of the image is successively projected on every convex
set to obtain an updated estimate. Convergence of the procedure is guaranteed by the
convexity of the sets under consideration. If there is a large amount of information
available, the solution is restricted to lie in a small set containing the desired signal.
If the information is sparse, however, the solution set becomes too large to produce a
reasonable reconstruction. In this present form, POCS is not suitable for blind image
restoration.

A more appropriate method for blind image restoration is least squares estimation.
To apply this approach an error criterion or cost function must be chosen to reliably

evaluate how appropriate an image estimate is. The proposed cost function is

J= ¥ e+ X (flzy) - Ls) (3.1)

{z,¥)€Dney (z,9)€EDsup
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where D,,, is the set of all pixel locations of f(z,y) within the region of support,
D..., is the set of all pixel locations within D, for which f(z.y) is negative, and
D,.p is the set of all pixel locations of f(x.y) outside the region of support. Thus,
D,y is the complement of Dy, Lp is the average pixel value of the background.
Since any scaled version of the true image is acceptable, L can be assigned to any
arbitrary non-zero grey level value if the background is not black?. The case where
Lg = 0 is discussed in Chapter 4.

A major limitation of the existing techniques in the class of nonparametric finite
support methods is that the cost functions used for minimization are not convex. The
proposed cost function of equation 3.1 is. however, convex®, which results in much
more reliable restoration.

In fact, the proposed blind deconvolution method for images is motivated by
the blind equalization algorithms for communication channels that use convex cost

functions [43].

3.2.2 Proposed Blind Deconvolution Scheme for Images

The problem is that of coustructing a reliable estimate of tne true image from the
received blurred image. For the remainder of this thesis. f(z.y) will denote the image
estimate, f(z,y) the true image, h(z,y) the PSF, and g(z,y) the degraded image.
The image estimate f(z.y) is updated using the cost function of equation 3.1. The
following scheme is developed.

The scheme is similar to that of training a solution in system identification. The
difference is that a training signal is not available for blind deconvolution; therefore, a
method of supplying some sort of training signal is required. In the proposed method
a nonlinear transformation of f(x,y) is used.

The received blurred image g(z,y) is filtered by a variable FIR filter u(z,y) to
produce an estimate of the image f(z,y). This estimate is passed through a nonlinear

filter which uses a non-expansive mapping to project the estimate onto the convex set

2{n this context black corresponds to a pixel value of zero.
3The proof of convexity is presented in section 3.3.
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Figure 3.3: Proposed Blind Deconvolution Scheme for Tmages

corresponding to the known characteristics of the true image. The ditference between
this projected image, fane(x,y), and f(x,y) is used as the error signal to update the
variable filter coefficients. Figure 3.3 provides an overview of the scheme,

The NL block represents the non-expansive mapping. For the particular assump-
tions made about the true image in this thesis, it represents the projection of the
estimated image into the set of images that are nonnegative with given finite sup-
port. This entails forcing the negative pixel values within the region of support to
zero and all pixel values outside the region of support to Ly.

The cost function in terms of its parameters {u(z,y)} is presented below. The

image estimzte f(r,y) in equation 3.1 is replaced by its convolved components ulr, y)

and g(r.y)-

Ju(1,1),u(1,2), ... . u(New. Nyu)) =
—qu N!l“

S Y uyglr =+ Ly -y + D]+

(2,9)€Dneg L='=1y'=1

2

qu N!l“ L
> S Y wle,y)gle ~' + Ly—y + )] - Ly

(I-Q)EDeup L r'=1 yl=l J
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The pixel indices of u(z,y) and g(z,y) range from (1. 1) to (Nzu, Nyu) and (Nzg, Nyg),
respectively. For compactness, the form of equation 3.1 will used when referring to
the cost function: however, its dependence on u(z,y) should be recognized. The next
section introduces the concept of convexity and proves that the proposed cost function

1s convex.

3.3 Convexity of the Proposed Cost Function

3.3.1 Definition and Implications of Convexity

The convergence properties of a blind deconvolution algorithm are important since
they dictate to a large extent the reliability of the restoration technique. Convexity
of the cost function implies that no local maxima or minima exist. This is highly
desirable because it suggests that the global minimum of the cost function can be at-
tained using one of a variety of numerical optimization algorithms from any arbitrary
parameter initialization. Convergence to the feasible set of solutions is guaranteed.

Before convexity of a function is defined, a preliminary concept is introduced.

Definition 3.1 (Convex Set) A set C C RY is said to be convex if ax + (1 — a)z’

is in C whenever £ and &' are in C, and a €]0,1].
Geometrically, this implies that the line-segment
[£,2] :={az+(l —a)r’: 0 < a < 1}
is entirely contained in C whenever its endpoints x and z’ are in C.

A conver function can be defined using the definition of a convex set.

Definition 3.2 (Convex Function) Let C be a nonempty convez set in RVN. A
function f: C — R is said to be convex on C when, for all pairs (z,z') € C x C and

all a €]0,1[, there holds

flaz + (1 — a@)2') < af(z) + (1 - &) f(2') (3:2)
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Figure 3.4: Examples of Convex/Nonconvex Functions

We say that f is strictly conver on (" when the relation of 3.2 holds as a striet
inequality for ¢ # z'. The distinction between convexity and strict sense convexity
is important because it determines the uniqueness of the solution of a minimization
routine. Convexity implies that there exists a set of parameter values for which the
cost function has a global minimum. whereas strict-sense convexity guarantees uni-
modality (unique global minimum) of the cost function. Figure 3.4 provides examples
of nonconvex, convex and strictly convex functions in R®.

When dealing with convexity, it is convenient to consider a function f as being
defined on the whole space RV, by allowing the value of + o0 for f(x). Classically,
convexity involved a pair (C, f), where C is a nonempty convex set and f is a function

from C to R satisfying inequality 3.2 on C.
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Such an f can be extended beyond C via the function

flz) forxeC
+ o0 forxgC

fele) ==

This eztended-value function f. sends R™ to the set RU { + oc}. In the remaining
chapters all (potentially) convex functions are considered to be of extended-value.
The subscript “e” is therefore dropped and definition 3.2 is accordingly replaced by

the following definition of convexity [44].

Definition 3.3 (Convex Function) A function f : R¥ — RU{ + oo}, not iden-
tically equal to + oo is said to be conver when, for all (z,z') € RV x RN and all

a €]0, 1], there holds
flaz + (1 —a)r') < af(x) + (1 —a) f(«)

considered as an inequality in RU [ + oco}.

The class of such functions is denoted by ConvR¥. The remaining theorems stated

in this thesis will refer to the above meaning of ConvRN.

3.3.2 Proof of Convexity

A useful criterion to determine the convexity of a function entails the function’s
Hessian matriz which incorporates the second partial derivatives of f. The Hessian

matrix is defined below for a function of N parameters, {z1,Z2,..., TN}

Definition 3.4 (Hessian of a function) The Hessian of a function f : RY -Ris

defined as
azuzh....ru! - azf!.th...v.ta!

Ary REIGESS

vzf(;lfl,;lfz,...,.’t]v)é E .
azf!:: e TN) 3 f(zy,...TN
Bznin; al?N
Here, f(z) wherezr € RV is replaced with f(z1,...,2n) wherez; € Rfor: =1,2,..., N

for clarity. Another important definition is that of an ope-. set.
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Definition 3.5 (Open Set) A set of points S is open if every point thal is a member

of S has a neighbourhood completely in the set S.
For example, in a normed space . a neighbourbood about a point w of radius ¢ is
defined as
B.(w):={:€e W:jw—-=z:|<e}
Thus, a set S in a normed space W is open if for every s € 5 there exists an = > U)
such that B.(s) is contained in 5. The set RY is open.

To prove convexity of a given function, the following thevrem is used [44]:
Theorem 3.1 Let f be twice differentiable on an open conver set {1 C R™. Then

1. f is convexr on Q iff V2 f(rq) is positive semi-dcfinite for all ry € ()

2. if V2f(xo) is positive definite for all ro € 2, then f is strietly conver on Q.

To apply theorem 3.1, we must determine if the cost firnction is twice differentiable
over RV, the space spanned by the associated parameters.
Recalling that f(e, y) = u(x.y)*g(r, y). the proposed cost function of equation 3.1

can be represented as

J = 3 fz(z,;r/)[1 —Sg".(zf(’r'y))} + S e = Lel® 183

(£.9)€Dsup (z.¥)€Dup
where the following definition for sgn(-) is used:
I iff>0 .
sgn(f) := (3.4)
-1 if f<0

The difference between equations 3.1 and 3.3 is that the set of summation indices
elements D, in equation 3.1 is replaced with D,,,. To compensate, a nonlinearity
is introduced in the corresponding summation argument. Equation 3.3 is easier to

analyze because the summation indices elements are fixed and do not depend on the
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parameters {u(z,y)}. J can be broken into components J; and Jy as defined below.

JI — (Iy)ezl)‘ f‘l(‘r.y) [1 _sgng’f(‘r'y))} (3.5)
b= Y fzy) - Ls] (3.6)
(z.5)ED:up

Convexity of J may be proven by determining the individual convexities of J; and

J, and using the following theorem [44]:

Theorem 3.2 Let fi,... fm be in ConvR™, t,,....tm be positive numbers, and as-

sume that there is a point where all the f;s are finite. Then the function

m

f=3tf;

- - r
is in ConvRN.

The presence of the sgn(-) function reveals that J; is not twice-differentiable, so
theorem 3.1 cannot be directly applied to prove its convexity. Appendix A provides a
detailed proof of the convexities of J; and J,. Given that they are convex, it follows

from theorem 3.1 that .J is convex.

3.4 Uniqueness of the Global Minimum

Iu the preceding section, no reference to the strict-sense convexity of the proposed
cost function was made. This is an important characteristic because it guarantees
the uniqueness of the global minimum {44]. From theorem 3.1, part 2, we see that a
function is strictly convex if its Hessian is positive definite. Appendix A shows that
V2J is in general positive semidefinite. The conditions under which V2J is positive
definite for all possible parameter settings of u(z,y) are sufficient for the solution of
the proposed NAS-RIF algorithm to be unique.

Since V2J can be written as the sum of V2J; and V2J,, it is sufficient for V2J to be

positive definite if either V2J; or V2J; is positive definite. Therefore. the conditions
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on g(z.y) under which either V*J, or V), is positive definite are investigated to
determine situations for which J is unimodal.
The following theorem provides a method of distinguishing a matrix that is posi-

tive definite from one that is positive semidefinite [45].

Theorem 3.3 A real symmetric matriz A is positive definite (positive semi-definite)
if and only if there exists a nonsingular matrir B (a possibly singular matrir B) such

that A= BBT

Theorem 3.3 is nseful because a positive semidefinite matrix can be written as

N B

A=BBT =Y bb] (3.7)
1=1

where Ng is the number of columns in B and b, is the ith column vector of B.

For A to be positive definite, B must be full rank, ic., {6} should be linearly
independent. Therefore. a general N x N positive definite matrix can he represented
as the sum of single rank matrices p;p7, where N of the column vectors {p.} are
linearly independent.

The Hessian matrix of JJ can be written as

Vi = Vi 4+ Y,

. T . T o
= rllfgo Z AT(I~ y)flry.‘lry + l Z .‘/:y.’l;-y ("'h)
‘I-!l)ensup (r,ylﬁm
g(x.y) 7
glz.y=1)

=Y
where g,, =

_g(-’r_’Nru"’lyy—Nyu‘*‘l)_

The coefficient A,(z,y) is a function of the inverse filter parameters {u(r,y)} and
is defined in equation A.2 of Appendix A. The parameter r is the regularization

constant also discussed in Appendix A.
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To evaluate the conditions for which V2J; is positive definite. the dependence of
lim, —..., A-{x.y) on u(x,y) must be taken into account. From Appendix A,

lim A, (z,y) =0 for all (z,y) € Dswp

r—c0

if f(r,y) >0 forall (z,y) € Dsup- Since the grey-scale blurred image glz,y) is an
intensity distribution, its pixels are nonnegative. Any all-positive setting of u(z,y)
results in f(z, y) > 0 for 2! (z,y), which implies lim, oo Ar(x,y) = 0 for all (z,y) €
D,up. According to theorem 3.3, V2J, is in general positive semidefinite, but not
positive definite, for all nonnegative blurred images g(z,y). Therefore, if V2J is to
be positive definite, V2J, must be positive definite.

From theorem 3.3, it is necessary for the number of elements in D,., denoted by
|| Dyup || to be greater or equal to NzuNyu, for V2J; to be positive definite. Allowing
Npg X Nyg. Lzg % Lyg, and Neg X Nyj to repres=nt the dimensions of the blurred image,
dimensions ¢’ the support of the true image, and dimensions of the restored image,

respectively. the inequality || Dsup [[2 NzuNyu is proven.

| Doup | = NegNyg — LzgLlys > NegNyp = NegNey
= Nﬂvyu+(Nru_l)(Ny9_1)+(Nyu"l)(Nrg"1)—l
> NplNyu =1

where the relations Nzy = Nzg + Nou — 1 and Nyp = Nyg + Ny — 1 are used.
2ol Doup 12 NzwNyu (3.9)

Figure 3.5 shows the region corresponding to D.up in terms of the other parameters
and size of the blurred image. Regardless of the number of elements in the equalizer,
|| Doy || will always contain at least Noy Ny, elements. From theorem 3.3, it follows
that V2J, is positive definite if there are NeuNyu linearly independent vectors gy for
(x,y) € Dop. For any fixed inverse filter dimensions, the rank of V2J, depends on

the elements of g(x,y).
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Figure 3.5: Region of Support of the True Image
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Thus, a sufficient, condition for the solution to the proposed algorithm to be unique
is that there exists Nz Ny, linearly independent vectors g-y for (z.y) € Dyyp- Linear
dependence of the g, vectors occur if g(z.y) is composed solely of exponentials
sinusoids, or damped sinusoids [46]. Experience shows that for practical images.
the solution to proposed algorithm is almost always unique. For the simulations
conducted, the algorithm always converged to the true image.

Under ideal situations, of infinite extent filter u(z,y) and absence of noise, the
solution is not unique. For example. if the blur is smaller than the image. there are
infinite number of taps, the background of the true imageis black and the true image is
also invertible, a cost of zero can be obtained if the inverse filter represents the inverse
of the true image or the inverse of the PSF. Thus, the solution of the algorithm is
not unique. Many erroneous intermediate solutions can also exist. A non-unique
solution also occurs if the image is reducible, that is, it can be represented by the
convolution of two or more components. In such a situation, the result can be any
of the convolutional components of tie true image, and intermediate solutions. The
possibility of these erroneous soiutions is one of the dilemmas of blind deconvolution
algorithms. With the lack of sufficient information, it is difficult to overcome this

problem, so such solutions are acceptable for blind deconvolution purposes.

3.5 Optimization Algorithms

Various methods exist in the literature for the minimization of convex cost func-
tions [44], [47]. Since the proposed cost function is nonlinear, its minimizer is difficult
to determine analytically, so numerical techniques are used. A variety of numerical
algorithms are available for unconstrained optimization of convex functions [48]. The
methods differ in such aspects as the assumptions made about the structure of the
cost function, necessity of the gradient of the cost. and storage requirements.

An optimization algorithm which makes efficient use of available irformation is
desired. Since the gradient of J is easily computed, the class of descent algorithms

are considered. They are popular for their simplicity to implement and understand.
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Table 3.1: Sumnmary of a general descent routine

e An initial guess ug € RV and tolerance & > 0 are set.
e Begin loop; set k = 0.
1) (Test stopping criterion) If J(ug) < &, stop.

2) (Determine the direction of descent) With the help of a model of the problem aronnd u,
find d. € RY for which 3¢ > 0 such that J(ue + tde) < J(ur)

3) (Perform line-search). Evaluate J(u;+tdg) for various values of £; find a convenient £ >0
satisfving in particular

J(ue + tede) < J(ug)

4) (Update solution estimate). Set upy) = up + tpdi; replace k by £+ 1 and loop to 1).

In such methods, a sequence {u;} is constructed such that
up — i where J(@) < J{u) for all v € RV

or at least

VJ(ur) — 0 when k — oo (3.10)

The terin descent is used because J is forced to decrease at cach iteration. A min-
imization algorithm is said to be convergent if relation 3.10 holds. Table 3.1 gives
a summary of the general descent routine. The variable .J represents the cost, wu;
is the estimate of the solution at the kth iteration, d is the direction taken by the
line-search routine to obtain ug4i, and £y is the current step-size. The quantities J(u)
and VJ(u) are assumed to exist and be computable.

Two different classes of descent algorithms are investigated: steepest descent
methods and conjugate gradient methods. They differ from one another in the selec-

tion of d;.

3.5.1 Steepest Descent Methods

The most popular descent routine is the steepest-descent method. [t is commonly

used because it is straightforward to understand and implement. In this method, the



direction of steepest. descent of J at the current location u is selected as the direction

to travel in order to minimize the cost J. Specifically, a direction is chosen such that
mlin{< VJ (ug). d >:|lld Il =1V I (ui) N (3.11)

where d is the direction of travel, < -,- > is a predefined inner product defining VJ
and a predefined norm |{|d |||, not necessarily < -, - >1/2_ Minimization of equation 3.11
corresponds to the steepest-descent direction. The choice of ||| - ||| has little influence
on whether u; converges or not to the minimizer . However. it does influence the
speed of convergence as discussed in [44]. For the situation where ||| - i =l - || induced
by a scalar product < -,- > defining VJ, the steepest descent algorithm becomes the
well-known gradient algorithm. The convergence of such algorithms are in general
extremely slow compared to the conjugate gradient method, and no indication of the
optimal step-size ¢ is given.

Table 3.2 gives a summary of the NAS-RIF method using the steepest descent
gradient algorithm for minimization of the proposed cost function of equation 3.1
The gradient V.J(ug) is an NpuNyu X 1 column vector and is computed using the

following equation

B.I(uk)
[v'](uk)]]-'*'(t‘—l)qu.l = au(l,_])
=2 3 flzyglz—i+Ly—j+1)
(.9)€Dneg
+ 2 Y Udzy) = Lelglz—i+Ly—j+1)(3.12)
(z.9)€Dup

where j:k(;r,y) = ug(z,y) * gz, y).

3.5.2 Conjugate Gradient Methods

The concept of conjugate directions has been introduced successfully in optimization
theory, and was motivated by the need to accelerate the steepest descent methods [44].

One of the advantages of this method is that convergence in a finite number of iter-
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Table 3.2: Summary of the NAS-RIF method using the steepest descent gradient
algorithm for optimization

e Selert the largest step-size t (experimentally) such that the minimization algorithm is stable.
e Set initial conditions (k = 0):
UZ = [uk(l, 1) ..... uk(lvru'*' l)/g‘(Nyu"’ l)/2v~~--uk("\rrnw\'yu\’l

= {o...., I...., 0]
§ > Oisset.

» At iteration (k): £=0,1,2, ...

1) If J(ug) < 8. stop.
2) dp = =V J(uk)
3) U4y = U + tedy

where u; € RNV=+Nvs is the current estirnate of the inverse filter, and V.J(ug) is calculated as in
equation 3.12.

ations is guaranteed when a quadratic cost function is used and exact arithmetic is
assumed. Even for nonquadratic costs, the method shows considerably increased con-
vergence speed [49]. The algorithm is based on the premise that information about
the curvature of .J with each new iteration can accelerate convergence. The “best”
direction to move is not always the instantaneously steepest d”-ection.

The rationale behind the conjugate gradient methods is algebraic. The set of
directions {di} should include “non-interfering” directions with the property that
minimization along one direction is not “spoiled” by subsequent minimization along
another. When the cost function is quadratic, these directions are called conjugate

directions, and are related by the expression [44]

< Q(l,’,(lj >=0 fori#j

where Q is the cost function’s Hessian matrix.

The cost function is, therefore, minimized by proceeding in directions conjugate
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Table 3.3: Summary of the NAS-RIF method using the conjugate gradient algorithm
for optimization

e Set initial conditions (k = 0):

HZ‘ [Uk(ly l)v .- —vuk(fvru + l)/.zv(‘vyu + 1)/2v--~yuk(N:uy Nyu)]
= [0,...,1....,0]
§ > Ois set.

e At iteration (k): k=0,1,2,...

1) If J(ug) < 6, stop.
2) fk=0,de = —VJ(ug). Otherwise, dp = =VJ(ug) + Be-r1di -1

3) Perform a line minimization to find t; such that

J(ue + tede) < J(ue + tde) forte R

4) upy = ux +ide

where u; € RV=="r is the current estimate of the inverse filter, VJ(ux) is calculated as in equa-
tion 3.12, and S is given by equation 3.14.

to all previous directions traversed. From [44], these directions are related by

diyr = —VJ(ugsr) + Brdy (3.13)

where k& is the iteration, and

< VJ(ugsr) = VI (u), VI (1) >
| 7 (ui) 2

B = (3.14)

and is called the Polak-Ribiére formula. There exists eviuence [50] that this choice of
Bi provides fast convergence for general non-quadratic cost functions, as well.

For cost functions that are not exact quadratics, one can “pretend” that J is
quadratic, and hope that the directions of equation 3.13 are more efficient than the
plane gradient used in the steepest descent methods. Table 3.3 gives a summary of

the NAS-RIF methods using conjugate gradient minimization proposed cost function.
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Figure 3.6: Convergence rates of the steepest descent and conjugate gradient methods

3.5.3 Comparison of Convergence Rates of Optimization

Algorithms

The proposed cost function of equation 3.1 is composed of the two components pre-

sented below:

h= ¥ f-Q(x,y)[l—sgnu‘(w,y))]

(I,y)ED.uP 2

S [ftz,y) - Lal

(z,y)€Deup

Ja

i

J, is exactly quadratic, and .J; is similar in form to a quadratic function, the
difference being the presence of the sgn(-) function. Therefore, the conjugate gradient
algorithm appears to be an intuitively more efficient choice for the optimization of
Ji + Ja, than the steepesi descent algorithm. Experimentally, it does not exhibit
the slow convergence of the steepest descent algorithm. Figure 3.6 compares the
algorithms presented in tables 3.2, and 3.3 for a blurred image using a 13x 13 equalizer.

The conjugate gradient algorithm converges approximately 3 orders of magnitude
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faster than the steepest descent method. In all simulations conducted for this thesis,
the conjugate gradient method exhibited much faster convergence than the steepest

descent. The conjugate gradient method has been successfully used in iterative non-

blind deconvolution algorithms [51], [52], [53], [54]-
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Chapter 4

Performance Improvement

Techniques

Although convergence to the feasible set of solutions! is guaranteed with the proposed
method, the question arises as to whether this solution is sufficiently close to the
true image. In the development of the algorithm, two practical considerations were
overlooked: a finite-dimensional equalizer must be implemented to approximate the
(generally) infinite extent inverse PSF. and additive noise is present in the degraded
image. This chapter addresses the effects of finite equalizer parameters and noise
on the restoration algorithm. Performance improvement techniques are proposed to

alleviate the resulting ill-effects.

4.1 Finite Equalizer Parameters

4.1.1 Effect of the Finite Equalizer on the Global Minimum

In general, the true inverse of a PSF is infinite in extent. Therefore, attempting
to invert the effect of the blurring process using a two-dimensional FIR filter only

approximates the true image. Convexity of the cost function is preserved in the finite

1The feasible set of solutions is defined as the set of all solutions which globally minimize the
associated cost function of a problem.
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parameter case, however, the question which naturally arises is whether the global
minimum of the proposed cost function occurs sufficiently close to that for the infinite
parameter case.

A measure of the reliability of the image estimate is derived by exploiting the con-
tinuity of the cost function with respect to parameters u(z,y). Appendix B provides
analysis showing that the global minimum of the cost function in the finite parameter
case is close to the global minimum of the cost function in the infinite parameter case
u". The following inequality is derived for noiseless conditions:

J(uN=M)y < U+ €G]

mar

Sil4 Il Dreg Il + | Disue ]

The significant parameters are briefly defined below:
J* is the global minimum of the cost function for an infinite extent equalizer.

J(utV=Ns}) represents the cost for the truncated inverse filter of dimension (2/N; +

1) x (2N, +1).

u*(x,y) represents the global minimizer of J, such that it is the true inverse PSF,

and J(u™)y=J"

uV=Ny) is a truncated version of u*(z,y), expressed as

u*(z,y) for |z| < Nz and ly| < N,
ulM=M) (g y) = v

0 for jz| > Nz or ly| > Ny

£ is a positive constant such that

T Y e Y @l (4.1)

[£[>Nz+1 [y| 2Ny +1 r=—00 y=~00

Gumas represents the maximum value of |g(z, )] for all (z,y).

|| Dueg || and || Dyup || are the number of elements in Dy, and Dy, respectively
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and

oo

Se= 3 % ey

r=—0o y=-—0co

Appendix B provides detailed definitions.

The inequality of 4.1 shows that ¢ can be made sufficiently small by selecting
(N., N,) to be appropriately large. This suggest:s that J(uM=M)) can be made arbi-
trarily close to J= through the selection of (N, Vy). Because of the continuity of J
with respect to u(z,y), the global minimum of J for finite extent paramets2: can be
made “close” to u”(r,y). Thus, the restored image can be made arbi*.arily close to

the true image.

4.1.2 Possible All-Zero Global Minimum

For applications such as magnetic resonance imaging and astronomy, where the back-
ground is often black?, an assignment of Lg = 0 must be made in equation 3.1.

Suhsequently, the cost function becomes:

J= ¥ Puy+ T ) (4.2)

(I‘y)ED"'y (Ivy)ensup

Intuitively, one can infer that for noiscless conditions, availability of an infinite
extent equalizer and infinite precision, any nonnegatively scaled version of the inverse

PSF ku*(z,y) will globally minimize the cost function. For this parameter setting,
fz,y) = ku'(z,y) * g(2,y) = kf(z,9)
where f(z,y) is the true image; the cost becomes
o= S B+ Y FSey)

(rvy)GD"'Q (tvy)eD"‘P
=0

2[n this context black corresponds to a pixel value of 0.
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because

kf(x,y) 20= D..g = {@}

and

kf(z,y) = 0forall{z,y) € D;.,

for k > 0. Any positively scaled version of the true image is an acceptable solution
to the minimization problem. Unfortunately, the all-zero solution which occurs for
k = 0 must be avoided.

In practice, when the equalizer is finite in extent and noise exists, there is only

one minimum and it is straightforward to see that it occurs when
f(a:,y) =0= u(z,y) =0 for all (z.y)

Thus, the cost function is uniquely globally minimized at the trivial all-zero so-
lution. Unfortunately, the desired set of solutions lic on a ray corresponding to any
positively scaled version of tk= PSF inverse, where the cost is nonzero, but small. Fig-
ure 4.1 shows the surface plot of the cost function for two-dimensional parameters.
The ray of desired solutions resembles a valley.

The existing nonparametric finite image support restoration techniques concen-
trate on the situation in which the background is black, and it is therefore important
to address this practical limitation of the proposed algorithm. The next section dis-
cusses techniques which can be used to successfully constrain the parameters away

from the trivial all-zero solution.

4.1.3 Methods of Constraining Parameters from the Trivial

Solution

To counstrain the global minimum in equation 4.2 away from the trivial solution, two

issues must be addressed:

1. What type of constraint should be imposed on the parameters of the equalizer?
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Proposed Cost Function

u(2) 4 -3

u(1)

Figure 4.1: Proposed cost function in two-dimensions for Lg = .

9. How should the constraint be incorporated into the optimization routine?

Sealection of Constraint

The trivial solution can be avoided by constraining {u(r.y)} to a set excluding the
origin.
Unfortunately, there is no guarantee that the cost function is convex under an

arbitrarily constrained parameter space. The following theorem provides insight [44].

Theorem 4.1 Let C; and C; be nonempty conver sels in RN, such that C; C ). A

conver function f on Cj is also convez on C,.

If the constrained set of possible parameters forms a convex set, then convexity of
J is preserved. Therefore, the problem becomes that of constraining the parameters

{u(z,y)} to a convex set, excluding the origin, yet including a desirable solution. One
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method of accomplishing this is to constrain the parameters using a linear constraint

T 1 (4.3)

=
il

where

al =[a(l,1) a{l,2)---a Nizws Nya)]
ul = [u(1,1) w(1,2) - (News Nyu)]

are chosen to exclude the origin and include a desirable solution. Equation 4.3 forms
a convex set with respect to the parameters {u(z,y)}-
To select a, some additional information about the PSF or its inverse may be

used.

Peak of the Inverse PSF For instance, if the inverse of the PSF is known to have
a unique peak within a certain range (xap £ A, yar £A), then u{rar,ym) =1 is

used as a constraint. That is,

1 if (x,y) = (zar.ym)

0 otherwise

The assumed true image support must be made larger to provide room for
error in the location of the peak. Thic location may be available in situations
where the physics of the imaging system allows some assessment of the spatial
concentration of the PSF. If this information is not available, other constraints

based on the assumptions stated in section 3.1 may be applied.

Nonnegativity of the PSF Yor example, the nonnegativity of the PSF can be ex-
ploited. Since the PS5t is nounegative, its sum is a positive constant, and rep-
resents its discrete time Fourier transform (DTFT) coefficient f(w) at w = 0.
Similarly, the sum of the inverse PSF is also positive since its DTFT coefficient
is the reciprocal of H(w). In many situations, the im. ging system is assumed
to preserve the mean value of the true image, in which case 3 h(z,y) = 1,

and subsequently, 3~ h~'{x,y) = 1. Therefore, the equalizer coeflicients can be
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constrained such that their sum is equal to one. That is
al =[111---111]

or {u(z,y)} is constrained to the convex set

Niu Nyu

SN u(zy)=1 (4.8

z=1y=1
Nonnegativity of the True Image If the linear degradation occurs from trans
mission, then the effective blurring is not necessarily nonunegative, and the sum
of the blur pixels could potentially be negative. In this situation, equar m 4.4
cannot be used, : ad the following constraint, which makes use of the knowledge

that the true image is nonnegative, can be applied:

Y flayy=1

(rty)el):up
or. in terms of {u(r.y)}
N.zn Ny“
S Su(zy)| Y gl —xzy -y = (4.5)
r=1 y=1 ('3 YEDsup

The constraint of equation 4.4 is preferred to that of equation 4.5 because of
the added computational complexity cf incorporating equation 4.5. Both -onstraints

produce comparable re: .orations in simuiations.

Method of Constraining Parameters

Many methods ex’st in the literature [44], {47] for constrained optimization. In this
section, few of the methods used in the applications of i*erative iimage restoration and

blind equalization are discussed.

Projection Method The first method, commonly referred to as the projection method

[39], [55] involves projecting the paraincters onto the convex constraint set after

44




each parameter update of the descent routine. This is one of the simplest and
computationally efficient methods of incorporating deterministic constraints.
The applicatior of constraints in this manner is not consistent with the conju-
gate direction methods, but has nonetheless been used in conjunction with them
[51], [52]. Experimental results show that some computational power is wasted

by projecting the parameters back to the constraint set after each iteration.

Parameter Rotation Method The second method, which has been proposed for
blind equalization [43], only works for linear constraints. It involves rotating
the set of parameters in the constraint set from {u(z,y) : alu=1}to {a(z,y)}

such that

where

= {a(1,1) a(1,2) - a{ New, Nyu)]

and g is any solution tv ‘he constraint a’u = 1. The matrix V' consists of
columns (usually orthonormal) that span the space orthogonal to ¢. The mini-
mization must be accomplished with respect to {a(z,y)}, so the cost function
and gradient calculations require, in general, Ny Ny, more calculations on every

call than originally.

Penalty Method The final method consists of adding a penalty term to the cost
function to constrain the parameters. It is a common technique of converting a
constrained optimization problem to an unconstrained one [56]. The new cost

function becomes

Nzu Nyu

J= ¥ P+ L Py Y ey - 1P

(£.y)EDney (:,y)e[)_.up =1 y=1

This approach does noi necessarily constrain the parameters to the constraint
set. Instead, it finds a compromise between minimizing the function and con-

straining the parameters. Because we require that the constraint only climinate



the trivial all-zero solution. this is not a disadvantage of the proposed algorithm.
In addition, the technique does not interfere with the conjugate direction meth-
ods nor does it require the computational expense of the parameter rotation
method. Most of the simulations of Chapter 6 usce the penalty method with

~ = 1 in conjunction with the following constraint:

4.2 Effects of Noise

In practical situations, the blurred image is corrupted by additive noise in the degra-

dation process. Common types of noise are:

Electronic noise resulting from the thermal motion of electrons in the electronic

components of the imaging system.

Photoelectric noise due to the statistical nature of light and photoelectric conver-

sion process in the image sensor.

Film grain noise from the randomness of silver halide grains in the film that records

the image.
Quantization noise which occurs during image digitization.

In practice, exact restoration of the original scene from the observed data may not
be possible, even with knowledge of the degrading system characteristics, hecause of
the ill-posed nature of the image restoration problem by the the presence of obser-
vation noise. Imnage restoration methods must attempt to improve the image to be

visually as close as possible to the original scene.
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4.2.1 Ill-conditioning of the Blind Image Restoration Prob-

lem by the Presence of Noise

The ill-posed nature of a problem is observed by recognizing that a small perturbation
of the given data produces large deviations in the resulting solution. Since the process
of equalization attempts to restore the image by direct-inversion of the PSF, the
problem is often ill-posed owing to the presence of additive noise. This follows because
the direct inverse of the blur transfer function usually has a large magnitude at high
frequencies, so excessive amplification of the noise at these frequencies results.

In [57], Nashed suggests that the classification of a problem as ill-posed depends
on the notion of the solution, the admissible data, and the measure of continuous de-
pendence. A problem is considered to be well-posed if for the set of possible admissible
data a solution exists, is unique, and depends continuously on the data. Otherwise,
the problem is ill-posed.

In section 3.4 the uniqueness of the solution of the proposed algorithm is shown
to depend on the Hessian matrix presented in equation 3.8. Since the additive noise
perturbs the pixels of the degraded image g(z,y), the Hessian given in =quation 3.8
can lose rank, thus loosing uniqueness of the solution. The problem can, therefore, be
viewed as ill-posed. However, this is a pathological case that occurs with probability
zero in practical situations.

Appendix C shows that the minimum of the support constraint cost function Jp
can be represented as a sum of terms, each inversely proportional to the singular

values A, , related to the following matrix:

[ g1 g(1,0) oo g(~Ne+2,-Nyu+2) |
. g(1,2) g(1,1) cor g(=Nzw +2,—-Npu +3)
A 9(Nzgy Nyg) g(Neg, Nyg +1) ... 9(Nzg, Nyg)

where Ny, x N,, are the dimensions of the equalizer, Ny x Ny, are the dimensions

of the blurred image, and N, x N, are the dimensions of the restored image.
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The global minimum of J; occurs at

New Nyw T [ p

- Zmn=mn
u - —————————

m=1n=1 '\""v"

where v,, ., L. and w,,,, are NegNys x I, NepNyp x 1 and N, Ny, x 1 real vectors,
respectively, defined in Appendix C.

Any small perturbation of the elements of this matrix will slightly perturb the
singular values, which in turn results in a potentially large perturbation of the global
minimum, if Ann is small. Appendix C shows that on average, zero-mean additive
white Gaussian noise (AWGN) has the effect of perturbing the singular values by a
term proportional to the variance of the noise o2. Therefore, the solution is effected

by noise to a greater degree if the ratio of Ann (in the noiseless situation) to ol is

small.

4.2.2 Effect of Noise on Cost Function

Analysis of the effect of noise on the cost function provides valuable insight into the
behaviour of the NAS-RIF algorithm in practical situations. Because the cost func-
tion J is nonlinear, its global minimum in the presence of noise uz,,. is ditficult to
characterize in terms of the minimumin the noiseless case u*. However, because of the
continuity of J with respect to u(z,y), the value of the cost function in noisy condi-
tions at parameter setting u” is an effective indicator of the degree of bias introduced
in the restored image. We present the results for the case of zero-mean stationary
additive white Gaussian noise (AWGN) of variance o7 in this section. Appendix C
provides a detailed analysis. The expected value of the cost at u” assumning infinite

extent parameters is

- — Y f(:r,y)
E{J(u"(z, = Z 2, +2(1_ (._____))
f(z,y)

- [ (z.y) /207 2 -
- Y, o—="e + 0% || Dsup || (4.6)
(I'y)ED:up 27"

48




E{J(u*(z,y))} represents the bias term resulting from the presence of noise,
f(z,y) is the true image, and v*(z,y) is the desired equalizer setting in the noiseless

situation, || Dyup || is the number of elements in Dygyp, and
- . Ko > +;
d=a2 > > [w (1. 3))? (4.7)

and Q(r) is defined as

The global minimum of the cost function is biased by the noise. The bias is a
function of the true image, the variance of the noise o2, and the energy of the optimal
parameters u”.

The first two terms on the right hand side of equation 4.6 correspond to biasing
of the nonnegativity constraint, and the last term to the support constraint. The
first two terms imply that the effect of roise is small if the quantity ﬂ%ﬂ is large
for all (z,y) € Dyp. Intuitively, this makes sense because if most pixels of an image
are highly prsitive, the noise added to it makes little difference to its nonnegativity
properties. However, if there are many regions of black, the noise has more effect
on the restoration with respect to nonnegativity. For the biasing term corresponding
to the support constraint, a smaller o2 implies a smaller bias. The quantity o’ is
proportional to the variance of the noise o2 as seen in equation 4.7. For a fixed noise
level, one sees that the noise has less effect on the restoration if the energy of the
iuverse of the ideal PSF is small. However, recall that the imaging system is often

assumed to preserve the mean value of the true image, in which case

Z u*(z,y) =1

¥(z.y)
Thus, for a fixed noise level, PSFs with inverses exhibiting smaller energy with the
above constraint should produce better results in the presence of noise. In practical
situations, such inverse PSFs would tend to exhibit less variance, and have more

energy concentrated at the low frequency range. Unfortunately, experience shows
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that most PSFs are low pass resulting in inverse PSFs with energy concentrated at

the higher frequencies.

4.2.3 Forms of Regularization

Regularization encompasses various methods for dealing with the numerical instabil-
ity inherent in ill-posed inverse problems. [t encompasses a class of solution tech-
niques which involve the study of an associated well-posed problem. provided that
the analysis this new problem produces a meaningful solution for the original ill-
posed problem. To obtain an acceptable solution, some strategy for controlling the
numerical instability must be employed.

One technique is to modify the given system to improve its condition but maintain
as much fidelity as possible. Some methods inccrporate a stabilizing function to sup-
press the amplification of noise in the restored image [58]. Others impose constraints
based on the statistics of the noise and a priori information about the image [59].
Regularized deconvolution techniques using information about the degradation pro-
cess attempt to roll-off the transfer function of the inverse filter in an attempt to limit
the noise amplification during the signal restoration process. Deterministic regular-
ization technicues are usually implemented by iterative procedures to alleviate the
computational problems.

Regularization can also take the form of terminating an iterative restoration pro-
cedure before it converges to the inverse solution [55], [60], [61], [62]. Nearly all
concepts used in regularization are based on incorporating knowledge about either
the true solution or the noise into the algorithm. In this sense the procedures used

for truncating the number of iterations are called regularization as well [40].

4.2.4 Regularizing Stopping Criterion

Iterative restoration techniques attempt to enhance the high frequency components
of the degraded image. Thus, the procedure amplifies whatever noise is present. As

an iterative restoration process progresses, the error due to blurring decreases as the
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error due to noise amplification increases. At some point in the algorithm, this total
error reaches a minimum point and the procedure should be stopped before it reaches
convergence. This phenomenon is explained and experimentally investigated in [40].

A drawback of the proposed NAS-RIF algorithm is that the convergence point
does not necessarily produce the best estimate of the original image in the preseuce
of noise. The iterative implementation of the inverse filter has the advantage that it
can be terminated prior to convergence, resulting in a partially blurred image which
will often exhibit less noise amplification. Previous research in the determination
of the optimal termination point for iterative image restoration assumes that the
PSF is known a priori. In [55], Trussell proposes terminating the iterative process
when the average residiual error is equivalent to the noise variance. The problem
is that this terminates the process too quickly, because the restoration is biased by
the noise. Sullivan and Katsaggelos use singular value decomposition in combination
with a spectral filter function to evaluate a measure used to decide termination at
each iteration [60]. Although this appears to work well, it requires the computation of
singular values of the blur and regularization operators at each iteration. Sullivan and
Chang [61]. and Reeves and Perry [62] propose using cross-validation to determine
the best stopping point.

The existing termination methods make use of the PSF in the stopping rule. Since
this thesis assumes that this information is not available, only an estimate for the
termination point can be made. For example, equation 4.6 can be used to determine
a good the stopping point, where the variance of noise o2 is estimated from the
degraded image. If the cost is within the range (E{J(u")} — &, E{J(u")} + ¢€), the
restoration procedure is terminated. At this stopping point there is a chance that the
parameters ur(z,y) are reasonably close to the inverse PSF. Assuming that ur(z,y)
is, indeed, the inverse PSF an optimal filter in the presence of noise is applied on
g(z,y) to produce the image estimate. Unfortunately, the quality of the restoration
is highly dependent on ¢, which cannot be estimated a priori. The quantity must
be chosen by monitoring the restoration procedure and terminating it at a visually

appealing result.
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