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The transitions in the spin and orbital angular momentum of the ground state of two interacting elec-
trons, parabolically confined in the quantum dot, in a magnetic field of arbitrary strength are studied.

1. Introduction

With recent progress in nanofabrication technology, it has been possible to confine elec-
trons in all three spatial dimensions in semiconductor structures called quantum dots
(QDs). In such small structures the electrons are fully quantized into a discrete spectrum
of energy levels. The confinement in z-direction, which is the growth direction, is as-
sumed to be stronger than that in the xy-plane, so that the dots can be viewed as two-
dimensional disks. The growing interest in this field is motivated by the physical effects
and the potential device applications, both as electronic memories as well as optoelectronic
devices to which many experimental [1to 5] and theoretical [7 to 20] works have been
devoted. The effects of a magnetic field, which plays a useful role in identifying the
absorption features, on the states of interacting electrons, impurities [13], and excitons
[15 to 20] confined in the QD have been intensively studied. Maksym and Chakraborty
[6] have studied the eigenstates of interacting electrons, parabolically confined in the QD,
in a magnetic field perpendicular to the plane of the QD and found that the Coulomb
interaction has an important effect on the magnetic field dependence of the energy spec-
trum. When the potential is quadratic the far-infrared (FIR) spectroscopy is unable to
detect the Coulomb interaction by virtue of the generalized Kohn theorem. Wagner et al.
[7] have also considered two interacting electrons, parabolically confined, in a perpendicu-
lar magnetic field in addition to the spin and predict oscillations between the spin-singlet
and spin-triplet ground states, Pfannkuche et al. [8] have discussed the properties of the
helium quantum dot in a magnetic field by using Hartree, Hartree-Fock, and exact treat-
ments, Ferconi and Vignale [9] have presented a study of ground-state energies and den-
sity profiles of quantum dots, with large number of electrons in a magnetic field using the
current-density-functional theory (CDFT). Merkt [10] has studied the FIR spectroscopy of
quantum dots. Maksym and Chakraborty [6] and De Groote etal. [11] have investigated
the thermodynamic properties of quantum dots such as heat capacity and magnetization as
sensitive probe to the ground-state transitions.
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In this work we will calculate the enery spectra of two interacting electrons in the quan-
tum dot in a magnetic field taking into account the effect of spin and parabolic confine-
ment. We will also investigate the important role of the electron—electron interaction energy
in the angular momentum transitions of the ground state of the quantum dot system.

2. The Hamiltonian

The effective-mass Hamiltonian for an interacting pair of electrons confined in a quantum
dot by a parabolic potential of the form m*wer?/2 in a magnetic field applied parallel to
the z-axis (and perpendicular to the plane of the quantum dot where the electrons are con-
fined) in the symmetric gauge, is written as H = Hgyce + Hopin; Hspace and Hgyin depend
only on spatial and spin coordinates, respectively. Explicitly,
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where the two-dimensional vectors r; and r; describe the positions of the first and the
second electron in the xy-plane, respectively, L[.2 and S; ; stand for the z-components of the
orbital and angular momentum and spin for each electron, respectively, pg = efi/2m, g%
w. = eB/m*c, m*, and ¢ are the Bohr magneton, Landé factor, the cyclotron frequency,
effective mass, and dielectric constant of the medium, respectively. The frequency w de-
pends on both the magnetic field B and the confinement frequency wy, and is given by
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Upon introducing the center-of-mass R = (r, +r2)/v/2 and the relative coordinates
r=(ry—r)/ /2, the Hamiltonian in (1) decoupled to center-of-mass motion Hamiltonian

o, m* ., ho. p
and the relative motion Hamiltonian
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Equation (4) describes the Hamiltonian of the harmonic oscillator with the well-known
eigenenergies,

En, myy, = hgm + |Mgm| + 1) hiw + % Mem (6)
labeled by the radial (ne, =0, 1,2, ...) and the azimuthal (mg, =0, £1, £2, +3, ...)
quantum numbers. Antisymmetry of the two-electron wavefunction requires that for even m
they are singlets and for odd m triplets with the Zeeman energy term £ = g*ﬂBBSz, and the
total spin S, = [1 — (—1)"]/2 represents a good quantum number for the system. The total
energy states of the Hamiltonian, E = Eg(nem, mcm) + E-(m,, m) + Eq;in(S;), are labeled by
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the cm and relative quantum numbers, |ngy, Mem; 1y, m). The problem is reduced to obtain-
ing eigenenergies E,_,, of the relative motion Hamiltonian.

The eigenenergies are obtained with the help of the 1/N expansion method. The shifted
1/N expansion method, N describing the spatial dimensions, is a pseudoperturbative tech-
nique in the sense that it proposes a perturbation parameter that is not directly related to the
coupling constant [15, 21 to 23]. We give here the essential steps which lead to the energy
expression.

The method starts by writing the radial Schrédinger equation for an arbitrary cylindri-
cally symmetric potential, in an N-dimensional space, as

2 —_ J—
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where k = N 4+ 2m.

In order to get useful results from the 1/k expansion, where k = k — a and a is a suita-
ble shift parameter, the large-k limit of the potential must be suitably defined [21]. Since
the angular momentum barrier term behaves like k2 at large &, so the potential should
behave similarly. This will give rise to an effective potential which does not vary with k at
large values of k resulting in a sensible zeroth-order classical result. Hence (7) in terms of
the shift parameter becomes
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where
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and Q is a scaling constant to be specified from (11). The shifted 1/N expansion method
consists in solving (8) systematically in terms of the expansion parameter 1/k. The leading
contribution to the energy comes from

k2 Vet (ro) =%: (%'—FéKQ(—rO—)), (10)
where rp is the minimum of the effective potential, given by

2rV'(r0) = Q. (11)
It is convenient to shift the origin to ry by the definition

x=kY(r —ro)/ro (12)

and expanding (8) about x = 0 in powers of x. Comparing the coefficients of powers of x
in the series with the corresponding ones of the same order in the Schrédinger equation for
the one-dimensional anharmonic oscillator, we determine the anharmonic oscillator fre-
quency, the energy eigenvalue, and the scaling constant in terms of &, Q, 7y, and the poten-
tial derivatives. The anharmonic frequency parameter is

o-piid]”

(13)
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and the energy eigenvalues in powers of 1/k (up to third order) read as

:-\/—§+%wrg+ %+—+—[9——“)—(—)+y]+3'2. (14)
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The explicit forms of y, and y, are given in the Appendix. The shift parameter a, which
introduces an additiongl degree of freedom, is chosen so as to make the first term in the
energy series of order k vanish, namely,

;’Eg Knr+%>@—(2;“)}:o. (15)

By requiring agreement between 1/k expansion and the exact analytic results for the har-
monic and Coulomb potentials, from (15) we obtain

a=2-2n+1) o, (16)

where n, is the radial quantum number related to the principal » and magnetic m quantum
numbers by the relation #, = n — |m| — 1. Energies and lengths in (7) to (16) are expressed
in units of R* and a*, respectively.

For the two-dimensional case, N = 2, (11) takes the following form:

V2rVi(rg) =2 +2m—a = Q2. (17)

Once ry (for a particular quantum state and confining frequency) is determined, the task of
computing the energy is relatively simple.

3. Results and Conclusions

Our results for QDs made of GaAs/AlGaAs are presented in Fig. 1 and 2 and Table 1. We
have displayed in Fig. 1, the energies of the states |00; Om), m =0, —1, =2, ..., —10, for
two interacting electrons parabolically confined in the quantum dot of size [y = 3a™ as a
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Fig. 1. The total eigenenergies of the states [00; Om), m =0, —1, =2, ..., ~10, for two interacting

electrons parabohca]ly confined in the quantum dot of size [y = 3a and g* =0 (for GaAs
a* =98.7 A and R* = 5.83 meV)
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Fig. 2. The total eigenenergies of the states [00; Om), m =0, —1, —2, ..., —10, against the roots ry
for a quantum dot of size I = 3a* and w, Jwo =4

function of the ratio w./wy and for g* = 0. As the magnetic field increases the energy of
the state m = 0 enhances while the energy of the states with non-vanishing azimuthal quan-
tum number m decreases, thus leading to a sequence of different ground states.

These results are in agreement with the findings of Wagner et al. [7]. The level-crossings,
which appear in the spectra, can be understood from the dependence of the Coulomb and
kinetic energies, for a particular value of the ratio w./wq, on the azimuthal quantum num-
ber |m|. The dominant contribution to the relative energy E, ,, of the system is coming
from the first term, namely,

V2 o1 w?
V(I"()) :—g-}’z (w%—t——") r(2).

The roots ry, which are evaluated for quantum states |00; Om), m =0, —1, =2, ..., —10
and w./wy = 4, are listed in Table 1. As is clearly seen from the table, the root ry increases
as |m| increases and as a result the electron—electron interaction term decreases. On the
other hand, the magneto-confining energy increases. The decrease in the Coulomb interac-
tion energy does not compensate completely the increase in the kinetic energy of the system
and the net result is that the total energy of the system as a function of 7y has a minimum as
shown in Fig. 2. As a result of this competition, the spin and orbital angular momenta of the
ground state of the interacting system change with increasing magnetic field.

In conclusion, we have obtained the energy spectra of two interacting electrons, paraboli-
cally confined in the quantum dot in a magnetic field. We have discussed the effects of the
Coulomb interaction and the spin on the energy level-crossings in the quantum dots. The

Table 1

The values of the roots ry calculated for quantum states with non-vanishing azimuthal quan-
tum numbers (m), iwy = 1.3 meV and w./wy = 4

m 0 —1 -2 -3 —4 -5 —6 -7 -8 -9 —10

ry 2.799 3263 3752 4215 4644 5044 5418 5770 6.103 6419 6.722
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comparison (see Fig. 1b of [7]) shows that our results are in good agreement with other
works, With the 1/N expansion method, we have studied the evolution of the ground-state

properties of quantum dots in a magnetic field of arbitrary strength.

Appendix

The explicit forms of the parameters ¥, and y, are given in the following. Here R* and a*

are used as units of energy and length, respectively.

y, =cre2+3cres — @ [e% + 6c1e1e3 + C4eg]

and
Y2 =T+ T+ T,
where
Ty =T —o& [T+ T3+ Ts+Ts+Tg,
Tip =@ [Ty + To + Tio + T11],
Tig = @ *[T13 + Ta + Ths),
with
T, = c1ds + 3¢ads + c3ds T, = cleg + 12¢e2e4 ,
T3 = 2e1d; + 2c‘5e§ , T4 = 6¢1e1d3 + 30cze1ds
Ts = 6¢1dsey + 2cae3ds Ts = 10cgesds ,
Tg = 4e%e2 + 36¢ e1€2¢5 , To = SC4e2e§ ,
Ty = 24ce%e4 + 8creieszey T = 12cse§e4 ,
Ti3 = 8ejes + 108c €3, T4 = 48cqeye3,
T5 = 30c9es ,

where ¢, d, and e are parameters given as

co=142n, c=142n+2n*, c3=3+8n+6n+4n’,
¢4 = 114 30n +30n?,  cs =21+ 591, + 51n? + 34n

3

T ?

ce = 13+ 40n, + 42n7 + 2813,  ¢7 =31+ 78n% +78n7,
cg = 57+ 189n, + 22512 4 1501, ¢ = 31 + 109n, + 141n% + 94n
_ & _ %
Ej—m and di_;/—f’
where j=1,2,3,4 and i=1,2,3,4,5,6.
32 - 2
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