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This study presents an effort to explore the exploitation of dynamic instabilities and
bifurcations in micro-electro-mechanical systems to realize novel methods and function-
alities for mass sensing and detection. These instabilities are induced by exciting a
microstructure with a nonlinear forcing composed of a dc parallel-plate electrostatic load
and an ac harmonic load. The frequency of the ac load is tuned to be near the funda-
mental natural frequency of the structure (primary resonance) or its multiples (subhar-
monic resonance). For each excitation method, local bifurcations, such as saddle-node
and pitchfork, and global bifurcations, such as the escape phenomenon, may occur. This
work aims to explore the utilization of these bifurcations to design novel mass sensors
and switches of improved characteristics. One explored concept of a device is a switch
triggered by mass threshold. The basic idea of this device is based on the phenomenon of
escape from a potential well. This device has the potential of serving as a smart switch
that combines the functions of two devices: a sensitive gas/mass sensor and an electro-
mechanical switch. The switch can send a strong electrical signal as a sign of mass
detection, which can be used to actuate an alarming system or to activate a defensive or
a security system. A second type of explored devices is a mass sensor of amplified
response. The basic principle of this device is based on the jump phenomena encountered
in pitchfork bifurcations during mass detection. This leads to an amplified response of the
excited structure making the sensor more sensitive and its signal easier to be measured.
As case studies, these device concepts are first demonstrated by simulations on clamped-
clamped and cantilever microbeams. Results are presented using long-time integration
for the equations of motion of a reduced-order model. An experimental case study of a
capacitive sensor is presented illustrating the proposed concepts. It is concluded that
exciting a microstructure at twice its fundamental natural frequency produces the most
promising results for mass sensing and detection. �DOI: 10.1115/1.3079785�

Keywords: MEMS, electrostatic force, dynamic pull-in, mass and gas sensors, switches,
escape phenomenon
Introduction

There has been extensive research in recent years in the field of
ass sensing and detection. This is driven primarily by the in-

reasing demand to push the limits of mass sensing to enable
eliable and precise detection of extremely small masses, such as
hose of viruses and DNA molecules. Also, this has been boosted
y the need to detect very low gas concentration for gas sensing
pplications. In addition, lowering the cost of mass sensors and
chieving smart and multifunctionality on a single chip have been
ajor driving forces. This study presents an attempt to explore

lternative methods to achieve some of these goals by utilizing the
omplexity in the dynamics of electrostatically-actuated micro-
lectro-mechanical systems �MEMS�. The focus of this research,
n particular, is on resonant microsensors employing microbeams.

1.1 Microbeam-Based Mass Sensors. Many mass sensors
ely on a microbeam, mostly a cantilever, which is coated with a
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sorbent material that is sensitive to a specific substance �analyte�
�1–36�. The coated material absorbs the analyte, such as a gas or
a biological molecule. The analyte increases the mass of the can-
tilever beam and it may induce bending stress on the surface of
the beam causing its deflection. The deflection can be measured
using an optical-readout system, for example, and then it is related
to the mass of the analyte. This method is called static sensing
mode �4�. This mode does not provide high sensitivity of detection
since the deflection is usually very small compared with the length
of the beam. Sensitivity of detection is crucial for many chemical
�1–9� and biological �10–15� applications, such as to detect small
gas concentration emitted from explosive material or to detect
small viruses and bacteria. One way to improve sensitivity is
through dynamic mode of sensing. Here, the beam is driven at
resonance. When it absorbs an analyte, its mass increases, and
hence its natural frequency decreases. This shift in frequency can
be tracked, measured, and related to the mass of the analyte. Al-
though the amplitude of beam oscillation itself is not directly re-
lated to the detected mass, it is desirable to have it as large as
possible �high quality factor�. This facilitates tracking and mea-
suring the resonance peak. The sharper the resonance peak is, the
more sensitive the mass sensor is considered. Increasing the qual-

ity factor can be achieved by placing the microbeam in reduced
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ressure environment. However, mass sensors usually are desir-
ble to operate in air at atmospheric pressure to capture the ana-
yte of interest. In some applications, it is even desirable to oper-
te in fluids such as blood. Therefore, controlling the quality
actor or damping may not be achievable or adequate in itself.

Other methods to increase sensitivity have been explored to
nable the detection of very small substances and lower gas con-
entration. One approach is through miniaturizing the microbeam
o submicro and nanoscales �16–23�. However, one shortcoming
f miniaturization is that the coated surface of the beam shrinks
nd becomes too small. This may make the coated surface less
eliable transducer from a chemical or biological perspective.
ther issues, such as the noise level, repeatability of measure-
ents, and reliability issues, become of increasing concerns. Sev-

ral dynamical methods have been explored to enhance sensitiv-
ty, such as higher-order-mode excitations �24–28�, parametric
xcitation �32–34�, beam coupling �10,35�, and feedback control
mplification �36�. This work aims to explore new methods to
ncrease mass sensitivity and achieve new functionality through
tilizing the principles of dynamics instabilities in electrostatic
EMS.

1.2 Electrostatic Actuation and Dynamic Pull-In. Parallel-
late electrostatic force is a common actuation method in MEMS
Fig. 1�. It depends in a nonlinear way on the separation between
wo electrodes. In this method, a movable structure �upper elec-
rode� is biased by an electrostatic load Vdc and is mounted above

stationary lower electrode. A dc force deflects the structure to-
ard the stationary electrode. If Vdc is small, the structure stays in

he deflected position, at which the elastic restoring force of the
tructure is in equilibrium with the opposing electrostatic force
Fig. 1�b��. There is an upper limit for Vdc, beyond which the
echanical restoring force of the structure can no longer resist the

pposing electrostatic force. This leads to a sudden collapse of the
tructure, which hits the stationary electrode �Fig. 1�c��. This
tructural instability phenomenon is known as pull-in and the as-
ociated voltage is called pull-in voltage �37�. Figure 2 illustrates
he pull-in instability from an energy perception. Figure 2�a� in-
icates that below pull-in, a biased structure undergoes free stable
scillation when perturbed from its equilibrium position �see the
losed loops in the phase portrait�. However, if it is given enough
igh initial velocity, the structure may collapse, as indicated from
he open-loop trajectory in the phase portrait of Fig. 2�a�. In other
ords, it will escape from the electrostatic potential well. This
henomenon is known as dynamic pull-in. Pull-in is undesirable

ig. 1 Schematic showing the parallel-plate dc electrostatic
ctuation and the pull-in instability „a… VDC=0, „b… below pull in,
c… pull-in

Fig. 2 The total potential energy „electrostatic+stiffness… a

tor for the case of a voltage load below pull-in „a… and above p
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for most MEMS sensors. However, MEMS switches �38� utilize
pull-in to actuate a structure in a large stroke and short time.

Another form of actuation utilizes a dc load superimposed on
an ac harmonic load, Fig. 3, of amplitude Vac and frequency �.
Here, Vdc deflects slightly the movable electrode and Vac vibrates
the electrode around the new deflected position. Resonant sensors,
including some mass sensors, rely on this actuation method. Dy-
namic pull-in also occurs here, which is caused by a dynamic
�harmonic� load. Dynamic pull-in in this case is triggered at much
lower voltage compared with the static case. In previous works
�39,40�, dynamic pull-in instability has been investigated for a
clamped-clamped microbeam excited near its fundamental natural
frequency �primary resonance� and half �superharmonic� and
twice �subharmonic� the fundamental natural frequency �second-
ary resonances�. Those studies revealed several mechanisms and
routes to dynamic pull-in including homoclinic tangling, saddle-
node bifurcation, period-doubling bifurcation, and the escape phe-
nomenon. Next, we will explain how to utilize some of those to
realize new mass sensor ideas. Also, we will explore the device
opportunities and potential in cantilever microbeams based on
their distinctive dynamical behavior.

2 Primary Resonance of Clamped-Clamped Beams

2.1 Modeling and Simulation Methodology. We start this
study by analyzing the response of clamped-clamped microbeams
to ac+dc actuation, Fig. 3. The equation of motion governing the
transverse deflection w�x , t� of the microbeam is expressed as

EI
�4w

�x4 + �bh
�2w

�t2 + c̃
�w

�t
= �Ebh

2L �0

L � �w

�x
�2

dx + Ñ	 �2w

�x2

+
�b�Vdc + Vac cos��t��2

2�d − w�2 �1�

where x is the position along the microbeam length, I is the mo-
ment of inertia of the cross section, E is Young’s modulus, t is
time, � is the material density, h and b are the microbeam thick-
ness and width, d is the gap width, and � is the dielectric constant

of the gap medium. The parameter Ñ corresponds to a tensile or
compressive axial load, depending on whether it is positive or
negative. The integral term in Eq. �1� represents the midplane
stretching of the microbeam in the case of immovable boundary

the corresponding phase portrait for a parallel-plate capaci-

Fig. 3 A MEMS parallel-plate capacitor showing a dynamic
ac+dc actuation
nd

ull-in „b…
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onditions. For the case of cantilever microbeams, this term is set
qual to zero. The microbeam is subject to a viscous damping,
hich can be due to squeeze-film damping. We assume this effect

o be negligible and assume a constant damping coefficient c̃ per
nit length.

For convenience, we introduce the nondimensional variables
denoted by hats�

x̂ =
x

L
, t̂ =

t

t̃
, ŵ =

w

d
�2�

here t̃ is a time scale, defined below. Substituting Eq. �2� into
q. �1� and dropping the hats, we obtain

�4w

�x4 +
�2w

�t2 + c
�w

�t
= ��1�

0

1 � �w

�x
�2

dx + N	 �2w

�x2

+
�2�Vdc + Vac cos��t��2

�1 − w�2 �3�

he nondimensional parameters appearing in Eq. �3� are

�1 = 6�d

h
�2

, �2 =
6�L4

Eh3d3 , c =
12ĉL4

ETbh3 , N =
12ÑL2

Ebh3

�4�

t̃ =
�bhL4

EI

ext, we generate a reduced-order model by discretizing Eq. �3�
nto a finite-degree-of-freedom system consisting of ordinary-
ifferential equations in time. The undamped linear mode shapes
f the straight �unactuated� microbeam may be used as basis func-
ions in the Galerkin procedure. To this end, we express the de-
ection as

w�x,t� = �
i=1

M

ui�t��i�x� �5�

here ui�t� is the ith generalized coordinate and �i�x� is the ith
inear undamped mode shape of the straight microbeam. Multiply-
ng Eq. �3� by �i�x� �1−w�2, substituting Eq. �5� into the resulting
quation, and integrating the outcome from x=0 to 1 yields the
ollowing reduced-order model:

ün − 2�
i,j=1

M

�ijnujüi + �
i,j,k=1

M

�ijknukujüi − cu̇n − �n
2un

= �2�n�Vdc + Vac cos��t��2 + 2�
i,j=1

M

�i
2�ijnujui

− �
i,j,k=1

M

�i
2�ijknukujui + 2c�

i,j=1

M

�ijnuju̇i − c �
i,j,k=1

M

�ijknukuju̇i

+ �1 �
i,j,k=1

M

ukujui���i,� j��
0

1

�n�k�dx

− 2�1 �
i,j,k,l=1

M

ukujuiul���i,� j��
0

1

�n�k�l�dx

+ �1 �
i,j,k,l,m=1

M

uiujukulum���i,� j��
0

1

�l�m�n�k�dx �6�

here the prime denotes differentiation with respect to space x,
he overdot denotes differentiation with respect to the time t, �i is
he ith natural frequency of the microbeam, and the functionals �

nd � are defined as
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�n =�
0

1

�ndx, �in =�
0

1

�i�ndx, �ijn =�
0

1

�i� j�ndx, . . .

�7�

��f ,g� =�
0

1
� f

�x

�g

�x
dx �8�

In previous works �41,42�, we found that using three symmetric
mode shapes in the reduced-order model leads to converged re-
sults for the stable response of clamped-clamped microbeams. In
Refs. �39,40�, the reduced-order model was implemented in a
shooting technique to find periodic motions and their stability for
clamped-clamped microbeams. Here, we apply direct-time inte-
gration on the reduced-order model equations, using three mode
shapes, over sufficiently long period of time until a steady-state
stable solution is found. Direct time integration is implemented
using an explicit Runge–Kutta method using a built-in routine in
the software MATHEMATICA �43�. As will be shown below, both
direct-time integration and the shooting technique yield close re-
sults for the stable response. Direct integration, however, does not
capture unstable solutions and suffer some convergence problems
near bifurcation points. However, since the focus of this paper is
to draw the attention to the potential of the nonlinear dynamics of
electrostatic MEMS more than investigating bifurcations, long-
time integration will be used since it serves well this purpose.

2.2 Switch Triggered by Mass Detection STMT. Next, we
show simulation results on a microbeam, which was simulated
previously in previous works �39,40� using a shooting technique
to enable comparisons with the long-time integration results. The
microbeam has a length L=510 	m, thickness h=1.5 	m, width
b=100 	m, and a gap width separating the microbeam from the
substrate d=1.18 	m. The microbeam is biased by Vac=2 V and
placed in a reduced pressure with a quality factor equal 1000. The

microbeam is subjected to a tensile axial stress such that Ñ
=0.159 mN. The pull-in voltage for the microbeam due to dc
voltage only is Vdc=4.8 V. The natural frequency of the micro-
beam is �natural=23.9�universal, where �universal is a universal char-
acteristic frequency for a microbeam of any boundary conditions
�44,45�. It is expressed as �universal=
Ebh3 /12mL3, where m is
the mass of the beam. Figure 4�a� shows that at Vac=0.01 V, the
microbeam exhibits a nonlinear hardening behavior characterized
by a frequency-response curve bending to the right, hysteresis,
and coexistence of multiple states. When Vac is increased further,
for example, Vac=0.1 V, the frequency-response curve is termi-
nated by dynamic pull-in, which is remarked by a slope of the
frequency-response curve approaching infinity. As Vac is increased
more, a band of frequencies is born, in which the microbeam
cannot have a state of steady-state oscillation, such as the case of
Vac=0.5 V. In other words, the microbeam tends to escape from
the potential well of the electrostatic force to pull-in. A similar
escape band of frequency was found in Ref. �39� using a shooting
technique. The escape phenomenon is further illustrated in Fig.
4�b�. This phenomenon of escaping from a potential well is a
universal phenomenon characterizing all nonlinear systems with a
hilltop potential well �46,47�, such as that of the electrostatic force
depicted in Fig. 2. As noted from Fig. 4, the escape band requires
high values of Vac and is generated at frequency band surrounding
resonance. More clarification on the escape phenomenon will be
presented in Sec. 3.

Next, we explain the idea of one of the proposed concepts for
mass detection. Toward this we refer back to Fig. 4�b�. The figure
shows that by tuning some parameters of the system, Vac, Vdc, and
damping, a frequency band is generated where an oscillator can-
not have a stable state �escape phenomenon�. This means that if a
microbeam is excited by an ac load of a frequency in the escape

band, it must go directly to pull-in. We propose to utilize this
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henomenon to design a smart switch triggered by mass threshold
STMT�. In this concept, a microbeam, which is coated with a
aterial sensitive to a specific analyte, is excited by a combina-

ion of a dc and ac harmonic load of a fixed frequency � below
he escape band of frequencies, for example, at � /�universal
23.5 in Fig. 4�b�. When the microbeam detects the existence of

he specific substance desired to be detected, its mass m increases,

universal=
Ebh3 /12mL3 decreases, and hence the ratio
/�universal increases and shifts to the right. The amount of fre-

uency shift is proportional to the detected mass 
m. Assuming a
niform mass increase across the entire beam due to the analyte
etection, the frequency shift can be calculated according to the
elow equation:

� �

�universal
�

new

� �

�universal
�

old

=
��universal�old

��universal�new
=
 Ebh3

12L3m

Ebh3

12L3mnew

=
mnew

m

�9�

ubstituting mnew=m+
m yields

� �

�universal
�

new
= � �

�universal
�

old



m

m
+ 1 �10�

he shift can be calibrated such that the new � /�universal lies in
he escape band of frequencies when detecting a certain amount of
nalyte above a specific mass threshold �this can be a concentra-
ion threshold for gases�. Hence, the microbeam collapses to close
n electric circuit to indicate the presence of the gas and at the
ame time sends an electrical signal, which can be used for alarm-
ng or any other useful function.

To make the description of this concept clearer, we illustrate the
revious scenario in Fig. 4�b� using dimensional quantities and
lots. Consider the case in which the microbeam is initially ex-
ited by a combination of a dc and ac harmonic load of a fixed
requency below the escape band, for example, at 52 kHz in Fig.
. We assume a 5% increase in its mass because of external mass
etection/absorption. This leads to a decrease in its natural fre-
uency shifting it to the left. This means that the whole frequency-
esponse curve of the microbeam shifts to the left too. By main-
aining the frequency of excitation fixed at 52 kHz while the

icrobeam’s natural frequency shifting to smaller values, and by
alibrating this shift such that the operating frequency lies in the
scape band after mass detection, the microbeam will be forced to

Fig. 4 „a… Frequency-response curves of a clamped-clampe
values of ac loads. „b… For the case of Vac=0.5 V showing t
ull-in. Hence, it acts as a switch to close an electric circuit and

21010-4 / Vol. 4, APRIL 2009
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pass an electric signal. Figure 5 shows simulated time-history re-
sponse for the microbeam for two states, before and after mass
detection. Prior to mass detection, the microbeam oscillates at a
steady-state amplitude of 0.4 	m. After mass detection, the mi-
crobeam undergoes unstable oscillation leading to its collapse af-
ter 0.25 ms.

The idea of the STMT can offer many attractive features, espe-
cially in applications where measuring the quantity of mass is not
as important as doing an action upon its detection. The STMT
combines the functions of two devices: a mass sensor and an
electromechanical switch. The device can detect an analyte, such
as an explosive gas, and then sends instantaneously a strong elec-
tric signal as a sign of this detection. This signal can be used to

icrobeam excited near its first natural frequency for various
escape-to-pull-in frequency band.

Fig. 5 Dimensional frequency-response curves for the
clamped-clamped microbeam of Fig. 4„b… before and after 5%
mass increase. Also shown are two time-history simulations
for the response of the microbeam before and after mass de-
d m
he
tection when excited at a fixed frequency equal to 52 kHz.

Transactions of the ASME
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ctuate an alarming system or to activate a defensive or a security
ystem. This new device concept is simple since it does not re-
uire complicated fabrication process. The complexity comes
rom the dynamics rather than fabrication. This can lower the cost
f mass sensors for some applications where such functionality is
esirable.

A vital characteristic of this concept is the sensitivity of detec-
ion and the smallest mass that can be detected to activate the
witching action. This indicates that the frequency of excitation
eeds to be chosen just before the escape band of frequencies. The
mplitude of vibration at such point, as noted from Fig. 4, is large.
owever, the device has to be immune to disturbances prior to
ass detection to ensure reliable operation. This may impose limi-

ations on how large the amplitude of oscillation can be prior to
he detection. If the amplitude is too large �so that it is close to the
ubstrate�, then a small external disturbance in the system may
ead to pull-in and hence to false action. It is worthy to note from
igs. 4 and 5 that the maximum values of the response prior to the
scape band, where the oscillator operates, are larger than the
alues of the response after the escape band. This is because of the
ardening behavior characterizing clamped-clamped microbeams.
t is desirable to have the opposite scenario; that is, to have the
esonator operates at small amplitude prior to the escape band.
his may enhance the stability of the oscillator before actuation.
oreover, it leads to a sharper transition between the unactuated

nd actuated states of the switch, which is a desirable feature of
witches including radio-frequency �rf� switches. These reasons
otivate the exploration of the STMT concept in cantilever mi-

robeams, which is the subject of Sec. 3.

Primary Resonance of Cantilever Beams
Cantilever microbeams do not suffer midplane stretching,

hich is a cubic nonlinearity, as the case of clamped-clamped
icrobeams. Hence, in the presence of nonlinear electrostatic

orces, which are quadratic in nature, they exhibit pure softening
ehavior at large deflection. This should lead to smaller amplitude
rior to the escape band compared with that after the escape band.
o demonstrate the idea, consider a parallel-plate capacitor em-
loying a cantilever beam as its upper electrode. The microbeam
s made of silicon with L=100 	m, b=10 	m, h=0.1 	m, and
=2 	m. The microbeam is biased by Vdc=0.4 V. The quality

actor of the microbeam is assumed to be 100. The natural fre-
uency of this microbeam �natural=3.3�universal. When the beam is
iased by Vdc=0.4 V, it drops to �natural=3.5�universal. The pull-in
oltage for the microbeam due to dc voltage only is Vdc=0.6 V.
e begin this investigation by exploring the large-amplitude dy-

amics of the cantilever when excited at various harmonic fre-
uencies. Figure 6 shows a “general map” for the response of the
antilever microbeam to an electric load of Vac=0.1 V. The figure
eveals three distinctive resonances at half �superharmonic�, twice
subharmonic�, and at the fundamental natural frequency �pri-
ary� of the cantilever microbeam. This complicated response is a

irect consequence of the quadratic nonlinear electrostatic force.
f the three, primary and subharmonic resonances show the larg-

st responses with very interesting characteristics. We shall dis-
uss the primary resonance case in this section and consider the
ubharmonic resonance in Sec. 4.

3.1 Cantilever-Based STMT. As seen in Fig. 6, there is an
pparent escape band of frequencies where the cantilever cannot
e oscillating in a steady-state motion. To confirm whether this is
“must” escape band �with absolutely no possibility of a stable

ehavior� requires using a shooting technique, similar to Refs.
39,40�. We observe from Fig. 6 that the left branch of the
requency-response curve, before the escape band, has lower val-
es than those after the escape band. Figure 7 illustrates utilizing
his behavior to realize a STMT device of sharper transition be-
ween the on and off states of the switch. For convenience, the

gure shows nondimensional plots and parameters. The figure

ournal of Computational and Nonlinear Dynamics
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shows the microbeam oscillating steadily before mass detection at
� /�universal=2.86. Then, by absorbing an analyte of mass equal to
3% of the beam’s original mass, the ratio � /�universal shifts to 2.9,
where the microbeam collapses to pull-in as a switch. For
� /�universal=2.86, the mass threshold is approximately equal to
1.5% of mass, below which the microbeam does not collapse, and
beyond which the microbeam collapses. If it is desired to increase
the value of the mass threshold, the initial operating point of the
microbeam should be shifted further to the left away from the
escape band. Thus, more mass is needed to cause the required
shift of frequency to the escape band. On the other hand, if it is
desired to lower this mass threshold, the initial operating fre-
quency of the microbeam has to be selected further to the right, as
close as possible to the escape band.

Fig. 6 Frequency response of the electrically actuated cantile-
ver microbeams showing superharmonic, primary, and subhar-
monic resonances. An escape band of frequency is shown near
primary resonance.

Fig. 7 Frequency response of the cantilever microbeams of
Fig. 6 near primary resonance illustrating the concept of STMT.
The dashed line to the left represents the operating point of the
microbeam before the mass detection. The dashed line to the
right represents the operating point of the microbeam after de-
tecting an analyte, which increases its mass by 3%. The upper
figures show the time history of the microbeam response be-
fore and after the mass detection. The time t is normalized to
˜
t=0.04 ms.
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One desirable characteristic of this switch is to have a very
teep slope for the frequency-response curve before the escape
and. This leads to more dramatic transition for the response from
mall stable amplitude motion to large unstable motion that leads
o pull-in. Also, a steeper curve means more change in displace-

ent for the same frequency shift, which means higher sensitivity.
n this study, we explored the effect of damping and ac amplitude
n the microbeam of Fig. 7. Figure 8�a� shows two curves of
uality factors of 100 and 10. It is clear that a higher quality factor
eads to steeper curves and an increased width of the escape band.
ncreasing the ac amplitude has a similar effect, as seen in Fig.
�b�, with stronger impact. We note that although the amplitude of
he frequency-response curve before the escape band has been
owered compared with that after the escape band, it is still mod-
rately large near 0.3–0.4. It is desirable to lower these values
urther. It turns out that this can be achieved using subharmonic
xcitation, as will be explained in Sec. 4.

3.2 Discussion. The case of primary resonance excitation of a
antilever beam actuated by electrostatic force has many similari-
ies with the well-known problem of exciting harmonically a
pring-mass-damper oscillator with quadratic stiffness nonlinear-
ty �47�. If the mass of the oscillator is excited by a harmonic load
f amplitude F and frequency �, then a bifurcation diagram can
e established for the system to indicate all the possible scenarios
or its dynamical response including the escape phenomenon. Fig-
re 9 shows a schematic for this bifurcation diagram. This figure
s explained in more detail in Ref. �47�. In the figure, for any point

and � below the dashed line there is no possibility for the
scape phenomenon to take place. Above the dashed line, two
cenarios may occur. If F and � are in the shaded gray area then
he escape phenomenon occurs definitely. This case develops at a
requency close to the fundamental natural frequency of the sys-
em and at relatively large forcing amplitude. If F and � lie in the
onshaded area above the dashed line, the system can oscillate in
stable state. However, there is a possibility that system escapes

rom the potential well in this regime. This possibility increases as
he operating point �F ,�� approaches the gray shaded area. In this
egime, whether escape occurs or not depends on the initial con-
itions of the system �fractal behavior�.

The basic idea of the STMT is to have the microbeam operates
lose to this shaded area �instability tongue� before mass detec-
ion. Once the microbeam detects an external mass, the operating
oint shifts to the shaded area, causing its collapse as a switch.
igure 10 shows the calculated instability tongue, using time in-

egration, for the cantilever microbeam for the case of Q=100 as
function of Vac and � /�universal. As mentioned earlier, another

echnique, such as shooting methods �39,40�, is recommended to

Fig. 8 Frequency-response curves for a cantilever
the influence of changing the quality factor Q and
onfirm these results. Figure 10 also illustrates the STMT prin-
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ciple based on the Vac-� /�universal diagram. The initial operating
point of the microbeam has to be ensured to be adequately stable
against external disturbances before mass detection. Particularly,
the microbeam needs to be ensured to operate in a safe basin of
attraction zone away from the tongues of instability that develop

icrobeam excited at primary resonance illustrating
amplitude Vac. „a… Vac=0.1 V, „b… Q=10.

Fig. 9 Bifurcation diagram showing several scenarios for the
dynamical state of a spring-mass-damper system with qua-
dratic stiffness nonlinearity †47‡

Fig. 10 The instability tongue of an electrically actuated can-
tilever beam illustrating the idea of the STMT based on primary
m
ac
resonance excitation
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ecause of the homoclinic tangling. This requires investigating the
lobal dynamics of the microbeam for a grid of various initial
onditions, similar to the analysis in Ref. �48�.

Subharmonic Resonance in Cantilever Beams
In this section we explore the dynamic behavior of a cantilever

eam excited by subharmonic resonance of order one-half and its
otential applications for mass sensing and detection. We consider
he same microbeam of Sec. 3. We assume a quality factor of 100.
he microbeam is biased by Vdc=0.4 V and its natural frequency

s �natural=3.3�universal. By exciting the microbeam at Vac=0.1 V
ith � /�universal�6.5, subharmonic resonance is activated �Fig.

1�a��. The frequency-response curve in this case has very distinc-
ive properties. Unlike the case of primary resonance, the micro-
eam here experiences a sudden and sharp jump from very small
esponse to very large one as the frequency is swept passing reso-
ance. Also, there is no multivalued solution or hysteresis once
he jump occurs. This is because the small-amplitude solution
oses its stability to the new born large-amplitude solution through
pitchfork bifurcation �46�.

4.1 Mass Sensor of Amplified Response . Based on the in-
eresting behavior of Fig. 11�a�, we propose a second kind of mass
ensor, which we will dub mass sensor of amplified response
MSAR�. The idea of this mass sensor is to have the microbeam
scillates at the flat regime of the frequency-resonance curve �be-
ore the activation of the subharmonic resonance�. Once the beam
bsorbs mass �can be very small amount�, � /�universal shifts to the
ight and jumps to a significantly larger amplitude. This sudden
hange in the microbeam response/deflection can be used as an
ndication of mass detection. The new and large response of the

icrobeam can be calibrated to the amount of detected mass. The
eflection of the microbeam can be monitored using an optical
ead out system, similar to that used in atomic force microscopes
AFMs� or other static-mode sensors that measure beam deflection
ue to bending stress �49�. Figure 11�a� illustrates the principle of
peration of this sensor. The figure compares between the time-

Fig. 11 The operating principle of the ST
resonance excitation of a cantilever mic
voltage equal to 0.4 V and its quality fa
=0.2 V.
istory response for the microbeam before and after mass detec-

ournal of Computational and Nonlinear Dynamics
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tion. As noted from the figure, if the microbeam is made to oscil-
late on the flat regime just before the escape band, a very sensitive
mass sensor can be realized. This mass sensor belongs to the class
of mass sensors, which monitor the change in amplitude of oscil-
lation rather than the change in frequency shift �1�. It has the
advantage of generating a strong signal that is easily measured
when detecting an analyte.

An important advantage in operating the microbeam at twice its
natural frequency at subharmonic resonance is the fact that the
frequency shift due to the picked-up mass is being doubled com-
pared with the conventional primary resonance mode. This means
doubling the sensitivity of mass sensing. This is true for the
MSAR and also for the conventional cantilever mass and gas sen-
sors that rely on frequency shifts. For example, in the previous
case, the natural frequency of the microbeam is 3.3�universal and
subharmonic resonance is activated at approximately twice that
near 2�3.3�universal. If the microbeam picks up some mass 
m,
its natural frequency decreases to 3.3� ��universal−
�universal�,
where 
�universal=
Ebh3 /12
mL3. Subharmonic resonance in
this case will be activated at 2�3.3��universal−
�universal�. So the
total shift in frequency in subharmonic resonance is 2
�3.3
�universal, which is twice that of primary resonance
�3.3
�universal�.

4.2 A Sensitive STMT. By increasing Vac further to Vac
=0.2 V, dynamic pull-in and the escape phenomenon occur �Fig.
11�b��. This can be utilized to realize a STMT with improved
sensitivity and sharpness of response. The microbeam can be
made to oscillate just before the escape band with very small
amplitude. Once a small amount of analyte is detected,
� /�universal shifts to the right and the beam collapses to transmit
an electrical signal �switch is on�. As can be noted here, the jump
in the response of the microbeam before and after mass detection
is very dramatic. The amplitude of motion before the escape band
is much smaller than that of any of the previous cases of primary
resonance excitation.

Next, we demonstrate by simulation the sensitivity of the

and MSAR for the case of subharmonic
eam. The microbeam is biased by a dc
r is equal to 100. „a… Vac=0.1 V, „b… Vac
MT
rob
cto
STMT to detect small mass. We assume the cantilever beam ex-
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ited at � /�universal=6.29, which is just before the escape band.
igure 11�b� shows a time history for the response of the micro-
eam obtained by time integration for a long period of time. The
gure shows clearly a steady-state stable oscillation. Next, we
ssume that the microbeam has picked up an analyte that resulted
n increasing its mass by 0. 032%. The mass of the microbeam is
.332�10−10 g, so the picked-up mass is approximately 7.4
10−14 g. The picked-up mass shifts � /�universal to 6.291. Figure

1�b� shows the response of the microbeam in this case indicating
nstable response leading to pull-in and hence closing a circuit as
switch.

4.3 The Activation of Subharmonic Resonance. The activa-
ion of subharmonic resonance requires the ac amplitude and the
uality factor to exceed specific threshold levels �40,50�. Below
hese threshold levels, subharmonic resonance is not activated.
or example, if the quality factor Q is reduced to 25, subharmonic
esonance does not get activated. When Q is increased to 50 it is
ctivated, see Fig. 12�a� with no escape band. Hence, this case can
e utilized for MSAR. Increasing Q to 100 leads to the develop-
ent of the escape band. Figure 12�b� shows that Vac has rela-

ively similar effect as Q. Exciting the microbeam at Vac
0.05 V does not activate subharmonic resonance. Increasing Vac

o 0.1 V and then to 0.2 V activates subharmonic resonance and
reates the escape band, respectively. The Q-Vac zone of activa-
ion can be estimated numerically by running several simulations
or various grid values of Q and Vac. Figure 13 shows the Q-Vac
urve for the microbeam studied in this section. As shown in the

Fig. 12 Frequency-response curves for a cantilev
lustrating the influence of the quality factor Q and

ig. 13 The Q-Vac curve showing the subharmonic resonance
ctivation zone for a cantilever beam. For any point of Q and

ac above the curve, subharmonic resonance is activated.

21010-8 / Vol. 4, APRIL 2009
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figure, at small values of quality factor, high ac loads are required
to activate subharmonic resonance. A similar conclusion was
drawn for the activation of parametric resonance �32–34�. An ex-
ample for subharmonic resonance activated at low value of Q and
high value of Vac is depicted in Fig. 14. The figure shows what it
seems other bifurcations activated in the range of � /�universal
=5.58–5.7 near the maximum deflection of the response.

5 Subharmonic Resonance of Clamped-Clamped
Beams

In Sec. 4, we explored subharmonic resonance in cantilever
beams and found that it leads to an interesting dynamical behavior
that is promising for mass sensing application. In this section we
revisit clamped-clamped beams and explore their potential advan-
tage for mass sensing and detection based on their dynamic be-
havior when excited at subharmonic resonance. The dynamics of a
clamped-clamped microbeam excited at subharmonic resonance
have been first analyzed in Ref. �40� without emphasis in its ap-
plication. Also the escape phenomenon has not been reported or
explored in Ref. �40�. In this section, we extend the analysis in
Ref. �40� and shed light on its practical application for mass sens-
ing.

5.1 MSAR Based on a Clamped-Clamped Microbeam. Let
us consider the same microbeam of Sec. 2 of length L=510 	m.
The microbeam is biased by Vac=2 V and has a quality factor
equal to 100. If the microbeam is excited by Vac=0.6 V of fre-

microbeam excited at subharmonic resonance il-
amplitude Vac. „a… Vac=0.1 V, „b… Q=100.

Fig. 14 Frequency-response curves for a cantilever micro-
beam excited at subharmonic resonance for the case of Q=5
er
ac
and Vac=0.7 V
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uency � near twice its natural frequency �� /�universal�48� sub-
armonic resonance will be activated via a pitchfork bifurcation
40,50� �Fig. 15�a��. The frequency-response curve here can also
e utilized to design MSAR. The differences between the proper-
ies of this mass sensor compared with that of cantilever beams,
ig. 11�a�, are that it has wider frequency range and it is easier to
e calibrated �the larger the displacement is, the larger the amount
f mass detected is�. However, the response here does not encoun-
er sharp transition between the states of no-mass and with-mass
tates. Each of these device concepts needs further future investi-
ation to compare between them and determine their feasibility
nd practicality. It is worthy to note that a similar device concept
as been explored by Zhang et al. �33� using parametric excitation
f a comb-drive structure with structural legs of cubic nonlinear-
ty. The main differences between the method in Ref. �33� and the
roposed method is that the proposed MSAR does not require
xternal parametric force but requires parallel-plate electrostatic
ctuation to provide quadratic nonlinearity. It is worthy to note

Fig. 15 Frequency-response curves showing subharmonic
„a… demonstrates MSAR idea based on subharmonic resonan
at higher Vac. „a… Vac=0.6 V, „b… Vdc=1.5 V.

Fig. 16 Frequency-response curve and tim
excited at subharmonic resonance illustra
same time. The first dashed line to the left

other dashed lines indicate the new operating

ournal of Computational and Nonlinear Dynamics
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that electrostatically-actuated structures with ac harmonic excita-
tion are intrinsically parametric �51�. Hence, they share similari-
ties with parametrically actuated devices.

5.2 A Combined MSAR and STMT. Next, we explore an-
other case when Vac=1.5 V �Fig. 15�b��. The figure shows sub-
harmonic resonance, which is terminated by dynamic pull-in, after
which an escape band of frequencies is born. The subharmonic
resonance curve is very steep making it a good candidate for mass
sensing applications. Based on this interesting dynamic behavior,
we propose to utilize this mechanism of actuation to realize both
MSAR and STMT devices on the same microbeam at the same
time. To realize a mass sensor, the microbeam needs to operate at
the flat regime of the frequency-response curve, as shown in Fig.
16, for instance, at � /�universal=46.45 with Wmax /d=0.06. If the
microbeam picks or absorbs an analyte, the operating point of the
microbeam will shift to the right to ride the subharmonic reso-
nance curve, for example, at � /�universal=46.69 with Wmax /d

onances of a clamped-clamped microbeam for various Vac.
. „b… indicates a wide escape band of frequencies developed

istories of a clamped-clamped microbeam
its utilization for STMT and MSAR at the

icates the original operating point and the
res
ce
e h
ting
ind
points upon mass detection.
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0.3. This new amplified response of the microbeam can be re-
ated to the amount of mass absorbed or detected. If the amount of
etected mass exceeds a specific threshold, � /�universal shift to the
scape band of frequencies, for example, � /�universal=46.8, forc-
ng the microbeam to collapse as a switch �STMT�. Such compli-
ated functionality is desirable in some applications, where both a
ensor and a switch are required. For example, the MSAR can be
sed to monitor the concentration of a harmful gas in the environ-
ent. However, if a certain concentration of the gas is exceeded,

n immediate action is required, such as the activation of a warn-
ng system. This becomes the role of the STMT, which makes an
ction when exceeding a certain analyte threshold. This example
emonstrates the realization of two smart sensors using the same
icrobeam based on the nonlinear dynamics. These types of de-

ices can be very promising for monitoring harmful gases and
ubstances in the environment.

By increasing the ac amplitude further, the escape band gets
ider �Fig. 17�a��. But more importantly, the slope of the

requency-response curve prior to the escape band gets larger, as
epicted in Fig. 17�b�. The implication of this is an increased
ensitivity since a larger jump in the amplitude of the response
ccurs for a specific frequency shift due to mass pickup. Table 1
larifies this point further.

Figure 18 demonstrates the realization of very sensitive STMT
ased on this excitation method for the case of Vac=2.0 V. If this
icrobeam is coated with a sorbent material and made to oscillate

t � /�nat�45.9, then by absorbing a small amount of analyte, as
ow as 0.18% of its mass �
m�3.21�10−10 g�, then � /�universal
ncreases to lie in the escape band of frequencies. This leads to
ynamic pull-in making the switch in the “on” state.

Case Study

6.1 Experimental Investigation. In this section, we demon-
trate experimentally some of the concepts discussed in Secs. 2–5.

capacitive accelerometer, fabricated by Sensata Technologies,

Fig. 17 „a… Frequency-response curves for a clamped-clam
the influence of the quality ac amplitude Vac. „b… A zoomed

Table 1 The jump in the amplitude of the res
at subharmonic resonance when detecting an
original mass for two ac values

Vac
�V� � /�universal before � /�universal after

1.5 46.48 46.596
2.0 45.8 45.914
21010-10 / Vol. 4, APRIL 2009
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Boston, MA �52�, is used in this investigation �Fig. 19�a��. This
sensor employs two cantilever beams with a proof mass at the tip
of length=9 mm and width=5.32 mm. The behavior of this sys-
tem is qualitatively similar to a cantilever beam excited by elec-
trostatic force, which has been simulated earlier in this paper. The
sensor is made of an alloy 42 metal of thickness 150 	m. The
experimental setup used for testing, depicted in Fig. 19�b�, is com-
posed of a laser-Doppler vibrometer, which is used to monitor the
deflection of the proof mass, a vacuum chamber, ac and dc power
sources, and a LABVIEW data acquisition system.

We first tested the response of the cantilevers to a dc load only.
We found the pull-in voltage for this device to be approximately
110 V, see Fig. 20. Also, we found the gap width separating the
upper from lower electrode to be near 42 	m. From this static
analysis of the device, and using a spring-mass model �Sec. 6.2�,
we estimated an effective stiffness for the system k=215 N /m.
The next step was to measure the linear natural frequency of the
system. We tested the device using small values of ac and dc loads
�Vdc=2 V and Vac=4.2 V� and found the first natural frequency
to be approximately equal to 192.5 Hz. From this value and the
extracted stiffness k, we estimated a value for the mass m to be
used in the spring-mass model of Sec. 6.2.

The next step in the experiment was to actuate the device using
large values of ac and dc loads �Vdc=40.1 V and Vac=18.4 V� at
reduced pressure �150 mtorr� to generate nonlinear responses. Fig-
ure 21 shows the frequency response for a wide range of fre-
quency �1–400 Hz�. In this figure, only the dynamic part of the
proof mass deflection is shown �the static deflection due to the dc
load is not shown since the laser-Doppler vibrometer cannot read
it while measuring the dynamic deflection�. Three distinctive reso-
nances are depicted in the figure: superharmonic resonance of
order 2, subharmonic resonance of order 1/2, and primary reso-
nance. The figure also shows an apparent escape zone of frequen-
cies near primary resonance, where no stable oscillation of the

microbeam excited at subharmonic resonance illustrating
of „a….

se of a clamped-clamped microbeam excited
lyte of mass equivalent to 0.5% of the beam’s

Wmax /d before Wmax /d after 
Wmax /d

0.0656 0.227 0.16
0.0822 0.32 0.24
ped
pon
ana
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ystem can exist �escape to dynamic pull-in�. One also can note
hat this figure shares many similarities with Fig. 6.

6.2 Modeling and Comparison With Experiment. This sec-
ion presents a model for the capacitive device of Sec. 6.1. A
omparison between the experimental data and the model predic-
ions is also made. We utilize a nonlinear single-degree-of-
reedom model to simulate the device response due to Vdc plus Vac
lectric loading. In this model, the proof mass of the device is

Fig. 18 The operating principle of STMT for t
clamped microbeam. The dashed line to the
beam before the mass detection. The dashed
the microbeam after detecting an analyte, wh
ures show the time history of the response b
normalized to T=0.07 ms.

Fig. 19 „a… A picture for the tested capacitive sens

for testing the capacitive accelerometers under reduc

ournal of Computational and Nonlinear Dynamics
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modeled as a lumped mass m, which forms one side of a variable
capacitor. The equation of motion governing the behavior of the
resonator can be written as

mẍ + c�x�ẋ + kx =
�A�Vdc + Vac cos��t��2

2�d − x�2 �11�

where x is the deflection of the proof mass, � is the ac voltage
frequency, the superscript dot denotes time derivative, A is the

case of subharmonic excitation of a clamped-
represents the operating point of the micro-
to the right represents the operating point of
increases its mass by 0.18%. The upper fig-

re and after the mass detection. The time t is

„taken apart… and „b… the experimental setup used
he
left
line
ich
efo
or

ed pressure
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lectrode area assuming a complete overlapping between the two
lectrodes of the capacitor, d is the capacitor gap width, c is the
queeze-film damping coefficient, k is the effective stiffness of the
antilever beams, and � is the dielectric constant of the gap me-
ium. Values for k and m have been extracted, as described in Sec.
.1. To model the squeeze-film effect, we use the Blech model
53�. The model will be modified to make the gap space varies
ith the proof mass motion. Therefore, c is expressed as

c�x� =
768�effPaA2


6�d − x�3 � 2

�4 + �2/
4��
here �=12A��eff / Pa�d−x�2, pa is the ambient pressure, and

eff is the effective air viscosity coefficient. Here, we truncated
he series in the Blech model �53� to one term since it turns out in
his studied case that using one term yields adequate accuracy and
onvergence. To simulate the dynamic response of the capacitive
ensor, Eq. �11� is integrated numerically over time using Runge–
utta scheme to obtain steady-state solution.
In Fig. 22 we compare the experimental frequency-response of

ig. 21 with the simulation results. The figure shows a good
greement with a slight deviation in the subharmonic resonance
ase. One possible reason for this is the variation in damping
uring the frequency sweep, which we observed during the ex-
eriment. Hence, it is hard to use a single value of pressure in the

ig. 20 The static deflection of the proof mass for different
alues of Vdc. Shown in the figure are the experimental mea-
urements and the simulated static deflection using a spring-
ass model.

ig. 21 A frequency sweep response for Vdc=40.1 V and Vac
18.4 V with the pressure=150 mtorr. A sampling rate of 0.25

z/s was used in this experiment.
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model that fits the primary and secondary resonances at the same
time. In addition, we note that the experimental right stable branch
of the primary resonance terminates at a very small deflection
compared with theory. The reason for this is that while performing
the forward frequency sweep, the system went to pull-in. We then
continued the forward seep starting from an arbitrary frequency
that we estimated to give a stable response and probably passing
through any possible escape or pull-in frequency zone. To catch
the rest of the right branch of the primary resonance, a backward
frequency sweep needs to be conducted. A backward sweep for
the case of primary resonance is shown in Fig. 23 with compari-
son with the simulation results.

To simulate the process of detecting an external mass or an
analyte, small amounts of epoxy were applied to the proof mass of
the capacitive sensor, Fig. 24, using a pipette. Initially, the sensor
was excited near primary resonance using low values of ac and dc
voltages �Vdc=8.0 V and Vac=9.76 V� to guarantee linear re-
sponse at a pressure value near 148 mtorr. The resonance fre-
quency of the system was measured before and after the applica-
tion of the added mass, see Fig. 25�a�. The added mass causes a
0.7 Hz frequency shift in the fundamental natural frequency of its
cantilever beams corresponding to an added mass equal to
1.07 	g compared with the original mass of 147 	g. Next, the
sensor was driven by large values of ac and dc voltages �Vdc
=40.1 V and Vac=18.4 V� to realize dynamic pull-in and escape

Fig. 22 Experiment „forward sweep… versus simulation results
of the frequency response of the device when Vdc=40.1 V and
Vac=18.4 V.

Fig. 23 Experiment „backward and forward sweeps… versus
simulation results for the frequency response of the device

around primary resonance
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henomenon, which are the base of the STMT. Figure 25�b�
hows the obtained data. The figure reveals an apparent band of
requencies where the system escapes to pull-in. Whether this is
n inevitable �must� escape band of frequencies or represents a
ractal behavior that leads to pull-in cannot be judged from the
xperimental data only. However, one can note a shift in this
ull-in band due to the addition of mass. This shift is proportional

ig. 24 A picture showing the capacitive sensor with the
dded mass on top of the proof mass of the device

Fig. 25 The capacitive accelerometer frequency re
and after adding the mass. „a… Small linear respon

Fig. 26 The capacitive accelerometer frequency r

„twice the natural frequency… before and after adding
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to the added mass. As seen from the figure, it is difficult to realize
a stable operation before the escape band of frequency, which
becomes unstable after mass detection. Hence, subharmonic reso-
nance might be of more benefit for such application.

Next, we excite the system near subharmonic resonance by ap-
plying a dc voltage equal to 40.1 V and an ac voltage equal to
18.4 V, see Fig. 26�a�. Those voltage values were chosen carefully
to avoid any escape or dynamic pull-in. Figure 26�a� shows
clearly how the subharmonic excitation could be utilized for de-
tecting mass change. If we consider, for example, the excitation
frequency of 374 Hz in the case of the no added mass we notice
that the sensor response is very small �around 0.6 	m�. On the
other hand, at the same excitation frequency the sensor response is
very high �around 23.6 	m� for the case of the added mass. Now,
with a previous calibration, this drastic change in the sensor am-
plitude for the same excitation frequency can be used to determine
the amount of the added mass.

Increasing the ac voltage further to Vac=21.1 V leads to a dy-
namic pull-in, see Fig. 26�b�. The figure demonstrates how sub-
harmonic resonance can be utilized to design a switch that is
activated by mass detection. If we consider, for example, the ex-
citation frequency of 373 Hz for the no added mass case we notice
that the sensor response is very small �around 0.5 	m�. On the
other hand, at the same excitation frequency the sensor response is
unstable and goes to pull-in when the mass is added.

These are some issues of concern for the switch idea. Among
those is its stability before mass detection against external distur-
bances, temperature variations, excitation variations, and fabrica-

onse when excited near primary resonance before
„b… large response with pull-in gap.

onse when excited near subharmonic resonance
sp
se,
esp

the mass. „a… Small response, „b… large response.
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Downloa
ion tolerances. Also, its sensitivity to thermal and electrical noise
s of concern. These issues and how to control them need further
nvestigation in the future.

Summary and Conclusions
This study presented exploratory research into the utilization of

he escape-from-a-potential-well and jump phenomena in
lectrostatically-actuated resonators to realize new concepts for
ass sensing and detection. These concepts rely on actuating a

tructure by a dc load superimposed to an ac harmonic load of
requency near its fundamental natural frequency or its twice. This
requency of actuation is kept fixed throughout the mass detection
rocess. Hence, these mass detectors do not require phase-locked
ontrollers to track the resonance frequency of the structure. Both
lamped-clamped and cantilever microbeams were studied by
imulations as case studies under various excitation methods. An
xperimental case study for a captive sensor employing cantilever
eams was also presented demonstrating the proposed concepts. It
s concluded that subharmonic excitation for either beam at twice
heir natural frequencies provides the most attractive features. It
rovides sharp transition from the no-mass to the detected-mass
tates and it is slightly influenced by damping changes. However,
t may not get activated in high damping conditions, which put
ome limitations on its use.

One explored idea of a device is the STMT. This concept can be
seful in applications where measuring the quantity of detected
ass is not as important as doing an action upon detection. This
ay suit applications, such as detecting explosives, hazardous and

oisonous gases, and dangerous viruses and bacteria, such as an-
hrax. The proposed switch idea can benefit such applications by
roviding an electrical signal that can be functionalized directly to
useful action without the need to complicated circuitry, control-

ers, and decision units. Hence, it can be made of attractively low
ost. The reliability of this device, its performance under thermal
ariations and other disturbances, and its re-usability after switch-
ng �postswitching scenarios including stiction problems� are all
ssues that need future investigation.

The second kind of proposed devices is a MSAR. This sensor
tilizes the change in amplitude of oscillation, rather than fre-
uency shift, to indicate the quantity of mass being measured.
ecause of the pitchfork bifurcation encountered in this device
oncept, the amplitude change is sharp and significant. This en-
bles precise measurements of the amplitude change using a read-
ut mechanism, such as capacitive, piezoelectric, or optical. An-
ther advantage of this sensor is that it also does not require a
eedback or phase-locked controller to track resonance. However,
disadvantage of the sensor is that its output is not digital as the

lassical sensors, which produce frequency shifts. Which category
f sensors is more advantageous and how they are compared
gainst each other need further research. Also, the aforementioned
ssues for STMT apply for the MSAR and need be investigated.

In conclusion, it is worthy to mention that the proposed con-
epts of devices discussed in this paper need to be investigated for
heir sensitivity to external disturbances, fabrication tolerances,
nd noises. An important issue is the fact that those devices are
ased on having a resonator operating in a stable state at a fixed
requency prior to mass detection. Hence, the stability of opera-
ion prior to mass detection must be ensured to prevent accidental
r erroneous switching due to disturbances or noises. This can be
nvestigated by conducting global dynamic analysis to track the
asin of attraction of the stable solution before the escape band of
requency or before the activation of subharmonic resonance. One
ay to improve the stability of the STMT is to have the resonator
perates away from the pull-in/escape regime. However, this
omes on the expense of the sensitivity of the switch, i.e., it takes
arger amount of mass to have the switch triggered when it is
perated initially away from the escape instability. To resolve
hese issues, active control strategies need to be implemented to

nsure adequate stability before mass detection.
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