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On Degenerate Elliptic-Parabolic Operators of 
Second Order and Their Associated Diffusions* 

D. STROOCK AND S. R. S. VARADHAN 

1. Introduction 

This paper consists of two parts. In  the first part we extend our earlier results 
[lo] on the strong maximum principle to a broader class of operators, namely 
degenerate parabolic operators 

where L,  = t V  * ( a ( l ,  x ) V )  + b ( t ,  x )  * V with a and b suitably smooth. 
This leads to a generalization of the results of M. Bony [ l ]  that was sought by 
C. D. Hill [3]. It is also related to a recent result of M. Redheffer [8]. 

The second part of the paper is devoted to the study of the first boundary 
value problem for degenerate elliptic operators 

L = gv * ( . (X)V)  + b ( x )  * v - k ( x )  

in smooth regions. For example we show that if G is a smooth region in Rd 
and if g is a bounded continuous function on X2 U E3 (see [2], [4] or [5] for the 
definition of X2 and X3), then there is a unique u €Lrn(G)  such that 

(9 

(ii) 

uL*vdx = 0 for all V E C ? ( G ) ,  s 
ess lim u ( x )  = g(a)  , a € & !  u&, 

2-0 
bra 

provided inf k ( x )  > 0. Under an additional assumption on G, a and 6 ,  we need 
ztO 

assume only that k ( x )  2 0. Moreover, there is a set F of measure zero such that 
for x $ F  the solution u ( x )  is the limit of solutions of perturbed problems. 
One can use a wide class of perturbations and the set F of measure zero depends 
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only on the coeficients a ,  6 and the region G. We also give sufficient conditions 
which ensure that F is empty. 

The second half of Section 2 contains a description of the main results fieom 
the analytical as well as the probabilistic points of view. 

The first part, consisting of Sections 3 and 4, is almost independent of Sec- 
tions 5 through 8, which constitute the second part. Either part can be read 
independently of the other. Results from the first part are used only twice in the 
second part, and there in a rather weak form. Remarks following Theorem 
5.1 and Theorem 6.3 explain how the results from the first part are used. 

2. Background and Summary 

Let R = C[[O, CO), Rd] be the space of Rd-valued continuous functions on 
[0, co). The value of the function (0 E R at  i' is x ( t ,  (0) = x l ( o )  = w ( t ) .  Mr 
is the a-field generated by the functions x , , ( . )  for s 5 u 5 t .  M8 is the smallest 
a-field containing M: for all 1 2 s. A f t  denotes . I d : ,  Given 

a : [ O ,  co) x R d + S d  and b : [ O ,  co) x Rd-Rd, 

we define 

a l d  a 2  

2 i , j=1 a x i  a x j  i= l  axi 
d 

L, = - 2 ai'(t, x )  - + 2 b'(t, X )  - 

A solution to the martingale problem for L ,  starting a t  (s, x )  E [0, 00) x Rd is 
a probability measure P on (R, M8) satisfying 

(2.2) P [ x ( s )  = X I  = 1 , 

and 

is a P-martingale for all f E Cc(Rd). We shall also refer to P as a solution to the 
martingale problem for a and 6 starting at  (s, x ) .  

THEOREM 2.1. Let a : [ O ,  00) x Rd + S, and b : [ O ,  00) x Rd -* Rd be 
bounded measurable functions. Assume that a E C1s2[[O, co) x Rd] and that b is 
uniformly Lipschitz continuous with respect t o  the space variables on [0, co) x Rd. Let 
L ,  be as in (2.1).  Then, f o r  each (s, x) E [0, CO) x Rd, there is exactly one probability 
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measure Ps,z on (Q, i\P) satisfying (2.2) and (2.3). Moreover, the fami l y  

{ps.z: (5, 4 E [O, 00) x 
A 

is a Feller continuous strong Markovprocess. Finally there is an enlargement 0 of Q and 
an extension 

A 

of P8,z to R such that 

t 

x ( t )  = x +l al/ ' (u ,  4.)) d@(u) + r b ( u ,  I x ( u ) )  d u  a.s. Pa, , ,  

where / ( t )  is a ~,.,-Brownian motion. 

Theorem 2.1 is proved in [lo]. Another fact proved in [ 101 which we want to 
use is 

THEOREM 2.2. If a and b are as in Theorem 2.1 and c :  [0, co) x Rd + Rd 
is bounded and measurable, then there is exactly one solution Qs,z  to the martingale problem 
for a and b + a l f z  c starting at (s ,  x ) .  Moreover, the support of Q8,z  is independent 
of c .  

COROLLARY 2.1. Suppose G is an open subset of  [0, co) x Rd. Let a : G  -+ Sd 
and b : G ---f Rd be bounded measurable functions such that a E P 2 ( G )  and b satisjes 
a Lipschitt condition with respect to x uniformly on compact subsets o f  G. Given a bounded 
measurable function c :  G ---f Rd, set 

L ,  = $V * a V  + ( b  + a1 f2c )  * V ; 

then for each (s ,  x )  E G there is a unique probability measure Qs,z  on (Q, M:,), where 
T~ = inf { t  2 s: ( t ,  x ( t ) )  4 G},  such that 

and 

is a Q,,, martingale for all f E Ci"(G). 

In  [lo] we proved (cf. Section 5 )  that if B ( t )  is a W-Brownian motion on 
Rd and if 
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then under certain assumptions on G, 

tends to 0 as 6 -+ 0 for each E > 0, where 

and III/l(-)IIIT = max sup IPi(t)l. By an easy extension of the same argument 

we can prove the following result. 
15 i 5 d  a s t s T  

THEOREM 2.3. Let CT, 5 :  [0, 00) x Rd -+ Rd @ Rd and b :  [0, 03) x Rd + Rd 
be bounded measurable functions. Assume that u E C;"([O, co) x R) and suppose that 

where ,!I(-) and p ( - )  are independent W-Brownian motions on Rd. Then, f o r  all E > 0 
and T > s, 

THEOREM 2.4. Let u,: [O,  00) x Rd --+ S, and bi :  [0, 00) x Rd --+ Rd satiJfy 
the conditions of Theorem 2.1 f o r  i = 1, 2.  Suppose G is an open set in [0, 00) x Rd 
such that a, a2 and 6 ,  E b, in G. Denote by P:::, i = 1, 2,  the solution to the 
martingaleproblem for ai and 6, starting f rom (5, x )  E c. DeJine 

T: = inf{t 2 s: ( t ,  x ( t ) )  4 C} . 

Proof The proof of the theorem is an easy application of Theorem 3.4 in 
[9]. Indeed let Q be the measure which results from patching Pi:; and 
P ~ ~ ! . 2 ( t , , )  together at time T: as in Lemma 3.6 of [9]. One must show that Q = P::;. 
To do this let {C,}? be a decreasing sequence of open sets containing G such 
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m 

that = n G, . For each n )= 1 ,  define 
1 

and let Q ( n )  be the result of patching Ps?: and P::i,,z(r,n)) a t  time T ( " ) .  Then 
7'") 1 T' and it is easy to check that & ( " I  tends to both Q and Pf;: as n + co. 

We shall now give a summary of the results contained in this paper. 
I n  [lo] we proved that the support in function space of the solution to the 

martingale problem Ps., corresponding to 

L, = ta*( t ,  x ) V  - a*(t ,  x ) V  + b(t, x )  * v 
starting from (s, x )  consists of the closure of the set of trajectories of the form 

where y runs over smooth functions. In  Section 3 this result is extended to 
operators of the form 

(2.6) L,  = JV * (a ( t ,  x ) V )  + b ( t ,  x )  V 

and it is shown (Theorem 3.2) that the support of the corresponding solution 
consists of the closure of the set of trajectories of the form 

where y runs over smooth functions. This enables us to prove a general version 
of the strong maximum principle (Theorem 4.1). Namely, if L,  is as in  (2.6) 
and u is a function on G c [0, co) x Rd such that 

- + L L , u ~ 0  av  
at 

and 

u ( s ,  x )  = sup U(t,Y) , 
(t.U)EG 

then u(s, x )  = u(s ' ,  x') for all (s', x ' )  E A s , ,  is the set in G containing 
(5, x )  which is described as follows: 

A#*,  = closure { ( t ,  $ ( t ) )  : t  2 s, + ( u )  E G for all s s u 5 t }  , 
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r$ being as in (2.7) with y running over smooth functions. We also prove that 
As,z is maximal. For this purpose we have to construct counterexamples. These 
are in general only generalized solutions of (2.8). From the probabilistic point of 
view the natural notion of a generalized solution is in terms of martingales. 
Solving the equation 

aU - + L , u = f  
at 

should be the same as finding a function u such that 

is a Ps,, martingile for all s, x .  In  Sections 4 and 5 we adopt this as our notion 
of a solution. Later in Section 8, we prove that it is equivalent to extending L, 
by certain closure operations starting from L,  acting on smooth functions. See for 
instance Theorem 8.1. 

The rest of the paper is devoted to’the study of the elliptic first boundary 
value problem : 

Lu - ku = -f in G ,  

u = g  in d G ,  

where 
a + 2 b’ (x )  - , L = 4 2 & ( x )  - axi axj  axi 

a 2  

G c Rd, and 6G is the boundary of G. From the probabilistic point of view, 
once the problem is properly formulated one would expect the solution to be 
given by the formula 

where T ( W )  is the first exit time of the path x ( * ,  Q) from G. This is because 
(2.9) holds in the nondegenerate case. I t  is easy to verify that, under suitable 
assumptions, u ( x )  is well defined by (2.9) and satisfies 

LU - ku = -f 

in the martingale sense. The manner in which the boundary value is taken on 
is more difficult to describe. Obviously the boundary function has to be specified 
only at  those points a t  which x ( - ,  w )  can exit. An additional difficulty is that 



ON DEGENERATE ELLIPTIC-PARABOLIC OPERATORS 657 

although g, k and f are smooth functions, u need not even be continuous, due 
to the discontinuous nature of the functional T ( w ) .  

Actually, instead of considering T one can consider T', the first exit time of 
the path x(*, w) from e. There is no a priori reason why one should prefer one to 
the other. We have a similar formula for the solution 

(2.10) 

when one uses 7'. The  function u ( x )  has as much right to be a solution as u ( x ) .  
I n  the nondegenerate case, P,[T = 7'1 = 1 for all x E G so that the two solu- 
tions coincide. I n  the general case, this need not be true. If one wants the 
boundary value to be taken on continuously'at a point xo E 6G, one needs 

(2.1 1) l imP,[~'  2 E ]  = 0 for any E > 0 .  
X ' X O  
r e c  

If one defines r as the set of points xo on 6G such that (2.1 1) is true, one can 
show that, for g which are continuous and bounded, 

lim u ( x )  = g(xo)  for xo E I' 
X + Z O  

I n  order to show that it is enough to prescribe p on r, one has to show that 

PZ[x(7') I# r] = 0 for all x E G .  

This is also relatively easy. T h e  analogous properties for T are  not true in general. 
Thus the 7' problem is better behaved than the T problem. 

I t  is nonetheless possible to formulate both problems in analytical terms so that 
the solutions are u ( x )  and u ( x ) ,  respectively. This is done in Section 5 .  

If C2 u C, c 6G is defined as in [2], [4] or [ 5 ] ,  then we have 

c, u c, c r CC, v c,. 

Sections 6 and 7 deal with the above inclusions and give some criteria which help 
determine the set r precisely. We also prove in Section 7 that P,[T = T' ]  = 1 
for almost all x in G. This means that although u ( x )  and u ( x )  can be different 
they must agree almost everywhere. Moreover, a t  any point x where 
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both u and u must be continuous and the solution is stable with respect to various 
perturbations. Even if one cannot determine r exactly, it is still enough to 
prescribe the boundary function on C, u C, . This is made possible by the fact 
that 

P,[T = 7' and X(T) E C, U C,] = 1 

for almost all x in G. Therefore, C, u C, is a big enough set on the boundary 
to determine u almost everywhere. This is the basis of the uniqueness proved in 
Theorem 8.2 and Corollary 8.2. 

3. The Support 

I t  was proved in [lo] that the support of the diffusion process starting from 
( t o ,  xo) corresponding to the operator 

(3.1) L,  = $ ~ * ( t ,  .u)V * c*(t, x ) V  + b ( t ,  x )  * V 

consists of the closure of the set of trajectories having the form 

where y runs ovcr nice functions. Of course, if L,  is given in the form 

(3.3) 

then one cannot always write i t  in the form (3.1) with a smooth choice of a(t, x ) .  
The purpose of this section is to extend the result proved in [lo] for operators in 
the form (3.1) to those in the form (3.3).  

The main idea behind the proof is that we notice first that a need not be a 
d x dmatrixin (3.1 j .  It could bc any rn x d matrix so long as U * G  = a. While 
i t  is not true that an arbitrary operator with smooth coeficients in the form (3 .3)  
can be always written in the form (3.1) with rn equal d or with any other finite 
m, we prove that i t  can be written in the form (3.1) with smooth coeficients 
provided one takes tn = CO. This of course introduces technical dificulties 
regarding convergence. T h e  approach we takc overcomes these problems. 

We start with a few lemmas. 

LEMMA 3.1. Assume that C P i )  = C'[[O, co), I?&], i = 1 ,  2, arid let us identify 
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with Q(l) x (i.e., t ( t )  = ( x ( t ) , y ( t ) ) ) ;  let 

a: [O,  03) x C!-+.Sd2 and b:[O,  03) x Q + R d a  

be bounded nonantic*ating functions. Define 

where 8 = ( A ,  p )  is any element of PI*=. Suppose P is a probability measure on Q 
such that P[z(O) = 01 = 1 and 

Ze(t) = exp ((8. t ( t )  -/'6(~) d u )  - t r ( 8 ,  d(u)B)  du] 
0 

is a P-martingale for all 8 E 
A(1) generated by x ( s )  f o r  0 
such that, Jor w 4 N,  

Denote by P ,  the 7.c.p.d. o f  P given the a-field 
s < 03. Then there is a set N E A(1) with P ( N )  = 0 

(i) 

(ii) 

P,k(O) = 01 = 1 , 

for all p E Pa , 

is a P,-martingale. 

Proof: First we shall prove that for each to 2 0 

~ ~ " [ Y , , ( t ~ ) l  = 1 a.s. 

Let us denote the function above by H ( w ) .  We define a measure Q on AW) 
by 

Since H ( w )  is obviously measurable with respect to M1) it suffices to show 
that Q on is the same as P on M I ) ,  i.e., the Wiener measure. Since 
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Q [ x ( O )  = 01 = 1, we have to establish that 

is a Q-martingale. Assume 0 5 t, 5 t, and Iet A E &!it) . We have to prove 
that 

Case ii. 0 5 t, 5 t o  5 t , .  

Case i i i .  0 6 t, 5 to 5 t, . 



ON DEGENERATE ELLIPTIC-PARABOLIC OPERATORS 66 1 

This proves (3.4) in all cases. Let Pk be the r.c.p.d. of P given A’, . 
Then X A ( t ) ,  Y,,(t) and 5 ( t )  are all martingales with respect to Pi for almost 
all w .  Hence the same argument as before yields 

By the usual argument one can end up with one exceptional set of measure zero 
which works for all times and p simultaneously. 

LEMMA 3.2. Suppose p ( - )  and I(.) are two independent d-dimensional Q-Brownian 
motions and let u, d:[O, co) x R d - - t R d @ R d  and b:[O,  co) X P + P  be 
bounded measurable functions which are uniJormb Lipschitz continuous with respect to space 
variables on [0, 00) x Rd. Further, assume that u €Ct2([0, m) x Rd). Let v ( * )  
be the solution of 

where 

Denote by Pa the distribution of q( t )  under Qa for s 5 t 5 T. Then 

lim Pa = P o ,  
6 4 0  

where Po is the unique solution of the martingale problem in s 
to the coeficients 5 = dd* and 6 = b - ~ U ’ U ,  starting at time s from the point x .  

t 5 T corresponding 

Proof There is no loss of generality in assuming that x = 0 and s = 0. 
We make the following definitions : 
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y( t )  is the solution of 

and 

By Lemma 3.1, conditioning with respect to does not affect the distributions 
of y ( - )  or p(.). Hence they have the same distribution under Qa as under &. 
In  particular, y ( * )  has Po for its distribution. I t  is therefore sufficient to prove 
that, for any E > 0, 

First let us observe that, by Theorem 2.3, for any E > 0, 

limQa(lll - )= E )  = 0 .  
d+O 

Let us choose a large number M so that it dominates 0, d, 6, d u  and their 
Lipschitz constants. Define 
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Then 

A d ( t )  5 8B,(t) + 8 B d ( t )  + 8 M 2 t  A,(u)  du , Jcd 
B,(t) s 2C,(t) + 2M2t  Ad(u) du , 1' 

Combining the above inequalities, we obtain 

where k is some constant. Since C a ( t )  --f 0 as S --f 0, i t  follows that A d ( t )  -+ 0 
as S -+ 0. This concludes the proof. 

LEMMA 3.3. Let a, 0, 5:[0, m) x R + S, and b:[O,  CO) x R -+ Rd be 
bounded nonanticipating functions. Assume that, for each t and w ,  a( t ,  w), u ( t ,  w )  and 
a(t,  w )  commute. Further, let a = u2 + 3. Let P be a probability measure on R 
with the property that 

f ( x ( t ) )  + L J )  0 ( 4 s ) )  d5 

is a P-martingale for all f E Corn (P), where 

A A A 

Then there is an enlargement R o f  R and an extension P of P to R such that 

where ,9 and B are independent d-dimensional :-Brownian motions. 
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Proof There is an enlargement Q’ of CI and an extension P‘ of P to 
SZ’ such that 

where a(s) is a d-dimensional PI-Brownian motion. Define 

Then pall2 = all2 p = rR , where rrlt is the orthogonal projection onto the range 
of a. Let r,,, = Z - rR be the orthogonal projection onto the null space of 
a. Define 

then the 2d x 2d matrix 

is an orthogonal matrix. Let h = a’ x n and 
admits the Brownian motion B ( t ) .  Let us define 

= P’ x P, where (n, P) 

Then p and B are independent ;-Brownian motions. Moreover, 

s,’ 
t 

Sole($) dg(s )  =~r5(s )UZ1(s )  da(s) + 6 ( ~ ) U ~ ~ ( s )  d Z ( s )  . 
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Therefore, 

=s,’(oU’’ + dU2’)(s) h ( s )  + (aU12 + 5U”))s) dZ(s)  

=[a’/’(~) du(s)  , 

s,’ 

Indeed, one need only note that 

and 
aU12 + bu22 = 0 .  

 THEOREM^.^. Let a ,  Q, 3 : [ 0 ,  03) x Rd-+Sd and 6,  c:[O, co) x R d - + R d  
be bounded measurable functions which are ungormb Lipschitz continuous in  the space 
variables on [0, m) x Rd. Let us assume further that a , ~  E C,’*2([0, 00) x Rd), that 
a, Q and d commuteand that a = 8 + 3. Let C? = 3 and g = b + a1I2c - i d u .  
If Ps,, and psv, are the solutions to the martingale problems f o r  [a,  b] and [Z, 61, 
respectively, starting f rom x at time s, then 

Proof: Since the support of PsSz is the same as the support of the solution 
Q,, ,  to the martingale problem for [a, b + ~ ~ ‘ ~ c ] ,  we can assume that c = 0. 
In that case the theorem is an immediate consequence of Lemmas 3.2 and 3.3.  

COROLLARY 3.1. Let a E Cl*2([0, 03) x Rd, S,) and let 6 :  [0, 00) x Rd -+ Rd 
be bounded and uniJormb Lipschitz continuous in space. Given a bounded measurable 

d(t) = x + f a ( u ,  $ ( u ) ) y ( u )  d u  + f J ( u ,  $ ( u ) )  d u ,  

where 6 = b - $a’. Then $ E supp (P*,J, where Pa,% solves the martingale problem 
f o r  [a,  b] starting from x at time s. 
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Proof: 
is at most 4. Define a,, = a and ,  for n 5 1, 

Clearly we can assume without loss of generality that the trace of  a 

n-1 

a, = - and b, = b + a y  - 3 2 (a;)’ . 
0 

Let P:,2 be the solution to the martingale problem for [a,, b,,] starting from 
x at time s. Then, by induction, we see from the preceding theorem that for all n 

Moreover, by Theorem 10.2 of the appendix, a,, -+ 0 and b, -+ b + a y  - $a‘ 
uniformly on compacts as n -+ co. Therefore, Pi,:) converges weakly as n + co 
to the distribution degenerate at the path 4.  In particular, 

9 E SUPP (P8,Z) . 

Given coefficients [a, b] as in the preceding corollary, let us define Sa,b(s, x )  
to be the set of 4 : [s, co) -+ Rd such that 

for some bounded measurable function y : [s, 00) --t Rd. 

THEOREM 3.2. Let [a, b] satisfy the conditions of Corollary 3.1. Given a bounded 
measurable c :  [0, 00) x Rd -+ Rd, let 

L ,  = $V * aV + ( b  + a1’2 c )  * v , 

and denote by Ps, ,  the solution to the martingale Problem for L,  starting from x at time 
s. Then 

SUPP V S , J  = Sa.a(S, 4 . 

Proof: We can assume that c = 0. The inclusion Sa,a(~, x )  G supp (Ps,z) 
follows at once from Corollary 3.1. To prove the opposite inclusion, let us assume 
that the trace of a is at most 3 and define a,, , for n 2 0, as in Corollary 3.1, Let 

a,  = 2 a; and 
n 

0 

Lj”’ = tV * a,V + 6 . V .  

If P::: is the solution to the martingale problem corresponding to L;“), starting 
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from x at time s, then we know that 

SUPP (pd:)) = S",.,,(J, 4 * 

Moreover, 
Sb,.b(s, x )  c Su,o(s, x )  for all n . 

Since Pi,': converges weakly to Ps,, as n + co, we have 

Remark 3.1. Suppose that G is an  open set in [0, co) x R i  and that a, b 
and c are coefficients satisfying the conditions of Corollary 2.1. Let T, and 
Q s a z ,  (s, x )  E G, be defined as in that corollary. Given T > s such that 

let Qf, denote the measure on C([s, TI,  R d )  obtained by conditioning QS,, 
with respect to { T ~  2 T}.  Then an easy consequence of the results of this section 
is that supp (&TI) coincides with the closure in C([s, TI,  P) of the paths 
+: [s, TI 4 lP whose graph lies in G and for which there is a bounded measur- 
able y :  [s, TI --f Rd such that 

4. The Strong Maximum Principle 

Let G be an open set in [0, co) x Rd and suppose a, b and c are co- 
efficients satisfying the conditions of Corollary 2.1. Define 

L,, = $ V  . a V  + ( 6  + a112c) V 

and define T~ and Q,,, , (s, x )  E G, as in Corollary 2.1. Given (s, x )  E G, con- 
sider the measures 

Define A ( s ,  x )  to be the closure in G of the points ( t ,  + ( t ) ) ,  where t 2 s and 
4: [s, t ]  .--f Rd is a path whose graph lies in G and for which there is a bounded 
measurable y :  [s, t ]  + Rd such that 
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As a consequcncc of I<cniark 3.  I ,  wc sce that y E supp ( q ( s ,  .r; 1,  - ) )  if and  only 
if ( / , - Y )  E A ( s ,  A).  

The purpose of thc prcscnt scction is to show that if u is a “subsolutioii” 

hlorcovcr, wc want to show that A ( $ ,  x) is tlic hrgcst  sul,sct of C; having this 
propcrty. Ucforc proving this rcsult, i t  is ncccss;iry to cxplorc wliat we nican by  
a “suI~soIution”. Certainly any function u E (;t*’(c) satisrying 

rot- a p t  + I., in G ; ~ l d  if U ( S ,  X) = SUP, ~ ( i ,  x ) ,  t h ~ n  u = U ( X ,  X) 011 J(S, x). 

aU 
at 
- + L L u z O  in G 

must bc covercd by our  dcfinition. Howcvcr, in ordcr to show that A ( s ,  .x) is 
niaxitiial, wc nccd to cxtend our notion of subsolution to includc functions wliich, 
in the case L,  = ;A,  arc  callcd subparabolic Functions on G .  

Let k : G  --t [O, co) be a boundcd mcasurablc function. Given a function 
u : G + R ,  we shall say that u is a k-subsolulion if 11 is boundcd above, 11 is upper 
semicontinuous, and, for any (5, x )  E G, 

u ( l  A T , ~ ,  x ( t  A 7,)) exp ( - l A r ’ k ( u ,  . x ( u ) )  du  

is a Q,.,-submnrtingalc. Wc shall first show that if u E Cb.*(G) satisfies 

aU 
at 
- + L L , u -  k u 2 0  i n  C, 

then u is a k-subsolution. 

LEMMA 4.1. /,el 6: [0 ,  co) x R -• R and 77: [ 0 ,  co) x R - *  R be bounded 
nonan~icipating functions. Assume that t(t) is a 1’-martingale for some probabiliiy 

measure P on 0, and dejne y ( t )  = 
t 

~ ( s )  ds. Then 

is again a P-martingale. 

Proof: Note that 
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' 1 ' 1 ~  first tcrrn ol)viously vanislics. Morcovcr, i T  A E ATs,  thcn 

LEMMA 4.2. u E Cl*'(C) satisjies (4.2), t/ien u is a k-subsolution. 

Proof: Lct 

and 

Thcn an  application of Lemma 4.1 shows that 

u ( t  A 7, , x ( t  A 7,)) cxp [ - l A r S k ( a ,  x ( m ) )  dz) 

is a Q,v~z-martingalc. Sincc the intcgrand in thc second tcrm is non-ncgativc, this 
proves that thc first tcrrii is a &,,,-submartingale. 

 HEO OR EM 4. I .  I f  u is a k-subsolution Jor some non-negative bounded measurable 
k and ;f 0 = u(s ,  x) = sup u( t ,y )  f o r some  (5, x )  E G, then u = u(s,  x )  on A(s ,  x ) .  

Conversely, if ( t o  , yo)  E G - A(s, x ) ,  then there is a 0-subsolution u such that u 5 0,  
u ( s ,  x )  = 0,  and u ( t ,  , j o )  < 0 .  

u 

Proof: Choose I >= sup k ( t , y ) .  Then u is a I-subsolution, and so 
a 

q(s,  x ;  t ,  d y ) u ( t , y )  = EQs.r(e-"t-s) u ( t ,  ~ ( t ) ) x , ~ , ~ ]  

2 - E l ? * . ~ ( ~ - A ( t A r \ - b l  u ( t  A T , ~ ,  x ( t  A 7,))] 2 u ( s ,  x )  = 0 . 
s e- - l ( f - s )  

Thus, since u is upper semicontinuous and at most 0, u ( t ,  * )  = 0 on 
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T o  prove the converse, suppose that ( t o ,  yo) E G' - A ( $ ,  x )  and choose 
y € C ; ( C  - A ( $ ,  x ) )  such that y~ 2 0 and y( to ,yo)  = - 1 .  Define 

Then u 0 and u(to  ,j0) < 0. Moreover, using Remark 3.1 and the fact that 
y~ = 0 on A ( s ,  x ) ,  one sees that u(s ,  x )  = 0. Finally, the weak continuity of the 
Q t , v  and standard Markov arguments imply that u is a 0-subsolution. 

Remark 4.1. I t  is obvious from the proof of Theorem 4.1 that u need be a 
subsolution only on A($,  x )  and 0 = u(s, x )  = sup u ( t , y )  in order for the con- 
clusion to obtain. 

Remark 4.2. 

A ( 8 . X )  

The analytic meaning of the extension of a/at + L ,  which is 
implicit in our definition of subsolutions will be discussed in Section 8. In  partic- 
ular, i t  will be described there in what sense the counterexample constructed in 
Theorem 4.1 satisfies &/at + L, u z 0 on G .  However, i t  should be mentioned 
here that if G = ( t l  , t z )  x Rd, then our counterexample is essentially as smooth 
as the coefficients in L ,  . This fact follows from the theorem of Oleinik proved 
in the appendix. 

Remark 4.3. Because our notion of subsolution is basically a mean-value 
property, our class of subsolutions is closed under the same operations as the class 
of subparabolic functions. Hence i t  is considerably larger than the set of smooth 
functions satisfying (4.2). 

5. The First Boundary Value Problem 

Let a:Rd + S, and 6:Rd --f Rd be bounded measurable functions such that 
a €C2(Ra) and b E C ' ( P ) .  Let 

and denote by P, the solution to the martingale problem for L starting a t  x. 
Given a n  open set G in Rd, define 

T = inf { t  2 0: x ( t )  4 G) , 

T' = inf { t  2 0 :  x ( t )  $ C} . 

If L is strictly elliptic and G is reasonably nice (e.g., satisfies a n  exterior cone 
condition), then P=(T # 7 ' )  = 0 for all x E G. However, if L is degenerate, 
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then, as we shall see, P,(T # 7’ )  need not vanish for all x E G no matter how 
smooth G is. This fact leads us to two formulations of the first boundary value 
problem, one corresponding to T and the other to 7‘. As will be shown later, 
these two formulations correspond analytically to approximating the solution 
from inside and from the outside, respectively. 

We shall use r to denote the set of x E 6C such that PJT‘ > 0) = 0. 
By the 0 - 1 law, if x E 6G, then x $ I‘ if and only if P=(T’ > 0) = 1.  

LEMMA 5.1. The set r is a G, subset of 6G. A4oreover, f o r  all x E G, 

Finally, if x E r, [hen lim PY(7’ 2 E )  = 0 for all E > 0. 
Y-2 
YEG 

Proof: Note that (7’ < E }  is open. Since P,  is weakly continuous in x ,  
P,(T’ < E )  5 limu-z PV(7’ < E ) .  Hence { x  E 6G: P,(T’ < E )  > 0 )  is open in 
6G, and so 

is a G , .  

since the paths are  continuous. Hence, 
To prove the second assertion, observe that ~ ( 7 ’ )  E 6G a.s. P,  for x E G 

by the strong Markov property. 

is closed, limY+, PY(7’ 2 E )  5 P=(T’ 2 E )  = 0; q.e.d. 
Finally, suppose x E r. Then, for all E > 0, PZ(7’ 2 E )  = 0. Since {T’ 2 E }  - 

Given bounded measurable functions 

E u =  f 
if 

U ( x ( t  A 7 ’ ) )  - 

u and f on G, we shall say that 

in G 

[tArf(x(s)) ds 
J O  

is a P,-martingaIe for all x E C. 
I f  u EC*(G) and L u  = f on c, then clearly t u  = f. Hence 

t is an extension of L .  Moreover, i t  follows from Theorem 2.4 that the definition 
of t really depends only on the restriction of the coefficients of L to G. Finally, 

Remark 5.1. 
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although the operator I: is not strictly single-valued, nonetheless if t u  = f, 
in e, i = 1 ,  2, then f, = fi at  common points of continuity. 

We are now ready to state the first boundary value problem associated with 
7'. Lct k be a bounded, continuous non-negative function on e. Given boun- 
ded measurable functions f and g on G and I', respectively, we shall say that 
u solvcs tlic r'-first boundary value problem for f and g if 

THEOREM 5.1. I'eilher 

(5.2) 

or 

(5.3) inf k ( x )  > 0 ,  
X € B  

the r'-Jirst boundary valueprobleni has exactly one solution u for each f and g. Moreover, 
liin u(y) = g ( x )  f o r  x E I' which arepoints of continuity of g. 
Y E 0  
Y-r 2 

Proof: Standard Markov arguments show that 

u ( x )  = E z [ - l e x p  [ - b ( x ( s ) )  ds f ( x ( t ) )  dt 
(5.4) 

is a solution (note 
Convcrsely, if 

that all the indicated integrals exist under either (5.2) or ( 5 . 3 ) ) .  
u is a solution, then 

is a P,-martingale for all x E e. Hence, by an application of Lemma 4.1, 

u ( x ( t  A 7')) exp [ - l A " k ( x ( s ) )  ds) -StAr'exp 0 [ - r k ( x ( s ) )  0 d ~ )  f ( x ( 6 ) )  d6 
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is also a P,-martingale for all x E G, and so 

for all t 2 0 and x E G. Using (5.2) or (5.3) and the fact that 

u ( x ( l  A 7 ’ ) )  = g ( x ( 7 ’ ) )  on {T’ 5 t }  , 

one sees upon letting t t 03 that u ( x )  is given by (5 .4) .  
To prove that lim u ( y )  = g ( x )  if x E is a point of continuity of g, observe 

u- x 
ueo 

that by Lemma 5.1 and either (5.2) or (5 .3)  

This is obvious if (5.3) obtains. To  prove i t  under (5 .2)  note that 

L EV[7’] 5 & 
u - 2  v - x  u - x  
U € 4  Y E U  Y C C  

G Ey[T’, T‘ > E ]  = & + K E,()“,>, Exce,[T’]] 

- 
I - E + c lim PV(d > E )  = E , 

u - x  
Y € G  

where c = supxco E2[T’]. This implies that 

lim u(y)  = lim E,[g(x(;)), T’ < co] 
l I - 0  Y-x 
VEQ Y E 0  

Our assertion now follows from another application of Lemma 5.1 and use of the 
fact that 

sup I x ( t )  - yI 2 E 

for all E > 0. 

Remark 5.2. The condition (5.2) is difficult to verify in general. However, 
one sufficient condition for (5.2) to hold can be obtained from our characterization 
of supp (P , ) .  Indeed, suppose G is compact and that there is a T such that 
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for each s E G there is a C$ E S,,,(x) such that C$( T )  $ G. Then P=(T’ < T )  > 0 
for all .r E G. Hence, since P2(7’ < T )  is lower semi-continuous, 

infP,(T’ < T )  2 1 - tc > 0 
Z € G  

Thus by induction and the strong Markov property, Pr(7’  2 nT) u” for all 
x E G. Hence, in this case, we even have supzEC Ez[eAr’] < 00 for I, such that 
aeAT < 1 .  

We now want to describe the first boundary problem associated with T .  

To do this we must first say what extension of L we are going to use. Given 
bounded measurable functions u and f on G, we write 

A 

L u =  f in G ,  
if 

A 

is a P=-martingale for all x E G. Observe that Lu = f on G if and only if for 
every compact K c G, LU = f on K .  In  order to descrihe how we want the 
boundary data to be taken on, we introduce the “harrier” function, 

and define 

ro = x ~ s c  : lim y ( u )  = o . ( Y+, I 
uec? 

Let k be a non-negative bounded continuous function on G. Given a bounded 
measurable function f on G and a bounded continuous function g on ro , 
we say that a bounded measurable function u solves the T-Jirs! boundary zlalue 
problem for f and g if  

A 

L u - k u  = f in G ,  
u(y)  s g ( x )  as y -+ x E I’, , (5.5) 

where u ( y )  % g ( x )  means that u(yn)  + u ( x )  if (yn)i“ c G tends to .Y and 
y b n )  = 0. 

A 

Remark 5.3. I t  is easy to check that L y  = y - 1 in G. However, y is 
lower semicontinuous and not in general upper semicontinuous. I t  is this fact 
that prevents y from being a good barrier and forces us to give such a clunisy 
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description of the way in which u takes on its boundary data. If one were to 
take the lower semicontinuous regularization of y,  then for nice regions C one 
would end up with 1 - E,[e-"] ,  which is the appropriate barrier for the 7'- 

first boundary value problem but not for the 7-problem. I n  this connection, it 
should be noted that if G,,? G and c, c G, then 1 - Ex[e-r'n]  \ y l ( x )  on G. 

LEMMA 5.2. 

Proof: Clearly i t  is enough to show that ( ( t )  = e-'"'ly(x(tA 7 ) )  4 0  
a.s. P, as t + co. Using Lemma 4.1, one can easily check that f ( t )  is a P,- 
supermartingale, and therefore, since i t  is bounded, f ( t )  converges a.s. P ,  . 
Thus, to prove that t(t) 4 0 a.s. P, , i t  is enough to show that E , [ t ( t ) ]  --f 0 
as t + 03. But 

For a l l  x E C, ~ ~ . . ~ l y ( x ( t  A 7)) - 0  a.s. P, as t f  a. 

Remark 5.4. As a consequence of Lemma 5.2,  we see that 

~ , ( x ( . )  # ro , 7 < a) = 0 , X € G .  

I n  the next section we shall show that P,(x(T)  # r, T < 00) = 0, x E G. From 
this i t  follows that I',, s r. Indeed, if x E ro - r, then we can find an  E > 0 
so that Iy - X I  5 E implies y 4 r. But lim P,(T >= t )  = 0 for all t > 0, and 

so there is a y E G such that PY((x(T) - x (  < E ,  T < 00) > 0, which contradicts 
P, (x (T )  E r, 7 < 00) = 0. Also notice that, for x E I', 

Y-- 
ueQ 

lim P"(T 2 t )  5 lim PU(7' 2 t )  = 0 
Y'X Y - 2  
YEU v e u  

for t > 0 and so F c P o .  Hence the only points where the bad convergence 
may occur lie in F - r. 

THEOREM 5.2.  Let  k be a non-negative continuous bounded function on G .  Assume 
that either 
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or 

(5.7) infk(x) > 0 
xrQ 

Then for each bounded nieasurableJunction f on G and bounded continuousfunction g 
on r0 there is exactly one bounded measurable u which solves the 7-Jirst boundary value 
problem for f and g. 

Proof: T o  prove existence, set 

Then, by the same type of argument as that given in Theorem 5.1,  one can 
show that e u  - ku = f in G and that u b n )  - g ( x )  if {y,,}? E G tends to 
x in such a way that y o n )  -+ 0. 

To prove uniqueness, note that if u is a solution, then 

U ( X )  = Ex[- lArexp [ - b ( x ( a ) )  da] f ( x ( J ) )  ds 

+ exp ( - I O f A r k ( x ( a ) )  da) u ( x ( t  A T ) ) ]  . 

By Lemma 5.2, u ( x ( t  A 7 ) )  - - + g ( X ( T ) )  a.s. P on {T < co}, and so we see, upon 
letting t f co, that u must be given by (5 .8) .  

Although the 7-first boundary value problem has many draw- 
backs, it has one major advantage over the T’-problem. Consider coefficients 
a € C 2 ( G )  and b EC’(G) which cannot be extended smoothly outside of G. 
(For example, let G = (0, a) and suppose a(.) = x near 0.) Then one 
can no longer discuss the T’-problem, but the 7-problem still makes sense and 
Theorem 5.2 remains true. 

Remark 5.5. 

6. Infinitesimal Processes and Conditions for Regularity 

Let G c Rd be a region with $ ( x )  as its defining function. That  is, 

G = { x :  $ ( x )  > O } ,  

G = { x :  + ( x )  = O}, 
IV+l # 0 on 6C 
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Let xo E 6C. We would like to determine, in terms of the behavior of the coeffi- 
cients of L and the function 9, when xo E r, the set of T' regular points de- 
scribed in Section 5. For this purpose we look at  the process x ( t )  corresponding 
to L, starting at  time 0 from the point xo. Let [ ( t )  = + ( x ( t ) ) .  We have to 
decide when [ ( t )  becomes immediately negative. Let us define 

s ( t )  is of course non-negative and is the standard deviation of E ( t ) .  
We shall assume that 

a ( t )  = atf + o ( t r )  as t J. 0 ,  

and 

P ( t )  = /?is + o ( t 8 )  as t 1  0 ,  

where a, are different from zero and r, s are some integers. Clearly, s 5 2 2  

and if s = 2r ,  then /3 2 az. Three cases arise naturally in trying to compare 
a ( t )  with s ( t ) .  

Case 1: s < 2r .  
In  this case, S ( L )  is much larger than a ( t ) .  So the diffusion must dominate 

and this indicates that [ ( t )  takes on immediately positive and negative values. 
Therefore, the point in question is probably regular. 

Case 2 :  
In this case, s ( t )  is negligible compared to a( t ) .  So the behavior of a ( t )  

must depend on the sign of a ;  a > 0 should imply irregularity and a < 0 
should imply regularity. 

s = 2 r ,  ,9 = a2. 

Case 3 :  
In  this case, s ( t )  and a ( t )  are of the same order of magnitude. The situation 

To illustrate these cases let us consider some examples. 

s = 2r,  /I > az. 

is unclear and one must look more carefully. 

EXAMPLE 1. If, at a boundary point, (aV9 ,  V+) > 0, then that point 
must be regular. In this case, s = 1 and no matter what r is we always have 
s < 2r .  
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EXAMPLE 2. Consider the region G c R2 consisting of 

Let the operator be 

Take the boundary point (0, 0). For the function +(x) = x ,  s = 3 and r = CO. 
So the origin is regular. 

EXAMPLE 3. If the operator is purely of first order or at  least if the second 
order terms have a strong enough zero at the point under consideration, then 
we are in Case 2, so that the regularity is determined purely by the sign of 
E $ ( x ( t ) )  for small t .  

EXAMPLE 4. Consider the operator 

in either > 0 or y < 0. A solution starting from (0, 0) is easily seen to be 

where / ? ( t )  is Brownian motion. I f  the region is y > 0, we have regularity of 
(0, 0) provided a < 0. If the region is y < 0 we have regularity for all Q. 

All these cases come under Case 3 with s = 2 and Y = 1. 
Theorem 6.1 deals with Case 1 and under some additional assumptions 

proves what is indicated. Theorem 6.2 treats Case 2 and establishes what was 
suggested beforc. Theorem 6.3  looks in detail at  Case 3 when Y = 1 and s = 2. 
Each theorem is preceded by a lemma or two which cover some preliminary 
material. 

Remark. If the coefficients and the function rj are sufficiently smooth, we 
can determine a, p, Y and s by the relations 

(tk +)(x0) = 0 ibr k = 1 ,  2, - ,  Y - 1 , 
(Lr $ ) ( x o )  = ( r ! ) a  , 

( L k $ 2 ) ( ~ o )  = 0 for k = 1, 2, - * - ,  s - 1 , 
( L C  rj”(X0) = ( S ! ) B .  
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We first consider Case 1 .  Here we have to assume in addition that a = uu*, 
where u E Cw[Rd,  Rd @ RNJ for some N .  

LEMMA 6.1. If a = UU*, where u E C*[Rd, Rd 0 R N ] ,  then for f E C:[P] 

~ ~ z ~ [ f ~ ( x ( t ) ) ]  5 Ct" f o r  small t 

implies that 

EPa"[f4( (x( t ) ) ]  C ' P  for small t . 
Proof: We shall drop Pzo and denote the expectations by just E. We shall 

prove by induction on k that if g = 2 f: , where f;. E C:[P], for any arbitrary 
m, then 

m 

1 

E g ( x ( l ) )  5 Ctk implies that Eg2(x(t))  5 C't2k.  

The assertion is trivial for k = 0. Suppose it is true for k 5 tl and let g = 2 f,' 
satisfy Eg(x( t ) )  5 Ctn+l. Then Ef,?(x(t)) 5 Ct'*+l for 1 5 i 5 m. This means 
that Lrf,?(xo) = 0 for 0 5 r 2 n .  In  particular, Lr < Vf, , av&. > ( x o )  = 0 
for 0 6 r 5 n - 1 (by Theorem 10.3 of the appendix) and Lr(LJ)2(xo) = 0 
for 0 5 I 5 n - 2. Hence, 

m 

1 

J o  J o  

I - 6 ~ ' [ E f : ( x ( ~ ) ) ] ' ' ~ ( E  lc~*Vf;:;.1~ ( ~ ( s ) ) ] " ~  ds 
0 

+ 41L(E f f ( ~ ( s ) ) ~ " I " ( E ( L f ) 4 ( x ( s ) ) ] ' "  ds . 
0 

and 

Since l ~ * V f ; . 1 ~  is a sum of squares, the induction hypothesis yields 
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and 

Thus 

E [ f f ( x ( t ) ) ]  A / ' [Ef : (x ( s ) ) ] ' /"  0 sn ds + B [Ef4(x(s))]"l" s(2'1-2)/4 ds 

We can now show that E l f ; ( x ( t ) ) ]  Cfln+O. Indeed, if L r f : ( x o )  = 0 for all 
r,  there is nothing to prove. Let ro be the first r for which L r J f ( x o )  is nonzero. 
Then there are positive numbers 1, and 1, such that 

But this means that 

and this is possible only if ro 2 2n + 2. I t  follows that 

LEMMA 6.2.  Let X be a random variable with mean zero. Let  a = EX2 and 
= E X 4 .  Then 

a S / 2  a2 
P X * I -  2- [ - 4p2] - 64p4 

Proof: By Holder's inequality, 

and therefore E [ ( X I ]  )= a"l'//I' 

Since E[X+]  = E[X-1, we now have that E [ X + ]  as/z/2B2. Next observe 
that 
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for all R > 0. Hence, 

Taking R = 8P2/a1I2, we get our result. 

THEOREM 6.1. Assunie that a = GO*, where cr E C*(Rd, Rd @ R N ) .  Suppose 
that Lr$2(xo)  # 0 for some r and let n denote the first such r .  If Lr$(xo)  = 0 

f o r  r i n ,  then P20(7' > 0) = 0. 

Proof: Let 

Then there is a 2 > 0 such that 1/1 s E[1X(t)I2] 5 R and there is a C < co 
such that E[lX(t)1*]  C. Hence, we can find positive numbers E ,  y such that 
P ( X - ( t )  >= E )  2 y.  Since E[4(x(t))] / tnlz --f 0 as t --f 0, this proves that, for 
small t ,  

P,o(+(x(t)) s - - I & @ )  g y . 

Hence PZp(7' 5 t )  2 y for all t > 0, andso, by the 0 - 1 law, Pfi(r' > 0) = 0. 
We next consider Case 2. 

THEOREM 6.2. r f  Lr $(,YO) = 0 f o r  
and 

r 5 n - 1, Lr +z(xo)  = 0 f o r  r 6 2n - 1 

- L2" $ * ( X O )  = - L" $ ( x  ) # 0 .  
(n'! 0 7  1 

(2n) ! 

Then Pz0(7' > 0) = 0 i fand  only i f  L" $(.YO) < 0. 

Proof: Let y ( t ,  x )  = $ ( x )  - ( t n / n ! ) L n  4 ( x o )  and L = a/& + L. Then 
2n. Consequently, clearly fi y(0, xo) = 0 for r n, and Lry2(0, xo) = 0 for r 

It follows that $ ( x ( t ) ) / t n  converges to Ln + ( x o ) / n !  in mean-square as t\ 0.  
We want to show now that this convergence is almost sure. By enlarging the 
sample space, if necessary, we can produce a one-dimensional Brownian motion 
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@(.) such that 

Observe that 

where we have used the facts that 

L?(V$, U V $ ) ( X O )  = 0 ,  r s 2 n - I ,  
L+y2(0, XO) = 0 , r 5 2 n ,  

P(Ly)2(0 ,  XO)  = 0 ,  r 5 2 n - I .  

Using these facts together with Doob's martingale inequality, we see that 

as 6 0 for all E > 0. Hence, $ ( x ( t ) ) / t n  -+ Ln $ ( x o ) / n !  as. P z 0 .  From here 
it is easy to see that P=o(T' > 0) = 0 if Ln$(xo) < 0 and Pz0(7' > 0) = 1 
if L n  $(xo)  > 0. 

We turn finally to Case 3. 
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LEMMA 6.3. Let a E C ~ [ P ,  S,] and b E C;[R", PI. Assume that ai i (0 )  = 0 
for 1 5 i 5 r .  Suppose that P solves the martingale problem f o r  a and b starting at 
0 .  For each E > 0 let P") be the distribution .f theprocess 

where x ( t )  = ( x l ( t ) ,  - * - , x , ( t ) )  has P for i ts  distribution. Then P' is the solution 
to the niartingaleprobleni f o r  a, and b, starting at  0 ,  where 

and ai = 1 Moreover, P") converges 
weakly as E + 0 to PCo)  which is the solution to the martingale problem f o r  a,, and 6 ,  , 
starting from 0,  where 

;f 1 6 i 6 r and ui = 4 if r < i 5 d. 

for i, j 5 r ,  

for i s r < j ,  

for i , j > r ,  

f o r  is r ,  

for i > r .  

Proof: Note that 

is a P-martingale for all 0 E R .  Hence if 
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thcn 

is a P-martingale. This proves that the distribution of x ( ' ) ( * )  under P is P"). 
Finally, since a, --c a, and 6 ,  -* 6 ,  uniformly on compacts, M'C shall see 

tliat PC' =. PO) once we Iigve stiown that { P ( ~ ) } ~ , ,  is relatively compact. 
Notc that tr a,(x)  5 C'Ixl2. Hence, if U , , ~ { ( X )  = a,(x A R) and Z'(c'R) solves 
the martingale problem for ae, l t  and b, starting at 0, then { P ( c * R ) } , ~ o  is rel- 
atively compact for each R > 0. 
T~~ is the first exit time from R(0,  R). Thus it suffices to show that 

- p ( e . R )  Moreover, P(e)lnf,R - lM,8 Y where 

lim sup P(') ( T I 1  2 t )  = o 
K-o, C>U 

for all t >= 0. Observe that 

and thereforc 

Since 

is a P'"-martingale, i t  follows from this that 

LEMMA 6.4. Let 

a L = g 2 U y X )  - + 2 b'(x) - 
i . 5 5 1  ax,ax, axi 

d d 
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and assume 4 E C ; ( P ) .  If (V4,  aV+)(xo)  = 0 ,  then (b  - id ,  V4)  is an invari- 
ant scalar and 

are invariant as elements of T,o 0 TXo . 

Proof: Let F :  P ---+ Rd be a Cz diffeomorphism and set y = F ( x ) .  
Then Lcfo F )  = (Lf) 0 F, where 

d,', O F = (F-l)r,, O F ( F : ,  ukl FI,) ,? 

+ (F- l )T , j  FFf, akl F:,r 
= (F- l ) r , ,  FFfk,uk' FI, + (F- ' ) r , j  FF', a:: F I ,  

= Ffkr akr + F'k a:; + ( F - l ) r , j  0 FFik  a"F(,, . 
Thus 

(6i - +n';:) 0 F = Ffk bk - gFfk avT - $(F-')',, o F F f ,  aklFylT. 

Since (v&i o F = (F-l) Ti 0 F$ 

In particular, if (V4, aV+)(x0) = 0, then 

Since a transforms like an  element of Tzo @ Tzo, it suffices to prove that 
H(,+,av+,(XO) E T$ @ TZo in order to show that ~ H ~ ~ + , ~ ~ + > a ( x ~ )  E Txo @ T,o . 
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But 

and ((V+, uV4))  , k ( ~ o )  = 0, since xo is a minimum of (V+, uV+). 
Next note that 

when (V4,  aV+) = 0. Hence, 

(ci(V(ciV+))*)ij( yo) = Ffk U ~ ~ ( U ’ ~ ‘ + . ~ )  , r  Fyv(xo) 

= F f k ( a  (V ( aV +) ) * ) k k ’ F  Ik’ (2) . 
Finally, 

( ( V ( c i V ~ ) ) n ( C d V ~ ) * ) ” (  yo) = F f k ( U l ) +  , J  , r  a73(al’k’+ J , )  ,8  F;k.(xO) 

= F f k[ (V u (aV 4)) a (V a (aV 4)) *Ikk’F yk3 ( x’) . 

THEOREM 6.3. Assume xo E 6G is given; lhen f o r  PZ0(7‘ > 0 )  = 1 lo hold 
i f  is necessary that each of the following conditions be satisJied: 

Proof: First observe that L$*(xO) = ( V 4 ,  uV+)(xO). Hence ( i )  and (i’) 
are equivalent. Next note that conditions (i)-(v) are invariant under C2 
changes of coordinates. Therefore we shall assume that xO = 0 and that, near 
0, + ( x )  = xl. Further, we can choose the coordinates so that ((aif(0)))25i,jsd 
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is diagonal. In  such a coordinate system our conditions become: 

T o  prove (i), let Q(') be the distribution of x ( E ~ ) / E ' / ~  under Po . Then 
Q(') tends weakly to Q ( O ) ,  the solution of the martingale problem for a ( 0 )  and 
0 starting at 0. I n  particular, xl(*) is distributed under QI0) like (~ll(O))l/~/?(-), 

where /?(.) is a one-dimensional Brownian motion. Since P,,(T' > 0) = 1 
implies Q ( O ) ( T '  = m) = 1, it follows that ~ " ( 0 )  = 0. Condition (iii) is proved 
by observing that xl(*) is distributed under Po like a process E ( * )  having the 
form 

E ( t )  =s',(s) dB(s) + P ' ( E ( r ) )  0 d s ,  

where a : [0, a) x R --* R is a bounded nonanticipating function relative to 
the one-dimensional Brownian motion /?(.). Thus, 

b ' ( x ( s ) )  ds for some 1 E (0, 6) and every 6 > 0 

We turn now to the proof of (ii), (iv) and (v). Let P(') denote the distribu- 
tion of 

under Po. Since ~ " ( 0 )  = 0, P(') tends weakly to the solution of the martingale 
problem for a, and b, starting at  0, where 

a:(.) = 2 ul;k X k  , i Z 2 ,  

a"(#) = a"(0) , i , j 2 2 ,  

bA(x) = b'(0) and b i ( x )  = 0 ,  i22. 

k 2 2  



688 D. STROOCK AND S. R. S. VARADHAN 

In  particular, supp ( P o )  = Sao,bo-ia,o(0). Let 

Ai’ = a“(0) , 

Hi, = u’,f,(O) , 
Bj = u’,‘,(O) , 

for 2 5 i, j s d. Then P0(7’ > 0) = 1 
and all t 2 0, 

implies that, for y EC‘([O, a), Rd) 

and x’ = ( x g  , * 
y1 = 0, we have 

- , x d ) .  Taking y = 0, we see that ( b  - t a ’ ) ’ ( O )  2 0. Taking 

[(fo. B A G ( $ ) )  ds + l ( b  - &u’)’(O) ds 2 0 

for all $ E = { j ~  C1([O, co), F-’) : J ( 0 )  = O}. Thus, 

for all $ E 6. Now suppose that y? E such that $ ( I )  = 0 and 

Then, 

l ( $ ( l  - s), BA$(I - s)) ds < 0, 

which is a contradiction. I t  follows that the vector field BAx’ is a n  exact differ- 
ential, and therefore R A  = ( R A ) *  = AB*.  In  particular, 
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To prove (v), suppose w E Rd is given and define y l ( t )  = wl and 

Q ( t )  = 6 - tw, B*6 .  

Then, using the fact that BA = AB*, one can easily show that the corresponding 
q(.) is given by q ( t )  = tAG. Thus, 

f 

? p l ~ s 2 ( 1 ,  AHAG)ds + s(G,BAd) ds - w1~‘s2(B*6,BA6)ds 0 

+ J ( b  - &u’)’(O) ds 2 0 
0 

for all w E Rd and t 2 0. Clearly this is possibly only if 

i(6, AHAG) = (6, B 2 A 6 )  

for all zi, E Rd-l. Since B2 A = BAB*, we have now proved (v). 

liemark. It is interesting to note that although in the proof of Theorem 6.3  
we used the characterization of supp ( P O ) ) ,  we could have proved the theorem 
without our previous result. Indeed, the stochastic integral equations associated 
with uo and b, are sufficiently simple to prove (i) and (ii) directly. The impor- 
tance of this observation is that Theorem 6.3 can be used to give an alternate 
derivation of our characterization of the support of a degenerate diffusion. This 
alternate route would resemble the method used by Bony [l], Hill [3] and 
Kedheffer [8] in their work on the strong maximum principle. In their scheme, 
Theorem 6.3 would play the role of their lemma which states that if xo is a char- 
acteristic boundary point ofa  ball and if the Fichera drift at  x o  points into the ball, 
then a “barrier” exists for xo. With minor modifications, our method can be 
made to cover the operators studied by Redheffer. Namely, if 

n 

L = g 2 a”(t, %)Xi Xj + Y ,  
i . j - I  

where Xl , - - , X,, , Y are d-dimensionalCl-vector fields and ( ( a * j ( t ,  x ) ) ) ~ ~ ~ , ~ ~ , ,  
is bounded, continuous, and uniformly positive definite, then the support of any 
solution to the martingale problem for L starting at  (s, x )  is independent of 
( (a* j ( t ,  x ) ) ) ~ ~ ~ , ~ ~ , ,  . Unfortunately, unless ( ( a i j ( t ,  x ) ) )  is smooth enough, we have 
no uniqueness result for the martingale problem. 
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7. On the Set of Regular Points 

Let us define the following sets on the boundary 6G of G: 

C, = { x  E 6G : ( V $ ,  a V + ) ( x )  > 0}, 
C2 = { x  E 6G - C, : (6  - &a’, V + ) ( x )  < 0} , 
C , * = { X E ~ G - C ~ : ( L + ) ( X ) < O } ,  

Zo = { X  E 6G - C, : (6  - &a‘, V + ) ( X )  = 0 }  , 
XI = { x  E 6G - C, : (6  - &a’, V $ ) ( x )  > 0). 

Clearly, the sets C = Cz u C3 and C* = C: u C, are both open sets of 
6G. Moreover, in view of Theorem 6.3,  the set I‘ of 7’-regular points contains 
C and C*. 

From the earlier works of Fichera, Kohn-Nirenberg and Oleinik it is clear that 
the set of 4-regular points I? and the set C cannot be essentially different. 

We prove in this section that I’ c so that one always has 

hloreover, one should also try to answer thc following questions: Arc the I 

and T‘ solutions for the boundary value problems really different? If the bound- 
ary value is specified only on C (or C*), which can be described more easily 
than F, is the problem meaningful? I t  is proved in this section that 

1 .  the two solutions corrcsponding to T and I’ agree almost everywhere, 
that is, 

P,[T = T’] = 1 a.e. x in C ; 

2. i t  is sufficient to provide the boundary values only on C (or C*), if one 
is satisfied with having the solution only almost everywhere, that is, 

P , [ x ( T )  E C n C*, 7 < a] = 1 a.e. x in G‘, 

PZ[x(7’) E C n C*, T’ < 001 = I a.e. x in G .  

LEMMA 7.1. The sets Co , C, , C, , C: and C, are all inuariantly defined and 
c = c*. 

Proof: The invariance is obvious from the earlier results. To prove that 
c = F, i t  suffices to show that L+(xo) = (6 - id, V+)(xO) for xo E 6G - 2, . 
Given xO E 6G - g ,  choose coordinates in such a way that and 

- 

xo = 0 
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x1 = +(x) near the point xo. In  terms of this coordinate system, we have to 
prove that uf i (0)  = 0. But ~"(0,  x2 ,  - ,  xd)  = 0 for x near 0. Thus, 
&(O, x 2 ,  * * , x d )  = 0 for x near 0 and so a'l(0) = 0 for j >= 2 and I )= 2. 
Moreover, all is a non-negative function vanishing at 0. Thus ut: = 0. 

LEMMA 7.2. For any x E C, PZ(x(7)  4 c, 7 < 00) = 0. 

Proof: Assume that xo = 0 and that +(x) = x1 in some neighborhood 
1x1 R. Choose 0 < 26 < R so that { x  : 1x1 =( 26) n c = 6. Then 

for 1x1 5 26. Hence, there is a 1 > 0 such that for 1x1 26 

a"(x) A x ! ,  

b y # )  )= - A  Ixl( . 
and 

Given 0 < E < 6, define Vc(x)  = &/XI. Then 

Thus if 

uT = ( T A  inf {t 2 0 : I x ( t ) l  2 26)) 
and 

T ,  = inf (1 2 O : xl(t) = E }  , 
then 

for 1x1 6 such that x1 2 E .  Letting E + 0 and then letting T-+ 00, we 
conclude that 

P*[T < u,l = 0 
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for x such that x1 > 0 and 1x1 < 6. Now define 

T~ = inf { t  2 0 : ( s ( t ) l  5 S } ,  . * , 72,1+1 = {inf t 2 T ~ , ~  : Ix( t ) l  2 26)  

and 

72,r = inf { t  2 T * , , - ~  : I x ( t ) (  5 6) 

Then, 

for all n .  Since T ~ ~ + ~  -+ 00 9s n + 03, we sec that 

LEMMA 7.3. If x o  E 6G - z, then there is  ail u > 0 such that 

- lim P,[T 2 a] 2 u . 
21.20 
2EG 

~n particular, r c Z. 
- 

Proof: If x o  E 6G - C, then there is a 6 > 0 such that, for 1.y - xol S 6, 
( y  : Iy - X I  2 S} n Z = 0 .  Thus, by standard estimates and Lcmina 7.2, there 
is an a > 0 such that 

Finally, if x o  E I?, then P,o(T‘ > 0) = 0. Hence PZo(~’ 2 t )  = 0 for any 
t > 0. But [T’ 2 t ]  is a closed set and therefore 

lim I_ t ]  5 P=o[T’ 2 t ]  = 0 for all t > 0 , 
2’ 20 

Since T T’, this proves that 

limP,[T’ 2 t ]  = 0 for all t > 0 .  
2-20 
XEG 

In particular, x o  E E. 
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LEMMA 7.4. Let A = 6G - X3 and A1 = { x  E A : L(V+, a V + ) ( x )  # O } .  
Then L+(x )  = ( b  - id, V + ) ( x )  for x E A - A1 and A1 has zero boundary 
measure. 

Proof First suppose that x o  E A - A1 and choose a coordinate system so 
that x o  = 0, + ( x )  = x1 near x o  , and ( ( U ~ ~ ( O ) ) ) ~ , ~ ~ ,  is diagonal. Then 

0 = La"(0) = 4 tr (a(O)H,11(0)) , 

Since H,11(0) is non-negative definite, u ~ ' ( O ) U ~ , ~ ~ ( O )  = 0 for 1 2 i, j 5 d. 
In  particular, ~ " ( 0 )  # 0 implies a1,ti(0) = 0 for 2 i 5 d. From this and the 
inequality lali(x)12 5 ~ ~ ~ ( x ) d ~ ( x ) ,  i t  follows that alfi(0) = 0, 2 5 i d.  Since 
a 'f ,(~) = 0, we see that u;(o) = 0. 

Next suppose that xo E A1 . Again choose coordinates such that x o  = 0 
and +(x)  = x1 near xo. Then, locally on A 1 ,  La" # 0. Since all is zero, 
we must have altij # O for some i, j 2 2. 

If A is any open sct in a Euclidean space and f is C2 and non-negative, 
then on the set A ,  where f = 0 we must also have D2 f = 0 a.e. 

This means that A1 must be of boundary measure zero. 

LEMMA 7.5. Let Az = { x  E A - A1 : L+(x)  = O } .  Then there is a set E G G 
of zero Lebesgue m e a w e  such that P z ( x ( r )  E A1 u A , ,  r < a) = 0 for all x $ E. 

Proof: Given a non-negative g E C?(G), choose A > 0 large enough so 
that ( A  - L*)u = g has a Ci-solution. Let , f ~ C o m ( P )  be non-negative. Then, 

j u ( x )  f ( x )  dx = j g ( x ) E p = [ [ e - A f f  ( x ( t ) )  dt] dx  

~ j g ( x ~ E ~ = [ e - A r E ~ = l r ) [ ~ e - a ~  - f ( x ( t ) )  d t ] ]  dx  

E ''I[ r e - "  f ( x ( t ) )  dt] , 

n ( F )  = / g  ( x )  E (e-" x p  (.(.))I d x  , F E B[6G] .  

Suppose x o  E A and choose coordinates so that xo = 0 and + ( x )  = xl for 
x in a neighborhood N of xo. Then 
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Making the obvious substitution, one now gets 

f.(&xl, x , ,  - .  , x , ) f ( x )  dx 2 1  A n T  l l : ( d z ) E p ~ J [ ~ e - a c t f  ( x ( t ) )  dt] , 

where P:') denotes the distribution of [ x ~ ( E ~ ) / E ,  x,(~t), - * * , xd(&f)] under P ,  . 
Using our earlier result, Lemma 6.3, one can easily see that, for z E A n N ,  
Pk) tends weakly to a measure PF) under which x,(O) E z , ,  2 i 5 d. 
Moreover, x i ( . )  = zi a.s. Pio) if z E A, n N .  Hence, 

where xl(*) = z1 a.s. Pf"' for z E A, n N .  Since this is true for all non-negative 
f E C ? ( P ) ,  it  is also true for f ( x )  = h ( x , ) h ( x , ,  * - * , x d ) ,  where h and h are 
bounded, non-negative measurable functions having compact support. Thus 

( / h ( x J  d x l ) / u ( 0 ,  a )h ( z )  d t  2 L n T  II:(dz)h(z)E"y' [ r h ( x 1 ( t ) )  dt] . 

But this is possible only if II j lAn~ is absolutely continuous with respect to 
Lebesgue measure on A n N and if IIj(A, n N )  = 0. Hence, 

l-J:(@l u A,) n N )  = 0. 
We see now that 

/ g ( x ) P , ( x ( r )  € A l  u Az , 7 < 00) dx = 0 

for all non-negative g E Corn ( G ) ,  and our assertion follows from this. 

THEOREM 7.1. There is a set E = G of zero Lebesgue measure such that 

f o r  x 4 E.  InjJarticular, P2(r < 7' )  = 0 for  x 4 E. 

Proof Since 6G - X* G A1 u A2 v A s ,  where 

As = { X  E A - A1 : L+(x)  > 0) , 

and (X - X*) u (Z* - Z) G Al , we need only show that 

PZ(x(7) E A s ,  7 < 00) = 0 a.e. in G .  
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To do this, let V be a non-negative, bounded, smooth function which is positive 
off G. Given a non-negative g ECF(G), choose p > 0 in such a way that 
( p  + I V  - L*)ul = g has a Ct-solution uA for all 1 > 0. Then for any non- 
negative f €C; (Rd)  we have 

where II: is defined as in the proof of Lemma 7.5. Letting 1 -+ 00, we now 
get 

j u . ( x ) f  (4 dx t / ~ ~ n : ( d z ) E ' . [ ~ ' e - " f  (44) dt] 3 

where u, is the non-increasing limit of the u l .  The rest of the proof parallels 
that of Lemma 7.5. Given xo E A , ,  choose coordinates so that xo = 0 and 
+(x) = x in a neighborhood N of xo. Substituting as in Lemma 7.5, we find 
that 

where Pp) is as in Lemma 7.5. Next observe that, for z E A,, L ~ ( z )  > 0, 
Lc$~(z) = 0 and La yP(z) = 2(L4)2(~) .  Hence P,(T' > 0) = 1 for z E A, ; 
and so for every z E As and 0 < a < 1 there is a t > 0 such that 

P P ) ( ~ '  > t / e )  2 I - a 

for all E > 0. Therefore, 

lim / u ( & x , ,  x 2 ,  - * * , xd) f ( x )  dx 
c\ 0 

This inequality holds for all bounded, non-negative, measurable f with compact 
support. In  particular, if f ( x )  = h(x,)h(x,  , * - - , xd) ,  where supp h E A3 n N, 
then, since points in A, are regular for the L*-process, we find that 
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and therefore H i ( A 3  n N )  = 0. We have used here the facts that u ,  vanishes 
at regular points of the L*-process and that u ,  is upper semi-continuous. This 
proves the first part of the theorem. 

To prove the second part, note that if P,(x(T) 4 X, 7 < CO) = 0, then 

8. On Generalized Solutions 
Let G be an open set in Rd and its closure. In  connection with the 

solution of the boundary value problem we introduced, in Section 5, the extension 
1 of L. Although from the probabilistic point of view this extension is very 
natural, from the analytical point of view it  is rather obscure. The first part of 
this section provides a characterization of e in analytic terms. 

There is also the standard notion of a weak solution to the equation Lu =f. 
This uses twice differentiable test functions. The second part of the section is 
devoted to a study of the relation of weak solutions to our solutions of the boun- 
dary value problem. 

According to the definition in Section 5 ,  we say that e u  = f in e if 

u(x(7'  A t ) )  - J f ( x ( s ) )  ds 
0 

is a P,-martingale for all x E €. 
Let us denote by X the Banach space of pairs of bounded measurable func- 

tions (u,  f) on G. We say that a sequence (u, ,fn) in X is *-convergent to a 
point (u,  f) in X if 

lim un(x) = u ( x )  for each x E G, 

lim A,(.) = f ( x )  for each x E C, 
n+ 00 

n+co 

SUP l U n ( 4 l  < cxl 9 
n 

and 
SUP Ifn(x)I < a 0 

n 

We denote by Y c X pairs (u,  f) such that u is smooth and Lu = f. We 
denote by 7 the smallest +-closed subset of X containing Y. We then have the 
following characterization of L.  
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THEOREM 8.1. t u  = f in I: i f  and only i f  (u ,  f) E P. 

The above theorem will be proved in several steps, each of which is stated as a 
lemma. 

LEMMA 8.1. If (u,  f) E p, then tu = f in G. 

Proof: Clearly if (u,  f) E Y, then by ItB's formula f;u = f. The set of pairs 
(u,f)  such that LU = f is *-closed because limits of martingales are again 
martingales. Therefore, e u  = f if (u,  f) E r. 

L - I 
rather than L itself. By the relation 

For technical reasons it is easier to work with the operator L, 

L , U  = f 
we mean that 

e-fA"u(x(t A 7 ' ) )  - 

is a P,-martingale for all x E G. Letting Y, be the pairs (u,  L,u) with smooth 
u, we take yl to be the *-closure of Y ,  . 

LEMMA 8.2. LU = f if and o n b  if L,u = f - u, and (u ,  f) E y i f a n d  only 
if (u, f - u) E TI. 

Proof: Let t u  = f. Set 

t ( t )  = u ( x ( t  A T ' ) )  - r > ( x ( s ) )  d s .  

We apply Lemma 4.1 with q( t )  = - x , , , ~  e-: and conclude that 

t(t)e-'"" - [ t ( s ) q ( s )  ds 

is a P,-martingale for all x E G. After simplification 

L , u  = f - u . 

this yields 

The converse is proved by retracing the steps. T o  prove the second part, we note 
that (u,  f) E Y if and only if (u, f - u )  E Y, . Hence (u,  f) E if and only if 
( U , f  - 4 E PI * 



698 D. STROOCK AND S. R. S. VARADHAN 

It is now clear that in order to prove Theorem 8.1 we need show only that 
L, u = f if and only if (u ,  f) E TI . 

LEMMA 8.3. If L, u =f, then 

r’ 

u ( x )  = EpZ[e?* u(x (T ’ ) )  -I e - ’ f ( x ( s ) )  d s l  
0 J 

Proof: From the fact that 

e-“” u ( x ( t  A 7 ‘ ) )  - r ’ e - . / ( x ( s ) )  ds 

is a P,-martingale we know that 

u ( x )  = Ep*[T1*” u ( x ( t  A 7’)) - r ; - ’ f ( x ( s ) )  ds]  

for t z  0. By letting t --t 00 we get the desired result. There is no dificulty 
regarding convergence because 

We do not need any continuity regarding u because if T’ < 00, then 

u ( x ( t  h 7 ’ ) )  = U ( x ( 7 ’ ) )  

for t 2 7’ and if T‘ = 00, then e-tAr‘ -+ 0 as t -+ 00. 

LEMMA 8.4. If f and g are bounded measurable functions on Rd and u is given 
bY 

Proof: Observe that the class of functions f, g for which (u, f) E Fl is 
*-closed. Hence we can and do assume that f and g are in C r [ R d ] .  Let 
V E CE[Rd] be a non-negative function which is zero on and is strictly positive 
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off c. Define 

Using Oleinik's result (cf. Theorem 10.1 of the appendix), one can easily check 
that w, EC'.*([O, a) x Rd) and that 

Clearly, 

lim w,(t ,  x )  = w n ( x )  
i - m  

uniformly in x .  Moreover, aw,(t, x ) / a t  ---t 0 uniformly in x as t + 00. Hence, 
(wn , f) E TI for each n. But it is clear that w,(x) + u ( x )  boundedly for x E C: 
and therefore (u, f) E Fl . 

This completes the proof of Theorem 8.1. 

COROLLARY 8.1. rf e u  =f, then, for each x E c, the P,-martingaIe 

is a.s. continuous. In particular, u ( x ( t  A r ' ) ) ,  0 t < 00, is a.s. continuous. 

Proof The assertion is obvious if u E C(c). Moreover, by Doob's inequality, 
if (u, f) is the *-limit of { ( u ,  ,f,)}F E P and 

is as.  continuous, then 

u ( x ( t  A 7' ) )  - J - f ( x ( s ) )  ds 
0 
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is a.s. continuous. Hence 

u ( x ( t  h 7 ' ) )  - L A r > ( x ( s ) )  ds 

is a s .  continuous for all ( u , f )  E F; q.e.d. 

We now consider the standard notion of'a weak solution. Given u, f E L,(G), 
we say that 

W L u = f  in G 
if 

Id*$  d x  =sf$ d x  

for all $ E Cr(G). One way of formulating the boundary value problem is to 
demand that 

W L u  = f in C, 

u = g  on C,UZ,,. 

We proceed to prove that the above formulation can be reduced to the earlier one. 

LEMMA 8.5. Suppose y E CE[Rd] is a non-negative function which is strictly positive 
on G and vanishes off G .  Denote by Lv the operator 1yL and let P," denote the solution 
to the martingale problem for Lv starting at x .  Then P,"[T < 001 = 0 for x E G. 
Defne 

and let Q,  be the distribution of x ( u t ) ,  t 2 0,  under P, . Then P," = Q, . In parti- 
cular, P,(u, < T )  = 1 for all t 2 0 and x E G. Finally, P, b, = lim u1 = 
for all x .  ( f r m  = 

Proof: That P,"(T < 00) = 0,  x E G ,  i s  an  immediate consequence of the fact 
that C, u C, = 0 for Lv. The equality P," = Q, follows from the uniqueness 
of P," . To see that P,(al < T )  = 1 for x E G and t 2 0, note that 

P,(u, < T )  = P,(x(u,) E G, 0 5 s t )  = Q,(T > t )  = 1 , 

Finally, 
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LEMMA 8.6. If V is a non-negative function i n  CE(Rd) and u E Lw(Rd)  satisjes 

f o r  a l l  $ E Corn (P) , then 

E’”[u(x(t))  exp [ - [ V ( x ( s ) )  ds) dt] = j g  u d x ,  t z o ,  

f o r  all  non-negative g E L 1 ( P ) .  

Proof: It suffices to prove (8.2) when g EC;(R). First note that (8.1) 
must remain true when $ E CE(Rd) and ( L  - V )  *$ E L1(Rd).  In  particular, one 
can use Oleinik’s result to show that for large 1 there is a $A such that 

11 u $ ~  dx = /g u dx . 

Moreover, 

and Epn[exp (-Jot V ( x ( s ) )  )ds u ( x ( r ) ) ]  is continuous in t .  Hence, by the 

uniqueness of the Laplace transform, (8.2) follows. 

We now have to describe the manner in which u takes on the boundary value 
g on C, u Zs. Let us suppose that 

W Lu = f, 

ess Iim u(x)  = g ( u )  for a EX, v & .  

It is easy to check that g is continuous on C, v C, and u can be changed on a 
set of measure zero so that 

W Lu= f, 
lim u ( x )  = g(a )  for a EX, u C, . 
3-0 

03-41 
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THEOREM 8.2. Let u, f and g satisfy (8.4). Then there are bounded measurable 
versions u' and f' of u and f so that 

Lu' = f' 

and 

u ' (a )  = g(a) = lim u ' ( x )  f o r  a EX, uC, . 
z+a 
EQ 

Proof: Let f be a bounded measurable version of f .  Let 2 be a bounded 
measurable extension of g from C, u C, to r. Define 

V ( X )  = E P E C C ' ' Q ( x ( T ' ) )  

Then, by Lemma 8.4, (v, f - u) E yl . Hence, for + E C;(G), 
(f- u ) ( x ( s ) )  ds]  . 

/ v ( L  - I ) * +  dx = (f- u)+ d x .  s 
Also for such 4 

u(L - I ) * +  dx = s 
Therefore, if w = v - u, 

w(L - Z)*+ dx = 0 s (8.5) 

for + EC~(G'). I t  is easily seen that (8.5) holds for 4 €C; (Rd)  which are zero 
off G. In  particular, if y~ E Ci(Rd)  is non-negative and zero off G, then 

k ( L w  - y) *+  dx = 0 

for all + E C;(Rd). Thus by Lemmas 8.5 and 8.6, if g E L1(Rd) is non-negative 
and is supported in G, then 

Sgw dx = E1'p[e-ut w ( x ( a t ) ) ]  for t 2 0 ,  

where (rl is as in Lemma 8.6. We let t + co; then at 3 7. We know that for 
almost all paths with respect to P, , r = T' and X ( T )  E Z, U &, . But in such 
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a case, w ( x ( u l ) )  .+ 0 because both u and u approach g(a)  as x --f a.  All this 
is when T < co. Otherwise, + 0. So in any case Sgw dx = 0 for all 
g E L'(Rd) which are supported in G. Therefore, 

v ( x )  = u ( x )  a.e. in G .  

If we now take u' = u and f' = f + w, then it is easily checked that 

Eu' = f' 
and 

u ' ( a )  = lim u ' ( x )  = g ( a )  for a €X2 u & ,  
x-a 
xcG 

COROLLARY 8.2. Let k be a bounded non-negative function on G and assume that 
either S U P ~ ~ G   ex[^'] < 00 or that k is uniformlypositive. Given 

f E LaD(G) and g E L y r )  n C(Z2 u &) , 
the function 

u ( x )  = E p E [ g ( x ( r ' ) )  exp [ - l ' k ( x ( s ) )  ds) - l ' e x p  [ - k ( x ( s ) )  ds) f ( x ( t ) )  dt]  

satisjies 
W 

(i) 

(ii) lim U(X) = g ( a )  for a €Zn uC, . 
LU = k u  + f, 
2-0 

XE Q 

Moreover, if v E L"(G) satkfis (i) and (ii), then u = u a.e. in G.  

Proof: That u satisfies (i) and (ii) is obvious. Suppose v is any solution 
of (i) and (ii). Then by Theorem 8.2 we can find v ' , f '  such that they agree 
almost everywhere with v,f, 

Ev' = kv' + f' , 
v'(a) = lim v ' (x )  = g ( a )  for a  EX^ u Z, 

x+a 
XEQ 

But from Section 5, we know that 

v'(x)  = E p r [ . ' ( x ( ~ ' ) )  exp ( - l ' k ( x ( s ) )  ds] - l ' e x p  ( - b ( x ( s ) )  d s ) f ' ( x ( t ) )  dt] . 
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Since f = f ‘ almost everywhere and u’ = g on C, u C,, it follows 
that v’ = u a.e. 

9. Some Additional Remarks 

Consider once again the first boundary value problem 

f ; u - k u = f  in G, 

u = g  on r ,  

under the assumption that k is either uniformly positive or that SUp,@[T‘] < 00. 

We saw in Section 5 that 

where 

Now we want to use this representation of u to study certain stability questions 
associated with the first boundary value problem. In the ensuing discussion we 
shall assume that k and f are continuous on G and that g is bounded and 
continuous on r. There are three closely related questions to which we seek the 
answer: 

A. Is U ( X )  continuous as a function of x ?  
B. Is u continuous as a function of the coefficients of L ?  
C. Can u be approximated by the solution of a suitable scheme of difference 

equations ? 

It is easy to check that the measures P, are weakly continuous under the various 
kinds of convergence associated with A, B and C. Hence what we need to study 
are conditions under which [(w) is a.s. continuous. 

LEMMA 9.1. If P,[T = T’] = 1, then t ( w )  is continuous almost surely wi th  
respect to P ,  . 

Proof: T is upper semicontinuous and T’ is lower semicontinuous; so if 
P,[T = 7’1 = 1, then T‘ is almost surely continuous. Therefore, t ( w )  is contin- 
uous almost surely. 

LEMMA 9.2. Let r be closed. Then, f o r  any x E G, P,[T = T‘]  = 1 I 
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Proof We know that I' = C, U Z 3 .  Therefore, for any x E G, 

This in turn implies that P,[T = T'] = I .  Combining Lemmas 9.1 and 9.2 we 
have 

THEOREM 9.1. Let I' be closed. Then the answers to questions A, B,  and C 
raised earlier are in the afirmative. 

Remark 9.1. I t  is now obviously important to know when I' is closed. This 
means that we want to know when the boundary points of C, U I;, are regular. 
The results of Section 6 are relevant in this context. 

If I' is not closed or if we do not know that it is closed, we consider the set 

E = [ x  E G : P,[X(T) E C2 u C,] = I ]  . 

G - E is a set of measure zero. For x E E, P,[T = T'] = I .  Consequently, the 
answers to questions A, B, C are in the affirmative for points x E E.  We combine 
all of this in the following theorem. 

THEOREM 9.2. There is a set F of measure zero in G such that 

(i) u ( x )  is continuous at x E G - F; 
(ii) if the operator L is approximated, then the solutions converge continuously on 

(iii) i f the  operator L is approximated by suitable di$erence schemes, then the solutions 
converge continuously atpoints of G - F; 

(iv) if I' is closed, then F is empp. 

G - F ;  

Remark 9.2. One consequence of Theorem 9.1 is that our solution to the first 
boundary value problem is almost everywhere the limit of the solution to the 
corresponding problem for the operators &A + L as E I 0. 

10. Appendix 

We begin this section with a lemma of Phillips and Sarason (cf. Lemma 1.1 
in [7]) and some variations on their result. 

LEMMA 10.1. Let a ; R - S ,  and assume a i ' E C : ( R ) ,  1 5 i, j 5 d. Let 
Then a = a''' i s  uniformb 

Lipschitz continuous with a LipJchitz constant depending only on the bounds on the second 
derivatives of the aij. Furthermore, there is a constant C depending only on the bounds on 

denote the mn-negative definite square root .f a.  
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the second derivatives of the aij such that, f o r  all A, p E Rd, 

and f o r  all symmetric ( ( u i j ) )  E Rd @ Rd: 

(10.2) (tr ( U U ) ) ~  5 C tr ( u  a u)  . 

Proof: Our  proof mimics that of Phillips and Sarason. Clearly we can 
assume that u ( * )  is uniformly positive definite. Further, we may assume that 
u(xo)  is diagonal. Then Loewner's formula tells us that 

Given A EP, note that ( A ,  a ( . ) A )  is a non-negative Ce-function. Hence, 

Applying this fact to the vectors ei , and (ei + ej), where ei is the i-th coordinate 
vector, we obtain 

Id i'(xo)I s A ( a i i ( x o )  + u"(xo))'/ ' ,  

where A depends only on the bounds on the iiij. This together with Loewner's 
formula proves the first assertion. To prove ( l O . l ) ,  observe that 

Finally, (10.2) follows from 

(tr ( a  u ) ( x ' ) ) ~  = (a i j (xo )u i j )2  2 d4 A2(ai i (xo)  + u'j(xo))uy, 

= 2 d 4  A2 tr ( u  a ( x o ) u )  . 

We turn now to the proof of a theorem due to Oleinik [6]. 
Let a : [ O , w )  x P - + S d , 6 : [ 0 , w )  xRd-+Rd,and k : [ O , w )  x R d - + R  

be bounded smooth functions. Assume for the present that a is uniformly positive 
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definite and let u be the unique smooth solution of 

(10.3) 
111 + U f 5  u ,ij + b'u ,i + ku = f, 

lim u(t ,  .) = 3 , 
t f T  

O S t < T ,  

where f and g are bounded smooth functions. We want to derive estimates on 
the derivatives of u which are independent of the ellipticity of a. 

Let D; = al'l/ax, - . - axd and set U' = D'u, f" = D'f, and g' = D'g. 
Then 

lim ~ ' ( t ,  a )  = g' , 
t f T  

where 8' is defined so that 

and the cS are linear combinations of the coefficients a, 6, and k and their 
spacial derivatives up to order \a!. Define w = 1 (u')~. Then 

lal=n 

Put A = 2 (V2ua, aV,u'). Then, applying first Schwartz's inequality and 

then (10.2), we have 
I'l==-n 

where C, depends only on the second spacial derivatives of the a". Hence, 
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l k t  note that C1w1/2A1/Z - 2,4 5 C:w/8. Also 

where the constants depend only on the bounds on the derivatives, up to order 
it, of the coefficients in equation (10.3), and Ilhll("') = 2 llDlhll, . Hence 

I l l s m  . .  
therc exist constants C, and C, , depending only on Cl - C4 , such that 

Using induction on n and the weak maximum principle, one arrives at the 
following theorem. 

THEOREM 10.1 (Oleinik) . Let 

a : [ O , m )  x R d + S d ,  b : [ O , o o )  x R d - - , R d ,  k : [ O , c o )  x R d + R  

be bounded continuous functions. Assume that 

Let f EC*,~*.~([O,  T )  x Rd) and g E C ' ~ * . " ( R ~ ) ,  and suppose u solves (10.3). If 
m 2,  then f o r  16 m A n 

where A and B depend only on the bounds on the second spacial derivatives of the a{* 
and the spacial derivatives up to order 1 of all the coe$icients in (10.3). 

COROLLARY 10.1. I f  m and n in  Theorem 10.1 are at least 2 ,  then, f o r  each 
T > 0, f E Cbo.2([0, T )  x Rd) and g E Ci(Rd), there is a unique u satisfying (10.3). 
Moreover, i f t h e  coeficients in (10.3) are independent of t and i f  1 = m, n 2 2,  then, 
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f o r  each f 6 Cb(Rd) ,  there is a 1, > 0 such that, f o r  all 1 5 A,, , 

(10.5) 

has a unique solution in Ci(Rd). 

1 u - a"u s i j  - b'u ,i - k u  = f 

THEOREM 10.2. Let a : [0, 00) x Rd + S, and ussume that tr a ( f ,  x )  1 
OD 

f o r  all  ( t ,  x ) .  Zf afj E C,'s2([0, CO) x R d ) ,  1 i ,  j 2 d, then 2 a: converges to a 
0 m 

un$rnzl_y on conlpacts, where a, = a and a,, = a,,-' - a:-, . 

Define an , n 2 0, as indicated and note that G,, 

Moreover, (a:)' 
converges to a' u n i f d y  on compacts. 0 

Proof a,,-' , in the sense 
Moreover, we know that 

a,,,, 6 a. Hence, for any 0 E Rd, 2 (0, ui0) 5 (0, a@, and SO 

2 (0, ate) is absolutely convergent. But this means (0, a&+,6) \ 0 as N - t  00. 

Hence, by Dini's theorem, (0, &+?.,,8) L 0 uniformly on compacts. Using the 
fact that the a, are non-negative definite, one sees that a,, \ 0 uniformly on 
compacts. The first assertion is now proved. 

of non-negative definite matrices, for all n 2 1 .  
N 

0 0 
m 

0 

To prove the second assertion, note that 

where the dot indicates that one takes a generic spacial derivative. 
tinuing by induction, one arrives at 

Con- 

2 ( I  - 2a), u(  I - 2a),c , un+l = - 1 
2"" A @ ,  

where 9, denotes the set ofsubsets of (0, - 
Hence, if l , p  E Rd, then 

, n} and (I - 2u), = n(Z - 20,). 
jEA 

Using (lO.l), we have 

where C depends on the bounds on a and its first two spacial derivatives. 
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Note that I(I - 2u),Al 5 IAI. Thus it  remains only to estimate quantities of 
the form 

2 ( ( I  - 2U),A, a ( Z  - 2U),A)"2 In = - 1 
2n+' Ae9Ln 

By Schwarz's inequality, 

n 

Observe that u , + ~  = u n ( I  - u,), and therefore 
0 

Hence, 
I n - 1  = < {A,  e2'a,, A )  + O 

uniformly on compacts; q.e.d. 

Let L be a second order elliptic-parabolic operator of the form 

+ 2 b j ( x )  a Z u  Lu = 4 2 a y x >  - axi axj ax* 

with smooth coefficients. Let + be a smooth function. 

LEMMA 10.2. For any integer m > 0, 
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Proof This Lemma is proved easily by induction on m.  

THEOREM 10.3. Let + be such that, at a certain point xo, 

Lr+2 = 0 for r = 0, 1, 2, .* . ,  n. 

Then at the same point xo 

(i 1 

Proof: First we prove (i) .  Since L generates a non-negative semigroup, 
our assumption implies that 

(T t+a) (9 )  = o ( t ” )  as t - 0 .  

Moreover, Tt+2 2 ( Tt+)2  by the Cauchy Schwartz inequality. Therefore, 

( T t + ) ( x o )  = ,(PI2) as t - t o .  

This implies that 4, L+, * - - , L[n’zl+ are zero at xo. We now turn to the proof 
of (ii). First, in view of Lemma 10.1 and the first part of the theorem, we have 

for m = 1, 2 ,  , n. Let 

ypa(x )  is a positive semidefinite matrix for each x .  Therefore, 

is a positive semidefinite matrix for each t 2 0. We shall prove our result by 
induction on k = p + q + r .  We note that, for k = 0 ,  (10.6) yields 
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with m = 1. Let us suppose that (ii) is valid for p + q + Y equal to 0, 1, 2, * * , 
1 - 1. This implies that at  xo 

or 

where 

a,so = (Ll-P-0 (aVL'+, VLa+))(xo)  . 

Since A,(t)  is a positive semidefinite matrix for every t 2 0, so is the matrix 

B,,(t)  = A,,,(t)t"+a-l * 

I n  particular, by taking t = 0, we see that 

is a positive semidefinite matrix. Our assumptions imply that 

and what we want to conclude is that b,, = 0 for p + q 6 1. For this it is 
sufficient to prove that 

is positive definite. We know that ppa = ( p  + q)  ! (I - p - q )  ! / p  ! q ! and so it 
is positive definite if (Y!) (1 - r )  ! is a moment sequence. We have by compu- 
tation 

( I  ! ) ( I  - r )  ! = ctJ1(f--J(l - u)' d u .  
0 1  

This completes the proof. 
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