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Nonequilibrium Quantum Statistics; Application to
the Laser™t

Victor KorENMAN]

Lyman Laboratory of Physics, Harvard University, Cambridge, Massachusetts

A method is presented for describing a general nonequilibrium system in
contact with a reservoir in terms of the correlation functions of its quantized
field operators. Equations of motion for these correlation functions are de-
rived for a system of multilevel moving atoms interacting with the radiation
field, which interacts in turn with the reservoir system. In an appropriate limit
these equations are shown to include the usual rate equations for the level
distributions. A simple and rigorous description of the influence of a cavity
and an optical pump is derived and other types of reservoir coupling are briefly
discussed. This desecription is then applied to a model of a gas laser. The break-
down of the linear theory at the usual lasing threshold suggests consideration
of nonlinear terms, which are developed in an expansion in the field strength.
Using only the first nonlinear term we find the equations of Lamb by examining
the stability of pure modes of the radiation field. An analysis of the inco-
herent part of the field shows, however, that the existence of a pure mode is
precluded by the presence of spontaneous emission of radiation. Nevertheless
a value of the linewidth can be plausibly derived from this calculation and is
found to be half the Townes value with correction terms. A further discussion
of the laser is presented in which the presence of a pure mode is not assumed.
It is shown that while a simple incoherent perturbation theory gives diver-
gences, a more self-consistent calculation taking partial coherence into ac-
count gives the same results made plausible by pure mode theory.

INTRODUCTION

Despite the many successes of previous descriptions of maser and laser be-
havior it remains of interest to construct a fully quantum mechanical theory
based on the microscopic equations of motion of the various system components,
and to show how more phenomenological theories arise from approximations to
these equations. In addition, due to the special nature of lasers as nonequilibrium
systems whose behavior is determined by the influence of macroscopie reservoirs,
certain problems arise in the quantum mechanical discussion whose solution is of
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intrinsic interest. This paper, then, falls naturally into two main parts. In the
first part we present a discussion of nonequilibrium systems in contact with
reservoirs, generally applicable but with special emphasis on the interactions
relevant to a model of a gas laser. In the appropriate places the connection with
previous work on this subject, notably by Schwinger (1), Senitzky (2), MceCum-
ber (3), and IFeynman and Vernon (4) is discussed. In the second part we discuss
the laser directly in several approximations. Section I deals with the linear
approximation, its breakdown and the stability of a pure oscillation above the
breakdown point in a simple nonlinear case corresponding to the calculation of
Lamb (5). Section III discusses the oscillating nonlinear system further with
particular attention to the incoherent part of the electromagnetic field. In See-
tion IV we take account of the impossibility of a true oscillation and discuss the
properties of the nonlinear system entirely in terms of correlation functions.
The coherence properties (6) of the resultant electromagnetic field are touched
upon briefly.

I. DESCRIPTION OF NONEQUILIBRIUM SYSTEMS

In any quantum system complex enough to require a statistical description
all observables can be expressed as averages of products of small numbers of
field operators over the density matrix or ensemble of states appropriate to ithe
system. FFor example' in a system of interacting bosons described by the creation
and destruction operators ' (rt), ¥(rt) the function ¢= (rt,r't') = — W ()
has the properties

1g°(rt, rt) = p(rt)
ifd(r — )Tt 1) = (ki)

where p(rt) is the density of particles and p(kt) their velocity distribution. The
function ¢ (rt, ') = —it — O){p(rt), ¥ (') gives the amplitude for
finding a particle at (r, ¢) if it was added to the system at (r’, ¢') carlier. As the
description of the time evolution of a disturbance it contains explicitly the energy
and decay rate of the disturbance (and thus the single particle excitation spec-
trum). As the description of a disturbance, however, ¢" contains no direct in-
formation about the excitation densities in the undisturbed system.

In general functions which depend on two times can be either densities, like
g=, or propagators, like g". Thus (' (rt)y(xt)¢' (r't )y (r't")) will be related to the
intensity of density fluctuations in a system while n(t — ) (r)¥(xt),
Y ( r't')xﬁ(r't')]) will describe the propagation of a single density fluctuation, that

1 For a fuller discussion of some of the points below see, for example, ref. 7.
2y(z) = +1forz > 0and 0forz < 0.
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is, the frequency and damping of a sound wave. Both types of information are
needed for a complete description of the system.

Any caleulation of the properties of the system involves coupled equations for
the various propagators and densities. In thermal equilibrium there is a great
simplification because the excitation densities are completely determined by the
spectrum (propagator) and the temperature and chemical potential. Thus

igS(rr'w) = =2 Im ¢"(rr'e) (£ — 1)

where 8 is the inverse temperature in energy units and « is the variable con-
jugate to (¢ — t') under Fourier transformation. We have set # = 1.

Using relations such as this, one can write the equations in terms of propaga-
tors only. In practice a combination of propagator and density is considered
for which the thermal condition becomes a condition of periodicity in imaginary
time (8, 7). Solving equations for this combination and invoking the periodicity
is equivalent, after analytic continuation back to real time, to the explicit re-
writing of densities in terms of propagators and the solution of the resulting
propagator equations.

Out of thermal equilibrium there is no a priori way of expressing densities in
terms of propagators so none of this simplification is possible. It is necessary to
consider the full set of coupled equations for these two types of functions. In
addition, since the system is specified not by a given density matrix but by initial
or boundary conditions or interaction with a reservoir a way must be found to
incorporate this information into the determining equations.

In what follows we shall derive equations for the various correlation functions
of a nonequilibrium system of interacting atoms and radiation. The procedure
we use for deriving these equations is applicable to a much wider class of systems,
and the equations derived are amenable to all the approximation techniques®
which have been developed for systems in equilibrium. In this particular case
we find propagator equations which have the same dependence on densities as in
equilibrium. The equations for the densities are interpreted as detailed balancing
of gains and losses when the system is not changing in time and Boltzmann-like
equations when the rate of change is slow. The elimination of reservoir coordi-
nates is straightforward in the cases considered.

A. HAMILTONIAN AND CORRELATION I'UNCTIONS

Our system consists of a gas of multilevel atoms interacting with the radiation
field via electric dipole coupling. The cavity is represented by a reservoir system
also coupled to the field. To avoid a proliferation of interactions we think in
terms of optical pumping, so that the pump and cavity may be merged into a
single system. Correspondingly, atomic collisions will be ignored, though their

3 See, for example, ref. 9 where some nonperturbative approximations are discussed.
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formal inclusion would be straightforward.* For definiteness the atomic states
will be taken to obey Bose statistics, though Fermi statistics would be equally
satisfactory and the quantum nature of the statistics will be irrelevant at the
densities of interest.

The Hamiltonian is

H = f Y pol(tt) e — V2/2Mpu(rt)

+ L[E(rt)-E(rt) + (v X Alrt))- (v X A(rt))] (1.1)
— Z; Ai(rt)yegba (xt)ys(rt) — Ad(rt) g (xt) + Ho(x0)}

where ¥, (rt) and ¥.(rf) are creation and destruction operators for an atom in
state o at r and ¢ and e, is the energy of this state a. The electric field E(r?) is
transverse, as is the vector potential A(rt). The «, 8 component of the imaginary
antisymmetric matrix y° is proportional to the dipole moment in the 7 direction
for the transition between levels a and g. J.(rt) and H.(rt) are, respectively,
the current operator and Hamiltonian density of the reservoir system.” The
operators obey the usual commutation rules

[Walr), ¥5' (£'0)] = ugd(r — 1) (1.22)
[A:(rt), Ex(r'D)] = i(V%y; — 8.:0;)(4nlr — £ )7 = —4sl(r — ). (1.2b)

I

Finally we define a subsidiary Hamiltonian density which will be used to generate
equations for correlation functions but which will be set to zero at the end of
any calculation.

H'(rt)

—§F(xt)-Art) + 2 I ()¥a(rt) + Yo (xt) x5 (xt)]  (1.3)

where §(rt), x*i(rt), and x5 ( rt) are prescribed numerical functions and if(rt)

4 The formal inclusion of collisions in the equations for the atomic system is treated in
the author’s thesis.

5 One might object that the Hamiltonian (1.1) is not correct since it does not include
the term (e2/mc?)y T,424, which normally oceurs in the interaction term. Following Fiutak
(10), however, we can define a canonical transformation which eliminates the A* term as
far as electric multipoles are concerned. In the dipole approximation the interaction term
then has the following properties. As far as the electromagnetic equations of motion are
concerned the effective interaction term is —A4 (r1)- 8P (rt)/at where P(rl) = dugy Ta(ri)s(rt)
and dag is the dipole moment between states a and 8. As far as the matter equations of mo-
tion are concerned this term is +P(rt)-0A (rt)/dt. The interaction term we use is —A (rt)-
vasd Ta(r)¥s(rt) Where vas = —iwapdas . It can be shown rigorously that we regain the re-
sults of the correet dipole calculation by replacing v.s wherever it occurs by —iwdas where w
is the frequency of the photon involved in the «, 8 transition to which v,g refers. In order
to avoid equations more cumbersome than necessary we use the Hamiltonian as given.
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is a transverse vector. The index ¢ taken the two values (4) and (—) and its
significance will appear shortly.

Our system is described by a density matrix p, which is arbitrary except for
conditions macroscopically imposed on the system. We work in a Heisenberg
picture with respect to the true Hamiltonian. In what follows all times are be-
tween f, and £ where, eventually, {; — + . The initial time {, is effectively
— o for a stationary system.

Following Schwinger® we define’- ®

(A (xtyy = a7 tr{ <eXp l:z f g H_ (') @ dt'])_

ty (1.4&)
X (exp |:— i H.(t) ar dt'] A.-(rt)) p}
to +
(A7 (1)) = A7" tr {(exp [i ! H' ('t a dt'] Ai(rt)>
! ) ) (14b)
X <exp [:— i f H ('t dr’ dt':l p}
to +
with
A=tr {(exp I:z f § H_('t) @' dt':])
K B (14c¢)

ty
-(exp |:— i H+('¢)d dt':|> p}
o +

The (+) or (—) subscript appended to an exponential integral refers to posi-
tive or negative time ordering and H.' is the subsidiary Hamiltonian defined
in (1.3). Note that

lim (A7) = lim (A7) = trAGDal/tr ] = (AGD) (15)

In general the absence of { indices on a bracketed quantity will indicate that the
limit of vanishing H' has been taken. The convenience of the definition (1.4)
is that (A*(rt)) and (A™(rt)) are generating functionals for the various correla-

¢ See ref. 1. Our approach and techniques are based on the ideas of this paper.

7 After this work was complete and some of the results reported (1) the similar independ-
ent research of L. V. Keldysh (12) was brought to our attention. He also treats nonequi-
librium systems in terms of the Schwinger generating functional, using diagrammatic tech-
niques.

8 In certain approximations which make use of a nonlocal subsidiary Hamiltonian in
place of (1.3) a somewhat more general form of (1.4) is required. Such a form is employed in
the discussion of collisions in the author’s thesis.
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tion functions of the electromagnetic field operators. We have, for example,

. 6<A1,+(rt>> o 1.1 W] .

111,12) AT T{(A:(rt) A (r't") ) +) — (Aa(xt) Y (A (211))] (1.6)
where the (-+) subscript again means positive time ordering. If we define
the functions

dZi(xt, £'t) = [A(r) A;(x't)) — (A(xt)XA;(x'))] (1.72)
d5(rt, £'t) = d[(A;() Au(xt)) — (A;()XA()] = dh(r'd, o) (17b)
&ixt, £ = n(t — OdZ(xt, ') — d5(xt, £'t)] (1.7¢)?

dii(rt, 'ty — di(xt, £'t) (1.7d)
= dz(rt, ') — d5(x, 1Y) |

we can write the four first functional derivatives of (A*(rt)) as the components
of 3 2 X 2 matrix

DY (rt, 'ty = s(A8(x0))/855 (2t (1.8a)
where
. e PN T 7,7 1 0 dfj(l‘t, r't') —dfj(rt, I‘ltl> o
I}l]l;!;l) D,l (l't, ri ) = d“(rt,rt ) (0 1 + d?j(rt, r't') —dZ-(rt, I"tl> (1bb)

Since the matrix D" contains both the propagator, d’, and the photon density
(field intensity), d<, it is an appropriate expression to analyze in a discussion of
nonequilibrium systems.

In a similar manner we can generate correlation functions for the atomic field
operators. Thus, defining

WP (xt)) = A™ tr{(exp [z /;tl H_(r't') dr’ dt’D—

" (1.9)
X <exp [— i f H' (r't') dr’ dt':|¢a(rt)> p}
to +
and the analogous expression for WS (xt)) we have the matrix
G (xx') = 30l (%)) /0% (X)) (1.10a)

where

R A T SV & SV gas(xx’) —gop(xx’)
1111,1110 Gaﬂ (xx ) - gaﬁ(xx ) <O 1> + <gzﬁ(xxl> _gzﬁ(xxl) (1.10b)
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We have used the abbreviation (rt) = (x) and defined

gas(xx') = —i(u(x)¥s' (x)) (L11a)
gss(xx’) = —ilds' (X )Wa(x)) (1.11b)
gus(xx’) = n(t — )lgas(xx) — gos(xx)]  (L1le)
gas(xx') — gas(xx') = gup(xx’) — gip(xx’) (1.11d)

We have also noted that, in the problems under consideration, (Y.(1t)) = 0,
when H' = 0.
B. EquatioNs oF MoTioN

We now consider the equations of motion for the generating functionals
[A*(x)), (¥ (x)) and for the correlation functions which we may derive from
them. First, for the matter fields, using the Hamiltonian and commutation rela-
tions (1.1), (1.2a), (1.3), and (1.9) we find

DS (X))l = (e — V/2M)WS (X)) + x5 (X) — 2 vadldS (xS (x)  (1.12)
Now
S (x5 (x) = AV (@ (x) — @Y ENHWS(x) (1.13)

(the factor ¢ reflects the different sign in the argument of the exponential in-
tegral of H . and H_ in (1.9)). Then we may write

(10/0 — e + V'/2M ) (Y’ (X))

+ (A8 () = 8/67:(x) WS (1) = xF(x) (1.12)
where we now use the summation convention for repeated state and polarization
indices. Taking functional derivatives of (1.12") with respect to x and then
setting x = 0 we find equations of motion for the various correlation functions.
Thus, using the definition (1.10) of G*" we have

.9 VN eyt i(; . 5>rr' '
(1 ot — € + m) Gaﬂ (XX ) + Y as <A’L (x)> - Zg‘ W Gdﬂ (Xx )

=808 8(r — 1)8(t — 1) = 6% (x — X)

(1.14)

We now assume that the matrix G has an inverse.” That is, we can define a

9 This assumption effectively limits us to systems which have been set up long enough
ago that initial atomic correlations have died out. For a discussion of the initial value prob-
lem a different procedure must be used. This point is discussed in more detail in the author’s
thesis. In any case (1.15) is applicable to the laser, which is a steady state system.
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funetion G~ such that

> f dry dty G850 (et 1t )OS (naty, 1) = 885 (r —1)s (0 — ¢)  (L15)

We use the relation
8G/8j = —G(8G'/5))G (1.16)
to rewrite the equation for G as

(100t — ex + V2/2M)G5 (xX7) + v lA 5 (%)) (xx)

ity [ s an 6o ) Gty

= Sus (x — X)
Defining the “mass operator”’

M‘rxil(xxﬁ = — 72{a<Aif<X>>5“1(x — x1)
) (1.18)
~ i?vipdezG§§2(xx2)éG P (k) /678 (x
we can write
9 v s :|
/-dX1 l:( at — €a + OM) ba (X - Xl) zL[our(xxl) (119)

G (xx') = 885 (x — X))

Chis identifies the quantity in square brackets as ¢ ' i(xx;) and allows us to
rewrite (1.18) as

MSH(xx) = — vi,A5(x))8 (x — x1)

. (1.18")
+ v f AXG58 (x%:) 6 M 325 (%031 ) /878 (%)

The iterative solution of (1.18) to terms in ~° is

MY (xx1) & — e AL (x — x1) — 10y, GE () vi, DS (xux) (1.20)

If (A) — 0 when j — 0, as is the cage in a nonoscillating system we may write
M5H(xx1) & Gy YA G (xx0) DY (xx,) 61 (1.20")

where we have used the antisymmetry of vis and the relation which is easily
demonstrated from (1.7) (1.8)

DY (xx)¢' = Dif(x'x)¢ (1.21)
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A particular evaluation of M is tantamount to an evaluation of G and thus
g" and g°. As we shall shortly show this first approximation (1.20") to M will
lead to a propagator with the usual “golden rule” value for the atomic level
widths and an equation for g* which is a generalized rate equation for the popula-
lations of these levels. First, however, we must decompose the matrix equation
(1.19) into equations for the components g’ and g*.

Calling

(10/0t — ea + V2/2M )80e(X — X1) = Gaol(xX:) ™ (1.22)

we may write {1.19) as

{1 0 Mg (XX1) May (XX;)
f dx‘{gg"’(xx‘) <0 1> B (mZIf(xxl) mZZ(XXi)>}

10 2(xx) —gp(xx’) 10 (128)
r o/ ’ [1P7] XixX _ga'ﬂ Xix _ R
X {gqﬁ(xlx ) (0 1) + (g;s(xﬂll) _gz(xlxl)» = fag(Xx — X') (0 1)
It is easy to show' that this leads to the equations”
fdxl[g‘i.,(xxl)_’ — mae(xx))gls(xX) = dag(x — X') (1.24a)
fdxllgia(xxl)_l — mi (xx)lgts (X)) = Sap(x — X') (1.24b)

[dxl[g?m(xm)_l — mi(xx) g < (xex’) = fdx1m§§<)(mc1)g‘{g(xlx') (1.24¢)

where M is rewritten in the form (cf. 1.10b)

N r 7 1 0 mjg(XX,) ——mi,g(xx')
and
mig(xx’) — mis(xx') = mip(xx’) — mgs(xx’) (1.25b)

Note that if m" is a retarded function we also have, in analogy to (1.11c),
mip(xx’) = n(t — {)pmas(xx’) — mis(xx)] (1.25¢)
This will not always be the case.

1 Symming the top row of (1.23) we find, schematically, (@)t — m™ — mt)g" = 1.
Similarly, the sum of the bottom row is ((¢")™* — m— —m™)g" = 1. Assuming that g" has a
unique inverse we have m** + m*~ = m™ + m™ = m~ and then (1.24a). Defining m*— =
—m< and m—+ = m” we are led to (1.25a). If we define m® by (1.25b) and use (1.11d} we can
find (1.24b) and (1.24c) by considering other components of (1 .23).

11 Kadanoff and Baym (7), Chap. 8, have derived Egs. (1.24) for an interacting particle
system driven away from equilibrium by an external force. They do not consider the more
general case of nonthermal equilibrium being maintained through contact with a reservoir.
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C. SigNiFIcANCE oF AtoMic EquaTions oF MOTION

In order to make contact with conventional discussions of interacting atoms
and radiation we will analyze Eqgs. (1.24) further. For simplicity we consider a
system with translational invariance in space as well as in time so that Fourier
transforms in both space- and time-difference variables are appropriate. That is

d kd 1 r J—w by T
gaﬁ rtrt) ](9 )‘:’ <(k )e[k(r —wlt—t")] (12b)
and similar definitions hold for all other relevant functions. Other simplifications
will be made as they become useful. Then, using (1.22), (1.24a) becomes

(w — ex = E/2M )80y — mas(ke)lgls(Kw) = 8as (1.27)

In most cases it is a good approximation to ignore the off diagonal parts of
Mo (ko) when computing the diagonal part of gos . In that case we find

gra(Ko) X [0 — € — K /2M — mipo(ka)]™ (1.27"

When there is translational invariance in time it is possible to show that mg,.(ke)
is analytic in the upper half » plane and has the representation

Moa{Ke) = Mia(Ke) — 140iae (ko) (1.28a)
where

do’ Miga(ke')

1rw—w

Mea(Kw) = P_/ (1.28b)

m' and T are both real and wifie,(kw) is positive.
If mLa (ko) is slowly varying as a function of w we can define E(k) such that

Eo(kK) = ¢ + £°/2M + m'aon(k, E.(k)) (1.29)

If Miga(kw) is also slowly varying near o = E.(k) we may to a good approxima-
tion write (1.27") as

Goa(ke) X [0 — Eu(k) + 24iffine(k, E.(k))]™ (1.30)
and then
grall, t — 1) X —ipg(t — {)g Pt W Raale FalkN U (1 g0y

Thus Y4 (k, E.(k)) is the decay rate of the amplitude for finding an atom
in state ¢ with momentum k at time ¢ when it was introduced into the system
at ¢’ earlier. Then figa(k, E.(k)) is the corresponding rate of atomic state decay,
the inverse lifetime. E,(k) is the energy of the atom in state ¢ with momentum
k. From (1.29) we see that this includes an energy of interaction, mh.(k, E.(k)),
along with the unperturbed energy and the kinetic term.

When any of the assumptions which we made above are not valid the form
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(1.30") of g'(t — t') will be somewhat modified, often not exhibiting pure ex-
ponential decay. In any case, however, m will be closely related to a decay rate
and m' to an energy of interaction.

Let us see what our first approximation (1.20") gives for the decay rate. Using
(1.8b), (1.10b), (1.25a) we find

Mae (X)) X (YarYadfr -~ (XX1) dif° (X%1) (1.31)
In this approximation we take g5, < (xx;) to be diagonal in , ¢ and &7 (xx,)
diagonal in 45. Then, remembering that v, is pure imaginary
; d'ky do ’
Maa” (ko) A —|7a0 [t —Wg?fo(kwﬂ diF(k — k0 — ) (131)
Tt is easy to verify from (1.20") that (1.25¢) holds whereupon
_ ; d’ky d
maa(kw) = |'Yarrlz —“‘1—‘;‘1
(2m) (1.32)

‘[g:u(klwl) dt?i(k —k,0 —w) — g;(klwl)dfi(k — ki, 0 — w)l
Now in thermal equilibrium it is easy to show (7) that
Gas (k) = & g55(kw) (1.33)

where 8 is the inverse temperature and p the chemical potential. Then, using

(1.11d)
ges(ko) =gas(ke)lgas(kw) — geskw) "Ighs(kew) — ghs(kw)]

= (™ — 1)7ges(ke) — gas(ko)] (133)
Similarly, the relation
&7 (ko) = € d5j(kw) (1.34)
leads to
d5(ke) = (¢ — 1)7d};(ke) — di;(ke)] (1.34")

In our static but nonthermal case we can define dimensionless functions, cor-
responding to the thermal factors above, by the relations

gas(kw) = nos(ko)lges(ke) — gas(kw)] (1.35a)
d55 (ko) = 9;(ke)[dij (ko) — di;(ko)] (1.35b)

From (1.11d) and (1.7d) we then also have
as(kw) = (1 4 nep(kw))lgas(ke) — gos(ko)] (1.36a)
d7i(kw) = (1 + 9(ke))ldi;(ke) — dij(kw)] (1.36b)
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Using the definition (1.11) we can show

gas(kw) = gha(kw)™ (1.37)
so that, from (1.27) and (1.28) (note no sum)
Jual ko) — gaalke) = —ifsalke)

B — l(K00) (1.38)
[(.0 — €a T IC /21‘1 - maa(kw)] [ Zmau(kw)l?'
Similarly (see below)

dii(ko) — di;(ko) = id;(kw)

) (1.39)

[ — % + phill)] + [Twpii(ke)]”
We have introduced the energy spectrum Jac(Kaw) for atoms in state a with
momentum k and d;;(ke) for photons polarized in direction < with momentum k.

From the commutation relations (1.2) and definitions of g', g*, 4", and d* we find
the normalization conditions

[ 82 fuatin) = (140)
];l_"’w&“(kw) 1 — B/ (141)
With these definitions (1.32) becomes
Moa(Ko) = | Vao!|’ fd?;l—slfl Joo(Kron)di(E — Ky, 0 — w1)

X {(1 4 no(Kren) ) (1 + Mis(k — Ky, 0 — ay)) (142)

— Noo( Ky o) Wik = Ky, 0 — )}

In the limit m — 0, p — 0, where we ignore the lifetimes of the photons and
atoms, Jea(kw) and di;(kw) become § functions and we can perform some of the
integrations in (1.42). We find

Ak 1 — (b — k)id/|k — I !
2 ) 57k — ki|

X {8(e — E,(k) — ¢ [k — B D1 + no(k)) (1 + 9(k — ki) (1.42")
— n,(k)Ni(k — k)] + 8(w — E, (k) + cllk — kli)
(1 + ne(k))9i(k — k) — no(k)(1 4+ (ke — k)) 1}

12 The factor 1 — k;?/k? reflects the transverse nature of the radiation fields.

Foa(kw) = |veo |
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where we have used the true state energy (1.29) and the true velocity of light in
the medium, ¢’. We have defined

oo (K, Eo(K)) = n,(k) (1.43)
Nk, ¢ | k|) = RNi(k) (1.44)

and have used the relation
1 + 9j(kw) = —;i(—k, —w) (1.45)

which follows from the definitions (1.35), (1.7).

We are only interested in #fiaq(ke) for values of wnear w = E,(k). Then the
first & function picks out those states (s, ki) which lie below state («, k) in energy
and those photons which can be emitted by state («, k) in a transition to (s, k)
conserving both energy and momentumn. | v%, |* is the squared matrix element and
(1 4 ne) (1 4 9%:) the correct density of states for this transition taking account
of the Bose statistics of both atoms and photons. The subtracted term, n,9; , is
the correct density of states to represent the rate at which an atom in («, k)
induces atoms in (¢, ki) to absorb a photon and jump into (e, k). The difference
between these two terms is then the net decay rate of an atom in (e, k) to (o, ky).
The induced term, which is present due to the Bose nature of the atoms, is negli-
gible at the densities of interest where n, (k) is always very small compared to one.

The second & function picks out states which lie above (e, k). The two terms
give the difference between the rate at which an atom in (e, k) absorbs a photon
and jumps up to (o, ki) and the rate at which it induces an atom in (o, ki) to
emit a photon and drop to (a, k). This difference is the net rate at which an atom
in (a, k) will decay by transitions to higher energy states.

Then our expression (1.42") fOr Mgs(kw) is easily interpretable in terms of the
first order transitions taking atoms out of the state («, k) and is equivalent to the
usual “golden rule” calculation. If we had considered the form (1.42) we would
have been describing the same processes with suitable account being taken of
both photon lifetimes and atomic level widths. By continuing our expansion,
(1.20), of M to higher order or producing a better, nonperturbative calculation of
M we could find a more accurate value for the decay rate. Since the interaction
energy, mMya(K, @) is just the Hilbert transform of 7i..(ke), (1.28), our calcula-
tion of this energy must also reproduce the known results in the appropriate
limits.

Now let us examine the equation for g<. If we multiply (1.24c) on the left by
g’, take Fourier transforms, and assume that only diagonal terms are important
we find

Faa(ko) = gou(ko)mze(Ko)gha (ko) (1.46)
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which is, considering (1.27"), (1.28), and (1.37)
Mo Keo )

salkew) = . 1467
g ( ) [w — €a — kz/zM - ml&a(kw)]z—l' [%maa(k"-’)] ( )
or, using (1.38),

1 a (B e (Ke0) = faa (Ko )i e (Kew) (1.46")

Now (27r)_1f dos igsq(kw) is, by (1.11b), the number of particles in a unit cell of
phase space about k. Then 4g5,(ko) is the density of particles in state (o, k) per
unit energy interval around w. With #iq(kw) the net decay rate per particle in
(o, k) at energy o, the left hand side of (1.46”) is the net rate at which particles
leave (a, k) per unit energy interval. We claim that the right hand side of this
equation is the rate of spontaneous transition of atoms into (a, k) per unit w.
Using (1.31") with (1.35) and (1.38) we have

s [ Ky don
(2m)

'g”(klan)(zu(k —ky,w— 0-’1) X naa(k1w1>[7l(w - wl)mii(k— kl) w = (.01)
+ 9w — 0)(1 + (ks — kK, 0, — w))]

This is indeed the rate of transition from (e, ki , 1) to (e, k, ) with the absorp-
tion or emission of a single photon. It is the rate of spontaneous transitions since
the final state factor J..(kw) is multiplied by unity rather than (1 + 7., (kw))
which is appropriate for the total, spontaneous plus induced, transition rate.

Then our first approximation to M leads to a generalized rate equation, balanc-
ing gain and loss, for particle state occupation densities taking account of all first
order processes. We assert that this will remain the case for any approximation to
M, higher approximations merely taking account of other processes. Again, when
any of the approximations we have made to get to (1.46”) are not valid, (1.24¢)
will still determine the particle densities with mgs(xx’) a spontaneous emission
rate in a suitably generalized sense. In particular, if the system is not in a steady
state but is undergoing slow time variation, one can repeat the treatment of
Kadanoff and Baym" who show that the equation for g< is, in that case, equiva-
lent to the usual Boltzmann equation for the particle densities.

If we knew the photon densities 9%:;(kw) and the spectral function d;(kw) we
could, in principle, use (1.46) and (1.47) to solve for the particle densities
igsa(kw). In a realistic system, however, the photon correlation functions are not
specified and we must solve coupled equations for the electromagnetic and par-
ticle excitations. We now proceed to sketch the derivation of the equations for the
photon field.

13 See ref. 7, Chap. 9.

igaa<kw)m§a<kw) ~ gaa(kw> I'qur I
(147)
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D. Equation oF MoTioN FOR RapiaTiON FikLp

From the Hamiltonian (1.1), (1.3) and commutation relations (1.2) we find
the equation of motion

(8°/9f — V(AL (rt)) = OlAF (xt)) = 75(rt) + (JE(xt)y  (1.48)
where we have combined the two currents

}_“B, vesba (X)Ys(rt) + Jo'(rt) = Ji(xt) (1.49)

Equations for the various electromagnetic correlation functions follow by taking
functional derivatives of (1.48) with respect to j. Thus, using (1.8)

0D (xx') = & (x — x') + &5 (x))/8 (x') (1.50)

One useful way to treat this equation is to perform a change of variables, ex-
pressing (J£(x)) as a functional of (A) rather than j." Then we may rewrite (1.50)
as

fdxl(mi?(x —x) — P (xx)) D (%) = 85 (x — x')  (1.51)

where
P (xxy) = 8 (x))/KA (%)) (1.52)

Using arguments similar to those leading to (1.24) and (1.25) it is easy to show
that P is of the form

P;(xx') = pi;(xx') (1 0) + <pfj(xxl) _pfj(xxl)) (1.53a)

0 1 pi(xx’)  —pii(xx’)
pi(xx’) — phi(xx’) = pZi(xx") — pH(xx') (1.53b)
while
f dxi[08a(x — x1) — ph(xx)]di; (X)) = 8;5(x — x') (1.54a)

fdx1[D5n(X —x) — P?z(xxl)] d';j(xﬂfl) = 5ii<x - X’) (1.54b)

[ axisatx — x) — phie)] @ (xx)
(1.54¢)
= [ axp ) dgax)*

14 Such a chr nge of variables is used in a similar context in ref. 13.

15 Bquations similar in appearance to (1.54) are derived in refs. 1, 2, and 8, but there are
important differences between our equations and theirs. First of all (1.54) are exact while
the previous results derive {rom a factorization of correlation functions. Correspondingly
our evaluations of the dielectric functions p”, p< differ from those of the previous authors.
Further, the near coherence which is a striking characteristic of the laser field is present in
our work but absent from theirs.
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When we can assert that the inverse of the retarded function dj;(xx’) is itself a
retarded function we have, further,

pii(xx') = (1 — )[po(xx’) — pS(xx)] (1.53c)

To make contact with conventional treatments of electromagnetic radiation we
again consider a fully translationally invariant system where (1.54a) becomes

dii(kw) = —[0® — K + phlke) + Yiwp (ko)™ (1.53)

and, in view of (1.53c¢),

[ ’
prilke) = P f %“’— o piilke) (1.56)
T

o — w
When pi:(kw) is slowly varying we can define ¢’ such that
I — phik, ¢ | k|) = (1.57)
and, when wp(kw) is small and slowly varying near « = ¢’ | k|, we find
di(lk, t — ) ~n(t— £)(1/¢ VR ) sin[¢ | & (1 — ¢)]gPestReTRDU=t00 (1.35")

An electromagnetic disturbance then propagates with velocity ¢, giving an effec-
tive index of refraction n’(kw) = 1 + p'(kw)/w’. The field decays with constant
149 (ko) so that the energy density, or intensity, decays with constant 155 (kw).
The relation (1.56) reduces to the usual Kramers-Kronig relation (14) between
the real and imaginary parts of the susceptibility. Again, when the approxima-
tions above are not valid, (1.54a) gives a correct deseription of the propagation
of an electromagnetic field disturbance, whether or not susceptibility and ex-
ponential decay are relevant concepts in this description.

From the formal similarity between the equations (1.54) for D and those (1.24)
for G we will expect that —ip3;(ke) /2w will give the rate of spontaneous emission
of photons into (k, ) with polarization<. In conjunction with the identification of
14pii(kw) as the decay rate and the relation (1.53¢c, 1.54a, 1.55)

iwpi(ke) = pli(ke) — pfi(kw) (1.58)

this allows us the interpretation of the net decay of a single photon being the
difference between absorption —ip7;(kw)/2w and the emission it induces
—ip5;(kw) /2w, with the spontaneous emission rate automatically equal to the

rate of stimulated emission due to a single photon. In thermal equilibrium we
have

p” (ko) = *p~(kw) (cf. 1.34) (1.59)

which reproduces the well known relationship between absorption and stimulated
emission in that case. A first perturbation calculation of P would bear out these
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interpretations as did the lowest order calculation of M. We defer such a calcula-
tion to the next section.

E. INFLUENCE OF RESERVOIR

We have so far considered the equations of motion for the matter and field
correlation functions but have not, as yet, had occasion to specify the statistical
state of or boundary conditions on our system. This becomes necessary when we
look more closely at our expression for P, (1.52). Using (1.49) we can write

P (xx') = 6/6(AS (x))itvasGhi (xx7) + (JE(x))) (1.60)
where ¥ = 1T or 1t for { = (+), (—) respectively. Using (1.19) this is
§182
pit’ = ityl tt SM 5 (X1 %,) i’
V(xx') = irvis / dx; dx, Gss' (xx1) —B(Aﬁl(x'» (x:%) (160")
+ Pi(xx)

The first term is the contribution of the active atoms and is entirely expressible
in terms of their properties and correlation functions of the electromagnetic field.
The second contains, in p’;(xx’) and pg;(xx'), the damping and energy shift of
electromagnetic field fluctuations due to interaction with the reservoir as well as
the spontaneous emission of electromagnetic energy into the region of interest by
the reservoir system. In a system such as the laser, where we may consider the
power spectrum of the pump lamp as known, along with the conductivity, shape
and temperature of the resonant cavity, it is clear that we ean consider p. (xx’)
and p.~(xx") and thus P; :(xx") as known functions." In fact we must specify this
function in order to specify the nature of the particular system under investiga-
tion, and this is completely equivalent to the specification of the density operator
p. That is to say, we have found a means of implicitly specifying the density
matrix of the system in terms of the physical statements about the system which
actually define it.

Although this type of implicit specification of the density matrix is particularly
simple for the reservoir interaction treated here it is by no means limited to this
case. Thus, in our discussion of the equations of motion for G, a knowledge of the

16 Compare Feynman and Vernon (4). Their equation (4.2) corresponds to our use of
Pe(xz1) as an impedance, and the statement that this is the response to a classical force is
related to our Eq. (1.607), Pc(zx’) = &J.(x))/8(4 (z')) as {4 (z)) is a classical field. The dis-
cussion after their Eq. (4.42) is the thermal equilibrium equivalent of our use of p.< in an
equation such as (1.54c) as the rate of spontaneous and thermal emission into the system
from the reservoir. The advantages of our formulation are that we are not restricted, as
they are, to systems which are essentially interacting oscillators, and that we simulta-
neously present, along with a representation of the influence of a reservoir, a means for
computing the properties of the system of interest in the presence of this influence. In refs.
1, 2, and 8 the complete polarization operator, p", p< is to be specified.
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photon propagation characteristics and densities would have determined the
atomic level densities and thus the statistical state of the system of atoms con-
sidered to be in the presence of a “photon reservoir.” This is a more complex
situation because the reservoir coordinates occur in the mass operator in combina-
tion with system coordinates not, as in the simple case above, in a single separate
term. The interaction is correspondingly only treated in perturbation theory or
some other approximation as opposed to the exact treatment above. It is also
possible, at least formally, to treat the case where the reservoir interaction is
collision of the active atoms with the cavity walls or other atoms with a given
velocity and state distribution.* Detailed caleulation of the properties of the real
He-Ne laser (15) in this way, however, would be quite difficult, since the He and
Ne atoms as well as the exciting electrons and the electromagnetic field would all
have to be treated as interacting dynamical systems.

II. APPLICATION TO LASER

We shall now apply the formalism developed in the previous section to a more
detailed analysis of our gas laser model. Iirst we specify the model in some more
detail.

In order to avoid the difficulties associated with the consideration of a realistic
cavity, we think of our system of atoms, field, and reservoir as filling all space, or
more previsely, filling a large volume with periodic boundary conditions so that a
traveling wave Fourler decomposition of all the fields is appropriate. The reser-
voir medium is given specified dielectric properties, which suffices to determine
the statistical properties of the system. In particular the resonant nature of the
cavity is reproduced by insisting that the medium be strongly absorbing except
for a certain discrete set of wavelengths of the electromagnetic field. The absorp-
tion will be nonisotropie so we may, and shall, insist that all resonant modes have
the same direction of propagation. In fact 1t will be convenient in part of what
follows to specify a lack of inversion symmetry so that running waves, but not
standing waves, correspond to cavity modes. We do not yet make that specifica-
tion. The effect of an optical pump is included by making p.“(kw) large at the
pumping frequency. Since p.~(kw) = (" — 1) Ywp.(ke) in equilibrium (see
(1.58), (1.59)) and p.(ke) is fixed by the cavity absorption at this frequency, this
corresponds to giving the cavity a wave-number dependent effective temperature
which is large in the pumping region.

Tor any particular type of excitation mechanism the generalized rate equations
(e.g., (1.24¢) or (1.46"), (1.47)) can, in principle, be solved to yield the atomic
level and velocity distribution. In practice, however, this is quite difficult. One
can argue that for most pumping systems the velocity distribution of the atoms is
not strongly changed. We will then, for simplicity, take the atomic distribution
under the influence of the pump but ignoring the laser signal itself to be Gaussian
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in the velocities with some nonthermal distribution among the levels. We further
allow this level distribution to have a weak space dependence to make allowance
for spatially nonuniform pumping. We do not allow it to be time dependent as we
are thinking of a steady pump and therefore a laser whose characteristics do not
change in time. The laser signal itself will have further effects on these distribu-
tions which will be specifically treated in what follows.

Below threshold then we may write

&’k do d’K <
G gas(k, o, K) 1)

cexp {ilk-(r — 1) —w(t —¢) + BK-(r + 1))}
Asin (1.35) we define

ges(rt, ') =

g§ﬂ<k> @, K) = naﬂ<k7 @, K)[gZﬂ(k, W, K) - g‘;ﬂ(k’ W, K)] (2‘2)

Now g’ is not strongly dependent on the environment, since the major contribu-
tion to the retarded mass operator is spontaneous emission (see (1.42")). We then
expect it to be a good approximation to ignore the K dependence of g" and g”*.
Turther, for a given k, [g"(kw) — g*(kw)]is only appreciable for a very small range
of w (see (1.38)), small eompared to the range over which n{w) is expected to
vary. Then we may set

nﬂﬂ(k7 w, K) = naﬂ(ky waﬁ(k)’ K)

and ignore the w dependence of n entirely. Finally, anticipating that the off-
diagonal density is small we write

gas(k, ©, K) X naa(k, K)[gea(ke) — gha(ke)lbas (2:2))
where, according to our assumption about the velocity distribution'
Naa(K, K) = na(K)(208/M)** exp (—Bk*/2M) (2.3)
In order to satisfy (1.11d) we have
gas(k, @, K) X (1 4 naa(k, K))[gra(Bo) — goa(ke)]des (2.4)

and we will usually neglect n..(k, K) relative to 1. The parameters which re-
main in discussing the pump are now only the numbers n,(K). We will henceforth
specify the pump entirely by specifying these numbers.

17 Although we always use the same symbol g1 for effective temperature we stress that

the temperature in (2.3) need have no relation to the effective temperature of the cavity
wall.
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A. LinEAR THEORY AND LASER INSTABILITY

We now go on to study the dielectric properties of the nonoscillating system.
From (1.60") the active-atom contribution to the polarization operator P is

Piu(xx) = P (xx) — Piw(XX)
SM 5 (Xi Xz) G55 (x, %) (2.5)
5(A7 (X))
TFrom (1.20) the leading contribution to (2.5) is
Piii(xx') & —irvesGh (32 ) vhGid (x'x) (2.6)

This is in the canonical form (1.53) with

7§7a5 Gth (XX1>

Phu(xx') & —irragh (0 Yo (x'%) (27)
The retarded part (1.53¢) can be written
parii(xx') = —ivasvilgh (xx ) (x'7) — g (xx)gha(x'x)]
or, using the simplified form (2.2’

kl dwl r

puiil K o, K) = i'yf,,s yéa (2 )4

(k + kly @ + wl)gaa(klwl) (‘—) 8)
X MeaKr, K) — ngg(k + ki, K)]

where we have noted that g"(xx")g’(x'x) vanishes identically. The K dependence
is not of interest here so we ignore it temporarily. We assume that we may repre-
sent the particle propagator in terms of a simple exponential decay law (see 1.30)

JralRw) = [0 — ex — K/2M + iva] ™ (2.9)
where e, now contains the energy of interaction with the medium and v, is the
inverse level lifetime. Then we rewrite (2.8) as
dskl dw1

(2r)*
‘ Naa(k) — nge(k + ki)
(w + w; — €3 + (}C + kl)z/QM + i'yg)((:)l —€q — kl”/2 Z‘{ - ’I:’Y)a>

i g [ dR
70!!375“ (277‘)3

pTM’lj(ky w) = 17::,972%:

(2.10)-

. Naa(K1) — ngg(k + ki)
w— (g — €) — K/2M — K-&/M + 2(va + 7v5)

Calling
€@ — € = Wga  YaT V8= YaB (2.11)
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and using (2.3) this is
Puii(k, @) = vagvha(7" /o K |) (36M ")

2 .
X {naf [(%ﬁM&)‘” W T O - {“ 1:/2|M + ma] (2.12)
_ 1 a1z @ — wia + K2 /2M A tvas
naf | (012 oL ]}
where
_ “dyexp ( —yP)
f(Z) = f-w?—y;z—— (2.133,)

We note the following properties of f(z)."
flz) = £iexp (= &) — 2«71 f exp (4 — &) dy Imz 20 (213b)
0

f(z) ~ —1/7"%, |z| large (2.13¢)

Now (M48Mc)*ves/c | k| is the ratio of the natural linewidth for the a — 8
transition to the Doppler width, which ratio we shall assume to be small. Noting
further that for the wave numbers of interest k*/2M can be neglected relative to
wso We may write, using (2.13),

Pieii(k, @) = Yeavha(m"/c| K |) (148M ") (na — mg)
X [ exp (—2ag) — 27 fi(za8)] (2.14)
where
2ap = (1BMS) (0 — wga)/c | K|

and
filz) = fz exp (y* — %) dy (2.15)
0

Asin (1.55') the imaginary part of (2.14) is the lowest order contribution of
the active atoms to photon decay, and we have found the usual absorption
spectrum of a Doppler broadened line. The real part gives the associated con-
tribution to the dielectric constant, and is related to the absorption by a Kramers-
Kronig relation. We note that other limits than that we have chosen are included
in the more general form (2.12). Thus, when the natural linewidth is large com-

18 These can be simply obtained by differentiating (2.13a) with respect to z and inte-
grating the resulting differential equation.
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pared to the Doppler width or we are concerned with frequencies far from the
line center, the asymptotic evaluation of f(2), (2.13¢), reproduces the expected
Lorentzian line shape.

For future reference we note that (2.7) can be evaluated as

Pris(Ko) = 2ivagvia(r"/c | & |)(18M ") ¥nq exp (—2is)
Paii(kw) = 20vepvha(m'/c |k |) (148MC") " ns exp (—25s)

For w positive and close to a transition energy w,s , note that the dominant term of
p<(w) is proportional to the number of atoms in the upper transition level while
the dominant term of p” involves the atoms in the lower level. Thus p< describes
spontaneous and stimulated emission while p” describes absorption, in agreement
with the general discussion following (1.58).

Now that we have evaluated the active atom contribution to the polarization
operator in lowest order we turn to an analysis of the propagator d” which de-
scribes the behavior of an electromagnetic excitation in the system.

We first make a remark about the matrix character of P,,; in the polarization
indices 7, j. The existence of a dipole transition element v%s between two levels,
« and 38, In a system with rotational invariance implies that at least one of the two
levels is degenerate. If we suppose that one level is a p state, we may take as those
linear combinations which we label 8, v, etc. those which transform, respectively,
like the z, y, z components of a vector. If « is an s state, the existence of v4s will
imply that vis = 0forj 5 7. This is saying no more than that an electromagnpetic
field scattered from an atom will normally not have its polarization changed. The
argument also holds when the levels possess higher symmetries. Then to the order
we have computed Py.; is diagonal. We take P,;; diagonal as well.

From (1.54a) we write, using (2.14), (2.5)

—[di(ka)] " = & — F + prij(kw)
+ | vis Par® | ek | (ng — ng) (2.17)
fiexp (—a’ (0 — wpa)’/cK) — 21 Pfila(w — wga)/c| k1)

(2.16)

where
o= (148M)'* ~ 10°  for our system. (2.18)

Now we will only see interesting effects of the medium when the density de-
pendent term is comparable in size to the cavity term, and this will only be the
case where the cavity ferm is itself small. Then we limit our analysis to those
values of k where p, (ko) is small, that is, those values of k corresponding to
cavity modes.

If we write

Peii(ke) = pri(kew) + Yiwpe:(ke) (2.19)
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where p,' and P, are real, the resonant frequency w, of the empty cavity is deter-
mined by the equation (see (1.55), (1.57))

wy — ¢k’ + prii(K, w ) =0 (2.20a)

while the electromagnetic energy density in an empty cavity decays like
exp [— 147,(kwy )] which identifies

el ) = 200 /Qx (2.20b)

where Q, is the “quality factor” of the mode and is on the order of 10* for a Fabry-
Perot cavity. We henceforth assume that the cavity line is Lorentzian and thus
ignore any frequency dependence of p. (kw), so that the cavity dielectric charac-
teristics for a given value of k are completely described by specifying w,” and
P.(k, w') or, equivalently, wo and Qx .

Due to the rapid falloff of the Gaussian and fi in (2.14) the only large contribu-
tion from the active atoms will be from pairs of levels whose energy separation
wsa 18 close to wy . We suppose there is one such pair (plus degenerate states). The
contribution of other pairs of levels will be a slowly varying function of the fre-
quency and can be included in p.". We relabel the pair of levels of interest by
@, B = 1, 2 where & > ¢ ; wn > 0. Taking w positive and close to wy We write
wo + wo 2w, ¢ k| w and, using (2.20), we write (2.17) as

20y dii(ke) = —[o — o' + Y4ipe(k, )
+ (Omw | Yiz ‘2/20)0’2)(”1 — mg){vexp (*ag(w - w21)2/w0’2) (2.21)
— 2 el — w21)/wol]}]_l

It would be easy to analyze (2.21) further to find the change of line center, width>
and shape due to the active atoms. Of principal interest, however, is the fact that
when the level population structure is normal, ny > 7;, the added decay term is
positive. When there is a population inversion the cavity line is narrowed by the
introduction of the active atoms. Such a situation is characteristic of an amplifier.
A field excitation introduced into the medium would extract energy from the
atoms only to lose it to the cavity. If a large part of the cavity ‘‘loss” were due to
transmission out of the system, the physical result could be amplification of an
incoming signal. We will not stop to discuss the amplifier further but move on to
the subject of major interest by noting that if we allow n; — n; to increase suffi-
ciently the expression (2.21) for the propagator becomes physically untenable.
First, to simplify writing, we define some convenient dimensionless variables
and parameters
a(w — w21)/wol =z a(wol - w21)/wo, = Zol (222&)

7| 4is [F(ng — m)/2w =X X >0 forinversion  (2.22b)

Liape(kw' ) /wi = p note p = «/2Q (2.22¢)
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z and 2, are, respectively, the displacement of the frequency of interest and the
empty cavity resonance frequency from the center of the atomic transition line,
as a fraction of the Doppler width. X is a measure of the population inversion or,
equivalently, of the pump power while p describes the dissipation of energy in the
cavity.

In terms of these variables (2.21) becomes

(200 /a)d (ko) = —[¢ — 2/ + ip — ihexp (=2°) + 2a ()] (2.23)

The criterion for stability of the system is that d"(k, ¢t — ¢') does not correspond
to a growing wave, so that d"(k, w) is analytic in the upper half « plane. Since
d"(kw) ™" is a well behaved function of w we need only insist that it not have any
zeros for Im w > 0. Clearly for A < p the stability condition is satisfied. There
will be an instability threshold at that value of A where d " (kw) has a zero for w
real, and it is easy to show that this zero moves into the unstable region as A
increases. To find this threshold we look for a real number 2z, such that

2 — 20 4+ D Phz) = 0;  p— Nexp (—z) =0 (2.24)

Then
20
20— 2 + 2p7r_”2f exp (') dy = 0 (2.24")
0

where we have used the definition (2.15) of fi(z). The equation for z, can easily
be solved graphically, giving a value with the same sign as z,’ and smaller ampli-
tude. When the detuning z, is small, the linear approximation to the integral in
(2.24") is satisfactory and leads to the evaluation

20z /(1 + 2pr ') (2.24")

and better values can easily be obtained. Substitution of this value for z, in the
second of Eqgs. (2.24) gives the threshold value of A. We note that this threshold
value of \ and the frequency 2, where the inverse propagator vanishes agree with
the evaluations of numerous authors (16, 17) of the threshold inversion needed
for and the frequency of laser oscillation.

For a better understanding of this threshold let us see how the electromagnetic
energy density and noise power output depend on the inversion A. We show in
Appendix I that the power absorbed by the cavity, which we may take as output
power, is given by

Power = — Z/ f)l—wiwgﬁc(kw)d<(kw) (2.2
k 0 T

o
[\
St
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Using (1.54¢), (1.55), and the definition (1.39) we can write
d<(ke) = d"(ko)p<(ko)d* (ko)
= p“(ko)d(kw)/wp (ko)™ (2.26)
so that the power output from the mode k is

P de = - p<(kw)
e =i [ 8t pe) B (227)
But, for a transverse mode, [¢ dww dii(kw) = = (see (1.41)) and if the line-
width is narrow relative to the variation in the remainder of the integrand we
may write

Py = —5iPe(lwn)p™ (ko) /P (Keo) (2.28)

where wp 18 the line center.
Using (2.5), (2.22), (2.16), (2.19), and (2.23) and the representation
p(w) = (¢ — 1) Mwpo(w) (cf. (1.58), (1.59)) this is

_ 2wp [ p Aexp (— 20 )n eyt
Pk - o eﬂwo_ i + Ng —My (p Ae ) (229)

so the instability manifests itself here as a blowup of the noise output power or,
equivalently, the noise energy in the system. We remark parenthetically that,
using the relations

wip/a = Aw, (2.30a)
wlp — Aexp (—2)}/a = Aw (2.30b)

where Aw, is the cavity line halfwidth while Aw is the narrowed output halfwidth,
we may write

(2.29")

2w0<ch)2[ 1 rexp (—20)  ne :'
Pk =

Aw efor— 1 P Ny — My

Near threshold, where (2.24) almost holds, this is identical to the Townes formula
(16) relating power output to amplifier linewidth, when factors of 2« are inserted
to go from circular frequencies to cycles per second.

As is clear from this computation of the noise power in the system the in-
stability we found above is a property of our approximation rather than the
system itself, and reflects our neglect of nonlinear effects which lead to stability.
We turn to a discussion of these effects.

19 We have restricted ourselves to the case where all quantities are diagonal in the polar-
ization indices.
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B. NonrLiNEaR CoHERENT FieLD DESCRIPTION

We find it convenient to base our nonlinear treatment on Eq. (1.48) for the
electromagnetic field expectation value in the presence of an external source

(A5 (x)) = Jf(x) + (Ja(x)) + ihyasGha(x, x°) (2.31)

since equations for correlation functions may be derived from this expression by
differentiation.

We first assume that the cavity response is linear so that, from (1.49) and
(1.52) we may write

(i) = [ P (45 () (232)

and we will generally take P, to be diagonal in 7, j. What remains is an evaluation
of Gﬂa .

From (1.20) it is easy to expand the mass operator M,s(xx’) in terms of G
and field correlation functions. One could then in principle invert (1.19) or (1.23)
to express Gg, solely in terms of field correlations. In practice of course this can
only be done in an approximate way. We shall find it convenient to use the sim-
plest of these approximations, an expansion of G, in powers of the electromag-
netic potential, which should be accurate for a gas laser under moderate exeita-
tion. The procedure we use is the following. We write Mg as Mouas + Mbs
where M., includes those terms describing natural level width and pumping. De-
fining

Gos = (GY" — ML) Y605 = Gudus (2.33a)
we write

Gus = Gudog + GMLGs + G ML,G M6, + -+ (2.33b)

Note that while G includes the effects of saturation, G does not and can be de-
scribed in terms of the unsaturated level oceupations asin (2.2), (2.3), (2.4). The
expansion of Gag is carried out in Appendix II to order {yA)’. Combining the
result (A.10) with (2.31) and (2.32), we have

ai (xx (A% (1)) + 5 (e (AT (x) AR (1) AT (%)) = (%) (2.34a)
where
& (xxy) = 08 (x — x) — PSS (xxy)
+ it | ves || OF (xx:) B (x3x) (2.34b)
pisasats

i d kLA
S (X iXXs) = v esYaevoryiaGs (XXy)

X B (xyx ) G50 (0%, ¥ (x5%) (2.34¢)
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The quantity a¥'(xx,) has already been computed as the inverse of D in our
linear analysis. The quantity b describes the nonlinear nonloeal coupling of the
field to itself. We shall henceforth consider (2.34) as the basic equation for our
discussion. All our further efforts will be to the end of analyzing the system de-
scribed by this equation.

The laser has been treated elsewhere (4, 18, 19) by considering the above
threshold electromagnetic field as a classical or quantum mechanical oscillation
with a well defined frequency and phase. We will first analyze (2.34) under the
assumption that this is the correct description. We ask for the conditions under
which a stable electromagnetic mode can exist in the cavity. Then we will consider
whether, in the presence of this mode, the correlation function D¥’ satisfies the
criterion for stability of the whole system against small disturbances.

By the existence of a stable mode of the system we mean a nonvanishing field
expectation value (A(rt)) when the external source j*(rt) is set to zero. We will
further assume that the coherent part of the field dominates the incoherent part
so that we may write the three-field expectation value in (2.34a) as the product
of single field expectations. Then we have

a7 (xx0) (A5 (%)) + BT (xxumox (A (x)NAR ()NAS (x5)) = 0 (2.35)

Now from (1.5) when 7 — 0, (A" (x)) = (4,7 (x)) = (4:(x)). Then the relevant
coefficients in (2.35) are

d(xxy) = ; o (xx;) (2.36a)
bii(XX1XoXp) = ; § fglih{s(xxlxﬁ(s) (2.36b)

where, as indicated by our notation, no { dependence remains. The superscript
ron p.; a* reflects the fact that ¢ has the matrix form (1.53) and that @
is the inverse of the retarded propagator (2.17) in the linear approximation.
The notation b” has a similar origin. To evaluate b” we first note the relation which
follows from (1.10) and (1.11d)

. 10 g~ —gs" 0= —ga"
GG = gJgs + g’ + o (237)
0 1 9~ —98 9" —Ga

With (2.34¢) this yields
bini(XX1XeXs) = i’yip'yéﬂ'ﬁwia[ya'(XX1)g«’(xlxe)gx'(xzxs)gf(Xax)
+ g5" (X%1) g0 (X1Xe ) h " (X0Xs) ga” (X5X) + 95" (X%1) g~ (Ka%e) " (XoX3) ga" (X5x)  (2.38)

+ g5°(xX1)g," (X1Xa ) r” (X9X3) g™ (X5 )]
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Using the approximate forms (2.2), (2.3), (2.9) for g< and ¢ this can be written
in a more explicit fashion. In Appendix III we perform the straightforward but
tedious reduction of (2.38). In combination with our previous evaluation of
a’, (2.8 ff), (2.17), this enables us to write (2.35) as

0= [w2 — K+ pcr(kw)KAi(kw»

1/2
sar’t [ &K

v ) | ey

(n(K) — np(K))m{f [9‘%}} (A:(k — Kw))

+ 20 | yes P expl — o’ (w — wga)?/c’k?) f (2r) ™" do’ dw” do” dk’ dk” dK”
(2.39)
X (20)%8(w — o' — " — w”,)ﬁ((k — kK — k" -k — K)

Mo — o + 2iva) ™ + (0 — o + 2ivs) 7

v |:<Ai(k,w1»+<Ai(k”w”)>+<Ai(k’”w’”)>_
o+ o — 204 + 20yap

o AL i) )T
W+ 0" + 2074

where we have spemahzed to a single direction of polarlzatlon The (+) or (—)
sign appended to (4;(k'w")) here specifies that k' is very close to +k or —k
respectively.

Equation (2.39) is the same as that derived by Lamb® except for the ex-
ponential factor in the cubic term (which might as well be set to unity in our
approximation, see note after (A.14)) and the fact that Lamb insists on standing
wave solutions so that (A(k'ew")) = ¢**(A(—K', &')) for all k'.

Using this equation Lamb finds conditions for the existence of one or several
modes and the interactions among modes. It would be pointless to echo his argu-
ments here. We will only look at the condition for the existence of a single mode as
that will be our main concern in what follows.

When (A(kw)) is nonzero for only one mode ko, Fw)) we may set o =
- =" = win (2.39). Furthermore, only K = 0 remains. Then we may factor
out one power of (A(kw)), use the definition (2.20) of the cavity parameters,
and return to the dimensionless variables defined in (2.22) to find the criterion
for the nonvanishing of (A(kguw))

20— 20 4+ 2 fu(z) + i(p — Nexp (—2))
— Nexp (—z)[| @ [T/ (20 + iTw) — ¢ a*]] = 0

* From (2.1) and (2.2) we recall that the K dependence refers to spatial inhomogeneities
in the pumped system.
% See ref. §, especially Eqs. (50) and (76).

(2.40)
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where we have defined
I‘lz = a‘m/wol (241)
* l l 7{2 |2| {(A(xky , o)) 12/2’)’1’}'2 (2.42)

| @

I'ys is the ratio of the natural linewidth to the Doppler width and we recall that
2o and 2, are the displacements of the oscillation and empty cavity resonance
frequencies from the atomic line center as fractions of the Doppler width. The
quantities p and X represent cavity absorption and unsaturated level inversion
respectively while | @ | is a normalized field intensity. This particular expression
can be shown to be the expansion parameter in our series development (2.33)
of G.s s0 we expect that our conclusions will be valid as long as the calculated
value of | @ | is small compared to unity.

If our system is invariant under k — —k, or if we insist on standing wave
boundary conditions, we have | a* | = | ™ | = | a |. Then the oscillation criterion
is that found by Lamb. If the system is so arranged that propagation is possible
for only one of the traveling waves which make up the standing wave we must
set | @~ | to zero. In this case (2.40) becomes

Il

p=xexp (—z)(1 — |al)

(2.43)
20 — Zo, + 27\1_1/2 1(20) =0

We note that there is a threshold at the same place the linear approximation
(2.21) became unsatisfactory and that above this threshold the intensity | a |
grows with increasing \. From the relation

29
w0 —a = —2pr (1 — a7 f exp(y?) dy (2.43")
0

we see that as X and thus | a | increases the resonant frequency z, moves closer to
zero 8o there is power dependent frequency pulling in this case.

III. FLUCTUATIONS ACCOMPANYING COHERENT FIELD

Now that we have found the frequency and amplitude of the pure oscillation
we assume o be present when our linear theory breaks down we turn to a cal-
culation of the correlation function D' (xx’) in the presence of this oscillation.
From (2.34) and the assumption we made to get to (2.35) that (AAA) is dom-
inated by (A) (A) (A) we find

{aﬁ’l(xxl) 4 Z[b“‘““(xxlxgxg) + bfrzi’ls“a(xx2xlx3> + brrzrsh(xxﬂgxl)]
ot
23 (3.1)
(A () XA (x) D (xx') = ' (x — X))

Equation (3.1) is in the general form (1.51) so that the coefficient of D" must
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be expressible in the form (1.53), while corresponding to (1.54) we have

{a'(xx1) + [b'(xx1XoXs) + O(XXeXiXs) + b7 (XXoXsX1 ) |[(A (X2) (A (%3))}

, , (3.2a)
X d(xx') =8x—x)
d(xx) = —d'(xxy)[a°(x1%:) + B (x1%,)] d*(x:x) (3.2b)
where " and b” are defined in (2.36) and
aS(xx1) = —a'(xxy) (3.3a)
BY(xx;) = — 2 [0V (xmixexs) 4 b7 (xxaxixy) + 67T (xx0x5%,) ]
el (3.3b)
(A (%) XA (%3))
We further define

B'(xx;) = [b'(xxi%X;) + b(xxXixs) + b (Xxo%sX1)|[A(X2)XA (%)) (3.3¢)
In order to proceed further with Eq. (3.2) we introduce Fourier transforms

3q. ! 4 . ., L,
D(XX') _ I’k d(12{ ;isw dw Dk, krw/)e@[(k-r—k ) wt—w’t)] (3.4)
T

with similar expressions for a(xx’) and B(xx'). Then we may rewrite (3.2a)

as

(2m) ™ f dky dojd (Ko, Ky w1) + B (Ko, Ky ;)] & (k& 0, K'o')
(3.5)
= (2#)45(w — w/)a(k — k/)

Now from its construction, (2.34b) in terms of quantities possessing time and
space translational invariance a(kw, kiw;) satisfies™

a(ko, ki) = (27)'a(ko)s(k — k)8(w — wi) (3.6)
This is not, however, the case for B(kw, kiwi). If we write, suppressing spatial
variables for the moment,

b(ttl tg tg) = (2’Il'>_4 f dw do.u dwz dwg b(wwl [OF) ws)87{[wt—w1t17m2t2—w363] (37&)

the construction (2.34c¢) of b insures that
b(wwwews) o« 6(w — w1 — wp — w3) (3.7b)

Then, from (3.3), B(w, w;) has contributions for w; = w + « =+ " where o’
and " are frequencies of the oscillating field present in the system. Similarly,

22 For the remainder of the discussion we ignore spatial inhomogeneities.
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replacing the spatial dependence, B(kw, ki) exists when ky = k + k' + K’
where k' is the wavenumber associated with ' and k” with «”.

Returning to (3.5) we see that this behavior of B(kw, kyw;) greatly complicates
the equation for d". Instead of a single equation for d'(kw, kyw;), this quantity is
now coupled to quantities of the form d"(k + k' £ k", w & o’ & ”; kyn) with
all possible combinations of k', k”, o', and «”.

We remark that this complication is a natural consequence of the presence of
steady modes in the system. In a crystal the breakdown of spatial translational
invariance by imposition of a periodic structure leads to “umklapp” processes
where an electron may freely change its momentum by a reciprocal lattice vector.
In our system we have a periodic structure in time as well as in space, so that
jumps in momentum and energy of k', ' are allowed. Because of symmetry
requirements (see (A.9), (A.10)) only double jumps occur, leading to the coupled
equations diseussed above.

We simplify the above equations somewhat by restricting ourselves to a single
mode in oscillation, with wave number kq and frequency wo . Then B(kw, kiw;)
has terms with w; = «, @ 4+ 2w, w — 2wk = k, k + 2ko,k — 2k;. A further
simplification results if we notice that b(wwwsw;) is only appreciable when
each frequency is close to an atomic resonance. If we ignore the small off-resonance
terms we can write

B(ko, ki) = (27)Bi(kw)é(k; — k)8(w1 — )
+ Ba(ko)é(ky — K)8(w1 — w 4+ 2wo) + Bs(kw)d(ky — kK + 2k)d(w1 — w) (3.8)
+ By(kw)dé(ky — k + 2ko)d(w1 — @ + 2wp)]

where wg and k, have the signs of » and k. Note that this dropping of off-resonance
terms is consistent with the approximation we made in going from (2.39) to
(2.40), of settingw = —o” = &” = w. We go one step further by asserting that
we have travelling waves in one direction only. Then a unique kg is associated

with wp and (3.8) is replaced by
B(kw, ki) = (27)'B(ke)d(k; — K)é(w — )
+ B(kw)d(ky — k + 2Ko)d(w1 — w + 2wp)]

If we restrict ourselves to the radiation in the resonant mode, k, ky = =k,
and the choice of (+) is dictated by the particular value of w. Then we will
henceforth disregard the k variable as redundant. Finally we remark that (see
(A.15)) b(wwiwsws) is small unless wy & —ws & w3 & © so0 that, from (3.3) and
(3.9),

B!‘h(w) - Z [brrlrzra(w,w, — wp, wo) _ bﬂ’zi’sh(w, wo, — Wy, w)]
fals (3.10a)
1 (A(w)) [ = 26 (w)] (A (o)) [

(3.9)
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B(w) = § B (g, 0 — w0, wo) (A(we)): = B (w){A(w0))® (3.10b)

Taking account of (3.3)—(3.10) we may now write Eq. (3.2a) in the matrix form

<a'<w> +257(w) | (4) [ Fle) ALY ) (D'())
Br(w —_ 2w0)<A(_w0>>2 a’(w — 2(-00) + 2br(w - 2‘00) I <A> l2 (3 113’)
<1 0
~\o 1>
where i
D*'(w) D¥'(w)

D¥ () = 3.11

( (w)) (D“’(w —2w9) D (w — 2w0)> (8.11b)
and

D¥' (0, o) = 20D¥ (0)b(w — &) + D¥(0)d(' — @ + 2w)] (3.11c)
Defining w — 2wo = w_, {A(ws)) = (A ), (A(—we) = (A_), (3.2b) becomes
a*(w) + 2b%(w) | (4) [ b= (w)(d+)"
b<(w-) (A-) a(w-) + 26%(w-) [ (4) l2>
-(D*(w)) (3.11d)

The quantities needed for the solution of (3.11a) have already been evaluated.
For convenience we summarize them here. From (2.34), (2.36), (2.6), (2.17),
and (2.23) we have

d(w) = —(2w/a)
e — 2’ 4+ T (2) + ilp — Nexp (=)}
@' (@ — 2w) = (2wo/a){z + 2 — 2z + 2ar (22 — 2)
+ i(p — N exp [— (220 — 2)"]))

where w is taken to be positive and close to wy .
From (A.15) and (2.22) we can find, with § = 2z — 2,

b'(w) = (2u0’/a)\ exp (—2")[[1/(8 + 2T1) + To/(5 + 2Ty)]
Vw — 2w) = — (2w’ /a)\ exp [— (220 — 2)7] (3.12b)
T/ (8 + 2iTy) + Tu/(s + 2iT)]
b'(w) = (2wo'/a)iN exp (—2")4DTe(s 4+ 26T4) (8 + 2Te) ™
B(w — 2wp) = — (2wo’/a)iN exp [— (220 — 2)) (3.12¢)
4T Ty(8 + 260) (5 + 2T,) ™

(D%(w)) = —(D'(w)) <

(3.12a)



104 KORENMAN

where, in analogy to (2.41), Ty = ayi/wo and

N = N vie [7/2v1v2 (3.13)
so that

N (A (@) [ =N al

(see (2.42)). Though we might attack (3.11a) directly with the use of (3.12)
it is sufficient for our purposes to consider values of w very close to wp and ex-
pand (3.11a) in the difference. Now from the resonance condition (2.43)

a () + b (@) {A(w)) |2  —1wt — 2wp(w — wo) (3.14)

Although ¢ vanishes we have inserted it in anticipation of later arguments. Then
to lowest order in (w — wy) we find

, _ 1 Ay Ay
(D'(w)) = — 4ao | (A) (0 — wo + L558) < —(AY = (4) |2> (3.15)

so each of the propagators d'(w), d'(w) has a pole at = wo .

This is, at first glance, a very satisfactory situation. It seems to describe a
system where, as the inversion is increased, a threshold occurs for the appearance
of a coherent field, signalling its appearance by an apparent instability, (2.23)
(2.24), at a certain frequency. The coherent field grows with increasing inversion,
(2.40), (2.43), in just such a way that the system always remains on the edge
of stability, (3.15). This type of behavior has been found to apply rigorously in a
model of a ferromagnetic phase transition discussed by Mermin (20). It is also
the basis for a description of superconductors (21) and superfluids (22) where
the analogue of increasing population inversion is the lowering of the tempera-
ture below its transition value. In the present case, however, it is just this pole in
the propagator which will force us to conclude that the foregoing analysis is
unsatisfactory. To see this we go on to a discussion of (3.11d), which determines
the incoherent field intensity.

Using the relation

d*(w, o) = dr(w/, w)* (3.16)

which follows from the definitions (1.7) and (3.4), and in view of (3.15), (3.11d)
may be written

< 1 —ig<(wy) (1 {A) [ —(A4)
(D70)) = = Tl — w)” + L8] [(A)F <—(A_>2 | (4) |2> 3D

where
— 3¢ (wo) = {a (w0) + & (—wo)

_ _ (3.18
+ ] (A 1265 (wo) + 20°(—wo) + b(wo) + b (—wo)l} :
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Now the time average of the energy contained in electromagnetic field fluctua-
tions in the mode of interest is given by (see (1.1), (1.7))

&) = —2(2m)" f: dew i’ d<(w) (3.19)

which is easily evaluated from (3.17) and (3.11) to be

(&) = ¢<(wo)/SE (3.19")

But the condition for the existence of a stable mode is that ¢ = 0 (cf. (3.14)).
Then, unless ¢$<(wo) vanishes, the energy content of this mode is infinite! We will
shortly verify that ¢<(ws) is not zero.

There are two possibilities which suggest themselves at this point for removing
this unacceptable infinite energy. First, the starting point of our calculation
was the replacement of (AAA) by {4) (4) (4) (see (2.34), (2.35)). This entails
the neglect of just those terms which we have computed to diverge. It might be
expected that the inclusion of these fluctuations and subsequent recalculation of
them in a self-consistent manner would yield a finite result for the energy density.
A related possibility is that we have made too many approximations in the steps
leading to (3.19). A more accurate calculation might replace ¢ in (3.17) and thus
(3.19) by some finite number. In other words, the electromagnetic field propagator
would show a finite lifetime even though a stable mode of the field were able to
persist. It can be shown quite generally, however, that neither of these possi-
bilities is the case and that this infinite energy density is an inescapable con-
sequence of the presence of a truly resonant mode. The proof follows from the
time-translation invariance of the system as a whole and is related to Goldstone’s
theorem.”

Because of the stationarity of the laser environment there is complete in-
variance under a redefinition of the time variable ¢t — t' = t + «. In the equation
of motion (1.48) for (A(rt)) in the presence of an external current j(rt) this in-
variance means that replacing j(rt) by j' (rt) = j(r, { + ) changes the solution
(A(rt))into (A(rt))" = (A(r, ! + a)). In terms of Fourier transforms this is

5i(0) = j(@) (™ — 1) leads to &A(w)) = (A(w))(e ™ — 1).
But from (3.4) and (1.8)
lim 8(A(k, ©))/8j(k'e") = D(kw, k'a") (3.20)

28 See ref. 23. A proof similar to ours has been used in ref. 22 to show that the superfluid
excitation spectrum cannot have a gap. For a number of reasons the difficulties we find do
not oceur in the homogeneous superfluid. (Actually, related problems do oceur in super-
conductors of the second kind which exhibit resistance, and, more generally, when lifetime
effects of the superfluid need to be taken into account.)
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so that, for small

DY’ (we') = lim &3228/ Alw))

- 3.21
W) (321)

But the condition for a resonance is that, for some wg, (A(wo)) is nonvanishing
when j(»') = 0forall . Then D**' (w, , ') is infinite for any wo at which resonance
holds and for all o’. In particular d"(w, w & nwo) and d*(w, w == nw,) will each
have a pole at wo so that any calculation of —x " fff dwie® d“(w, ») from the
analogue of (3.11d) will diverge if the corresponding ¢<(«w,) is Dot zero.

It is easy to see physically just where the difficulty comes from. First let us
examine what is implied by the existence of a mode.

The nonvanishing of (4 (¢)) in an ensemble of states set up in the far past means
that there is a field excitation which maintains itself coherently through time.
For this to occur the coherent processes which add to and subtract from the ex-
citation must balance. Incoherent processes do not enter this balance as, due to
their random nature, the field they produce has random phase and thus expecta-
tion value zero. Then the maintainance of {4 ) requires a balanceof the absorption
of this field and the emission into the mode stimulated by the field itself. Similar
remarks apply to the propagator d'(kw). As we demonstrated in the discussion of
g ((1.42) and following remarks) and mentioned in the discussion following
(1.58) for d', the rate of decay of the small excitation described by d’ is given by
the difference between absorption and stimulated emission. The meaning of
(3.21) is that when absorption balances stimulated emission for a large excita-
tion at a given frequency it does so as well for a small excitation at the same
frequency, so the stability of (A(kwws)) implies the existence of a pole in
d'(ko, ») at @ = wy. In thismode the decay rate vanishes.

The equation for d~(kw), however, as was demonstrated for g (see (1.46) and
following remarks), establishes the equilibrium field energy density by balancing
the incoherent input (spontaneous emission) into the mode with the rate of
decay of the energy in the mode already. But at resonance the photons in the
mode do not decay at all. Then there is a buildup of mode energy which is reflected
in the divergent result (3.19") of the evaluation of this quantity.

We can repeat this argument in a slightly different way. The resonance condi-
tion balances stimulated emission with absorption. Energy balance, however,
requires that absorption equal the sum of spontaneous and stimulated emission.
These are inconsistent unless spontaneous emission vanishes. This last would
only be the case in something like a truly perfect cavity, where a resonant mode
can exist because it does not interact at all with the cavity.

The physical situation, of course, is one of energy balance. As the inversion
approaches threshold the energy in the mode in the form of field fluctuations
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increases due to the increasing lifetime of the excitations. This incoherent™
energy, rather than a large coherent excitation as we have assumed, serves to
modify the inversion to preserve stability. The stable point, however, is defined
by the energy balance condition. The modified inversion can never attain the
value required for the threshold of a true mode and all excitations have a finite
lifetime,

As ), the unmeodified inversion, increases, the stable level of field intensity
increases and the spontaneous emission plays a relatively smaller part in the
energy balance. That is, the rate of field increment of random phase decreases
relative to the field already present. If we can define or measure the phase of the
field amplitude at some particular time this phase will experience a random drift
due to spontaneous emission, which will become slower as A increases.

When the intensity is sufficiently large that the rate of phase drift is slow, or
excitation lifetime long, compared to the time scale of atomie processes, these
processes can be thought of as taking place in the presence of a coherent field
whose amplitude is that of the actually incoherent field in the mode. Then we
might expect that the calculation of d” and d* which has been presented above is
still essentially correct, with the obvious modification of giving d” a small width
to correspond to the fact that it is total energy rather than coherent energy which
is being balanced, and the replacement of the coherent field intensity | (4 (kowy)) |*
wherever it occurs with the incoherent expression (27r)_1f do(A (ko)A (—k,— w))
= —i(27r)*1f dw d*(kw). Then the quantity ¢ which we introduced ad hoc in
(3.14) represents, in that equation, the amount by which the resonance condi-
tion fails and in (3.15) the resulting linewidth of electromagnetic excitations.
We are assuming that £ is very small compared to the level widths v, so that
atomic processes occur rapidly compared to the phase drift and also small com-
pared t0 b (wo)| (A) |*/wy (see (3.14)) so that the stimulated emission dominates
the spontaneous.

As aresult of these arguments we make the tentative identification, from (3.14)
and (3.17),

L fde < _ —a(w) _ ¢“(w)
—i [ ) = = (3.22)

which is, from (3.12a) (3.12b),

¢ (w0) | vio |2( pez"2>_1 /
= ]- - - .
¢ 16we® 21 72 A (3.22 )

This is not a very useful form as it involves dipole matrix elements and level

2 In this context incoherent refers to that part of the field not described by (4 (x)), that
is, the fluctuating part.
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lifetimes which are not well known. A more useful form results from an examina-
tion of the power output of the laser. From (A.5), (2.22¢), and (3.17) we have

Py = wopd(wg)/4ak (3.23)
Now according to (3.18) we must know a“(w), b<(w), and 5<(w) in order to
evaluate ¢(w). From (2.16), (2.22), (2.5), and the definition of the effective
cavity temperature we used in (2.29) we have
a<(wy) = —2i(20/a)[p(° — 1) 4+ Mg "/ (nz — m)]

3.24
a“(~w) = —2i(20,/a)p (& — 1) + e /(e — m)) (8:240)

It

The computation of 5% and b2 is carried out in Appendix IV. The results of
interest to us are

b<(wy) = —bS(—wp) = (2we'/a)i\ exp (—2) (3.24b)
b <(wo) = b(—wy) = —(2wet/a)iN exp (—z0) (ne + m)/(na — my)  (3.24c)

Using (2.30a) we can now write (3.23) as

2 —zo?
gt = atler) [(63%1_ R >+ Male +"‘] (3.25)

Power 2 — My P Mg — M

If we note from (3.15) or (3.17) that (14¢) is the half width of the laser output
we see that (3.25) is half the Townes formula (16) with the ny/(n, — n1) cor-
rection found by Shimoda (24).* The additional correction term which is
proportional to the field intensity is small in cases where our treatment is valid.
Equation (3.25) should be compared with our below threshold result of the full
Townes width in (2.29").

1V. PARTIALLY COHERENT TREATMENT

Although we believe that the calculation outlined in Section III is essentially
correct it is not wholly satisfactory. Aside from the appearance in intermediate
steps of {A), which is strictly zero, it is difficult to see how one can proceed in a
systematic way to compute higher order correlation functions. It is, furthermore,
hard to estimate the degree of validity of this approach and out of the question
to attempt to study the transition region. In order to avoid some of these dif-
ficulties we turn to a reformulation of the laser problem couched, in the limit of
vanishing forcing field, entirely in terms of correlation functions. Working in these

25 Qur previous report of this result (11) also claimed to be half the Townes width but
contains an error. The statements in (11) are correct with the amendment: Af is the half
width at half-maximum.

28 This value of half the Townes width has also been obtained by Lamb (§) and Lax (19).
Lax includes the Shimoda correction while Lamb does not.
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terms we will ultimately recover the frequency and amplitude conditions (2.43)
as well as the expression (3.22) or (3.25) for the linewidth.

Our starting point is (2.34), where we now do not replace the cubic term with
its factored form. For convenience in part of what follows we generalize somewhat
by adding to the subsidiary Hamiltonian (1.3) the nonlocal term

— 0% (xx")A(x")A(x) (4.1)
whose effect” is to change (2.34a) into
(6 (o) ~ ([0 () + U7 (x)]) (A" (1))
+ bmms(XX1X2X3)<AII(Xl)AQ(XﬁA{a(Xs)) = ]{(X)
Variation with respect to U gives, for example,

5(A'(x))
5Uh§2(xl xz)

U and j can be varied independently and both are set to zero after the last varia-
tion is performed. The fact that the matter correlation functions which enter
into the calculation of a and b only depend on the “normal’ part of the radiation
field (cf. (A.8)) is taken into account by specifying that neither a nor b depends
on jor U.

Varying (4.2) with respect to j and setting j to zero we find

(6 (xx1) — (U (xx1) + U (xix)]) D™ (x5%)
+ b“‘““(xxlx2x3)(ig")(A“(xl)A“(xz)A“(x;;)Af'(x')) - 5“'(){ — X/)

where we have noted that (A(x)) = 0 whenj = 0. Equation (4.4) with the defi-
nitions and evaluations of a and b now allows a complete deseription of the radia-
tion field in terms of correlation functions only. By taking successive derivatives
with respect to U we can find from (4.4) a hierarchy of equations for the two
four, ete. field correlations. Were we able to solve these equations we would
presumably find that with an increase of the inversion parameter X the spectrum
of D would narrow sharply in one or a few cavity modes. Beyond some threshold
region the higher correlation functions would rapidly change from a “thermal”
form to one displaying partial coherence.

= (AT () A" (x) A% (%)) — (A (D) N4 () A% (x))) (4.3)

(4.4)

A. INCOHERENT APPROXIMATION

We shall first analyze (4.4) on the basis of a perturbation expansion in powers
of the photon-photon interaction 5%** which is equivalent to a series of sue-
cessive fruncations of the higher order equations found by functionally dif-

2 As mentioned in footnote 8, we must generalize (1.4) in order to include such a term.
This is easily accomplished and the effects are as stated.
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ferentiating (4.4). We shall show that this expansion diverges above threshold
and then go on to consider another procedure which we believe to be more cor-
rect and which reproduces our earlier results as the expansion does not.

Using the analogue of (4.3) we write the quartic term in (4.4) as

— b (g 33 ) [DF 2 (303 ) 13 DF (3% + 8D (xx”) /80U (xa%5)]  (4.5)
Then, defining D™ by the analogue of (1.15) and using (1.16) we have
(a1 (xx1) — (U™ (xx1) + U (xix)] — b5 (axaxoxs ) DY (%%
+ bR (%%, ) D5 (x4%5) 8D 5 (2%, ) /U (%o%,) DY (xiX') (4.6)
=& (x - x)

which is an equation for D™". This equation permits an expansion of D™ in powers
of b and D. To terms of order b’, setting U = 0, we find

D711 = a(11") — b(1456)D(23)§5[6(417)8(52)8(63)
4+ 5(517)8(42)8(63) + 8(61")5(42)8(53)]
+ b(1523)D(54)b(4678)D (22 )¢ D(33')¢5
[8(61)8(72")8(83") + 8(61")8(73")8(82")  (4.7)
+ 5(717)8(62")5(83") + 8(71')8(63")8(82")
+8(81")5(62")8(73") + 8(81")8(72")8(63")]

where 1 denotes (x;, {1) and 8(12) = &2 (x; — x,).

For such an expansion to be meaningful we should be able to compute D' to
first order in b and use the resultant D to find the, presumably small, corrections
arising from the second order term. The equation for D to first order involves,
from (4.7),

[b(11'23) + b(121'3) + b(1231")]1D(23)¢s (4.8)

Now there is time translational invariance in the system since no true oscillation
can exist. Then D(w, »') = 2rD(w)é(w — «'). From the representation (3.7a)
of b and (3.4) of D and the statement (see (A.15)) that b(w,wiwsws) is only
appreeiably for w; X2 w; we see that the second term in (4.8) can make no con-
tribution.

We suppose that we are well above threshold so that the linewidth is small
compared to the atomic widths v, . Now b(wwiwsw;) has a frequency variation
tion on the scale of v,, s0 we may set

_[ dun b(w, Wy, — W1, w)D(wl) =~ b(w, Wy, — Wo, w) f dun D(wl) <4~9)
0 0

in (4.8) where w is the line center and we have taken w positive.
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Finally we suppose that the intensity is so high that we may neglect d” rela-
tive to d” or d<, so that in the representation (1.7), (1.8)

d 0 dc d
DYy = + (4.10)
d—d —d& s d

we can negleet the first matrix relative to the second.
Following these arguments the first order equation for D is

[a“'(w) + 2651 (w) (27) /,, dw( —1 d<(w1))] D' (w) =% (4.11)
0

where b is defined in (3.10a).
The usual decomposition (1.54) of (4.11) yields

d(w) = [a"(w) + 20"(w) |A ] (4.12a)

o |A| = —ifo des d%(w)
(4.12b)

— f: do &' () (a<(w) + 2655(e) [A]) d*(a).

Using our evaluation (3.12) of @ and b" we write (4.12a) as
20" d'(w)/a = — {6+ (20 — 20') + 2z Pfi(20 + 8)
+ i(p — Nexp (=2°)) — 2\ A exp (—2°) (4.13)
[0y/(8 4 26Th) + o/ (6 + 24T}

where d = 2z — 2.
We have said that the photon line is narrow and centered at z = 2,. Then we
require

20— 20 + 2 *fi(z0) = 0 (4.14a)
p+ (2NTA| = \) exp (—20") = af/2u (4.14b)

where £ is the full linewidth in frequency units.

Equation (4.14a) fixes 2y, the center frequency of the resonance, and is identi-
cal to our previous result (see (2.43)). Equation (4.14b) relates the linewidth to
the intensity | A | and, in conjunction with (4.12b), determines both these quanti-
ties. Note that the stability requirements, ¢ = 0, puts a lower bound on | A |.
When the linewidth is small compared to the width of the empty-cavity reso-
nance, and for a reasonable level of excitation, at/2w, can be neglected when
determining | A | from (4.14b). Then comparison with (2.43) shows that we
predict half the intensity of oscillation as in the “pure mode” theory.
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From (4.12b), using (3.24) and a Lorentzian approximation to (4.13), we may
evaluate ¢ by relating it to | A |. For comparison with our previous results we use
(A.5), (2.22¢), and (2.30a) to relate this to the power output. We find

Lgp — 2w0(ch)2 I:( 1 + 2 ) n )\’l A exp( —202) Ne + n1:| (4.15)

Power oo —1 " py—m P Ne — My

A comparison with (3.25) shows us that we now predict the full Townes width as
in our linear theory and in contrast to our “mode theory” prediction of half this
amount.

Now that we have discussed the first order evaluation of D let us proceed to
examine the effects of the b’ terms in (4.7). After eliminating those terms which
are not invariant under time translation we have

D7 ¥1(y) — first order part = b¥%% (wuwywaws) D (wy)
X DF (wy) 02 DM (003) &3 042537 (w1, @, —ws, —wn) (4.16)
+ bhs‘z’fs’h(wl , —wp, —ws, w)]

We again ignore the variation in b when performing the w;, we, ws integrals
except that the factor 6(w — w3 — w2 — w3) must be noted. The dominant term
is that for which each D¥*'¢’ is replaced by d°. If we write, from ((4.12b), (4.13),
(4.14b))

d(w) = & | A ({0 = w0)* + 24£7T" (4.17)
we may evaluate (4.16) as
—63 | b'(w) [ A " H(w — wo)* + 9¢°/41 (4.18)

Because of the factor {1 the contribution of (4.18) to (d")~" vanishes. However,
the inclusion of the contribution of (4.18) to (D)< changes (4.12b) into

|A] = (40’8) 7 [i(a™(wo) + 26 (wo)|A]) + 2] (wo)* | A['/E] (4.19)
Then the ratio of the second order contribution to | A | itself is
[ A/l AT = 140 (wo)A/wet [ (4.19")

But, from (4.12a), 4" (wp)| A |/weé is the ratio of the modification of the linewidth
due to the laser field to the residual linewidth, roughly the ratio of stimulated to
spontaneous emission. Under our conditions this is a very large number so the
first “small correction” to our expansion scheme leads to a contribution to the
spontaneous emission into the mode very large compared to the lowest order
result.

It is not difficult to find the contribution to (d")™" by considering the next most
dominant term in (4.16). In the product D(w;)D(ws) D (ws)$s we replace two of
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the D (w)¢ by d“(w) and one by the remaining matrix in (4.10). A straightfor-
ward computation yields

d(0)™ = a'(0) + 26 (@) A| + [0 ()] | A (0 — wo + 368) "wg" (4.20)

We merely note that the ratio of the imaginary part of d’(w) ™ at o = wp due to
the second order term to the contribution of the first order term is
—b"(—wo)| A |/6wot which is very large.

Then the perturbation expansion of (4.4) in powers of the two-photon inter-
action seems to diverge. This is not very surprising. The first approximation this
yields for the four field correlation function (cf. (4.4), (4.7)) is quite different
from the “pure oscillation’ evaluation {4){A Y A){A). We have argued, however,
that the true correlation functions should not differ radically from those for an
oscillation. Then our first approximation is very poor, which leads to large cor-
rections in the higher order terms. We remark that the first order part of the
above calculation is the small excitation limit of any theory which treats the laser
field as acting only to change the average population densities. Such a theory
neglects coherence or, what amounts to the same thing, the strong photon-photon
interaction. The full Townes linewidth which we obtained above is characteristic
of such theories, and we have shown that such theories are not correct when we
are sufficiently above threshold.

We can see what is wrong with this approximation in another related way by
looking at the electromagnetic field intensity fluctuations implied by our first
order expression for the four point correlation function. Introducing positive and
negative frequency components (6) of the field A(x) we have

@(x)8(x")) — EE))NEEX)) = (A7 (AT (D) A™(x) AT (x)

, , 4.21)
— {(A7(x)AT(x)XA™(x) AT (x"))
The first term of (4.7), compared to (4.4), is equivalent to
— (A(x1)A(%2)A(X3)A(x4)) = D(XiXz) D (X3%4) s £22)

+ D(xuxs) 5D (Xex4) 80 + D(x0x4) $D (x0X3)
Setting z = '™ this is easily evaluated as
Ex) — {ex) = (e(x)) (4.22")

But the nonlinearity of the laser which sets a preferred value of the field in-
tensity serves to damp intensity fluctuations, so the enormous fluctuations pre-

B For z # z’ Eq. (4.42) leads to Brown-Twiss oscillations in the intensity correlation
function.
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dicted by the noninteracting photon approximation (4.22) is another indication
that this is a very poor starting point indeed.

B. ParTiaLLY COHERENT APPROXIMATION

What we would like to do is take the oscillation case as our starting point and do
perturbation theory around it. This is not easy to do in a straightforward way
since, in our stationary ensemble, any amount of spontaneous emission leads to
an infinite value of D in the presence of a free oscillation. We can get around this
problem, however, by considering the case of forced oscillation, due to the
presence of a small polarization j(x) at the resonant frequency. We can compute
correlation functions in this case and then take the limit of vanishing driving
force. Let us see where this leads us.

The three field correlation function satisfies the identity
(A(LA(2)A(3)) = (A1))A(2)KA(3)) — D(12)1(A(3)) (4.23)
— DB)(A(2)) — DEHAD) + AMARAB)

where we use the shorthand introduced in (4.7) and have defined 4 = A — (4).
Ignoring the final, fully correlated, term we substitute (4.23) into (4.2) to find
(U—0)

a1 (0)(A" (@)
+ b (@i ) (AT (1) A" (@) — iD™2(er, —wn) (KA () (4:24)
A (0))A (@) — D™ wr, —ws)ElA™ ()
+ (A" ()Y A5 (w5)) = D7 (wr, — ) G4 (w))} = ()

We shall now, after variatious with respect to j have been performed, set j to
zero except at the resonant frequenty wy . That is,

Fw) = 2mjle¥8(w — wo) + € ¥5(w + wo)] (4.25)

where w 1s chosen so as to maximize {A (wo)).
If we define, as in (4.12b),

2r |A | = ——if dw d~(w, »)
)
. (4.26)
2rAE = —if dw d<(:i:w, 4w F 2w0)
o

and assume that we are in an inversion range which allows us to neglect d" com-
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pared to d< (4.24) can be written

[0 (@) 4 26"(@) (] A | + KA)KA (@)

- ) , (4.27)
+ V(@) (8" — (A(0) YA (=) = j(v)
or, noting that only (A4 (=4w)) 18 nonvanishing
a () + 26 (w) (| A | + [ (4) [) B (wo) (A" — (44)")
< B(—wo) (A — (4-)") ' (=) + 26" (—w) (| A |+ [ (1) ﬁ)

< (4 a0)) > ) <“ > (327
4 (—a)) =7 e 2

where we have factored out the frequency & functions.
It will be instructive to write the equation for D at this point. From (4.24) this
is
aal(w)th'(w, wl) + bm“ﬁ(wwlwzw:ﬂ { [(Ah(wl))(Ah(wg))
— D2 (wy, — ) E D" (') A (AT (w) HAT (i)
— DY (wy, — )55l D () A (AT (wa) AT () (4.28)
— ith(wg , —wg)g'g]th(wlw,) - i(Ah(m))&th(wl, —wg)ﬁ/éjfl(wl) o
— (AT (w))OD" T (wy, —ws)§3/87 ()
— A (@)D (@, —w)8s/87 ()} = 206% (0 — o)

It is crucial here to examine the §D/3j terms closely. By an argument similar to
that leading to (3.21) we can write

8D (w1, =) _ (w1 + w»)Dler, —wn)(Alw))
8j(w") w'j(w’)

which is small in the important range in (4.28), w1 + w; X 0. On the other hand

(A(ws)) (4.292)

6D(w1, —ws) (A(w2)>(w1 + w3)D(w1 ’ '—wz)
A (673 ~ = 2
(Alee)) 8j(w”) w'j(a’) (4.29b)

D(Oh ’ —‘w3)D(w2 ) w’)("-’l + w3)/w2

But in the limit of (4.25) w1 + w3 = 2w and ws ¥ —wg . Then (4.29b) cannot be
neglected and, in fact, changes the sign of D(w1, —w;) in the coefficient of
D(w;, @) in (4.28). Using (4.26) and keeping the important terms in (4.28) we
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have

[0 (0) + 26" () (| A ] + [(AHID (wiw)

4.30
— () (A% (@) = AW))D (0 = 2w, o) = 208 (0 ~ ) (430
Then d’ satisfies, factoring out the frequency & function,
(@ F WAL IWD B )
—b' (=) (A7 — (4-)) @ (w-) + 26" (w-)(| A | 4 | (A) ) (431)

) = (g 1)

where we use the shorthand (D"(w)) defined in (3.11b).

A comparison of (4.31) with (4.27) now shows that if (4 (wo)) can be finite
when j — 0, then (D"(w)) has a pole at @ = o . The same determinant vanishes
for both these situations. This is in accord with our exact result and is thus a very
satisfactory feature in this approximation. Furthermore, if the spontaneous emis-
sion into the mode ¢<(w) were zero, we would recover our original mode calcu-
lation either from (4.27") or (4.31), when j — 0. That is, the determinant would
be required to be zero either to allow (4) not to vanish or to allow | A | not to
vanish, one of the two having to be finite for stability. This is again very satis-
factory since spontaneous emission alone is responsible for the failure of the mode
theory.

We shall demonstrate a solution to the set of equations (4.27"), (4.30). It is
not difficult to show that it is the only solution. We write (4.27") as

(§er)=( Sy@en(y )i(E)

where (d") can be read off from (4.31). If we assume that
A+ KO = (A7 = (A7 =4 (4.33)

and insist that (D) corresponds to an intense, stable, narrow mode at wo we must
set

a"(—wo) + b (—wo) (| A + {A)) = dwot (4.34)
which leads to
3 1 1
dwo(er — wo + 1518) | A | + | (4) P

,<|A1+1<A>2 —A++<A+>2)
A=A =A== [ )

(D(w)) =

(4.35)
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Note that (4.34) predicts the same frequency as in mode theory and, when ¢ is
sufficiently small, gives for the sum of coherent and incoherent intensity the same
value as the mode theory gave for coherent intensity (cf. 3.14). To check the con-
sistency of this solution we compute

< _ i (w) 1
(D™(w)) = 16w((@ — wo)® + ME][A ] + | (4) P

<|A|+<A>1 A+—<A+>2>
-y A+

where i¢<(wo) is as defined in (3.18) with [(A)*— | A | 4+ [{4)|". Comparison with
the definition of A, (4.26), gives the consistency conditions

[A] = ¢™(w0)/1600’% (4.37a)

ey _ (As)
-InTE G G e

Equation (4.37a) is the same as (3.22) and thus leads to the same evaluation of
the linewidth we found in the mode theory. Equation (4.37b) demonstrates the
validity of (4.33) which was the basic assumption we made to get to (4.35). We
can now set j to zero. (4) goes smoothly to zero and the resulting equations
(4.33), (4.34), (4.35), (4.36) remain a consistent set leading to the mode theory
frequency and intensity and half the Townes linewidth.

If we consider (4.30) when j = (4) = 0 we regain the result of our previous
expansion procedure (4.11) and all its first order predictions by setting A* = 0.
This is consistent with (4.37b) but is not the smooth limit of an oscillation theory
as 7 — 0, which is just another way of understanding why corrections to such a
theory are large.

It might be argued, however, that the theory we have just outlined is not
satisfactory since it requires that, when j — 0, A* does not vanish, (4.33), though
it is not a time translationally invariant quantity. (See (4.26).) There are two
possible ways to argue that this is not a fatal objection. Iiirst, as in the question
of whether or not {4 (w)) is zero, the argument of time invariance is not sufficient.
(A (wo)) could be nonzero if ¢<(w) = 0, that is, a field started with a given phase
could retain that phase as long as there was no spontaneous emission to cause that
phase to drift. Likewise we cannot insist that A* = 0 until we examine the equa-
tion for the four field correlation function and show that the assumption of non-
vanishing A™ leads to an inconsistency. Even if we were forced to conclude from
such a calculation that A = 0 we might still justify the use of this calculation of
D. Just as our original mode calculation gave us expressions in terms of |{4)*
which we could later identify as —¢ f d<(w, ) dw, so in this calculation we may
think of A"A™ as being representative of a correlation function (4 («)A (2wy — ) -

(4.36)
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A(—w)A(w — 2w)) which has a large narrow resonance at @ = wy and which
would enter into a more accurate caleulation. Such a calculation might retain the
final term in (4.23) or might treat (4.4) or (4.6) in a more accurate way than we
have done. Justification of our procedure along these lines remains to be carried
out.

It is interesting to look at the correlation functions in the time domain which
are given by our evaluation of D. From (4.36) with 7 = 0 we can write

(A(r)A (1))
R . . . o (4.38)
= ¢ £l H/Z(h(r)e iwgl h*(r)ezwot)(h<rl>e et h*(l' )emot )

where h(r) = | A |'* &7 and ¢ is an arbitrary phase.” For small time differ-
ences this looks like the product of field expectation values at the two field
points.

It is also possible to consider intensity fluctuations. Comparing (4.4) with
(4.30) we see that our calculation above is equivalent to the replacement

(A7 (x) A" (x) AT (%) A7 (x:)) & (A7 () AT (1) )A™ (1) A7 (x0)) 130
+ (A7 (@) AT (x)HAT () AT (%)) — (A7 (x) AT (X)HAT (%) AT (%)) 3

where (%) again refer to positive and negative frequency parts. From (4.36)
this is

(A (1t )A™ (1ata) AT (1ts) AT (14ls)) = B¥(2)B ™ (12)h(13) R (1)

X ei‘ﬂo(h*—tz-‘rm{e—i(l t—tg|+|ta—tg])/2 (4.39’)

+ e—E(Itl—f4|+|ta—la\)/2 _ e—f(ltl—i2|+|¢3—t4|)/2}

When all the times are close to one another this again looks like the product of
the appropriate parts of field expectation values.” Furthermore, if we are com-
puting intensity fluctuations, by setting (riti) = (rifs), (rads) = (rds) this
becomes

(8(r:it)&6(rat))y = R*(r)h(r)R*(1)h(r:) = (&(rt)ME(rats))  (4.397)

so intensity fluctuations vanish identically even though the four point function
is not precisely expressible as the product of four fields.

Then we may say that the approximation we have been led to consists in
replacing a four field correlation function by an almost coherent expression
which has no intensity fluctuations, and the two field correlation function we

2 ¢ is related to the phase ¢ in (4.25) by ¢ = ¢ + Y. This is relevant if we think of the
phase as being defined by an actual external field which adiabatically goes to zero.

® In ref. 6, Egs. (4.38) and (4.39) above would be the conditions for approximate second
order coherence of the laser light signal.



QUANTUM STATISTICS AND LASERS 119

then calculate is almost coherent as well. The degree of coherence we find is the
maximum permitted taking spontaneous emission induced phase drift into ac-
count. Presumably a caleulation of the remainder of the four field correlation
would give intensity fluctuations as well. We also expect that higher correlation
functions will appear in an almost factorable form.

CONCLUSION

We have discussed the properties of the laser oscillator in three different ways.
Iirst we asked for the circumstances under which a pure mode of the field can
exist. This led to well defined values for the threshold and for the mode fre-
quency and intensity above threshold. Because of the random nature of spon-
taneous emission, however, leading to random phase drifts, no pure mode of the
field can exist, and this fact manifested itself in the infinite value we found for
the incoherent energy in a system supporting a true mode. It was possible 1o
patch up this theory to give finite incoherent energy and a linewidth but fluctua-
tions are not considered in a consistent manner and the presence of a finite value
for the mode intensity in intermediate steps is not satisfactory. Our second at-
tempt dispensed with the appearance of a coherent mode and considered fluctua-
tions consistently but ignored the possibility of partial coherence in the laser
field. The unsatisfactory nature of such an approximation manifested itself in
the dominance of higher order corrections over the lowest order terms and the
presumed divergence of the perturbation theory. As noted by other authors
(5, 19) such an incoherent theory gives risc to an intensity-linewidth relation
differing from that of the coherent theory by a factor of two. We showed as well
that the intensity predicted also differs by a factor of two, for a given inversion.

Our final discussion takes account both of fluctuations and coherence, though
intensity fluctuations do not yet appear to the order we have considered. Its
predictions are almost identical to those of the “patched up” pure mode theory.
In particular it predicts the half-Townes linewidth appropriate to a coherent
theory and its evaluations of the first two field correlation functions, apart from
small phase drift corrections, are those of a fully coherent field.

APPENDIX I. POWER ABSORBED BY THE CAVITY

We write the Hamiltonian (1.1) in the form
H(t) = [ delHu(xt) — AG)-J(xt) + Hu(x0)]
The rate of change of electromagnetic field energy is given by
i(0/00) [ deHusa(rt) = [ delHuse(xt), 1)

= —f dr dr'[Hem(rt), J(r't)-A(r't)] = /dr’(J(r’z).ztaA(r’z)/at)
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But CA(rt) = J(rt) so

<at HEM(t)/ fdr lim hmi O (A(rt) -A(r'Y))

1> gror 0 (A1)
= f dr lim lim (—z—) O & (xt, r't") + coherent term
L=t r'or
Now from (1.54¢)
Od& @, ') = p'(et, nh) & (b, ') + p7(xt, 1aly) d°(xety, £'8)
S0
<3HEM(t)/6t)
(A.2)

= —q fdr{p'(rt, nt)dd” (i, 1) /3t 4+ p”(xt, 11 t,)8 d*(xry by, 1t) [0t}

In the steady state this is zero but we can discuss the energy exchange with a given
element of the matter system by inserting its contribution to the polarization
operator in (A.2). Noting that the cavity system is translationally invariant in
space and time and using the form (3.4) for D we have

OHem(l)/8t)cav = (27 = [ do’ | &’k dw _i(w—wl)lw' d
(@) fo)ony = (20 [ ! [ dPedue [a "
X {p (kw) d”(ko, ko') + p.” (ko) d*(kw, ko')}

If we take the time average of (A.3) only ' = w appears. Then we may use the
relations, following from (1.7) and (1.54) in the absence of active atoms,

p(ke) = pl(—k, —w), p’ (k) = p~(~k, —w)
d (ke K'o') = &*(—K, —o'; =k, —w),
& (ko, K'o') = dS(—K, —o'; ~k, —w)
to write
(OHeae()/30)oav.av = (25 [ d% [de
(A4)
. f: dool(p.” (ko) — p.~(kw)) d*(kw) — p.~(kw)(d”(ke) — d“(ko))]

The first term in (A.4) is proportional to the field intensity so we may take it as
the energy absorbed by the cavity. The second is proportional to p.~(kw) and is
the spontaneous emission of the cavity material. We may then restrict ourselves
to the first term to find

(Vol)™ Power = — f S f d“’i 5. (k) d<(kw) (A5)
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where we have used (1.58) and the negative sign arises because power removed
from the field is considered positive.

If the w variation in p.(kw) is slow compared to that in d<(ke) we may write
approximately, for the mode k i

P = —(wo(k)/Q) X 2(2r)" f dw e’ d (ko) = —w(&(K))/Qx (A6)
o
where (&x) 1s the energy in the mode k and we have used (2.20b). This is a well
known result and serves to verify (A.5).

APPENDIX II. EXPANSION OF Gug

We expand Ghs(xx) according to the prescription in (2.33). The iterative
expansion of the equation for M, (1.20), is, to order (v4g)’,

MG (xx') = —yeglAd5(x)) — itve G5 (xx' )vigd(AS (x')) /875 (x)
4 o eo GO (xx0) v G5 (xax ) vhs(AY (%)) /65 (%) 875 (x1)

To express (A.7) in terms of G rather than G we expand the second termin (A.7)
to find

(AT)

Mas(xx) = —vig(Ai(x))8(x — X') — (yhGu(xx )visD i (xx")"
+ Y aoGa (%) VG (x3X ) visl(A j(x1)) D (xx)Y (A7)

— 4584 (x1))/85:(x) 85y (x)]

where we have suppressed ¢ indices for clarity and where we have used (1.8a)
and (1.21).
For M°,. we take the part of M

M5 (xxy = —i | v [P G5 (xx') DY (xx")¢ (A.8)

which we have previously analyzed, (1.31ff), but specifically restrict D, the
photon density, to that part which is not associated with the resonant modes.
The remainder, M", is then the full expression (A.7") minus M, . Then, with
(2.33b), we have

yesGoa(Xx) = itvisl — Ga(xx1)Gal(XiX)¥ha(A (1))
+ ég(xxl)’Yégég<X1X2>’y§-aGa(X2x>[<A\;’(X1)><Ag(x2)> — Dj(@wra )l
— Ga(x%1) vEeBo (X1X2) VoA G (X0X5 ) v5aCla (X)) [(A (X)W AL (X)W AL(X5))  (AD)
— A (X)) Dri(XeXs) &3 — W{AR(Xe))Dse(m123) 3 — A L(X5))D 3 (XaXa ) o
— 828" A(%s))/875(%0) 7 (%))
Now from (1.7) and (1.8)
(A5 (x)NAR (X)) — iDH(Xi%0) 8o = (AT ()AL (%))
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and the last term in (A.9) is just (Aﬁ‘(xl)Aff(xz)Aga(xa)). Furthermore, the term
involving (AA) vanishes, since it is not invariant under charge conjugation

vis— —visand would lead to a polarization even when (A) = 0. Then we rewrite
(A9) as

WYasOh(XX) = —i¢ | vip [ G5 (xx1) G2 (xix (AT (x1))
— YT TG (XK1 G5 (X:%5) N (1035 ) G (x3x)  (AL10)
X (AP (x1) AP (%) AP (%))
APPENDIX III. EVALUATION OF b
Writing
b(xx X X3) = (2m) 7" f dk dk' dk’ dk” dw do' do” do”

. br( k(;)’ k’w,’ k”w” , k”,(,)/”> (A.ll )

X exp ik-r — Kn—k -k 1n—oe+oh+ ot +o0"h)]
we may use (2.1) and (2.2") to express the first term in (2.38) as

b?jkz(kw, k'w’, k”w”, kmwm)l — 7:’Yiﬂ 'Yéa 71;)\ ’yyl\a(27r>5(w _ w/ _ wu _ wm>

X fd3K6(k -k -k -k —-K)(2)™

- fd3k1 der g5’ (ke w1)gs’ (ke — K, 01 — &) (A12)

Xy — K — K w— o — o nky — k + 4K, K)
X g (ky — k + BK oy — ) — g (ky — k + LUK, 01 — w)]

We recognize that the product of four retarded functions gives no contribution.
Further, only very small values of K are allowed, corresponding to slow spatial
variations of the medium. Then we may ignore K in the argument of ¢" and also in
the first argument of n. Finally we are only interested in b” for k', k”, k" photon
momenta, and these are small compared to the range of n,(k, K) in its first argu-
ment and will be dropped there. Then using (2.9) the integrand in (A.12) is

—(21r)_4fd3k1 doy no (ke , K)[(w; — g — k12/2M + dyg){w — W — e

— (I — K)/2M + iv,) X (01 — & — & — & (A.13)
— (ky — kK — k”)z/2M + i {w — @ — e
— (k — k)*/2M — iy )]
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We can immediately perform the w; integration to get

—i(2r)7" /d3k1 ne(ky, K)[(0w — wpe — ki-k/M + dvas)

X (0 = = e — Ki (K = KM+ i) (7 — g
— ki K7 /M + ima)] ™

where .3 = Yo« + 75 and we have dropped terms like £?/2M as very small com-

pared to ky-k'/M.

We are only interested in b” for frequencies w, w’, »”, ” near the resonant laser
frequencies. Furthermore (A.13") is large only for o X wpa, @ — @ X wpa,
@” A wna - In any physical case the laser operates at only a few closely spaced
frequencies in resonance with a single transition (or several related ones).
Harmonies of these frequencies will not be in resonance with other transitions.
Then the only terms in the sum over states «, 8, o, A in (A.13") which will give a
large contribution are those where the quantities wge , waa , Wsa cOrrespond to the
resonant transition frequency ws or —ws or 0. Then state X is state 8 and ¢ is a.
We ignore all other terms.

Then adding the contribution of the remainder of (2.38) to (A.13") we find,
after some algebra

4

r o/ non m o m 3 ] k 1 ’ # "
szkl<kw> k""’ k'w ’ k'w ) = 'Y:xﬁ'Yéa YaB 7Ba(27r)6<w —w —w —w )

X deKﬁ(k _ kl _ kll _ km . K)(gﬂ_)—a

[ @b, K) = gl K]

X (0 — wpe — K B/M + dyas) (0 — o — Kk
(k= K)/M + 2iva) (0" — wga — - K"/M + ivag) " (A14)
+ (o" + wpa — KiK' /M + ivap) 7]
+ (0 — o — k- (k — K")/M + 2iys)”
X [(0 — wga — KiK' /M + dyas) ™
+ (& + wpa — KiK' /M A+ ivag) )

Using (2.3) it is now possible to perform the integrals over k; . The appearance
of k; in three denominators, however, makes this a complicated procedure, as it
would be necessary to break each term into partial fractions, and the resultant
expression would not be very useful. We find a more useful result from the follow-
ing considerations.

To the extent that the level widths v, , vs , ves are small relative to the Doppler
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width the Lorentzian factors in (A.14) vary much more rapidly than the Gaussian
exp (—Bk’/2M) as a function of k; . If, furthermore, the various oscillation fre-
quencies are close to the line center ws, , there is only a small error made by con-
sidering n«(k;) to be constant during the integration. We proceed in this approxi-
mation.

We further note that for the purposes of the integration we may replace each
k', k", k” by £k in such a way that the sum is k. Taking all possible such com-
binations it is now a simple matter to perform the integrals in (A.14) to find

!/ non noom
bk, kKo, Ko,k o)

= —2ar’ | ck I_l 'yig 'yfs;a 'y’f,g 'yéa 2rd(w — & — W = ")
X fd‘*Ka(k — kK — K — K" — K)[n.(K) — ng(K)]

cexp [—o’(w — wga)z/CEkzl (A.15)
X {0+ & + 2ive) (0 =o' + 2iva)”
+ (0 = @" 4 2075) hemi
+ (0 4+ o — 20p0 + 207a8) (0 — 0" + 2i78) 7 [xrmrrrra—i
+ (0 + " — 2w5a + 2ivas) o — o + 20ve) " |irmir okt i}

where the exponential is required to be very close to one. Note that there is only
an appreciable contribution for « =~ o &~ =0 X 0" X wpa. In the traveling

7 ” L4 .
wave case only the termk =&~ —k” ~k = k comes in.

APPENDIX IV. EVALUATION OF b¥" AND B¢’
We wish to evaluate

B (w) = Z B8 (fegew, Begero , — Ko, @ — 2w, Kowo) (A.16a)
$als
2 (w) = D B (kow, Kow, —Ko, — w0 , Kowo) (A.16b)

$als
+ bm’ﬁh(kow , kowo , —kowo y kow)]

where we have used the definitions (3.10) and the preceding discussion. From the
definition of b (2.34¢) and using (2.27) we have, schematically

; B = ey lavivvia(gses + 95°Ge + Gag”)™
283 _
X (ga” + 0Ga + Grhga’ ) (ALT)

where, in this context,

r_ f1 0 ~ (65 —¢°
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As a matrix in ¢f1, (A.17) is in the canonical form (1.53). From (A.17) we may
immediately write
5 (xxxaxs)
= ivigVayovaa(gsm (xx1) g7 (Xi%) + g7 (xx1)g."(x1%2)) (A7)
X (g (XaXs)ga ™ (%6%) + g5 (XsXs)ga" (XsX) )
We note the symmetry
b (xX1XeXs) =  D<(XpX:XXy) (A.18)

which allows us to find & from 5. Using (2.1) and (2.2") we may put (A.17)
in a form similar to (A.12). Repeating the arguments in Appendix III we are led
to a form sxmllar to but more comphcated than (A 14) As in (A.14) we find that
b(w, o', 0", «”) is small unless @ X o' X —0” X ©” X wgy . Inserting the re-
quired values of frequency and wavenumber from (A.16a) we perform the
velocity integral as in (A.15) to find

b(w) = 24! vig |t ar' | ck | ™ exp [—a’ (w0 — wa)?/C K
X [ng(e — wp — 2iva) " (@ — w0 — 2075) 7" (A.19)
+ na(w — wo + 2072) (@ — wo + 24v5) 7]
As in (A.17) we write

Z [b“lhrs(XXﬂKzX:;) - bm“fl(xmxgxl)] = ’L.g"Yiﬂ’Y/]Sv'Y];)\'Y)l\a
$ols

X (g5 + @)™ (9000 + 990G + 9/ Chga” + Gogn"9a")'™ (A.20)
+ (9500 + 950G + g5 Gogn” + Gog"n")¥ (92" + Go)™]
Then
26" (XXiXoKs) = YasVhevnVialgh ~ (XX1)
X 195" (2a2) " (was) g™ (2aw) + g (@2a)gx (2973) ga’ (2)
+ g.,<(>)(x1x2)g)\ (2a5)ga"(2s)] + g6 (222)gd" (2as) g% v )(x3x1) (A.21)
+ g5 (22) g7 (wawa) " (521

+ gﬁ>(<)(xxz)gu (2a3) n* (2521) 195 )(mx)}

Note that
2b>(XX1X2X3) = 2b<(X1XX2X3) (A.22)

Proceeding as before we find
2%(0) = 20| vep " an’” | k& [ exp [—a’(0 — wga)’/c'k]

X (g — 1) (2vav8) " 4va /[(0 — wo)® + 4v.']
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As a final note we remark that the velocity integrals in this appendix as well as
those in Appendix III in the traveling wave case can be easily done exactly. The
differences from our approximate results are indeed small in the region of interest.
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