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Lyman Laboratory of Physics, Harvard University, Cambridge, Massachusetts 

A method is presented for describing a general nonequilibrium system in 
contact with a reservoir in terms of the correlation functions of its quantized 
field operators. Equations of motion for these correlation functions are de- 
rived for a system of multilevel moving atoms interacting with the radiation 
field, which interacts in turn with the reservoir system. In an appropriate limit 
these equations are shown to include the usual rate equations for the level 
distributions. A simple and rigorous descript,ion of the influence of a cavity 
and an optical pump is derived and other types of reservoir coupling are briefly 
discussed. This description is then applied to a model of a gas laser. The break- 
down of the linear theory at the usual lasing threshold suggests consideration 
of nonlinear terms, which are developed in an expansion in the field strength. 
Using only the first nonlinear term we find the equations of Lamb by examining 
the stability of pure modes of the radiation field. An analysis of the inco- 
herent. part of the field shows, however, that the existence of a pure mode is 
precluded by the presence of spontaneous emission of radiation. Nevertheless 
a value of the linewidth can be plausibly derived from this calculation and is 
found to be half the Townes value with correction terms. A further discussion 
of the laser is presented in which the presence of a pure mode is not assumed. 
It is shown that while a simple incoherent perturbation theory gives diver- 
gences, a more self-consistent calculation taking partial coherence into ac- 
count gives the same results made plausible by pure mode theory. 

INTRODUCTION 

Despite the many successes of previous descript’ions of maser and laser be- 
havior it remains of interest to construct’ a fully quantum mechanical theory 
based on the microscopic equations of motion of the various system components, 
and to show how more phenomenological theories arise from approximations to 
these equations. In addit’ion, due to the special nature of lasers as nonequilibrium 
systems whose behavior is determined by the influence of macroscopic reservoirs, 
certain problems arise in t’he quantum mechanical discussion whose solution is of 
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intrinsic interest. This paper, then, falls naturally into two main parts. In the 
first part we present’ a discussion of nonequilibrium systems in contact, with 
reservoirs, generally applicable but with special emphasis on t,he interactions 
relevant to a model of a gas laser. In the appropriate places the connect)ion wit,h 
previous work on t’his subject, notably by Schwinger (I), Senitzky (R), ;\l&um- 
ber (3), and Feynman and Vernon (4) is discussed. In the second part we discuss 
the laser directly in several approximations. Section II deals with t,he linear 
approximat’ion, its breakdown and the stability of a pure oscillation above the 
breakdown point in a simple nonlinear case corresponding to t,he calculation of 
Lamb (5). Section III discusses the oscillating nonlinear system further with 
particular attention to the incoherent part of t,he electromagnet,ic: field. In SW- 
tion IV we take account, of the impossibility of a true oscillation and discuss the 
properties of the nonlinear system entirely in t#erms of correlation functions. 
The coherence properties (8) of t.he resultant electromagnet,ic: field arc toucahed 
upon briefly. 

I. DESCRIPTION OF KONEC)UILIBltIUM SYSTEMS 

In any quantum system complex enough to require a st,atistical desc,riptioIl 
all observables can be expressed as averages of produ&s of small numbers of 
field operators over the density matrix or ensemble of states appropriate t,o the 
system. For example’ in a system of interacting bosons described by the creation 
and destruction operators @(rt), #(rt) the function g< (rt, r’t’) 3 -i(lr;“(r’t’)#( rt)) 
has the properties 

iy<(rt, rt) = p(rt) 

i s cl(r - r’)e-ik’(r-r”g<(rt, r’f) = p(kt) 

where p(d) is the density of particles and p(kl) their velocity distribution. The 
function g?(rf, r’t’) = -iq(f - t’)([#(rt), @(r’f’)])’ gives the amplitude for 
finding a particle at (r, t) if it was added t,o the system at, (r’, t’) earlier. Ax the 
description of the time evolution of a disturbance it contains explicitly the energy 
and decay rate of the disturbance (and thus the single part isle excit.:tt,ion spec- 
trum). As the description of a disturbance, however, g’ contains no direcat in- 
formation about the excitation densities in the undisturbed system. 

In general functions which depend 011 two times can be either densities, like 
g<, or propagators, like g’. Thus (JfCrt jG(rt)~‘;t(r’t’)IC~r’t’)) will be related t,o t,he 
intensiby of density fluctuations in a system while qjt - t’)([@(rt)$(rt), 
#ir’t’)$(r’t’)]) will describe the propagation of a single density fluctuation, t,hat 

1 For a fuller discussion of some of the points below see, for example, ref. 7. 

2 ~(2) = +l for z > 0 and 0 for z < 0. 
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is, the frequency and damping of a sound wave. Both types of information are 
needed for a complete description of the system. 

Any calculation of the properties of the system involves coupled equations for 
the various propagators and densities. In thermal equilibrium there is a great 
simplification because the excitation densities are completely determined by the 
spectrum (propagator) and t’he temperature and chemical potential. Thus 

i~<(lT’w) = -2 Im g’(rr’b~)(e~(~-~) - I)-’ 

where /3 is the inverse temperature in energy units and o is the variable con- 
jugate to (t - I’) under Fourier t’ransformation. We have set fi = 1. 

Using relations such as t,his, one can write the equations in terms of propaga- 
tors only. In practice a combination of propagator and density is considered 
for which the thermal condition becomes a condition of periodicity in imaginary 
time (8, 7). Solving equations for this combination and invoking the periodicity 
is equivalent, after analytic continuation back to real time, to the explicit re- 
writing of densities in terms of propagators and the solution of the resulting 
propagator equations. 

Out of thermal equilibrium there is no a prio~i way of expressing densities in 
terms of propagators so none of this simplification is possible. It is necessary to 
consider the full set of coupled equations for these two types of functions. In 
addition, since the system is specified not by a given density matrix but by initial 
or boundary conditions or interaction with a reservoir a way must be found to 
incorporate this information into the determining equations. 

In what follows we shall derive equations for the various correlation functions 
of a nonequilibrium system of interacting atoms and radiation. The procedure 
we use for deriving these equations is applicable to a much wider class of systems, 
and the equations derived are amenable to all the approximation techniques3 
which have been developed for systems in equilibrium. In this particular case 
we find propagator equations which have the same dependence on densities as in 
equilibrium. The equations for the densities are interpreted as detailed balancing 
of gains and losses when the system is not changing in time and Boltzmann-like 
equations when the rat’e of change is slow. The elimination of reservoir coordi- 
nates is straightforward in the cases considered. 

A. HAMILTONIAN AND CORRELATION FUNCTIONS 

Our system consists of a gas of multilevel atoms interacting with the radiation 
field via electric dipole coupling. The cavity is represented by a reservoir system 
also coupled to the field. To avoid a proliferation of interactions we think in 
terms of optical pumping, so that the pump and cavity may be merged into a 
single system. Correspondingly, atomic collisions will be ignored, though their 

3 See, for example, ref. 9 where some nonperturbative approximations are discussed. 
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formal inclusion would be straightforward.? For definiteness the atomic states 

will be taken to obey Bose statist.ics, though Fermi statist.ics would be equally 
satisfactory and the quant’um nature of the statistics will be irrelevant at the 
densities of interest. 

The Hamiltonian is 

+ %/z[E(rt).E(rt) + c”(V X A(rt)).(V X A(rt))] ( 1.1) 

- 2 Ai(rt)r~kd(rt)~a(rt) - A,(rt)JCi(rt 1 + II, } 

where $/d(d) and #,(rl) are creation and destruction operators for an atom in 
state cx at r and t and cO, is the energy of t.his state cr. The electric: field E(rt) is 

transverse, as is the vector potential A( rt). The o(, p c*omponent of t.hc imaginary 
antisymmetric matrix yi is proportional to the dipole moment in the i direction 
for the t,ransition between levels O( and /3. J((rt) and N,.(rl) are, respectively, 

the current operator and Hamilt’onian density of the reservoir system.” The 
operators obey the usual commutat.ion rules 

Wdrt), h+(r’f)l = &df - r’) (1.2aj 

[A<(d), Ej(r’t)] = i(V”Gij - didj)(Jp( r - r’ I)-’ = -is;‘,(r - r’). (1.2b) 

Finally me define a subsidiary Hamiltonian density which will be used to generate 
equations for correlation funct,ions but which will bc set, to zero at the end of 
any calculation. 

H{‘(d) = -j’(rt).A(rt) + c [x*L(rt)#Jrt) + &+(rt)x~(rt)] (1.3) 
(IL 

where j’(rt), x*:(x?), and xL(rt) are prescribed numerical functions and j’(d) 

4 The formal inclusion of collisions in the equations for the atomic system is treat,ed in 
the author’s thesis. 

5 One might object that the Hamiltonian (1.1) is not correct since it does not include 
the term (e2/mc2)$ +,A2$, which normally occurs in the interaction term. Following Fiutak 
(IO), however, we can define a canonical transformation which eliminates the A2 term as 
far as electric multipoles are concerned. In the dipole approximation the interaction t,erm 
then has the following properties. As far as the electromagnetic equations of mot,ion are 
concerned the effective int.eraction term is -A (rt).aP(rt)/at where P(rt) = t&+ ia(rt)$o(rl) 
and d,p is the dipole moment between states a and 0. As far as the matter equations of mo- 

tion are concerned this term is +PCrl) .aA (rt)/at. The interaction term we use is -A (rt). 

~4 ta(rt)$ls(rt) where l/up = -iw,pdao . It can be shown rigorously that we regain t,he re- 
sults of the correct dipole calculation by replacing -ye6 wherever it occurs by -iwd,g where w 

is the frequency of the photon involved in the 01, 0 transition to which ^/as refers. In order 
to avoid equations more cumbersome t.han necessary we use the IIamiltonian as given. 
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is a transverse vector. The index { taken the two values ( + ) and ( - ) and its 
significance will appear shortly. 

Our system is described by a density matrix p, which is arbitrary except for 
conditions macroscopically imposed on the system. We work in a Heisenberg 
picture with respect to the true Hamiltonian. In what follows all times are be- 
tween f. and tl where, eventually, tl -+ + 00. The initial time to is effectively 
- 00 for a stationary system. 

Following Schwinger’ we define7s a 

(&+(rt) ) = A-l tr H’-(r’t‘) drf dt’ I> 
X (exp[- i[l H’+(r’tl) di dt’] Ai(rt))tp} 

(Ai-( = A-’ tr H’-(r’t’) dr’ dt’ 1 > Ai 

(exp [ - i l:’ II’+(r’t’)’ dt’]+pj 

with 

A E tr H’-(it’) dr’ dt’ I)- 
-(exp [ - i I:’ H’+(r’t’) dr’ dt’])+p} 

(1.4a) 

(1.4b) 

(1.4c) 

The (+) or ( - ) subscript appended to an exponential integral refers to posi- 
tive or negative time ordering and H *’ is the subsidiary Hamiltonian defined 
in (1.3). Note that 

lim (A+(rt)) = i,y, (A-(rt)) = tr [A(rt)p]/tr [p] = (A(rt)) (1.5) 
H'+O 

In general the absence of < indices on a bracketed quantity will indicate that the 
limit of vanishing H’ has been taken. The convenience of the definition (1.4) 
is that (A+(rt)) and {A-(rt)) are generating functionals for the various correla- 

6 See ref. I. Our approach and techniques are based on the ideas of this paper. 
7 After this work was complete and some of the results reported (11) the similar independ- 

ent research of L. V. Keldysh (1.9) was brought to our attention. He also treats nonequi- 
librium systems in terms of the Schwinger generating functional, using diagrammatic tech- 
niques. 

8 In certain approximations which make use of a nonlocal subsidiary Hamiltonian in 
place of (1.3) a somewhat more general form of (1.4) is required. Such a form is employed in 

the discussion of collisions in the author’s thesis. 



QUANTUM STATISTICS AND LASERS 77 

tion functions of the electromagnetic field operators. We have, for example, 

t,yo “l$+ici’ = i[((Ai(rt)Al(r’t’))+) - (Ai(rt))(Adr’t’))] (1.6) 

where t’he (+) subscript again means positive time ordering. If we define 
t,he functions 

&(rt, r’t’) = i[(Ai(rt)Aj(r’t’)) - (Ai(rt))(A,(r’t’))] (1.7a) 

&(rt, r’t’) = i[(Aj(r’t’)Ai(rt)) - (Aj(r’t’))(Ai(rt))] = &(r’i, rl) (1.7b) 

cl&(x?, r’t’) I q(t - t’)[&(rt, r’d) - cZS(rt, r’t’)] (l.SC)? 

c&(rt, r’t’) - cZPj(rt, r’t’) 

= dG(rt, r’t’) - ds(rt, r’t’) 
(1.7d) 

we can write the four first functional derivatives of (A*(rt)) as t’he components 
of a 2 X 2 matrix 

Dff ’ (rt, r’t’) = 6(Ai”( rt ))/&’ (r’t’) (1%) 

where 

Since the matrix Drr’ contains both the propagator, cl’, and the photon density 
(field intensity), d<, it is an appropriate expression to analyze in a discussion of 
nonequilibrium systems. 

In a similar manner we can generate correlation functions for the atomic field 
operators. Thus, defining 

(I):?” (rt)) = A-’ tr {(exp [i Jr: H’-(r’t’) dr’ dt’ 
I>- 

X(exp[-ii: H’+(r’t’) cZrr’ dt’]d.irt))+pj (I.‘) 

and the analogous expression for (+L+(rt)) we have the matrix 

G$ (xx’) = S($:(X))/~~“‘( x’) (l.lOa) 

where 
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We have used t’he abbreviation (rt) = (x) and defined 

ddxx’) = -G&MT+(x’)) (l.lla) 

gxxx’) = -i(!b+(~‘Mx)) (l.llb) 

gxxx’) = 9ct - t’)k723(xx’) - s%=‘)l (l.llc) 

g:s(=‘) - &(xX’) = g$(xx’) - gzsw (Llld) 

We have also noted that, in the problems under consideration, (&(rt)) = 0, 
when H’ = 0. 

B. EQUATIONS OF MOTION 

We now consider the equations of motion for the generating functionals 
{A*(x)), (#C*(x)) and for the correlation functions which we may derive from 
them. First, for the matter fields, using the Hamiltonian and commutation rela- 
tions (l.l), (1.2a), (1.3), and (1.9) we find 

ia(Q(x))/at = (b - V%M)(+,'(x)) + X:(X) - c r;XAi'(x)$:(x) (1.12) c 
Now 

~(~,'(x))/&'(x') = i.r[(Af'(x'>h%4) - (Af’(x’))(~d(x))l (1.13) 

(the factor { reflects the different sign in the argument of the exponential in- 
tegral of H+’ and IL’ in ( 1.9) ) . Then we may write 

(id/at - Em + V2/2M)hw) 

+ rtm((Air(x)) - irs/s.&x>)(J,,r(x)) = x0”(x) (1.12’) 

where we now use the summation convention for repeated state and polarization 
indices. Taking functional derivatives of (1.12’) with respect to x and then 
setting x = 0 we find equations of motion for the various correlation functions. 
Thus, using the definition ( 1.10) of G”” we have 

i i - ea + 2s G:~(xx’) + ,a, (A;'(x)) - i{ &) G$(xx') 
% (1.14) 

=&+P’h(r - r’)6(t - 1’) E 13$(x - x’) 

We now assume that the matrix G has an inverse.g That is, we can define a 

9 This assumption effectively limits us to systems which have been set up long enough 
ago that initial atomic correlations have died out. For a discussion of the initial value prob- 
lem a different procedure must be used. This point is discussed in more detail in the author’s 
thesis. In any case (1.15) is applicable to the laser, which is a steady state system. 
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function G-’ such that 

FJ 
drl cltl G-l L$(rt, rltl)G$“(rrtr, r’1’) = S’d,‘(r -r’)6(t’ - t’) (1.15) 

We use the relat’ion 

6G/6j = -G@G-l/6j)G (1.16) 

to rewrite the equation for G as 

(ia,‘at - E. + v2/2M)G:;(xx’) + yhr,(Air(x))G$‘(xx’) 

+ ii-r6c s ~2x1 dxz Gif[’ (XXI ) 
sG-’ ::““(xlx,) 

Sji’(X) 
G$“ ( x2x’ ) (1.17) 

= 6$(x - x’) 
Defining the “mass operator” 

M$yXXl) = - y~o(Ail(x))6ff1(x - Xl) 

- i.hh, s 
cix,G~:“(~x~)~G-~ bfl (~2x1 )/iii’(x) 

(1.1s) 

we can write 

( 1.19) 

.G:$‘(xlx’) = 6$(x - x’) 

t’his identifies the quantity in square brackets as G-’ $(xxr) and allows us to 
rewrit’e (1.1s) as 

+ ii-& s 
dx,Gf;:‘(xx,)6MfI~“(x~~1)/8jiT(~! 

(1.1s’) 

The iterative solution of (1.18’) to terms in y2 is 

IM$ (xx1 ) cz -~:g(A:(x))a’~~(x - x1) - irrZ,G~lh’(~~l)~fonS;I(x1~) (1.20) 

If {A) 3 0 when j + 0, as is the case in a nonoscillating system we may write 

Mi$b’ (XXI) - - iy~,y~xG~~‘(xxl)Dif’(xxl)j-1 ( 1.20’) 

where we have used the antisymmetry of 7:s and the relation which is easily 
demonstrated from ( 1.7) ( 1.8) 

#f’(,,‘)p’ = j$.f(x’x){ (3 3% ( 1.21) 
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A particular evaluation of M is tantamount to an evaluation of G and thus 
g’ and g<. As we shall shortly show this first approximation (1.20’) to M will 
lead t,o a propagator with the usual “golden rule” value for the atomic level 
widths and an equation for g< which is a generalized rate equation for the popula- 
lations of these levels. First, however, we must decompose the matrix equation 
( 1.19) int’o equations for the components g’ and g<. 

Calling 

(ia/at - Em + V”/2M)G,,(x - Xl) = go,,(xxJ’ 

we may write ( 1.19) as 

(1.22) 

It is easy to show” t,hat this leads to the equation? 

s dxdg%&-’ - &b1)1&3(d) = 6,ab - x’> (1.24a) 

s dxlk?:A=l)-l - nLT(xx1~1&9hx’) = &4(x - x’> (1.24b) 

s ~xl~g~,(xxl)-l - m’,,(xx1)1&%1X’) = s dxlm~~“(mrl)g~a(xlx’) (1.24~) 

where M is rewritten in the form (cf. l.lOb) 

and 
n&(xx’) - &(xx’) = m&(xX’) - m&+x’) (1.25b) 

Note that if mr is a retarded function we also have, in analogy to (l.llc), 

m&+x’) = 7J(t - t’)[m$(xx’) - w&(xx’)] (1.25~) 

This will not always be the case. 

lo Summing the top row of (1.23) we find, schematically, ((@)-I - m+ - mt)gr = 1. 
Similarly, the sum of the bottom row is ((go)-’ - m- - m-+)g’ = 1. Assuming that g’ has a 
unique inverse we have m++ + m+ = m- + m- + = m” and then (1.24a). Defining m+ = 

-m< and m-+ - m’ we are led to (1.25a). If we define ma by (1.25b) and use (l.lld) we can 
find (1.24b) and (1.24~) by considering other components of (1.23). 

11 Kadanoff and Baym (7), Chap. 8, have derived Eqs. (1.24) for an interacting particle 

system driven away from equilibrium by an external force. They do not consider the more 
general case of nonthermal equilibrium being maintained through contact with a reservoir. 
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C. SIGNIFICANCE OF ATOMIC EQUATIOXS OF XIOTION 

In order to make contact with conventional discussions of interacting atoms 
and radiation we will analyze Eqs. (1.24) further. Icor simplicity we consider a 
system wit,h translational invariance in space as well as in time so that Fourier 
transforms in both space- and time-difference variables are appropriate. That is 

g&Cd, r’t’) = 
d3kdw < 
o4 g,dkw)e 

i[k.(r--r’)--w(t--t’)l 

and similar definitions hold for all other relevant functions. Other simplifications 
will be made as they become useful. Then, using ( 1.22)) (1.24a) becomes 

[(w - en - P/2M)&, - 4t,(kw)lgXkw) = &a (1.27) 

In most cases it is a good approximation to ignore the off diagonal parts of 
AL, when computing the diagonal part of g& . In that case we find 

g’,,(kw) 2: [w - E= - k2/2M - ,n:,(kw)]-’ (1.27’) 

When there is translational invariance in time it is possible to show that VZ:,( kw) 
is analyhic in the upper half w plane and has the representation 

tn’,,(kw) = &Jkw) - f$/%,[kw) (1.2Sa) 

where 

(1.28b) 

m’ and iii are both real and W?zaor(kW) is positive. 
If ,w’,,(kw) is slowly varying as a function of w we can define E(k) such that 

E,(k) = t, + k2/2M + nlha!(k, E,(k)) (1.29) 

If T?&,(kw) is also slowly varying near w = E,(k) we may Do a good approxima- 
t*ion write (,1.27’) as 

and then 

gL(k~) =’ [w - E,(k) + ~&%aa(k, E,(k))]-’ ( 1.30) 

g’,,(k, t - t’) Y --iq(t - t’)e -iE,(k)(t-t’)e-(l/z)m,,(k,E,(k))(f--t’) (1.30’) 

Thus ?&~,~~(k, E,(k) j is the decay rate of the amplitude for finding an atom 
in st,ate a~ with momentum k at t,ime t when it was introduced into the system 
at t’ earlier. Then aaa(k, E,(k)) is the corresponding rate of atomic state decay, 
the inverse lifetime. E,(k) is the energy of the atom in st’ate a with momentum 
k. From ( 1.29) we see that t’his includes an energy of interaction, mLa(k, E,(k) ), 
along with t’he unperturbed energy and the kinetic term. 

When any of the assumptions which we made above are not valid the form 
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(1.30’) of g’( t - t’) will be somewhat modified, often not exhibiting pure ex- 
ponential decay. In any case, however, iir will be closely related to a decay rate 
and m’ to an energy of interaction. 

Let us see what our first approximation (1.20’) gives for the decay rate. Using 
(l.Sb), (l.lOb), (1.25a) we find 

1112 (xX1) c: iy:&,gy’ (xX1) c&y’ (xx,) (1.31) 

In this approximation we take &,,‘) (XXI) to be diagonal in X, u and &i<’ (xxi) 
diagonal in ij: Then, remembering that 76x is pure imaginary 

rn:;<‘(ku) w -Iy%.l”i /~&(“(k,w,) &:“(k - kl,w 

It is easy to verify from (1.20’) that ( 1.25~) holds whereupon 

FL&JJ) = Ir6J” pg 

46Awd &i(k - kl, o - WI) - g,<,(kw&&(k - kl, w 

Now in thermal equilibrium it is easy to show (7) that 

g$(ko) = ep(W-‘)g;~(kw) 

where /3 is the inverse temperature and ,U the chemical potential. Then, using 
(l.lld) 

ds(W =g:s(k~)[g2s(k~) - g&44l-‘~gXW - g:,O~)l 

(Pea) - I)-‘bXk4 - gXkw)l 
(1.33’) 

= 

Similarly, the relation 

d$(kw) = e’“d$(kw) (1.31) 

leads to 

dz(kw) = (e”” - 1)-‘[c&(kw) - d&(kw)] (1.34’) 

In our static but nonthermal case we can define dimensionless functions, cor- 
responding to the thermal factors above, by the relations 

g&U--) = wW)kCdk~) - dXk~)l (1.35s) 

&km) = xij(kw)[c&(kw) - &(kw)] (1.35b) 

From (l.lld) and (1.7d) we then also have 

g$(k~) = (1 + ~czsb))kMk~) - &@~)I (1.36a) 

dzj(kw) = (1 + Xij(kw))[d;j(kw) - &j(kw)] (1.36b) 
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Vsing the definition ( 1.11) we can show 

g:dkw) = g;dW* 

83 

(1.37) 

so that, from (1.27) and (1.28) (note no sum) 

gZw(kw), - gL(kw) = -igmaCkw) 
-i%,(kw) (1.38) 

zz 
[w - Eu - k2/2Al - m’,,(kw)12 + [: ,m,,(k&’ 

Similarly (see below ) 

d:i(kw) - d$(kw) = &,(kw) 

iWjQ,kCL) (1.39) 
= 

[w” - c2k2 + &(kw)]‘+ &w~ii(kw)12’ 

We have introduced the energy spectrum &,(kw) for atoms in state 01 with 
momentum k and &;(kw) for photons polarized in direction i with momentum k. 
From t,he commutation relations (1.2) and definitions of g’, g”, d’, and d” we find 
the normalization conditions 

s 
dw _ 
5 gcxa(kw) = 1 

s 
dw - g w&(kw) = 1 - ki2/k2 l2 

With these definitions (1.32) becomes 

%,(kw) = ( r:, 1’ s 
d3kl dwl _ 
o4 g,,(klwlkki(k - kl, w - WI) 

x ((1 + n,,($wl))(l + %(k - kl, 0 - ~1)) 

- n,,($wdx.ii(k - kl, w 

(1.40) 

(1.41) 

(1.42) 

In the limit iii -+ 0, j?i -+ 0, where we ignore the lifetimes of the photons and 
atoms, g,,(kw) and li,<(kw) become 6 functions and we can perform some of the 
intSegrations in (1.42). We find 

s d3kl 1 - (k - ICI):/1 k - 4 I2 
%,,(kw) = I&, I2 __ 

(27r)3 2c’ 1 k - kll 

x {S(w - E,(4) - c’lk - kl()[(l + n,(kl))(l + %(k - kd) (1.42’) 

- n,($)%(k - kl)l + NW - E,(h) + c’l k - k/I 

-[Cl + n,(kJ)x‘li(t - k) - n,($)(l + xi& - WI1 1 
I* The factor 1 - kit/k* reflects the transverse nature of the radiation fields. 
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where we have used the true state energy (1.29) and the true velocity of light in 
the medium, c’. We have defined 

n.r(k, -K(k)) = n,(k) (1.43) 

%i(k, c’ 1 k I) = Xi(k) (1.44) 

and have used the relation 

1 + ‘zj(kw) = -X&(-k, -CO) 

which follows from the definitions ( 1.35), (1.7). 

(1.45) 

We are only interested in fi,,(ko) for values of w near w = Em(k). Then the 
first 6 function picks out those states (u, kl) which lie below state ((Y, k) in energy 
and those photons which can be emitted by state (GE, k) in a transition to (a, kr) 
conserving both energy and momentum. 1 -rtc 1’ is the squared matrix element and 
(1 + n,) (1 + Xi) the correct density of states for this transition taking account 
of the Bose statistics of both atoms and photons. The subtracted term, n,% , is 
the correct density of states to represent the rate at which an atom in (oz, k) 
induces atoms in (a, kl) to absorb a photon and jump into (CX, k) . The difference 
between these two terms is then the net decay rate of an atom in (CX, k) to (a, kl). 
The induced term, which is present due to the Bose nature of the atoms, is negli- 
gible at the densities of interest where n<(k) is always very small compared to one. 

The second 6 function picks out states which lie above (QI, k). The two terms 
give the difference between the rate at which an atom in (cy, k) absorbs a photon 
and jumps up to (a, kl) and the rate at which it induces an atom in (a, kl) to 
emit a photon and drop to ( CX!, k) . This difference is the net rate at which an atom 
in (CC, k) will decay by transitions to higher energy states. 

Then our expression (1.42’) for fiaa(kw) is easily interpretable in terms of the 
first order transitions taking atoms out of the state (a, k) and is equivalent to the 
usual “golden rule” calculation. If we had considered the form (1.42) we would 
have been describing the same processes with suitable account being taken of 
both photon lifetimes and atomic level widths. By continuing our expansion, 
( 1.20)) of M to higher order or producing a better, nonperturbative calculation of 
M we could find a more accurate value for the decay rate. Since the interaction 
energy, r&(k, CA) is just the Hilbert transform of rTiaa(kw), (l.ZS), our calcula- 
tion of this energy must also reproduce the known results in t.he appropriate 
limits. 

n’ow let us examine the equation for g <. If we multiply ( 1.24~) on the left by 
g’, take Fourier transforms, and assume that only diagonal terms are important 
we find 
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which is, considering (1.27’), ( 1.28), and (1.37) 

gZ%4 = d4Q4 
[w - 62 - k2/2M - ml,m(kw)12 + [%*,,(~)I2 (1.46’) 

or, using (1.38)) 

ig;,(kw)%,,(kw) = &a(kw)im;,(kw) (1.46”) 

Now (27r-1 j- clw ig;,(k w ) is, by (l.llb), the number of particles in a unit cell of 
phase space about k. Then ig:,(kw) is the density of particles in state (cu, k) per 
unit energy interval around w. With ,%,,(kw) the net decay rate per particle in 
( o(, k) at energy w, the left hand side of ( 1.46#) is the net rate at which particles 
leave (ar, k) per unit energy interval. We claim that the right hand side of this 
equation is the rate of spontaneous transition of atoms into (a, k) per unit, w. 
Using (1.31’) with (1.35) and (1.38) we have 

qb,Owddii(k - &,w -WI) Xn,,($wl)[~(w -w&x‘lii(k- $,w - WJ (1*47’ 

+ dw1 - w)(l + xii& - k, WI - w>)l 

This is indeed the rate of transition from (a, kl , WI) to (a, k, w) with the absorp- 
tion or emission of a single photon. It is the rate of spontaneous transitions since 
the final state factor &(kw) is multiplied by unity rather than (1 + n,,(kw) ) 
which is appropriate for the total, spontaneous plus induced, transition rate. 

Then our first approximation to M leads to a generalized rate equation, balanc- 
ing gain and loss, for part’icle state occupation densities taking account of all first 
order processes. We assert that this will remain the case for any approximation to 
M, higher approximations merely taking account of other processes. Again, when 
any of the approximations we have made to get to (1.46”) are not valid, ( 1.24~) 
will still determine the particle densities with m&(xx’) a spontaneous emission 
rate in a suitably generalized sense. In part’icular, if the system is not in a steady 
state but is undergoing slow time variation, one can repeat the treatment of 
Kadanoff and Baym13 who show that the equation for g< is, in that case, equiva- 
lent to the usual Boltzmann equation for the particle densities. 

If we knew the photon densities 3Li(kw) and the spectral function dii(kw) xve 
could, in principle, use ( 1.46) and ( 1.47 ) to solve for the particle densities 
ig&(kw) . In a realistic system, however, the photon correlation functions are not 
specified and we must solve coupled equations for the electromagnetic and par- 
ticle excitations. We now proceed to sketch the derivation of t’he equations for the 
phot,on field. 

13See ref. 7, Chap.9. 
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D. EQUATION OF MOTION FOR RADIATION FIELD 

From the Hamiltonian (l.l), (1.3) and commutation relations (1.2) we find 
the equation of motion 

(l?/dt2 - c2V2)(Ai’(rt)) = q (A$(rt)) = j!(d) + (J:(d)) (1.48) 

where we have combined the two currents 

X rhkd(rt)&(rt) + Jci(rt) = J<(d) 
ad 

(1.49) 

Equations for the various electromagnetic correlation functions follow by taking 
functional derivatives of (1.48) with respect to j. Thus, using (1.8) 

q Dff’(xx’) = sif’<x - x’) + G(Ji’(x))/G$(x’) (1.50) 

One useful way to treat this equation is to perform a change of variables, ex- 
pressing (J!(x)) as a functional of (A) rather than j.‘” Then we may rewrite (1.50) 
as 

s dXl( q s~~qx - Xl) - Pf~l(xxl))o~3r’(xlx’) = s$$‘(x - x’) (1.51) 

where 
Pffl(xx~) = 6(Ji’(x))/6(A:‘(xl)) (1.52) 

Using arguments similar to those leading to (1.24) and (1.25) it is easy to show 
that P is of the form 

while 

Pij(n’) = pTj(XX’) (: y) + @[zEIi I$[Esi) (1.53a) 

p:j(XX’) - pqj(XX’) = p$(XX’) - p$j(XX’) (1.53b) 

n 

I dXl[c&~(X - Xl) - p:bxINd~j(xlx’) = &j(X - x’) (1.54a) 

J dXl[O6il(X - Xl) - pfl(xxl)] cl~j(XlX’) = 6;j(X - X’) (1.54b) 

s 
dXl[O&l(X - Xl) - pL(xx1)l &%1x’) 

s 
( l..i4c) 

= dXlp&(','<'(XXl) d~j(XlX')'5 

14 Such a cbr nge of variables is used in a similar context in ref. IS. 
16 Equations similar in appearance to (1.54) are derived in refs. I,.%‘, and 3, but there are 

important differences between our equations and theirs. First of all (1.54) are exact while 

the previous results derive from a factorizat,ion of correlation functions. Correspondingly 
our evaluations of the dielectric functions p’, p< differ from those of the previous authors. 
Further, the near coherence which is a striking characteristic of the laser field is present in 

our work but absent from theirs. 
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When we can assert that the inverse of the retarded function &(xx’) is itself n 
retarded function we have, further, 

p&(xX’) = v(t - ll)[&(xx’) - &xx’)] (1.53c) 

To make contact with conventional treatments of electromagnetic radiation we 
again consider a fully translationally invariant system where (1.54a) becomes 

&(ko) = -[w” - c2k” + pti(kw) + ~iqYii(k~)]-~ (1.5.5) 

and, in view of (1.53c), 

pii = P 
s 

do’ w’j&( ko’) - 
3 17r cd’ - cd 

( 1.56 1 

When pia is slowly varying we can define c’ such that 

c%” - &(k, c’ / k 1) = c’%* (1.57) 

and, when wfl (kw) is small and slowly varying near w = c’ 1 k 1, we find 

dIi(k, t - t’) M q(l - t’)(l/c’ 1 k I) sin [c’ j k /(t - t’)lepii’k’c”k”‘f-t”‘4 (1.55’) 

An electromagnetic disturbance t’hen propagates with velocity c’, giving an effec- 
tive index of refraction n3( /cw) = 1 + p’(kti)/W’. The field decays with constant 
$‘fj(kw) so that the energy density, or intensity, decays wit,h constant >&km). 
The relation (1.56) reduces to the usual Kramers-Kronig relation (14) between 
the real and imaginary parts of the susceptibility. Again, when the approxima- 
tions above are not valid, (1.54a) gives a correct, description of t’he propagation 
of an electromagnetic field disturbance, whether or not susceptibi1it.y and ex- 
ponential decay are relevant concepts in t#his description. 

From the formal similarity bet>ween the equations (1.54) for D and those ( 1.24) 
for G we will expect that. --ip~(kw)/%.~ will give the rate of spontaneous emission 
of photons into (k, w ) wit,h polarization i. In conjunction with the identification of 
,~~~~ii(kw) as the decay rate and the relation (1.53c, 1.54a, 1.55) 

iw&i(kw) = &(kw) - &i(kw) ( 1.5s) 

this allows US the int,erpret,at’ion of t’he net decay of a single photon being the 
difference between absorption --i&i(kw)/2w and the emission it induces 
-iph(kw)/2w, with the spontaneous emission rate aut,omatically equal to the 
rate of stimulated emission due to a single photon. In t.hermal equilibriuni we 
have 

p’(kw) = e”“p<(ko) (cf. 1.34) (1.59) 

which reproduces the well known relut,ionship between absorption and stimulated 
emission in that case. A first perturbat’ion calculation of P would bear out t,hese 
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interpretations as did the lowest order calculation of M. We defer such a calcula- 
tion to the next section. 

E. INFLUENCE OF RESERVOIR 

We have so far considered the equations of motion for the matter and field 
correlation functions but have not, as yet, had occasion to specify the statistical 
state of or boundary condit’ions on our system. This becomes necessary when we 
look more closely at our expression for P, (1.52). Using (1.49) we can write 

#(xx’) = s/s(AS’(~‘))(irrd~G~~(~~) + (J:‘(x))) (1.60) 

where xr E rt+ or rt- for [ = (+), (- ) respect,ively. Using (1.19) this is 

#(xx’) = ip& 
s 

dx ,jx,G~~‘(xxl) 6Mk’2(xlx~) G7”d’(xzx’) 1 
G(Af’(x’)) (1.60’) 

+ P$(xx’) 

The first term is the contribution of the active atoms and is entirely expressible 
in terms of their properties and correlation functions of the electromagnetic field. 
The second contains, in piii(xx’) and p&(xx’), the damping and energy shift of 
electromagnetic field fluctuations due to interaction with the reservoir as well as 
the spontaneous emission of electromagnetic energy into the region of interest by 
the reservoir system. In a system such as the laser, where we may consider the 
power spectrum of the pump lamp as known, along with the conductivity, shape, 
and temperature of the resonant cavity, it is clear that we can consider pCr(xx’) 
and pC<(xx’) and thus P$ (xx’) as known functions.16 In fact we must specify this 
function in order to specify the nature of the particular system under investiga- 
tion, and this is completely equivalent to the specification of the density operator 
p. That is to say, we have found a means of implicitly specifying the density 
matrix of the system in terms of the physical st’atements about the system which 
actually define it. 

Although this type of implicit specification of the density matrix is particularly 
simple for the reservoir interaction treated here it is by no means limited to this 
case. Thus, in our discussion of the equations of motion for G, a knowledge of the 

16 Compare Feynman and Vernon (4). Their equation (4.2) corresponds to our use of 

j&(zzr) as an impedance, and the statement that this is the response to a classical force is 

related to our Eq. (1.60’), P,(xr’) = S(J,(~))/@l.(~‘)) as (A (2)) is a classical field. The dis- 
cussion after their Eq. (4.42) is the thermal equilibrium equivalent of our use of pe< in an 
equation such as (1.54~) as the rate of spontaneous and thermal emission into the system 

from the reservoir. The advantages of our formulation are that we are not restricted, as 
they are, to systems which are essentially interacting oscillators, and that we simulta- 
neously present, along with a representation of the influence of a reservoir, a means for 
computing the properties of the system of interest in the presence of this influence. In refs. 
1, d, and 3 the complete polarization operator, p’, p< is to be specified. 
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photon propagation characteristics and densities would have determined the 
atomic level densities and thus the statistical state of the system of atoms con- 
sidered to be in the presence of a “photon reservoir.” This is a more complex 
situation because t,he reservoir coordinates occur in the mass operator in combina- 
Con with system coordinat.es not, as in the simple case above, in a single separate 
term. The interaction is correspondingly only treated in perturbation theory or 
some other approximation as opposed to the exact treatment above. It. is also 
possible, at least formally, to treat the case where the reservoir interaction is 
collision of the active atoms with the cavity walls or other atoms with a given 
velocity and st’at’e distribution.4 Detailed calculation of the properties of the real 
He-Ke laser (15) in this way, however, would be quite diflicult, since the He and 
Ne atoms as well as the exciting electrons and the electromagnetic field would all 
have to be treated as interacting dynamical systems. 

II. APPLICATION TO LASER 

We shall now apply the formalism developed in the previous section to a more 
detailed analysis of our gas laser model. First we specify the model in some more 
detail. 

In order to avoid the difficulties associated with the consideration of a realist,ic 
cavity, we think of our system of at,oms, field, and reservoir as filling all space, or 
more previsely, filling a large volume with periodic boundary conditions so t’hat a 
traveling wave Fourier decomposition of all the fields is appropriate. The reser- 
voir medium is given specified dielectric propert’ies, which suffices to determine 
the statistmica properties of the system. In particular the resonant nature of the 
cavity is reproduced by insisting that the medium be strongly absorbing except 
for a certain discrete set of wavelengths of the elect’romagnetic field. The absorp- 
t.ion will be nonisotropic so we may, and shall, insist t.hat all resonant modes have 
the same dir&ion of propagat’ion. In fact it will be convenient in part, of what 
follows to specify a lack of inversion symmetry so t,hat running waves, but not 
standing waves, correspond to cavit’y modes. We do not yet make t)hat specifica- 
tion. The effect of an opt’icnl pump is included by maliing p,<(kw) large at the 
pumping frequency. Since pC<(kw) = ( eBU - 1 )-‘iwfi, ( kw ) in equilibrium (see 
( l..-iS), (1.59) ) and @,(kw) is fixed by the cavity absorption at this frequency, this 
corresponds to giving t.he cavity a wave-number dependent effective temperature 
which is large in the pumping region. 

For any particular type of excitation mechanism the generalized rate equat,iona 
(e.g., (1.24~) or (1.46”), (1.47)) can, in principle, be solved to yield the atomic 
level and velocity distribution. In practice, however, this is quite difiirult). One 
can argue that for most pumping systems the velocity distribution of the at,oms is 
not, strongly changed. We will then, for simplicity, take the atomic distribut,ion 
under the influence of the pump but ignoring the laser signal itself to be Gaussian 
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in the velocities with some nonthermal dist’ribution among the levels. We further 
allow this level distribution to have a weak space dependence to make allowance 
for spatially nonuniform pumping. We do not allow it to be time dependent as we 
are thinking of a steady pump and therefore a laser whose characteristics do not 
change in time. The laser signal itself will have further effects on these distribu- 
tions which will be specifically treated in what, follows. 

Below threshold then we may write 

g&(rt, r’l’) E s d3k du dk 

CJTY 
ddk, w, K) 

(2.1) 
.exp {i[k.(r - r’) - w(t - t’) + $$K.(r + r’)]) 

As in ( 1.35) we define 

ddk, a, K) = nadk, w, K)bXk, w, K) - da(k, w, K)l (2.2) 

Now g’ is not strongly dependent on the environment, since the major contribu- 
tion to the retarded mass operator is spontaneous emission (see ( 1.42’) ) . We then 
expect it to be a good approximation to ignore the K dependence of g’ and g”. 
Further, for a given k, [g’(ko) - g”(ko)] is only appreciable for a very small range 
of w (see (1.38)), small compared to the range over which n.(w) is expected to 
vary. Then we may set 

and ignore the w dependence of n entirely. Finally, anticipating that the off- 

diagonal density is small we write 

c&k, w, K) = nadk, K)[gL(kw) - g:dkw)l&z~ (2.2’) 

where, according to our assumption about the velocity distribution17 

nua(k, K) = n,(K)(2~fi/M)~‘~ exp (-@?/2M) (2.3) 

In order to satisfy ( l.lld) we have 

de@, w, K) = (1 + nau(k, K))kMko) - g:m(kw)lb (2.4) 

and we will usually neglect n,,(k, K) relative to 1. The parameters which re- 
main in discussing the pump are now only the numbers n,(K). We will henceforth 
specify the pump entirely by specifying these numbers. 

I7 Although we always use the same symbol p-1 for effective temperature we stress that 

the temperature in (2.3) need have no relation to the effective temperature of the cavity 
wall. 
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A. LINEAR THEORY AND LASER INSTABILITY 

We now go on to study the dielectric properties of the nonoscillating system. 
l?rom (1.60’) the active-atom contribution to t,he polarization operator P is 

Pg:j(xx’) = P$$‘(xx’> - &(xX’) 

= i{& G$ (xx1 ) SM2P(Xl x2) p 
s(A:‘(x’)) 

GA? b, xl 
(2.5) 

From (1.20) the leading contribut,ion t,o (2.5) is 

Pg:j(XX’) % -i{&G;i’(xx’)y’gxG:&‘(x’x) 

This is in t,he canonical form (1.53) wit,h 

p,$ij(XX’) 72 --ir~pr~rg~(xx’)g~(x’x) 

The retarded part (1.53~) can be written 

pLij(XX') = -iYbaYbx[g~*(XX’)g~~(X’X) - gs<s(XX’)gla(x’x)] 

or, using the simplified form (2.2’) 

(2.6) 

(2.7) 

where we have noted that g’(xx’)g’(x’x) vanishes identically. The K dependence 
is not of interest here so we ignore it temporarily. We assume that we may repre- 
sent the particle propagator in terms of a simple exponential decay law ( see 1.30) 

g;,(kw) = [w - ea - l?/PM + iya]-’ (2.9) 

where Ed now contains the energy of inleraction with t.he medium and 7a is t,he 
inverse level lifetime. Then we rewrite (2.5) as 

G,( k,) - ndk + k,j .-- 
(w + w - q + (k + lc$/2M + i-@)(Wl -E, - ICI”/2 M - iYjdj 

(2.10) 

n,,(kl) - n&k + kl) 
w - (es - E,) - k2/2M - k.kl,‘M 4 i(r, + ra) 

Calling 
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and using (2.3) this is 

pkdk, w> = Y :&a(~~‘~/~1 k ~>(~~Mc~)~‘~ 

(2.12) 

where 

(2.13a) 

We note the following properties of f(z) .I* 

s 

L 
f(x) = f i exp ( - x2) - 2?r-“2 exp ( y” - 2”) dy Im z >< 0 (2.13b) 

0 

f(x) - - l/7F22, 1 x 1 large (213c) 

Now (?,&~Mc~)“~~Jc 1 k ) is the ratio of the natural linewidth for the LY - p 
transition to the Doppler width, which ratio we shall assume to be small. Noting 
further that for the wave numbers of interest k2/2M can be neglected relative to 
~6~ we may write, using (2.13), 

pLij(k, W) = YAK& ($“/c 1 k I)(>@Mc2)““(n, - n,q) 

X [i exp (-&a) - 27r-““fi(zo~)] (2.14) 

where 

zols = (~flMc”)““(w - qa)/c I k ] 

and 

h(x) = lZ exp (y” - 2”) dy (2.15) 

As in (1.55’) the imaginary part of (2.14) is the lowest order contribution of 
the active atoms to photon decay, and we have found the usual absorption 
spectrum of a Doppler broadened line. The real part gives the associated con- 
tribution to the dielectric constant, and is related to the absorption by a Kramers- 
Kronig relation. We note that other limits than that we have chosen are included 
in the more general form (2.12). Thus, when the natural linewidth is large com- 

I8 These can be simply obtained by differentiating (2.13a) with respect to z and inte- 
grating the resulting differential equation. 
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pared to the Doppler width or we are concerned with frequencies far from the 
line center, the asymptotic evaluation of f(x), (2.13c), reproduces the expected 
Lorentzian line shape. 

For future reference we note that (2.7) can be evaluated as 

&;i(ko) = %~d&&(~~‘~/c 1 k ])(~@Mc’)““n, exp (-&a) 

p;+(ko) = 2i-y6,9~~~(a~‘~/c ] k 1) (W/3Mc*)“*nb exp (--&a) 
(2.16) 

For w positive and close to a transition energy wy6 , not’e that the dominant term of 
p<(w) is proportional to the number of atoms in the upper transition level while 
the dominant term of p’ involves the atoms in the lower level. Thus p< describes 
spontaneous and stimulated emission while p’ describes absorption, in agreement 
with the general discussion following ( 1.58). 

Now that we have evaluated the active atom contribution to the polarization 
operator in lowest order we turn to an analysis of the propagator d’ which de- 
scribes the behavior of an electromagnetic excitation in the system. 

We first make a remark about the matrix character of PMij in the polarization 
indices i, j. The existence of a dipole transit’ion element ~$0 between two levels, 
(Y and p, in a system with rotational invariance implies that at least one of the two 
levels is degenerate. If we suppose that one Ievel is a p state, we may take as those 
linear combinations which we label 0, 7, etc. those which transform, respect,ively, 
like the 2, y, z components of a vector. If (Y is an s state, the existence of yz&o will 
imply that rha = 0 for-j # i. This is saying no more than that an electromagnetic 
field scattered from an atom will normally not have its polarization changed. The 
argument also holds when the levels possess higher symmetries. Then to t,he order 
we have computed PMMij is diagonal. We take PCij diagonal as well. 

From (1.54a) we write, using (2.14), (2.5) 

-[tl:j(kw)]-’ = W’ - C*k* + p,‘ii(kw) 

+ 1 y$o 12a7r1’* 1 ck 1-h - na) (2.17) 

. (i exp (-(r’(w - 00~) 2/~2k2) - 27r-“%[cr(w - W&/C 1 k I]} 
where 

a = (~~pA,c*)“* s lo6 for our system. (2.18) 

Now we will only see interesting effects of the medium when the density de- 
pendent term is comparable in size to the cavity term, and this will only be the 
case where the cavity term is itself small. Then we limit our analysis to those 
values of k where p,‘(kw) is small, that is, those values of k corresponding to 
cavity modes. 

If we write 

p:ii(kw) = p:dkw> + %z-@hii(kw) (2.19) 
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where pC1 and & are real, the resonant frequency wO’ of the empty cavity is deter- 
mined by the equation (see ( 1.55)) ( 1.57) ) 

aA2 - %k” + p:i;(k, wo’) = 0 (2.20a) 

while the elect,romsgnetic energy density in an empty cavity decays like 
exp [ - $$pC( kwo’) t] which identifies 

Mm,‘) = 2wo’/& (2.20b) 

where Qk is the “quality factor” of the mode and is on the order of 10’ for a Fabry- 
Perot cavity. We henceforth assume that the cavity line is Lorentzian and thus 
ignore any frequency dependence of p,‘(kw ) , so that the cavity dielectric charac- 
teristics for a given value of k are completely described by specifying oO’ and 
&(k, CA,‘) or, equivalently, wg) and Qk . 

Due to the rapid falloff of the Gaussian andfr in (2.14) the only large contribu- 
tion from the active atoms will be from pairs of levels whose energy separation 
wou is close to ~0’. We suppose there is one such pair (plus degenerate states). The 
contribution of other pairs of levels will be a slowly varying function of the fre- 
quency and can be included in per. We relabel the pair of levels of interest by 
QI, fi = 1, 2 where ~2 > ~1 ; ~21 > 0. Taking w positive and close to ~0’ we write 
wo + Loo’ :z TWO’, c 1 k j c ~0’ and, using (2.20), we write (2.17) as 

2wo’&(kw) = -[u - wo’ + &f&(k, cd) 

+ (anl’z j -ff2 )2/2003 (m - n2) (i exp ( -CX’(W - c~~~)~/o~‘~) (2.21) 

- 27r-1’2 &(w - w21)l~o’l)l-1 

It would be easy to analyze (2.21) further to find the change of line center, width, 
and shape due to the active atoms. Of principal interest, however, is the fact that 
when the level population structure is normal, nl > n2 , the added decay term is 
positive. When t’here is a population inversion the cavity line is narrowed by t’he 
introduction of the active atoms. Such a situation is characteristic of an amplifier. 
A field excitation introduced into the medium would extract energy from t’he 
atoms only to lose it to the cavity. If a large part of the cavity “loss” were due to 
transmission out of the system, the physical result could be amplification of an 
incoming signal. We will not stop to discuss the amplifier further but move on to 
the subject of major interest by noting that if we allow n2 - n1 to increase suffi- 
ciently the expression ( 2.21) for the propagator becomes physically untenable. 

First, to simplify writing, we define some convenient dimensionless variables 
and parameters 

a(w - W$l)/cLhJ’ = 2 c&o’ - wz1)/cdo’ = 20’ (2.22a) 

cYZal’Z ( $2 j”(n2 - n1)/2W: 5% x X > 0 for inversion (2.22b) 

?&&(k~o’)lw’ = p note p = c42Q (2.22c) 
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z and 20’ are, respectively, the displacement of the frequency of interest and the 
empty cavity resonance frequency from the center of t’he atomic transition line, 
as a fraction of the Doppler width. X is a measure of the population inversion or, 
equivalently, of the pump power while p describes the dissipat,ion of energy in the 
cavity. 

In terms of these variables (2.21) becomes 

(%i*/a)d’(kw) = -[x - z,,’ + ip - ix exp (-2”) + 2~a-“‘j~(z)]-’ (2.23) 

The criterion for stability of the system is that d’(k, t - t’) does not correspond 
to a growing wave, so that’ d’(k, w) is analytic in the upper half w plane. Since 
d’(ko)-’ is a well behaved function of w we need only insist that it, not have any 
zeros for Im w > 0. Clearly for X < p t,he stability condition is satisfied. There 
will be an instability threshold at that value of X where d-‘( kw) has a zero for w 
real, and it is easy to show that Ohis zero moves int’o the ml&able region as X 
increases. To find this threshold we look for a real number x0 such that 

Then 

20 - 20’ + 2X2’? .fi(Zo) = 0; p - Xexp (-20’) = 0 (2.24) 

J 

‘0 
20 - zo’ + 2pa? exp (y’) dy = 0 (2.24’ ) 

0 

where we have used the definition (2.15) of fi(z). The equation for x0 can easily 
be solved grsphica’lly, giving a value with the same sign as x0’ and smaller ampli- 
tfude. When the detuning ~0’ is small, the linear approximation to the integral in 
(2.31’) is satisfactory and leads to the evaluation 

20 M xo’/( 1 + 3paY) ( 2.24fl) 

and better values can easily be obtained. Substitution of t’his value for zo in the 
second of Eqs. (2.24) gives the threshold value of X. We note that t’his threshold 
value of h and the frequency z. where the inverse propagator vanishes agree wit’h 
the evaluations of numerous aut)hors ( 16, 17) of the threshold inversion needed 
for and the frequency of laser oscillation. 

For a better underst,anding of this threshold let us see how the electromagnetic 
energy density and noise power output depend on t’he inversion X. We show in 
Appendix I that the power absorbed by the caviby, which we may take as output 
power, is given by 

(2.25 ) 
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Using (1.54~)) (1.55)) and the definition (1.39) we can write 

d<(kw) = d’(ku)p<(kw)d”(ka) 

= p<(kw)d(ku)/w~(ku)‘” (2.26) 

so that the power output from the mode k is 

Pk = -i 
s 

‘=ddw - p<(kw> 
o 2;; wd(kw)ik(h) m (2.27) 

But, for a transverse mode, sr dww &i(kw) = r (see (1.41)) and if the line- 
width is narrow relative to the variation in the remainder of the integrand we 
may write 

Pk = -~~i~c(k~o)p’(kwo)/~(kwo) 

where w. is the line center. 

(2.2s) 

Using (2.5), (2.22), (2.16), (2.19), and (2.23) andtherepresentatiod7 
pc<(w) = (eaw - l)-‘iu&(u) (cf. (1.58), (1.59)) Ohis is 

pk - 2m% (2.29) 

a [ 

eB ,p_ I 1 x exp (- z:)Q] (p - xc-q-1 
w 

n2 -1 

so the instability manifests itself here as a blowup of the noise output power or, 
equivalently, the noise energy in the system. We remark parenthetically that, 
using the relations 

mop/a 

wdp - X exp ( - 20”)lla 

where AU, is the cavity line halfwidth while Aw is 
we may write 

= Aw, (2.30a) 

= Aw (2.3Ob) 

the narrowed output halfwidth, 

p = 2dA~c)~ 
k Aw 

+Xexp(--zo2) n2 1 (2.29’) 
P n2 - nl 

Near threshold, where (2.24) almost holds, this is identical to the Townes formula 
(16) relating power output to amplifier linewidth, when factors of 2a are inserted 
to go from circular frequencies to cycles per second. 

As is clear from this computation of the noise power in the system the in- 
stability we found above is a property of our approximation rather than the 
system itself, and reflects our neglect of nonlinear effects which lead to stability. 
We turn to a discussion of these effects. 

19 We have restricted ourselves to the case where all quantities are diagonal in the polar- 

ization indices. 
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B. NONLINEAR COHERENT FIELD DESCRIPTION 

We find it convenient to base our nonlinear treatment on Eq. (1.48) for the 
electromagnetic field expectation value in the presence of an external source 

q (Ai’(x)) = j:(x) + (Jc’i(X)) + i{rh&L(~, X’) (2.31) 

since equations for correlation functions may be derived from this expression by 
differentiation. 

We first assume that the cavity response is linear so that, from (1.49) and 
(1.52) we may write 

(J:<(x)) = $ ~x~P~~~(xx~,(AS’(X~)) (2.32) 

and we will generally take P, to be diagonal in i, j. What remains is an evaluation 
of Gga! . 

From ( 1.20) it is easy to expand the mass operator M,o(xx’) in terms of G 
and field correlation functions. One could then in principle invert ( 1.19) or ( 1.23) 
to express Gga solely in terms of field correlations. In practice of course this can 
only be done in an approximate way. We shall find it convenient to use the sim- 
plest of these approximations, an expansion of Gga in powers of the electromag- 
netic pot,ential, which should be accurate for a gas laser under moderate excita- 
tion. The procedure we use is the following. We writ’e Ma8 as Mt,6,~ + M& 
where MO,, includes those terms describing natural level widt,h and pumping. De- 
fining 

we write 

( 2.33a) 

GaP = e,s, + &M&G0 + G~M~,G,M;,& + . . . (233b) 

Note that while G includes the effects of saturation, G does not and can be de- 
scribed in terms of the unsaturated level occupations as in (2.2)) (2.3), (2.4). The 
expansion of Gap is carried out in Appendix II to order (TA)~. Combining the 
result (A.10) with (2.31) and (2.32), we have 

af”(xx~)(A:‘(x~)) + bfi’f:i5c3 (xx1x2x3)(Af1(x1)A~Z(xZ)il:3(x3j) = j,‘(x) (2.34a) 

where 

U~“‘(XXl) = q syx - x,) - P,iil(XXl) 

(234b) 
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The quantity c$’ (XXI) has already been computed as the inverse of D in our 
linear analysis. The quantity b describes the nonlinear nonlocal coupling of the 
field to itself. We shall henceforth consider (2.34) as the basic equation for our 
discussion. All our further efforts will be to the end of analyzing the system de- 
scribed by this equation. 

The laser has been treated elsewhere (5, 18, 19) by considering the above 
threshold electromagnetic field as a classical or quantum mechanical oscillation 
with a well defined frequency and phase. We will first analyze (2.34) under the 
assumption that this is the correct description. We ask for the conditions under 
which a stable electromagnetic mode can exist in the cavity. Then we will consider 
whether, in the presence of this mode, the correlation function DSf’ satisfies the 
criterion for stability of the whole system against small disturbances. 

By the existence of a stable mode of the system we mean a nonvanishing field 
expectation value (A(rt)) when the external source j*(rt) is set to zero. We will 
further assume that the coherent part of the field dominates the incoherent part 
so that we may write the three-field expectation value in (2.34a) as the product 
of single field expectations. Then we have 

ar’l(xxl)(Af’(xl)) + bf$fzf3 (xx~xzxa)(A:‘(~~))(A~~(x~))(Ai~(x~)) = 0 (2.35) 

Now from ( 1.5) whenJ* + 0, (A,+(X)) = (A<-(X)) = (Ai(x Then the relevant 
coefficients in (2.35) are 

d(xx*) = F cP(xx,) (2.36a) 

(2.36b) 

where, as indicated by our notation, no { dependence remains. The superscript 
r on Crl asr’ reflects the fact that urfl has the matrix form (1.53) and that u’ 
is the inverse of the retarded propagator (2.17) in the linear approximation. 
The notation b’ has a similar origin. To evaluate b’ we first note the relation which 
follows from (1.10) and (l.lld) 

With (2.34~) this yields 

z&~(xx1X2X3) = iYh~Y~rY5XY:u[g~r(XXl~g~~t~l~*~gArt~~3~~~~(X3X) 

+ g~(xxl)go’(x~x~>gx<(xzx3)90”o + ga’(~l>g.‘(xlxz>sx”(xzx~)ga”tx3x) (2.38) 

+ g~~~~~~g~“~~~~*~Q~“~~zx3>9,“~~3x)1 
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Using the approximate forms (2.2)) (2.3)) (2.9) for g< and gr this can be written 
in a more explicit fashion. In Appendix III we perform the straightforward but 
tedious reduction of (2.38). In combination with our previous evaluation of 
up, (2.8 ff), (2.17), this enables us to write (2.35) as 

0 = [w” - c2k2 + p,‘(kw)l(Ai(ku)) 

+ 2% I rhp 1’ exp[- “( a w - ws,)“/c2k2] 1 (27r)-12 clu' GW' claw" dk'dk" dk" 
(2.39) 

x (27r)46(w - w’ - WV - wm)6( (k _ k’ _ k’l -k”’ - I() 

.[(w - w’ + 2&-l + (w - w’ + 2iy&‘] 

(Ai(k'w'))+(Ai(k"w"))+(Ai(k~~~))- 

w + W"' - 2wga + 2irllp 

+ (Ai(k'w'))+(Ai(k"w"))-(Ai(k"'w"))+ 

w + W” + %r=0 II 
where we have specialized to a single direction of polarization. The (+ ) or ( - ) 
sign appended to (Ai(k’w’)) h ere specifies that k' is very close to +k or -k 
respectively. 

Equation (2.39) is the same as that derived by Lambzl except for the ex- 
ponential factor in the cubic term (which might as well be set to unity in our 
approximation, see note after (A.14)) and the fact that Lamb insists on standing 
wave solutions SO that (A(k’w’)) = ei’(k’)(A( -k', w’)) for all k'. 

Using this equation Lamb finds conditions for the existence of one or several 
modes and the interactions among modes. It would be pointless to echo his argu- 
ments here. We will only look at the condition for the existence of a single mode as 
that will be our main concern in what follows. 

yhen $Ww)) . is nonzero for only one mode (*k. , fwo) we may set W’ = 
= w in (2.39). Furthermore, only K = 0 remains. Then we may factor 

iy oGwpower of (A(kw)), use the definition (2.20) of the cavity parameters, 
and return to the dimensionless variables defined in (2.22) to find the criterion 
for the nonvanishing of (A(k,w,)) 

x0 - .zoI + 2Xa-“2fi(z0) + i(p - X exp (-x02)) 

- h exp (-zo’)[l a-]T12/(zo + iTIZ) - i] a+/] = 0 
(2.40) 

za From (2.1) and (2.2) we recall that the K dependence refers to spatial inhomogeneities 

in the pumped system. 
21 See ref. 6, especially Eqs. (50) and (76). 
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where we have defined 

r12 = arYlZ/WO’ (2.41) 

1 a* 1 = I dz 1’1 (A(h:ko , wo)) 12/2wz (2.42) 

rr2 is the ratio of the natural linewidth to the Doppler width and we recall that 
zo and x0’ are the displacements of the oscillation and empty cavity resonance 
frequencies from the atomic line center as fractions of the Doppler width. The 
quantities p and X represent cavity absorption and unsaturated level inversion 
respectively while ( a* ( is a normalized field intensity. This particular expression 
can be shown to be the expansion parameter in our series development (2.33) 
of Go,0 so we expect that our conclusions will be valid as long as the calculated 
value of 1 a* 1 is small compared to unity. 

If our system is invariant under k + -k, or if we insist on standing wave 
boundary conditions, we have 1 a’ ) = ) u- 1 = 1 a 1. Then the oscillation criterion 
is that found by Lamb. If the system is so arranged that propagation is possible 
for only one of the traveling waves which make up the standing wave we must 
set 1 u- ) to zero. In this case (2.40) becomes 

p = Xexp (-xo2)(l - 1 a]) 

x0 - xol + 2x7r-“2.fl(xo) = 0 
(2.43) 

We note that there is a threshold at the same place the linear approximation 
(2.21) became unsatisfactory and that above this threshold the intensity 1 a I 
grows with increasing h. From the relation 

20 - x0’ = -2pa -I”(1 - 1 a I)-’ la’ exp(y”) dy (2.43’) 

we see that as X and thus ) a 1 increases the resonant frequency zo moves closer to 
zero so there is power dependent frequency pulling in this case. 

III. FLUCTUATIONS ACCOMPANYING COHERENT FIELD 

Now that we have found the frequency and amplitude of the pure oscillation 
we assume to be present when our linear theory breaks down we turn to a cal- 
culation of the correlation function D”“(xx’) in the presence of this oscillation. 
From (2.34) and the assumption we made to get to (2.35) that (AAA) is dom- 
inat,ed by (A) (A) (A) we find 

{ 81 (XXI) + fT3 [tPf3 (xX1x2x3) + Pf1f3 (xX2x1x3) + P3f1 (xX2x3x1)] 
(3.1) 

~(A(x,))(A(x~)))D~~~‘(x~x’) = 6rf’(x - x’) 

Equation (3.1) is in the general form (1.51) so that the coefficient of Drlr’ must 
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be expressible in the form (1.53)) while corresponding to ( 1.54) we have 

{a’(xxl) + [b’(xxlxzx,) + bTixx2x1x3) + b’(xx,x,x,)l(A(x,))(Aix,))} 

x d’(XlX’) = 6(x - x’) 
(3.2a) 

d<(xx’) = -d’(xxl)[u<(x,x,) + B-yXlXZ)] d”(x2x’) (3.2b) 

where a’ and b’ are defined in (2.36) and 

a<(xxl) = -a+-(XXI) (3.3a) 

B’(xxI) = -fg [b+-r2r3 (~~1x2~3) + b+f2-f3(~~~~~~~) + b+f2f3-( xxzxaxl)] 
(3.3b) 

.G4(x2)&4(~3)) 

We further define 

B’(xx~) = [b’(xxws) + b”(xxslxs) + br(xxZx3X1)][A(x2))(A(x3)) (3.3~) 

In order to proceed further with Eq. (3.2) we introduce Fourier kansforms 

D(d) D&w, k’w’ ‘?e i[(k,r-k’,r’)-(wt--w’t’)l 
(3.4 ) 

wit)h similar expressions for a( xx’) and B(xx’) . Then we may rewrite (3.2a) 
as 

(zK)-~ /- dkl d&‘(kw, kl (~1) + B’(kw, klwdl d’(k, WI , k’w’) 
(3.5) 

= (2~)~6(w - w’)6(k - k’) 

Now from its construction, (2.3413) in terms of quantities possessing time and 
space translational invariance a( kw, klwl) satisfies’” 

a(kw, kIwI) = (2aj4a(kw)6(k - kl)S(w - WI) (3.6) 

This is not, however, the case for B(kw, kpl). If we write, suppressing spatial 
variables for the moment, 

b( ttl tz t3) = (2n)-4 do dwl CEW, dwa b( w(r)1 we ~~~~~~~~~~~~~~~~~~~~~~~~~ (3.7a) 

the construction (2.34~) of b insures that 

b(c,xwws) a S(w - WI - w2 - wg) (3.7b) 

Then, from (3.3), B(w, wl) has contributions for w1 = w f W’ f wfl where CA’ 
and mN are frequencies of the oscillating field present in the system. Similarly, 

28 For the remainder of the discussion we ignore spatial inhomogeneities. 
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replacing the spatial dependence, B(kw, klwl) exists when kl = k f  k’ f  k” 
where k’ is the wavenumber associated with w’ and k” with uN. 

Returning to (3.5) we see that this behavior of B(kw, kIwI) greatly complicates 
the equation for 6. Instead of a single equation for cZ’(kw, klwl), this quantity is 
now coupled to quantities of the form d(k f k’ f k”, w f w’ f tin; klwl) with 
all possible combinations of k’, kv, o’, and WI). 

We remark that this complication is a natural consequence of the presence of 
steady modes in the system. In a crystal the breakdown of spatial translational 
invariance by imposition of a periodic structure leads to “umklapp” processes 
where an electron may freely change its momentum by a reciprocal lattice vector. 
In our system we have a periodic structure in time as well as in space, so that 
jumps in momentum and energy of k’, w’ are allowed. Because of symmetry 
requirements (see (A.9)) (A.lO) ) only double jumps occur, leading to the coupled 
equations discussed above. 

We simplify the above equations somewhat by restricting ourselves to a single 
mode in oscillation, with wave number ko and frequency wo . Then B(kw, klwl) 
has terms with w1 = w, w  + 2~0 , w  - 2ookl = k, k + 2ko , k - 2ko . A further 
simplification results if we notice that b( ww1wzw3) is only appreciable when 
each frequency is close to an atomic resonance. If we ignore the small off -resonance 
terms we can write 

B(kw, klwl) = (2r)4[Bl(kw)6(kl - k)6(wl - w) 

+ Bz(kw)6(kl - k)6(wl - w + 2wo) + Ba(kw)G(kl - k + 2ko)6(wl - w) (3.8) 

+ Br(kw)G(kl - k + 2ko)6(wl - w + 2041 

where w. and k. have the signs of w  and k. Note that this dropping of off -resonance 
terms is consistent with the approximation we made in going from (2.39) to 
(2.40), of setting w’ = - wN = wm = W. We go one step further by asserting that 
we have travelling waves in one direction only. Then a unique ko is associated 
with w. and (3.8) is replaced by 

B(kw, klwl) = (2r)4[B(kw)6(kl - k)6(wl - w) 

+ B(kw)G(kl - k + 2ko)6(wl - w + 2wo)] 
(3.9) 

If we restrict ourselves to the radiation in the resonant mode, k, kl = hko , 
and the choice of (k) is dictated by the particular value of w. Then we will 
henceforth disregard the k variable as redundant. Finally we remark that (see 
(A.15)) b(ww1cqm) is small unless WI x -w2 z w3 CC w  so that, from (3.3) and 
(3.9), 

P(w) = pPyw,w, - WO) 00) - lP*3yw, WO) -wo , w)] 
(3.10a) 

-1 (A(wo)) I2 = 2brf1(w>l (A(wo)) 1’ 
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Bffl (cd) = rT3 bffy cd,00 ) w - 2wo ) wo) (A(co,,))’ = 6cf1(,)(A(~o))2 (3.10b) 

Taking account of (3.3)-( 3.10) we may now write Eq. (3.2a) in the matrix form 

( 

u’(w) + 2b’(w) I (A> I” b’(w) {A(~o))~ 

6’(o - 2w,)(A( -~a,))~ a’(, - 200) + 2b’(w - 2~0) 1 {A) 1’ 

= 

where 

(Drf’(,)) = 
D”‘(w) Bff ’ (w) 
_ 

D”‘(o - 2uo) d” (w - 2wo) 
(3.11b) 

and 

Dn (co, u’) = 2a[Drf’(w)6(o - co’) + flf’(w)S(w’ - w  + Zuo)] (3.11~) 

Defining w - 200 = CL , (A(o,)) = (A+), (A( -wJ = (A-), (3.2b) becomes 

(D’(4) = -(D’(QJ)) 
a%4 + 2b’W I (A) 1’ f%) (A+)’ 

6<( co-) (A-)’ a%~-> + 2b<(w-> 1 {A) 1’ 

.(D”(o)) (3.11d) 

The quantities needed for the solution of (3.11a) have already been evaluated. 
For convenience we summarize them here. From (2.34), (2.36), (2.6), (2.17), 
and (2.23) we have 

a’(w) = -(2&J&) 

-(z - 2”’ + 2X3~~“~fi(z) + i(p - X exp (-z”))] 

a’(w - 2wo) = (2&a)(z + x0’ - 220 + 2x*-“2fi(2zo - 2) 
(3.12a) 

+ i(p - X exp [-(220 - x)*1>) 

where w is taken to be positive and close to wo . 
From (A.15) and (2.22) we can find, with 6 = x - z. 

b’(o) = (2wZ/a)X’ exp (-x”)[l?1/(6 + 2ir1) + r2/(6 + 2ilY2)] 

b’(w - 2~~) = - (2wF/(u)X’ exp [- (2x0 - z)‘] (3.12b) 

dr1/(6 + ml) + r2/(6 + 2irz)i 
F(W) = (2~$/~t)ix exp ( -$)4r1r2(8 + 2irI)-‘(6 + 2irZ)-l 

6’(0 - 2~~) = - (2wA2/a)iX’ exp [-(2x0 - z)“] (3.12~) 

.4r1r2(6 + 2irI)-‘(6 + 2irJ1 
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where, in analogy to (2.41), r1 = CZY~/W~’ and 

A’ = N rf2 12/2YlYZ 

so that 

X’I U(wo)) I* = xl a 1 

(3.13) 

(see (2.42)). Though we might attack (3.11a) directly with the use of (3.12) 
it is sufficient for our purposes to consider values of w very close to o. and ex- 
pand (3.11a) in the difference. Now from the resonance condition (2.43) 

a’(w) + b’(w)1 (A(wo)) 1’ N” -iuot - 2wo(o - uo) (3.14) 

Although E vanishes we have inserted it in anticipation of later arguments. Then 
to lowest order in (a - wo) we find 

1 
(D*(o)) = - 4wo 1 (A) l”(w - wo + sit) 

I (A> I2 (A+j2 
-(A-)* _ (A) I2 

(3.15) 

so each of the propagators d’(w), d’(o) has a pole at w = wo . 
This is, at first glance, a very satisfactory situation. It seems to describe a 

system where, as the inversion is increased, a threshold occurs for the appearance 
of a coherent field, signalling its appearance by an apparent instability, (2.23) 
(2.24)) at a certain frequency. The coherent field grows with increasing inversion, 
(2.40), (2.43), in just such a way that the system always remains on the edge 
of stability, (3.15). This type of behavior has been found to apply rigorously in a 
model of a ferromagnetic phase transition discussed by Mermin (20). It is also 
the basis for a description of superconductors (21) and superfluids (22) where 
the analogueof increasing population inversion is the lowering of the tempera- 
ture below its transition value. In the present case, however, it is just this pole in 
the propagator which will force us to conclude that the foregoing analysis is 
unsatisfactory. To see this we go on to a discussion of (3.11d), which determines 
the incoherent field intensity. 

Using the relation 

cr(w, w’) = dT(W’, cd) * (3.16) 

which follows from the definitions (1.7) and (3.4), and in view of (3.15)) (3.11d) 
may be written 

1 
(D<(w)) = - 16w:[(w - ~0)~ + xf”] ( (A) I2 > 

(3.17) 

where 

--ic$<(wo) = (u<(wo) + a<(-wo) 

+ 1 (A) j2[2b<(oo) + 2b’(--0) + 6<(wo) + ~<(-wo)]) 
(3.18) 
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Now the time average of the energy contained in electromagnetic field fluctua- 
tions in the mode of interest is given by (see ( 1.1) , ( 1.7) ) 

(G) = -2(27r>~’ lrn dw iw2 d<(w) 13.19) 

which is easily evaluated from (3.17) and (3.11) to be 

(6) = 4%Jo)/s~ (3.19’) 

But the condition for the existence of a stable mode is that [ = 0 (cf. (3.114)). 
Then, unless 4<( ~0) vanishes, the energy content of this mode is infinite! We will 
shortly verify that $<(wO) is not zero. 

There are two possibilities which suggest themselves at this point for removing 
this unacceptable infinite energy. First, the starting point of our calculation 
was the replacement of (AAA) by (A) (A) (A) (see (2.34), (2.35)). This entails 
the neglect of just those terms which we have computed to diverge. It might be 
expected that the inclusion of these fluctuations and subsequent recalculation of 
them in a self-consistent manner would yield a finite result for the energy density. 
A related possibility is that we have made too many approximations in the steps 
leading to (3.19). A more accurate calculation might replace l in (3.17) and thus 
(3.19) by some finite number. In other words, the electromagnetic field propagator 
would show a finite lifetime even though a stable mode of the field were able to 
persist. It can be shown quite generally, however, that neither of these possi- 
bilities is the case and t’hat this infinite energy density is an inescapable con- 

sequence of the presence of a truly resonant mode. The proof follows from the 
time-translation invariance of the syst,em as a whole and is related to Goldstone’s 
theorem.‘” 

Because of the st’ationarity of the laser environment there is complete in- 
variance under a redefinition of the time variable i -+ t’ = t + (Y. In the equation 
of motion (1.48) for (A(rt)) in t)he presence of an external current j(rt) this in- 
variance means that replacing j(rt) by j’(r2) 3 j(r, f + a) changes the solution 
(A(rt)) into (A(rt))’ = (A(r, t + (Y)). In t’erms of Fourier transforms this is 

6j(u’) = j(u’)(e-iw’u - 1) leads to 6(A(w)) = (A(w))(e?” - 1). 

But from (3.4) and (l.S) 

lim 6(A(k, w))/6j(k’w’) = D(kw, k’w’) 
i-0 

(3.20) 

23 See ref. 23. A proof similar to ours has been used in ref. 22 to show that the superfluid 
excitation spectrum cannot have a gap. For a number of reasons the difficulties we find do 
not occur in the homogeneous superfluid. (Actually, related problems do occur in super- 

conductors of the second kind which exhibit resistance, and, more generally, when lifetime 
effects of the superfluid need to be taken into account.) 
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so that, for small (Y, 

But the condition for a resonance is that, for some w. , (A(wo)) is nonvanishing 
when j (a’) = 0 for all w’. Then Dzf’( LL)~ , w’) is infinite for any w. at which resonance 
holds and for all a’. In particular d’(w, w f nwo) and d”(o, w f nwo) will each 
have a pole at w. so that any calculation of -7rM1jr cl&w2 d<(w, w) from the 
analogue of (3.11d) will diverge if the corresponding +<(wo) is not zero. 

It is easy to see physically just where the difficulty comes from. First let us 
examine what is implied by the existence of a mode. 

The nonvanishing of (A (t)) in an ensemble of states set up in the far past means 
that there is a field excitation which maintains itself coherently through time. 
For this to occur the coherent processes which add to and subtract from the ex- 
citation must balance. Incoherent processes do not enter this balance as, due to 
their random nature, the field they produce has random phase and thus expecta- 
tion value zero. Then the maintainance of (A) requires a balanceof the absorption 
of this field and the emission into the mode stimulated by the jield itself. Similar 
remarks apply to the propagator d’(kw). As we demonstrated in the discussion of 
gr ((1.42) and f 11 o owing remarks) and mentioned in the discussion following 
(1.58) for d’, the rate of decay of the small excitation described by d”’ is given by 
the difference between absorption and stimulated emission. The meaning of 
(3.21) is that when absorption balances stimulated emission for a large excita- 
tion at a given frequency it does so as well for a small excitation at the same 
frequency, so the stability of (A(kowo)) implies the existence of a pole in 
d’(ko, w) at w = wg. In thismode the decay rate vanishes. 

The equation for d’(kw), however, as was demonstrated for g< (see (1.46) and 
following remarks), establishes the equilibrium field energy density by balancing 
the incoherent input (spontaneous emission) into the mode with the rate of 
decay of the energy in the mode already. But at resonance the photons in the 
mode do not decay at all. Then there is a buildup of mode energy which is reflected 
in the divergent result (3.19’) of the evaluation of this quantity. 

We can repeat this argument in a slightly different way. The resonance condi- 
tion balances stimulated emission with absorption. Energy balance, however, 
requires that absorption equal the sum of spontaneous and stimulated emission. 
These are inconsistent unless spontaneous emission vanishes. This last would 
only be the case in something like a truly perfect cavity, where a resonant mode 
can exist because it does not interact at all with the cavity. 

The physical situation, of course, is one of energy balance. As the inversion 
approaches threshold the energy in the mode in the form of field fluctuations 
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increases due to the increasing lifetime of the excitations. This incoherentz4 
energy, rather than a large coherent excitation as we have assumed, serves to 
modify the inversion to preserve stability. The stable point, however, is defined 
by the energy balance condition. The modified inversion can never attain the 
value required for the threshold of a true mode and all excitations have a finite 
lifetime. 

As X, the unmodified inversion, increases, the stable level of field intensity 
increases and the spontaneous emission plays a relatively smaller part in the 
energy balance. That is, the rate of field increment of random phase decreases 
relative to the field already present. If we can define or measure the phase of the 
field amplitude at some particular time this phase will experience a random drift 
due to spontaneous emission, which will become slower as h increases. 

When the intensity is sufficiently large that the rate of phase drift is slow, or 
excitation lifetime long, compared to the time scale of atomic processes, these 
processes can be thought of as taking place in the presence of a coherent field 
whose amplitude is that of the actually incoherent field in the mode. Then we 
might expect that the calculation of d’ and d’ which has been presented above is 
still essentially correct, with the obvious modification of giving d’ a small width 
to correspond to the fact that it is total energy rather than coherent energy which 
is being balanced, and the replacement of the coherent field intensity 1 (A (kow,)) j2 
wherever it occurs with the incoherent expression (2n)-lJ &(A (kw)A ( -k,- w)) 
= -i( 2n)-l$ dw d<(kw). Then the quantity .$ which we introduced ad hoc in 
(3.14) represents, in that equation, the amount by which the resonance condi- 
tion fails and in (3.15) the resulting linewidth of electromagnetic excitations. 
We are assuming that E is very small compared to the level widths ya so that 
atomic processes occur rapidly compared to the phase drift and also small com- 
pared to b’(w,)l (A) ]‘/wo (see (3.14)) so t.hat the st,imulated emission dominates 
the spontaneous. 

As a result of these arguments we make the tentative identification, from (3.14) 
and (3.17), 

- i s d%Jo) 2 d<(w) = $!i$ = ~ 
1 SW& 

which is, from (3.12a) (3.12b), 

(3.22) 

(3.22’) 

This is not a very useful form as it involves dipole matrix elements and level 

24 In this context incoherent refers to that part of the field not described by (A(z)), that 
is, the fluctuating part. 
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lifetimes which are not well known. A more useful form results from an examina- 
tion of the power output of the laser. From (A.5), (2.22c), and (3.17) we have 

Pk = wop+<(~cl)/4at (3.23) 

Now according to (3.18) we must know a<(o), b<(o), and 6<(w) in order to 
evaluate $<(wO). From (2.16), (2.22), (2.5), and the definition of the effective 
cavity temperature we used in (2.29) we have 

a<(~~) = -2i(2w~*/a)[p(es”’ - 1)-i + XnZe-ZOp/(nZ - ni)] 

a<(---~~) = -2i(2w:“/a)[pe Bwl (e Boo _ 1)-l + XnleCZoz/(nnz - nr)] 
(3.24a) 

The computation of b” and 6” is carried out in Appendix IV. The results of 
interest to us are 

b<(wo) = -b<( -coo) = (2$/a)iX’ exp (-202) (3.2413) 

!?(w~) = 6<(--zuo) = -(2w~/a)iX exp (-z02)(nz + n,)/(n, - nl) (3.24~) 

Using (2.30a) we can now write (3.23) as 

uo(Ad 
?4t = ~ Power 

+ X 1 a (eP2 n2 + nl 1 (3.25) 
P 722 - nl 

If we note from (3.15) or (3.17) that (xe) is the half width of the laser output 
we see that (3.25) is half the Townes formula (18) with the n2/(nz - nl) cor- 
rection found by Shimoda (Z4).25*26 The additional correction term which is 
proportional to the field intensity is small in cases where our treatment is valid. 
Equation (3.25) should be compared with our below threshold result of the full 
Townes width in (2.29’). 

IV. PARTIALLY COHERENT TREATMENT 

Although we believe that the calculation outlined in Section III is essentially 
correct it is not wholly satisfactory. Aside from the appearance in intermediate 
steps of (A), which is strictly zero, it is difficult to see how one can proceed in a 
systematic way to compute higher order correlation functions. It is, furthermore, 
hard to estimate the degree of validity of this approach and out of the question 
to attempt to study the transition region. In order to avoid some of these dif- 
ficulties we turn to a reformulation of the laser problem couched, in the limit of 
vanishing forcing field, entirely in terms of correlation functions. Working in these 

25 Our previous report of this result (11) also claimed to be half the Townes width but 
contains an error. The statements in (11) are correct with the amendment: Af is the half 
width at half-maximum. 

*6 This value of half the Townes width has also been obtained by Lamb (6) and Lax (f9). 

Lax includes the Shimoda correction while Lamb does not. 



QUANTUM STATISTICS AND LASERS 109 

terms we will ultimately recover the frequency and amplitude conditions (2.43) 
as well as the expression (3.22) or (3.25) for the linewidth. 

Our starting point is (2.34)) where we now do not replace the cubic term with 
its factored form. For convenience in part of what follows we generalize somewhat 
by adding to the subsidiary Hamiltonian (1.3) the nonlocal term 

-@‘(xx’)A(x’)A(x) (4.1) 

whose effectz7 is to change (2.34a) int#o 

(6”(Xx,) - {[P(XXl) + r/fl’(x,x)])(A”(xl)) 

+ bfflfd3 (~x~x~x~)(A~~(x~)A~~(x~)A~~(x~)) = j’(x) 
(4.2) 

Variation with respect, to U gives, for example, 

6(A’W) 
8uqx1 XJ 

= i( (Ar(x)Ar1(xl)A”(x2)) - (A”(x))(A”(~~)A’“(x~))) (1.3) 

U and j can be varied independently and both are set to zero after the last varia- 
tion is performed. The fact that the matter correlation functions which enter 
into the calculation of a and b only depend 011 the “normal” part of the radiat#ion 
field (cf. (A.S) ) is taken into account by specifying that neither a nor b depends 
on j or U. 

Varying (4.2) with respect t’o j and setting j to zero we find 

(Uffl(XXl) - ~[Uf”(XXl) + uf’f(xlx)])Df’f’(xlx’) 

+ bfflfZf3 (xx~xzx~)(i~‘)(Af’(x~)Ar’(x,)Ar”(~~)Af’(x’)) = $“(x - x’) 
(4.4) 

where we have noted that (A(X)) = 0 when j = 0. Equation (4.4) with the deh- 
nitions and evaluations of a and b now allows a complete description of t’he radia- 
tion field in terms of correlation functions only. By taking successive derivatives 
with respect to U we can find from (4.4) a hierarchy of equations for the two 
four, etc. field correlations. Were we able to solve these equations we would 
presumably find t’hat with an increase of the inversion parameter X t,he spectrum 
of D would narrow sharply in one or a few cavity modes. Beyond some threshold 
region the higher correlat’ion functions would rapidly change from a “thermal” 
form to one displaying partial coherence. 

A. INCOHERENT APPROXIMATION 

We shall first. analyze (4.4) on the basis of a perturbation expansion in powers 
of the photon-phot’on interaction bff1f2f3, which is equivalent to a series of suc- 
cessive truncations of the higher order equations found by functionally dif- 

27 As mentioned in footnote 8, we must generalize (1.4) in order to include such a t,erm. 
This is easily accomplished and the effects are as stated. 
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ferentiating (4.4). We shall show that this expansion diverges above threshold 
and then go on to consider another procedure which we believe to be more cor- 
rect and which reproduces our earlier results as the expansion does not. 

Using the analogue of (4.3) we write the quartic term in (4.4) as 

-iibTf’r2r3(XX~xZxO[Dr2f3(x~3)~,~r1r’(x,x’) + 8DS1f’(x1x’)/8U~2f3(x~3)] (4.5) 

Then, defining D-’ by the analogue of (1.15) and using (1.16) we have 

(urrl(xXl) - {[Pl(xxl) + U”lr(xlx)] - ibrf’*2r3(~1x~~)Dr2r3(x~x~)~~ 

+ ibff4f253 (xx4x2x3)Dr415(xqxg)~D-l y X$gl)/BU~~~~(X2X3)}~~~~‘(X,X’) (4.6) 

= $‘(x - x’) 

which is an equation for D-‘. This equation permits an expansion of D-’ in powers 
of b and D. To terms of order b2, setting U = 0, we find 

D-‘( 11’) = a( 11’) - ib( 1456)D(23)PS[s(41’)s(52)6(63) 

+ 6(51’)6(42)6(63) + 6(61’)6(42)6(53)] 

+ b(1523)0(54)b(4678)0(22’)[~‘0(33’)& 

+(61’)6(72’)6(83’) + 6(61’)6(73’)6(82’) (4.7) 

+ 6(71’)6(62’)6(83’) + 6(71’)6(63’)6(82’) 

+ 6(81’)6(62’)6(73’) + 6(81’)6(72’)6(63’)] 

where 1 denotes (x1 , {I) and 6( 12) = Srlrz(xl - ~2). 

For such an expansion to be meaningful we should be able to compute D-’ to 
first order in b and use the resultant D to find the, presumably small, corrections 
arising from the second order term. The equation for D to first order involves, 
from (4.7)) 

[b( 11’23) + b( 121’3) + b( 1231’)]D(23){3 (4.8) 

Now there is time translational invariance in the system since no true oscillation 
can exist. Then D(w, o’) = 27rD(o)6( w - w’). From the representation (3.7a) 
of b and (3.4) of D and the statement (see (A.15)) that b(W,W1WZW3) is only 
appreciably for w1 E w3 we see that the second term in (4.8) can make no con- 
tribution. 

We suppose that we are well above threshold so that the linewidth is small 
compared to the atomic widths -ra . Now b(owlwzw3) has a frequency variation 
tion on the scale of yor , so we may set 

s 

00 
dol b(o, WI, - WI, w)D(wl) = b(w, wo, - wo, w) OD &II D(wl) (4.9) 

00 s 0 

in (4.8) where w. is the line center and we have taken w positive. 
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Finally we suppose that the intensity is so high that we may neglect cl’ rela- 
tive to cl> or cl<, so that in the representation (1.7), (1.8) 

D”‘s- = (d I,. -0 +(;I 1;) (4.10) 

we can neglect the first matrix relative to the second. 
Following these arguments the first order equation for D is 

[8(w) + 26ff~(~)(2s)-1~m dwl( -id<iul))] Dflf’(w) = ~5~~’ (4.11) 
0 

where brr’ is defined in (3.10a). 
The usual decomposition (1.54) of (4.11) yields 

d’(w) = [a’(w) + 2V’(w) 1 A 11-l 

2s 1 A I = --i f= do d<(w) 
0 

=2 ’ /- do d’(co)(a%) + 2b%.4 / A 1) d”(w). 
0 

Using our evaluation (3.12) of u’ and b’ we write (4.12a) as 

20;’ d’(w)/a = - { 6 + (xo - 20’) + 2X”2fi(zo + 6) 

(4.12a) 

(4.12b) 

+ i(p - X exp (-2”)) - 2X’I A 1 exp (-2”) (4.13) 

.[F1/(6 + 2irl) + F2/(6 + 2irz)]}-’ 

where 6 = z - z. . 
We have said that the photon line is narrow and centered at z = x0 . Then we 

require 

20 - x0’ + 2x*-“~~&o) = 0 (4.14a) 

p + (ah’1 A I - X) exp ( -20”) = &/2wo (4.14b) 

where .$ is the full linewidth in frequency units. 
Equation (4.14a) fixes zo , the center frequency of the resonance, and is identi- 

cal to our previous result (see (2.43) ) . Equation (4.14b) relates the linewidth to 
the intensity 1 A I and, in conjunction with (4.12b), determines both these quanti- 
ties. Note that the stability requirements, .$ 2 0, puts a lower bound on ( A (. 
When the linewidth is small compared to the width of the empty-cavity reso- 
nance, and for a reasonable level of excitation, ar5/2wo can be neglected when 
determining I A 1 from (4.14b). Then comparison with (2.43) shows that we 
predict half the intensity of oscillation as in the “pure mode” theory. 
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From (4.12b), using (3.24) and a Lorentzian approximation to (4.13), we may 
evaluate E by relating it to 1 A I. For comparison with our previous results we use 
(A.5), (2.22c), and (2.30a) to relate this to the power output. We find 

?4t = 
2~0(Aw,)~ 

Power K 

1 + nz 
&w - 1 

+ X’I A I exp( -2,“) n2 + nl 1 (4.15) 
n2 - m  P % - n1 

A comparison with (3.25) shows us that we now predict the full Townes width as 
in our linear theory and in contrast to our “mode theory” prediction of half this 
amount. 

Now Ohat we have discussed the first order evaluation of D let us proceed to 
examine the effects of the b2 terms in (4.7). After eliminating those terms which 
are not invariant under time translation we have 

D-’ ‘(l(u) - first order part = b’~6r2r3(~~1~203)Dfsf4 (~1) 

X Drzfz’(oz)~2’Dr3r3’ (~&‘[b~~‘~~~‘~~’ (WI , w, -w3 , -wz) (4.16) 

+ p2’r3’fl 
(ml, -w2, -w3, a)1 

We again ignore the variation in b when performing the w1 , w2 , w3 integrals 
except that the factor S(o - 01 - w2 - w3) must be noted. The dominant term 
is that for which each D”‘c’ is replaced by 8. If we write, from ((4.12b), (4.13), 
(4.14b)) 

d<(w) = it 1 A [[(cd - cdo)2 + g&y (4.17) 

we may evaluate (4.16) as 

-6i 1 b’(w) 1’ ) A I3 [[(w - wo)” + 9i2/41-‘{1 (4.18) 

Because of the factor [I the contribution of (4.18) to (d’)-’ vanishes. However, 
the inclusion of the contribution of (4.18) to (D-l)< changes (4.12b) into 

) A 1 = (4~0%‘[i(u%o) + 2b%1)[ A 1) + 2 1 ~‘(wII)~’ 1 A I”/(] (4.19) 

Then the ratio of the second order contribution to 1 A 1 itself is 

1 A IdI A I = .l/d 1 ~‘(~o)A/w~t I2 (4.19’) 

But, from (4.12a), ib’( wO) 1 A I/wOi is the ratio of the modification of the linewidth 
due to the laser field to the residual linewidth, roughly the ratio of stimulated to 
spontaneous emission. Under our conditions this is a very large number so the 
first “small correction” to our expansion scheme leads to a contribution to the 
spont8aneous emission into the mode very large compared to the lowest order 
result. 

It is not difficult to find the contribution to ( dr)-’ by considering the next most 
dominant term in (4.16). In the product D(w~)D(w~)<~D(w~){~ we replace two of 
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the D’r’(w)[’ by d<( ) w an one by the remaining matrix in (4.10). A st,raight#for- d 
ward computation yields 

czT(w)-l = d(w) + 2b’(w)/ A 1 + 1 b’(w)12 1 A l”(w - wo + Sit)-‘w,’ (4.20) 

We merely note that the ratio of the imaginary part of d’(w)-’ at, w = w. due to 
the second order term to the contribution of the first order term is 
- ib’( - wo) 1 h l/Gw& which is very large. 

Then the perturbation expansion of (4.4) in powers of the two-photon inter- 
action seems to diverge. This is not very surprising. The first approximat,ion this 
yields for the four field correlation function (cf. (4.4), (4.7) ) is yuit’e different 
from t,he “pure oscillation” evaluation (A)(A)(A)(A). We have argued, however, 
that the true correlation functions should not differ radically from those for an 
oscillation. Then our first approximation is very poor, which leads t’o large cor- 
rections in the higher order terms. We remark that the first order part of the 
above calculation is the small excitat,ion limit of any theory which treats t’he laser 
field as acting only to change the average population densities. Such a theory 
neglects coherence or, what amounts to the same thing, the strong photon-photon 
interaction. The full Townes linewidth which we obtained above is c*haractjeristio 
of such theories, and we have shown t’hat such theories are not correct when we 
are sufficient81y above threshold. 

We can see what is wrong with this approximat,ion in anot’her rclatrd way by 
looking at the electromagnetic field intensity fluctuations implied by our first, 
order expression for the four point correlation function. Int’roducing posit,ivc am1 
negative frecluency component,s (6) of the field A (x ) we have 

(&(x)&(x’)) - (&(x))(&(x’)) = (A-(x)A+(x)A-(x’)A+(x’)) 

- (A-(x)A+(x))(A-(x’)A+(x’)) 
(49 ) 

The first term of (4.7)) compared t’o (4.4), is equivalent to 

- (A(x~)A(xz>A(x~)A(x~)) = D(xIx~~JXW&-~ 

+ D(x~x~)~~XXZX~~~ + D(xIx~~WXZX~)~:~ 
(4.22) 

Setting x = x”’ this is easily evaluated as 

(?(x)) - (I(x))2 = (E(x))” (4.22’) 

But the nonlinearity of the laser which sets a preferred value of the field in- 
tensity serves to damp intensity fluctuations, so the enormous fluctuations pre- 

28 For z # z’ Eq. (4.42) leads to Brown-Twiss oscillations in the intensity correlation 
function. 
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dieted by the noninteracting photon approximation (4.22) is another indication 
that this is a very poor starting point indeed. 

B. PARTIALLY COHERENT APPROXIMATION 

What we would like to do is take the oscillation case as our starting point and do 
perturbation theory around it. This is not easy to do in a straightforward way 
since, in our stationary ensemble, any amount of spontaneous emission leads to 
an infinite value of D in the presence of a free oscillation. We can get around this 
problem, however, by considering the case of forced oscillation, due to the 
presence of a small polarization j(x) at, the resonant frequency. We can compute 
correlation functions in this case and then take the limit of vanishing driving 
force. Let us see where this leads us. 

The three field correlation function satisfies the identity 

(A(l)A(2)A(3)) = (A(l)):A(2)0(3)) - iD(l2)r,(A(3)) 

- iD(13)c3(A(2)) - ;D(23)c3(A(1)) + (&1)&2)&3)) 
(4.23) 

where we use the shorthand introduced in (4.7) and have defined A = A - (A). 
Ignoring the final, fully correlated, term we substitute (4.23) into (4.2) to find 
(U - 0) 

arrl(w)(A” (w)) 

+ btmr3 (ww~w~~~)([(A*‘(w~))(A~‘(~~)} - iDfl~-G, -4fzl,A (4) (4.24) / 13 

+ [-(A’1(u#At3(us)) - iDr1t3(~1 7 -w)r&A%)) 

+ [(A%~d)(A~~bd) - iD’%~, -w~)~&4%1))} = jr(u) 

We shall now, after variations with respect to j have been performed, set j to 
zero except at the resonant frequenty COO . That is, 

jr(u) + 27rj[eii6(u - wo) + eei’6(w + WO)] (4.25 ) 

where w. is chosen so as to maximize (A (~0)). 
If we define, as in (4.12b), 

27r 1 A 1 = -i i=- dw d<(w, w) 

(4.26) 

s 

m 
2?m* E -i dw d-y fw, fw ?= 2wo) 

0 

and assume that we are in an inversion range which allows us to neglect d’ com- 
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pared to d< (4.24) can be written 

b’(w) + 26’(w) i 1 A I + l(Af)1(9 (w)) 

+ b’(w)@* - (A(w))‘)(A( -w)) = j(a) 
(Yt.27) 

or, noting that only (A ( &w”)) is nonvanishing 

ar(wo) + 2b’boH A I + 1 (A) I”) 6’(wo)Li+ - (A+)? 

I?( -wo)(K - (Aq2) arc -a) + 2b’C -wo)(( A j + ( (.4) I21 

where we have factored out the frequency 6 functions. 
It will be instructive to write the equat,ion for D at this point. From (4.24) t’his 

is 

uffl(w)Dflr’(w, w’) + ~ffM3 (ww~wzw) { [(A”bd)(A’“bd) 

- iD”“’ (~1 , -~&]D’~~‘(wgw’) + [(A”(w~))(A’~(wd) 

- iDf1la (~1 , -~3)3-3]D~~~‘(w2w’) + I(A”“b~2)>(A~“bd) 

iD”“‘” (wz , -~~){~]D”“(w~w’) - i(AT3(~~))8Dr1”C~~ ) -w2)f2/Sjf’(w’) 
(4.2s) 

- 

- i(Ar2(~~))SD”fS(w1 , -w&&“(w’) 

- i(Af’(~1))6Dr2r3(w2, -w&/Sjf’(w’)} = “df’(w - w’) 

It is crucial here to examine the SD/&j terms closely. By an argument. similar to 
that leading to (3.21) we can write 

which is small in the import8ant range in (4.28), ~1 + wz 2 0. On thr other hand 

(A(w2)) sD(;;(&w3) = 
(A(w,))(w, + wdD(w , -WI 

&j(d) (cm)) 

= D(wI, --wa)D(wa , w’) (~1 + ws)/wz 

But in the limit of (4.25) w1 + w3 = 2~0 and w2 4: -w. . Then (4.29b) cannot8 be 
neglected and, in fact, changes the sign of D(wl , -03) in the coefficient of 
DC a2 , w’) in (4.28). Using (4.26) and keeping the important t’erms in (4.3) we 
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have 

[uff’(co) + 26’“‘(w) (I A 1 + ~(A)/2)]D”r’(ww’) 

- hffl(w)(A*(w) - (A(w))~)D”~‘(w - 200, w’) = 27&‘(, - co’) 
(4.30) 

Then cl’ satisfies, factoring out the frequency 6 function, 

( 
CC(W) + 2b’b)(l A I + I (A) I”> -6’(w)(A+ - (A+)2) 

-6’(w-)(A- - (A-)2) a’(~-> + 2b’b-)(I A 1 + 1 (A) I”> > 

.(D’(w)) = (; ;) 

(4.31) 

where we use the shorthand (D’(U) ) defined in (3.11b). 
A comparison of (4.31) with (4.27’) now shows that if (A(m)) can be finite 

when j --+ 0, then (D’(w) ) has a pole at o = w. . The same determinant vanishes 
for both these situations. This is in accord with our exact result and is thus a very 
satisfactory feature in this approximation. Furthermore, if the spontaneous emis- 
sioninto the mode I’ were zero, we would recover our original mode calcu- 
lation either from (4.27’) or (4.31)) when j --+ 0. That is, the determinant would 
be required to be zero either to allow (A) not to vanish or to allow 1 A 1 not to 
vanish, one of the two having to be finite for stability. This is again very satis- 
factory since spontaneous emission alone is responsible for the failure of the mode 
theory. 

We shall demonstrate a solution to the set of equations (4.27’), (4.30). It is 
not difficult to show that it is the only solution. We write (4.27’) as 

($%;i,) = (:, “1> (D’(uo))(; “l) j ($+) (4.32) 

where (d’) can be read off from (4.31). If we assume that 

(I A I + IKA>I”>” = (A+ - (A+j2) (A- - W2) (4.33) 

and insist that (D’) corresponds to an intense, stable, narrow mode at wo we must 
set 

a’(-wo> + b’(--wo)(j A I + I(A) = iwoE (4.34) 

which leads to 

(Dr(w)) = -4wo(w - ct, + +$e$) 1 A 1 :, (A) 1’ 

-A+ + (A+j2 
(4.35) 

--IA I - ItA) I2 
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Kate that (4.34) predicts the same frequency as in mode theory and, when l is 
sufficiently small, gives for the sum of coherent and incoherent intensity the same 
value as the mode theory gave for coherent intensity (cf. 3.14). To check the con- 
sistency of this solution we compute 

. < 
(D<(w)) = 16uo”[(wz~ L$ + X(2] j A ) :, (A) (2 

A+ - (A+)’ 
(4.36 ) 

/ A I + 1 (A) I2 > 

where I+< is as defined in (3.18) wit,h J(A)/* -+ 1 A ( + I(A) Comparison with 
the definition of A, (4.26)) gives the consistency conditions 

1 A 1 = h.d/16wo2t (4.37a) 

A* - {A,)2 2 

‘*= IAl,Al+,(A)i2= +I’$$2 (4.3710) 

Equation (4.37a) is the same as (3.22 j and thus leads to the same evaluation of 
the linewidth we found in the mode theory. Equation (4.37b) demonstrates the 
validity of (4.33) which was the basic assumption we made to get to (4.35). We 
can now set j to zero. (A) goes smoothly to zero and the resulting equations 
(4.33), (4.34), (4.35), (4.36) remain a consistent set leading to the mode theory 
frequency and intensity and half the Townes linewidth. 

If we consider (4.30) when j = (A) = 0 we regain the result of our previous 
expansion procedure (4.11) and all its first order predictions by setting A’ = 0. 
This is consistent with (4.3713) but is not the smooth limit of an oscillation theory 
as j -+ 0, which is just another way of understanding why corrections to such a 
theory are large. 

It might be argued, however, that the theory we have just outlined is not 
satisfactory since it requires that, whenj -+ 0, A& does not vanish, (4.33)) though 
it is not a time translationally invariant quantity. (See (4.26).) There are two 
possible ways to argue that t’his is not a fatal objection. First, as in the question 
of whether or not (A (w )) is zero, the argument of time invariance is not sufficient. 
(A(wo)) could be nonzero if +<(wo) = 0, that is, a field started with a given phase 
could retain t.hat phase as long as there was no spontaneous emission to cause that 
phase to drift. Likewise we cannot insist that A+ = 0 until we examine the equa- 
tion for the four field correlat’ion function and show that the assumption of non- 
vanishing A* leads to an inconsistency. Even if we were forced to conclude from 
such a calculation that Ai = 0 we might still justify the use of this calculation of 
D. Just as our original mode calculation gave us expressions in terms of I(A 
which we could later identify as -i S cl<( w, w) tlw, so in this calculation we may 
think of A+A- as being representative of a correlation function (A (w)A ( 2wo - w) . 
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A ( -o)A (w - 2~0)) which has a large narrow resonance at w = w0 and which 
would enter into a more accurate calculation. Such a calculation might retain the 
final term in (4.23) or might treat (4.4) or (4.6) in a more accurate way than we 
have done. Justification of our procedure along these lines remains to be carried 
out. 

It is interesting to look at the correlation functions in the time domain which 
are given by our evaluation of D. From (4.36) with j = 0 we can write 

(A(rt)A(r’t’)) 
(4.35) 

=e -51t-t’li2(h(r)e-iwot + h*(r)eiWot)(h(r’)e-iWot’ + h*(r’)eiwOt’) 

where h(r) = 1 h Iliz ei(ko’r+” and 4 is an arbitrary phase.” For small time differ- 
ences this looks like the product of field expectation values at bhe two field 
points. 

It is also possible to consider intensity fluctuations. Comparing (4.4) with 
(4.30) we see that our calculation above is equivalent to the replacement 

(A-(xl)A-(xz>A+(x,)Afo) x (A-(xl)A+(x,))(A-(xz)A+(x4)) 

+ (A-(xl>A+(x4))(A-(xz)A+(x,)) - (A-(x~)A-(xz)>(A+(x3)At‘(x,)) 
(4.39) 

where ( l I=) again refer to positive and negative frequency parts. From (4.36) 
this is 

Xe 
iwo(tl+t*-t3-t4) (e-~(ltl-t31+lt2--t4/)/2 (4.39’) 

+ e-:I(Itl-t41+ltg-t31)/2 _ ,Ecltl-tzl+lt3-tnl~/n 
I 

When all the times are close to one another this again looks like the product of 
the appropriate parts of field expectation values.30 Furthermore, if we are com- 
puting intensity fluctuations, by setting (rrtr) = (r3t3), (r2tz) = (r&) this 
becomes 

(E(rddE(r2t2)) = h*(rl)h(rl)h*(r*>h(r2) = (E(rh))(l(r2t2)) (4.39’) 

so intensity fluctuations vanish identically even though the four point function 
is not precisely expressible as the product of four fields. 

Then we may say that the approximation we have been led to consists in 
replacing a four field correlation function by an almost coherent expression 
which has no intensity fluctuations, and the two field correlation function we 

29 + is related to the phase $ in (4.25) by + = # + J&r. This is relevant if we think of the 

phase as being defined by an actual external field which adiabatically goes to zero. 
30 In ref. 6, Eqs. (4.38) and (4.39) above would be the conditions for approximate second 

order coherence of the laser light signal. 
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then calculate is almost coherent as well. The degree of c*oherem+e we find is the 
maximum permitted taking spontaneous emission induced phase drift into a(‘- 
count’. Presumably a calculation of the rmmainder of the four field correlatJion 
would give intensity flu&uations as well. We also expect that, higher corrclat,ion 
functions will appear in an almost factorable form. 

CONCLUSION 

We have discussed the properties of the laser oscillator in three different ways. 
First we asked for the circumstances under which a pure mode of the field can 

exist. This led t,o well defined values for the t’hreshold and for t’he mode frc- 
yuency and intensity above threshold. Because of the random nat’ure of spon- 
taneous emission, however, leading to random phase drifts, no pure mode of the 
field can exist, and this fact manifested itself in the infinite value we found for 
the incoherent energy in a system supporting a true mode. It was possible l,o 
patch up this theory to give finite incoherent energy and a linewidth but, flucatua- 
tions are not considered in a consistent manner and the preseme of a finite value 
for the mode intensity in intermediate steps is not satisfactory. Our scc*ond at- 
tempt dispensed with the appearance of a coherent mode and considered fluctua- 
tions consistently but ignored the possibility of partial coherence in the laser 
field. The unsatisfact’ory nature of such an approximation manifcstcd itself in 
the dominance of higher order corrections over the lowest order terms and the 
presumed divergence of the perturbation theory. As noted by other authors 
(5, 19) such an incoherent theory gives rise to an intensity-linewidth relation 
differing from that of the coherent theory by a factor of two. WC showed as well 
that’ the intensity predicted also differs by a factor of two, for a given inversion. 

Our final discussion takes account’ both of fluctuations and coherence, though 
intensity fluctuat’ions do not yet appear to the order we have considered. Its 
predictions are almost identical to t’hose of the “patched up” pure mode t,heory. 
In particular it predicts the half-Townes linewidth appropriate to a coherent 
theory and its evaluations of the first two field corrclat’ion functions, apart from 
small phase drift corrections, are t,hose of a fully coherent field. 

APPENDIX I. POWER ABSORBED BY THE CBVITY 

We write the Hamiltonian (1.1) in the form 

H(t) = 1 dr[H.&rt) -. A(rt). J(rt) + H,,(r/)] 

The rate of change of electromagnetic field energy is given by 

=- J dr dr’[HEMCrf), JCr’t).ACr’t)] = [ dr’( J(r’t) .iaA(r’t)/t%) 
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But q A(rt) = J(rt) so ;Hm,i,i = j dr:,$ ,I5 $ q (A(rt).A(r’t’)) 

I 

(A.1 1 
= dr lim lim 0 d’(rt, r’t’) + coherent term 

l’-t If-r 

Now from ( 1.54~) 

q d>(rt, r’t’) = p’(rt, rltl) d’(rh , r’t’) + p’(rt, r&) d”(rltl , r’i) 
so 

(aHdt)/at) 

’ = -& 
s drlp’(rt, rl tda d’(rl tl , rt)/at + p>(rt, r, t,)a da(rl tl , rt)/at} 

(A.21 

In the steady state this is zero but we can discuss the energy exchange with a given 
element of the matter system by inserting its contribution to the polarization 
operator in (A.2). Noting that the cavity system is translationally invariant in 
space and time and using the form (3.4) for D we have 

d3k dwe-ih') fut 
s 

& 
(A.31 

X (p,‘(kw) d’h, kw’) + p,‘(ka) d”(kq km’) f 

If we take the time average of (A.3) only U’ = w appears. Then we may use the 
relations, following from (1.7) and (1.54) in the absence of active atoms, 

p,‘(kw) = pc”(-k, -w), pc’Ou.4 = pc’(--k, -co) 

d’(kw, k’w’) = d=(-k’, --w’; -k, --a), 

d>(kw, k’w’) = d<(-k’, --co’; -k, -0) 

to write 

(aHEM(t)/aOCAV,AV = (2~)~~ j d3k jdr 

. SW dww[(pe’U4 - p,<(kw)) d’k-4 - p,‘(kw)(d’(kw) 

(A.4) 

- d-%))l 
0 

The first term in (A.4) is proportional to the field intensity so we may take it as 
the energy absorbed by the cavity. The second is proportional to pc<(ku) and is 
the spontaneous emission of the cavity material. We may then restrictourselves 
to the first term to find 

(vol.)-l Power = - (A.5) 
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where we have used (1.58) and the negative sign arises because power removed 
from t’he field is considered positive. 

If the w variation in &(kw) is slow compared to that, in &(kw) WC may \vrite 
approximately, for the mode k * 

Pk = -(wo(kj/&kj X 2(h)-’ lw do iw2 d<(kw) = -q(&(k))/Qk CA.(i) 

where (Gk) is the energy in the mode k and we have used (2.20b). This is a well 
known result and serves to verify (A.5). 

APPENDIX II. EXPANSIOX OF G,s 

We expand G$(xx) according to t.hc prescription in (2.33). The it,erut,ive 
expansion of t.he equation for M, ( 1.201, is, to order (r&j”, 

M:;(xx’) = -&(Ai’(x)) - i~y~,G~:‘(xx’~yfas(AS’(x’))/6j~(xj 

+ ~~~yd~G~:~!xx~)r~,G~‘,r’(~~x’)y~~8~(A~’~x’j)/~~jir(x)~~j~~(x~) 
(A.7) 

To express (A.7) in terms of 6 rather than G we expand the second term in (h.7) 
to find 

Mao(xx’) = -7fa(L4i(~))6(~ - x’) - iY~a~o(xx’jY~BI);I(XX’)T’ 

+ ir”,~G,(xxI)rdx~~,(xlx’,r:s[(Aj(x,))Di,(xx’)P’ (AT’) 

- irr’s”(AjixI))/~ji(x)~~~~X’)] 

where we have suppressed 1 indices for clarity and where we have used (ISa) 
and (1.21). 

For JJoaa we take the part of M 

M”::(xx’) = --i j & I2 @‘(xx’)Dff’(xx’)~ (A.8) 

which we have previously analyzed, (1.31 ff), but specifically restrict D, t,he 
photon density, to that part which is not associat]ed with the resonant modes. 
The remainder, dl’, is then t.he full expression (A.7’) minus M. . Then, with 
(2.33b), we have 

(Af1(x,))(Af2(x,)j - iD{;‘2(xlx2jg-2 = (A~1(~,)A~2(~2)) 
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and the last term in (A.9) is just (A~‘(xl)A~“(x,)A~“(x~)). Furthermore, the term 
involving (AA) vanishes, since it is not invariant under charge conjugation 
-yba --f - 7:~ and would lead to a polarization even when (A) = 0. Then we rewrite 
(A.9) as 

Writing 

APPENDIX III. EVALUATION OF b’ 

b’( xx1 xz x3) = ( 27r-16 j” dk dk’ dk” dk”’ do dw’ dw” dw” 

.b’(kw, k’w’, k”w”, k “’ fd”’ 1 
(A.11) 

X exp i[k.r - k’.rl - k” .r, - k”‘.r, - wt + w’tl + w”& + w’~&)] 

we may use (2.1) and (2.2’) to express the first term in (2.38) as 

b&(kW, k’w’, k”w”, k”‘w”), = iris & 7:X 7:,(2746(w - w’ - wV - /‘) 

X j- d3KS(k - k’ - k” - k” - K)(~T)-~ 

. s d3kl dwl c/s’& 4gl(kl - k’, 01 - w’) (A.12) 

X gx’(kl - k’ - k”, wl - w’ - u”)n,(kl - k + J@, K) 

X [g:(kl - k + SK, ~1 - u> - g,Ykl - k + SK, WI - ~11 
We recognize that the product of four retarded functions gives no contribution. 
Further, only very small values of K are allowed, corresponding to slow spatial 
variations of the medium. Then we may ignore K in the argument of g’ and also in 
the first argument of n. Finally we are only interested in b’ for k’, k”, k” photon 
momenta, and these are small compared to the range of n,(k, K) in its first argu- 
ment and will be dropped there. Then using (2.9) the integrand in (A.12) is 

- (27rP4 / d’k, dwl n,(kI , K)[(w, - ~8 - k12/2M + iyp) (wI - u’ - e, 

- (k, - k’)2,‘2M + iys) X (WI - u’ - uN - EA (A.13) 

- (kl - k’ - k”)‘/2M + iyh)(ul -cd-& 

- (kl - k)‘/2M - &)I-’ 
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We can immediately perform the w1 integration to get 

-i(a,)p 
J’ d3k, n,(kl , K)[(w - wsa - k,.k/M + @Y~,J) 

XC w - w’ - w,, - kl.(k - k’,/A/ + C/,,,,(W 
III C A.13’) 

- Wha 

- k, .k”/M + &)I-’ 

where ymp = yC + yb and we have dropped t,erms like k”/2M as very small com- 
pared to kl.k’/M. 

We are only interested in b’ for frequencies o, a’, mN, a”’ near the resonant, laser 
frequencies. Furthermore (A.13’) is large only for w ,> aga , w - w’ % wool , 

IN 
w E wxol . In any physical case the laser operates at only a few closely spaced 
frequencies in resonance with a single transition (or several related ones). 
Harmonics of t,hese frequencies will not be in resonanc’e with ot,her transitions. 
Then the only terms in the sum over states (Y, fi, u, X in (A.13’) which will give a 
large contribution are those where t,he quantities wg,, , wha , w,, correspond to the 
resonant transibion frequency w21 or -w21 or 0. Then state X is state fi and u is CL 
We ignore all other terms. 

Then adding the contribution of the remainder of (2.38) to (A.13’) WC find, 
after. somezalgebra . 

b:jkl(kW, k’w’y k”w”y k ,w”> = y$y;ay~j&,(2a)6(w - w’ - WN - w”) 

x 
s 

d3K6(k - k’ - k” - k” - K)(27r-3 

. / d%dkl , IO - w&l, K)l 

X (w - w,q,l - t.k/M + iyms)-‘((w - w’ - kl 

. (k - k’)/M + 2iyX’[(w 
N, 

- q3a - kyk”,/M + z&J’ (A. 14) 

+ bM + wBa - krk”/M + ir&-‘1 

+ (w - wtn - &.(k - k”)/M + 2&Y’ 

x KW - W&a - krk’/M + iyaa)-’ 

+ b” + W&x - k,.kN/M + iy&]) 

Using (2.3) it is now possible to perform the integrals over kl . The appearance 
of kl in three denominators, however, makes this a complicated procedure, as it 
would be necessary to break each term into partial fractions, and the resultant 
expression would not be very useful. We find a more useful result from the follow- 
ing considerations. 

To the extent that the level widths yn , 70 , -rap arc small relative to the Doppler 
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width the Lorentzian factors in (A. 14) vary much more rapidly than the Gaussian 
exp ( -@ct/2M) as a function of kl . If, furthermore, the various oscillation fre- 
quencies are close to the line center ago! , there is only a small error made by con- 
sidering n,(kI) to be constant during the integration. We proceed in this approxi- 
mation. 

We further note that for the purposes of the integration we may replace each 
k’, k”, k” by &k in such a way that the sum is k. Taking all possible such com- 
binations it is now a simple matter to perform the integrals in (A.14) to find 

bijkl(kw, k’w’, k”wn, k NrwrN > 

= -5’&a”2 1 & 1-l & -f& & & 27rqw - w’ - WV - w”) 

x / d3K6(k - k’ - k” - k” - K)[n,(K) - n@(K)] 

eexp [ -(Y”(u - ~e~)~/C~k~] (A.15) 

x ((0 + WV + 2irolp)-l[ (w -w’ + 2ig 

+ (w - wm + 2i”/8)-l]k’~,k”‘~-k”,k 

+ (w +w’ - 2wpol + 2iyaJ1(w - wN’ + 2iyJl lk”&“‘ds’& 

+ (0 + w”’ - 2q3, + 2irma)-1( w - w’ + 2iy,J1 ~k’&wPwsj 

where the exponential is required to be very close to one. Note that there is only 
an appreciable contribution for w z w’ 

I, IN 
M -w EW M wolr . In the traveling 

wave case only the term k’ N” -k N z k” z k comes in. 

APPENDIX IV. EVALUATION OF bfc’ AND Err’ 

We wish to evaluate 

gffl( w) = c bfrzrlra(kow, kow,, , -ko , w - 2~0 , kowo) 
f2f3 

(A.16a) 

2@9w) = fT3 [brrlrZC3(kOw, kow, -ko, -wa , kowo) (A.16b) 

+ bff*f3f1 (kow , kowo , - kowo , kow )I 

where we have used the definitions (3.10) and the preceding discussion. From the 
definition of b (2.34~) and using (2.27) we have, schematically 

fZ b 
ffzflfa = i&9&&&( gprgd + gjs, + &73ff1 

x (gx’g: + cd& + &L=a)flf (A.17) 
where, in this context, 

(A.18) 
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As a matrix in {11 , (A.17) is in the canonical form ( 1.53). From (A.17) we may 
immediately write 

6”” (xX1X2X3) 

= irtsr~~r~~r:~(g~(xxl)g~“)(xlxz) + gs”<‘(xxl)gcr’=(xs2>> (A.17’) 

x (&(x2x3)g~“‘@3x) + gWX2X3)gaa(X3X)) 

We note the symmetry 

67 xxlX2XQ) = 63 x2x3xX1) (A.13) 

which allows us to find 6’ from 6<. Using (2.1) and (2.2’) we may put (A.17’) 
in a form similar to (A.12). Repeating the arguments in Appendix III we are led 
to a form similar to but more complicated than (A.14). As in (A.14) we find that 
b<(w, W’) W”, urn) is small unless w Z 0’ 

N ,!I NN -w kiw M wpu . Inserting the re- 
quired values of frequency and wavenumber from (A.lBa) we perform the 
velocity integral as in (A.15) to find 

F(w) = 2i j & I4 cm1’2 1 ck 1-l exp [-CY~(W - w~~)~/c%~] 

x [np(w - WIJ - 2iyJ’(w - wo - 2i# (A.19) 

+ n,(w - wo + 2iyJ1(w - wo + 2i&] 

As in (A.17) we write 

g [bf~‘Y~IX2X3) + b ff2f3b1(=2X3X1)] = ij-&&:~~h 

x [(ga’ + &ffl(g./gxrgar + gig% + gc’&gt + ~cghagaa)flh (A.20) 

+ ($7Sl$rl(7XT + ga’& + g;&a= + q9gPghaP (go(r + GPI 

Then 

%‘(<) (xX1x2x3) = &&:~r:, (gp? (xX1) I 

x [gc’(21x2)gxr(~2~3)g~(‘) (x3x) + g~‘(zlz2)g~“‘(X2Z3)go,a(232) 

+ g~“‘(x~~z)gx”(~z~3>s,“(x3z)l + [gsr(~z2)g~‘(zzx3)gx>(<)(s321> (-4.21) 

+ gs’(zlL2)g~“‘(lL’zX3)SXao 

+ g~““(z~z)g~(zzz3)g~(~3~~)lg~(‘)(~~~)} 

Note that 
2P( xxlxZx3) = 2b<( x1xxzx3) 

Proceeding as before we find 

(A.22) 

26<(w) = 2i 1 7:s I4 CYIT”~ I ck 1-l exp [-a2(w - ~g~)~/c~k’] 

x (ns - %)(2%ra)-14%2/[(W - wo)” + 4rlz21 
(A.23) 
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As a final note we remark that’ the velocity integrals in this appendix as well as 
those in Appendix III in the traveling wave case can be easily done exactly.The 
differences from our approximate results are indeed small in the region of interest. 

I would like to thank Professor Paul Martin for his advice and encouragement during 

the course of this work. Many helpful discussions with Peter Schweitzer are also gratefully 
acknowledged. 
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