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1. Introduction 

In solving the SchrGdinger equation for condensed aggregates of atoms, space can be divided 
into two regions with quite different properties. The region near the nuclei, the “core regions”, 
are composed primarily of tightly bound core electrons which respond very little to the presence 
of neighboring atoms, while the remaining volume contains the valence electron density which is 
involved in the bonding together of the atoms. Although the potential in the core is strongly 
attractive for valence electrons, the requirement that valence wave functions be orthogonal to 
those of the core produces a large kinetic energy which contributes an effective repulsive 
potential for valence states. The pseudopotential formalism grew out of the Orthogonalized 
Plane Wave (OPW) method [l], in which valence wave functions were expanded in a set of plane 
waves (PW) which are orthogonalized to all of the core wavefunctions 1 t,b,): 

cclre 

IOPW, q = IPW, K) - c I G,>(+, IPWY WY 
c 

(1.1) 

where the wavevector K labels the PW or OPW. 
The construction of a pseudopotential can be demonstrated in terms of the exact core and 

valence states I$,) I +,), which satisfy 

HI+,) =E,I$,), i=c,v. (1.2) 

The valence states are smoothed in the core region by subtracting out the core orthogonality 
wiggles, leading to pseudostates I+,) given by 

I @“v> = IL> + c I4+L. 0.3) 

with (Y,, = ( 4, I 4, > . 4wlying H to I k> gives 

HI+“) =~,Ik) + c~cIu%v 
c 

=&IA,,) +C(J%-J%bL)% 
c 

(1.4) 

or 

(~+C(~“-E,)I~,)(~,I}I~“)=~“I~“). 
c 

0.5) 

Thus the valence pseudostates I +,) satisfy a Schrijdinger equation with an energy-dependent 
pseudo-Hamiltonian 

HPs(E)=H+C(E-E,)I~,)(~,I, 04 
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Fig. 1. Schematic representation of the pseudopotential method. The all-electron potential I/ and orbital + are altered 
to the pseudopotential VP’ and pseudo-orbital cpp” inside the core radius r,. 

and one has transformed the core orthogonality wiggles out of the valence electronic structure 
problem at the expense of introducing an energy-dependent, non-local repulsive potential. The 
pseudopotential concept is sketched in fig. 1. 

The Phillips-Kleinman [2] pseudopotential, given by the sum of the true potential I/ and the 
repulsive potential of eq. (1.6), 

Y PK= y+ m-4) lItr,)(tcf,I~ (1.7) 

would not be worth the additional complexity were it not for the feature that for many atoms 
VPK is so weak that it can be handled more easily than the full potential. In the weak 
pseudopotential limit a solid resembles an electron gas weakly perturbed by pseudopotentials, 
and this picture applies reasonably accurately to the alkali metals but not to many other 
materials. A more useful feature is that the pseudopotenti~ often is rapidly convergent in a PW 
basis set, and this feature can be utilized for describing most semiconductors as well as metals 
with no d or f bands (or 2p bands) in the valence region. Applications using empirical 
pseudopotentials have been reviewed extensively elsewhere [3]. 

The purpose of the present paper is not to review extensively the development of pseudopoten- 
tials, but rather to describe the current implementation of electronic pseudopotentials in modern 
electronic structure calculations. The formal basis for the great majority of recent electronic 
structure calculations in condensed matter is Density Functional Theory (DFT), which will be 
reviewed briefly in section 2. DFT provides an exact (in principle) all-electron formalism for 
determining the density and the energetics of electronic systems, and for pseudopotentials to be 
useful they must reproduce more than simply the valence eigenvalues as discussed above. They 
must produce valence wavefunctions which faithfully describe the bonding among aggregates of 
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atoms and produce accurate densities, and in this section we investigate the validity of their use 
in DFT. There are important questions, firstly, about the applicability of non-local potentials in 
DFT and, secondly, about how accurate a pseudopotential (i.e., frozen core) approach can be in 
describing bonding in crystals. Discussion of these questions is also included in section 2. Section 
3 will be devoted to the increasingly sophisticated methods of constructing pseudopotentials in 
current use. 

The purpose of this paper is to provide a fairly complete and detailed presentation of the 
formal and numerical methods necessary to carry out pseudopotential-based electronic structure 
calculations. In sections 4 and 5 the formalism, equations and algorithms for solving the 
Kohn-Sham equations are collected from the literature. The focus will be on PW expansions of 
the wavefunctions, since this implementation of pseudopotentials has been the most prevalent. 
There have, however, been several cases of localized basis or mixed basis (localized + PWs) 
implementations, so the discussion will point out basis independent procedures as well as 
considering aspects related to localized basis functions. 

The goal of electronic structure studies is to be able to calculate physical properties for 
comparison with experimental data. When agreement is obtained, one is justified in placing 
confidence in the calculational methods themselves. This confidence allows an identification and 
detailed interpretation of the microscopic bases of observed phenomena, followed by the 
prediction of new and unexpected properties and materials. Section 6 is devoted to a brief 
summary of the wide variety of applications for which the pseudopotential method has proven 
successful. 

2. Density functional theory 

2.1. The Kohn-Sham equations 

There are several extensive discussions in the literature [4-81 of the foundations of DFT and 
the approximations which are used in its implementation. Here we will be content to present and 
describe the formalism and to investigate the use of pseudopotentials in DFT. First it is 
necessary to establish some notation. We consider a periodic system with atoms at positions 
R + 7, where R is a Bravais lattice vector locating a unit cell of the crystal and r is a basis vector 
giving the positions within the unit cell. The Hamiltonian of the system is given by 

(2.1) 

which describes N electrons at positions r; interacting via the Coulomb potential u(r) = e*/ 1 r 1 
and moving in the potential of the static ions given by 

P-2) 
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in terms of ionic potentials V,,, (‘). The ion-ion repulsion is given by 

V 
Z,Z,fe2 

I-I= 3 l g,‘,R,+T -R,,-7 s S’ 1’ 
ss’ 

(2.3) 

where the prime indicates the m = m’, s’ = s term is to be omitted from the summation. We will 
use throughout this paper Rydberg atomic units A = 1, 2m = 1, e* = 2, wherein distances are 
measured in bohr and energies in rydbergs. The e* and 2m factors will often be retained in 
explicit expressions for energies and potentials for clarity. 

The first three terms in eq. (2.1) are often lumped together as the electron energy operator H”. 
Obviously all electronic properties of this system are functionals of the ionic potential V,,,, since 
only fundamental constants appear elsewhere in H. A central result of DFT is that the ground 
state electronic energy E”’ of the system is given by 

Eel= T,[n] +/v,,,(r)n(r) dr+E,[n] +E,,[n]. (2 *4) 

Here T,[ n] is the kinetic energy of a system of non-interacting electrons with density n( I-), E, is 
the classical interaction energy 

and E,, is the remaining energy, termed the exchange-correlation energy, which is a functional 
of n alone. 

A second result of DFT is the E”’ is minimized, with respect to number-conserving variations 
of the density, by the true ground state density n,(r): 

S(E”l[n] y+(r) dr) =O, (2.6a) 

(2.6b) 

where p is the (constant) chemical potential of the electronic system. 
This equation is satisfied if the following set of Kohn-Sham equations [4-81 is solved 

self-consistently: 

(2.7) 

Kffk 4 = vi&) + v,(r; n) + v,,(r; n), (2.8) 

‘Cr)= 5 IGi(r> 12* (2.9) 
i=l 
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Here { $;} are orthonormal eigenfunctions and { ei} are the associated eigenvalues of the 
one-body Hamiltonian h in eq. (2.7), and the sum in eq. (2.9) extends over the N lowest 
eigenvalues. The Hartree and exchange-correlation (XC) potentials are given by 

V&y n) = /b(r- r’)n(d) dr’, 

v,,(c n) = W,bl 
&z(r) . 

(2.10) 

(2.11) 

This Kohn-Sham procedure introduces a one-body H~ltonian which has the natural 
inte~retation, but without formal justification, as describing an “electron” in the effective mean 
field V,,. In fact, the non-interacting kinetic energy ra[n] was introduced into the expression 
(2.4) so a single particle kinetic energy term ( - (1/2m) v2) would appear in eq. (2.7). In spite of 
the fact that DFT itself assigns no formal interpretation to qi and ei, it has been recognized for 
decades that the eigensolutions of the related Hartree-Fock-Slater equation closely resemble 
single particle excitation energies and wavefunctions in many systems. This interpretation can be 
shown [S] to follow from Green’s function theory, which provides a formalism for single particle 
excitations. Excitations are described by an equation analogous to eq. (2.7), with the complica- 
tion that V,, is replaced by a non-Hermitian energy-dependent self-energy (see Pickett [8] and 
references therein). This self-energy, however, is often similar in its effect to I&, hence the close 
resemblance of #i and l i to excited state properties of the many body system. Although this 
interpretation will not be relied on in this review, h, 4 and e will be referred to as the single 
electron Hamiltonian, wavefunction and eigenvalue, respectively. 

One point which is of concern here is that the potential imposed on the electrons in DFT, 
denoted Vi,, in eq. (2.1), is a focaf fiction (simple real function of r). This is a requirement for 
the formal validity of DFT - the external potential must be local. The nuclear potential, 

Zse2 
v;%4= - ,r_R,, , 

(2.12) 

satisfies this requirement trivially. As we will discuss below, there have been extensive, very 
successful applications of DFT in which Vi,, is taken to be a fun-loca~~seudo~otent~a~. Somewhat 
surprisingly, there has been very little justification of this procedure, except in terms of its 
results. 

2.2. Validity of non-local potentials in density functional theory 

Gilbert [9] considered non-local potentials in the context of DFT and concluded that there is 
no DFT in such a case. He established rather that for a general non-local external potential of 
the form V&*(r, r’), the density matrix p( r, r’) is analogous to the density in DFT. There is a 
density matrix functional theory, and a Kohn-Sham-like Schrijdinger equation for the orbitals 
and eigenvalues, but in addition to the non-local external potential the exchange-correlation 
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potential is also non-local. Berrondo and Goscinski [lo] and Levy [ll] have also investigated the 
introduction of non-local potentials in DFT and come to similar conclusions. 

In principle, then, DFT is not formally valid with non-local potentials. However, Gilbert’s 
conclusion allows it to be generalized to an analogous density matrix functional theory with a 
non-local exchange-correlation potential V,,( r, r’), 

Vxc(r, r’; P) = W, [PI 
f+.(r, r’) ’ 

(2.13) 

occurring in the Kohn-Sham equations. (Gilbert notes that there are formal difficulties in 
proving the existence of this functional derivative, but the successful applications to be surveyed 
in section 6 support his suspicion that this is not a fundamental problem.) Since a practitioner of 
DFT is faced with making approximations for E,,[n] in order to proceed, the approximate 
functional &,[ n] may just as well be considered as an approximation &,[ ~1 to E,,[ ~1 which 
depends only on n(r) = Tr CL. The result then is that the use of non-local potentials is equally as 
valid as local potentials within current applications of DFT. 

2.3. Validity of frozen core approximation in total energy studies 

Another point of concern here is the validity of the pseudopotential approximation - that is, 
the frozen core ansatz - in carrying out density functional studies of energetics. As described in 
section 3, the pseudopotential is defined by the condition that it reproduce one electron 
properties (eigenvalues and wavefunctions) accurately, but no condition involving energetics is 
imposed. It is less obvious then that pseudopotentials will be successful in such applications, 
even if one restricts the use to situations where core overlap is negligible. 

This concern was noted by Janak [12] in the course of comparing the energies of competing 
crystal structure using all-electron methods. According to the virial theorem, the total energy is 
equal to the negative of the kinetic energy K. Janak used the Xa approximation for the XC 
potential, where Vxc(r) is proportional to n’13(r), f or which he reasoned that the XC contribu- 
tion to K vanishes. Then K can be partitioned into core and valence parts K, and K, given by 

(2.14) 

(2.15) 

Calculations for Be in the fee and bee structures revealed the difference in -KC (that is, the core 
contribution to the total energy) between structures to be three times as large as the difference in 
total energies, and of different sign. Janak questioned therefore the ability of pseudopotential 
calculations, which neglect core energies entirely, to reproduce structural energy differences. 

Several detailed studies since that time have confirmed, however, that the pseudopotential 
method does predict structural energies properly, except in certain cases where very polarizable 
semicore states contribute to bonding in the crystal. Von Barth and Gelatt [13] resolved this 
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paradox by an unorthodox application of density functional theory. They first dramatized the 
paradox by noting that the core kinetic energy of MO changes by 5 eV in forming the crystal, and 
also that the change in K, between bee and fee MO is 2.7 eV compared to the total energy 
difference of 0.5 eV per atom. These facts appear to invalidate the pseudopotential approach and 
the “frozen core” assumption which underlies it. The core pseudopotential is considered to be a 
fixed quantity, unchanging when an atom moves to a different environment. This “transferabil- 
ity” precept appears to rely on the assumption that different environments will not alter the core 
and its properties, and Janak’s all-electron calculations show this assumption to be inadequate. 

Von Barth and Gelatt [13] approached this problem by defining an energy functional of the 
core and valence densities n,(r) and n,(r) separately. Although the last three terms of eq. (2.4) 
can be generalized trivially by the replacement n(r) -+ n,(r) + n,(r), the kinetic energy term is 
less str~~tfo~ard. Nevertheless, they established the existence of a functional T,[n,, n.] 
(which is not equal to Toin]) which is sufficient to describe the system to second order in n v - nt 

and n c - nz around the physical density LZ’ = nz + n”, . (The original work should be consulted 
for more details.) Using this functional they derived an expression for the error in total energy 
made by using the frozen core approximation, 

(2.16) 

Here & is the frozen core density, V,: is an effective potential (see eq. (2.8)) which will produce 
P p, and 

(2.17) 

is the effective one-body potential in the self-consistent frozen core calculation, for which the 
valence density is n :. This energy correction is second order in the difference between frozen 
core density and true core density, the result which is essential to the validity of the frozen core 
approximation. 

Calculations performed by von Barth and Gelatt confirmed both the second order nature of 
SE and the accuracy of eq. (2.16). They found that a simple way to understand how the first 
order terms vanish is to consider the relaxation of the frozen core approximation in two stages: 
first let the core relax in fixed valence density n, , * then let the valence electrons relax with this 
new (relaxed) core held fixed. The stationarity of their functional with respect to core and 
valence densities separately guarantee that the energy change is second order is each stage. They 
concluded that total energy errors in the frozen core approximation should typically be no more 
than - 0.1 eV; subsequent studies suggest it is an order of magnitude better than this figure, as 
it must be to be useful in predicting pressure-driven structural transformations. 

Finally one is led to Janak’s argument - what was overlooked in his analysis? In his analysis 
he was relating energy differences to kinetic energy differences using the virial theorem. There 
are two weaknesses in applying this approach to ~~~roxi~ate densities. First, the error in the 
kinetic energy is first order in the error in density, which makes this an unacceptable method for 
estimating errors. Second, and specific to the frozen core situation, is that the virial theorem is 
not satisfied by the frozen core approximation. As a result, energy differences which are actually 
of second order appear to be of first order. 
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The methods for constructing pseudopotentials have evolved considerably over the years. The 
initial (empirical) pseudopotentials were constrained only to reproduce one-electron eigenvalues 
and to be as weak as possible, and these conditions led to non-Hermitian model potentials [14]. 
The Phillips-Kleinman [2] procedure was to form valence pseudoorbitals by adding small 
amounts of core orbitals of the same symmetry to the valence orbital. The more modern 
methods, which we now discuss, place the emphasis on making the valence pseudoorbital 
resemble as much as possible the valence orbital beyond some fiducial core radius ri (which 
depends on the principal angular momentum quantum number f) and imposes other conditions 
(which usually includes “smoothness” in some form) to complete the assignment. 

The earliest introduction of ionic pseudopotentials into self-consistent electronic structure 
calculations occurred in the context of Hartree-Fock and related methods. Since the interest 
here is primarily in extended condensed matter systems, no attempt will be made to review in 
any comprehensive way the use of pseudopotentials in molecular studies. Much of the work up 
to 1970 has been discussed by Weeks, Hazi and Rice [IS] and by Kahn and Goddard 1161. The 
interest in going beyond the fitting of pseudopotentials to experimental data led to the 
development of “ab initio” potentials which were parameter-free. The approach can be il- 
lustrated with the Hartree-Fock method for a single valence electron atom, with the one-electron 
equation for the valence orbital given by 

(3.0 

Here VW: is the Coulomb and non-local exchange potentials arising from the core orbitals, and 
can be considered as an effective potential seen by the valence orbitals. (The off-diagonal 
core-valence terms, which are neglected in eq. (3.1), can be included as shown by Weeks and 
Rice [17].) 

In going to the molecule, one may assume the core orbitals are unchanged and thus take V,EE 
as individual ionic potentials seen by the valence orbitals. Because of the non-locality of VCgE, 
however, the solution of the valence problem is not simplified in any essential way. One would 
like to replace V,,, HF by an equivalent local potential. The “local potential” defined by 

leads to a simple problem 

(3.2) 

(3.3) 

with the same solution +, as eq. (3.1) for the atomic valence orbital. For many purposes this 
potential might be useful, but it carries some undesirable features. Since the valence orbital (p, 
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must be orthogonal to core orbitals of the same symmetry, it will contain one (or more) node, 
say, at r,. The non-locality of VzrE ensures that the numerator of eq. (3.2) will not generally 
vanish at rO, with the result that u,“” contains singularities of the form 1 r - r. 1 -I which will 
force nodes of a11 valence orbitals at 1 r 1 = ro_ This feature illustrates the kind of anomalous 
behavior which can occur when a direct inversion of the Schriidinger equation is carried out to 
construct a pseudopotential. 

This approach was carried over to the local density formalism by Topiol, Zunger and Ratner 
[18]. Noting that the one-electron eq. (2.7) heuristically can be written 

one can define a pseudo-eigenproblem by 

With h given by 

h = - & v2 + Q,(r) + vhxc(r; n), (3.6) 

and hp” is given by (P’,,, is the sum of Hartree and XC potentials of eqs. (2.10) and (2.11)) 

hp” = - g-p2 + v,y&(r> + v$&; IF), (3.7) 

the requirement E $ = c: ,,, that the pseudopotential equation lead to the all-electron eigenvalues 
allows eqs. (3.4) and (3.5) to be solved for the I-dependent pseudopotential V,$,, if +E is 
specified. The pseudodensity nPs which goes into (3.7) is given by the sum of the valence 
pseudo-orbital densities. 

The original papers can be consulted for the formal solution for V$&. Topiol, Zunger and 
Ratner [18] defined their pseudo-orbital as the valence orbital plus a linear combination of core 
orbitals of the same I, with coefficients adjusted to make the pseudo-orbital nodeless. This choice 
of pseudo-orbital leads to a non-singular pseudopotential (except at r -+ 0) and also allows the 
pseudowavefunctions in the application (molecule or solid) to be orthogonalized to the core if 
that is desired. 

This local density pseudopotential was applied by Zunger and Cohen ]19] to solid state 
problems, and the pseudopotentials for the first three rows of the periodic table were fit to 
analytic forms by Lam, Cohen and Zunger 1201. Althou~ they appear to give reliable results, 
these pseudopotentials have not gained wide use subsequently. This is due primarily to the 
“hard-core” nature of the potentials, that is, they diverge as r + 0. This divergence leads to very 
long range tails in their Fourier transforms, and therefore they are not useful for plane-wave 
based calculational methods. 
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Hamann, Schliiter and Chiang (HSC) [21] utilized the fact that there is actually much more 
flexibility in defining the atomic pseudo-orbital (and therefore the pseudopotential) than had 
been fully taken advantage of, and that this flexibility can be used to generate “soft-core” 
pseudopotentials, which are regular at r + 0 and short-range in reciprocal space. Such soft-core 
pseudopotentials, usually in local (/-independent) form, had been used by the Bell Labs [22] and 
Berkeley [23] groups in early self-consistent local density calculations. These pseudopotentials 
were determined by fitting functional forms with a few parameters to give satisfactory fits to 
atomic eigenvalues and orbital shapes, but suffered from some shortcomings. Primary among 
these shortcomings were (1) the lack of an objective procedure for generating the pseudopoten- 
tial, and (2) the recognized feature that the pseudo-orbitals did not reproduce the true orbitals 
well outside the core; rather they differed typically by a few percent although displaying the 
correct shape. In terminology to be developed later by HSC, these pseudopotentials did not 
conserve the normalization of the density outside the core region (not norm-conseruing), and 
therefore they will not describe the valence charge density accurately in molecular or solid state 
applications. 

3.2. Norm-conserving pseudopotentials 

The norm-conserving concept, which was first used by Topp and Hopfield [24] in the context 
of empirical pseudopotentials and was incorporated into ionic potentials by Starkloff and 
Joannopoulos [25], was made the central feature by HSC. In a procedure which was refined 
somewhat by Bachelet, Hamann and Schhiter [26], they freed the construction of the atomic 
pseudo-orbital from reliance on core states. The construction proceeds as follows. 
1. Choosing an appropriate atomic reference configuration, which often differs somewhat from 

the ground state, the self-consistent field Dirac equations are solved in the spherical ap- 
proximation for the local density potential and the radial wavefunctions F, and G, and the 
corresponding eigenvalue Q. FK and G, are the small and large component for quantum 
number K, where K = 1 for j = I- i, and K = - (I+ 1) for j = I+ i. The non-relativistic 
approximation can be obtained in the following equations by the substitution K + 1. Dirac’s 
equations are replaced by a Schrodinger-like equation for valence electrons outside the core 
region given by 

1 d2 ---_ 
2m dr2 

“1”,:;’ + K(r))G&) = c,G,(r). 

This replacement is valid [27,28] to order (Y*, where 01 is the fine structure constant. 
2. A first-step pseudopotential V, (i) which accomplishes the pseudizing is constructed by 

off the singularity at the nucleus: 

KYr) = C-)[l -fbPJl + UWrJ~ 

(3-g) 

cutting 

(3.9) 

where rCK is the fiducial core radius for quantum number K. The restrictions are that f(x) is a 
smooth “cutoff function” which is unity at the origin, cuts off around x - 1 and vanishes 
rapidly as x --+ cc. The constant c, is determined by requiring that the lowest nodeless 
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solution WKC”’ of the radial equation with potential V,“) has an energy eigenvalue CL’) = er, that 
is, identical to the all-electron eigenvalue. When W,“) is normalized, we can write 

since they are solutions for the same potential in this region. The form of cutoff function 

f(x)=exp(-xX), X=3.5, (3.11) 

was found to produce optimum results. The core radius rCK must lie outside the outer node of 
the full-core valence wavefunction; the larger rCK is, the smoother the resulting pseudopoten- 
tial, while the smaller rCK is, the more accurately it reproduces the valence wavefunction. This 
parameter typically is chosen between the aforementioned node and the peak position r,,,, 
of the valence wavefunction, 

r CK =r IIlKS ,A? (3.12) 

with C = 1.5-2. 
3. Now the norm conse~ation is built in. The pseudoorbital M$‘) is modified to wL2’ by adding 

a correction in the core region: 

ti2’(r) = v,[ Y?‘(r) + S,g,(r)], (3.13) 

where g,(r) must vanish at least as fast as r’+’ for small r to give a regular pseudopotential 
at the origin, and it must vanish rapidly for r > rcK because W,“) is the desired solution in that 
region. BHS chose the form 

g,(r) = r’+lfte+CK)- (3.14) 

Normalization of wJ2) requires that 8, be the smaller solution of the quadratic equation 

y:JI W:“)( r) + &g,(r) 1’ dr = 1. (3.15) 

4. The final screened pseudopotential V, c2) defined as that potential which produces the nodeless , 

pseudoorbital sv,‘“) with eigenvalue ez2) = cK, is found by inverting the radial Schrijdinger 
equation. The result is given by 

tQ2’(r) = K(‘)(r) - [g;l(r)Dg,(r) -I- v,C’)(r) -E~]/{I + W,(‘)(r)/[S,g,(r)]}, (3.16) 

where 

D= - 1 d2 ,_ ++I) 
2m dr2 2mr2 ’ 

in terms of general cutoff functions f(x) and g,(r). 
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5. The final step is to obtain the ionic pseudopotential p by unscreening KC” using the 
nodeless pseudo-orbitals W, (2) With the atomic pseudocharge density n: given by . 

(3.17) 

the unscreening procedure gives 

I/,‘““(r) = v,‘“‘(r) - { V,(r; n:) + V,,(r; n,*)} (3.18) 

in terms of the notation of eqs. (2.10), (2.11). Defined in this way, VXion will give rise, when 
applied to the self-consistent valence electron problem, to screened pseudopotential VKC2) and 
pseudo-orbitals WL2) which are self-consistent by construction. 
The paper of BHS should be read for details, such as for the feature that different 

configurations can be used for different values of K, and for which applications this procedure 
may be desirable. It should also be noted that the unscreening procedure in eq. (3.18) implies a 
linearization of the exchange-correlation potential in n = n, + n,, which however should be of 
small consequence for most applications. 

It is useful to define /-dependent average V,“” and spin-orbit Vy potentials by [26] 

v, ion _ - &+/~~,‘+ (I+ l)C,,], 

2 y/so=- 21+ I I/IPt,z - K/2 7 [ 1 

(3.19) 

(3.20) 

for which the total pseudopotential can be represented 

P”(r) = CP,[ v,io”(r) + v,““(r)L l s] P,. (3.21) 

This treatment is analogous to the “scalar relativistic plus spin-orbit” representations used in 
all-electron calculations [29]. For many atoms, up to 2 - 50, spin-orbit corrections are negligible 
for many properties. Even for heavier systems it can be useful to iterate to self-consistency 
initially for the spin-orbit-less case, for which the secular equation is a factor of two smaller and, 
for systems with inversion symmetry, real rather than complex. 

The process of obtaining the norm-conserving pseudopotential is illustrated in fig. 2 for the 
valence 4d, 5s and 5p states of MO. On the left side of fig. 2 the all-electron potential (V), the 
initial pseudized potential (V(l)), the final ionic pseudopotential (VP’) and the limiting form 
- Z,e2/r for large r, are all shown. On the right side the all-electron wavefunction (+) and the 
pseudowavefunction (+p”) are shown. The vertical arrows denote the chosen core radii 0.85, 1.70, 
2.18 a.u., using the criteria rC/rmax = 0.625, 0.588, 0.555 for 4d, 5s and 5p respectively. With this 
choice of core radii the norm-conservation step (3) (eqs. (3.13)-(3.15)) leads to changes 
W(i) + I,@) E 4P” and V(l) + V(2) which are hardly visible on the scale of fig. 2. The core 
correction and renormalization factors which appear in eq. (3.13) are 6 = 0.075, 0.005, -0.013 
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Fig. 2. Illustration of ,the steps in the calculation of the norm-conserving pseudopotential, using the MO 4d, 5s and 5p 
states as an example. The atomic all-electron potential V is first “pseudized” inside the core radius (vertical arrow) to 
form V(‘). For the present choice of core radii the difference between I/(‘) and V(‘) is very small and is not shown (see 

text). Unscreening by the valence pseudo-orbitals +PS produces the ionic pseudopotential VP’. 

and (Y = 0.993, 0.999, 1.002, 
more from unity. The result, 
strongly peaked but rather 
pseudopotentials. 

respectively. More often, 6 is not so small and therefore (Y differs 
for MO, is a very strong 4d pseudopotential (almost - 20 Ry) and a 
smooth radial pseudofunction, and weak and smooth 5s and 5p 

These norm-conserving pseudopotentials have been calculated and published (in a form to be 
discussed below) for the atoms H through Pu (Z = 94) by BHS. It must be emphasized that, even 
within the procedure outlined here, these pseudopotentials are not unique. They depend, first of 
all, on the choice of what is to be incorporated into the core. For most atoms there is no 
ambiguity. For a few, however, such as the divalent post-transition elements Zn, Cd and Hg, 
there may be some applications for which it is useful to assign the highest d states (which lie at 
- - 10 eV in the atoms) to the core. To study compound formation, on the other hand, the d 
states are known to participate in bonding and therefore must be treated as valence electrons. 
BHS have presented pseudopotentials to cover both cases for these atoms. Greenside and 
Schliiter [30] have provided an alternative set of pseudopotentials for the 3d transition atoms. An 
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Fig. 3. The s, p and d (I = 0, 1 and 2) pseudopotentials for the carbon atom using two different choices of the core 
radii. The dashed potentials of Bachelet, Hamann and Schliiter [26] use smaller core radii and are more transferable, 
but require many more plane waves for their representation. The potentials shown as solid lines were taken from 

Bachelet, Greenside, Baraff and Schhiter [llO]. 

example of the change in potentials when the core radius is changed is shown in fig. 3 for carbon. 
The lack of uniqueness extends even further. The pseudopotential depends on the atomic 

configuration which is chosen, and this choice is not always obvious. There is also flexibility in 
choosing the pseudizing functions f in eq. (3.11) and g in eq. (3.13), to which, we return below. 
Finally, there is the crucial matter of the choice of the core radii I-__. BHS have emphasized that 
the core radii are not to be considered as free parameters, since varying them results in 
pseudopotentials of different quality. The smaller the core radius is chosen, the nearer the core 
the pseudowavefunctions reproduce the true wavefunctions, and the more “transferable” the 
pseudopotential is, which means the larger the energy region is for which reasonable pseudo- 
wavefunctions are obtained. The choice of BHS is only a particular choice and, it turns out, one 
which usually involves a conservative choice of core radius. This means, of course, that the 
pseudopotential displays sharper structure than may be necessary for some applications and 
therefore becomes less suitable for plane-wave-based methods. 

3.3. Smoothness considerations 

It may be noted that the “smoothness” of the pseudopotential has not been explicitly invoked 
in the construction outlined above. Kerker [31] proposed an alternative scheme which focuses on 
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the smoothness of the pseudowavefunction and norm conservation. We will not present the 
procedure here, but in spite of its relatively rare use in recent calculations it is somewhat simpler 
to calculate and may have some advantages over the BHS scheme for certain applications. 

Vanderbilt [32] has confronted the smoothness criterion by modifying the particulars of the 
BHS procedure. He noted that the two occurrences of f in eq. (3.9) can be replaced by separate 
functions fi and f2 since they serve different purposes. More generally, however, the potential 
V>“’ can be replaced by a polynomial inside the cutoff radius and fixed by continuity of the 
function and a few of its derivatives. He also suggested replacing the additive correction in eq. 
(3.13) with a multiplicative correction to W(l) given by 

w,‘“‘(r) =Y+.[l+6,g,(r)]W,“‘(r), (3.22) 

which may be less likely to produce structured pseudopotentials. 
The point of mentioning here the methods of Kerker and of Vanderbilt is simply to emphasize 

that the published BHS potentials can be improved on in some cases for applications using plane 
wave basis sets. Vanderbilt has illustrated [32] using the case of Si the additional smoothness 
which can be obtained using his procedure rather than the BHS procedure. He finds that 
q2V,lon( q) is negligible beyond q = 7 a.u. using his method while the BHS scheme vanishes 
similarly only beyond q = 10 a.u. As a result the number of plane waves necessary to achieve 
absolute convergence could be as much as a factor of (10/7)3 = 2.9 larger with the BHS method. 
The corresponding plot for oxygen, which has strongly localized 2p orbitals, is shown in fig. 4. 
Vanderbilt’s scheme results in an I = 1 ionic pseudopotential which is negligible beyond q = 22 
a.u., while the BHS pseudopotential has not vanished yet at q = 30 au. 
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Fig. 4. Comparison of the oxygen 2s (solid) and 2p (dashed) ionic pseudopotentials using the Bachelet- 
Hamann-Schhiter [26] scheme ((a) and (c)) and the Vanderbilt [32] method ((b) and (d)). This figure illustrates the 
greater smoothness (faster falloff of q21/;io”,ps( q)) using the Vanderbilt scheme. Note that the very differently-appear- 

ing 2p pseudopotentials are essentially equivalent. Courtesy of D. Vanderbilt. 
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3.4. Numerical considerations 

Since the BHS pseudopotentials have become rather widely used, some unusual features 
related to their representation for publication must be pointed out. BHS chose to write 

v, ion = V,,, + AV,ion, (3.23) 

where the I-independent part V,,, heuristically can be considered to originate from Gaussian- 
distributed effective core charges, giving the form of potential 

Kore(r) = - y f cy erf[( f_yy)1’2r], 
i=l 

(3.24) 

where Z, is the valence charge. The I-dependent parts AV, were represented as 

Av/‘““(r) = e2 5 ( Ai + r2Ai+3) eCuzr2, 
i=l 

(3.25) 

since with this form matrix elements in (i) plane waves alone, (ii) Gaussian linear combination of 
atomic orbitals, and (iii) mixed basis planewave-Gaussians, can be expressed analytically. 

When the cy, a?, Ai and (Y, parameters are fit to the pseudopotentials, a very good fit can 
be obtained. Two unfortunate features appear, however, due to the extreme non-linearity of the 
fitting functions. The first is that equally good fits can be obtained with quite different sets of 
parameters, which is harmless numerically but results in parameters which have no physical 
significance and therefore have no regular behavior through the periodic table. A potentially 
more serious problem is that the six terms in eq. (3.25) usually display enormous cancellations, 
i.e., the individual terms have differing signs and may be much larger (orders of magnitude!) 
than the net value of AV,. Again, this is harmless in a numerical sense as long as it is handled 
carefully. 

The result of this latter anomaly is that the Ai parameters may (and do) become so large in 
absolute value that it is impractical to tabulate the necessary number of significant figures 
(around ten). To deal with this problem BHS performed a transformation on the representation 
functions 

Qi (r) = e-n’rz i=l,2,3 
r2 e-a,r2 i = 4, 5, 6, 

(3.26) 

to an orthonormal set. In terms of the Ai parameters, the expansion parameters C, in the 
orthonormal set are given by 

Ci= - ; QijAj, (3.27) 
j=l 
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where the orthogonality matrix Q is given by > 
i 1 

i>j i-l l/2 sij - I3 Q,‘i 
Qii = 

&=I 

2 * 

i=j 

i-l 

sjj - C QkiQkj /Q;i 7 i < j 
k=l 1 

and S is the overlap matrix, 

sjj = J 0 

mr2@i(r)@j(r) dr. 

(3.28) 

(3.29) 

The published parameters are the Cj, therefore one must reconstruct the expressions of eq. (3.25) 
by back-transfor~ng 

A, = - 5 Q,;'C,. (3.30) 
j=l 

Although eq. (3.30) looks harmless enough, it must be recalled that the A, parameters must be 
computed to up to about 9-10 significant figures (for the largest 1 Ai I) to reconstruct the 
potential accurately. In addition to using double precision (REAL * 8) arithmetic, it is useful to 
note that formal expressions for the matrix elements of Q-’ can be derived by making use of the 
lower triangular form of Q and repeatedly solving for successive matrix elements of Q-‘. 
Expressions for Q -’ have been given by Pattnaik, Fletcher and Fry [33]. An improved form used 
by the author, which may give marginally better performance, is given in appendix A, in the form 
of FORTRAN statements to eliminate the possibility of tr~scription errors. 

Alas! When the procedure implied by eq. (3.30) is implemented and debugged, it is dismaying 
to find that the same code run on two different computers, or indeed with the same machine and 
same compiler but with different optimization levels, can produce very different sets of 
coefficients ( Ai} ! The differences arise due to the different orderings of arithmetic operations by 
different compilers and suggest an unstable numerical procedure. It appears, however, to be 
self-correcting in the sense that it always produces a set of parameters { A, } which reproduces 
AV,io” in eq. (3.25) very well, that is, to millirydberg accuracy. 

As was mentioned above, the highly non-linear fit required in the representation of eq. (3.25) 
leads to non-unique parameters, and only a set of parameters is meaningful. BHS realized this 
anomaly and published a table of Si pseudopotentials in real space to provide a check of coding 
of the procedure (a set { Ai } would be useless for this purpose). The use of the expressions given 
in appendix A rather than matrix inversion routines seems to minimize the occurrence of 
differing sets { A, } for a given set ( C,}. 
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The use of these pseudopotentials often requires their momentum space representation. A 
potential of the form 9,V, ( 1 r I)S,, where 8, is the angular momentum projection operator, has 
a Fourier transform given by 

y(Iu, 1y’) = ~/dreiR-‘P~~( 

= $(21+ l)P,(J?’ . 

(3.31) 

where Pl denotes the Legendre polynomial of order f and j, is the spherical Bessel function of 
order 1. U, is defined by the last equality. 

3.5. Kleinman- By fander form of pseudopotential 

Kleinman and Bylander (KB) [34] pointed out a curious fact about pseudopotentials: by 
complicating their expression in real space, it is possible to speed considerably their manipula- 
tion in reciprocal space. Coining the term “semilocal” (sl) to denote the usual form eq. (3.31) in 
which the pseudopotential depends on angular momentum 1 but not on 1 r I and I r’ I separately, 
KB defined a “ truly non-local” (tnl, our notation) atomic pseudopotential as follows. 

One uses a standard procedure, such as those of BHS [26], Kerker [31], or Vanderbilt [32], to 
arrive at the semilocal potentials I$““(r)_ These are partitioned in the form 

where the local potential Y,_, (which is independent of 1) is chosen to make the residual 
semilocal parts vsfon as small as possible. They define the “truly non-local” potential by 

s&Jr, r’) = ~s~f~~(r)R~(r)Y,m(i)(sF/,,,,)-~Y,~(i')R~(r')sV,f~;(r'), (3.33) 
Im 

where the normalizing constant is given by 

(SK,,,) = Sd”rR,P”(r)Y,~(i)SV,IY:(r)Y,,(i)RPS(r). (3.34) 

Here RF is the radial part of the pseudo-orbital which is used in defining vfion, e.g. the 
non-relativistic limit of Wc2) in section 3.2. (The relativistic generalization is strai~tfo~ard.~ It 
is readily verified that 

J d3r’ 6V;,r(r, +Z,PS(/)Y,,Ji’) = S~,,‘~I”(I)RPS(~)Y,,(~), (3.35) 
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that is, the effect of this “truly non-local” potential on the pseudo-orbital is identical to that of 
the defining semilocal potential. Thus the two forms are equivalent atomic pseudopotentials 
insofar as they produce identical pseudoorbitals. Since they are however quite distinct potentials, 
this KB construction illu~nates another dimension in the non-uniqueness of pseudopotentials. 
While the two forms will not produce identicaf results when applied to molecular or solid state 
situations, the results must be regarded as equally valid, and therefore must be very similar when 
the pseudopotential approximation is valid. 

The utility of the KB form becomes clear when written in reciprocal space operator notation. 
While the standard form leads to an operator of the form 

~~~~~(~+G, k+G’) (&+G’l, 
1 ’ I (3.36) 

the KB form leads to 

x lk+G) t:rr,(k+~)~,*(k+G') (~+G'I 
CC' 1 1 

k+ G)l;(k+ G) CIT,*(~+ ~')(k+ ~'1 , 
G' I (3.37) 

where T can be identified from the Fourier transform of eq. (3.33). The process of taking matrix 
elements of (3.36) in a basis of N plane waves scales as N2, while the separable form of (3.37) 
reduces this to a process which scales as N. This distinction becomes exceedingly useful in 
calculations involving many atoms in the unit cell (see the applications discussed in section 6). 

3.6. Further developments 

The pseudopotentials discussed so far are I-dependent. Starkloff and Joannopoulos [34] 
proposed that a local pseudopotential for transition metal atoms can be derived if the semicore s 
and p states are treated like the d states; that is, the pseudopotential describes the complete outer 
“valence” shell of electrons. They constructed the pseudopotential by first unscreening the 
atomic potential by subtracting the valence screening potential. This resulting intermediate 
potential is then “pseudized” by multiplying it by a smooth cutoff function 

(3.38) 

which makes the resulting pseudopotential go to zero inside the core radius r,. 
The reciprocal length X and core radius r, are then varied to maximize the agreement between 

the all-electron eigenvalues and orbitals and their pseudized counterparts, for all angular 
momentum values simultaneously. They found that accurate results could be obtained with only 
these two parameters, suggesting the method provides a relatively “natural” pseudopotential. 
However, since the pseudopotential describes the semicore states, it requires a considerably larger 
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basis set for convergence if plane waves are used. Bylander and Kleinman [35] extended the 
application to semicore states of norm-conserving pseudopotentials by reverting to I-dependent 
potentials. 

Another extension of the pseudopotential concept is necessary for the description of magnetic 
systems. Attempts by several workers have cul~nated in a method by Louie, Froyen and Cohen 
[36] which seems to be best. The problem in trying to formulate a spin-polarized pseudopotential 
method (within the local spin density approximation) stems from the strong non-linearity of the 
exchange-correlation term and the fact that it depends on the sum of core and valence densities 

for each spin. They resolve the difficulty by redefining the (norm-conserving, say) pseudopoten- 
tial by unscreening with V,,( r; n, + n .) (core plus valence density) rather than with V,,( r; n .) as 
in the BHS scheme. This makes it necessary to “carry around” the core density n, in order to 
carry out a spin-polarized study, but this is a small price to pay for obtaining a useful, 
spin-independent pseudopotential for application to magnetic systems. 

A final extension which we mention is the inversion scheme of Gardner and Holzwarth [37]. It 
is often useful to regain the information about the core region which is given up by choosing the 
pseudopotential method. Gardner and Holzwarth reasoned that, with the level of accuracy which 
is given by norm-conserving pseudopotentials, it should be possible to invert the pseudization 
process and recover information similar to what would be obtained in an all-electron frozen core 
calculation. They introduced a procedure, involving the use of the (frozen core) density, in which 
the all-electron valence wavefunctions are required to match the corresponding pseudowavefunc- 
tions outside the core radius and to become self-consistent (via an iterative process) with the 
resulting all-electron potential. Applications to several atoms [37] indicated the procedure 
provides reasonable accuracy, but the technique apparently has not yet been applied in solid 
state studies. 

4. Formalism and algorithms 

4.1. The secular equation 

In density functional theory one solves iteratively for the density using the Kohn-Sham 
equations, Poisson’s equation and an exchange-correlation contribution to the one-electron 
potential. The various steps are shown in flow-chart form in fig. 5. The secular equation is 

Here Vi,, is the pseudopotential term 

v&(r, r’)=~vg(r-Rj-Ts, r’-Rj-Ts), (4.2) 
j,s 

where Vci arises from sth ion at position rs in the unit cell at R,, and V,,, V,, are Hartree and 
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Fig. 5. Schematic diagram showing the steps in attaining self-consistency in Kohn-Sham density functional theory. To 
begin (upper left) a starting potential Vi” is chosen, and inserted in the IIamiltonian H. The lowest N eigenfunctions 
(for an N-electron system) provides the electron density, which lead to the Hartree (Vn) and exchange-correlation 
(I’,,) potentials via Poisson’s equation and a simple, usually local, functional, respectively. These potentials are 
combined to form the output screening potential, which is compared to the input potential. If the output potential is 
sufficiently close to the input potential, the system is self-consistent and analysis of results can proceed. Otherwise the 
output potential is mixed with the input potential to form a new input potential, and the procedure is iterated until 

convergence is attained. 

XC potentials. The eigenvalues and eigenfunctions are denoted by ckn and qkn, with k and n 
denoting wavevector and band index in a periodic system. In a plane wave basis 4 is expanded 
as 

LW = e ix’r$cc(kn) eiGsr, 

and the secular equation (4.1) becomes 

~%&)%~@~) = %cnCGfkn), 
G’ 

where 

(4.3) 

(4.4) 

H,,:(k)=$-,k+G,2G,,G~+7&(k+G, k+G’) 

+ Vh(G - G’) + V;,(G - G’). (4.5) 

In terms of the Fourier transform Fviks,‘(q, q’) of I$$$),“,‘<r, r’) from (3.31), the external pseudo- 
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potential can be written 

V,,,(k + G, k + G') = c yg(k + G, k + G’) ei(G-G’)‘5. 
s 

(4.6) 

If the crystal has a center of inversion which is chosen as the origin, the secular equation (4.4) is 
real, otherwise it is necessarily complex. 

The secular equation (4.4) is infinite 
kinetic energy terms are large (except 
decrease perpendicular to the diagonal 
from 

but tends to be diagonally dominant, both because the 
for very small 1 G ]) and because the potential terms 
(i.e., increasing I G - G’ I). In constructing the density 

(4.7) 
kn 

(where f is the zero temperature limit of the Fermi-Dirac distribution) only the lowest 
eigensolutions are needed, and these converge as the dimension N of the secular equation is 
increased. Unfortunately the diagonalization time increases as N3, which tends to impose severe 
limits on the size or kind of system which can be treated. 

4.2. Liiwdin perturbation theory 

Lowdin [38] suggested a procedure which can be used to extend the limit on the basis set size 
with an acceptable loss of accuracy. Consider the matrix Hnm = HG G partitioned as shown in 
fig. 6. Cutoffs Ei = (1/2m)G:, E, = (1/2m)Gi are defined, with mN1 (resp. N,) being the 

Fig. 6. The Liiwdin partition into sets of basis functions A,, A, and A,. Hatched regions indicate matrix elements of 
the Hamiltonian H which are never calculated. 
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number of plane waves with ) G 1 I G, (resp. G2), which separate the matrix into blocks A,, A, 
and A, as illustrated in fig. 6. The high-lying basis states in A,, which can be thought of as very 
short wavelength plane waves, are to be ignored. Lijwdin derives the expressions 

c(i) 
m m in A, 

where to second order in H,,, U is given by 

K,,=H,,,,- CK,,KA, m, n in A,, 
a 

with 

KmP = K,,(E) = H,,/( H,, - E)l’*. 

(4.9) 

(4.10) 

(4.11) 

The YVt eigenvalues E, and eigenvector components c, (‘) for n in A, are given by eq. (4.8), and 
the remaining eigenvector components for m in A, are given by eq. (4.9). The cross-hatched 
region in fig. 6 indicates which matrix elements are never used. 

These equations provide a Brillouin-Wigner-like perturbative approximation to the “exact” 
equation for the subspace A, + A,, 

- E&,)c, = 0, n in A, and A,, (4.12) 
m 

and they work best for the lowest eigenvalues, which however are the eigenvalues of interest. 
Thus one obtains eigensolutions approximating those of the IV2 x IV2 matrix by diagonalizing 
only an IV1 X IV1 matrix. The cost is that U becomes dependent on E, that is, the eigenvalue 
being sought, and if the IV1 x A$ matrix eq. (4.8) were to be solved exactly for the eigenvalues, 
such as by iterative diagonalization for each eigenvalue, the cost would be far too great. With a 
high enough choice of cutoffs, however, it is reasonable to assign E a particular value E, which is 
chosen to be where the most accuracy is desired - in the band gap of a semiconductor or at the 
Fermi energy of a metal. Then a single IV,’ diagonalization gives good approximations to the 
desired eigensolutions of an IV: problem. Typical values which occur in practice are IV2 - 2N,, 
which leads to nearly an order of magnitude (23 = 8) decrease in diagonalization time, or 
alternatively allows the treatment of twice as many basis functions (i.e., atoms) with fixed 
computational resources. Note that, when the eigenvector components in (4.9) are appended to 
those from (4.8), they must be renormalized to unity and reorthogonalized, such as by a 
Gram-Schmidt process. 
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4.3. Calculation of the density 

Once the secular equation is solved, the density is constructed from eq. (4.7), which can be 
written, using a normalized summation convention where & 1 = 1, 

kn 
(4.13) 

in terms of orbital densities nkn( r). Straightforward algebra gives 

nkn(r) = 1 q,,(r) 1 2 = C c,‘,(kn)c&(kn) ei(G’-G”)“, 
G”G’ 

(4.14) 

which, in terms of the Fourier transform of nknkn, is 

nkn(G) = &&&&-f(kn). 
G’ 

(4.15) 

However, there is a more efficient method which takes advantage of complex fast Fourier 
transform techniques (CFFT) [39]. The wavefunction coefficients c,(kn) are CFFTed into real 
space giving ukn (r), the periodic part of the Block function, 

ukn(r) = xcG(kn) eiGer, 
G 

(4.16) 

on a discrete real space mesh. Then ukn(r) is squared and summed over k, n indices (methods of 
summation are discussed below). Finally the inverse CFFT provides the desired reciprocal space 
representation of the density. This procedure speeds the computation considerably, since eq. 
(4.15) scales as M2, where M is the number of Fourier components in the density, while the 
CFFT technique scales as M log M. 

Although the full Brillouin zone (BZ) sum in eq. (4.13) is required to construct the density, the 
space group symmetry allows the sum to be reduced to the irreducible BZ (IBZ). In addition, 
time reversal symmetry requires (dropping bands indices for simplicity). 

+-kb) = &%.), (4.17) 

so Gk and $-_k always lead to the same orbital density. Here the IBZ will be used in a 
generalized sense in which k and -k never both appear in the IBZ. For example, with this 
convention the IBZ of a zincblende compounds is 1/4&h of the BZ (as for the diamond 
structure) in spite of only 24 operations in the space group. 

The zone sum can be written 

n(G) = En,(G) = ‘E &zsk(G), 
k k S 

(4.18) 
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where S is the point group part of the space group operation S of the crystal which operates on a 
Bloch function as 

= ccc(k) ei(k+ G)-(Sr+%). 

c 
(4.19) 

Here t, is the translation vector associated with a (non-symmorphic) symmetry operation S. 
Since S is a symmetry operation of the crystal, its action on \Clk produces another eigenfunc- 

tion, 

which is degenerate with Gk. Using 

~,-lk(~) = Cc,,(S-‘k) eiff-‘k+G’)er 
G’ 

= &s_,G(S-*k) ei(k+Gf*Sr 

G 

which, together with (4.19) gives 

cs-lG(s-*k) = cc(k) eiG*” 

or 

cc (s-‘/c) = csG (k) eiSGeb. 

(4.21) 

(4.22) 

(4.23) 

From these equations and eq. (4.15) the useful result is 

IZ~-I~( G) = eiSG%zk(SG) (4.24) 

so it follows that 

IBZ 

n(G) = ~eisG*‘~ c n,(SG)f(~,). 
s k 

(4.25) 

The result is that the Fourier components of the density can be obtained from the state 
densities calculated within the IBZ, by carrying out the appropriate sums (4.25) over stars of G. 
As mentioned above, time reversal requires Gk and +!J/-~ to lead to the same state densities, so the 
IBZ can be reduced by a factor of two in eq. (4.25) (and an overall factor of two inserted) if the 
space group does not include the inversion operator. 
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4.4. Brillouin zone summation 

Once the k-point densities nk( G) have been obtained, it is necessary to evaluate the sum over 
k in the BZ, or equivalently, the IBZ, in eqs. (4.13) or (4.25). This sum is done by discrete 
sampling, and several methods are in use. The arguments are elaborations of the “mean value 
point” of Baldereschi [40], who asked which single point in the Brillouin zone would give the best 
approximation to the zone average of an arbitrary periodic function. 

Chadi and Cohen [41] (see also Chadi [42]) generalized the procedure as follows. One wants 
the average over the BZ of a smoothly varying periodic function g(k), which can be expanded as 

g(k) = xg(R) eikeR. 
R 

(4.26) 

Without loss of generality we can assume that g has the full I’, symmetry of the crystal, since 
any function with lower symmetry has vanishing average over the BZ. Then g can be expanded 
in symmetrized plane waves (“star functions”) A,(k) as 

g(k) = it g,J,(k)> 
m=O 

where 

(4.27) 

(4.28) 

A star of lattice vectors is a set {R} which is transformed onto itself by the n, point group 
operations, and these stars are ordered according to non-decreasing length. Since A,(k), m 2 1, 
averages to zero over the BZ, the desired average of g is given by 

go = h(k)- 
k 

(4.29) 

(Recall our convention that the symbol “Ck” incorporates normalization factors such that 
C,l = 1.) 

The strategy for achieving the approximate zone average is to choose a sequence of sets 
(labelled by M) of points {k,!“‘} and associated weights { H$J”‘} which satisfy the conditions 

F y!“)A,(kjM’)=O, m=l,2 ,..., M, (4.30) 
J=l 

5 y:.‘*‘=1. 
J=l 

(4.31) 
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Then the Mth approximation to the average is given by the sum 

Wl=O j=l 

(4.32) 

which gives an approximation to g, that omits contributions only from stars M + 1 and beyond. 
Note that condition (4.30) depends only on the crystal lattice; that is, the symmetrized plane 
waves, so the k point sets are independent of the function to be averaged. 

For a smooth function the expansion coefficients g, decrease rapidly with growing m, and 
this method provides a rapidly convergent zone sampling. An example of a smooth function 
g(k) is the charge density nk of a non-metal (summed over all occupied bands). For a metal, 
however, the sharp Fermi surface gives discontinuities in nk which may in principle introduce 
large expansion coefficients for large m. Nevertheless, the method is also widely used for metals, 
usually with reasonable results. This success probably reflects the likelihood that the discontinui- 
ties introduced by the Fermi surface are very small compared to the density itself. 

Baldereschi [403 considered the best approximation that could be obtained from a single point. 
Since a three dimensional point k has three coordinates with which to satisfy eqs. (4.30) and 
(4.311, in general an M = 3 appro~mation can be obtained. For the simple cubic lattice this 
“mean value point” is (4, 4 , $)~/a. For the fee and bee lattices there is no single point which 
gives an M = 3 solution, while there is curve of points which give h4 = 2 solutions. Baldereschi 
defined the mean value point in such cases as the point on this curve which minimizes 1 A,(k) 1, 

obtaining the result (0.6223, 0.2953, 0.0)2 / f 71 a or fee and (l/6, l/6, 1/2)27/a for bee. He 
demonstrated that this “mean value point” gave a more accurate approximation to the sum of 
occupied eigenvalues in Ge, GaAs and ZnSe than an 8 point sampling proposed by Kleinman 
and Phillips [43]. (N.B. the term “mean value point” is a ~snomer, since it does not give the 
mean value point but only an approximation to it. By the mean value theorem, a true mean value 
point (and usually many of them) does exist, but depends on the function in question. A more 
accurate term for this optimal point is the “Baldereschi point.“) 

Although the Chadi-Cohen condition (4.30) leads to a highly non-linear problem, the 
periodicity and point group symmetry of the symmetrized plane waves lead to useful simplifica- 
tions. Chadi and Cohen have given procedures for generating point sets and have presented small 
sets for cubic and hexagonal lattices. ~o~orst and Pack 1441 have developed a more systematic 
prescription based on equally spaced points. They obtain the result 

(4.33) 
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where the k-point set is given, in terms of the primitive reciprocal lattice vectors G,, G,, G,, by 

(4.34) 

The fractions (Y~ are given by 

~;(n)=(2n-N,-1)/2iv,, n=l,2,3 ,...) Nj, (4.35) 

and N,, N2, N3 are indices which determine the number of points in the set. MacDonald [45] has 
presented special point formulas based on product Gauss-Chebyshev integration formulas which 
may be more efficient for large special point sets. It is not clear that any “best” k point sampling 
can be specified, but the Monkhorst-Pack scheme appears to be reliable and it is straightforward 
to code for a general situation. 

4.5. Iteration to self-consistency 

In any calculation the majority of the computational time is spent in iterating the Kohn-Sham 
eqs. (2.7)-(2.9) to obtain a self-consistent density. The practice is to use, by methods discussed 
below, the “output” density from eq. (2.9) and the “input” density which was used to construct 
I$,, in eq. (2.7) to obtain a new “input” density which is nearer to the self-consistent one. Due to 
the long-range nature of the Coulomb interaction, a small change in the input density can lead to 
a relatively large change in the output density. As a result, it is usually not possible to use the 
output density itself as the input density for the next iteration, since large unstable charge 
oscillations arise; rather it is essential to mix input and output densities in an appropriate 
manner to obtain a new input density. (It should be mentioned here that, due to the linearity of 
Poisson’s equation, mixing potentials is nearly equivalent to mixing densities. A small difference 
arises from the exchange-correlation potential, but it is local and leads to no problem in attaining 
self-consistency. In the discussion to follow we will use the density as the quantity which is 
mixed. Some investigators (Yaffe and Goddard [46], Harris [47]) have suggested however that 
there may be some advantage in mixing Coulomb and xc potentials separately, but this practice 
has not gained widespread use.) 

An important factor, and one which is rarely discussed, is the best choice for a starting density 
or potential. In the earliest self-consistent calculations the common practice was to use overlap- 
ping, spherical screened pseudopotentials. Typically these were simple functional forms con- 
strained to fit 3 “form factors” V&,(G) determined empirically from the elemental solid (such as 
for Si and Al) or a simple compound (such as for Ga and As from GaAs). For simple 
calculations, such as for an elemental solid or even a high symmetry binary compound, the 
starting configuration, and even the mixing procedure, is unimportant because the calculation is 
small and converges easily. One of the earliest application of the self-consistent pseudopotential 
method was to the study of surfaces and interfaces, which quickly brought out the difficulties 
which can occur. 

The determination of the electronic structure of surfaces and interfaces was studied using a 
supercell geometry in which one deals with a periodically repeated film which is itself a few 
atomic layers thick (in the case of surfaces) or a multilayer geometry (for the interface problem). 
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The unit cell has a very large dimension d perpendicular to the surface or interface, leading to 
small Fourier components (G, = 21r/d) of the Coulomb potential which are very sensitive to 
shift of charge across the surface or interface. This “sloshing” of charge led to great difficulties 
in achieving self-consistency and spurred the search for more successful iteration schemes. 

The determination of a good starting configuration is still something of a “black art,” with 
each practitioner developing a personal intuition. The use of overlapping potentials is one 
possibility, but the relative position (in energy) for inequivalent atoms involves guesswork. 
Problems with this approach have been discussed by Manghi and Molinari [48]. Overlapping 
atomic densities, usually taken to be spherical, gives a well-defined potential for the system but 
still requires deciding what atomic (ionic) configuration is most appropriate. Although this 
question deserves further study, the greatest effort has been expended on developing more 
sophisticated iteration procedures, for which general systematic procedures can be developed and 
analyzed. 

At each iteration M of the Kohn-Sham procedure one has an input density II: which defines 
the screening potential and the resulting output density nz*. One can regard the Kohn-Sham 
procedure as a functional F[ n] which satisfies 

n;*=+z$]. (4.36) 

The problem is to find the self-consistent density which satisfies the fixed point condition 

n=F[n]. (4.37) 

The most widely used procedure is linear mixing, for which 

in 
nM+l = anM 

Out + (I- a)n$ = nz + a( F[ nf$] - n$) (4.38) 

where (Y, 0 < (Y < 1, is the mixing parameter that tempers the large charge oscillations that may 
occur. For “small enough” 01 this procedure is relatively safe, but in some applications it can 
take hundreds of iterations to give a reasonable level of self-consistency. Occasionally a “stiff” 
situation is reached for which continued iteration does not improve the “distance” D between 
input and output potentials. The simplest definition of a distance is 

D[n,, n,] = (&j d3r[nl(r) - n2(r)]2)“2, 
c Qc 

(4.39) 

although a weighted difference could be used. A common practice when a “stiff’ position is 
reached is to greatly increase (Y for one iteration, often by taking a full output density as the new 
input density ((Y = 1). This procedure usually moves the density well away from the region of 
stiffness and leads to further progress toward self-consistency. Reasons for this stiffness will arise 
in the discussion below. 

Before reviewing the most successful iteration schemes, it is useful to consider the problem 
implied by eqs. (4.36) and (4.37) as generally as possible. Dederichs and Zeller (DZ) [49] have 
analyzed this problem in some detail, making the (almost universally made) assumption that one 
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is near self-consistency. At the fixed point the functional derivative K( r, r’) of Fin] with respect 
to n(r’), i.e. &zout(r)/6ni”(r’), is directly tied to the static dielectric response of the system. DZ 
consider the repeated linear mixing procedure applied to an approximate density n; = n + &I ;, 
where n is the fixed point solution. Then the Mth mixing produces 

sn,= c@qn + sn,_,] - n) + (I- d6n,-, 

= aKSn,_, + (I- “)6n,_, 

= a( K - l)Sn,_, + ++I 

= a(K- l)[a(K- 1)Sn,_2 + Sn,-,] + [a(K- 1)bw-, + h-,1 

= [1-cn(l- K)f"6n,. (4.40) 

where the last equality follows by induction. DZ also show that K is related by 

l-K=e’, (4.41) 

to the transpose of the static dielectric function. Expanding E T in its (left and right) eigenvectors 
and its eigenvahres E,, 

one obtains 

Sn, = X(1 - arJM 1 m,)(m, I&?,. (4.43) 
m 

The iteration procedure is convergent as M + 00 only if every eigenvalue cm satisfies 

0<Cm<2/QL, (4.44) 

or, alternatively, only if 

a (2/max(e,}, (4.45) 

Two important general conclusions follow immediately: (1) there is a maximum mixing parame- 
ter am= for which linear mixing will lead to convergence, and (2) for any system there is some 
finite value of (Y which will produce convergence by linear mixing. These conclusions of course 
assume one is close enough to the fixed point that the functional derivative K describes the 
response of the system. DZ provide a more detailed analysis of linear mixing and discuss several 
improved mixing schemes for which their original paper (and a related paper by Ferreira [SO]) 
should be consulted. One of their examples may however be related to the stiffness mentioned 
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above. After several iterations it may happen that only one component j of Sn is dominant, 
corresponding to 

lxEj << 1, orp=l-aEj=l, (4.46) 

which leads to a slowly decreasing residual density 

Sn M+, = P&z, S j126n,_,. (4.47) 

DZ show that the optimal choice of p for further iteration is 

(4.48) 

rather than p = i%z,+,/6n, as implied by (4.47). In the asymptotic region ,G will be indepen- 
dent of r, and it clearly carries the flavor of a quadratic, rather than linear, extrapolation. The 
result should be to lead to an increased value of 1y, similar to the common practice for dealing 
with stiff regions in the iteration procedure. 

Recently several iteration schemes which transcend linear mixing have been developed. A 
straightforward generalization of simple linear mixing due to Anderson (511 uses a linear 
combination of input and output densities of two successive iterations to provide an optimized 
input Ein and output Rout: 

(4.49) 

Note that input densities are mixed to give a new input, and output densities are mixed to give a 
new output density (“predicted ” not calculated!). In addition the mixing parameter changes at 
each iteration. One would like to require ri;’ = Fzz, but since each is a function of r, this cannot 

be achieved by a single constant (Ye. Rather the procedure is to vary LYE to minimize the 

distance, defined in eq. (4.39), between 7iGf and GE, leading to the value 

(4.50) 

where D is the metric (4.39) and 

A,=n$,“‘-nz (4.51) 

is the difference between output and input densities at the Mth iteration. Then the new input 
density is obtained by mixing E?” and Eouf: 

in 
nM+l = yng + (1 - y)Z$; (4.52) 

generally y = 1 will not lead to convergence, and the usual practice is to treat y like the mixing 
parameter in the simple linear mixing scheme. Unlike simple linear mixing where one makes the 
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restriction 0 < cy 2 1, eq. (4.50) can, and often does, lead to values of LYE which are either 
negative or also significantly larger than unity. The author’s_experience is that modest deviations 
of (Ye from the interval [0, l] can be helpful in speeding convergence, while large deviations from 
this interval are detrimental. A reasonable compromise seemed to be to restrict LYE to the 
interval [ - 1, 3], by assigning it the nearest endpoint value when the calculated value is outside. 
Another practice has been to alternate between simple linear mixing and Anderson mixing, 
which seems to temper the irregularities which can arise when Anderson mixing alone is used. 
The Anderson scheme was apparently introduced to condensed matter studies by Hamann [52]; 
see Mattheiss and Hamann [53] for a discussion. The scheme was also implemented by Ng [54] in 
plasma studies. 

Ho, Ihm and Joannopoulos [55] introduced a mixing scheme based on linear response which is 
particularly useful for plane-wave-based methods with large unit cells, such as surface calcula- 
tions using a supercell approach. In such cases the potential contains long wavelength Fourier 
components which are especially sensitive to fluctuations of the density perpendicular to the 
plane of the surface, so it is more illustrative to discuss the potential rather than the density. The 
idea is to determine. at a stage where the input potential Vi* has led to the output potential V”‘, 
an alteration 6V’” which 

yin + 6~‘” =; vout + 

Linear response gives 

produces self-consistency: 

6V0”‘. (4.53) 

with the non-interacting susceptibility x given by 

XGG,=+:-;; (kn Jevic”lkn’)(kn’ JeiG”‘(kn). 

nn 

The matrix elements are given by the standard form 

1 =- I f4 q 
d3r u,*,(r) eiceruL,(r), 

where ukn is the cell-periodic part of the Bloch wavefunction. 
The self-consistent field electron dielectric matrix (DM) is defined by 

(4.54) 

(4.55) 

(4.56) 

(4.57) 
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and of course is the physical DM only at self-consistency. Here lit; is the Fourier transform of 
the Coulomb interaction e2/ 1 r - r’ 1 given by 

47re2 
%” s (4.5%) 

and v,, is the Fourier transform of the xc interaction v,,( r, r’), which is the functional derivative 
of the xc potential 

aK/,,(r; n> 
%ck r’) = sn(rt) = 

~2%bl 
Sn(r)Sn(r’) * 

(4.59) 

In LDA v,, is a local function 

u,,( r, r’) + &DA (r)6(r- r’) = fn(r)rL(n(r)) + Zc:,(n(r))]S(r- r’), 

which follow from the LDA expression [4-S] 

(4.60) 

In eq. (4.60) primes denote derivatives with respect to n(r). 

Equation (4.53) then leads to the condition for 6V’“: 

which has the interpretation that the input potential must be changed by the lack of self-con- 
sistency in the potential (AV) screened by the response of the system: &Vi” = l -* AV. This 
scheme is a generalization of a scheme suggested by Kerker [56] which used a model dielectric 
matrix (e.g. Thomas-Fermi) in the diagonal approximation. Kerker’s scheme, which had been 
applied in similar form earlier [57,583 in jellium-based calculations, provided a G-dependent 
mixing which itself greatly improved the attainment of self-consistency. 

Ho et al. applied their DM scheme to large surface calculations and noted the following 
features: 

(1) 

(2) 

(3) 

(4) 

Only the low Fourier components (small 1 G 1) are strongly coupled, so the DM need be 
calculated for only a small number of G’s ( - 50 for their surface calculation). Linear mixing 
is sufficient for the remaining G’s 
Calculation of the resulting small DM is not time-consuming, requiring typically one-tenth 
the time of an iteration in the case of a plane wave basis. 
Elements of the DM typically change by less than 10% in approaching self-consistency, so it 
is not necessary to re-calculate it at each iteration. 
The predicted components of 6V’” can be much different than any linear mixing would 
predict, e.g. the value of Vz,“+l may not lie between VzqM and VFtqM. This feature of 
“overshooting,” also allowed in the Anderson [51] scheme discussed above, appears to be a 
necessary component of improved interation procedures. 
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Fig. ‘7. Behavior of three of the small reciprocal lattice vector components of the potential in a Ag surface calculation 
by Ho, Ihm and Joannopoulos [55]. M, M + 1 and M + 2 denote three successive iterations, and the ordinate measures 
the difference between input (a), and output (o), potential and the self-consistent value. Note, for example, that for 
Re V(OOl), the input for M +l does not lie between the input and output of iterations M, reflecting the strong 

coupling with other Fourier components. 

Feature (4) contains the important result: the DM provides new aspects which are unattaina- 
ble with linear mixing, or with any mixing which does not couple different Fourier components. 
Ho et al. presented results for the five longest wavelength components for a nine-layer Ag 
surface calculation. For the iteration history they presented, 3 of the 5 components “overshot” 
due to coupling, and the distance between VP’ and I$” decreased by factors of 3-10 for the 
three small 1 G ] components, which were the only ones a significant distance from self-con- 
sistency. Clearly it would have taken many linear mixes, or even Kerker mixes, to achieve the 
same improvement. The result is illustrated for G = (0, 0, n)2n/c in fig. 7 for n = 1, 2 and 3. 

Feature (3) reflects an important aspect of improving iteration schemes - linear mixing is such 
a crude procedure for pursuing self-consistency that it is not necessary to be very sophisticated to 
obtain drastic improvements to it. It rather is necessary only to introduce coupling in a manner 
which is qualitatively and set-quantitatively correct. The trodden scheme 1593 is such a 
procedure which has been achieving great success in this field. 

Broyden’s method was introduced to solid state calculations by Bendt and Zunger [60] and 
discussed in more detail by Srivistava [61]. It is useful to introduce some notational conveni- 
ences. An unlabeled density indicates an input: n M = ns, and we Introduce an L-vector notation 
for densities, n(r) + 1 n), where the components of 1 n} denote the L coefficients used in the 
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representation of n(r), such a coefficients of plane waves, local orbitals, or the like. Finally, we 
introduce a notation for difference 

@M = qM - qM-1 (4.63) 

for any quantity q. 

One considers the quantity 

IA(n)) = I F(4) - In>, (4.64) 

with F given by eq. (4.36), so 1 A(n)) is the difference between output and input densities. 
Self-consistency is achieved when I A(n)) = IO). Expanding at the Mth iteration gives 

lAb)> = I’bM)) +JM( In> - bM)) (4.65) 

in terms of the Jacobian 

(4.66) 

The new density is given by the quasi-Newton-Raphson expression (4.65) by requiring 

I4n M + ,)) to vanish, 

In M+d = bM) -&i’ I’M>, (4.67) 

where the notation has been shortened by defining I A,) = I A( n,)). Equation (4.67) can be 
seen to be equivalent to the DM expression (4.62). The rate of convergence is determined by the 
quality of the Jacobian, which is necessarily approximate, and a bad Jacobian can lead to 
divergence. 

Since it is J; ’ rather than JM which is ultimately needed in eq. (4.67), Srivastava [61] 
suggested sidestepping the matrix inversion by using Broyden’s “Method 2.” Assuming a 
reasonable initial value of J-‘, which can be a diagonal constant corresponding to linear mixing 

Jo-’ = -cd, (4.68) 

Broyden’s method consists of improving J-’ successively at each iteration. At each iteration it is 
required that the new J; 1 will be one which would have given the result of the iteration just 
completed, 

1 g) = 1 an,) -J;’ 1 aA,) = lo), (4.69) 

which provides L constraints on the L* components of Ji ‘. The other L( L - 1) components are 
determined by the requirement that changes predicted by Ji’ in every direction perpendicular to 
I lid,) are identical to that predicted by Jill, which is written as 

J~‘Ix)=J;~~Ix) foreverylx) forwhich(x]6A,_,)=O. (4.70) 
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This condition expresses the restriction that, in the absence of any new information about these 
perpendicular directions, no change should be allowed. This procedure is equivalent to a 
“minimum change” criterion on J-’ using the Frobenius norm, which can be restated in the 

form 

(4.71) 

subject to condition (4.69). Using the Lagrange multiplier method and minimizing the functional 

K=Q+@ls) (4.72) 

with respect to Jil yields 

J~1=.J~-1_z+~~X)(6Alw~. 

Multiplying by I6A,) and using eq. (4.69) gives the Lagrange multiplier vector 

19 = 2( I %d -J&I, I ~~~))/(~A~ I Ww>. 

(4.73) 

(4.74) 

Replacement in eq. (4.73) gives the updating procedure 

J_’ =J_’ 
M M-l 

+ ( I %.f) -GL I ~&4w%4 I 
(“M I “M> a 

(4.75) 

This can be rewritten in a form which is somewhat more illuminating, 

in terms of normalized “directions” 

/a> = ~X)/(X~x)1/2. 

(4.76) 

(4.77) 

Thus, in terms of its operation on a vector,Athe first term indicates that .&I differs from Jn;!.i 
by projecting out anything parallel to ] SAM> while the second term indicates that the part 
parallel to 1 SA,) will be rotated into the direction of I &z,) with altered amplitude. The 
Broyden method as well as many other quasi-Newton methods have been discussed in detail by 
Dennis and More [62]. 

Numerous tests by several investigators have indicated that this procedure often leads to 
dramatic improvements, and selected examples will be summarized below. These successes make 
it puzzling that, although Broyden insisted the procedure is formally valid, in his numerical tests. 
he found it to be “unsatisfactory” and even “quite useless,” and therefore opted for slightly 
different procedures. In the light of this method’s recent successes, it appears the difficulty was 
only with Broyden’s model system or his implementation rather than with the method itself. 
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Vanderbilt and Louie [63] suggested an extension of the Broyden method which they found to 
give even better performance. Their approach has been adapted by Johnson [64] to the inverse 
Jacobian and I will follow this line to provide continuity from the discussion above. The 
argument is that the updating of J- ’ to produce exactly the results of the iteration just 
completed is too severe an alteration, since it will no longer produce the results of any previous 
iteration. It is suggested instead that information be incorporated from all previous iterations at 
each update by carrying out a weighted least-squares minimization of the “error function” 

M-l 

Q’ = ,Fo w,I I&z,) - Ji’ 1 U,) I* + ~“11 Ji’ - J,-‘II. (4.78) 

This approach varies Ji’ to minimize the discrepancy between “predicted” and actual output 
for all previous iterations 1 with preassigned weights w,. The term in w’ eliminates any arbitrary 
changes in J- ’ which would not affect the first term. 

Vanderbilt and Louie noted some desirable features of this extended Broyden method. The 
weights wI and w’ introduce the flexibility to allow more recent iterations to have a greater 
influence than earlier, less accurate (i.e. less relevant) ones. It is usually appropriate to give small 
weight to the stabilizing term involving w’. Perhaps most importantly, they established for a 
simple example that with the modified procedure the approximate Jacobian rapidly approaches 
the true Jacobian while for the straightforward Broyden method this approach is very slow. 

Singh, Krakauer and Wang [65] have reported tests of the Broyden method (as outlined by 
Srivastava) for the W(OO1) surface. Although their calculations did not pseudopotentials, they 
used the plane-wave-based Linearized Augmented Plane Wave method and their results should 
be representative of what can be achieved in pseudopotential studies. Using the distance between 
input and output densities defined in eq. (4.39), their results for twenty iterations are compared 
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Fig. 8. Distance d between input and output densities for a W(OO1) surface calculation by Singh, Krakauer and Wang 
[65]. Crosses denote the results obtained with Broyden mixing, while results of the much slower convergence resulting 

from 10% linear mixing are denoted by asterisks. 
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in fig. 8 with the linear mixing scheme with 10% mixing. It is apparent that, once a small history 
is accumulated (four iterations for this example), the Broyden scheme provides a phenomenal 
improvement over linear mixing. The distance after twenty iterations is three orders of magni- 
tude smaller using Broyden mixing. 

The rapid convergence towards self-consistency (vanishing distance between input and output 
densities) is reflected in the calculated total energy and work function, both of which are 
important quantities to extract accurately from a surface calculation. Fig. 9 shows the calculated 
total energy, which is within 0.2 mRy of the converged value after 12 iterations using the 
Broyden scheme. After 20 iterations of linear mixing the energy is still 1 mRy from convergence, 
and it is sometimes difficult to achieve a stable, well converged value of the energy (say, to 0.1 
mRy) with simple linear mixing. Similar greatly improved convergence of the work function was 
also obtained with Broyden mixing. 

4.6. Localized basis sets 

The discussion up to this point has assumed the use of a plane wave (PW) basis set. The PW 
basis has a number of attractive features. First, and foremost from many points of view, is its 
simplicity. The basis functions are orthogonal, eliminating any considerations of the overlap 
matrix. The basis functions are simple; in most cases the expressions are analytic and identical 
for each function, and the natural reciprocal space formalism is directly applicable. Fast Fourier 
transformation methods also can be applied readily. 

Secondly, the basis set can be systematically improved by including additional plane waves, 
choosing the longest wavelength members of unused PWs (i.e. higher and higher energy cutoffs 
1 G* lf2m)_ The reciprocal space expansion of the pseudopotential can even be used to 

determine when exact convergence of the wavefunctions has been obtained, 
Thirdly, and very important in geometrically “open” systems such as surfaces and vacancies, 

is that the basis set is independent of the atom positions and therefore does not bias the orbitals, 
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and thereby the resulting charge density, in any way. At a surface, for example, the density is 
highly corrogated near the surface layer of atoms but approaches a nearly uniform value further 
from the surface. This behavior is difficult to represent accurately with atom-centered orbitals, 
but is very natural for a PW basis. The same reasoning has been applied to justify the PW basis 
as an ideal one for describing covalent bounding, in which there is charge build-up midway 
between neighboring atoms. 

This last attribute of the plane wave basis can become, from another point of view, a 
detriment. Whereas the PW basis is not biased in where it represents charge, it also puts basis set 
freedom in regions where is may be completely useless. Again an example is provided by the 
application to surface studies (discussed in the next section), where a supercell geometry has been 
introduced in order to retain Bloch’s theorem. The unit cell consists of a film slab with two 
surfaces, and enough open space (“vacuum”) to separate the slabs from one another. The PW 
basis set provides the same amount of variational freedom in the vacuum as it does to represent 
the wavefunctions in the solid, and as a result the PW basis, though accurate, is inefficient. 
Another example of this inefficiency is provided by materials with atomic states which are 
strongly peaked near the atom, such as is the case for d states in transition metals, 2p states in 
the biologically important elements carbon through fluorine, and the f states in lanthanides and 
actinides. Very few calculations using PW basis sets have been performed in such materials, 
because short-wavelength PWs are needed to describe the peaks of these “localized” states but 
are useless elsewhere in the unit cell. 

This inefficiency led Louie, Ho and Cohen [66] to construct a mixed-basis method for 
performing self-consistent pseudopotential calculations. In their approach they chose to augment 
the PW basis set with Bloch sums of Gaussian orbitals. Matrix elements of the Hamiltonian are 
set up in this mixed-basis; however, in all other parts of the computation a PW representation 
was used. That is, the Gaussians were introduced solely to reduce the size of the secular equation, 
and they demonstrated that for the transition metals Nb and Pd, good convergence could be 
obtained with 20-40 basis functions/atom. This number was comparable to other (all-electron) 
methods which treated a general potential (e.g. not simply a muffin-tin form). 

(Since the mathematical expressions differ in detail for the various localized bases which will 
be discussed here, they will not be presented explicity. For the most part the expansions and 
matrix elements are similar to those used in local-orbital all-electron calculations, such have been 
presented Lafon, Chaney and Lin [67]. Most of the necessary expressions have been included in 
the papers which present the methods.) 

The crux of the Louie-Ho-Cohen mixed basis representation then is simply to reduce the size 
of the secular equation while introducing the minimum possible numerical complications. One 
inescapable complication is that the basis is no longer orthogonal, so the overlap matrix 0 must 
be calculated and dealt with. Methods for solving the resulting generalized linear equations 

are standard. In this equation, which is the non-orthogonal generalization of eq. (4.4), the index 
a: runs over the PWs and the localized basis functions. A complication which can be minimized is 
that of having to compute the three-center integrals involving localized functions on each of two 
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atoms overlapping a non-local pseudopotential of a third atom. Fortunately, the non-local part 
of the pseudopotential is confined to within or near the core region. Louie, Ho and Cohen took 
advantage of this fact by choosing the localized functions to be rapidly decreasing (e.g. 
Gaussians) beyond the valence electron peak (the peak in the d function for metal atoms). Then 
the only term involving the non-local potential is the single-site term, which is ~-independent. 

Louie, Ho and Cohen applied the mixed basis method to Nb and Pd to demonstrate its utility. 
Subsequently it was applied to some members of the Al5 superconductors by Ho, Pickett and 
Cohen [68-721 and to surface calculations by Louie [73] and others. These and other surface 
studies will be surveyed in section 6. 

The efficiency gained by introducing localized orbitals is not the only reason for their use. 
Many properties of solids are interpreted in terms of atomic concepts, such as the relative 
amounts of s and p charge in a tetr~edrally-bonded se~conductor, or the importance of d 
character in the conduction bands of semiconductors. It is virtually impossible to address such 
questions solely with PW expansions of wavefunctions. It was primarily to aid interpretation that 
Chadi [74] introduced a localized orbital description into the empirical (rather than the more 
recent self-consistent) pseudo-potential method. 

With the movement towards describing progressively more complex systems, the emphasis of 
local orbital methods has been on efficiency. Simultaneously Baraff and Schhiter 175,761 and 
Bemholc and collaborators [77,78] turned to localized orbitals to describe point defects (vacan- 
cies, inpurities, etc.) in semiconductors with the self-consistent pseudopotential approach which 
has proved so successful for bulk solids and for surfaces. The few self-consistent studies of point 
defects up to that time had employed the supercell approach, in which a defect is placed at the 
center of a large cell, and this cell is repeated periodically to recover Bloch’s theorem and the 
well-known numerical techniques which result. The plane wave supercell approach had been 
applied to the silicon vacancy by Louie, Schhiter, Chelikowsky and Cohen [79], to interstitial 
hydrogen in ge~a~um by Pickett, Cohen and Kittel 1801, to a hydrogen-saturated silicon 
vacancy model of hydrogenated amorphous silicon by Pickett (81,821 and to the Al vacancy by 
Chakraborty, Seigel and Pickett [83]. Although some important characteristics of these defects 
could be extracted from the studies, it was clear that the supercell method was introducing 
unwanted defect-defect interactions. 

The Green’s function approach of Baraff and Schliiter [75] and Bernholc, Lipari and 
Pantelides [78] eliminated these artificial defect-defect interactions by treating an isolated defect. 

Treatment of the point defect dictated the introduction of localized orbital basis sets, both to 
represent the bulk crystal Green’s function as well as (possibly using a different basis set} to 
calculate the defect electronic structure self-consistently. The success of this approach is due in 
large part to being able to retain in a useful way the translational symmetry of the host crystal 
while taking advantage of the short range of the defect potential. 

Chelikowsky and Louie [84] developed a pseudopotential-based linear combination of atomic- 
like orbitals (LCAO) method for use in periodic systems. They used a Bloch sum of Gaussian 
orbitals, as well as expanding the potential in Gaussians, so the Ha~lto~an and overlap matrix 
elements are given by analytic expressions (which however are not simple for the terms involving 
the non-local potential). A serious consideration with localized orbital bases is establishing the 
accuracy that the basis set will afford. On one hand, there is the desirability of using a minimal 
basis (or as near to it as possible), while on the other hand a known degree of accuracy should be 
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assured. Chelikowsky and Lottie found that s and p orbitals (three each of s, p,, p,,, p, with 
different decay lengths) were sufficient to describe small distortions of diamond around its 
equilibrium crystal structure, but that the Gaussian decay lengths had to be chosen carefully. 
They chose these lengths to minimize the energy at a specific volume, and kept them fixed for the 
structural studies. 

Vanderbilt and Louie [SS] extended this method to the study of the diamond surface. In the 
extension of the method to large systems the fitting of the potential to a set of Gaussians 
becomes an increasingly more tedious problem. For this they implemented a Monte Carlo 
simulated annealing approach to the functional fitting [86], and varied the coefficients in the 
representation of the potential in order to minimize the energy. This procedure of varying the 
potential, which follows a similar approach of Bendt and Zunger 1601 and is just as valid within 
DFT as is varying the density, is a more generally applicable approach which is not directly tied 
to the use of localized basis functions. The culmination of this local orbital approach is presented 
in detail by Chan, Vanderbilt, and Louie [86a]. 

An alternative version of these local-orbital-based approaches to bulk electronic structure has 
been developed and implemented by Jansen and Sankey [87]. They expand their pseudo-atomic- 
orbitals in a sum of Slater orbitals, rather than Gaussians, and use the momentum space 
formalism to evaluate potential matrix elements. That is, the eigenfunctions are expanded in 
PWs, and then the charge density and screening potential are calculated as in the plane wave 
formalism. They have demonstrated that this method produces accurate band structures and 
structural energies for zincblende structure semiconductors, as well as giving good defect energies 
using a supercell approach. The use of intermediate PW expansions may provide the ultimate 
limitation in applying this approach to materials with strongly peaked wavefunctions, such as 
carbon with 2p valence orbitals. The use of localized orbitals does allow the application of the 
method far beyond that of pure PW methods, however, perhaps to systems containing a factor of 
ten more atoms. 

Feibelman [SS] has implemented a more ambitious application of localized orbitals to the 
study of isolated adsorbate species on surfaces. This application addresses the complexities of 
both the surface problem and the isolated defect problem. Feibelman’s approach was to use the 
Green’s function formalism which (see above) had been used for isolated defects in an otherwise 
periodic three-dimensional solid. His reference system with Green’s function G, consists of a 
semi-infi~te solid with a self-consistent clean surface, which coincides with the full problem 
(absorbate on the surface) far away from the adsorbate, plus the adsorbate atom which is in 
place but is decoupled from the surface. The Green’s function formalism generates the interac- 
tions between these entities, which finally can be iterated to self-consistency using the Kohn-Sham 
equations. 

In a basis of localized orbitals the Green’s function formalism becomes a set of matrix 
equations whose indices correspond to basis functions. Feibelman noted that it is necessary for 
Go and the full Green’s function G to have indices i, j which are in one-to-one correspondence, 
and that a spatially-impact problem (in which only a finite region of real space is treated 
explicitly) requires that far from the adsorbate i and j refer to identical orbitals. In the region of 
the perturbation, however, a given index can refer to different basis functions in G,, and G, and 
this freedom can be used to give more accurate wavefunctions, density, energy and forces. 

Feibelman found the choice of a good localized orbital basis set for this system to be a 
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non-trivial problem. The initial choice for Al was to use atom-centered s- and p-symmetry 
orbitals which were expanded in two or three Gaussians and were required to fit the Al atom 
pseudowavefunctions out to at least 3.5 a.u. Since this basis set is not flexible enough to describe 
the surface charge dipole layer accurately, he supplemented these atomic-centered orbitals with 
diffuse “floating” (i.e. non-atom-centered) orbitals of p symmetry. The floating orbitals were 
placed 3 a.u. above the surface layer of Al atoms and resulted in a much improved representation 
of the work function and surface band structure. Additional atom-centered functions were found 
to be much less efficient than the floating orbitals. Feibelman reported results for a single Al 
adatom on an Al(001) surface [88] and for a Si adatom on the same surface (891. 

Kang, Tatar, Mele and Soven (KTMS) [90] have used another variation of the mixed basis 
approach. They add to a modest-sized plane wave set another set of auxiliary functions to 
represent the more sharply-peaked part of the wave function near the atom, such as occurs in 
transition metal systems. Their approach is to extend the idea of Louie, Ho and Cohen [66], 
which was to keep the localized functions so localized that three-center integrals are negligible, 
one step further. KTMS used localized functions with negligible overlap even between nearest 
neighbors, so the matrix elements involving this set are k-independent and can be calculated by 
accurate one-dimensional quadrature. They also introduce a “partial fast Fourier transform” 
procedure which is useful in their method. 

The method was applied to copper, for which they investigated the relative stability of the fee 
and bee structures under pressure. In fig. 10 the valence charge density of fee Cu is shown along 
the (110) nearest neighbor direction. From this figure it is evident that there should be a useful 
localized function which represents the strongly peaked density arising from the d states and yet 
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will not overlap another such function on the neighboring atom. The method of KTMS for 
deter~ning the local basis function is illustrated in fig. 11: it is essentially the atomic radial d 
function, except that a tail which is easily expanded in a few plane waves is subtracted off. 

Although there is a clear physical basis for the local functions chosen by KTMS, most LCAO 
methods (as opposed to mixed basis methods) choose their local orbitals on the basis of 
computational simplicity rather than on physical grounds. As a result these choices are less likely 
to produce accurate results with small bases, and this criticism is usually countered by adding 
addition basis functions, under the guise of “conduction band states” or simply “variational 
freedom.” Itoh and Nakao [91] addressed this question by using numerical local basis functions, 
a procedure which has been used in several all-electron LCAO codes. The local functions are 
solutions of an atomic-like problem derived from the cluster or solid being studies, with the use 
of a Watson sphere [92] if necessary. They have applied the method in the minimal basis et mode 
for sulfur clusters [91] and for structural defects in sulfur [93], obtaining good agreement with 
experimentally determined quantities. 
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5. Total energy and related quantities 

5.1. Expressions for the total energy 

In DFT the total energy E,,, is given by [4-81 

Et,, = Ei-i + T,[~I + Ee-i + Ecoul+ Ext. 

The ion-ion contribution is given by 

(5.1) 

%l({qj = kc’ ZsZsre2 

2 ,;, ]R,+7,-RRi,-7,,] ’ 
3s’ 

(5.2) 

where the prime indicates that the ( j, s) = ( j’, s’) term is to be omitted from the sum. The term 
TO is defined [94] as the kinetic energy of a non-interacting system with the same density, which is 
given by 

(5.3) 

where the density is given by 

n(r) = C I SW I *f(Q (5 -4) 
i 

The interaction of the electrons with the “external” potential, in this case the ion cores, can be 
written for local potentials as 

E,‘!y)= ViOn(r)n(r) d3r. 
/ (5.5) 

For the non-local pseudopotentials of more interest here, this is generalized to 

Ee_i= C //#T(r)I’i,,,(r, r’)$i(r’) d3rd3r’ f(c,)- 
i [ 1 

The classical Coulomb repulsion energy is 

E 1 

Jl 

e* 
cold = 2 44 p-q 

n(r’) d3r d3r’, 

and the exchange-correlation (xc) energy is written as [4-81 

(5.6) 

P-7) 

Kc = J cXC(r; n)n(r) d3r. (5 -8) 



162 W.E. Pickett / Pseudopotential methods in condensed matter applications 

Typically a local density form cXc( n( r)) is taken for the xc energy density E,,. It has been shown 
by Gunnarsson and Lundqvist [95] that eq. (5.8) is a rigorous form for E,,, but the exact 
functional dependence of eXc on the density is an unsolved problem. Various widely used forms 
of exe, and the resulting forms for E,, and I!,,, are given in appendix B. 

A fundamental problem to be addressed when computing the total energy of a periodic system 
is the cancellation occurring between the formally divergent terms. Both E,_, and Ecou, describe 
the interaction between an “array” of like charges, while E,_; contains the interaction between 
unlike charges. The first two are positive and divergent, while the third is negative and divergent. 
This huge cancellation is handled formally by adding and subtracting terms which leave finite 
terms to be calculated while the divergent terms can be accounted for by algebraic methods. 
Specifically, this is done by writing the density in Ee_i and Ecou, as 

n(r) = n, + b(r), (5.9) 

where n, is the average density, so 6n describes no net charge, and by replacing the ionic 
pseudopotential Vi,, of an ion of charge 2 at the origin by 

v(r, r’) = - $8(r- r’) + 6V(r, r’), 

where of course 

6V(r, r’) = V(r, r’) + $S(r- r’). 

(5.10) 

(5.11) 

The important result is that 6n and 6v lead to short range interaction terms. Methods for 
dealing with the formally divergent terms have been discussed by several workers [96-981. 

The resulting expression for the total energy in reciprocal space becomes [98,99] 

where the “kinetic energy” E,, is (treating each spin as a separate band) 

Elun=CClcG(kn)12’k:~‘2f((L”), 
kn G 

(5.12) 

(5.13) 

and E,‘_i is given by 

E:-i = C C ‘cz(k’)vi,,(k + G, k + G’)co/(kn)f(e,,). 
kn G,G’ 

(5.14) 

with ViO, given in eqs. (4.2) and 4.6). The prime on the sum indicates that the G = G’ = 0 terms 
is to be omitted from the sum for the local part of Vi,,. 

The Coulomb term 

E&&z] =+ c +z(G),’ 
~+a G2 

(5.15) 
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and the xc energy 

are straightforward functionals of 
The Ewald energy is given by 

n, assuming the xc energy density is known (appendix B). 

(5.17) 

where one expression for the Ewald constants y,,,, is [loo] 

Y ss’ = g c -$cos[G*(~~-~~~)] exp 
c G#O 

+c erfc( 77x, > 

.i xJ x,=lR,+r,-T,,) 
(5.18) 

Here n is a “convergence parameter” which formally is arbitrary but in practice is adjusted to 
make both the real space and reciprocal space sums converge rapidly. The last term E,, is the 
“repulsive” part of the pseudopotential, compared to a Coulomb potential, given by 

where 

as=+ 
c 

(5.19) 

(5.20) 

Erep is seen to be the product of the average “repulsive” potential G and the average valence 
density Fz. Only the I = 0 (angle independent) term in I/sion contributes to ay,. The formally 
divergent terms in Ei_i, Ecou, and Ee_i combine to give the finite terms EEwald and Erep. These 
expressions are formally valid, but very slowly convergent, for an all-electron calculation for 
which Z, becomes the nuclear charge and (Y, vanishes identically. 

The energy expression can be written in another widely used form which makes use of the 
secular equation. The sum over occupied states of the eigenvalues gives the “band structure” 
energy 

(5.21) 
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The first term on the right hand side gives exactly the terms TO and JY_~ in the energy functional. 
The term involving V, is exactly twice the term E&i in eq. (5.15) assuming the usual convention 
V,( G = 0) = 0 is used to fix the arbitrary constant, and the xc term can easily be dealt with. Then 
the energy expression can be written 

where the xc correction is 

= jd3+,,(r; n) - ~,,(r; n)] n(r)_ (5.23) 

5.2. Variational nature of the total energy 

A fundamental result of DFT is that the functional E,,,[ n] is minimized by the true ground 
state density n(r). It follows that if an approximate density ii(r) is used to evaluate Etot, the 
error is second order in the error in density 

Inaccuracies in the density can arise from an incomplete representation, from approximation in 
solving the DFT equations (Schrijdinger’s equation, Poisson’s equation, zone integration, etc.) or 
from lack of self-consistency. The variational nature of the energy functional should allow one to 
carry out well converged studies of energetics without an unreasonable amount of computational 
expense. 

There is a less obvious reason why a “natural” evaluation of E,,,, particularly using expression 
(5.22) results in a non-quadratic convergence of the calculated energy. The difficulty, perhaps 
encountered first by Zunger and Cohen [loll and clarified by Chelikowsky and Louie [83], arises 
because a variational expression is not actually being calculated. If after each iteration, the 
resulting ~auefu~ctio~~ and density are used to evaluate expression (5.12), there is no problem. 
If, on the other hand, the eigenvakes and density are used to evaluate expression (5.22), 
quadratic convergence of the energy will not result. 

The underlying cause of this situation is that the eigenvalue sum (5.21) is not a functional of 
either the input density or the output density alone. Rather, it depends on both input and output 
densities through the expression 

E,, = T, f nout ] + E,,, [ nout ) + /d3rfV,,(r; n’“) + V,,(r; ni”,] noun 

= Ebs[ n’“, nout], 

because the wavefunctions define the output density. 

(5.25) 



W. E. Pickett / Pseudopotential methods in condensed matter applications 165 

The difficulty is easily rectified by explicitly subtracting out the offending terms in eq. (5.25) 
which depend on both ylin and nout, and then adding in the corresponding terms expressed in 
terms of nin alone. Expression (5.22) can be rendered variational in the output density by the 
replacement E,, -+ EL,, with 

E;,[noU’] = Ebs[ni”, nout ] -/d3r[&(r, n’“) + <=(r, n’“) 

- V,(r, &Put) - I/x& P)] nyr). (5.26) 

The term under the integral cancels the dependence on ni” which is contained in EbS[nin, nout], 
with the result that EL, is a functional of the output density alone. Obviously the correction 
vanishes at self-consistency, where nout = n’“. The author has verified that, in simple calculations 
involving zincblende semiconductors, the variational expression converges to the level of 0.1 
mRy/atom while the non-variational expression (5.23) is still changing by several tens of mRy at 
each iteration. The variational form is essential for efficient total energy studies. 

Since the energy functional is variational, one can expect that the convergence of the energy 
during iteration to self-consistency will be more rapid than the convergence of other quantities, 
such as the density itself, the eigenvalues, or individual contributions to the energy. However, in 
actual numerical calculations a number of complications may arise that may destroy the 
quadratic convergence of the energy. For example, one may ask whether, for a given set of 
calculational parameters (number of PWs in the expansion of the density, energy cutoffs, 
specified k-point sampling, etc.) which limit the accuracy of the density which can be obtained, 
variational behavior in this restricted problem can result. The calculational fact that variational 
behavior does survive can be understood by considering that a given numerical calculation 
restricts one to a specific “subspace” of the full variational freedom implied by the formal 
theory. If the numerical variational freedom is “reasonable,” that is to say, if the self-consistent 
density in the subspace is “near” the true density, the situation will be as pictured schematically 
in fig. 12. Within this restricted space the density converges to an approximate value n.,,, and 
the energy converges to Eapp = Et,, [ n ,J. If n app lies within the quadratic minimum centered at 
n, the convergence of the energy to EapP, will be quadratic, or nearly so. Then, since n.,, is near 
the true density n, EaPp provides a variational estimate of the energy. The result is that certain 
types of useful total energy studies can be performed without using extensive basis sets, large 
cutoffs or sophisticated sampling techniques. 

Weinert, Watson and Davenport [102] (WWD) also noted the variational form (5.26), as well 
as another form which involves only the eigenvalue sum and input quantities. They defined an 
expression 

fO[n] = E,_[n’“, no”’ 
1-l d3r n(~)K,,(& (5.27) 

where 
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is the effective one-electron potential. F0 is the kinetic energy of a non-interacting density only if 
n(r) is the self-consistent density, i.e. n = nout = n’“. WWD suggested that the energy expression 

E”[n] c fo[n] +E,_i[n] +Ecoul[n] +E,,[n] +Ei_i (5.29) 

provides a variational estimate of the true total energy. Numerical results (by Weinert and 
collaborators as well as by the author and collaborators) indeed have established that the 
convergence of (5.29) during iteration is much more rapid than convergence of (5.22), and at 
least close to the quadratic convergence 

E[n+&z] =Etot[n] +u(6n)2 (5.30) 

stated by WWD. 
The derivation of Harris [103], which leads to the same expression, helps clarify the “ varia- 

tional” nature of (5.29). Harris noted that the difference between E”[n + &I] and Etot[n] is 
indeed of second order but can be of either sign. Thus E” is not truly variational, since it provides 
no rigorous bound, but it is rapidly convergent. Moreover, his derivation established that the 
correction is of second order only if the eigenvalue sum includes only those one-electron states 
which will be occupied at self-consistency; that is, E,, in (5.27) must be given by 

kn 

(5.31) 

where Zk,, is the eigenvalue corresponding to the (approximate) input density but ck,, is the 
self-consistent eigenvalue. Therefore in metallic systems where occupancy changes with iteration 
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there will be a first order term in (5.30), while in non-metallic systems (semiconductors, clusters) 
the correction will become quadratic as soon as the correct occupation is achieved. 

6. Applications of pseudopotential methods 

The previous sections have provided a presentation and discussion of the formalism and many 
of the algorithms for carrying out pseudopotential-based studies of the electronic structure and 
total energy of solids. In this final section the various applications which pseudopotential 
methods have found will be reviewed. Since the applications are many, no attempt will be made 
to provide a comprehensive list of references. Rather the emphasis will be put on touching on 
each of the diverse areas of application which have appeared during the past decade. These areas 
include: 

(1) structural studies of solids, 

(2) surfaces and interfaces, 

(3) point defects, 

(4) frozen phonons, forces, and stresses, 

(5) dielectric theory and linear response, 

(6) dynamical self-energies, 

(7) various large unit cell applications, 

(8) quantum molecular dynamics and simulated annealing. 

These topics will be reviewed separately in this section. 

6.1. Structural studies of solids 

The pseudopotential method was developed originally to describe the properties of weak- 
scattering simple metals, but with the development of the sophisticated self-consistent density 
functional methods there has been very little interest in the alkali and alkaline earth metals. 
Chelikowsky [104] suggested using a “Thomas-Fermi-pseudopotential” approach in which the 
kinetic energy functional T’,[n] of eq. (5.3) is approximated by a simple “local” form such as the 
Thomas-Fermi or von Wiezsacker-like form which depends directly on the density and its 
gradient. With this approximation the density functional expression for the energy becomes a 
relatively simple minimization problem 6E [ n]/&z( r) = 0, for which the density can be varied 
directly until this equation is satisfied for each I-. For systems with strong variations of density 
such approximations are known to be inadequate, but for simple metals there remains some 
promise. Chelikowsky applied this approach to the alkali metals, Mg, Ca and Al, finding that 
structural energies are described realistically if a hard-core pseudopotential is used. Non-local 
effects, from both the kinetic and pseudopotential contributions, are likely to be important in 
other systems. 
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Fig. 13. Equation of state for silicon, calculated by Yin and Cohen [99] for seven crystal structures. The slope of the 

dashed line gives the critical pressure for transformation from the diamond to the p-tin structure. 

The principal area of application has been to elemental semiconductors, especially the ones 
commonly occurring in the diamond structure. There have been several applications to C 
(diamond), Si, Ge and a-Sn [83,99,100,105-1141. The predicted lattice constant, cohesive energy, 
and bulk modulus are of course the first properties to assess, but one of the most impressive 
results is the theoretical prediction of the critical pressures of pressure-driven structural transfor- 
mations. An example is shown in fig. 13, where the energy versus volume calculations of Yin and 
Cohen [99] for both Si and Ge are pictured. Seven crystal structures were considered, and the 
calculations correctly predicted the diamond-to-&tin transformation at critical pressures within 
20% or better of experiment. Biswas and Hamann [115] also performed a wide variety of total 
energy studies for several structures, not for their intrinsic interest but to form a database of 
first-principles results which could be used to determine two-body and three-body potentials. 
The expectation is to use these parameterized potentials for more complex studies where 
first-principles studies are not feasible. 

Other total energy calculations for semiconductors include those for AlP, AlAs, GaP and 
GaAs by Froyen and Cohen [116], for GaAs and AlAs by Ihm and Joannopoulos [117] and for 
GaAs by Kunc and Martin [118]. Needs, Martin and Nielsen [119] applied the method to the 
semimetal As with good results, while Vanderbilt and Joannopoulos [120] performed studies on 
the insulator Se. More recent work has seen as emphasis on II-VI semiconducting compounds 
and alloys, with calculations having been carried out on HgTe, CdTe and HgCdTe, (i.e., 
Hg,,Cd,,Te) [121-1241. 
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These methods have been extended to several transition elements. The self-consistent pseudo- 
potential approach was first applied to calculate the band structure of Nb [125,126], and since 
has been extended to a number of transition metals, including MO [126-1281, W [127-1301, Cu 
[90], Pd [66], Zr 11261 and Ru [131]. The results establish that the structural properties are 
reproduced just as accurately as had been done for se~conductors. 

Beryllium is a divalent metal which is not at all like the heavier alkaline earth metals. Since it 
has a small 1s core and no core p states, its pseudopotential is strong and Be becomes a low 
density of states metal, not far from being semiconducting. Chou, Lam and Cohen [132,133] have 
investigated the electrical and structural properties of Be (lattice constants of the hexagonal 
structure, cohesive energy, bulk modulus and Poisson’s ratio), obtaining good agreement with 
experiment. 

The logical extension of these structural studies is to compounds, for which a number have 
been reported. A wide variety of zincblende structure and related semiconductor studies (in 
addition to those listed above) exist [112,124,134], and the method was extended to the ionic 
insulator NaCl by Andreoni, Maschke and Schliiter [138]. A more complete study of structural 
stability and transformations in ionic crystals has been carried out by Chelikowsky and 
coworkers [139,140]. Chan and Louie [141] have studied hydrides of Pd using pseudopotentials. 
Bhattacharyya, Bylander and Kleinman 11421 have provided one of the few fully relativistic 
studies in their work on MoSi, and WSi 2_ 

The implication of this body of work is that the pseudopotential method, applied properly, is 
valid throughout the periodic table. The papers referenced in this section are certainly not 
exhaustive; rather, the intention has been to point out work which has in some sense been 
ground-breaking and provided evidence of the validity of the pseudopotential method in various 
regions of the periodic table. A large number of total energy studies have been carried out for 
other than bulk crystals, such as for surfaces, interfaces and defects, and these topics will be 
discussed separately in following subsections. A recent review of total energy calculations, not 
limited completely to pseudopotential work, has been given by Ihm 11431. Discussion of several 
intricacies of total energy studies which are extremely useful to the practitioner have been given 
by Denteneer and Haeringen [112] and in more detail in the thesis of Denteneer [144]. 

4.2. Surfaces and interfaces 

One of the first uses of the self-consistent pseudopotential method was in the area of 
electronic structure of surfaces and interfaces. It is important to locate and characterize surface 
states, because they strongly influence adsorption, catalysis and surface reconstruction as well as 
having a definite effect on the work function. From the earliest studies it was clear that the 
position in energy and the character of such states is sensitive to the potential in the surface 
region, which demanded a self-consistent treatment. Application of the method to intimate 
interfaces to determine interface bonding and band line-ups also occurred at an early stage. 

The application to se~conductor surfaces has been extensive, with several reviews having 
been published [145-1521. The earliest calculations of Appelbaum, Hamann and Baraff [153-1611 
utilized a semi-infinite surface system, in which a Green’s function method is used to match 
wavefunctions in the surface region onto bulk solutions a few (2-5) layers under the surface. This 
method is ideal for extracting detailed spectroscopic information, since it treats a true surface 
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(contrast to the slab methods discussed below). The method however requires difficult numerical 
procedures, so it has not been practiced widely. 

The alternative calculational approach which has become the method of choice is the slab 
supercell method. This approach consists of artificially introducing periodicity perpendicular to 
the surface by (1) treating a slab instead of a true isolated surface, and (2) repeating the slabs 
periodically, in the perpendicular direction. This procedure results in a system with three 
dimensional periodicity, so the methods for bulk solids become available. To reproduce the 
electronic structure of real surfaces reasonably, the slabs must be thick enough that the two 
surfaces do not interact appreciably, and the vacuum region must be wide enough that 
interaction between slabs through the vacuum is negligible. Nearly all subsequent pseudopoten- 
tial calculations of surfaces have been done using this approach, and it has naturally been 
extended to study interfaces using the same “superlattice” geometry. 

Chelikowsky and Cohen [162] applied the method to the ideal geometry of the (110) surfaces 
of GaAs and ZnSe, identifying dangling bond surface states related to each of the cation and 
anion surface atoms. The method was simultaneously extended to metal/semiconductor Schott- 
ky barrier interfaces and semiconductor/semiconductor heterojunction interfaces. Initial appli- 
cation to Schottky barriers treated the metal in the jellium approximation [163,164], but this was 
later extended to include the pseudopotential of the metal atom (see below). 

Since the earliest surface work [162] the self-consistent pseudopotential method has been 
applied widely to group IV, III-V and II-VI semiconductors (see, for example, refs. [165-1671 for 
Si, refs. [168-1701 for Ge, refs. [152,169,171] for C, ref. [172] for Sn, refs. [162,173-1791 for 
GaAs, refs. [180,181] for GaP, refs. [182,183] for InP and refs. [162,184] for ZnSe). The emphasis 
has been on identifying surface states and comparing with spectroscopic data, and studying 
relaxations and reconstructions of surface layers to gain an understanding of bonding character- 
istics at surfaces. A number of surface overlayers have also been studied, including H on Si [185], 
Al on Si [186], Al on GaAs [187], 0 on GaP [188], Sb on GaP [189] and H on Ga-based III-V 
compounds [190]. 

The method has also been extended to transition metal surfaces such as Nb (OOl), [191,192], 
Pd (111) [193], MO (001)) [194,195], W (001) [196], Ru (0001) [152,197] and Au (110) [198]. With 
plane wave basis sets alone, such calculations are extremely large, but the introduction of local 
orbital basis sets have even allowed the study of overlayers on transition metal surfaces. 
Examples are H on Pd (111) [199], H on MO (001) [200,201] and subsurface H on Pd (111) [202]. 

Study of semiconductor interfaces and heterojunctions began with the non-polar (110) 
interface of the Ge-GaAs and AlAs-GaAs systems [203,2041,since a polar interface of a system 
like Ge-GaAs can be shown [205,206] to be metallic in the absence of a reconstruction which 
enlarges the surface unit cell. In general, interface states are found [203,204] to occur in 
semiconductor systems, and often they are sensitive to atomic geometry. A fundamental property 
which is important in device engineering is the band edge discontinuity, which determines the 
relative positions of the bandgaps on each side of the interface, and this property has been the 
main impetus for the growing number of studies of semiconductor interfaces [207,208]. 

An example of the kind of information which can be obtained from surface and interface 
calculations is shown in figs. 14-16 for the Ge-GaAs (110) interface [203,204]. Figure 14 shows 
the calculated interface bands S,, S,, B,, B,, Pr, P2 which must lie within mutual gaps of the (110) 
projected band structures of both components Ge and GaAs. Although there are many interface 
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- Ge-GaAs Interface States 
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5; 
Fig. 14. Interface bands (heavy lines) of (110) Ge-GaAs relative to the projected band structures, shown by 

cross-hatching. For this system the interface bands remain near the edges of the gaps. 

bands, in this system they are located in all cases near the edges of the gaps. The charge densities 
of these states, shown in figs. 15 and 16, indicate that these interface states can be understood 
directly in terms of “undersaturated” Ge-Ga bonds and “oversaturated” Ge-As bonds across 
the interface. 

After the initial work and follow-ups on GaA-AlAs [204,209-2131 and Ge-GaAs [206, 
214-2171, the method was also applied to GaAs-ZnSe [218], InAs-GaSb [219-2211, Si-Ge 
[222,223], Si-GaP [224], InAs-GaAs multilayers [225] and the (ill)-(0001) interfaces of ZnS 
and ZnSe [226]. As for the case of surface calculations mentioned above, this list is intended as 
representative and is not meant to be complete. 

6.3. Point defects 

The application of the self-consistent pseudopotential formalism to studies of defects opened 
up a new era in the study of deep levels in semiconductors. Baraff and Schliiter [75] and 
Bernholc, Lipari and Pantelides [78] demonstrated how the Green’s function scattering theory 
equations could be put into matrix form and solved self-consistently. The method was applied 
initially to the Si vacancy, where it was established [227,228] that the unrelaxed vacancy gives 
rise to a bound state of T2 symmetry near mid-gap. The method then was applied to deep 
substitutional sp-bonded impurities (S, Zn, and H) in silicon [229] and to ideal vacancies in 
GaAs [230]. 
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Fig. 15. Contour plots, in a (101) plane parallel to the interface, of the interface states B, (a), B, (b), S, (c), S, (d), 
shown in fig. 14. S, and S, are s-like states on As and Ga, respectively, whereas B, and B, are bond-centered Ge-As 

and Ge-Ga states, respectively. 

Lindefelt and Zunger [231] introduced a different approach they called the “quasi-band 
method”. They noted that for impurities which are chemically mismatched to the host crystal 
wavefunctions, such as for a 3d transition metal in Si, an expansion of the defect wavefunctions 
may require an unreasonably large (102-104) number of crystalline eigenstates. The quasi-band 
wavefunctions they construct include aspects of both host and defect orbitals and thereby reduce 
the numerical expense. 

Kit-ton and Banks [232] devised a method which exploits symmetry to maximum advantage. 
Their method explicitly expands the defect wavefunctions in the complete set of host crystal 
eigenstates, so it is not very appropriate for chemically mismatched impurities. However, the full 
use of symmetry makes it an efficient method for dealing with vacancies and chemically similar 
impurities, and the initial application of the method treated vacancies in Si, GaP and ZnSe [233]. 
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I (b) P2 State 

Fig. 16. Contour plots, in a (110) plane parallel to the interface, of the “parallel” interface states PI and P2 shown in 
fig. 14. These states lie on bonds parallel to the interface rather than on bands perpendicular to the interface as for the 

B, and B, states in fig. 15. 

Several other methods has been devised for studying defects within the pseudopotential 
formalism. Itoh and Nakao [234] have used a numerical LCAO basis set approach [91] to 
investigate structural defects in sulfur. Falck, Stoll and Schwan [235] have performed pseudo- 
potential cluster calculations on hydrogen centers in the florides and chlorides of Li, Na, K and 
Rb. Ramsey and Smith [236] recast the formalism of Kanamori, Terakura and Yamada [237] and 
Gautier [238] to make it suitable for studies of transition metal systems. The approach was 
applied to Pd impurities in Cu, Ag and Au [236]. 

The original objective of these defect studies was to describe correctly the electronic structure 
of some idealized defects, such as the unrelaxed vacancy. The field now has progressed well 
beyond this point. After establishing the procedures necessary to calculate the formation energy 
of both neutral and charged defects [239,240], Baraff and Schliiter carried out an extensive study 
of native defects in GaAs. Calculations for the self-interstitials, vacancies, and anti-site defects 
allowed them to determine which of these defects should be abundant in As-rich or Ga-rich 
n-type or p-type material. 

The LCAO method of Jansen and Sankey [87] has been applied by Jansen, Wolde-Kidane and 
Sankey [241] to study the deep level positions and energetics of interstitial defects in III-V 
semiconductors. With a view towards understanding the site preference of interstitial defects and 
predicting chemical trends in impure semiconductors, these authors carried out calculations of K, 
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Zn, Ga, Si, As, Se and Te in the two inequivalent tetrahedral interstitial sites in GaAs, AlAs, 
ZnSe and ZnTe. They reproduced chemical trends in agreement with experiment and made 
specific predictions of which interstitial site should be favored by these impurities. 

The quasi-band method of Lindefelt and Zunger [231] has been applied primarily to transition 
metal impurities in semiconductors, which are scientifically and technologically important 
systems which most other calculational methods cannot handle. These applications, their results 
and implications have been discussed in the very extensive review of the subject by Zunger [242]. 

6.4. Frozen phonons, forces and stresses 

The realization that total energies could be calculated accurately led directly to the computa- 
tion of selected phonon frequencies by the “frozen phonon” method. This approach relies on the 
large mass difference between ions and electrons, which implies that electrons remain very close 
to their ground state configuration (on the “Born-Oppenheimer surface”) as the ions move. The 
total energy is computed for a few displacements along the eigenvector of the phonon, and the 
frequency of vibration is extracted from the curvature and atomic mass. This approach allows 
the identification of changes in bonding during the vibration, which is a factor in determining the 
frequency. This approach, which has been surveyed by Kunc [243] and Louie [151], has been 
applied to a variety of systems. 

Application of the frozen phonon approach to Si [244-2471 has shown that the soft transverse 
acoustic modes at X and I are described correctly, and the softness can be related to specific 
charge rearrangements caused by these phonons. This approach has been extended to other 
semiconductors [248] as well as to some transition metals (Zr, Nb, and MO) [249-2511 and 
compounds (NbH) [252]. 

This direction of study has expanded rapidly. Although forces on atoms can be calculated 
indirectly, by taking finite differences of total energies as an ion is displaced, it is much more 
efficient to calculate forces directly. Yin and Cohen [253] have provided the expressions for 
calculating the analytic derivative of the total energy, i.e. the force on the ion at R;, 

It is tempting to use the Hellman [254] - Feynman [255] theorem, which states that the 
first-order change in the wavefunctions (and therefore the density) do not contribute to the force, 
and the expressions of Yin and Cohen use this feature to arrive at simple analytic expressions. 
The resulting force is much more sensitive to numerical details than is the total energy itself 
[256-2581. Its error is first order in the error in density, rather than being second order as the 
energy is. The error can arise from lack of self-consistency or from inexactness of the representa- 
tion of the density (such as truncation in the number of plane waves). These errors are 
straightforward to monitor, however, and since for N atoms in the cell a single self-consistent 
calculation provides 3N Cartesian components of forces (i.e. equivalent to 3N total energy 
calculations), the calculation of forces has been applied widely [259,260]. 

A novel application of force and frozen phonon calculations leads to an entirely parameter-free 
evaluation of the strength X of the electron-phonon interaction (EPI), which is important in 
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understanding transport behavior as well as the superconducting transition temperature. Lam, 
Dacorogna and Cohen [261] formulated the method, which uses a set of frozen phonon supercell 
calculations to (i) evaluate the appropriate electron-phonon matrix elements, (ii) calculate the 
phonon frequency, and (iii) carry out the (coarse but satisfactory) Brillouin zone sampling. In 
addition to the information on bonding changes which is obtained from frozen phonon studies, 
the method gives the electron-phonon contribution yp, to the phonon linewidth and the 
coupling strength X,, for each wavelength Q and mode Y. This method has been applied to Al 
[262,263], to the group IV materials Si, Ge and Sn in the /?-Sn structure [264], and most 
particularly to high pressure phases of Si [265-2671 and Ge [268], which become superconducting 
at up to 8 K. 

A logical extension of the calculation of forces is the study of pressure-volume and stress-strain 
relationships. Yin [269] used the virial theorem to derive an expression for the pressure of a 
system, and applied the method to Ge to obtain the correct value of the bulk modulus and its 
pressure derivative from a single calculation. 

The study of stresses and generalized forces requires a more ambitious program. Nielsen and 
Martin [270] constructed a quantum-mechanical theory of force and stress, as well as providing 
an extensive discussion of and comparison with previous work in the field. A number of explicit 
expressions for carrying out pseudopotential evaluations are given by Nielsen and Martin [271], 
and results for Si, Ge and GaAs were reported [271,272], including bulk moduli, elastic constants 
(second and third order), optical phonon frequencies and the internal strain parameter. Nielsen 
[273] has presented an exhaustive study of the stress-strain relationship in diamond, for very 
large stresses along the high symmetry (loo), (110) and (111) directions. 

Needs [274] applied the stress formalism of Nielsen and Martin to surfaces of Al. By 
evaluating the surface stress tensor for the (111) and (110) surfaces, he established that the stress 
is tensile, favoring contraction in the plane of the surface, and interpreted this tendency as due to 
the smoothing of the electronic wavefunctions at the surface. Vanderbilt [274a] calculated surface 
stresses for the Si(ll1) surface and did not find the anticipated compressive stress, and 
concluded that surface stress is not driving reconstructions on this surface. Gomes DaCosta, 
Nielsen and Kunc [275] have provided a useful discussion of practical aspects of stress, force and 
total energy computations, including guidance in obtaining useful results even when full 
convergence cannot be achieved. 

6.5. Dielectric theory and linear response 

In nearly all the applications which are discussed in this section, the pseudopotential approach 
is a convenience which takes advantage of the inertness of the core with respect to bonding in 
solids. The application of pseudopotentials to dielectric theory may be an instance where this 
approach is more nearly a necessity than a convenience. The linear response of a solid to a 
perturbation - electric field, phonon or so forth - is described by the dielectric matrix (DM) 
ccct(q, w) = c(q + G, q + G’; w) where q and w are the wavevector and frequency of the 
perturbation and G, G’ are reciprocal lattice vectors. The evaluation of the DM requires the 
q + G Fourier coefficient of the one-electron wavefunctions (references given below can be 
consulted for further details). In the pseudopotential approach the pseudo-orbitals are relatively 
smooth, their Fourier coefficients fall off systematically with increasing ( g + G 1, and this 
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provides a natural “cut-off” to the size of the DM. The all-electron wavefunctions, on the other 
hand, contain core orthogonalization wiggles whose Fourier coefficients extend to much larger 
14 f G 1. Although there have been no serious attempts to evaluate the full DM from an 

all-electron viewpoint, there could be difficulty in finding an appropriate cut-off. The pseudo- 
potential avoids these questions and yet appears to be very accurate. 

The great majority of calculations have centered on the static (w = 0) DM in semiconductors. 
Due to the energy gap, the DM matrix is not only easier to calculate in semiconductors than in 
metals, but it has much more interestmg consequences. The first calculations were made by 
Walter and Cohen [276J, who used the empirical pseudopotential method to evaluate the 
G = G’ = 0 element for 9 along high symmetry directions for Si. Though these results were 
instructive, they were of limited usefulness. The single most instructive quantity, the static 
dielectric constant Ed, is determined from the inverse DM, which requires an evaluatian of the 
full DM followed by a matrix inversion. 

The necessity of understanding static and dielectric screening in semiconductors led initially to 
the proposal of various model forms of the DM, usually based on physical intuition and 
constructed to satisfy sum rules [277-X41]. The first extensive ab initio calculation was by Louie, 
Chelikowsky and Cohen 12821, who evaluated eGCr(q = 0, o m order to obtain the optical > . 

absorption spectrum from fm E-I_ Their results established that the “local field correction.?, i.e. 
the off-diagonal elements, sig~fic~tiy improved the agreement with experiment. 

Baldereschi and Tosatti 12831 used the static DM to introduce the idea of the “dielectric band 
structure,” which is defined by the eigenvalues of the DM. The corresponding eigenvectors of the 
DM describe eigen-perturbations which are merely scaled by the corresponding eigenvalue as a 
result of the screening process. The dielectric band structure has several uses; it makes it easy to 

1.0 

Si Diagon$ Only (a) 

Fig. 17. Dielectric band structure (DES), that is, the eigenvalues of the inverse dielectric matrix, for Si along the (1 II) 
and (100) symmetry directions, as calculated by Hybertsen and Louie [285]. (a) Diagonal terms only, with numbers 
denoting degeneracies. (b) Full dielectric matrix, including exchange-correlation effects. Numbers denote the symme- 
try label. These bands are bounded above by u&y and the (many) bands above - 0.85 have not been plotted. The low 

bands corresponds to strongly screened eigenpotentials (see text). 
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Fig. 18. Effect on the valence pseudochange density of diamond of a constant applied electric field, from Hybertsen 
and Louie [288]. The field is applied along the y-direction of the figure, and the linear response is calculated from the 
static dielectric matrix. (a) Density in zero field in a (110) plane, normalized to 8 valence electrons/cell. (b) Change in 

density, with a magnitude corresponding to an applied field of magnitude eE = 2Ry/bohr, or E = 5 X lo9 volt/cm. 

introduce symmetry into the screening problem, it illustrates chemical trends and directly reflects 
local field effects. Extensive studies of Si [279] and GaAs and ZnSe [284] reflect the trends with 
increasing ionicity as well as the details of each system separately. Figure 17 shows the dielectric 
band structure calculated by Hybertsen and Louie [285] for Si. 

Dielectric properties have continued to be an active area of development. Baldereschi and 
Tosatti [286] established that the special point techniques for Brillouin zone summations, 
discussed in section 2.4, were useful for calculations of the DM. They presented limited results 
for Si, Ge, a-Sn, MgO and NaCl. Baroni and Resta [287] presented a careful calculation of co for 
Si, finding that the local density approximation overestimates this quantity by 12%. The 
numerical aspects of the direct evaluation of static DMs in non-metals has been presented in 
some detail by Hybertsen and Louie [285], who also present the result of extensive studies of 
diamond, Si, Ge and LiCl [288]. 

Fig. 19. As in fig. 18, but for silicon. The increase is polarizability compared to diamond (fig. 18) is apparent from the 
larger rearrangement of change in the bond region. 
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Fig. 20. As in figs. 18 and 19, but for germanium. Note the dipole formed in the bond region, which lies neither along 
the bond direction nor alolig the field direction. 

One straightforward use of the static DM for investigating microscopic screening in solids is 
illustrated in figs. 18-20. These figures, taken from Hybertsen and Louie [288], show directly the 
change in charge density of diamond, Si and Ge due to a constant applied electric field. The field 
induces a dipolar redistribution of charge in each bond which is not parallel to the field, but the 
vector sum from all bonds of course will lie along the field direction. The figures also reflect the 
increasing polarizability in the series diamond + Si + Ge. 

Methods have been suggested for obtaining certain screening properties without a full 
evaluation and inversion of the DM. McKitterick [289] observed that a series of supercell 
calculations can be used to extract Q. The basic idea is to perform a discretized q + 0 limit to 
obtain co (effective charges and the piezoelectric constant can also be obtained in an analogous 
manner). He used supercells N times larger than the primitive cell in the (1, 1, 1) direction, and 
added perturbations V,,,, of wavelength q = (l/N) (1, 1, 1) 2 / T a, respectively. The dielectric 
constant is given by 

e-l(q) = 1 - 
q2J$Tt . 

McKitterick used N = 2, 4, 6 and 8 and the ansatz 

e-l(q) = Eil 

to arrive at co = 10.9 for GaAs, in excellent agreement with experiment. This method appeared 
to be somewhat preferable to a related method [290,291] which applied a linear (ramp or 
sawtooth) perturbing potential to a large supercell and then let self-consistency generate the 
screening as in the method of McKitterick. 

Kunc and Tosatti [292] pointed out the possibility of evaluating the inverse DM directly, 
rather then by inversion of the DM itself. For any rational q, one can find a supercell for whichq 
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is a reciprocal lattice vector. Adding the perturbation V,,,, exp[i(q + G,) l r] to this supercell, one 

has from linear response theory. 

&r (4 + G ) = x cc& > VP,, 7 

so from each self-consistent calculation for a chosen G,, it is possible to obtain an entire column 
of x(q). The method is limited of course to high symmetry, highly commensurate values of q by 
computational considerations. Screening in Ge and GaAs, primarily at q = 0, have been studied 
using this approach by Kunc and Tosatti [292]. Fleszar and Resta [293] applied it to study 
screening in Si and GaAs at the I’, X and L points. 

Baroni, Giannozzi and Testa [294] used Green’s functions to establish an even more powerful 
method of calculation. Although the alterations required by their formalism are not difficult or 
extensive, they will not be recounted here. Their method allows the calculation of the response to 
perturbations of arbitrary wavelength using only the valence energy bands and wavefunctions of 
the unperturbed crystal. As an application they calculated co and the LO and TO phonon 
frequencies at q = 0 for Si. Baroni, Giannozzi and Testa [294a] have also used a linear response 
approach to calculate elastic constants and the bulk modulus of Si. 

6.6. ~y~a~icaI self-energies 

The applications discussed in the previous subsections reflect the incredible success the local 
density approximation (LDA) has had in predicting a wide assortment of physical and chemical 
behavior. One shortcoming of LDA - widely referred to as a failure - is in predicting the 
bandgaps in semiconductors and insulators. In truth the lack of agreement between experimental 
gaps and the LDA value is no failure at all, since even the exact density functional does not 
guarantee the experimental gap [295,296]. It is clear however that LDA sometimes severely 
underestimates the DFT gap. An illustration of this is Ge, for which LDA predicts a vanishingly 
small gap, or even a negative gap (semimetallic behavior) when spin-orbit corrections are 
included [297,298]. 

Using the self-consistent pseudopotential LDA results as the starting point, Pickett and Wang 
[299,300] found that including dynamical self-energy corrections so as to describe true single-par- 
ticle excitation energies brought the gaps of Si and diamond into reasonable agreement with 
experiment. Their approach, which invoked a local approximation into the real space part of the 
self-energy which is in principle non-local, was subsequently 13011 shown to vastly improve the 
gaps of Sic and GaP. In fig. 21 GaP is shown as an example of how the quasiparticle bands 
differ from the LDA bands This local approach did not produce acceptable gaps in Ge and 
GaAs, however, which are the two common semiconductors for which LDA seems to give the 
least satisfactory bandgaps. Because of its computational simplicity this model can be applied to 
any system for which the DFT equations can be solved, and Sterne and Wang [302] have applied 
the method to the Si/GaP (110) interface to study band discontinuities at this heterojunction. 

Subsequent work has placed more emphasis on the real space non-locality of the self-energy, 
which requires considerably more effort to evaluate. Hybertsen and Louie f303,304] have 
suggested efficient, sum-rule-satisfying methods of approximating the wavevector- and 
frequency-dependent dielectric screening matrix, which is the difficult quantity to evaluate. With 
this more detailed implementation of the self-energy correction, the gaps and excitation energies 
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Fig. 21. The local density (dashed) and quasiparticle (solid) bands of GaP along high symmetry directions, from 
Pickett and Wang [301f. The local density bands were calculated using the Levine-Louie [Phys. Rev. B25 (1982) 63101 
exchange-correlation potential. In these calculations the chemical potential is held fixed at midgap, so valence bands 

move downwards in addition to the upward correction of the conduction bands. 

are given accurately for diamond and Si [303,305], for Ge [303] and even for the ionic insulator 
LiCl [306]. The same approach also works well for alkali metals [307]. 

The large amount of computational effort necessary to include the full non-locality of the 
self-energy is a distinct hindrance to the application of this theory to larger, more );omplex 
systems which are already ~omputationally demanding. Driven by such considerations, Hy- 
bertsen and Louie 1308) have introduced a model in which the screening response c-l(r, r’) is 
approximated by the average of the responses of homogeneous mediums at densities n(r) and 
n (r’). This movement back toward the original, computationally simple approach of Pickett and 
Wang [299,300] leads to a model which is efficient and still accurate enough for most purposes 
(generally to 0.1-0.2 eV for diamond, Si and Ge). 

Godby, Schliiter and Sham [309] have also investigated in detail the full non-locality of the 
self-energy operator by examining trends in diamond, Si, GaAS and AlAs. Finding good 
agreement with experiment and insight based on the trends they observed, they also introduced a 
simplified model which is computationally efficient and yet produces reasonably accurate 
quasiparticle energies. 

6.7. Various large unit cell applications 

With the advent of supercomputers and the continuing development of algorithms, it has 
become possible to attack problems with many atoms per unit cell. Since most real materials 
have import~t properties which cannot be understood either from the perfect periodic solid or 
the isolated point defect point of view, these new situations comprise an important part of the 
future of condensed matter studies. Here we mention a few of these studies. 

Guttman and Fong [310] have used large cells of Si and H to model amorphous silicon hydride 
[a-(Si, H)]. Empirical pair and bond-bending potentials were used to generate several unit cells of 
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about 50 Si atoms and 7-13 atomic percent hydrogen. After relaxing the atomic positions with 
these empirical potentials, the self-consistent electronic structure was calculated. They focussed 
primarily on the density of states, both in the valence band region and especially near the 
(pseudo) gap. They concluded that this approach constitutes a promising method of studying 
gross features of a-(%, H). 

Nelson et al. [311] have followed this up by studying the effects on the vibrational and 
electronic properties of these models of a-(Si, H) of removing H atoms. The Si-related changes in 
the vibrational spectra are related to local distortions at Si sites neighboring a H atom which was 
removed. States introduced into the gap just above the valence band lie 0.5 eV below experimen- 
tally detected states thought to be of this origin. 

Extended defects such as stacking faults and twin boundaries are crucial in understanding 
many properties of materials. Chou, Cohen and Louie [312] investigated both intrinsic and 
extrinsic stacking faults along the [ill] direction in Si. They found that, while electron densities 
near the fault deviated only slightly from the perfect crystal density, the fault introduces defect 
states in the energy gap. Stacking fault energies were consistent with experimental values. 
Denteneer and van Haeringen [313] suggested that stacking fault energies can be obtaining 
without very large supercell calculations by calculating the energies of several polytypes of the 
crystal, and then parametrizing the energies in terms of interaction constants between layers. The 
approach was tested for Si and applied to Ge and Sic. They found not only that the 
parametrization seemed appropriate for these materials, but also that the sign of the layer 
interaction constants serves as an indicator of the occurrence of polytypism, such as occurs in 
Sic. 

A model of a twin boundary in Si was studied by DiVincenzo et al. [314]. They first used 
semi-empirical tight-binding methods to relax the structure to the minimum energy configura- 
tion. Then they used 36 to 40 atom supercells (with repeated twins) to investigate the charge 
density, electronic structure and to obtain a twin-bounda~ energy. This type of application 
appears be be a fruitful one for future studies. 

Qteish and Resta [315] have investigated the atomic structure and stability of Si-Ge solid 
solutions. They studied supercells involving nine different ordered structures of Si,Ge,_., 
finding none of them to be thermodynamically stable. Their results produced the measured x 
variation of the Ge-Ge and Ge-Si bond lengths and provided a prediction of the x variation of 
the Si-Si bond distance. The extreme chemical similarity of Si and Ge is responsible for the 
preference of solid solutions over ordered superstructures. 

The pursuit of important materials properties was extended by Goodwin, Needs and Heine 
[316], who attacked the problem of impurity-induced embrittlement. Choosing aluminium as the 
host metal and taking Ge and As as impurities, they studied supercells containing up to 18 atoms 
and a vacuum layer. Within a somewhat idealized model, they found that the [ill] interlayer 
energy of cohesion was increased by substitutional Ge and As impurities. These calculations did 
not support the decohesion models of impurity-promoted grain boundary embrittlement. 

Applications of the density functional approach to the properties of condensed matter systems 
almost universally have followed the prescription that, for example, in following the movement 
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of atoms as a geometrical relaxation is carried out, the density must be iterated to self-con- 
sistency while the ions are held static. Then the energy, forces, etc. can be obtained, the ions 
moved appropriately, and the process iterated as appropriate. In real systems, of course, the 
density responds continuously to the motion of ions, and recently there has been more emphasis 
on simulating the simultaneous dynamical motion of electrons and ions. 

It is useful to distinguish two limiting cases for which one might wish to allow ions and 
electrons to move simultaneously. One case is in “simulated annealing,” in which the objective is 
to approximate the annealing process which encourages the ionic coordinates to find a configura- 
tion near, if not at, the minimum of energy. Two simplified forms of this process, which may still 
be quite complicated, are simple energy minimization (of the type of consecutive electron/ion 
changes which have been dominant until now) and the process of “simulated quenching,” in 
which one tries to avoid shallow local minima near the starting configuration and find a more 
representative minimum. For both of these processes it is of no particular use to try to simulate 
the ionic motion in any realistic way. For the second case, which I will call quantum molecular 
dynamics, the object is to simulate the actual dynamics of the ions while allowing the electronic 
density to deform continuously and exert quantum-mechanically-derived forces on the ions. This 
second case can be expected to be much more demanding than the first one. 

Bendt and Zunger [258] presented a formalism for minimizing the energy of a system by 
varying the ionic configuration and electron density together. They utilized a form of density 
functional theory in which the potential, rather than the density, is varied until the energy is 
minimized. Then generalized “density forces” were defined which tend to drive the electronic 
system toward its minimum. For the ionic coordinates it was shown that approximate forces are 
sufficient, and much simpler computationally, to drive the ions toward their minimum configura- 
tion. Then the condition that the forces on both the ionic and electronic coordinates approach 
zero are applied together, resulting in a coupled system in which all generalized coordinates are 
varied together. A guiding principle of this approach is that none of the forces need to be 
particularly accurate except near the energy minimum. This method then amounts to one 
approach to simulated annealing (or quenching). 

A method which has the potential for doing realistic quantum molecular dynamics simulations 
was presented by Car and Parrinello (CP) [317]. Part of their approach is, similar to Bendt and 
Zunger, to regard the density functional part as a complex optimization problem, and apply 
concepts from simulated annealing theory [318]. The novel part of the CP approach was to 
introduce a fictitious Lagrangian which includes the “ time” derivative of the occupied electronic 
wavefunctions as one contribution to the kinetic energy, and let the electronic plus ionic energy 
of the system constitute the potential energy. The derived equations of motion result in desirable 
properties: (1) at equilibrium (vanishing first and second time derivatives) the electron density is 
the ground state density, and the forces on the ions vanish; (2) by making the fictitious electronic 
mass small enough the electronic system can be made to stay arbitrarily close to the Born-Op- 
penheimer surface (with concomitant numerical expense) so the true dynamics of the system can 
be followed; and (3) the electronic mass can be increased and/or energy can be extracted from 
the system to carry out annealing/quenching simulations. After applying this method to model 
Si systems [317] and suggesting computational gains which may be obtained with real space 
(rather than reciprocal space) implementations [319], CP found that the description of amorphous 
Si provided by this approach reproduced its atomic structure, the phonon spectrum and its 
electronic properties very well. 
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From one point of view a large part of the content of the CP scheme is in providing a 
systematic procedure for obtaining a correction to a set of electron wavefunctions resulting from 
a change in the Hamiltonian, without performing an additional diagonalization which becomes 
very costly for large systems. This part of the CP scheme is not new, but the incorporation into a 
coupled electron-ion system which simulates continuous (non-zero temperature) behavior is 
novel. Related methods of updating eigenvectors can be obtained from the work of Davidson 
[320,321], Wood and Zunger [322], Nex [322a], and Vanderbilt [322b]. 

The original version of the CP scheme incorporated numerical techniques which no doubt will 
be improved upon as the method gains use. Payne et al. [323] have reported one such 
improvement in handling the differential equations, which allows a significantly larger time step 
to be used. Allan and Teter [324] pointed out that the Kleinman-Bylander [33] form of non-local 
pseudopotential can be applied to great advantage in the CP scheme, and reported an energy- 
minimization application of the method to SiO, glass. Payne, Bristowe and Joannopoulos [325] 
studied a twist grain boundary in Ge using the CP scheme. By investigating several rotation- 
and-translation configurations, they predicted the structure of this grain boundary and found 
evidence of unusual defects and glasslike tunneling-mode states. Bachelet and De Lorenzi [326] 
have pursued non-zero temperature applications of the CP method by studying the lattice 
dynamics (within a quasi-harmonic treatment) of argon and the dynamics around a vacancy in 
argon. Needels, Payne and Joannopoulos [327] have applied the method to the (100) surface of 
Ge, predicting the geometry of the c(4 X 2)-symmetry structure and finding an unusual soft 
energy surface for displacement of dimers on this surface. Payne, Needels and Joannopoulos 
[328] have discussed some general features related to symmetry and symmetry-breaking in the 
CP scheme. 
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Appendix A. Norm-conserving pseudopotential transformation 

As discussed in section 3.4, the published parameters of Bachelet, Hamann and Schhiter [25] 
must be transformed to another set of constants for use in computer codes and formal 
expressions. If the transformation matrix is inverted numerically, unanticipated results may arise, 
especially if low numerical precision is used. A subroutine for carrying out this transformation 
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directly, without matrix inversion, is supplied here. It follows the expressions given in eqs. 
(3.26)-(3.30) and should be quite reliable. Note however that double (64 bit) precision should 
always be used in this routine and for the resulting parameters. 

SUBROUTINE C2A (NKIND) 
IMPLICIT REAL*S (A-H,O-2) 

C***********f*************"*"**********"~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

c---> READS PUBLISHED ("C") PARAMETERS OF BACHELET-HAMANN-SCHLUETER l 

c---> R&TURNS THE CONSTANTS ("A") NEEDED IN THEIR FORMULA FOR THE * 
c---> NON-LOCAL PSEUDOPOTENTIALS l 

C**************2*********************"**~~~~~~~~~~**~~~~*~*~**~~~~~~~~ 

COMMON/VNONLC/A(3,3,6),ALF(3,3,3) 
DIMENSION Q(6,6),S(6,6),C(6) 
DATA PI/3.14159265DO/ 

C ===_======_=r=========e=__=_55==2=1===_========================== 

1 FOREAT(9F8.4) 
2 FORMAT(' ATOM',IZ,' L=', 11,3F8.2,6F10.4) 
3 FORMAT(lX,212,6Fl5.5) 
4 FORMAT(6F20.14) 

C __----__ e2==========_=======_i==r=3===llIrp=_________===============~-=== 

C 

CT-.-> 

C 

C 

c-v-> 
C 

SUM OVER ATOM KINDS *NKIND* 

DO 200 N=l,NKIND 

SUM OVER ANGULAR MOMENTUM VALUES 0,1,2 

DO 100 L-1,3 
READ(5,l) (ALF(N,L,J),J=l,3),(C(I),I=lr6) 
WRITE(6,2) N,L,(ALF(N,L,J),J=1,31,(C(I),I=1,6) 

DO 10 I-1,6 
DO 10 J-1,6 
Q(I,J)=O.DO 
II=1 
JJ=J 
IF(II.GT.3) II=I-3 
IF(JJ.GT.3) JJ=J-3 
ALFINV=l.D0/( ALF(N,L,II)+ALF(N,L,JJ) ) 
S(I,J)=0.25DO*ALFINV*DSQRT(PI*ALFINV) 
IF( (I.GT.3 .AND. J.LE.3) .OR. (I.LE.3 .AND. J.GT.3) ) 

+ S(I,J)=S(I,J)"1.5DO*ALFINV 
IF(I.GT.3 .AND. J.GT.3) S(I,J)=S(I,J)*3.75DO*ALFINV*ALFINV 

10 CONTINUE 
c 
cm__> OVERLAP MATRIX S(I,J) IS NOW CONSTRUCTED 
c--.> NOW CONSTRUCT TRANSFORMATION llATRIX Q(I,Ji 
C 

Q(l,l)-DSQRT(S(l,l)) 
DO 20 ~=2,6 

20 Q(l.J)-S(l,J)/Q(ltl) 
Q(2,2)=DSQRT( S(2,2)-Q(l,2)**2 ) 
Q(2,3)=( S(2,3)-Q(l,2)*Q(l,3) )/Q(2,21 
Q(3,3)=DSQRT( S(3,3)-Q(1,3)**2-Q(2,3)**2 ) 
Q(2,4)-( 5(2,4)-Q(1,2)*4(1,4) )/Q(2,2) 
Q(3,4)=( S(3,4)-4(1,3)*9(1,4)-Q(2,3)*Q(2,4) )/Q(3,3) 
Q(4,4)-DSQRT(S(4,4).9(1,4)**2-Q(2.4)**2-Q(3,4)**2) 
Q(2,5)-( S(2,5)-Q(1,2)*Q(1,5) l/9(2,2) 
Q(3,5)=( S(3,5)-Q(1,3)*Q(l,5)-Q(2,3)*Q(2,5) )/Q(3,3) 
~(4,5)1(S(4,5)-Q(1,4)~Q(l,5~-Q(2.4)*Q(2,5)-Q(3,4)*9(3,~))/Q(4,4) 
QfS,S)=OSQRT(St5,5)-Q(la5) **2-Q(2,5)**2-Q(3,5)**2-9(4,5)x*2) 
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Q(2,6)=( 5(2,6)-Q(l,2)*Q(l,6~ f/Q(2,2) 
Q(3,6)=( S(3,6t-Q(1,3)*9(1,6)-0(2,3)*Q(2,6) )/Q(3,3) 
9(4,6)=fSt4,6)-Q(l,Q)*Q(l,6)~Q(Z,6).Qf3,4~*Q(3,6))/Q(4,4) 
9(5,6)=(S(5,6)-0(1,5)*Q(1,6)-Q(2,5)*Q(2,6)-Q(3,5)*Q(3,6) 

+ -Q(4,5)*Q(Q,6))/Q(5,5) 
Q(6,6)=DSPRT(S(6,6)-0(1,6)**2-Q(2,6)**2_Q(3,6)**2.Q(4,6)**2 

+ -Q(5,6)**2) 
WRITE(6,4) ((S(I,J),J=1,6),1=1,6) 
WRITE(C,4) 
WRITE(6,4) ((Q(I,J),J=1,6),1-1,6) 
WRITE(6,Q) 

C 
c---> BACK-SUBSTITUTE TO OBTAIN WANTED PARAMETERS 
C 

A(N,L,6)--C(6)/Q(6,6) 
A(N,L,5)--(C(S)+Qt5,6)*A(N,L,6))/9(5,5) 
A(N,L,Q)*- (C(4)+9(4,5)*A(N,L,5)+Q(4,6)*A(N,L,6))/Q(4,4) 
A(N,L,3)=-(C(3)+Q(3,4)*A(N,L,Q)+Q(3,5)*A(N,L,S) 
+ +0(3,6)*A(N.L,6))/0(3,3) 
A(N,L,2)=-(C(2)+Q(2,3)*A(N,L,3)tQ(2,4)*A(N,L,Q) 

+ +Q(2,5)*A(N,L,s)+Q(2,6)*A(N,L,6))/Q(2,2) 
A(N,L,l)~-(C(1)+0(1,2)*A(N,L,2)tQ(l,3l*A(N,L,3) 
+ +Q(~,~)*A(N,L,~)+Q(I.~)*A(N,L,~)+Q(~;~);A(N;L;~))/Q(~,~) 
CONTINUE 100 

200 
C 
c---> 
C 

CONTINUE 

WRITE OUT TRANSFORMED PSEUDOPOTENTIAL PARAMETERS 

300 
C 
c---> 
c---> 
c 
C 
C 
C 
C 
C 
C 
C 
c 
C 603 
C 604 

DO 300 N-1,NKIND 
DO 300 L=1,3 
WRITE(6,3) N,L,(A(N,L,I),I=l,6) 

CHECK PROCEDURE BY CALCULATING IN REAL SPACE FOR SILICON 
COMPARE WITH TABLE IN PAPER OF BACHELET, HAMANN, SCHLUETER 

DO 605 IR=1,26 
RR=O.l*(IR-1) 
IF(IR.EQ.1~ RR=0.0001 
VCORE-1.6054*DERF(DSQRT~2.16D0)*RR)0.6054*DERF(DSQR~(0.86DO]*RR) 
VCORE=-4.*VCORE/RR 
DO 604 L=1,3 
C(L)=O. 
Do 603 1=1,3 
C(L)=C(L)~(A(~,L,I)+RR'RR*A(~,L,I+~))*DEXP(-ALF(~,L,I)*RR*RH) 
C(L)=C(L)tVCORE 

C 605 WRITE(6,606) RR,C(l),C(Z),C(3) 
C 606 FORMAT(lX,'R=',F8.4,3Fl5.4) 
C 

RETURN 
END 

Appendix B. Exchange-correlation functionals 

To make this review more nearly self-contained, in this appendix we provide a few expressions 
for the exchange-co~elation (xc) energy density and potential which are in common use. The xc 
energy is defined by eq. (2.4), that is, it is what remains beyond (a) the kinetic energy T,[n] of a 
non-interacting system with the same density n(r), (b) the energy of interaction with the external 
potential (viz, the ionic pseudopotentials), and (c) the Hartree energy E,,. 

The xc energy is written in terms of an xc energy density (eq. (4.61)) E,, as 

&cbl = jd 3y’ +qE,,(r’; n), (B.1) 
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in which case the xc potential V,, is given by 

y&Y n> = ~Excbl J WC 4 
wr> = c,,(r; n) + d3r’n(r’) 

&z(r) . 
(B-2) 

Here we deal only with the local density approximation (LDA), for which the xc energy density at 
r is taken as that of a homogeneous electron gas with the same local density: 

cxc(r; n) + f,LcD(n(r)). 

Here e::(n) is a simple function of n. Then from (B.2) we find 

V,,(r; n> --j KkD(n(r>>, 

where 

V;“(n) =ckF(n) +ndryin). 

One of the most commonly used approximations is that of Hedin and Lundqvist [329]. The xc 
energy density is separated into exchange and correlation parts, with the known electron gas 
exchange term given by 

where rs is the electron gas parameter which gives the mean distance between electrons: 

$(rsaB)3 = i. 

(B-6) 

(B-7) 

To obtain energies and potentials in atomic (Hartree) units, set e2 = 1; for Rydberg units set 
e2 = 2. The exchange potential form (B.6) is 

The Hedin-Lundqvist result for the correlation energy was given in the form 

where A = 21, C = 0.045, and x = t-,/A. The correlation potential is 

(B.8) 

(B-9) 

(B.10) 
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More accurate, essentially exact results for the homogeneous electron gas were obtained by 
quantum Monte Carlo techniques by Ceperley and Alder [330]. Their correlation energies were 
fit by Vosko, Wilk and Nusiar [331,332] to the form 

(B.ll) 

Here y = rjj2, Y(y) = y2 + by + c, Q = (4~ - b2)1/2, y. = - 0.10498, b = 3.72744, c = 12.93532 
and A = 0.0621814. The corresponding potential can be obtained from 

with 

d~:~~b-,) _& C(Y -YO> -boy 
c drs 2 (y-yo)b2+b+c)’ 

(B.12) 

(B.13) 

This last expression was not given explicitly by VWN. 
VWN chose the form (B.13) because it satisfied certain limiting forms which are known. They 

chose to fit the parameters to the calculated values of Ceperley and Alder at rS = 10, 20, 50 and 
100, where their calculations are extremely accurate (errors of 0.05 mRy or less in cc)_ The fit was 
within 0.1 mRy for these points. They then checked the “predictive” power of the parametriza- 
tion for r, = 2 and 5, obtaining values within the statistical error in the Ceperley-Alder results 
(which were 0.4 and 0.1 mRy, respectively. For practical purposes it seems the VWN form can be 
considered to give the “exact” LDA correlation energy and potential, and there can hardly be 
any excuse for not employing it in LDA calculations. Perdew and Zunger [332a] have presented a 
parametrization which is very similar (numerically) to that of VWN. 

Another form which is still sometimes used is the correlation energy 
by Pines [334]), which can be written 

where WI = 0.88 and W, = 7.79. This form was chosen simply as an 
high density (small r,) estimate of - 0.11 Ry and the low density 
Wigner solid. 

of Wigner 13331 (corrected 

(B.14) 

(B.15) 

interpolation between his 
form corresponding to a 
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Correlation energy density 

-1 0 1 2 

Log10 rs 
Fig. 22. Correlation-energy density versus r, from the Vosko-Wilk-Nusair, Hedin-Lundqvist, and Wigner parametri- 
zations. The first two are similar at all densities, while the Wigner form deviates from the better results at high density 

(low rS). 

These forms for the correlation energy and potential are plotted in figs. 22 and 23. While the 
Hedin-Lundqvist form is rather close to that of VWN, the Wigner interpolation formula 
deviates rather strongly for rS less than 1 a.u. Although the difference appears rather severe, 
densities larger than this occur only near and in the core region of atoms. Within the 
pseudopotential approximation, densities of this magnitude rarely arise. Even in all-electron 
calculations the Wigner approximation for correlation is not so bad, since in the core region the 
total potential is lo--lo6 rydbergs in magnitude, which makes the correlation potential a small 
fraction of the total. While there is evidence that the Wigner correlation energy leads to 
somewhat better work functions in surface calculations than alternative forms, it is certainly not 
clear that it does so for the right reasons. 

A related property which arises in linear response applications is the second functional 
derivative of the correlation energy with respect to the density, 

u&, r’; n) = ~*Ehl 
&z(r)i%z(r’) . 

(~.16) 

This quantity arises in parallel with the Coulomb interaction e*/ 1 r - r’ 1 (together with an 
analogous exchange interaction) and should be thought of as a correlation interaction. (See the 
discussion near eq. (4.57).) In LDA it is diagonal (local), and can be written 

uc(r, r’; n) = ubD(n(r))6(r- r’), (B.17) 
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Correlation potential 

-1 0 1 

Log10 rs 
Fig. 23. Correlation potential versus r, from the Vosko-Wilk-Nusair, Hedin-Lundqvist and Wigner parametrizations. 

Note that the correlation potential follows the correlation energy density (fig. 22) closely for each form. 

Hedin-Lundqvist ,_ 

sko-Wilk-Nusair 

-1 0 1 2 

Lo90 rs 

Fig. 24. Correlation interaction strength (multiplied by the density) versus r, from the Vosko-Wilk-Nusair, 
Hedin-Lundqvist and Wigner parametrizations. The Wigner form is badly in error at high density (small rS). The 

Vosko-Wilk-Nusair form should be the most accurate (see text). 
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with 
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u,““(n) = q. (B.18) 

In fig. 24 this quantity is plotted in the form PZZ$“( n) versus log,,r,. The Wigner form is found 
to differ strongly from the Hedin-Lundqvist and VWN forms already at metallic densities. Since 
applications of linear screening theory are noticeably affected by the exchange and correlation 
interactions, it is clearly advisable to use the more accurate forms. 

Note added in proof 

An extensive discussion of the Broyden mixing formalism and numerical tests and comparison 
with other procedures has been given by Bliigel [335]. 
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