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JB. Sckoloff. Unusual band structiire 2
{, Introduction

This article deals with the single particle states of almost periodic crystals. Almost periodic or

. incommensurate crystals are crystals which possess two or more periodic structures whose periods are

incommensurate with each other. Examples of such crystals are crystals containing charge or spin
density waves [1, 2], mercury chain compounds [3] and certain crystals which have distortion waves
which are incommensurate with the underlying Bravais lattice [5]. Although these crystals are not
random in the usual sense, they lack translational symmetry since there exist no translations which will
leave the periods of all the periodic structures invariant. Nevertheless, there exist translations which
almost leave them invariant. De Wolff and Janner and Janssen {6] were able to define a translaticn
group in higher than d dimensions (where 4 is the actual physical dimension) which leaves the struclurc
of an almost periodic crystal invariant,

In 1980, Aubry and André [7] studied the following one dimensional tight binding model for an

. almost periodic crystal:

%:(fn+i+fn—l)+ VU COS(O"G"‘hﬂ)fn =Efn’ - (1)
f\\:}l-n:rt: the wave function defined by the coefficient f, is
P(x)= an ¢(x —na},

where ¢(x — na) is a Wannier function centered on lattice site na, a is the lattice constant, ¢ is the
hopping matrix, V, is the potential strength, Q is the wave vector of the periodic structure in the tight

. binding lattice, ha the phase factor, and E is the energy eigenvalue. They were able to show that a

metal-insulator transition occurred for ¥, =t This is to be contrasted to a random system in one
dimension for which almost all states are localized. Equation (1) also represents phonons in an almost
periodic crystal if we set 1~ —1 and E— w”— 2{ where w is the phonon frequency. Many of the ideas
discussed in the Aubry-André paper have been confirmed by succeeding workers in the field. In
addition, quite a few rigorous resuits have been proven for this and related models in recent years [8].
Another interesting feature of almost periodic crystals can be anticipated by considering high order
‘periodic systems (i.e. periodic systems with two or more commensurate periods in which the ratio of the
‘periods is a ratio of large integers). For any periodic system, there should be a gap at half of any
- reciprocal lattice vector of the crystal, and all sums and differences of the reciprocal lattice vectors of
the periodic structures are reciprocal lattice vectors. As the system becomes higher and higher order
periodic (i.e. the integers become larger), the smallést reciprocal lattice vector of the crystal gets smaller
.and smaller. Thus, in the almost periodic limit, there should be a gap found in the vicinity of every wave
vector, and hence every energy. This implies a highly fragmented band structure.

~ The question of localization in almost periodic crystals will be addressed in section 2, as well as the
mathematical techniques that have been used to study localization. In section 3 the band structure of an
;. almost penodlc crystal will be discussed. Section 4 will discuss the type of state which occurs for a

gt {system which is at the borderline between having localized and extended states. Such states are neither

extended in the usual sense nor exponentially localized. In section 5, generalization of the previously
-discussed one dimensional results to higher dimensions will be discussed. Section & will discuss the
possible experimental consequences of almost periodicity. Although the fragmented nature of the band
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structure and the localization transition which occurs would be expected to lead to exotic transport
properties, such effects have not been observed to date. The reasons for the difficulty of observing

effects of almost periodicity will be discussed in this section. Section 7 will list results which have no;
been discussed earlier.

2. Aubry duality and the metal-insulator transition

2.1. Aubry self-duality

" Aubry and André showed that eq. (1) possess self-duélity [7). Seli-duality means that if we make the
following transformation to reciprocal space:

fo= i gm explim(nQa + ha)} explikan} | (2a)
gu= 3 fy explin(mQa+ ka)} expl-ikam) )

where k is a wave vector, g, satisfies
L Vo (gmer+ Bm1) £ €OS(MQa + ka) gn = Egm. o )

Thus, eq. (3) has the same form as eq. (1) but with the roles of V, and ¢ interchanged. Clearly, if g, is
localized, in the sense that '

2 gl
is finite (i.e. g. is normalizable), the quantity

f)=et S gaemor o @

converges and is a Bloch function, and thus, an extended state. Since

_f{lx)l.x=na+ha.fo = eikh.’Of" . (5}

f. must be extended in the sense that
2= | © -

By the symmetry between egs. (1) and (3), we also conclude that if f, is localized, g, is extended
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Thouless has developed a formula which relates the exponent for the decay of a localized state to us
integral over the density of states [9]. When applied to eq. (1}, this formula is

lwaﬂ=JdEW4§£ffa|mEﬁ &

= _where y:(E) is the decay exponent and p(E") is the density of states. The integral runs over the width of

the band. Since the eigenvalue problems expressed by egs. (1) and (3) must obviously have the same
density of states, the exponent for eq. (3) v»(E) is given by

@)= [emn| 2 e, )

E)= VBV InVolt). | o

Since y;(E) and y,(E) are Z0, we see from eq. (9) and the seli-dual property discussed above eq. (7)
that if the eigenstates of eq. (1) are exponentially localized, y.(E) = 0 and

"'which implies Vo> 1. Again by self-duality we conclude that if the eigenstates of eq. (1) are extended
:Yi.l‘_f.'rl(E) =( and

yAE)=In(#fVe)>0,

l”l; . . - - ‘ . . " .
“'which implies that > V,. Thus, a metal-insulator transition occurs at Vo= 1. This result implies that in

SRR

: .z:';::;; V(x)= Z Y, el ‘ . (113
. L

the localized regime (i.e. for V> ) all states are exponentially localized for any irrational value of
Qaf2m. This would imply a spectral density which consists of delta functions (a pure point spectrum).
The previous arguments, which were based on the self-dual property possessed by eq. (1), can be

.« applied to the following more general self-dual model:

1S Yifurr t Vo V(na+ k) f, = Ef., . (10)
L

" where .Y, is a decreasing function of L and where

HE

- Applying the previous argument based on Thouless's formula, we again find that a transition from all
ppiying P g g

- (Ustates extended to all states exponentially localized occurs at V= ¢ [7]. The general self-dual model bas

the property that the Fourier transform of the hopping term las the same functional form as the
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potential. When they are equal in strength there is a metal-insulator transition. Another way g
thinking of this is that Vy =t is a fixed point of the duality transformation represented by eq. (2}, ang
therefore, we expect a metal-insulator transition, if it occurs, to occur at this point {7]. For non-seli-duy
models we do not seem to find a transition from all states extended to all states localized. For example,
Aubry has shown by numerical calculation of the Thouless exponent that for a near neighbor hopping
model with a potential of the form

Vo[cos(Qan + ) + cos 3(Oa'n + 1)) ' (12)

for certain values of Vj there can exist both localized and extended states separated by a mobility edge.
Soukoulis and Economou [10] have found a similar result for the potential

Vcos(Qan + h)+icos2(Qan + h)}. (i3

The self-duality transformation in eq. (2) can be used to learn something about other interesting
non-self-dual models. For example, a non-analytic potential {e.g. a square wave potential such as
Ve sign[cos(nQ + h)), where sign(x) = +1 if x is positive and —1 if x is negative), has a Fourier series

V(x) =W Z Y. e”‘?. (14)

in which Y, falls off very slowly with L. For example, for the square wave potential ¥ ~ L7 for large
L. Then, the dual (ie. Fourier transform) of this model has a long range hopping term. We would
expect that tong range hopping would lead to extended states in the dual model, which implies localized
states in the original model. Actually; recent work on 2 particular square wave potential model shows
" that the eigenstates are more likely ricither localized nor extended, but somewhere in between [11,12].
This point will be discussed in section 4.
It should be mentioned here that Avron and Simon have shown that if Qa/27 is an irrational number
extremely well approximated by rationals (called a Liouville number), i.e. a number which satisfies the
inequality :

|Qaf27 — palgal = ecn™,

where {p. and g,} is a sequence of integers such that p;/q, approximates Qaf2, n is an integer and ¢ is
a constant, the spectral density in the Vo> ¢ regime is singular continuous, which means that it is
neither pure point nor “absolutely continuous (i.e. a smooth function of energy) [13]. Rather it is 2
complete devil's staircase. '

2.2. Numerical methods of studying the metal-insulator transition
The extended and localized nature of the eigenstates of an almost periodic crystal may be studied

numerically [14] by using the method otiginally proposed by Anderson to study the localization problent
in random systems [15, 16}. Consider the following time dependent generalization of eq. (1):

fo = (fair ¥ far)+ Vocos(Qna + ha) f,. | (15)
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If initially f, = 8,.0. the solution to eq. (15) is
fn(T)= Gn.U(T)

where G is the Green’s function for eq. (15).
Then,

c-iE‘T

H i
fD(T)= GoolT)= 2-_,,,-_[ dEE- Vocos(ha)— Mg olE)

(161

where M is the self—energy It has been shown that the condition for the occurrence of an extende:

state, fo{T)—0 as T -, is equivalent to the condition that M(E) have a branch.cut on the real axis
{14, 15]. The self-energy can be expressed as a continued fraction, :

M=4[M.+M.] ' - | (17a

1

2 .
Z[E- +0a + haYl—
- [E - Vocos(xQa + ha)) . 1 (17b)

5 : .
?[E — Vocos(22Qa + ha)] - 1

2
?[E — Vocos(x3Qa + hall +
If one of these continued fractions is cut off after n terms we may write
M.=P,/Q, {15)

where

l [y

=3 == [E - Vo cos(xQna + ha)] X,-1— %2 (1%

where x, represents P, or Q,, and Py(E)=1,
2 | 2
PyE)= " [E- Vocos(x2Qa + ha)], QE)= 7 [E - Vocos(xQa + ha)],
Q:E)= %[E — V,cos(xQa + ha)] [E - Vocos(x2Qa + ha)] - 1.

If the continued fractions in eq. (17) converge, M does not have a branch cut and the state at energy
E is either localized or we are in a bandgap. If it does not converge, we have a branch cut, and hence,

¥
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an extended state. Using eq. (19}, we find

Pn_anl_PnOn-l_-Ru—{ no_ i

= 2
e O QGi 00 0
Thus, we conclude that the continued fraction will converge and hence we will have a localized state o
a gap if |Q,Q,—:|> = as n—>, Therefore, to study localization, we need only solve the difference
equation (19) for Q,. To distinguish between a localized state or a gap in the regime in which the
continued fraction for M converges, it is necessary to search the denominator of the Green function
in eq. (16) for poles. This method was used in ref. [14] to study the localization of states for eq. (1). Dy
and Ma [17] have proposed an alternative to the continued fraction method of ref. [14]. They have also
done a more careful job than was done in ref. [14] of studying very narrow bands which can occur when

- 1> V,, and they have succeeded in demonstrating that these are indeed bands of extended states and
not localized states. Soukoulis and Economou [10] have studied the localized or extended nature of the

solutions of eq. (1) by direct diagonalization of eq. (1) for matrices as large as 10000x 10000. To
accomplish this they use special matrix diagonalization methods suitable for tridiagonal matrices.

Another method for studying localization is to study the behavior of the wave function as a function
of distance using the method of transmission matrices:

( i]) _ (E— (2V/f') C_(;s(Ona + ha) —01) ( :::) =((§’:1 PI::) (;1]) o

where P, and Q, are defined in the last paragraph. Thus, this method involves solving exactly the same
difference equation as for the continued fraction method. A transmission coefficient may be defined by

- demanding that the potential be non-zero only for 1= s =< N -1 and zero outside this range. For n = N,

we choose f, to have the form

o e 4 i @2)
and for n =1

f,.'= foe ik | : , | ' (22b)

whc_ar'e 1; and r are the transmission and refiection amplitudes, respectively. Then, egs. (16) and (17} can

be solved simultaneously for 4 and r from which we find the transmission coefficient
4sin® ka

IP - Pn e—ika 4 Qn—l eika _ inl ',

To= |13 = (23)

As was shown by Landauer [18], a knowledge of the transmission coefficient allows us to calculate the
conductivity. This will be elaborated on later in this article. This method of defining the transmission
coefficient is valid only for |E| =27, because the states in eq. (22) are not defined outside this range.

A third method of studying whether the states"are extended or localized is to use a renormalization
group method originally suggested by J. Jose [19, 20]. This method-is carried out by writing down the




@1

ame
d by
z N,

22a)

22b)

can

(23)

the
sion

tion

JL.B. Sokoloff, Unusual band struciure 17
equation corresponding to eq. (1) for f,,, and fa-1 and using this to eliminate fas:and £, from eq. (1},
The resulting equation has a form similar to eq. (1) but with twice the lattice spacing. We then repeat
this procedure with the resulting equation. If the states are localized, the hopping matrix will approach
. 2e10 a5 We continue the procedure. Thus, this renormalization group method is suitable for studying the
-..question of localization, despite the fact that it is not adequate for discussing the question of the scaling

--behavior of a commensurate band structure as the system approaches the incommensurate limit {11,12]
=which will be discussed in section 3.

23. Translation group symmelry in a higher dimensional representation of an almost periodic crystal and
[ the breaking of this symmetry at the metal-insulator transition '

. As we nientiongd in the introduction, almost periodic potentials fack translational. symmetry, yet they
; s¢em to possess more translational symmetry than disordered systems in some sense. One method of
- expressing this idea is by introducing a translation symmetry group in p + d dimensions, where d is the

. physi,cal dimension and p is the number of incommensurate periods. This was done by Romerio [21], de
: w;olff [5], and Janner and Janssen [6]. The extra dimensions represent translations of one periodic

component with respect to the others. For example, if the potential can be expressed as

Loyl gv,(r) - | - | | 24)
: ylr+ b7)=v(r) o , : 25)

' (a-z_{= 1-3) where the sets {67} for different ;’s are unrelated to each other, we may construct a p+ d
dimensional space by introducing a set of p position vectors {r;}, and writing the position vector in this
space as

R=(rr; 1), , (26)

N;d the potential as Z;(r;). {In the physical problem, all r, = r,) This potential is invariant under a
translation in the p + 4 dimensional space by a vector

: ::-t.l.; b= (nlb‘ll]; mb3, ... "pb;') l ) (27)

Where {n} are integers. It was suggested by Romerio [21] that this implies that the eigenfunction in the
- Gimensional space satisfies Bloch’s theorem

: ¥R+ b)=e** y(R) ' ‘- ‘ {28)

o ‘k.b:——zkj.b}ﬁ, or

ha

¥(R) = e RU(R), | 29)
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where U(R + b)= U(R). The projection of this wave function onto the original d dimensional space,
obtained by setting all 1, =r, is '

(r)=e""ulr), (30)

where K = 3, k; and u(r)=U with all r;'s = r. Then, u{r) is clearly an almost periodic function, like the
potential. Belokolos, Dinaburg -and Sinai [22] and Bellissard, Lima and Testard [23] proved such 3
Bloch theorem for the energy of the particle sufficiently high. Although the above argumeit seems to
imply that their proof may be extended to all energies, it will be argued here that eq. (29) does not
actually imply that all states are extended, as was implied in ref. [21].

The arguments used in ref. [21] to argue that all states are extended in almost periodic systems
depend on arguments concerning highly pathological differential operators which makes them ques-

“tionable. Although there does not exist a proof that there must exist localized states in almost periodic

crystals, some fairly convincing physical arguments will be presented for their existence. First of all
deLange and Janssen [24] have calculated the wave functions for commensurate systems as a function of
increasing order of commensurability. The model that they study is a Kroenig-Penny model in which

the separation between delta function potentials varies periodically with position in the lattice. This is
the mode! which was considered by Azbel [25]. They find, for sufficiently strong potentials, states which
are highly localized about a point in the unit cell. The wave vector of the modulation of the delta
function displacements is written as Q = 2wMjaN where a is the mean delta function separation and N
and M are integers, which are chosen by cutting off the continued fraction representation for irrational
number Qaf27 at some point, so that MJN is a rational approximation to the irrational number. As we
make better and better approximations to it (i.e., as we keep more and more terms in the continued
fraction expansion), M and N, and hence, the unit cell size, obviously increase. These highly localized
states then appear more and more like states localized about a specific point in the lattice in the sense
that the wave function drops closer and closer to zero at the unit cell boundary. These states were also
plotted as a function of the phase of the modulation relative to the lattice formed by the mean positions
of the delta function potentials. As the phase is varied by a small amount the peak of the localized state
jumps to a point which is far from where it was originally. It is argued in the next paragraph that this is
the expected behavior for a localized state in an almost periodic potential problem. :

In order to understand the dependence of localized state on the phase, consider two periodic
potentials of infinite spatial extent with periods which are incommensurate with each other. Let the
relative phase be chosen so that two minima coincide at one point. Clearly they will coincide at only one

point because the periods are incommensurate, If we now change the phase by an infiniiesimal amount,

these minima will no longer coincide, but two different minima may now coincide. These minima will in
general be very far away from the original minima. If we call the point where two minima coincide the
origin, it is clear that if after our infinitesimal change of the phase we move the origin to the new point
of coincidence of minima, the system will appear exactly the same as it did before changing the phase.

_ From this argument we may draw two conclusions. First, the energy spectrum of an almost periodic

crystal with two periods is invariant under an infinitesimal change in the relative phase of the two
potentials. Second, a localized state whose maximum lies a given distance from the original origin wil
be translated to a point the same distance from the new origin, which will in general be a large distance
from where it was located. This is a reason for expecting non-analytic behavior of the localized states &
a function of the phase. This may be what Aubry and André [7] mean by “localization due to breaking
of analyticity”. Tt should be noted that what we are speaking of here is not a lack of analyticity of the 1
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wave function as a function of position; rather we are speaking of a lack of analyticity as a function i
the phase variable. The phase is only a position variable in the higher dimensional space introduced in
order to define a translation symmetry group for the almost periodic system and not a physical position
variable. Furthermore, this lack of analyticity does not imply that if the phase variable of an almost
i; pgri_odic potential were changed suddenly that an electron occupying a state localized at a particular
int in the crystal would discontinuously jump to a point which is far away from where it is presently
bcated It would simply no longer occupy the same localized state.
~ The lack of analyticity of localized states in the phase variable is actually a very well known
enomenon, which can be understood quite simply using Aubry duality. Consider eq. (3) for small V,
{ie. the “nearly free electron limit”). Then clearly we are in the regime where each solution g.. is
. localized about a particular m value. If we were speaking of the periodic instead of the almost periodic
, we would expect that when & passed through half of any reciprocal we would pass through a gap
;nto the next band. As this happens g., would switch from being localized about one wave vector (i.e.
&+ mQ) to another. Thus g,, will switch over from bemg localized around m = m; to m = m,, when the
perturbed energies (1 e. the eigenvalues for V, = 0) for m = m, and m; are equal, i.e.

———

- 2t cos(k + m;Q)a =2t cos(k +m.Q)a,

L

' -:whose solution is
k=3(m;+m)Q+(2nfa)l]. - (31)

The term in brackets is recognized as a reciprocal lattice vector of the system. As we go to the limit in
which Q and 2n/a are incommensurate, the values of k given by eq. (31), which are the locations of the
~ kaps, become closer and closer together. Most of the closely spaced values of k given by (31)
‘correspond to values of m, and m, which can be very far apart. By Aubry’s duallty transformation, what
we have just said could equally well describe the configuration space problem if we make the following
subsmutlons k—h, V,— . Then, we see that it is obvious that an infinitesimal change in A can make a
localized state jump from being localized around one site to bemg localized around a far away site.

2 4 Equwalence of difference and differential almost periodic Schroedinger equattans

Smce much of the work on almost periodic Schroedinger equations centers on studies of tight binding
‘models (or difference equation models), one might question the generality of such results. There have
been several works, hewever, which show that many difference equation-models are equivalent to
differential Schroedinger equation models. For example Azbel {25} studied a delta function Kroenig-
Penny model in which the spacing of the delta functions is a periodic function of distance with period
Iﬂcommensuratc with the mean delta function spacing. He showed that this model could be described
by an almost periodic difference equation. DeLange and Janssen {24] have used the same difference
equatmn This equation is, however, more complicated than the Aubry model [eq. (1)]. An interesting
éonnection between a differential equation and difference equation almost periodic problem was made
-:by Bellissard et al.-[26]. They showed that the Schroedinger equation for a periodic array of delta
- functions of potentials (which can be incommensurate with the lattice of delta functions) is equivalent to
~the Aubry model. The potential strength and energy parameters in this Aubry model are functions of
the particle’s energy, however. :
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Let us consider the general case of an array of delta function potentials whose positions and strengthy
are periodically modulated. We wish to derive a relationship relating ¢, ¢, to ¢y, ¥.-1 Where 4, ang
¢, are the values of the wave function and its spatial derivative on the right side of the nth dely,
function potential site. We can find ¢, and ¢, in terms of ¢, and ¢, by solving the free electroy
Schroedinger equation (which is valid between delta functions), using the values of ¢,-, and ¥ioy as the
boundary conditions on the wave function, where ¢’n—1 and ¥'_, are the wave function and derivative on
the left side of the n — Ist delta function. Using the continuity of ¢(x) and the known discontinuity of
¥'(x) across a delta function, we obtain '

sin k(x, — X1}
ka

gr = —ka sin k(x, — Xa_1) Pn_1 + €08 kK (X, = Xp-1} gb,._ - B,  (31b)

Yo = €05 k(Xn = Xaot) Ph-a Yo (31a)

“where B. is the strength of the deita function potennal at the point x = X,, a is the mean delta function
spacing, and k = (2mE/h?)'*. Eliminating ¢, and /.-, from egs. (31a, b) we obtain

Lo, athss + I mosthncs + (Bal k@YW = Enthn, | 32
where

L, ner = [510 K(Xn i1 = 2 )]
and |

é,. = t,,+-lr,,_1 sin k(X1 — Xae1) -

The localized or extended nature of the solutions to eq. (32) can now be studied by the continued
fraction or renormalization group methods discussed earlier in this section. For the case of evenly
spaced delta functions (i.e. x, = na), eq. (32) reduces to

B.sinka

YoirF -t v Y. =2cos kay,, | _ (33)

which is Bellissard et al.’s result. _

Although differential Schroedinger equations with delta function potent:als are more general than
single band tight binding-like models (i.e. difference equations), since the delta functions are singular
potentials, the model is somewhat unphysical. As pointed out in ref. {20], however, it can be shown that
an almost periodic array of finite potential barriers, with regions of zero potential between the barriers
is equivalent to an almost periodic array of delta function potentials (i.e. an array of delta function
potentials whose strength and position vary almost periodically). This result may be proven using the
method of transmission matrices. Let the zero potential region to the left of a barrier be denoted by
region 1 and the region to the right of the barrier, region 2. Then, we may write

¥ = A; eik= +B; 'e—ikx
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ang and with j =1 or 2 in regions 1 and 2 respectively and where k = (2E/R)'™. The transmission matrix is
felta | defined by
tron |
ol N g BPYEY 1
eon Y- \B, B/’ (34)
y of . E_—.--- . .
- Erdos and Herndon [27] show that for any general potential barrier
3a) R ( (1-i)e 82k (—1to/2k) exp(-Zikxo)) (35,
‘ (ito/2k) exp(2ikuxy) (1+i)e®/2k ~
3ib) §. . .. . :
) .-where /, is the transmission amplitude and &, x, and B are energy dependent. If we could perform a
tion [ wansformation which eliminates the parameter B, €q. (35) would have the same form as the trans-
¥ mission matrix of a delta function potential located at x = x,. The required transformation was shown
t-by Erdos and Herndon {27] to be '
32) 1
¢2) M=U(v)) R U*y,), _ : (36)
. where
_ [expliky;) 0 )
X i‘U(v,.;)_ ( 0 exp(—iky)
where
wed | 7 koy=38+k Ax (37a)
enly | ¥
Y k=48~ k Ax (37h)
33 ﬁlgere Ax can be set equal to zero if we want at this stage, but it will be needed in the next step. We find
that S ' o
, - ( (1.— i) ~ify exp{—ZiIf(xo— Ax)}) (38)
‘han it exp{2ik(x,— Ax)} 1+ it)
‘:h:lt‘ %]_yn__tlon (38) is recognized as the transmission matrix for a & function located at x = x, - Ax [27). If we
ders | e an array of N potential barriers
tion :
the |~ R=RiR,---Ry (39)
iby E

‘hre each R has the form of eq. (35). Equation (39) may be written as

,R = U'(v,‘ 1) M, Ulv,, 1) U*(vl.z) M, U(l’z.z) U*(UI.J) M, Ulv,, 3)

.. U(Uz_nq) U*(UI.N) My U('-’Z. N). (40)
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Then, to make the potential barrier array problem equivalent to the delta function array problem, we
must choose the Ax’s such that

0= k(vln—k— Dl,n)=% n—l_Bn)+k(Ax,,_|_‘Axn).

Hence, we must choose the Ax’s to satisfy

1
Ax, = Ax,,-1+§;(/3n-1-ﬁn)- (41

With this choice, eq. (40) becomes

R Ut MMM MU(ne) f @)
where
M= ( (1—if)2k —(ito/2k) exp{—2ik (x, — Ax,.)})
"~ \(ito/2k) expf2ik (x, — Ax,)} (1+it)/2k '

Thus, if the barriers are far enough apart so that x, — AX, > X, — Ax,_; for all n, the almost periodic
potential bartier problem is equivalent to a problem with an array of delta functions whose positions
and strengths are almost periodically modulated. By the methods of the last paragraph, this problem is
equivalent to the generalized tight binding problem represented by eq. (32). Thus, this tight binding
problem, which may be studied by the renormalization group and continued fraction methods discussed
earlier in this section, is more general than one might have thought at first. Of course, since the parameters
in the equivalent delta function problem are all energy dependent, a different problem must be solved for | &
each energy in the spectrum. Despite this fact, the discussion in this subsection shows that the questionof | |
localization in any Schroedinger equation whose potential consists of an almost periodic array of finite and :
smooth potential barriers, separated by regions of zero potential energy, can be answered by solving a tight
binding-like Schroedinger equation of the form of eq. (32). Thus, the information gained by solving such
models applies directly to fairly general realistic differential Schroedinger equations. ’

2.5. The tangent potential model

To complement physical arguments for the existence of localized states in almost periodic
Schroedinger equations presented earlier in this section, it would be useful to have an exactly soluble almost
periodic problem which exhibits localization. Such a model was provided by Prange, Grempel and Fishman
[28,29]. They consider the following generalization of the tight binding model of eq. (1

S hiforrt VO fo= Bl | @

Here, L is an integer, . is a general range hopping matrix element and V(n) is an almost periodk
potential. For the special case where V(n) = tan[(w — Q K(n))/2], this model can be shown 10 b
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equivalent to the following Schroedinger equation for a quantum rotor which is periodically given u
angular impulse:

i (8, 110 = [OK(~id/ 36) + A(B)A(1)] 46, 1), (G4)

. where A(f + 2m)= A(8), where 4(1) = Z, (¢ ~ nt), and £ is the time between impulses. For the case in

which K(x)=x, and Q, an irrational multiple of 27, eq. (43) is a tight binding almost pericdic

. Schroedinger equation, and eq. (44), to which it is equivalent, is exactly soluble. The equivalence of

eqs. (43) and (44) is shown using the following arguments: Equation (44) can be written as
191ny/or+1Q 3 1n Yfad = A(8) D 8(t — nt,) . (45)

We now integrate this equation over time from 1 = ntj to ni3. Assuming that ¢ and hence the second

_ term on the right hand side of eq. (45) has a discontinuity at £ = nt, but remains finite, we get

(6, )= ¢ (8 e A®, (46)

Between t = niy and t = (n+ Dtg, i sat:sﬁes eq. (44) with the second term on the right hand side absent

(i.e. a free particle Schroedinger equation), which can be rewritten as

P81+ )= exp{—jﬁ.OK (~id/30Y} v (8, :) : (47a)

~oor

$(8 t+ 1) = exp{—1,Q3/30} " (6, )= 4" (6 — Q. 1), (47b)

© Since the potential on the right hand side of eq. (44) is periodic in time we may apply a Bloch theorem

to the time variable to show that (8, t} must have the form
W0, 1)=e"u(6,1), (48)

where u(6a, 1+ f))= u(6, t). Here  is called the “quasi-energy™ in analogy to the quasi-momentum in a
spatially periodic problem: The equation (47a) can be written as

u(8.n= exp{iu;n,} exp{—ityQK(-id/a0)} u*(8,1). . (49
" Iwe write |
o 1+ik(e)
—iaey _ LTI
1~ih(8)’ (50)

- and sub‘stitute into eq. (46), we obtain

fl—-ih(@)u*@nN=[1+ih(®] u(61). . (51)
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Since in order for the solution to eq. (44) to be single valued u(8, 1) must = u(@ + 2w, 1) and since A(g)
and hence k{#) are periodic, we may write these three functions in a Fourier series,

u(f, )= 2, u. () e _ {52a)
etc. where
i —ima ' 5
U, = — j u(6, 1y e~ o). (52b)
27
0

Then, Fourier transforming (49) over #, we have
Un()=e“ " M™ut@. . | (53a)

Fourier transforming eq. {51) and substituting «;, from (53a), we have
) —1ZkLum+L e"""o""[ ;+i§_‘,h,;u:;u] ) ' (53b)
fa .
where h, is the Fourier transform of 4(8). This can be rewritten as

_tan((ﬂ - Qm) ﬂm + 2 hLﬁm +L T _hﬂﬁm ] ’ (54)

L#0
which is precisely eq. (43) if we identify f, - .., —ho— E and —tan{wQm)— V(m).
The reason that the equivalence that we have just proven is useful is because, as will be shown
below, eq. (44) is exactly soluble. . ~

We now will study the solutions to eq. (44) in order to learn about the solutions to eg. (43).
Combining eqgs. (46), (47b) and (48), we obtain

u*(6, 1)= explifwta~ AOW 4*(6- Q,1). | (55a)
This implies that

fu*(, O] =|u*(0- Q1) . ' | (55b)
Since we are interested in the case in which the potential in eq. (43) is almost periodic we choose Q to
be an irrational multiple of 2. This combined with the fact that u*(8+ 27, 1) = u*(6, 1) and eq. (55b)

implies that the magnitude of u*(6, ¢) is independent of 8. Thcn we have that

ut(f, 1)~ e*®n, - ' (56)
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By the single valuedness of u”*, we obtain

d(G+2m =P8 1)+ 27w,

« where v is an integer. Then, from eq. (57) we see that ¢(8, r) may be written as

- qs.,(ef )= v+ F(8, 1)

where F(8.+ 27, t) = F(8). Then, from eq. (55a)

_expfi(»8 + F(6, 1))} = expfifwto— A(6)]} expfil»(6 - Q) + F(8- O, 1)} .

. Writing F and A in terms of their Fourier series we obtain

90'4' Z F,,,(I)eima = ﬁﬂo'i' v~ v(Q -~ E A, @ime | z F, (t) eim{s‘d)‘

- We may find a solution if we set

' wh= Aot Q.

and

u.

=

Fo=-A./(1-e "9,

Pii'om eq.fQSb), we have

1 [ |
2]“:]=g j d@ Ju* (8, 1)} = a finite number .

c egfi%f:EJm(B)eimﬂ
a0 "

205

(57)

58)

(59)

(61)

~ Then, all’the eigenfunctions of eq. (43) are normalizable, and hence localized for any strength potential.
‘In‘order idistudy the way in which they decay to zero for large values of [#]| we must first find the form
- of.A,. Uiiig eq. (60b) if we arbitrarily choose A(@) « cos 8, the Fourier series for A, and hence F(8),
- has only two terms. which give F(8)= B(f)sin(6 + Q/2) where B(¢) is some function of £ Substituting
" this expredsion into eq. (58) and eq. (59) into (56), and using

ﬁnd ﬁ)at U, < J(B). Using the asymptotic behavior of the‘ Bessel function Jn(B), we find
& ~ B"/2"m! for m > B, which decays for large m at a rate faster than exponential. For near neighbor
Bdléping hw = hy (3. 1+ 8.-1) and hence h(8) =24 cos 6, Substituting for A from eq. (50), finding its
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Fourier transform and substituting in eqs. (60), (58) and (56), we find that the wave function of the tigly
binding problem [i.e. eq. (43}] decays as

U: .4 C,,,_,,|e"’l“"" (623)
where .
Y, coshy = V1I+(E+hV+VI+(E-h) (62b)

where C, < n exp(2\/n_m:) with p, = min[L sin(L7/2)]. The dependence of C on n turns out to be much
weaker than the exponential factor. The Fourier series for F(6, 1) converges when O = 27 times ap

irrational number not too well approximated by rationals. When Q27 is a rational number or ap
- irrational extremely well approximated by rationals, (i.e. a Liouville number) what we have just said

about exponential decay is no longer correct. The discussion of the wave function for the model in this
case will be presented in section 4. The fact that for Q27 an irrational not well approximated by
rationals there exist only localized states; in contrast to the Aubry model for which it is believed that
there can be both localized and extended states, is probably due to the divergent nature of the tangent
potential in eq. (43). Although this is an unphysical feature, many of the qualitative phenomena found
for thé model are characteristic of continuous potential models. Still one must keep in mind the fact that
although this is an exactly soluable almost periodic problem which exhibits localized states, the singular

nature of the potential obviously aids localization.
2.6. Broadening of states in almost periodic polentials

We close section 2 with another application of localization in almost- periodic potentials. Consider eq.
(1) for Vo<t All states will be extended in configuration space in this case but localized in k-space.
According to the arguments given earlier in this section, this means that the self-energy for the k-space
representation. of the Green function will not have a branch cut. This implies that the electronic states
will not be broadened by the almost periodic potential. Another way of saying this is that wave vector is
a good quantum number. Since eq. (1) also describes phonons in a chain of atoms situated in a periodic
potential incommensurate with the lattice (with suitable identifications of t and Vo with the force
constants and E with —w”+ 2t), phonons will not be broadened by the almost periodic potential despite
the fact that such a crystal lacks translation group symmetry. This was pointed out by Sokoloff et al.
[30]. Of course when the modulation potential reaches the critical strength- for the metal-insulator
transition, all phonon modes will suddenly broaden out as they become localized in configuration space.

3. Band structure

If in eq. (1) Q = 2np/ga where p and g are integers, the crystal is periodic and has a unit cell of
length. ga, and hence, a Brillouin zone size 27/ga. Such a periodic system has gaps at the Brillouin zon¢
boundaries 7L/ga where L is an integer and bands in between the gaps. Clearly in the incommensuraté
limit (i.e. the limit as g - =), the bands become more and more fragmented with gaps and. the bands
between the gaps become infinitesimally narrow. Yet we have seen in the last section that for weak
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tentials, the system has extended states and hence metallic behavior. The questions that we wish to
address in this section on the band structure of almost periodic crystals are

1. How can the existence of extended states for weak potentials be reconciled with the existence of a
 completely fragmented band structure?
2. What are the sizes and locations of the bands and gaps?

31 Perturbation theoretic methods

- For weak potentials eq. (1) can easﬂy be solved by applymg perturbation theory in the potential term
in eq. (1) {i.e., the nearly free electron model [31]). To do this, let us apply Wigner perturbation theory
to the dual model, given in eq. (3). Consider g, -m,~1 and all other |g,,| < 1. Then, from eq (3), we
- find

- E=2t COS-(MQOG + ka) + Vo(gmn+1 + gmn—l) ’. : (63)

¥ where g~ is found by a perturbation theory developed by 1teratmg eq. (3) for m > m, (upper sign) and
mi < m, (lower sign),

vr
X : 1 : - Smu +_‘_”£ng=(“”
1-V; 1-Vil(eaes) | [- Vil{emem-1)} Em
[ £162 ][ 1- V%f(s,sz)] 1— Vil(em-18m-2) 1= Vi/(emtm—1)
1—-.. . C N = VEEme1Em—2)
1-...
(64)

* where ¢, = E — 2t cos{Q(mo = m)a + k). Setting g,,,= 1 in eq. (64) and substituting in the right hand
" side of eq. (63) for g1, we obtain a perturbation theory expression for the energy of the form

. Vm+2
E—2tcos(meQa+ ka)=2 2 .

2
m = E183°°" sm—zsm—!

y B . (63)
[1-VE_q[1 Vélese) ] (1= VEHem-iema) |71~ Villemen-d)
. ‘ 1—--- l.....

" A-solution to eq. (65) for small values of V; will occur in the vicinity of an energy for which the right
and side of eq. (65) has a pole. This is illustrated in fig. 1. This will occur when one of the last two
contirued fractions in the denominator vanishes. The residue of this pole is of the order of Vi *?/(e.e2-
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Fig. 1. I'-'lgure on solution of Wigner perturbation theory in eq. (65) for the energy. The horizontal axis gives the energy.E and the vertical axis gives
the value of the function. The line labeled A is the left hand side of eq. (65) and the line labeled B is the right hand side. The dotted line denoles the
location of a pole in eq. (64}.
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“Ehl1) [the other continued fractions do not change this result much when they do not vanish]. When
the denominator of this expression for the residue does not vanish, it may be approximated by its
geometric mean, which gives a residue of order Vi *2/t™. There is a solution to eq. (65) in the vicinity of
each such pole, corresponding to a pair of bands. The two bands for the nth order pole are separated by
a gap of order Vy(Vy/t)™?. Every order in the perturbation expression in eq. (65) gives another pair of

. bands and hence another gap in the spectrum, but for V; <, most of these gaps will be negligibly small.

The same perturbation theory method can be applied for V,> ¢ to the dual model [i.e. eq. (1)]. Now
we replace g— f, Vo 1, t V,. The wave function is now found from eq. (64) to be localized with mean
localization length a In(V,/1), as found by Aubry.

32 Quasiclassical methods

Another way to study the fragmented nature of the band structure in the metallic regime is to use the
quasi-classical approximation, valid when the potential is very slowly varying as a function of position.
When Q in eq. (1) is very small (or very close to 2w/a), we may clearly use the quasi-classical
approximation to study the band structure. This is the method used by Azbel [25]. As will be seen in

-section 6, this is the limit which is relevant for the problem of an electron in a magnetic field. Here this

method will be generalized to the case in which Qa is very close to being equal to a rational multiple of
27 [32]. Since any irrational number, except perhaps those which are extremely poorly approximated by
rationals, may be approximated to any desired degree of accuracy by a rational number of sufficiently
high order, this is a useful limit. Since we may always write Q = O,,+AO where Q, is a rational
approximation to Q@ and AQ is the correction, eq. (1) may be written as

et fo) + 2V cos(Qona + ha + AQna)f, = Ef, . (66)

7

This is not the usual quasi-classical limit which we are considering because although AQna varics
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slowly with n for small AQ, the potential generally varies rapidly with n. Nevertheless, if AQ is
sufficiently small we may diagonalize eq. (66). treating h + AQ na as a constant phase variable, giving 2
set of band energies which are functions of AQ na as well as of the wave vector. These can be thought
of as classical trajectories which form the starting point for a WKB approximation calculation. This
approximation may be developed by looking for solutions of eq. (66) of the form

fo=fx)= 3 An(x) g6 man (67)

where x = na and dS(x)/dx and A, (x) are assumed to be slowly varying functions of x, which must be
the case because for AQ =0, eq. (67) with A independent of x and § = x is clearly the solution to the
resulting commensurate problem. Since for the case of +> V,, we showed in section 2 that flx} is an
analytic function of x, we may approximate the difference operator in eq. (66) by a differential operator
[ie. farit fii=2cos((1/)a d/dx)f(x)). Then, substituting A, exp{i{S(x)+mQ} into eq. (66) and

- keeping only first derivatives of S (i.e. assuming that 2 < the distance -over which dS(x)/dx varies), we

have

2t coé(aS'(x) +mQa) A, .(x) expli(S(x)+ mQx)}
+2V, [expli(x AQ + ha)} A (x) explilS(x) + (m + O]}
+exp{~i(x AQ + ha)} A, (x) exp{i[S(x) + (m — NOx]}] = E A,.(x) exp{i[S{x) + mOx]} . (6%)

Equation (68) may be formally diagonalized if we pretend that S’(x) =dS dx and x AQ are independent
of x. We obtain :

E,(S'(x), x AQ + ha) f(x) = Ef(x), ' (69)

where E,(k, ) is the ath band of the commensurate problem obtained by setting AQ =0 in eq. (69).
Equation (69} is the starting point for the WKB approximation if we solve for $'(x) in eq. (69). At
“classical turning points” we simply replace $'(x) by (a/fi}d/dx and solve the resulting Schroedinger
equation to get connecting formulas or use the Landau and Lifshitz analytic continuatien method [33].
If we apply. this procedure, we find that the states in the classically localized regime, i.e. the energy
region in which the classical trajectories given by equation are localized, the classically localized

. trajectories are broadened into narrow bands. Well into the band (i.e. in the classically allowed regime)

we clearly ‘have a continuous region of extended band-like states, since the extended “classical”
trajectories are clearly a good approximation to the wave functions. In the classically allowed region,
but close to the beginning of the classically localized regime (i.e. the “classical” mobility edge), we may

-+ solve the WKB equations in a way similar to that done by Zilberman [34]. We find that many small gaps
- are introduced whose size decays as exp{—c|E — Eg|/AQ} where Ej is the classical mobility edge defined
- above and ¢ is a constant. Thus, for small AQ we see that these gaps become negligibly small as we
. move well into the bands of the commensurate problem (.. the problem for Q= Q,). Hence, we
- expect the band structure of the incommensurate problem to look much like that of the commensurate

Pproblem, but with a series of negligibly small band gaps introduced near the band edges. Clearly, as V,
approaches 7, these gaps must become more important and we must use a higher order rational @, to
- approximate @ in order to use this method. -
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Unfortunately, a systematic formulation of the quasi-classical approximation to the almost perivlic
potential problem, based on equations [66-69] has as yet not materialized. Wilkinson has, however,
recently developed a systematic way of formulating the quasi-classical approximation, by using the
transmission matrix method discussed in section 2.2 of this article [34a]. For Q,, the rational
approximation to Q, given by

OU=

= |y
o |

where p and g are integers, it is convenient to define the matrix
0,- P,
ol e ’), (70)
Oq-'—Z 'Pq—'.' -
in the notation of eq. (21). If Q were rational (i.e. AQ = 0), the allowed energy eigenvalues would be
determined by the requirement that the eigenvalues of M" do not diverge as the integer n approaches
infinity. This means that the eigenvalues of M lic on the unit circle. This commensurate case will be
discussed in the next section. '

For the incommensurate case,

' M(ha)= (

Y(x') = G, x) P(x), ~ ' (71)

where

V()= (fo-1r for)  and P =(foor, fa2)s
where _
_ G(x', x)= M{x'— B)- "M{lx+2ﬁ) M(x-i-ﬂ)M(x) ¥(x),

where 8= qAQa. :
Assuming that M can be diagonalized, we may write

M(x)= U™'(x) D(x) U (),
where D(x) is diagona.l. Then,
G, x)= U™(x) g(x', 1) U(x),
where . |
glx', x)= D)1+ B Vix'= B D(x' = B)[1 + BV(x' - 2B)] -~ [1 + B V(x)] Di).

where
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(73)

(74)

(75)

T

1+ 8Vx)=Ux+ 8y U {x).

To a good approximation

Vi) = lim @U(x)/dx) U'(x).

A0

;&hich when summed gives

D(x)= expliS'()}

' _' and

= dS(x)/dx.
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(78)

© ‘Here 8 plays the role of £ in the present quasi-classical method. Collecting powers of 2 in eq. (76), we

obtain
N
gx', x)= g, 1)+ B 3 golx', ¥+ B) V{x") golx”, x)+ -+
. 7 n=_0
where
x'=x+ng,

S D=l DB D gl X'+ B) V) 8, 7). )
gox', )= D) D'~ B) -~ Dlx + ) Dx) . | ay

- ,. Equation (80) can be sblved within the adiabatic approximation to yield

Glx', x) = U golx', x)cxp[ ] dx” V(qu] U(x)+0(B) - (82)
~ where
8o, )= exp[ 5 (510)+ S exp -, 9 + 008), | )

where S(x) and S(x’, x) are diagonal matrices defined by

(84)

(85)




ik et Slan

“localized in position space and extended in wave vector space or all states are extended in position

using the WKB approximation, that if we chose Q in eq. (1) to have the form Q = (2n/a)B, where

212 J.B. Sokoloff, Unusual band siruciure

By making use of a current operator {which is conserved under the transformations), Wilkinson wag
able to derive the Bohr-Sommerfeld guantization conditions for the incommensurate potential probler
with wave vector close to an arbitrary commensurate value, and in this way obtain the quantized energy
levels for closed orbits. One surprising result is that the wave function possesses a non-holonomic phase
(i.e. when the wave function is transported clockwise around a closed path in phase space, 1t picks up a
phase factor exp(iyc)). This result leads to a modification of the usual Bohr—Sommerfeld quantization
condition. For Q close to the fundamental registry, i.e. Q= 2mnja where n=10 or any integer, of
course, this correction to the quantization condition vanishes. Further splitting of the energy levels
caused by tunneling between them was not considered.

3.3 Band siructure at the metal-insulator transition critical point

Much attention has been given recently to the critical point V, = ¢ for the Aubry model, where the
metal-insulator transition takes place. As we have seen, for either Vo<t or Vo>, all states are

space but localized in wave vector space. Since the density of states for the position space problem and
its dual, the wave vector space problem, must obviously be the same, we conclude from the contents of
the last two subsections that it must be continuous like that of an ordinary metallic system. For V, =,
however, since the band structure becomes completely fragmented in both wave vector and position
space the density of states must also be fragmented. Furthermore, all the classical orbits except one in
the center of the bands are localized for V, =1 in both the quasi-classical approximation for small Q
and for Q = a rational multiple of 2a/a [35). These are all indications that something unusual happens
at this point. In this section we will discuss the behavior of the spectrum at the critical point. In
section 4, the wave [unctions will be considered. _ ' o

The unusual spectral structure which occurs for Vi = ¢ was first considered by Azbel [36]. He argued,

Bi' =Nt B, | (86)

with each member of the set of integers {N;} large we may proceed as follows: If we approximate B, by
N3' we may simply diagonalize eq. (1). There will clearly be N bands of extended states. Aimost all of
these bands, however, will be quite narrow. If the N;'s are all large, stopping at By= Ng ! should be a
good approximation, but if we wish to obtain the next approximation we keep 8, = Ni/(NoN + 1). Then,
in this approximation we have NoN,+ 1 bands, and hence we expect that each of the N, bands in the
previous approximation will be split into approximately N, bands. Again, we expect each of these bands
to be quite narrow. In the next approximation to 3y, we have NyN. N, + Ny+ N, bands, and hence, for
large N's, each band from the previous approximation is split approximately N, times, etc. For small
Bo, the quasi-classical approximation should-be good. Since most of the classical trajectories are far
from each other, we do not expect much splitting of these levels. Instead it should be a good
approximation to neglect the tunneling between them (which leads to the splitting), and to determine
the allowed orbits using the Bohr-Summerfeld guantization condition. For orbits close to touching,
however, the splittings described above become important and Azbel used the WEKB approximation to
calculate the spectrum [36]. A similar approach has recently been introduced by Wilkinson [35]. Since
almost all classical trajectories are localized in both momentum and position, he determines a set of
approximate levels by using Bohr-Sommerfeld quantization, and then uses these localized levels as 2
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basis for constructing the eigenstates, including effects of tunneling between orbits perturbationally.
(There may be a problem, however, with applying this method for V= . Since the metal-insufator
-~ transition occurs at this point and f, is not analytic for localized states, it is not obvious that the WKRB

- approximation, which depends on replacing difference by differential operators may be used.) The
" energy levels are found to have the form

E. = EW + Gy cos(2mhiag,) (87
where E7, is the energy predicted by the Bohr-Sommerfeld method and C. is the coupling betweer

orbits, A is the phase variable in eq. (1) and m labels the Bohr-Sommerfeld levels. Since & gives the
-locations of the localized orbits & = na, and hence

F ' E.=E¥Y+C, .cos(27m/,80)7= E)+C, cos(2wnp,) (88)

- using eq. (86). Then, each level is split into N, new levels. Equation (88) implies an equation for the
"" amplitudes of the localized orbits, with the same form as eq. (1) but with 8, replacing S,. Repeating the
. procedure, we find that each level is split into N, new levels. This procedure may be continued, showing
- that each level is split into an infinite manifold of levels. This behavior of the spectrum has recently
- been verified numerically by Rubinstein and Azbel [37]. Azbel studied this problem in connection with

* the problem of an electron in both a magnetic field and a periodic lattice [36]. It will be shown in section
. 6 that this problem is identical with the one-dimensional almost periodic problem expressed by eq. (1)

" for both the tight binding and extremely weak lattice potential limits. In the magnetic field problem, S,

is proportional to the magnetic field, and hence this analysis shows that as the magnetic field (actuaily
- -the number of flux quanta through a unit cell) is varied through rational and irrational values, the level
- structure will change according to how the continued fraction expansion of B, given in eq. (86) changes.

* The- degree to which this might be experimentally observable will be discussed in section 6,

- . Because of the interest in the variation of the energy level spectrum with 8, in connection with the
magnetic field problem, Hofstadter has studied the energy level structure as a function of 8, numerically
and has drawn some interesting conclusions [38]. Hofstadter studied the spectrum of eq. (1) for rational

- values of Q only. For rational values of Q =27pfag with p and g integers, €q. (21} may be written as

(ff::)z (o?: ) p‘::)N(f;)qM)N (fl)- o (89)

. From eq. (21), we conclude that the determinant of M is 1. Then, if A, and Az are the eigenvalues of M,
- A= 1/A;. Clearly, if A, and A, are real [Trace M|=|A, + A;) > 2. For this case, €q. (89) shows that the
| wave function grows exponentially. Then, since eq. {(89) satisfies Bloch’s theorem only when A; and A,
" are both complex numbers of unit magnitude, we conclude that only when [Trace M|<2 we are in
- 8'band. This criterion was used to locate the allowed energy bands as a function of By. Obviously, for 8,

rational, we will have a finite number of bands. Hofstadter uses these values of Bo to form boundaries of
subcells in the allowed energy versus Bo plot. He then shows that each subcell contains a distorted
replica of the band structure of the system. In fact, each subcell contains another set of subcells, each of
L which contains a replica of the entire spectrum. To understand this procedure, let us first consider what
¥ Hofstadter calls the “pure cases”, Bo= N;' and B, = 1-Ng'. For these values of Bo the spectrum
; ains Np bands. We define a subcell bounded by Bo=(1+ Ng)™* and N3' and by the minimum
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energy of the band (ie. £= —27) and the lowest gap and another type of subcell bounded by the
maximum energy 2¢ and the highest gap, and also, we may define a subcell bounded by Bo=
i—-{Np+1)'and 1-N ;% and by the lowest (highest) gap and the minimum (maximum) energy. Then,
for example, we may write a value of Be in the first type of subcell as Bo= (Not B1) ! where 815 a
number between 0 and 1. Clearly, for most values of Bi, Bo is not a rational number, and hence we might
expect there to be an infinite number of bands at general points in the cell. In fact, what Hofstadter
finds is that if we plot out the band structure inside this cell as a function of 8, we obtain a spectrum
that is a distorted version of the original encrgy spectrum as a function of Bo. The procedure may now
be repeated with B, €tc, ad-infinitum. For a given value of B, the spectrum follows the continued
fraction expansion of Bo, as proposed by Azbel [36]).
In order to consider more general irrational values of Bo, Hofstadter defines what he calls the
 “special cases”, o= No/(2No+ 1) and (No+ 1/2No+ 1) for Np=2. He then defines a set of subcell
boundaries by two successive values of Ny, and hence, inside a cell, we may write

Bol2+ (No+ B

(and aso there is a cell with Bo _ 1 - the above value of Bo) where 8, goes from 0 to 1, to interpolate
between No/(2Np+ 1) and (No+ 1/[2(Ny+ 1) + 1]. The other two boundaries are the lowest and highest
gaps at the two values of B which bound the cell. Then, there are two cells which Hofstadter calls G
and C., which are bounded by the upper and lower gaps at Bo=3 and 2 and by Bo=0and B =1
respectively. All of these cells are replicas of the whole spectrum as a function of B, with B8, replacing
Bo, and again the procedure may be continued ad infinitum. For a given irrational value of B, the
splitting of the spectrum according to the continued function of By, predicted by Azbel was not found by
" Hofstadter in the latter subcells.

3.4. Total bandwidth as a function of potential strength

. Hofstadter's and Azbel’s ideas, expressed in the last paragraph do not really say precisely what the
: widths of the various subbands are compared to the size of the gaps separating them. Aubry and André,
| however, have calculated the sum of the subbandwidths of eq. (1) as a function of the potential strength
i in the metallic regime for Q equal to a rational multiple of 2ar/a [7]. They consider this functional form
j for the rational approximation of Qaf2a. For the incommensurate limit, these curves approach the line
4(f - Vo). In the insulating regime, the total bandwidth for a fixed value of the phase is obviously zero,
but total width of the energy bands which result from allowing the phasé to vary is proportional to
V,— ¢t. For any commensurate approximation, however, the bandwidth versus V, curves seem to lie
above this curve in Aubry and André’s calculation. In fact, Thouless_has proven that the quantity
4|t~ V| is a lower bound to the total bandwidth for any commensurate system [39]. The proof uses

matrix evaluation methods valid for tridiagonal matrices and puts limits on the matrix elements. Thus,

the spectrum considered by Azbel and Hofstadter for the case £= Vo in eq. (1) has zero total.
H . bandwidth. Therefore, the energy level structure consists of an infinite number of flat levels for

incommensurate values of Qa/2m.

3.5. Counting of the number bf states below a gap

. Wannier and Claro and Wannier have proven using the recursive level structure found by Hofstadter
[40, 41] that any gap in the spectrum can be labeled by a pair of integers n and m (positive or negative)
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and that the fraction of the total number of states below that gap is equal to
a
— |nQ + mQ2mia). {94)
2m '

This theorem has been proven rigorously by Johnson and Moser [42] and by Delyon and Souiliard [43].
and has been called by Simon the “gap labeling theorem™ [8] because it gives a way of labeling the
infinite hierarchy of gaps in the spectrum of the almost periodic problem. The physical basis for this
theorem can be understood using the following simple arguments: In one dimension, the fraction of
states below the Fermi level is given by (2a/27)kr where ki is the Fermi wave vector. For rational
values of Qaj2m, it is clear that a gap will occur at half of any reciprocal lattice vector or 3{nQ +
m(2m/a)]. Then, if the Fermi energy lies in this gap (which is specified by the integers n and m), k¢

- 'must be equal to this wave vector, and hence, we have eq. (90) for the fraction of states below this gap.
--Since this result holds for any rational value of Qa/2# (including very high order rationals) it is likely to

hold for irrational valves of Qaf27 too. It will be shown in section 6 to be quite important for
understanding the quantized Hall effect in periodic lattices, and it was shown by Avron, Seiler and
Simon [44) to be important for characterizing the bands of a periodic lattice.

" 3.6. The approach to incommensurability and scaling behavior of the spectrum

There have been several recent studies of the band structure of high order commensurate systems
{which clearly have well defined energy bands) in the limit as Q/2+ approaches an irrational number in

~ order to study self-similarity of the band structure for an almost periodic system. These studies focus on

the scaling behavior of the band structure which occurs as the incommensurate limit is approached. For

" example, Kohmoto [46] has studied the Aubry model [i.e. eq. (1)] with V, = and with wave vector

Q.27 = F,_,/F, where Fy is the Fibonacci number, which is defined by the difference equation
. FL=FL_1+FL_2 ' . (91)

with Fp= F, = 1 (probably using one of the numerical methods discussed in section 2). For L =3, there
‘are 3 bands. For higher L these bands split further. As Lo, Qa/2w approaches w = (V5-1). For

- L= 6, for example, the middle band for L =3 has now split into three bands, which if magnified, look

exactly like the bands for the L =3 case. Also, the middle cluster of bands for L = 6 consists of three
bands. The middle cluster for L =9 consists of a group of three bands which. are the middle three band
clusters of the L =6 case rescaled by a factor @. Kohmoto has. carried this study up to L=21
(F3, = 17.711). In all cases, if the middle cluster of bands for the L + 3 case is rescaled it reproduces the
L case for all L. The reason that this works for L+3 and L is that in the Fibonacci sequence, every

" third Fibonacci number is even. He finds that as L increases, a, approaches 14.01. He also finds some
" sort of scaling for V<1, but the results are not conclusive.

-Kohmoto also finds that the total bandwidth scales as a constant times F7° for a given Oy, and he
finds an' upper bound for the power § of 3 log a/(log w — 1). Thouless finds by numerical means that & is

-+ 1[39). In fact, Thouless argues that the total bandwidth B given by the finite size scaling form

B =(t~ Vo) f(§1FL) L $2)

where £ is the localization length (for 1> Vj the states are extended in configuration space but are
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localized in wave vector space with localization length £). For large ¢ but finite £, the result fuor B
should become independent of £ whereas for large £, but finite £, the result becomes independent of
F; . Hence, for large F; but not infinite and finite £, f(&/F,) shouid be linear in §/F;, and here we get the
previous result of b~ F1' whereas for large & F;, f should go to a constant limit.

Many of the results in the incomuiensurate potential problem, such as the Cantor set band structure,
the metal-insulator transition accompanied by a break in the analyticity of the tight binding wave
functions as a function of phase and the chaotic (i.e. divergent) behavior of the map described by eqgs.
(18) and (19) are reminiscent of classical dynamical mapping theory. In order to attempt to understand
the connection between dynarmical mapping theory and the present problem, Kohmoto, Kadanoff and
Tang [11], as well as Ostlund, Pandit, Rand, Schellnhuber and Siggia [12] have studied the following
tight binding model:

((for+ fo 1)+ V(nQa) f, = Ef, | | - 93)

where O (2mla)fp—1/Fy and V(x +2m)= V(). The potential V(x) is chosen to be a step potential of
“the following form:

Vix)= Vo  for =2aw <x=-27w’
V.  for —2aw?<x=<2mw?, - (94)
where w is thc inverse Golderi Mean [1,’2(\/5 1)] The penodlcny of V(x)is easily shown using the
relation w + w*= 1. References [11] and [12] show that the study of the spectrum of this model reduces

to the study of a two dimensional dynamical mappirig problcm Their methed is based on an eguation
SImllar to eq. (21), wh:ch may be written as

¥, = M“(Qa) ¥, " = , (95a)
where
MO(x)= (E"lv‘x) —01) (95)
R . |
v, = ( ,._,_)‘ o \ _ | (95¢)
and o
MOnQa), = ¥,,, - , | (95d)

M(mlzfm,)(x)‘: M‘_’"l)(x + sza)M""i’(x) , ' (96)
we may write

MFed(x) = ME-Dx+ FLQa) MFN(x), _ (97}
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using eq. (91). If we set x = 0 in eq. (97), we may also replace F; by zero if Q = 2mw/a. The reason for
this is that our choice of potential in eq. (94), the definition of M™ in eq. (95b), and the periodicity of
the potential (i.e. V{x + 27)= V(x)) guarantees that £, Q, modulo 27 falls between —27w® and 27w,
This is because Fyw = F_,—(-w)"*" and w™*' approaches zero as L approaches infinity. Therefore,
MEYFLQ) = MF-2(0) for all L. Then we may write eq. (97) with x =0 as

_, a ML+1 = ML_;ML N ' . (98)

where M, = M":-9(0). Equation (98) is also valid for Q= (2nfa)F, .\/F, if m is sufficiently large.
Equation (98) may also be written as

Mil_g = ML_;ME,I . , ) (99)
' Adding eqs. (98) and (99) gives
Myt Ml =M M+ M M. _ (100)

‘Since each of the M matrices has a determinant of 1, if A, is one eigenvalue of M;, A7 is the other, and
- therefore '

TrM=A7"+ A =Tr M7,
and '

e My o(My+ M%) = (Tr My_) (Tr M),

7 whére we have used the fact that since the determinant of M, = LM +M'=TTr M, where T is the
N unit matrix. Then, taking the trace of eq. (100) using these results we find

Xp 1= 2X 1%~ Xp2 . (101)

where x; =3 irac;e M,. Clearly if [Tr M| is greater than 2, the eigenvalues are both real (one greater
than and one less than 1 in magnitude). Then, if Q= Cnia)F,._,/F,,

M0y = ME(N ~ I)Qa)- -« M¥IQ20a) ME(Qa) M‘F’-_)(O) = (M) ’ (102)

using M"(x +27) = M(x). Then, clearly if |Tr M,|>2, the product of matrices in eq. (86) will
_diverge as N increases, meaning that the wave function will diverge, which means that we are in a gap.
- If:for a particular energy ITr M| <2 (i.e. x. <1), both eigenvalues are complex numbers of unit
- ‘magnitude and the wave function will therefore remain finite meaning that we are in a band. Thus, by
- studying the difference equation in eq. (101), we can determine that location of the bands. The initial
- conditions are’ x, =3(E -~ Vi)/i, xo=HE - Vo)/t and x_; = 1. Thus, eq. {101) can be used in place of
" Solving eq. (12) for P,, and Q,, and then taking the trace of M using eq. (21). Equation (101) has been used
by Kohmoto et al. to study the band structure of the model of eq. (94) as the incommensurate limit is

i

. ¥pproached. This model seems to lie at the critical point of the metal-insulator transition (which
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corresponds to Vp=1 in the Aubry model) because the total bandwidth becomes zero n the
incommensurate limit, and as we will see later, the wave function is neither exponentially localized nor
extended, but lies somewhere in between.

So far in our discussion, the methods used by Kohmoto et al., do not accomplish anything which
could not have been accomplished by the methods described in section 2 of this article. The main
contribution of their work, however, is the connection with dynamical mapping theory which will now
be described. From the discussion under eq. (97), we conclude that the mapping expressed by eq. (101)
is valid for any value of Q of the form (2mla)Fr—,/Fy. Since Fyw= Fr1—(—w)", if we choose
Q= L(wja)w and iterate eq. (101) up to a given large value of L it gives the value of x; for the
commensurate problem corresponding to that value of L (i.e. corresponding to Q= Qm/a)F,../F,).
Thus, if |x.| <1 for a given value of L, we are in one of the bands corresponding to that commensurate
problem. If as we increase L, |x.}| becomes greater than 1, we are no fonger in a band for the problem

- represented by this larger value of L. Equation (101} can be written as a three dimensional map

rro=Trp = (2xeye— 2o, Xa» i) {103)
where r. = (xz, X1, Xz-2) = (¥r, yr, z). The quantity
"\2= 1+t xi+xioi = 2x XX - {104)

is shown to be independent of this mapping (i.e. independent of L) by substituting x; using eq. (101).
This means that the mapping defined by eq. (103) maps the point r, on a two dimensional surface
defined by eq. (104), which is defined uniquely by the value of A. By substituting the values of x_y, x
and x, (since after eq. (102)) into eq. (104) with L = 0, we find that A = 3|V, — Vul/r. For a given value of
A, the point r. is confined to this two dimensional surface determined by A and cannot reach a surface
determined by a different value of A. For a given value of A, a given initial value of the energy
determines the initial point r, = (x1, Xo, x-1) and hence uniguely determines the orbit. Now the methods |
of classical mapping theory may be applied to the present problem. Here, it should be remembered that
x. tepresents half of the trace of the matrix M ®)0), and hence, describes the spectrum of 2
commensurate problem with a unit cell of length Fra. (Note that although M “2X(0) is evaluated for
Q = (2m/a)w rather than (2@/a)F,-1/Fy, becadse of the step function nature of the potential chosen
V(QF,) is the same for either value of Q. Therefore, x; does describe the commensurate problem.) If
|x.| <1 for a given energy, that energy lies in a band, whereas if }x.| > 1 it is in a gap. As Lo o (i.e. we
apply the mapping operator T an infinite number of times), for most energies x, will escape to infinity
(and hence certainly be greater than 1 in magnitude). Thus, most energies will lie in gaps. 1If Nj initial
points are determined by No uniformly spaced energies, the number of points which have escaped 10
inﬁnit)«_ after L iterations is given by Np~ NoFt*®), where 8'=0.2202 at A = 0.4 and 8" = 0423 at
A =V2/2, for example. The total bandwidth is found to decay in the same way as L -, which is not
unexpected. By studying the behavior near the fixed points.of the map T*, Kohmoto and Oono [45] were
4lso able to determine the scaling indexof the spectrum (the parameter & discussed earlier in this section) by
looking at the linearized version of T® (« is argued to be equal to the square root of the exponent of the
linearized map). They study the heteroclinic fixed points for the map. This leads to a Smale horseshoe
stnicture which explains the infinite hierarchical structure of the. Cantor set spectrum. The method of
Ostlund et al: is basically the same, except they discuss it in the language of a decimation technique ona
string of matrices. Their decimation technique consists of grouping a product of many matrices i
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alternating groups of F; and F; _, matrices (where F; is a Fibanaci number) and using eq. (98) to convertit to
a string of alternating groups of Fy., and Fy. matrices,

‘Recently Ostlund and Pandit {46] have extended the methods of ref. [12] and have been able to carry
" out a detailed renormalization group study of the scaling behavior of the spectrum of the Aubry model
7[eq. ()] for Q = 2mw/a, where w is the inverse Golden Mean. In their analysis the matrices M, -; and
I~ M., where M, is defined above eq. (98), are expanded in a Taylor series in their argument (i.e. the
*-position variable) with 60 terms. This is possible because in eq. (99), which is the basis of their

renormalization group transformation, the argument of M, _, is very close to the argument of M} modulo

an integer, as discussed above eq. (99) in this article. For the step potential previously considered, the

small deviation of the argument of M., from that of M, could be neglected because the potential did
" 'not depend on position over a finite region. For the Aubry model potential, however, this is not true,
* but_the position dependence of the potential in the M-matrices may be expanded in a Taylor series
. expansion since the position variable modulo 1 is always very small. The calculations were all carried

= out for E = 0. The renormalization group transformation defined by eq. (98) can then be considered as a
" transformation acting on the parameters in the Taylor series expansion of the elements of these
-+ -matrices. Let us denote this transformation by 7" and the initial values of the collection of parameters
> “on which it acts by fy. The system actually moves cyclically among 6 fixed points after many applications
- of T, but we can find unique fixed points of T° by '

lim T, = f*. - (105)
L—sx h . . : .
" If we denote by ;;8, where & is a small number, 2 small variation of f, away from the fixed point, we may
. write o : ‘ :
T(fo+ ub) = THfo+ 81 7 J 7ot I out, (106)

where J o is the Jacobian matrix of T°,
- As L - o, this reduces to -

| T(fo + ub)=f*+ A Fer+- -, | a0

. where A, is the largest eigenvalue for J ;4 and e, the corresponding right eigenvector. This relationship
' may be used to find the scaling behavior of the energy with K as follows: If we vary the matrices by
' changing the energy, & denotes this deviation of the energy from E = 0. From eq. (107) we see that &/A,,
for L+ 1 gives the same result as & for L. Then, ‘

T

AK'(8)= AK'(8/A1) - - . (108)

where AK'(3) is the change in the wave vector in the rescaled variables corresponding to the change & in
the energy. The wave vector AK' depends only on the wave functions (i.e. the M matrices), which are
unchanged when we go from L to L+ 1 and change 8 to 8/4, by the above argument. To get AK in the
non-rescaled variables, we write AK'(8) = F; AK(8), where AK is the change in wave vector in unscaled
variables, Then, we have - o




220 J.B. Sokaloff, Unusual band structure

FL AK(8)= Fr.6 AK(8/A4). (109
Hence
w* AK(8)= AK(8/A1), (1103

as L, using w®=F /F;.s as L, Since & = E(K +AK)- E(K), we rﬁay solve this equation for
8/A, by inverting AK(8/A,) to give

§A, = E(K+AAK) E(K} = E(K+ wAK)— E(K). a1y

~ As seen from eq. (107) this relationship is valid asymptetically in the limit as 8, and hence AK,

approachcs zero. Therefore, if we write AK as aw ™" where x is some number, eq. (111) can be
written in the form :

.. —&6{mn=~1)
A = w5 = fjg ECE W 0x) - B(K) (112)
wee E(K+wW “")x) E(X)
where ¥ is not equal to 1 for the almost periodic system. This is the scaling relation written down by
Ostlund and Pandit. It shows how the size of an energy region correspondmg to an asymptotically small
region in K space of width AK changes when AKX is rescaled by w™ ®. The reason for defining the scaling
index ¥ in the way that we have is that ¥ actually represents the degree of non-analyticity of the energy

- bands as a function of X due to the Cantor set band structure in this problem. If E(X) were analytic, as

they are for the periodic problem, the limit in eq. (112) would clearly give w™ on the left hand side.
Equation (109) is the main result of Ostlund and Pandit’s work. The amazing thing about their work is
that they have been able to obtain information about scaling behavior of the energy bands for the
almost periodic problem by studying periodic problem approximations to the problem via the renor-
malization group. References [11], [12] and [46] obtained scaling relations which show how the band
energies for successive commensurate approximations to the almost periodic problem scale for fixed K
as the order of commensurability is increased. Specifically, their relationship is

o = . EL%(,,_])(K)’"_EL(K)

i fiem 'EL-HM(K)_EL(K) : (113)

To show that this is equivalent. to eq. (112), we consider eq. (107) with the right hand side set equal to a
constant, to keep K fixed. By the previous arguments we obtain eq. (113). Ostlund and Pandit’s
renormalization group calculation could only be carried out for a single value of the phase ha in eq. (1),
namely

~ ha=lim wn, _ ' - C : (114)

Lo

where n, denotes the location of successive maxima of the quantity X; (M ")if>. The latter quantity i
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vaguely related to the square of the wave function. They showed that this limit indeed existed. For
other choices of phase, £; (M"); diverges and the calculation cannot be carried out.

Ostlund and Pandit show that there are two directions in which one can fAow away from the fixed
points of T° when one changes the form of the M matrices by a small amount, one corresponding to
- varying the amplitude of the potential and one corresponding to varying the energy, if we demand that
. - the constraints on the matrices be satisfied (e.g. that the determinant be unity and others). In this sense

L.hey have proven universality for their results. It is possible, however, that large deviations from the

-~ Aubry cosine potential could modify their scaling resuits.

-~ Ostlund and Pandit’s method depends heavily on the properties of the inverse Golden Mean. In
contrast, the renormalization group methods of Wilkinson and Suslov [35], discussed in section 3.3 are
valid for period ratios other than the inverse Golden Mean. These methods, however, are most likely
valid only for irrational period ratios which are very close to a low order rational number {i.e. ratio of
- -small integers). '

: ':"':3.7. Miscellaneous results on band structure

o

Peres [48] has also studied a delta function Kronig-Penny model with sinusoidally varying potential
.+ étrength incommensurate with the delta function spacing. He uses a transfer matrix method which is
" based on replacing the Schroedinger equation by a rotation in a Minkowski space whose coordinates are
. ,iin'ear combinations of products of the wave function and its time derivatives. The transfer matrix
represents a rotation in this space. He finds a fragmented band structure like that discussed in this
* gection, with band splittings on all energy scales. He does not, however, attempt to distinguish localized
~ from gap states. S : : :

..~ Grempel et al. have shown that the aimost pertodic Schroedinger equation with 2 tangent potential
" that was discussed in section 2 has a density of states which is identified with that of Lloyd’s model of a
~disordered lattice. Simon [49] has shown that their model is one member of a whole class of
. Schroedinger equations which have identical densities of states. These models; however, have widely
. differing spectral densities, and hence, the equality of their densities of states is not a good indication of
“the physics of the problem. :

‘4. Unusual wave function behavior, the singular continuous spectrum and unusual electrical transport

. Avron and Simon [13] and Simon [8] have shown that the Aubry model [i.e. eq. (1)] for Qa/27 a
~Liouville number (i.e., irrational extremely well approximated by rationals) exhibits a singular con-
~ tinuous spectrum. That is, the spectral density is neither a continuous function nor a series of delta
~functions (i.e. a pure point spectrum). They suggested that the wave functions corresponding to a
“singular continuous spectrum would have unusual behavior, decaying practically to zero and then
- Reovering to large values. Over very long distances the envelope of the wave function does gradually

t's

decay to zero, but it does not decay to zero exponentially. Avron and Simon [13] also suggested that
such behavior would occur for the case V, = ¢ for Qaf27 equal to an ordinary irrational number. Since
Aubry and André [7] have shown that the localization length for V,=1t is infinite in both the
tonfiguration space model and its self-dual k-space model, there does not exist a length scale in the
problem over which the wave function can decay. Therefore, such unusual wave function behavior is
Xpected in this case.
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4.1, Unusual wave functions in the tangent potential made!

such unusual wave function behavior in their tangent potential
almost periodic model for Qa/27 a Liouville number. Their model allows one to obtain a physical
picture of how such behavior comes about. To this end, consider u*(6, 1)~ explig (8. N} in eq. (53)
whose Fourier transform on 8 gives the solution to eq. (43), the Schroedinger equation for the almost
periodic problem considered by Prange et al. [28, 29]. We showed in section 2 that the Fourier series for

¢ could be written as :

Prange et al. [28,29} have found

.8, )=t S Fa(e™,

where
An
Fm == : y
1- e—lmOa

[eq. (57b)], where A, is defined in section 2 In that section, we discussed the behavior of the Fourier
transform of u*(8, 1) when mQa never becomes too close to a multiple of 2. This is the case of usual
irrational values of Qaj2. In such a case the Fourier series for ¢(6, f) converges, and we- showed that
the resulting solutions of ¢q. (43) decayed rapidly at Jarge distances. When Qaf2w is extremely well
approximated by rationals, however, mQa can become arbitrarily close to a multiple of 27, and for
values of m where this occurs, some denominators in eq. (60b) can become very small. Such terms in
the Fourier series.for ¢(6, {) must be treated separately. For example, consider the case where there

is only one such small denominator when m = m;. Then

u(6) = expli¢’ (6)} expliF,, sin(m8+ h.)} , | (115)

where ¢'(8) represents the sum of all terms in the Fourier series for $(8) except the m = tm; lerms, If
we let expli¢'(8)} = w'(9) and use 3 well known Bessel function identity tO express the second
exponential factor in eq. (115) as a Fourier series, we find that the Fourier transform of u(#) has the

form -

tm = 2 Une-rmdL(Fm,) exp{—iLmh:}. (116)

ssumed large, we may use the asymptotic behavior of the Bessel
function for large argument to conclude that u, represents a series of rescaled versions of the
exponentially decaying wave function i/, over larger and larger distances, separated by m. (The reasons
that u,, is exponentially decaying are ‘given in section 2.) If there are j small denominators in the
Fourier series for ¢(#8, ¢), the arguments leading to eq. (106) may be generalized to yield

Since the quantity F, in €q. (112)is a

ug}= 2 u:n'—l'_,m,—l.;mz.,.Lfn,jh(Fm‘]) JLQ(FMZ) tee JL}(FMI') .

Ly L. . L
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In this wave function, the localized wave function u, is repeated on j length scales. Although the limit
j=» o0, which must be relevant for the Liouville number case, might not exist, the present discussion
gives a physical picture of approximately how such a wave function could come about,

The spectral density due to this wave function can be understood as follows: If we wish to calculate
the spectral density at a lattice site m, we must consider the fact that the wave functions are neither
localized nor extended. Clearly, the energy eigenvalue of a given state will depend on the site around
which it is quasi-localized. Therefore, if wn-is the energy of the state localized on site m’, our spectral
.density will have an energy level at energy w,. for all m' in addition to that at w,,. The weight of that
‘energy level is proportional to J,_{(Fn-n). Since the nature of this almost periodic system is that
there must exist states extremely close in energy quasi-localized about sites which almost repeat in space
{they would have precisely equal energy for a true periodic system), there is an almost continuum of
~ -discrete levels in the spectral density. The weights of some of these levels, however, can be very smail,
- .being weighted by Bessel functions of very large argument. This discussion gives an approximate
- physical picture of how .a singular continuous spectrum- could occur. It is hoped that some of these
... features will carry over to other models with singular continuous spectra.

~". Prange, Grempel and Fishman {49a] have recently calculated the low frequency AC conductivity for
the tangent potential model. The calculations are straightforward, following directly from the calculated
wave functions. For most incommensurate wave vectors, the AC conductivity is given by

a ~ exp{—(wo/w)”}
where wyg is a constant and o is a, number > the dimensionality d. For the case where the wave vector is
a Liouville number times 27/a, however,

o~ o (lnwy

where y=d+1and —1<x <1. This is because of the existence of extremely distant localized states of
nearly equal energy. '

.4.'2.- Approximaie scaling behavior of the wave functions

_ Thouless and Niu [50) have proposed that the absolute value of a wave function at the critical point
. Vo=t should be a product of periodic functions, the period of each function being one of the
-approximate periods of the almost periodic problem obtained by cutting off the continued fraction
representation of Qa/2w at a particular stage. This argument makes use of a relationship similar to eq.

- -(64) to eliminate intermediate sites, resulting in a difference equation of form similar to that of eq. (1),

valid for ¢ < V,. The number of sites eliminated is chosen to correspond to one of the approximate
periods for the almost periodic problem. Successive on-site potential differences in the new
+ Schroedinger equation will thus be made as small as possible by this choice of number of sites to be
eliminated. Provided that successive on-site energy differences are not too small, the effective hopping
matrix elements obtained in successive Schroedinger difierence equations obtained by successive

applications of the above procedure get smaller and smaller compared to the on-site potential strength.
‘Since after an infinite number of applications of this procedure the hopping terms become zero, we
conclude that the wave functions must be localized. When Qaf/2r is a Liouville number successive
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on-site potential differences can be so small that the hopping matrix elements do not become sma]|
under successive applications of the above renormalization group procedure. Thus, the states are g
longer localized. For non-Liouville numbers, as Vj, approaches 1, eq. (64) breaks down and successive
hopping terms become comparable to the on-site potential. Thus, sites are coupled on all distance
scales. If after a given number of applications of the above renormalization group procedure we
approximate the on-site potential in the resulting Schroedinger equation by the periodic potential which
most closely approximates it, the eigenfunctions must be Bloch functions. Hence, the magnitude of the
wave function is periodic with the period of the potential in this Schroedinger equation. Of course, the
lattice sites in this renormalized problem are separated by many atomic sites. To learn about the
variation of the wave function over smaller distances, we stop the renormalization group procedure one
stage earlier and approximate the potential by the periodic approximation for this stage. Continuing this
procedure we find that the wave function must have a series of envelope factors periodic with period
corresponding to each periodic approximation to the almost periodic problem. Because at some point
-several of these periodic envelope functions can come close to being in phase (but never can they

actually be in phase except for the periodic case), a peak at the origin will reappear at distant points but

with successively reduced amplitudes. This is similar'to what the model of Prange (discussed in the last
paragraph) gives for the case of Qa/27 a Liouville number. :

4.3. Transmission coefficients and conductivity for periodic and almost periodic crystals

The transmission coefficient has been calculated numerically as a function of system length using eqs.
(19) and (23) for V= ¢ for E = 0 for the Aubry mode! [51]. As V, approaches ¢ from below, the widths
of the subbands shrink to zero, and therefore, it is' difficult to find the discrete energies of the
eigenstates for Vo=t For E=0, it was possible to determine, using symmetry and other arguments,
that there was definitely a state at that energy. These calculations were done for Qa/27 = 0.5(V5~ 1)

~and 1/(2V10). The transmission coefficient was found at times to drop as low as 1077 only to recover to

about 107 when the length of the system was further increased. Systems as long as 50 000 sites were
studied and this behavior was found to persist. Such behavior is consistent with what was found by
Prange et al. for the singular tangent potential model [29]. Such studies of the transmission coefficient
are important because it was shown by Landauer in 1970 {18] that the electrical conductivity of a one
dimensional system is proportional to T/(1- T). Thus, such studies give us information about an
experimentally observable quantity, '

Although it is easily shown that the trace of the transmission matrices is independent of the phase of
the potential, the transmission coefficient given by eq. (23) will depend on the phase. As discussed in
section 3 Ostlund and Pandit [45] showed that the sequence of maxima of the matrix elements diverged
for all except for-one special choice of phase: In the light of the fact that they speculated that the
physics of the problem should not depend on the choice of phase, it is interesting that the transmission
coefficient is a physical quantity which does depend on choice of phase. The reason for this is probably
its dependence on the choice of location of the edges of the finite sample being studied.

In order to attempt to gain some insight into the behavior of the transmission coefficient of an almost
periodic crystal, let us consider the transmission coefficient for a periodic system and how it behaves in
the incommensurate limit. To proceed further we recognize that for a periodic system for energy inside
a band, the eigenvalues of the transmission matrix defined in eq. (21), which relates the column matrix
(fi, o) to (fa, f-—1), have unit magnitude (since the determinant of the matrix is I) and are complex
conjugates of each other. If the unit cell length of a particular periodic system is ga (where g is an
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integer), the eigenvalues of the matrix

Q P
M@ = ( () a )
Qi Py (117)
.. can be written as
| exp{ziKga}=x *i(1- X s

where x is half the trace of M. Here K is actually the wave vector of the state corresponding to the
_energy that we are considering. The matrix which diagonalizes M (i.e. the matrix S such that
Mp = §7'M“S is diagonal), is given by

(119)

(Qq:i‘ixqé - o, ::,fuq..) :

3 _5 At the band edges K =0 or w/ga and § becomes éingular. From eq. (23); ‘we can easily show using
- M@= SMpS" and egs. (118) and (119) that for small K (i.c. near the band edges) but KNa = an odd
. multiple 7/2 the transmission coefficient is given by o

4C%sin® ka .

T,= ¥
" [D-Fcoskal+ Fsin* ka (Kgay’,

(120)

- where E = tcoska defines k and D= C3+ Ci, F=CG(1+C), €= Q;-1, and C,=—PF,. Thus T,
" can be very small if (Kga) is. It is easily shown using eqs. (118), (119) and (23} that whenever KNa is
. equal to a multiple of #, T, = 1. Thus, near the band edges, T, can become very small and then grow to
- ‘much larger values. The reason for this behavior is most likely that the band edge is a point close to
. Where Ty switches from decaying exponentially (in the gap) to remaining large (in the band). It is
. tempting to speculate for the almost periodic case that when V,, becomes equal to 1, the two band edges
-.-move together and only transmission coefficient behavior typical of the band edge occurs. Un-
fortunately, there is no evidence either for or against this idea.

- In'fact, eq. (118) points out that one must be careful in generalizing from periodic to almost periodic
. systems, For any commensurate system, no matter how high order-commensurate, Kga will vary from
- zero to w as the energy moves across the band (no matter how narrow the band). Thus, if we take the
- thermodynamic limit before we take the incommensurate limit, so that the system size is always larger
.- than the unit cell size, Kga will always take all values from 0 to # as the energy moves across the band
- ¢even though the bands become infinitesimaily wide. This implies that the transmission coefficient
...calculated in this way is not defined since it takes on all values in an infinitesimal energy interval.

 Studies of the commensurate system do, however, give us information about another puzzling feature
f almost periodic systems. An almost periodic system should have a gap in the neighborhood of every
.energy. Nevertheless, we saw in section 3 that for V, less than ¢, the system behaves just like a periodic
System as far as the energy spectrum is coricerned. In fact, numerical calculations of To for Vy<tlike
:those discussed earlier in this section for V= ¢, show that there exist bands of energy for which T;
-Rever gets small, no matter how long we make the system. To attempt to understand this apparent
.paradox, let us consider the behavior of T, inside one of the small gaps. In a gap, the wave vector
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defined by eq. {118) becomes imaginary. Its magnitude gives the rate at which the wave functions, and
hence T, decays. The quantity x becomes greater than 1 in magnitude inside a gap. Then if x varies
smoothly as a function of energy, we expect that if the gaps are much narrower than the bands
separating them, |x| will never get a chance to become too much greater than 1. Thus, we expect that
inside the extremely small gaps the decay rate of T, will be so slow that it most likely would not be
found in numerical studies and in fact would most likely never be observed in an experimental system,
Therefore, although there is a gap in the neighborhood of every energy in an almost periodic system,
and thus, any random choice of energy has a good chance of falling in a gap, the rate of decay of the
transmission coefficient in a very small gap as function of system length might be so slow as to make the

gap physically irrelevant.

4.4. The renormalization group model

- Bellissard, Bessis and Moussa [52] have put forward a model Hamiltonian with a spectrum which is a
Cantor set of zero measure, which can be solved exactly. The Hamiltonian is defined to be a fixed point
of the following renormalization group transformation: ,

 DF(H)D™ (121

where H is the Hamiltonian. This means D F(H) D' = H. Here

F(x)=2-A (122)

where A is a real number which must be greater than or c.quallto 2 for H to be Hermetian, and
Df, = fon where f, is the tight binding wave function. The solution is

Hfy = tyifart Hiafart (123)
where - ' .

(124a)
(124b)
(124c)

=0

Bnt ar1 = A
lhemr = 2. .
For A = 2, 6=0,4= V2and 4, =1forn 22, which obviously has a single band extending from —2 to
+72 because it is the ordinary periodic tight binding model for n = 2. Because the Hamiltonian is a fixed

point of the transformation (.. the Hamiltonian is invariant under it), the spectrum is invariant under
it. Since the spectral density is simply the imaginary part of the Green function, which is the inverse of
E minus the Hamiltcnian, it too is invariant. If we apply F'(x)= +V/2 + x an infinite number of times
to any enetgy in the spectrum, we get a Cantor set of zero total bandwidth. By studying the behavior of
1. under a large number of doublings of &, they show that 4, can come arbitranily close to its initial
* value. Thus, it is almost periodic. Iterating eq. (124) and using the transmission matrix method discussed
in section 2 [i.e. iterating eqgs. (19) and (21)] gives the wave functions. By applying the Thouless
exponent formula to the spectrum they show that the decay exponent is zero implying that there are no-
exponentially localized states. A better understanding of how the spectrum of zero measure (i.e. zero
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total bandwidth} comes about may be obtained by studying .. We find that 1, is usually of order unity
but occasionally it drops to very small values at certain points. Thus, there will be regions in the crystal
in which the lattice sites are strongly coupled, but these regions are only weakly coupled to each other.
Thus, from each such cluster, we get a set of discrete levels. These are split further by the weak coupling
between the clusters. The couplings are never strong enough, however, to broaden the levels into bands.
£... If we include at each level weaker and weaker intercluster couplings, the levels are split again and again
{4+ but never made into bands.

4.5. Numerical and renormalization group wave function calculations

Ostlund and Pandit [45) have recently studied the behavior of the wave functions of the Aubry model
using the transmission matrix method expressed by eq. (21). For Vo <{, they find that the envelope of
the wave function is smooth and the wave function is exténded. For V, > 4, the envelope of the wave
- function is found to decay exponentially. For V;, = ¢, for E = 0 (i.¢., the band center) the envelope of the
‘wave function decays to very smail values as a function of distance only to grow again to a value which
‘is a fraction £ of its original value. The process then repeats itself, the successive large values of the
- wave function decaying to zero at best as a power law. There is no exponential decay. The structure of

the wave function in each region in which it becomes large again is approximately a rescaled version of
. what it was in the prevnous such region. In order to obtain their wave function they choose a value of
" the phase in eq. (1) ha, given by

ha=lim we, mod1=4—w,

L—ew

where {n,} are the locations of maxima of the sum of the squares of the transmission matrix elements,

for zero energy states (the center of the band). For this choice of phase the wave function has an

. absolute maximum at some point and then its envelope decays to either side of this maximum

~ algebraically. [This behavior only occurs for one choice of the matrix column matrix (f;, fo) in eq. (23).]

‘Although the wave functions do not possess. translational symmetry for the almost periodic problem at

Vo=, Ostlund and Pandit have found for E =0 that the wave functions f, have the following

symmetry: f, takes on values which when n is translated by F, and then by F, F;, ... F., where F is

the Lth member of the Fibonacci sequence, the f's begin to almost repeat. Thus, there seems to be a

" type of translation symmetry on a “skewed lattice”. Ostlund and Pandit have also studied the V> ¢

regime and find results similar to the Aubry-André results for the Jocalization length as a function of

potential strength. For Vy<y, they find that the gaps which are seen when we look at smaller and

.. . smaller energy scales approach zero in size. This agrees with the results discussed in subsections 3.1 and
." 3.2, found by perturbation theoretic and guasi-classical methods. '

5. Higher dimensional almost periodic lattices
5.1. One dimensional modulations in higher dimensional lattices

- Some of the results discussed in previous sections for one dimensional lattices may be genetalized to
higher dimensions. A trivial higher dimensional case which was discussed by the present author a few
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years age is the case of a one dimensional modulation potential in a higher dimensional periodic attice
[14]. An example of a one dimensional modulation potential is a potential of the form V,cos G- R
where R is the location of a lattice site, @ is the wave vector of the potential and V, its amplitude. The
case in which Q is along a crystallographic axis for a simple cubic lattice was discussed in ref. [14]. Let
us nbw generalize this result.

Consider the following tight binding Schroedinger equation:

S AR+ a)+ Vocos Q- RFR) = Ef(R), (125)

where f(R) is the tight binding wave function on site R, and a runs over nearest neighbor sites.
Consider the Fourier transform of eq. {125):

e g() +iVilg(k+ Q)+ gk - Q)= Egh), o (126)

where - |

é(k)={_§expiik'a}, | ' | (127
and |

f(R).=§'§ £(6) exlie - R), | (127b)

where N is the number of lattice sites. Consider first the case in which Q is along one of the primitive
reciprocal lattice vectors G,;. That is, we consider

Q=ﬂG|.

Then, eq. (126) may be rewritten as

26 008 2t g +3Volgas1 + ga-t) = [E— £'(6)] g A (128a)
where

| 'g,. =glk+ nQ) , | (128b)

g'k)=t 3 explik-a} | ‘ ' | (128¢)

arie)

where G,+a,=27 and G,-a=0 for all a#a,. This clearly has the same form as eq. (1). Hence,
the solutions will be Iocalizefd in k space along the direction of Q for 4t> V, and extended if 41 < V,. To
understand what this tells us about the behavior of f(R), consider the case in which the cosine potential
localizes f(R) along the a, direction. Then, '
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8 = > f(R)expli(k + naG,)- R} . (129)
R

Since R = ma; + naa; + nsa; where a,, a» and a; are the primitive lattice vectors and n,, n, and #, are
integers, and since we may write k = k.G + k,G,+ k3G, we may rewrite eq. (129) as

L ga=3 bk, ks explia(k, + najn) (130a)
~ where
hnl(kz, k3) = E f(n,a, + nma, + ﬂ3ﬂ3) exp{iZW(kznz + k;n;)} . (130b)
nany ) . ’

Since J(R) is localized in the a, direction, the sum over #, in eq. (130a) converges, and hence, g, is
‘extended in n. If g, is localized in n, then from eq. (127b), we conclude that f(R) is extended in the a,
~* direction. Thus, we again have a form of “Aubry duality”, and hence, by studying the localized or
' extended nature of solutions of an equation of exactly the same form as eq. (1) [namely eq. (126)], we
* determine the nature of the solutions of eq. (125). _

-~ Let us now consider a more general one dimensional modulation in which Q is not along a primitive
" reciprocal lattice vector. Then, we may write

sy

O= a,G,+asz+ agcg. ) . ’ (131)

' In this case, the equatidn satisfied by g, defined in eq. (128b) is more complicated than eq. (128a). It has
. the form ,

e(k+nQ) gn +1Volgns1 + ga-1) = Eg.. (132)

. Since £(k + nQ) is also an almost periodic function of n, the methods discuséed in section 2 should be
~ applicable to eq. (132) to determine whether or not the solutions are localized. From eqs. (127) and
|~ “(125b) we have _

£ = > f(R)expik - R} explin@- R}. | | ' (133)

VI |AR)| -0 as [Ryf =R~ Ql/Q-, it is clear that g, given by eq. (130) will not approach zero as
. |n}> . Thus, g, is an extended solution of eq. (132). If g, is 2 localized solution, then, from eq. (127b),
* f(R) will be extended in the @ direction. The nature of the solutions of (132) can be studied using the
- numerical methods discussed in section 2. :

Bellissard, Lima and Scoppola [53] have studied a multi dimensional model similar to eq. (125). They
tonsider the Schroedinger equation

13 AR+ a)+ V(Q-R) f(R)= Ef(R) | (134)
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where R is restricted to lie on a simple cubic lattice {a is a near neighbor lattice vector for a simpie
cubic lattice), but V is a member of a class of functions of which the cosine potential is a special case,
Theit model is more general than eq. (125} in the sense that V is more general but less general in tha
they only consider a simple cubic lattice. They show that for a class of potentials V and @ satisfying a
diophantine condition which essentially requires that Q- a/27 not be extremely well approximated by
rationals (i.e. not a Liouville number) and ¢ sufficiently small, that the spectrum is pure point with only
exponentially localized states (i.e. the usual case of Anderson localization). ‘

52 A two dimensional modulation in a two dimensional lattice

So far we have only spoken of the case of a one dimensional potential in a higher dimensional lattice,
In ref. {14] a two dimensional potential in a two dimensional lattice was considered. Equation (134) was
studied in two dimensions (i:e. for a square lattice) with the potential replaced by the potential

Vofcos @ X +cos Q,Y), ' _‘ : : (135)

which is a two dimensional potential, with Q.a/2w and Q,a/2w, where a is the lattice constant of the
lattice, irrational numbers. The approximate Anderson localization function method [15,16] was
applied to this model. Although this method is not rigorous, it should be correct for many purposes. It
was found that for Vo> 8¢ all states are localized, for Vp<2t all states are extended and for
21 < V, < 81, there exist both localized and extended states separated by a mobility ‘edge. The method
could easily be generalized to higher dimensions. The disadvantage of this method is that the Anderson
localization function method involves an uncontrolled approximation, namely cutting off the continued
fractions in the expansion of the self-energy at the first term. .

~ The particular model represented by eq. (135) in fact points out deficiencies of the localization
function method. For example, when the crystallographic axes line up with the symmetry axes of the
potential (i.e. the X and Y axes), the model is separable, and we get the model of eq. (1) for motion
along both the X and Y axes. Then, clearly, all states will be localized for Vo> 2t and extended for
Vo< 2. Perhaps the approximate localization function method gives an average over all relative
orientations of the axes of the potential and the lattice. It should also be noted that the model possesses
a type of self-duality for all orientations. This is easily seen by Fourier transforming the Schroedinger
equation. The Fourier transformed model will have the axes of the potential and lattice interchanged
from what they were in the configuration space Schroedinger equation. The transformed model will,
therefore, be identical to the original model for V= 2t only for certain orientations of the axes.

6. Possible experimental application

6.1 D:jﬁculﬁes' in observing experimental consequences of the exotic band structure of almost periodic
crystals

The presence of minibands and minigaps on all energy scales in almost periodic crystals affords an
opportunity to measure a number of interesting effects of an applied electric field. For example, a strong
electric field can induge negative differential conductivity as it pushes electrons toward the region of the
energy versus wave vector dispersion curve that begins to bend as it approaches the region of a gap-
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Furthermore, for higher electric fields one should begin to see the oscillations of the electric current due
to the Stark ladder and interband or Zener tunneling. These effects have been considered for a long
time in connection with the study of ordinary periodic crystals. They are very difficult to observe
- experimentally, however, as they require extremely strong electric fields and very long relaxation times.
£ - Almost periodic crystals could potentially bring all of these effects within the possibility of experimental
-+ test, because the widths of the minibands and the size of the minigaps are considerably smaller than
-~ those of ordinary periodic crystals. Although theoretically an almost periodic crystal has gaps on all
energy scales, we saw in the previous sections of this article that in order to have the very small gaps
present, the crystal must be coherent over distances much larger than the size of most experimental
samples. Thus, the hierarchy of gap structure discussed earlier can only be approximated in real crystals.
| Furthermore, except for the case of a modulation potential comparable in strength to the lattice
“2  potential, we saw that most of the gaps are negligibly small, and the decay constant for an electron
_inside one of these extremely small gaps is probably longer than the crystal. Thus, it is only for a
modulation potential of sufficient strength to put us at the phase boundary for the metal-insulator
- transition that we can hope to see experimental effects of incommensurability.

There exist many crystals in nature which contain a modulation incommensurate with the underlying
Jattice structure. Examples of such crystals are crystals containing charge or spin density waves [13],
mercury chain compounds [3], and some ferroelectrics such as thiourea [4]. In most of these systems,
however, the potential produced by the modulation, which acts on either the electronic or phonon
“states, is weak compared to the bandwidths. We saw in section 3 that the band structure for a weak
incommensurate potential is almost identical to that of the closest commensurate approximation to that
potential. It is only extremely close to the band edges of the commensurate problem used to
approximate the almost periodic problem that the fragmented band structure characteristic of the
almost periodic potential problem is found if the closest commensurate approximation is higher than
. second order registry (i.¢. the atio of the periods is greater than 2) {54]. For first and second order

registry cases it has been shown that structure will occur deep inside the commensurate band gaps
[54,55). The first order registry case corresponds to thiourea and (NHi).BeF, [4] near the com-
mensurate-incommensurate transition. The second order registry case corresponds to polyacetylene
[55]. These two cases would be good candidates for studying the unusual band structure due to
incommensurability. Optical methods in which one looks for transitions between sub-bands would be
‘good ways of making such studies. v
The sinusoidal potential of the Aubry model [eq. (1)] is not expected to be a good description of the
- potential seen by the electrons or phonons due to the modulation when the crystal is almost
commensurate (¢.g. in the vicinity‘.'of the commensurate-incommensurate transition). Rather, an almost
commensurate crystal should have large commensurate regions in the crystal separated by relatively
- short domain walls called discommensurations. Since the potential due to such a configuration should
have many Fourier components, we might expect extensive gap structure even. for fairly weak
* potentials. It was shown in ref. [54], however, that for parameters appropriate to most almost periodic
.~ crystals, it is still difficult to observe effects of incommensurability on the band structure. The reason for
this is that the largest wave vector contained in Fourier transform of the domain wall lattice potential is
comparable to 27 divided by the domain width. Since the modulation is weak in most crystals, the
domain wall size, which is proportional to the square root of the ratio of the force constant of the lattice
" to the force constant contribution due to the modulation, will generally be quite large. As mentioned
earlier, the exception is the first order and second order registries. S
One promising possibility for studying effects of incommensurability is to study them for almost
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periodic superlattices in semiconductors and metals grown by molecular beam epitaxy. One difficulty
with such a program is that the degree of perfection of such superlattices is still not at a level sufficient
for studying effects of incommensurability on the band structure. Furthermore, these crystals are not
coherent over sufficiently long distances to distinguish the band structure of an almost periodic from 3
periodic crystal. In fact, it should be remembered that much of the fine structure in the bands of an
almost periodic crystal results from the beating of the two incommensurate periods, and this only
happens over long distances. In fact in order to study the hierarchical nature of the band structure
discussed in section 3 in detail, it would probably be necessary to have crystals which are coherent over
distances comparable or larger than the size of most experimental samples. Nevertheless, it would still
be possible to study gross features of the band structure if we had fairly good crystals

An almost penod:c layered structure, grown by molecular beam epitaxy, in which two different
substances alternate in a square wave manner, could approximate an almost crystal at the metal-
insulator transition point, even for relatively weak modulation potentials, since in subsection 3.6 it was
found that square ‘wave potentlals always lead to critical behavior. Of course, since the steps in the
potential will be rounded in real crystals, this can only be approximately correct. The system will
certainly be critical for a suﬂicnently strong modulation potential due to having layered structure with
two different substances, however.

Studies of localization effects, however, do not require such a degree of crystal perfection. In fact,
such localization effects may already have been observed in a disordered substance based on NbSe3
namely Fe,ﬂNb;_,,Sem [56,57]. This compound possesses a charge densnty wave which appears at
sufficiently low temperatures. When the charge dénsity wave appears, a metal-insulator transition
occurs, with the conductivity fallmg over 9 orders of magmtude The temperature dependence of the
conductivity in the insulating state is described by Mott’s variable range hopping theory, which signifies
that some sort of Anderson localization has occurred. Since the charge density wave essentially
represents a modulation whose wave vector is along the c-axis of the ciystal, we would expect it to cause
localization of the electronic states primarily along the c-axis. This would make the system into a two
dimensional system and the impurities would localize the states in the other direétions since impurities
cause locallzatlon in two dimensions. It is expected, however, that since the impurity potential is
comparable to or greater than the potential due to the charge density wave, this simple picture will not
be an accurate description of this compound. Approximate Anderson localization function calculations
for a system containing both a modulation potential and impurities, however, do show that the charge
density wave potential will cértainly aid the localization due to the impurities.

6.2. The optical spectrum of hollandite

As stated earlier, one of the main difficulties in observing eﬂects of incommensurability is that most
almost periodic crystals occurring in nature consist -of a crystal potential and a relatively weak
modulation' potential incommensurate with the crystal potential. As a result, the effects of the fact that
the modulation potential is incommensurate with the lattice are only a small perturbation on the band
structure for closest commensurate approximation to the modulation. Hollandlte however, is a crystal
with a relatively strong modulation potentlal Holtandite is a one dimensional ionic conductor which has
channels containing ‘mobile potassium ions which order’in a sfructure incommensurate with the lattice
potential inside the channels [58]. In the case of hollandite, the channel potential is strong enough
compared to the potassmm—potassnum interaction to cause large dlsplacements of the potassium atoms
from equal spacmg, but it is not large enough to force all potassium ions to reside at its minima.
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Therefore, the phonon equations of motion will contain a term in the dynamical matrix due to the
channel potential which is comparable in magnitude to the part due to potassium-potassium inter-
actions. This term is periodic with a period incommensurate with the potassium lattice. Calculations of
the absorption coefficient and Raman scattering cross section for a model for the potassium ions in
hollandite show many strong peaks due to the breaking of translational symmetry by the incom-

Y= mensurate channel potential. That is, the channe! potential makes phonons with wave vector equal to a

multiple of the channel potential wave vector observabie Dy absorption and scattering of light. The

T experimental situation is unclear at this point, however, because it is difficult to grow crystals with a

range of potassium concentrations [59].

The possibility also exists that the phonon peaks will be broadened by the almost periodic potential,
as was discussed in subsection 2.6. If crystals in the hollandite family could be grown with variable
mobile ion concentrations, one would expect a phase transition in the phonon linewidth at a critical

-value of the ratio of the channel potential to the interionic potential strength, as one crosses the

metal-insulator transition critical point. -
6.3. The electron in a magnetic field problem

~ An unexpected application of the theory of electrons in almost periodic potentials occurs in the

- IV electron in a magnetic field probiem [34, 36]. This application was originally pointed.out by Harper [60].

The energy spectrum of a two dimensional free electron gas in a magnetic field is well known to consist.

of a series of discrete Landau levels. In the presence of a periodic potential the spectrum becomes more
interesting. _ :

" Let us consider first the case of 2 weak periodic potential. We will treat the periodic potential as a

perturbation on a free electron gas in a magnetic field. That is we will assume that we are in the strong

" magnetic field limit in- which the spacing between Landau levels is large compared to the matrix

* elements of the periodic potential. Then our unperturbed Hamiltonian for a uniform magnetic field is

1
H= z—m-'(ﬂ'_f + wi) ' (136)
where
e
=Pt % By 7 (137a)
e ’ ) .
My =Py % Bx {137b)

|- and p,, p, are components of the momentum operator and B is the magnetic field. If we choose our

" Landau level wave functions to be of the form |

cﬁk),

- exp{iky}exp{—iiny} ¢(x——eE (138)

will satisfyr a Schroedinger equation for a harmonic oscillator centered about the coordinate
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x = chkjeB, with energy given by
(n+3)heo, (139)

where w, = eB/mc, independent of k. Thus, the Landau level wave functions are independent of & aad
hence highly degenerate. Applying generalized Born-Von Karmon boundary conditions in the y
direction by requiring €'~ = " where 7 is some number and L is the length of the box and requiring
the orbit center to be inside the sample, we obtain the following degeneracy factor:

BL?¢o=m+nl2w ' (140)

whete ¢ = hc/e is the flux quantum and m is an integer. Thus, the degeneracy of each Landau level is
equal to the number of flux quanta through the sample. '

“The presence of a weak periodic potential will break the. degeneracy of the Landau levels in general
by mixing different values of k. Because of its simplicity, let us' first consider the effect of a weak
rectangular lattice potential of the form

Vix, y)= Vilcos Gux +cos Goy), (141)

where G, = 2wfa, G.=2nlb where a and b are the lattice constants. Expanding our wave function in
the unperturbed wave functions of the lowest Landau level [61] as follows:

B :
#5,9)= 3 frexplitk + nGa) (=3 éxp{—i 2 [x- 5o 2 (k4 nG)| (142

where (xo, yo) is the origin of the coordinate system, we find that in lowest order degenerate
perturbation theory f, satisfies Harper’s equation [60]

LVi(for, €XPAG2Y0) + fo-1 EXP(=iGayo)) + V2 cos(On + 8)f. = Ef., {143}
where |

Q = 2o/ Bab ' o (144a)

5 = k¢po/Ba + 2mxo/a | (144b)

V= Voexpl—X¢o/BbLY} = Vo exp{-i2m)go/ Bb’} ' (144c)

Vo= Veexp{—iGiLY = Voexp{- 2o/ Ba’} T  (144d)

where L is the radius of a Landau orbit radius (L = (Pof27B)'?).

Equation (143) is equivalent to eq. (1). Then, from eq. (144) we see that if b<a, Vo>V, and all
solutions to eq. (143) will be localized in n if Q/27 (the flux through a unit cell of the rectangular lattice)
is an irrational number. According to eq. (142), this means that Ww(x, y) is localized in the x-direction
and extended in the y-direction. When a <b, it is easily shown using the dual model to eq. (143) that
the states are extended in the x-direction and localized in the y-direction. For a = b, we get the unusual
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wave functions described in section 4 as solutions to eq. (143), and the spectrum is believed to be
singular continuous. By studying an experimental isotropic square lattice system one would be able to
study such unusual behavior, and by applying uniaxial stress one could study the spectrum of an almost

riodic system extremely near (but not at) the metal-insulator transition. The one problem with this

~ method is that, as we see from egs. (142) and (144a), the quantity @ gives the ratio of the spacing

between the centers of the harmonic oscillator functions which form the basis of the wave function

- gix, y) and the lattice constant in the x direction a. For a field of 10000 gauss and lattice constants a
" and b of the order of 34, Q~107° A", Thus, to see these effects the crystal would have to be coherent

-and the magnetic field would have to be uniform over a distance of 10 microns since the Landau orbit
centers will be ~10° A apart. Therefore, one cannot even hope to see these effects for ordinary crystal

_ lattices. For the cases in which the periodic lattice is determined by a charge density wave with a unit
“*" cell which is twenty or thirty lattice constants long or longer however, the required crystal size becomes
i+ gmaller. Also, it might be possible to see such unusual magnetic field effects with artificially grown
*"superlattices which could have such large unit cells. For an anisotropic triangular lattice the equation

analogous to eq. (143), obtained by the same methods as used to find eq. (143) has the form

2V, cos 3f(n —2)Q + 8]fa-1+ 2V cos Hn+HO+ 8)fur t+ 2Vycos(nQ+8)f, = Ef.. (145)

" Thouless’s work on this model suggests that the total bandwidth of the spectrum of eq. (145)-becomes
- zero when the crystal is isotropic (i.e. Vi= V2) [39], which implies that there will be unusual wave
" function behavior and a singular continuous spectrum in this case. This is an important result because

there exist many real two dimensional crystals with a triangular symmetry superlattice structure [62].

- Such systems would be good candidates for studying the band structure of an almost periodic crystal.

So far we have considered the weak periodic potential case. In the tight binding limit, we also obtain
an equation with the same form as eq. (143) by the following argument: If (k) is the band energy for a
two dimensional system in the tight binding approximation, by the usual methods, the Schroedinger
equation when a magnetic field is applied is obtained by replacing £(k) by £(k — (¢/ch)A). In the Landau
gauge A = (0, Bx). Then, the effective Schroedinger equation becomes for a rectangular lattice for
which (k)= &, cos k.a + £2c0s ky,

[s‘.cos k,a+szcos(k,_—fEBx)b].p:E(p. | (146)

Replacing k, by (1/i)d/dx, eq. (146) becomes
L )+ ot -+ eacon( 5 Bk Jote) = B4,

_using the fact that cos{{a/i)d/ dx) is a translation operator, or
Ler(fors+ foi)+ E2c08(nQ = 8)fu = Efu. (147)
where ' - '

o= lx+na), : (148a)
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Q = 27Babldo, (148h)

and & is the same as in (144b). The new Qf2 1 is the inverse of the Q/27 defined in eq. (144a). An equation of
the same form as (145) can also be easily derived in this way for the triangular lattice. All of the
qualitative conclusions discussed for the weak coupling case will also hold for the tight binding case.

The relationship between the electron in a magnetic field problem and the almost periodic potentia]
problem also allows us to draw conclusions about the quantized Hall effect in the presence of a periodic
fattice {63]. The classical high field Hall conductivity is given by

ow = nec/B o (149)

where # is the number density per unit area. If the Fermi level lies in the gap between the m and m + |
Landau levels (i.e., we have m Landau izvels completely filled), the density is given by

n = mBj¢o = meBich, ‘ (150)

using eq. (140). Substituting into eq. (149) we get the quantized Hall effect with quantum number m,
The reason that the Hall steps have non-zero width is either that the two dimensional system is always
in equilibrium with a bulk solid which fixes the position of the Fermi level [64]; or there are localized
states in the gap which do not contribute to the transport but which can pin the position of the Fermi
level [65]. Since we have just seen that in the presence of a periodic potential the problem reduces to
that of an electron in an almost periodic potential, the lowest Landau level will have a hierarchy of gaps
introduced into it. If a fraction » of the states in the Landau level lie below a particular gap, we might
naively expect from eq. (149) ' .

o= velh. | | | (151

In fact Streda [66] and Thouless et al. [61] showed that this conclusion is not correct. Streda uses 2
formula for the Hall conductivity which both he [67] and Widom [68, 69] derived by different methods.
We will give Widom's derivation which is simpler; it is based on Faraday’s law [68]. Consider a planar
region with a time varying flux passing through it. Then, the voltage or EMF around the border of the
region is given by -

_1dé

v .
c di

(152)

There will be a Hall current I, out of the border of the region given by
In=eAdnidt=auV , | (153)

where n is the number density of electrons, A is the area of the region and e is the electronic charge.
Combining eqgs. (152) and (153) we find the relationship '

ou=econfoB. _ (154)
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This is the Widom-Streda formula. Since the Fermi level lies in a gap, we may use eqgs. (90), (144) {14sb)
and (140) to find n as a function of B. In the tight binding limit, eq. (90) divided by the unit cell area
 gives n. Then, from eq. (154) we find that oy must be an integral multiple of ¢*/4. This is in conflict with
_ the experimental observation of a fractional Hall conductivity. For the weak periodic potential case # is
iven by eq. (90) divided by the unit cell area and multiplied by the degeneracy factor for the Landau
evel given by eq. (140). On applying eq. (154), we obtain the same gualitative result as for the tight
iiiding case. This resuit is, consistent with Laughlin’s arguments [70], and holds whenever the unit celi

I ““area is independent of the density. For a periodic lattice due to a Wigner lattice or charge density wave,

“fiowever, this is not the case [71), If nf2 = a constant, wheré (2 is the unit cell area, as is the case for acharge
“"density wave, it is easily shown using egs. (90) and (154) that

ou= vellh C (155

]lese references treat non-interacting systems.
.i Thouless et al. [61] have given a dlﬂerent proof of the theorem which states that for a non-mteractmg

?!I ai‘é Bloch functions because in that case the system has translational symmetry. The periodic part of the
: *”Bloch funcnon will then satisfy a Schroedinger equation w1th a Hamiltonian in the Landau gauge given

h 3 1 /h o .. '
LY LRV N S PO ). |
H(k,,k) (1 - ) 2m( Tk Hx) +Vix y) | (156)

i
'._ i ’

" where V is the periodic potential. The velocity operator is easily shown to be given by (1/A)(3H] ok,
aH/ak ,). Then, the Kubo formula for the Hall conductivity is

alamakxlﬁ)wwwak |a) — {a|9H] 3k, |B){B| aH/ 3k Ia)

li =L - 157
H Aﬁ ,,ggp eggEF (S - sﬂ)z ( )

Q:gc?"wherc A is the area of the system and @ and 8 label the bands. It can easily be shown that
(alVH1B) = Vacalk)0us + ()~ eulk) | PruiaValrhng (158)

here V, = (3/ok,, d/ok,) and me.(r) is the periodic part of the Bloch function for the ath band.
Substituting eq. (158) into eq. (157), and using completeness of the u’s, we find

E‘.szkfd’ [3#:“-(’) 3#1:5") 3#;}:;(’) 5#;;:(’)], . (159)
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where the sum over ¢ is over occupied bands only. By Stokes theorem

_ e 2 % . e Ofka ‘
UH_47]‘h Eﬂ:J'd r ;dk}'(#tu ak’ ak’ F’ka) » [16{))

where the line integral on k is around the border of the Brillouin zone. For high order rational value
of Qaf2, all the discussions in earlier sections of this article show that the bands do not overlap, i
which case ki, is a single valued function of k. This integrand in eq. (160) reduces to 98/ ok; where 6 is the
phase of g (r). Since the function pisa is single valued, the integral of 36/ dk;, gives 2i times 2 for the
change of phase on going around the Brillouin zone. Thus, from eq. (160) on equals an integer times
¢*/h. By using methods similar to the perturbation theory in €gs. (64) and (65), Thouless et al. [61] were
able to calculate the value of the integer. This integer jumps quite wildly for small changes in magnetic
field. Avron, Seiler and Simon have shown this theorem to be important for characterizing the bang
structure [44]. : .

One experiment which has actually shown effects of incommensurability on the band structure is the
measurement of the de Haas—van Alphen effect in the mercury chain compounds [3] by Razavi et o}
(72). In this experiment, new de Haas-van Alphen frequencies due to incommensurability were found,
|t should be noted that Ehrenfeund, Ron and Weger have used this picture to explain the nuclear spiy
relaxation in these compounds using such a picture [73]. The idea is that because of incommensurability,

" new segments of Fermi surface occur which are obtained from the commensurate crystal Fermi surface

by translation by one of the reciprocal lattice vectors of the mercury chain. In a weak magnetic field the
electron orbits on the Fermi surface should flow into these segments. Since for an incommensurate
system there should be a hierarchy of such Fermi surface segments, there should be extremely smal
Fermi surface orbits, which will contribute some extremely small de Haas—van Alphen frequencies. In
principle this should be the ideal way to observe effects of incommensurability on band structure, butin
practice, because of the presence of impurities in the sample, it is necessary to apply relatively strong
magnetic fields in order to see the de Haas-van Alphen effect and this causes magnetic break-down,
which results in the electron orbits not following most of these small Fermi surface sections. Thus, the
presence of this predicted hierarchy of de Haas-van Alphen frequencies due to incommensurability has
not been observed. Recent band structure calculations on this compound have been performed to

explain this effect [74].

6.4. Superconducting networks

A very exciting experimental manifestation of incommensurability-has been found recently by
Pannetier et al. [75]. They have discovered structures in the phase boundary (i.e. critical field versts
critical temperature curve) for periodic.superconducting networks. On the phase boundary it is sufficient
to solve the linearized Landau-Ginzberg equation (since the amplitude is small there) [76],

[-YE€+ G das—KFla=0, (161

where A is superconducting amplitude, ¢, is the coherence length (62 (T.— YT, 5= ph
K = (2e/kic)d - A, where £ is a unit vector along the superconducting strand in the network, At the ¥

ends of the strand Jjf
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A,-_,-(S,-) =4, and Ar’j(sf) = AJ {162

where 4, and 4; are respectively the values of 4 at the { and j ends of the strand. Then, solving eq.
~ {161) subject to these conditions gives
fues )
i G
ithe 1.
the §=
mes
vere
1etic

nd | IZ[(i ‘?—Kf,-)a,,-('s)“ -0, o : (164)

T, sin(lh=s)é) . sin(s/E;) _
4;(s)= [ ‘-__u—._sin(l.-,-ff,) + 4} exp(iyy) Sin(f,-;ffs)] exp(—iks), | (163)

where ¥y = Kl;. Applying the following matching condition on the derivatives of 4 at the boundaries:

j a5 s=5
5 the
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lown, | -~ y=2wBa’/do

5, the |

'y has |... where a is the strand length. If we write

Aﬂm =j;l(q) elqm 2

. we have

we obtain

=4, 2 cot(lyl&) 6+ 3 4 explivyiéd sin(ly/€) =0 | (165)

For a square lattice and in the Landau gauge, A, = A, =0, A, = Bx, this equation reduces to

0= _4‘4% Cos(affs)+dn+l.m +An—l,m +ei7na nom+l + e“i’m‘d Arm—11 (166)

2 cos(yn + ‘?)fn +fn—1 +fn+1 = Ef; (167)
y by | % : :
versus | . 5 where
ficient | -

e =4cos(a/,).

This is just the Aubry model with £ given by the above value. Clearly the solution to eq. (167) for a
. given B corresponding to the highest temperature, and hence the highest value of &, represents the
emperatures on the phase boundary corresponding to that value of B. The structure in the phase
boundary observed by Pannetier corresponds to the structure that one would expect on the basis of
Hofstadter’s work when Ba® ¢, takes on rational values. Since a is of the order of microns, it is not
iifficuit to make this quantity take on values of order unity, unlike the case of a crystal lattice. Pannetier
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et al. have also studied triangular and honeycomb lattice networks. This work represents the firg
definitive test of the theories discussed in this review.

6.5. Spin waves in incommensurate antiferromagnets

Several theoreticians have suggested that an antiferromagnetic with a linear spin density incom.
mensurate with the crystal lattice should have its spin waves highly broadened by the non-periodic
nature of the resulting incommensurate spin structure [77]. This will not happen for a spiral spin
structure because such a structure does possess translation group symmetry (except that each of the
“translations” in this group consists of a translation plus a rotation of the spin structure). The presence
of strong damping seems to be consistent with experiment {78].

Starting with the Hamiltonian

the equation of motion for §7 in the random phase approximation is

f

St=-2 2 IS8T —(S)ST]+ 2D(SST . | | (169)

If we take

(§7)= Scos(Q- R, (7).

we have

;il-S",- = 2D + J(Q)]S cos(Q - R:)S7 — S cos(Q R;) 2 187 (171)

For near neighbor exchange, this equation is similar in form to the Schroedinger equation for the Aubry
model, except that in this case the hopping term (the second term on the right hand side) has a spatia
dependence. In this system the potential term (the first term on the right hand side), is often larger than
the hopping term because of the anisotropy, and preliminary calculations on the above model by the
present author similar 1o those described in section 1 scem to show that the spin wave states ar
localized. Thus, the observed damping of the spin wave modes is not surprising. Since the modes are
localized, the wave vector is not a good quantum number. These magnetic systems clearly provide an
experimental example of the incommensurate potential problem in a regime in which the potential term

s larger than the hopping term.

6.6, The ringshof Saturn

A cohlpletély_'d'iﬁerent application of the theory of almost periodic Schroedinger equations W&
suggested by Avron and Simon [79]. They suggested that the complex structure observed by Voyagd* |
for rings of Saturn could be understood by studying almost periodic Schroedinger equations. Thet
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method is based on Hill's method for studying linear stability of planetary orbits. Consider a planetary
orbit defined by the position vector for the planet r(f), which must be a solution to Newton's second law

1

i"=—f(r). (172)
; Ifwe perturb the orbit by replacing r— r+ Zw(1}, for example, where w is assumed small and # is a unit
y [ veetor in the z-direction, w satisfies the eigenvalue equation
3
e Hw=Ew N _ {173a)

1 with E =0, where

) =-ddf+ V(r), ' . - o B (173b)

here V{f)= —4F, (r(t))/az Equation (173a) is a periodic “Schroedinger” equation. The condition for
“stability of the orbit is that the “Hamiltonian" have a zero eigenvalue in its spectrum. If such a solution
'_;does not exist, our assumption that w remains small is clearly invalid and w must grow with time, and
' hence, the orbit is unstable. Let us now consider the stability of an orbit of a particle in Saturn’s rings
3) | -under perturbations due to its moons and the Sun. To do this, we add to F a force Fi(r(1)) due to these
- perturbatlons For weak F;, ror+u where u 1s a small perturbation. Then u sansﬁes the following
1 apprommate form of Newton’s law

=(u- V)F(r(r))m(r(r» . | )

0).
Applylng Hill’s criterion for stability of the orbit described by this equation (i.e. addmg a perturbatlon
2w(t) to r(t)+ u(t) and linearizing) we obtain eq. (173a) w1th

y | =&, 9F()  OFr),

 H= VF(r) | (175)

: atz— az 9z c?z

z I'hls results in an almost periodic Schroedinger equation in general because the penod of the orbit on
a1 |.;ope hand and the moons of Saturn and the Sun are generally incommensurate. The structure in the

an f}elgenvalue spectrum (i.e. its Cantor set nature) is reflected in the structure of the orbits. Using this
he . plcture Avron and Simon were able to explain some of the gaps in the rings of Saturn by using
Sl Pperturbation theory. The smaller gaps, inside the larger rings, however, are not explained correctly by
¢ ) - their perturbation theory arguments. Most likely the problem is that since the perturbing potential is
an ~¥ery weak, this problem is probably equivalent to the case of a very weak modulation potential
M E-discussed in section 3. For such a case, the band structure does not differ too much from that of the
Bearest commensurate case, and this is probably reflected in the orbit structure.
- Miscellaneous results not previously discussed
85 '-Thls article concludes with a discussion of some ngorous results which did not fit into any previous
ri [ifiscussions, and some new results which the author became aware of after the article was completed.

Belhssard and Simon have succeeded in proving in some sense that the support of the spectral
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density of the Aubry model is a Cantor set [80]. This article proves for the Aubry model what they hag
previously proven for the differential Schroedinger equation with a type of almost periodic potentig]
called a limit periodic potential. [A limit periodic potential has the form Z. V; cos(r/2")] [81],
Physically, the occurrence of a Cantor set spectrum means that there is a gap in the neighborhood of
every energy in the spectrum.

More recently, Avron and Simon [82] have shown completeness of the eigenfunctions of Grempei et
al. [28]. S - :

Deift and Simon {83] have derived many results about the absolutely continuous spectrum. In
addition to Bellissard, Lima and Scopola’s [53) work, which.was mentioned earlier, Craig [84] angd
Posuhrl [85] have constructed examples of almost periedic Schroedinger equations with a pure point
spectrum.

Recently Llois et al. [86) have studied localization in almost periodic tight binding models for various
- types of potentials. They basically use the transmission matrix method discussed in section 2 to calculate
the wave function, from which they find a localization exponent. They find a mobility edge in ali but the
cosine potential, in agreement with refs. [7] and [10].

Chao, Riklund and Wahlstrom [87] have recently studied the metal-insulator transition in the Aubry
model using the renormalization group method proposed by Jose [19, 20] (discussed in section 2.2 of this
article). They find variation with energy of the band structure and the number of iterations necessary to
reach the fixed point as one approaches the values of /f V, at which the metal-insulator transition takes
place. Thus, it appears that even if the transition occurs at 1/ V, = 1 for all energies, certain properties of
the system, characteristic of the metal-insulator transition, are energy dependent.

Fishman et al. and Pastur and Figotin [88] have recently shown that a three dimensional generaliza-
tion of the tangent potential model exhibits all localized states. Their model is a near neighbor tight
binding model on a simple cubic lattice with a potential proportional to tan Q- R where R is the
positron vector of a lattice site and @ is chosen so the ratios of its components are irrational numbers
and @ is incommensurate with the lattice. This guarantees that the planes of constant potential will not
coincide with crystal planes, which is probably why there is localization within a plane of constant
potential (since lattice sites within a plane are only connected by paths which takes the particle onto
neighboring planes).

Machida [89] has considered the self-consistent solutions of the Hartree-Fock approximation
Schroedinger equation for linear spin density waves in chromium in a continuum approximation.
Although all harmonics of the spin density are included in the calculation, the resulting electronic
spectrum possesses only two gaps, because in the continuum approximations. the Schroedinger equation
reduces to Lamay's equation, which is known to produce only few gaps. '
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