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Abstract

The ordinary single-channel Kondo model consists of one or more spin-3 local
moments interacting antiferromagnetically with conduction electrons in a metal.
This model has provided a paradigm for understanding many phenomena of
strongly correlated electronic materials, ranging from the formation of heavy-
fermion Fermi liquids to the mapping of a one-band model in the cuprate
superconductors. The simplest extension of this ordinary Kondo model in metals
which yields exotic non-Fermi-liquid physics is the multichannel Kondo impurity
model in which the conduction electrons are given an extra quantum label known
as the channel or flavour index. In the overcompensated regime of this model, non-
Fermi-liquid physics is possible, in contrast with the single-channel model. We
overview here the multichannel Kondo impurity model candidates most exten-
sively studied for explainin g real materials, specifically the two-level system Kondo
model relevant for metallic glasses, nanoscale devices and some doped semicon-
ductors, and the quadrupolar and magnetic two-channel Kondo models developed
for rare-earth and actinide ions with crystal-field splittings in metals. We provide
an extensive justification for the derivation of the theoretical models, noting that,
whenever the local impurity degree of freedom is non-magnetic, a two-channel
Kondo model must follow by virtue of the magnetic spin degeneracy of the
conduction electrons. We carefully delineate all energy and symmetry restrictions
on the applicability of these models. We describe the various methods used to
study these models along with their results and limitations (multiplicative
renormalization group, numerical renormalization group, non-crossing approxi-
mation, conformal field theory and Abelian bosonization), all of which provide
differing and useful views of the physics. We pay particular attention to the role
that scale invariance plays in all these theoretical approaches. We point out in each
case how various perturbing fields (magnetic, crystalline electric, electric field
gradients and uniaxial stress) may destabilize the non-Fermi-liquid fixed point. We
then provide an extensive discussion of the experimental evidence for the relevance
of the two-level system Kondo model to metallic glasses and nanoscale devices,
and of the quadrupolar and magnetic two-channel models to a number of heavy-
fermion-based alloys and compounds. We close with a discussion of the extension
of the single-impurity models which comprise the main focus of this review to
other systems (Coulomb blockade), multiple impurities and lattice models. In the
latter case, we provide an overview of the relevance of the two-channel Kondo
lattice model to non-Fermi-liquid behaviour and exotic superconductivity in
heavy-fermion compounds and to the theoretical possibility of odd-frequency
superconductivity, which is realized (for the first time) in the limit of infinite spatial
dimensions for this model.
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1. Introduction

Since the great success of the many-body theory of metals and superconductors
developed in the 1950s, it has been generally believed that the theory of metals is well
understood and the only exception is magnetic properties. It was accepted that
perturbation theory works well for ordinary clean and dirty metals and no one
expected any deviation from the Landau theory at low temperatures. Then Kondo
(1964) discovered a logarithmic divergence in the scattering of electrons by magnetic
impurities in metals. This invoked extensive research since that time using very
different tools of theoretical physics including Wilson’s (1975) work on the
renormalization group honoured by the Nobel Prize in 1982. Indeed, the Kondo
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Figure 1. Early measurement of a resistivity minimum in metals.

effect has become one of the most extensively studied many-body problems in the
field of theoretical solid-state physics for the last three decades.

In the last 15 years, several other problems related to the original Kondo problem
have shown up in the literature, and the present review’s main goal is to summarize
the progress on the multichannel Kondo model. The possible physical realizations of
this model generally depend on local orbital degrees of freedom as opposed to the
local magnetic moment considered originally by Kondo.

Before 1964, the electron—impurity interaction in metals with magnetic impurities
had been studied by calculating the electrical resistivity in the second-order
perturbation theory assuming simple effective Heisenberg exchange interactions
between the local moments and the conduction-electron spins. The contribution of
the magnetic impurities to the residual resistivity was similar to that of non-magnetic
impurities except in the magnetoresistance. This was despite the very early
observation by de Haas et al. (1933-1934) that in some cases the resistivity of gold
shows a minimum at around 3-4 K (figure 1) and it was remarked that “...it is of
course very interesting to investigate the influence of the purity of the metals on this
minimum’. At that time very little attention was paid to the observation and only the
latter extensive studies in the 1960s clarified that different magnetic impurities
contribute to the logarithmic temperature dependence of the electrical restivity with
minima at different temperatures.

In the milestone work of Kondo (1964), the calculation of the electrical resistivity
was extended to third order in the local moment—conduction-electron exchange
coupling J of the form

Hin = JS) - 5:(0) (1.1.1)
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for a single impurity, where §1 is the impurity spin and s¢(0) is the conduction-
electron spin density at the impurity site. Note that positive J corresponds to
antiferromagnetic coupling, and negative J to ferromagnetic coupling. (There are
two different conventions about J in the literature; sometimes a factor of one half
multiplies the above definition.) Kondo’s result was that the resistivity took the form

D
k

where po(T) is the resistivity of the pure metal, N(0) is the conduction-electron
density of states at the Fermi energy, D is the bandwidth of the conduction-electron
system (of the order of the Fermi energy), T is the temperature, and ¢ and b are
constants proportional to the impurity concentration. The origin of this logarithmic
term, as we shall discuss in subsequent paragraphs, is the non-commutative scattering
when the impurity has internal degrees of freedom.

Several interesting results can be inferred from equation (1.1.2). First, given that
in a clean metal such as gold po(T) o< T° at low temperatures, a resistivity minimum
will appear when J > 0 (antiferromagnetic coupling) since the logarithmic term then
grows as the temperature is diminished. As Kondo noted, this minimum temperature
should go as ¢!/, where ¢ is the impurity concentration. Second, given that a ~b, the
logarithmic term grows to the order of the quadratic in J term at a characteristic
‘Kondo’ temperature scale

p(T) = po(T) + aN(0)J? + bN(0)>J* In (1.1.2)

9

ks Tx =~ D exp N0
where N(0) is the conduction-electron density of states per spin. Below this scale,
systematic weak-coupling perturbation expansions must break down, and so it
represents a cross-over between a high-temperature high-energy regime which may
be treated perturbatively and a low-energy regime of complex character which must
be treated non-perturbatively. This makes the Kondo problem the first known
example of an asymptotically free theory in physics, and the Kondo scale is
analogous to the so-called quantum chromodynamics (QCD) scale Aqcp at which
perturbative QCD breaks down (for example, Aitchison and Hey (1982, p. 298).
Finally, it is clear from this remark and the restriction of unitarity on the scattering
rate (a finite scattering probability must exist at the Fermi energy) that Kondo’s
theory is incomplete.

In order to resolve this latter problem, Abrikosov (1965) and Suhl (1965)
introduced the concept of the Kondo resonance. The idea is that the appearance
of the logarithm in Kondo’s calculation signifies the development of a many-
body scattering resonance at the Fermi energy. These treatments summed up
infinite numbers of diagrams diverging as powers of logarithms using building
blocks with only one-electron or one-hole scattered states. While this led to a
finite scattering rate at the Fermi energy, it did not lead to a complete solution of
the problem.

A great boost in understanding the new phenomena came from studies on the X-
ray absorption singularity worked out theoretically by Mahan (1990, pp. 737-764),
and more elaborately by Nozieres and de Dominicis (1969). The issue for this
problem is how the conduction electrons react to the appearance of a deep core hole
created by X-rays and how this response affects the X-ray absorption spectrum. The
problem can be formulated more generally in terms of how the conduction electrons

R ) , (1.1.3)
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relate to a change in a localized external potential. It is well known that in the
electron screening of a localized potential a long-range oscillation introduced by
Friedel (1952) is induced with wave-vector 2kr, where kF is the Fermi wave-vector.
This oscillation signals the presence of a singular response for electronic states at the
Fermi energy. Anderson (1967) reconceptualized this problem by pointing out that
the ground-state wavefunctions with two different localized potentials are orthogo-
nal to one another in the thermodynamic limit. (This change in impurity potential
can introduce a phase shift and amplitude modification to the Friedel oscillations
about the defect site.) This phenomenon has been named the ‘Anderson orthogon-
ality catastrophe’. The relation of the Kondo effect to this problem is easy to see;
whenever the local moment spin is flipped by interaction with the conduction
electrons, a change in the scattering potential for up and down spins is the result.
Hence, the orthogonality catastophe arises for every single spin flip.

All these studies made it obvious that the X-ray absorption problem and the
Kondo problem represent a new type of infrared divergence at low temperature and
energy in which an infinite number of particle-hole pairs are involved on a scale
extending to large distances away from the localized perturbation. On the other
hand, there is a very essential difference between these two problems, which is related
to the presence of internal degrees of freedom in the Kondo problem. The resulting
scattering potential seen by conduction electrons is non-commutative in the Kondo
case, while it is commutative in the X-ray core hole problem. In order to demonstrate
this idea, we consider a simple scattering problem in which conduction electrons
couple to a single heavy particle (e.g. a localized magnetic ion or a two-level system).

The Hamiltonian is
H= Zekcz“cky + €0 Zb&ba
n

+ ; ; VHUQﬂC};H ck,ub&bﬁ, (1.1.4)
7 L0

where ¢ is the electron kinetic energy with momentum k in, for example, an s-wave
projection of plane-wave states, c};y creates an electron spherical wave with radial
momentum k and internal quantum numbers y, and b}, creates a heavy particle with
quantum numbers o Note that the internal indices of the conduction electrons may
represent magnetic spin or orbital indices or a combination of the two. The
interaction potential is given by Viwes. For the conduction electrons a band cut-
off D is applied which is of the order of the Fermi energy. In the following remarks,
the limit g — 00 is taken to ensure that there is only single occupancy of the heavy
particle.

In the second-order perturbation theory for the two-particle T matrix describing
electron scattering off the impurity, there are two diagrams shown in a time-ordered
way in figure 2. The direction of time corresponds to the directions of the lines on the
heavy objects. As the interaction is assumed independent of k, k-, the scattering
amplitude for an incoming electron with energy o is

D (1.1.5)

9

@
Vi U)Qﬂ () = Z( Vovoy Vouyp = Vouoy vayﬁ) In
13

where the quantum numbers of the internal lines are summed over and the negative
sign arises from the fermion anticommutation relations (note the crossed lines in the
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Figure 2. The two leading diagrams for the scattering of a light electron on a heavy object.
The light electron is represented by the light line and the heavy object by the double
line. The wavy lines indicate the interaction matrix element V. The quantum numbers
characterizing the particles are also shown. The expression below gives the
corresponding matrix elements of the interaction to this order and the minus sign
arises from fermion anticommutation (the crossed lines in the second figure; Einstein

convention applies to the indices): V;zofrp ~ Veyrg Vyoap = Vyagp Viyap-

second diagram) as the intermediate conduction state reflects a particle or hole
respectively. The logarithm is precisely that identified by Kondo.

Different localized perturbations can be classified by the value of the potential
matrix ‘commutator’ Vouay Vovyp = Vouoy Vopyp in equation (1.1.5).

(i) Commutative model. When
Vovory Vouys = Vouoy Vopyp = O, (1.1.6)

no Kondo logarithms appear. This occurs for a point-like structureless
interaction betwen the heavy object and conduction electrons which is
diagonal in the internal indices.

(ii) Non-commutative model. When

VpUO_'Y Vpuyﬂ = Vp[JO_’Y Vup’yﬂ # O’ (1 17)

the model is non-commutative and logarithmic terms appear.

Case (i) applies to the X-ray absorption problem since the core hole has no
internal degrees of freedom, and this also occurs in heavy-particle motion of muons
and protons in metals provided that we neglect their spin degrees of freedom and
focus only on the charge degrees of freedom. In these cases the couplings are not
renormalized in second order and such theories have an energy and temperature
independent coupling as a result.

Case (ii) is realized when the interaction depends, for example, on the spin
variables or the pseudo-spin (position index) of a two-level system (TLS) describing
an atom hopping between the lowest states of a double-well anharmonic potential, or
the orbial quadrupolar degrees of freedom of an open-shell ion. In the latter two
cases, the local orbital states of the conduction electrons are intrinsically involved as
well. In these examples the effective coupling strength is strongly renormalized as a
function of energy and temperature and can grow to infinity (antiferromagnetic
Kondo problem), shrink to zero (ferromagnetic Kondo problem) or reach an
intermediate coupling strength independent of the bare coulings (overcompensated
multichannel Kondo problem).

The present review will be entirely devoted to non-commutative models. In order
to clarify their solutions it is useful to look at the M-channel Kondo model. The
interaction Hamiltonian for this model describes the interaction of conduction
electrons living in M identical bands or channels with an arbitrary localized spin
St and is given by
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(a) (b) (c)
l cl
l cl (S=1/2)
=1 S=12)  (s=312) l c2 (S:I/Z)T l cl
c2 (S=1/2)
I l c2
I
1
sz= 0 Slot=1/2 sz=1/2

Figure 3. Compensated, undercompensated and overcompensated multichannel Kondo
models. (¢) An example of a compensated Kondo model. The two spin-3 conduction
channels exactly cancel the spin-1 impurity to form a local singlet ground state. ( 2
An example of an undercompensated Kondo model In this case, the two spin-;
conduction electrons cannot fully screen out the spin-3 impurity moment. The total
ground-state spin is determined by the residual uncompensated impurity moment.
The residual coupling of this to the conduction electrons is ferromagnetic and thus
marginally irrelevant about the %round state. (¢) An examle of the overcompensated
situation, in which the two spin-; conduction channels overscreen the spln-"' impurity.
In this case, the residual couphng of the bound spin-} complex to conductlon
electrons at the next length scale is antiferromagnetic. This situation leads to a non-
trivial fixed point.

J M
Hin = EZ‘Z;& €l 16O Chrvats (1.1.8)

where Ns is the number of atomic sites of the host metal responsible for the orbitals
which form the conduction band, and & is a Pauli matrix. The interaction
Hamiltonian is diagonal in the channel index and an exact degeneracy of couplings
is assumed. The original Kondo problem specified in equation (1.1.1) has M = 1.
This multi-channel extension of he Kondo problem was first introduced by Nozieres
and Blandin (1980) and we follow their discussion here.

The ground state of the model with impurity St but different M can fall into three
different classes for antiferromagnetic coupling J > 0, summarized below and in
figure 3.

(i) Compensated (M = 2S1). In this case the ground state is a singlet in which
the impurity spin is completely screened by the conduction-electron spins.
The entropy tends to zero as the temperature tends to zero.

(ii) Undercompensated (M < 2S1). In this case, there is not enough conduction
spin to screen fully the impurity through the interaction of equation (1.1.8).
M /2 units of spin are compensated, leaving behind a local moment of
strength Si- M/2 and a corresponding residual entropy at T =0 of
RIn (251 - M+ 1) per mole of impurity ion (see figure 3 (b)). This residual
entropy would appear to violate the third law of thermodynamics but, in the
presence of more than one impurity intersite, couplings will allow the
possibility of spin—spin correlations or spin ordering to reduce the entropy.
Note that this limit cannot be achieved with St = 3
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(iii) Overcompensated (M > 2S1). In this case, there is an excess of conduction
spin and, depending on the boundary conditions for a finite-size system, the
ground state will have spin of either M/2 - St or St with residual entropy
Rin (M- 281+ 1) or RIn(251+ 1) (see figure 3 (c)). However, in the
thermodynamic limit the entropy tends to Rln |g(M,S1) | where g is a
universal non-integer number that we shall discuss in sections 6.3 and 7.2.
The case S1 =3, M =2, is marginal, which still yields non-trivial physics
and appears to be the most realizable model in nature as we discuss in
section 2. This model has a residual entropy of (R/2)In 2. This residual
entropy appears to have been observed in several U-based alloys recently as
we shall discuss later in the review (section 8).

Let us specialize to the case St = 5 and discuss the thermodynamic properties at
low temperatures which reflect the low-energy excitation spectrum of the system. A
convenient quantity to classify the behaviour is the specific heat coefficient Cimp /T
defined as the extra heat capacity per impurity induced by the impurities. In the case
M = 1, the ordinary Kondo problem, Cimp /T tends to a constant value proportional
to 1/Tk, with Tk the Kondo temperature identified in equation (1.1.3). This
describes a local Fermi liquid about the impurity with effective degeneracy
temperature given by Tx. When M = 2, Cimp /T CIn (Tx /T) [Tk, which illustrates
the marginal nature of the M =2, Si =3 overcompensated state. Finally, when
M > 2, the specific heat coefficient shows a power-law divergence given by
Cimp [T ~ T M /M) Clearly when M= 2 the excitation spectrum has a non-
Fermi-liquid character which thus places these models outside the Landau paradigm
discussed at the outset of this introduction. The logarithmic behaviour in Cimp /T has
been recently observed in numerous materials as will be discussed in section 8.

The scattering of an electron off the impurity in the low-energy limit further
reflects the breakdown of the Landau paradigm. We illustrate the scattering
possibilities in figure 4. We show that, for M =1, S =3, the T = 0 scattering is
entirely one particle, reflecting the complete screening of the local moment into a

T—>0 limit
finite

0
finite

Cod 0=

Figure 4. Fermi-level scattering states resulting from electrons incident on spin-% Kondo
impurities. For the M = 1 case, all outgoing scattered states at the Fermi energy are
one body in character and hence can be parametrized in terms of a phase shift. For
M = 2, all outgoing scattered states at the Fermi energy are many body in character
and cannot be parametrized by a phase shift. For general M, the outgoing scattered
states are a mix of one body and many body in character.
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simple charge scattering object. At elevated frequencies and temperatures, some
outgoing states can be dressed by multiple particle-hole pairs, giving rise to the
familiar Landau T° damping of the excited quasiparticles. In figure 4, we also show
the case for M = 2, S1 = %, in which single- partlcle scattermg is completely shut down
on the Fermi surface. Indeed, the surprising result is that there is no S-matrix
element to any outgoing state containing arbitrary finite numbers of particle-hole
pair excitations; rather, as phrased in the original paper, there is a scattering to a
‘different Hilbert space hidden in the free field theory’ but ‘opened up’ by the
impurity at the non-trivial fixed point (Maldacena and Ludwig 1996). These
fermionic excitations are non-local in the original variables. In the general case for
M>2, Si=3, the Fermi-level scattering can be a mix of single-particle and
multiparticle scattering, as illustrated in figure 4. The outgoing scattering state
may possibly be visualized as a ‘screening cloud’ with one electron charge which is
orthogonal to any states with finite numbers of simple particle-hole excitations,
which phenomenon must be related to Anderson’s (1967) orthogonality catastrophe.

The consequence of these scattering properties on the electrical resistivity as
T —0 is that, in the M = 1, St = 3 case, saturation to a value characteristic of the
unitarity limit is accomphshed with a regular T? behaviour typical of a Fermi liquid.
For M= 2, the low-temperature resistivity goes as p(T)/p(0) 1~ AT>/%+M
which is clearly non-Fermi liquid like and related to the residual entropy and
power-law divergence of the specific heat coeffcient. In the case of M =2, the
saturation to the low-temperature limit follows a T'/? law which has been observed
in recent point contact experiments to be discussed at length in section 8.1.

Now we mention notation briefly. In the discussion of the quadrupolar and two-
channel magnetic Kondo effects for rare-earth and actinide ions, we have chosen to
denote all crystal-field states by the convention in the tables of Koster ez al. (1963).
For irreducible representations of non-Kramers (non-double group) character, we
also give the symbols used, for example, in Tinkham’s (1964) book on group theory.
Henceforth, we shall abbreviate ‘irreducible representation’ to ‘irrep’ following a
common practice in group theory texts. Since the TLS Kondo effects and those for
rare-earth and actinide ions ‘grew up’ independently, there is not surprisingly a
significant set of notational differences between papers on the two subjects. The TLS
literature uses Pauli matrices to represent the local pseudo-spin variables, o indices to
represent the real conduction spin-3 indices, the ¥*»* to represent the couplings of
the various peudo-spin components to the conduction electrons. In the sections on
quddrupol ar and magnetic Kondo effects of actinide and rare-earth ions, we shall use
spin-3 matrices throughout w1th (1,23 representing matrices in the quddrupolar
pseudo-spin space, and S 13 representmg mdtrlces in the magnetic pseudo
space. Quadrupolar indices are presented by a.= =, and magnetic indices by u =1,
The reason for the abstract 1, 2, 3 labels on the pseudo-spin matrices is because they
do not always have clear correspondence to symmetry directions of the crystal. All
exchange couplings for the rare-earth and actinide ion models will be labelled by J,
not to be confused with angular momentum of ground-state multiplets whose usage
will be clear in the immediate context. Whenever an important formula is derived,
such as a Kondo scale, we shall report the results for both Pauli matrix and spin-3
form. The conduction density of states at the Fermi energy has been denotd po in the
TLS literature, and N(0) in the rare-earth and actinide papers. To avoid confusion to
readers looking back at the literature, we shall use the same custom here. In either
case, all excitations are measured with respect to the Fermi energy, which is therefore
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Figure 5. Overview of this review. Dashed lines indicate a path for a quick first reading.

Table 1. Meaning of local spin and channel labels in real two-channel Kondo models

Kondo model

Local pseudo-spin

Conduction

pseudo-spin Conduction channel

TLS

Quadrupolar

Magnetic two-
channel

Atomic position Orbital (parity) Magnetic
(parity)
Quadrupolar Quadrupolar Magnetic
(orbital ) (orbital)
Magnetic Magnetic Quadrupolar
(orbital)
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Table 2. ‘Rosetta stone’ of notational correspondences between two-channel Kondo models.
Note that the o' operators for the TLS model are Pauli matrices, while the T and S
operators for the quadrupolar and magnetic two-channel models are spin-3 matrices.
Note the relative minus sign between the couplings in the TLS models and the quad-
rupolar and magnetic Kondo models. Note that, while the TLS literature consistently
uses NV to represent the number of conduction channels, we shall use this symbol for the
number of sites in the lattice in our paper, and shall use M for the number of channels.

Kondo model Local pseudo-spin Coupling constants Density of states
TLS o yrE P0
Quadrupolar 7123 e N(0)
Magnetic sh23 - g N(0)

chosen as the zero of energy. A list of what local spin and channel labels mean in
various models appears in table 1. A ‘rosetta stone’ clarifying the notational
correspondences between the different two-channel Kondo models to be considered
in this paper appears in table 2. We shall always use N to refer to pseudo-spin
degeneracy of the impurity or conduction states; when it is necessary to distinguish
the degeneracies, we shall use subscripts I (impurity) and C (conduction). We shall
always use M to refer to channel degeneracy.
An overview is illustrated in figure 5.

2. Model Hamiltonians

2.1. Two-level system Kondo model and related Hamiltonians
2.1.1. Two-level system Kondo model: physical discussion

The simplest realization of a TLS is that of an atom which may sit in a double-
well potential, the two wells being localized along g line directed between their
centres which are separated by a displacement vector d. In the absence of coupling to
a bath of excitations, the lowest two states of the atom are, approximately, the
positional eigenstates associated with harmonic oscillations withinin either well.
These are not exact eigenstates because of the overlap of their wavefunctions. The
next level usually has energy above the barrier between the well minima, and
therefore is not localized to either well. The basic picture for the atomic TLS is
shown in figure 6.

To preview our discussion of the TLS Kondo effect, one should think of the
position of the atom in one well or the other as an Ising spin variable. Electrons may
“flip’ the spin by assisting the tunnelling between the wells. The usefulness of this spin
description will depend upon the degree of splitting of the eigenstates in the absence
of coupling to the electrons. If the splitting is too large, the ground state will be well
separated from the first excited level, and the TLS will essentially possess a single
degree of freedom, leading to only potential scattering off the TLS site and no
interesting many-body phenomena. Hence, we shall pay close attention to the
conditions which determine the splitting of the levels.

We note that the origin of the anharmonicity which produces the double well has
not been extensively considered. It could derive from anharmonic coupling to
vibrational degrees of freedom away from the TLS site (Sethna 1981), or possibly
from coupling to the electrons (Yu and Anderson 1984). The above model is
certainly not exclusive in terms of the kinds of TLS which may occur in real
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v

Figure 6. The potential for a single atom in a TLS is shown; this has two minima. The
energies of the states localized at the minima and of the next excited state are shown
by broken lines. The energy splitting between the localized states is A. The minima
are labelled by o= 1,2.

Figure 7. The atomic arrangement in the formation of a TLS is shown. The two positions
belonging to the TLS are shown by the broken and shaded circles.

materials; for example, one may imagine a local bistable breathing mode, a bistable
librational mode for a cage of light atoms, such as may occur in doped perovskite
conductors, or a vibronic TLS associated with the Jahn-Teller effect (Gogolin 1995),
for example. For further reading see Yu and Leggett (1989), and Burin and Kagan
(1996).

An atomic tunnelling TLS may also arise in a glass, owing to positional disorder
as sketched in figure 7 (Anderson et al. 1971, Phillips 1972). Indeed, the original
motivation for studying such a model was the observation of logarithmic anomalies
in the resistivity of metallic glasses (Cochrane et al. 1975, Kondo 1976a, Zawadowski
and Vladar 1980). There the positional disorder of the atoms could lead to a TLS for
individual atoms. The complication with regard to the simple model presented here is
that the TLS model must be concentrated (and disordered). For simplicity, we shall
restrict attention to the simple model of a linear double well.

Given the TLS, in the absence of coupling to other excitations, the atom may
move betweeen the two positions one of two ways.

(i) Thermal activation. To make thermally activated transitions between the two
minima, the particle must make a real excitation to one of the higher levels
within the double well potential. Roughly, one anticipates that the activated
transition rate will be given by
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- EeX
ks T

1
) R wp eXp (2.1.1)

Tthermal ( T

where the ‘attempt frequency’ e is the characteristic vibration frequency in
one of the well minima. The excitation energies for such processes have been
directly measured in time-resolved conductance experiments (Ralls and
Buhrman 1988, Zimmerman et al. 1991, Golding et al. 1992) and are typically
in the range of tens to hundreds of kelvins. Hence, these must eventually be
frozen out at very low temperatures, certainly below 1-10 K.

(ii) Quantum-mechanical tunnelling. In this process, the atom directly tunnels

through the potential barrier between the wells. Given the freeze-out of the
thermally activated transitions, this process must dominate at sufficiently low
temperatures. In this case, neglecting the coupling to the conduction
electrons, the tunnelling rate is given by

- mwoexp(-w( WTVB) ):woexp(-;\), (2.12)

Tthermal

where the superscript s stands for spontaneous tunnelling, the barrier is
approximated by a square well of width w and height VB, and A is the
Gamow factor. On the basis of experimental results on mesoscopic devices,
we may roughly distinguish betweeen three regimes of quantum tunnelling,
depending upon the observed tunnelling time.

(a) Slow tunnelling (T3yanum)” ' < 10%s". In this case the Gamow factor A is
large. The motion of the atom for such TLS has been measured by time-
resolved conductance experiiments on nanometre-scale point contacts
(Ralls and Buhrman 1988) and thin metallic films (Zimmerman et al.
1991, Golding ef al. 1992). The essential, and startling, idea is that, each
time the TLS hops between minimum, a measurable (order ¢* /i) change
0G in the device conductance G is observed, corresponding to an atomic
scale change in the scattering cross-section. Bistable switching
corresponding to isolated TLS (of unknown character) has been
observed directly! By producing histograms of the times between
switching events, tunnelling times can be determined. As our subsequent
discussion will clarify, the spontaneous quantum-mechanical tunnelling
rate is directly proportional to the electron-assisted tunnelling amplitude
for the atom which is responsible for the TLS Kondo effect. When the
TLS falls into this ‘slow’ category, the TLS Kondo effect will occur at
irrelevantly small temperature scales, if at all. This may be modified,
however, with the consideration of excited states of the TLS, such as
discussed by Zarand and Zawadowski (1994a, b). In this circumstance, it
is possible to get an appreciable Kondo scale without a large splitting of
the levels; see section 3.4.2 for a discussion.

(b) Fast tunnelling, 1085”1 > (Tsuamum)_l > 10" 57!, In this case, the energy
corresponding to the tunnelling rate, determined by the uncertainty
principle, is in the range from 1 mK to 10 K. As we shall explain below,
this energy determines the level splitting which we should like to have
smaller than the Kondo energy scale ks Tk. Given the typical estimates
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for electron-assisted tunnelling processes and the resulting Tk values,
this range of tunnelling times is the most probable for observing the TLS
Kondo effect.

(¢c) Ultrafast tunnelling, 105" < (T3yantum)” ' In this case, the splitting of
the TLS (07 /75 unwm) is so large that the ground state is uniformly
spread in a bonding orbital betweeen the two wells, and the Kondo effect
never really happens. In this limit we may practically consider only the
symmetric TLS (V(z) = V(- z)). In the absence of coupling to the
conduction electrons, the bonding level in this case is so well separated
energetically from the antibonding level that description of the TLS
states with a spin variable is essentially meaningless. Another way of
putting it is that the pseudo-spin variable of the TLS is completely
polarized.

Hence, for our purposes, since we are interested in a TLS Kondo effect, in the
absence of excited states of the TLS, our attention will be directed to case (ii) (b) of
the above paragraph: fast quantum tunnelling. With excited states included, we may
very well obtain a reasonable Kondo scale while possessing negligible splitting of the
TLS. The reader is directed to section 3.4.2 for an explanation.

2.1.2. Hamiltonian for a two-level system

2.1.2.1. Non-interacting Hamiltonian. The atomic degree of freedom may be
described as either bosonic or fermionic since we are discussing a single particle in
motion. The creation operators at the lowest-lying energy levels for the two
minima are labelled by b} and b} and obey canonical commutation relations; for
example, taking the operators to be fermionic, we have {bi,b}'}Z §;. Since the
Hilbert space is restricted, we are free to take these to be bosonic as well. The
states |+ = b'; |O>and |- >= b;|0> where |O>is the particle vacuum for the TLS,
may be regarded as pseudo-spin states, since we restrict our Hilbert space to these
lowest two states. The importance of states with higher energies will be discussed in
section 3.4.2. Hence, the most general non-interacting TLS Hamiltonian is given by

H'(IZLS = -;-Z Aigg’of|a><(x’/| = %ZAiGi’ (213)

£,0L0r

where the o' are Pauli matrices (i = x,y,z). A" measures the splitting between the
levels in the two wells, while A® and A’ are the spontaneous tunnelling matrix
elements which ‘flip’ the spin with no assistance from other excitations in the system.
If the wavefunctions of the atom in the two wells are chosen to be real, then the bare
splitting A” must vanish. The conventional notation in the TLS literature is

A=A, AT=A4¢, AV=0. (2.1.4)

(Note that the correspondence to the spin Kondo problem is that A” represents a
local longitudinal magnetic field, while A™ represents a local transverse magnetic
field. In the quadrupolar Kondo problem, A* and A* measure local stresses.)

It is straightforward to diagonalize equation (2.1.3) by rotating to a quantization
direction Z in which one has a diagonal Pauli matrix only, and one finds energies
+F [2 with the splitting E given by

12

E=(A%+4)) (2.1.5)
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The magnitude of the tunnelling matrix element Ao is approximately o exp (- A) as
determined by applying the uncertainty principle to equation (2.1.2) for the
spontaneous quantum tunnelling time.

The use of projection operators in equation (2.1.3) automatically ensures that we
shall not go outside the subspace of the lowest two levels. The price we pay is that the
projection operators no longer obey standard commutation relations. This may be
remedied by use of the Abrikosov (1965) pseudo- ferrmon method in which a
fictitious chemical potential is inserted for the occupancies bl b and taken to infinity
at the end of all calculations. The effect of the projection is to remove all empty and
doubly occupied states at the end of the calculation. This trick is particularly
convenient for the scaling analysis (section 3) and non-crossing approximation
(NCA) integral equation analysis (section 5), and we shall defer further discussion
of the pseudo-particle method to that point in the article. On the other hand, it is
convenient when one is implementing the path integral approach to retain the
Hamiltonian in the spin representation, and it is typical then to split it into
longitudinal and transverse terms.

2.1.2.2. Coupling to electrons. We model the conduction electrons as a free-
electron gas, with the Hamiltonian

H.= Ze;c%ﬁc,zm (2.1.6)
ko
T

-
where e and cp, create and destroy free electrons of wave-vector k and real

(magnetic) spin o. We measure the excitation energies e from the chemical potential.
While the real spin o will play no direct role in the coupling to the TLS, it is crucial to
retain it, for it plays the role of the channel index in the mapping of the TLS problem
to a two-channel Kondo model.

The interaction Hamiltonian coupling the TLS and conduction electrons has the

form
1
Hin =—

i
V/?/;) E:Ucl?'as + Z V‘)‘)GCH ckfc) (217)
=X

where we have used the spin representation for the TLS. The first term in the
interaction describes the scattering off of the average configuration of the TLS, and
thus is simply a potential scattering term, of little importance unless the total
scattering strength is large (Kagan and Prokof’ev 1989). The scattering form factors
V/%,/?, represent the following physical processes (figure 8).

(i) The electrons scatter off of the atom sitting in either position 1 or position
2 (V?); this process induces screening of the TLS by the conduction
electrons.

(ii) The electron scattering induces a transition between the two minima (denoted
by matrix elements V¥ whose physical meaning will be described later; see
figure 9). This is what we mean by electron-assisted tunnelling, as opposed to
the matrix element Ao which we call spontaneous tunnelling. (Recently,
Moustakas and Fisher (1995) have noted that the V° term includes not only
‘ordinary’ potential scattering, but also potential scattering which transfers
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Figure 8. Visualization of (a) screening and (b) assisted tunnelling of TLS by conduction
electrons.

an electron from position 1 to position 2. This term modifies the physics
somewhat as we shall discuss further in section 2.1.2.3 and 3.5.)

The general properties of the scattering form factors V/%/?, are as follows.

(i) Since the Hamiltonian is Hermitian, we must have

i — i *
Ver= (Vlyj) . (2.1.8)

(ii) It is easy to determine the transformation properties under time reversal
because of the absence of explicit dependence on the real conduction-electron
spin. Assuming that we may describe the TLS states by real wavefunctions,
then time reversal invariance implies that

<lz o, (leiml?’, c,or Y=<~ /?’, c,or Him| - ]?,G, oy (2.1.9)

where |k, o, 0Lyis a direct product state of a single electron with a state of the
TLS. By comparison with equation (2.1.7), we see that

Vee = Ve (2.1.104)
VeR = Ve (2.1.10)
and
Y o =17
Ve = Ve (2.1.100)

(iii) In order to make explicit estimates of the matrix elements, we make the very
reasonable assumption that the electrons couple to the TLS only through the
local electronic density operator p(r) given by
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1 - = — ¥
p(r) = EZ exp E(k’ - k) ‘7]0,%5005,5- (2.1.11)

kjoro

This is an obvious coupling mechanism in the case of the diagonal matrix
element V*, since through Coulombic interactions or the pseudo-potential
the electronic density is directly coupled to the density of the atom as it sits in
either well. It is also quite reasonable for the off-diagonal (assisted tunnelling
matrix elements, because fluctuations Op in the electron density may
modulate changes in the tunnelling barrier height through the coupling of the
atomic and electronic densities. Hence, one may envisage expanding the
Gamow factor in powers of the density fluctuations, that is we regard V»» as
a functional of p(r). Since p(r) depends only on the momentum transfer
k k- for a given particle-hole pair, we have that

Vi = Vilk- k). (2.1.12)

s

This property imposes a strong restriction on the TLS—electron interaction:
by combining equations (2.1.10 ¢) and (2.1.12) we see that

e

> =0, (2.1.13)

s

We stress that this is a property of the bare couplings; as we renormalize the
interactions in the scaling theory and renormalization group calculations by
integrating out virtual electronic excitations, we shall generate couplings of
V¥ form because the higher-order terms in Op are not necessarily local in
space (Kondo 1976).

We are now in a position to estimate the matrix elements explicitly. The diagonal
couplings V° and V* were first estimated by Kondo (1976a,b) and Black et al.
(1979). Denote the wavefunction for the atom in positions 1 or 2 by ¢ 2(7), and
assume that the interaction between the electronic density and the atom at position 7’
is given by U(r). The potential scattering couples to the average of the atomic
density over the two wells, while the V'* scattering couples to the density difference
between the two wells. Hence

= U= B [drep - B PRRO 6] @140

b

and
Vip = Uk~ F)Id% exp (- K- PRpIO) - 03] (2.1.140)

As mentioned earlier, the matrix element V'° does not significantly impinge on the
physics unless the scattering phase shift of the conduction electrons is near
resonance; in particular, it cannot produce any logarithmic renormalizations in the
scaling analysis.

Derivation of the assisted tunnelling matrix element is more subtle. We follow
Kondo (1976a,b), who assumed the non-orthogonalized atomic wavefunctions at
the two minima to be identical apart from displacement factors, that is
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—

¢u®:p¢% (2.1.15)

where the upper (lower) sign holds for well 1 (2). The wavefunctions are assumed
separable in cylindrical coordinates (¢(r) = X(?;,erp)cD(Q)C(z)), where 7perp i the
displacement transverse to the TLS axis and € is the azimuthal angle about the
TLS axis along the z direction). The wavefunction dependence along the axis of the
TLS is taken to be the harmonic oscillator form

2

1 z
{z) mmexp( - 2—2(2)) R (2.1.16)

with zo the mean square displacement of the atom about the minimum due to zero-
point motion at frequency wo. Explicitly, assuming the atomic mass to be M, we have

12

(2.1.17)

_ h
2= Mawo

If we consider atoms of intermediate mass M ~ 50 m;, (Where my is the proton mass),
and with typical zero-point energies of the TLS in the regime of 100-500K, we
obtain zo values in the range of 0.03-0.1 A.

Our evaluation of the coupling V" is borrowed from the theory of inelastic
tunnelling formulated by Scalapino and Marcus (1967). This derivation has the
advantage of being physically transparent, and substantially correct quantitatively,
in that a more formal derivation (using the Feynman—Hellman theorem based
approach of Ngai ez al. (1967) for the square barrier model and for a potential with
quartic anharmonicity) yields the same answer to within factors of order unity. This
will be elaborated in appendix A. Recently Zarand (1993) has pointed out that the
accurate pre-factor of the wavefunction given by equation (2.1.16) is also affected by
the barrier fluctuation and it can be dropped only if the Gamow factor dominates,
that is, if exp (- A) < 1. The starting point of this analysis is to introduce the exact
eigenstates of the atom in the double-well potential extending over both minima but
without interaction with the electrons. The potential Uion el describing the interaction
between the ion and the electrons induces the matrix elements. This method is
suitable for including the higher atomic interaction levels in the potential in a
straightforward manner (Zarand and Zawadowski 1994a,b) and the inclusion of
those levels may lead to an increase in the Kondo temperature. See section 3.4.2 for
further details. The method of Zarand and Zawadowski is also applied to discuss the
accuracy of the concept in which the treatment starts with the introduction of left
and right states.

The idea of Scalapino and Marcus is illustrated in figure 9. The inelastic coupling
to the conduction electron density fluctuations modulates the barrier height. Hence,
inside the Wentzel-Kramers—Brillouin (WKB) exponent, we may expand the
position-dependent inverse decay length to linear order in the modulation.
Explicitly, we take

Ve(r) = V3(¥) + Udp(r), (2.1.18)

where the coupling between electrons and atom is assumed to have a local pseudo-
potential form
Uion,el(;gl - Zon) =0 US(ZI - Zon), (2119)
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\Y

fluctuation
in the barrier

due to con.
electrons
ovV=Udp

Figure 9. Fluctuation in the double-well potential for the TLS is shown. These fluctuations
are produced by the density fluctuations & in the conduction-electron band. The
shift of the potential is proportional to the pseudo-potential U for the electron—-atom
scattering.

vo being the unit-cell volume. The appropriate expression for 8p(r) is

Sp(r) ~p(r) - %[p( g) + p( - g) ]

BN
_L H/ 2y N H/ 6_21 -
= Ns/; [exp E(k - k) r]— cos( (k- k) 2) ]c/?,cckf,m (2.1.20)

which is intuitively understood as the fluctuation relative to the averaged density at
the minimum of the wells. This expression will be justified in detail in appendix A.
Because of the assumed axial character of the TLS, only the z dependence is relevant
in equation (2.1.20). We note that the local potential approximation can in principle
be dropped at the expense of complicating the formalism somewhat; see Vladar and
Zawadowski (1983a) and Zarand (1993) for details.

By approximating the tunnelling matrix element in the WKB form we have, for
the combined spontaneous and assisted tunnelling Ao

1/2 §
total =A" eXp ( 2;2"‘ [2Mon VB ]/2

df2

(2.1.21)

which we may expand to linear order in the presumed small exponent to obtain

AU ('
TS Al - AT = -4 . 1.
V= A it | )8 212
In equation (2.1.22) we have made a square-barrier approximati on/, with the barrier
height Vs and width d, so that the Gamow factor A = d(2MVg)'/* [h. Substituting
equation (2.1.20) for 8p and carrying out the resulting integration to lowest order in
(kz- k:)d = Ak-d, we obtain

AU
S5 = Ax
Ver =4 s
The expansion in 1 powers of Ak:d is justified for the intermediate mass atoms given
Ak. ~kr ~1A"", and our presumed value d ~0.1 A.
If we perform the small A k- d expansion on V* given by equation (2.1.14b), we
obtain

(Ak-d)*. (2.1.23)
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V: ~3(Ak-d)U (2.1.24)
so that the ratio V*/V* is roughly estimated as
v AxA(de) __exp (= A) (krd)

v o T 3 o
where we have used A ~Twoexp (- A), A ~d° 42} as justified in appendix A, and
T | Ve ~423 [(d[2)* as justified in appendix A. Taking A~6 so that
exp (- A) 1073, we see that the order of magnitude for V*/V~ is given by

X

% ~107%-107°. (2.1.26)

(2.1.25)

Since these will play the role of bare exchange couplings in the mapping to the
Kondo problem, and since V¥ = 0, we see that the initial coupling is extremely
anisotropic! For further details, see Vladar and Zawadowski (1983a). A numerical
study of the square-potential model (Zarand 1993) provided further justifications for
the estimates presented above. The Hamiltonian with excited state will be given in
section 3.4.2.

2.1.2.3. Angular momentum representation of Hint. The momentum dependence of
the couplings V* and V* plays a crucial role in the development of the Kondo
effect. The reason is that through he momentum dependence, or the form factors,
the non-commutativity associated with the Kondo scattering as discussed in the
introduction will develop.

The coupling can be expressed in partial waves. Let us first expand the coupling
in a complete set of orthogonal functions fu(k) depending only upon direction k so
that

Vg Vhe= > fak) Vi afalk), (2.1.27)

— —
where we have assumed negligible dependence upon the magnitudes of k£ and k~. The
most convenient choice for the free-electron gas is

falk) = 141" ¥, (k), (2.1.28)

where Y7, is a spherical harmonic of indices /, m. Hence,the matrix elements of the
couplings are given by
Jd-1r
Vi = 7 | dedicr Y7, (k) Vi, Yign () (2.1.29)
e 47T Leym [ 9
where we have exploited the axial symmetry of the TLS in that the azimuthal
quantum number m must be conserved in all transitions provided that we choose our
quantization axis along the direction d. Using the previous approximation that the
atomic motion is confined to the z axis (or, more precisely, that the electronic
scattering off the atom is s wave), we may neglect all but m = 0 in the matrix
elements of equation (2.1.29) This specifies spherical harmonics which are aligned
along the tunnelling axis d. We shall henceforth suppress the m dependence.
Formally, the conduction ‘spin’ in this model could have an arbitrarily large
number of components Nc. This is seen from equation (2.1.29); partial waves with all
orbital angular momentum values (the orbital index is the conduction pseudo-spin
index) can be coupled to the impurity pseudo-spin. In practice, as we shall discuss in
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the scaling theory section, such a highly anisotropic model will always select out just
two of this large number of conduction spin components as the temperature is
lowered. Nevertheless, for various perturbative approaches, it is worth considering
models in which N. is allowed to be arbitrary. N

It is clear from the considerations of the previoys section that V= oc (kr- k)-dis
odd under inversion symmetry while J* ¢ ﬁk - k#) - d[ is even. Hence,

Vi =0, [+lodd, (2.1.304)

and

Vig=0, [+ lreven. (2.1.300)

9

In the approximation used in equation (2.1.19), U (1?/ - l?) = uo. We shall use this
and employ the small A k- d approximation. In view of the discussion of the previous
paragraph, we then truncate the expansion at the level of s and p-wave harmonics,
yielding

z Tz 0 1
Vi, mv[l O] (2.131)
with V* = krduo /2, and
v S 1 0
Vigm-V [o ) 1] (2.1.32)

with 7 = - [(kFa’)2 /24 [AA%uo [ V), and where the matrix indices are /- = 0,1,
[=0,1 with m =0 as discussed above (see, for further discussion, Vladar and
Zawadowski 1983a and Zarand 1993).

The matrices in equations (2.1.31) and (2.1.32) have the form of Pauli matrices,
but they are rotated with respect to the Pauli matrices chosen for the TLS. We can
remove this by performing a 7t/2 rotation about the y axis of the space of conduction
partial wave indices, taking the matrix for V* to %, and the matrix for V* to - ¢*. In
so doing, one effects a /4 rotation in the space of orbital indices. Namely, if we
denote the unit vectors in the restricted two-component orbital space of conduction
states as ¢o and éi for s- and p-wave components, respectively, then the rotated basis
corresponds to

A 1 A A
é=5n (*éo + el). (2.1.33)

We can now put everything together to make the mapping of the TLS model with
coupling to conduction electrons to the S = 3 two-channel Kondo model. Within the
restricted orbital basis,

Hris = %Z Al + Z I7iGiGi(O), (2.1.34)
with
‘ 1 .
c.(0) =— Oouar Ch ao Chr0r o (2.1.35)
Ns i k;ov - L0 ™ K,0 >

where N is the number of sites. Equation (2.1.34) has the form of a two-channel
Kondo model (the real spin of the electrons is a spectator to the scattering off the
TLS) with the local S = 7 variable measuring the position of the atom in the TLS
double well, and the corresponding index for the conduction electrons measuring the
angular momentum.
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In the introduction, where we discussed the isotropic two-channel Kondo
model, we noted that antiferromagnetic coupling was required to produce a
growth of coupling constants. In the present highly anisotropic model, independent
of the signs of V*, V¥ we shall flow to strong coupling, as we shall discuss in
section 3.3.1. N

Note that, without the inclusion of V¥, the model would correspond to an ‘Ising—
Kondo’ model, which simply has screening effects and a renormalized tunnelling rate
due to the orthogonality catastrophe associated with every spontaneous tunnelling
event—for example Kondo (1976a), Black and Gyorffy (1979), Black et al. (1982)
and Kagan and Prokof’ev (1986, 1987, 1989).

We also note that the overcompensation of the two-channel Kondo model
discussed in the introduction is not compromised by the various approximations
used to cast equation (2.1.34) into a form which has pseudo-spin-3 conduction
electrons. Were we to generalize to arbitrary m values and not truncate the /
expansion at the s, p level, we would simply have conduction states with larger
effective spins and still have a two-channel model with the real conduction spin. In
fact, the restriction to two-component conduction spins is thoroughly justified by the
scaling analysis, which shows that only two dominant spin components are selected
out in the absence of additional symmetries in the bare Hamiltonian (see section 3.2
and Zarand 1993).

Hence, on quite general grounds, the TLS undergoing assisted tunnelling maps to
a highly anisotropic two-channel Kondo Hamiltonian in which the impurity spin is
effectively 3.

2.1.3. Related lattice models with Kondo analogies

We shall close this section with a discussion of two related lattice models in which
assisted tunnelling or hopping processes play a key role. The first is just the
generalization of the TLS model to the situation where the atom or heavy particle
(say, a muon) may move throughout a crystalline lattice. The second is the problem
of electrons in two different bands (one heavy and one light) in which, besides single-
particle hybridization between the bands, one includes Coulomb-assisted hopping
between the bands.

2.1.3.1. Lattice generalization of a two-level system with assisted hopping. The
TLS model can be easily generalized in the case of a heavy particle hopping on a
lattice. This could be, for example, either a muon or proton diffusing in a crystal
where the massive particle jumps only on a lattice of interstitial sites (Kondo
1984a, b, 1985, 1986, Zawadowski 1987, Zimanyi et al. 1987, Kagan and Prokof’ev
1992).

In the metallic environment, the conduction electrons form a degenerate gas
which couples to the heavy particle. The non-interacting Hamiltonian is

Ho = Hn + H: (2.1.36)
with H. the free-electron Hamiltonian discussed previously and
Hy=1t Z (hhg, + he) (2.1.37)
(RR

with ﬁ, R nearest neighbours on the latticg through which the heavy particle moves,
and h% creating a heavy particle at site R Equation (2.1.37) generalizes the non-
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interacting TLS Hamiltonian for the moving heavy particle. For convenience, we
shall assume that the heavy particles move about on a hypercubic lattice of
dimension d, and we assume that the spin of the particle has negligible coupling
to the conduction electrons; so we suppress that.

The screening interaction corresponding to V* in the TLS case is local and the
corresponding term in the Hamiltonian is

V - = P
Hin - = FZ PR eXp E(kf - k- ?{]h%hﬁc)?ﬁc/;’m (2.1.38)
S R’G 5

where V is the strength of the screening coupling. The simplest generalization of the

electron-assisted hopping V'~ (see figure 9) in this context is when the hopping along

a bond depends upon the conduction electron density at that bond, that is we have

an interaction term

-

R- R
2

Hinix = ta Z Z exp E(ly/- K-

h%hﬁ,c%ﬁck,p, (2.1.39)
RR Sk oo

where 7. is the strength of the electron-assisted hopping (Zawadowski 1987).

The problem described by the Hamiltonian Ho + Hini: has been extensively
studied in the literature for hydrogen and muon diffusion in metals—for example
Kondo (1985, 1986) and Kagan and Prokof’ev (1992). The physical relevance of the
model when ¢, is included is not yet clear. The model cannot be applied to the heavy-
fermion systems, for example, because they have only extremely weak direct hopping
matrix elements for the f electrons due to the small size of the f orbitals. Moreover,
the f-electron states hybridize with the conduction states, which are also the electrons
that produce the screening. Finally, while the neglect of the muon or proton spin
coupling is quite reasonable since no hydridization can occur so that only weak,
ferromagnetic hyperfine coupling is possible and thus no Kondo effect, it is of course
disastrous to ignore the internal degrees of freedom of the f electrons in the heavy-
fermion systems.

2.1.3.2. Occupation-dependent hybridization between heavy and light electrons. The
possible modification of the previous models for electronic systems with heavy and
light electronic bands can be given in the tight-binding formalism. The light
electrons form a broad tight-binding conduction band with large hopping rate
while at certain sites there are heavy orbitals with site energy en which have weak
hybridization with the conduction orbitals but no direct overlap with heavy
orbitals on other sites. It is assumed there is one heavy site per unit cell but
possibly more than one light site per unit cell so,that the corresponding creation
operators are indexed by both unit-cell vectors R and basis vectors 6 which may
extend into neighbouring unit cells, and that there may be an internal orbital
degeneracy to the heavy band.
Two physical systems to which such a model might apply are as follows.

(i) Cuprate superconductors. Here the light carrier would be a mobile hole in the
bonding O bands residing in the CuOz planes, and the heavy carrier to holes
in essentially filled non-bonding 7t orbitals of the apex oxygen atom sitting
above the Cu sites (figure 10).
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Figure 10. The path of a heavy particle moving on a square lattice is shown by the solid
line. The electron (broken line) is either scattered by the heavy particle sitting on a
lattice position or just movng between two positions. The positions are represented
by open circles and the moving particle between two positions by a double line.

(ii) Heavy-fermion metals. In this case, considering for example UBei3, the light
carriers would derive from the Be s—p bands, and the heavy carriers from the
U 5f orbitals. In practice, the model will be more applicable to models where
the physical f-level position (and not the renormalized or Kondo resonance
position) is close to the Fermi level, which makes truly mixed-valence Sm
or Tb ions the most likely candidates. For further details we refer the
reader to Zawadowski (1989a, b, ¢), Zawadowski et al. (1991) and Penc and
Zawadowski (1994).

The unperturbed Hamiltonian is given by

L
Ho=e Z hgyhige® D 163y cig

RyY.c Ro60
+ 3 PR Sy, exz,+he (2.1.40)
pECI

where #(8,6”) measures the direct light-electron hopping and t}%gthe heavy-electron—
light-electron hybridization. ’

We assume that the heavy band is either completely empty or completely full, and
thus there are only very few excited particles or holes. We may or may not assume a
large on-site Coulomb interaction for the heavy band (large interaction can be dealth
with via slave boson field theory techniques), and we shall discuss each case in later
sections.

The term which we shall add to Ho which is analogous to the assisted tunnelling
interaction is an occupany-assisted hydridization term. Namely, we assume that the
heavy-light hybridization is modulated when the light orbital on the target site is
simultaneously occupied with an electron of opposite spin. The corresponding
interaction is

N
Hy = Z F(R oy, ¢

,0Y,0

RooCR3. oCR3- o + 1] (2.1.41)

55 90y~ L)

. - . . .
The coupling ?V(R,g may arise in two different ways.

(i) We can assume that the radius of the light orbital depends upon whether the
orbital is singly or doubly occupied. In this case the overlap and hopping rate
is also modified (Zawadowski 1989a, b, c).
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(i) Through the off-diagonal matrix elements of the Coulomb interaction
(Hubbard 1963, Kivelson et al. 1987, Baeriswyl et al. 1988, Gammel and
Campbell 1988, Hirsch 1989) we may find a matrix element

(o}

RS = [@rdr 6} P ey PIES

which clearly has the required form.

As we shall briefly discuss in the next section on scaling theory, when the complex
character of the 7 matrix elements is taken into account through momentum-
dependent form factors which reflect the intracell nature of the hopping, a
Kondo-like renormalization of two-particle interactions between light electrons
occurs. In this sense, there is a strong resemblance to the TLS and quadrupolar
Kondo effects in which momentum-dependent form factors drive the non-
commutative algebra for interactions between the local pseudo-spin variables and
the conduction electrons.

2.1.3.3. Electric dipole Kondo model. Emery and Kivelson (1992, 1993a,b) have
considered the possibility of the electric dipole Kondo effect in the cuprate
superconductors. The physical origin of the dipoles is through the formation of
locally charge segregated regions as has been argued to occur in the #-J model at
finite doping. Orbital coupling of itinerant electrons or holes to the extended
electric dipoles maps onto the anisotropic TLS Kondo problem discussed in this
section. The real carrier spin is not involved in the coupling and so again serves as
a channel index. Because of the electric dipole character of the effective impurity
spin, the current operator is modified in this model and very different electrical
conductivity results may be obtained in comparison with other physical
realizations of the two-channel Kondo model.

2.2. Exotic Kondo models for rate-earth and actinide impurities
2.2.1. Quadrupolar Kondo model for the U** ion in cubic symmetry

2.2.1.1. Physical discussion and context. In this section, we shall derive the
quadrupolar Kondo model for a U ion in a crystal field of cubic symmetry.

The idea of the quadrupolar Kondo effect was first proposed to explain the
unusual magnetic field dependence of the heavy-fermion superconductor UBeis
(Cox 1987b,d, 1988a,b). Subsequently, Barnes (1988) noted that the quadrupolar
moments of Cu®" ions in the cuprate superconductors could lead to such a Kondo
effect as well. Later it was realized that tetravalent U ions in hexagonal symmetry
with I'5 or I's doublets and in tetragonal symmetry with I'5 doublets will also be
subject to a quadrupolar Kondo effect of slightly different character, as we shall
discuss in more detail in section 2.2.4 (Cox 1993). Finally, the suggestion of Cox
(1987b) for UBei3 met some understandable scepticism, since in this material the
putative quadrupolar Kondo sites are distributed on a periodic lattice. However, the
discovery of the alloy Yi- xUxPds (Andraka and Tsvelik 1991, Seaman et al., 1991,
1992, Liu et al. 1992), which for concentrations x = 0.1 and 0.2 appears to display
many of the features of the quadrupolar Kondo effect, has considerably strengthened
the empirical basis for this theory.



01:19 22 March 2011

Downl oaded By: [CAS Chi nese Acadeny of Sciences] At:

628 D. L. Cox and A. Zawadowsk i

The motivation for considering the quadrupolar Kondo effect in UBe13 was that,
in all properties except magnetoresistance, this material displays an extremely weak
magnetic field dependence. However, the heavy-fermion character is presumed to
derive from a Kondo effect. It was noted that U*" ions with a nominal configuration
of 5f* have a Hund’s rule angular momentum of J = 4. In consequence, when placed
on a site of cubic symmetry, as in UBe13, the action of the crystal field lifting the full
multiplet degeneracy could produce a non-Kramers I3 or E doublet ground state,
that is whose degeneracy is not guaranteed by the Kramers theorem. The Kramers
theorem states that, for an electronic configuration with an odd number of electrons,
a minimal twofold degeneracy exists for each level owing to time reversal symmetry
that cannot be lifted by any crystalline anisotropy (for example Lax 1974). No
corresponding statement can be made for an ion with an even-electron-number
configuration although, in some lower symmetries, symmetry-distinct singlet states
may have enforced degeneracy through time reversal symmetry (for example,
Tinkham (1964, p. 147)).

The I3 doublet is not the only possible ground state in the field of cubic
symmetry for the U*" ion but will be over about half the crystal-field parameter
range. (See Lea er al. (1962) for a discussion of crystal-field splittings in cubic
symmetry.) Some of the relevant states are listed in table 3. Note that the sign of the
W parameter in the work of Lea e al. must be negative to realize the stable I3(E)
ground state. While this is excluded for a point charge model in simple coordination
environments (e.g. octahedral), it is not excluded for complex coordinations such as
in UBeis, or for splittings induced by terms second order in the hybridization with
conduction states, the most likely origin of the crystal field splittings in the heavy-
fermion materials. For a simple discussion of this latter idea, see Zhang and Levy
(1989).

Hence, since the two levels of the [3(E) doublet are not connected by time
reversal, a magnetic field does not split the level, at least to linear order, and the field-
dependent properties will be correspondingly weaker than in a magnetic Kondo

Table 3. Angular momentum character of states for two-channel Kondo models for U* and
Ce** ions in cubic symmetry. The fourth column gives information about the states
of definite azimuthal quantum number values which are mixed to form the state in
cubic symmetry. The last two columns give information about the expectation values
of magnetic and quadrupolar moments corresponding roughly to the S and '

operators.
Configuration State Parent J Form WS> BIE-JU+ 1)

£ G+ J=4 &P+ ]- 4] @7y o +8
2 LG(-) J=4 @' [2>+[- 2] 0 -8
D O AS @)= 3 @7+ 0
B =3 TRV -3 0
o G2 J=3 DO @F-D +% +8
¢ L@ J=3 @V -2 +8
¢! L) J=3 3> +3 -8
c! T3(1) ng |—é‘> -Jz' -8




01:19 22 March 2011

Downl oaded By: [CAS Chi nese Acadeny of Sciences] At:

Exotic Kondo effects in metals 629

system. The double degeneracy of the ground level allows one to treat it as a two-
level system, that is as a manifold with a pseudo-spin of 3. As we shall discuss in more
detail, such a ground state is indeed susceptible to a Kondo effect when coupled to
conduction electrons.

Any state with internal degrees of freedom must be characterized by a non-trivial
multipole moment other than the simple occupancy or charge operator. The physical
meaning of the I3(E) state is that it has a non-vanishing quadrupole moment. Recall
from electrostatics that the quadruple moment tensor describes the potential from an
aspherical distribution of charge which appears in the energy through a coupling to
the electric field gradient tensor. Given a charge distribution p(r), the quadrupole
tensor Q;; is defined in Cartesian form as

0y = Id3rp(7)(3rirj - &) (2.2.1)
The following should be noted.

(i) The tensor QAij is symmetric and traceless, so that it has only five independent
components.

(ii) For full rotational symmetry, these five components transform among one
another like the elements of the function Y, (7).

(iii) As the point symmetry is lowered to cubic, the case at hand, the tensor splits
into a doublet of tensors (transforming according to a two-dimensional irrep
of the point group), which corresponds to the diagonal elements of equation

(2.2.1) (in diad form, Q; °<3ii- 11, where I is the identity tensor), and a
tnplet of tensors (transforming accordlng to a three-dimensignal irrep of the
point group, which in diad form go as QU sz ~ 31], i #j), which
corresponds to the off-diagonal elements of equation (2.2.1). The doublet
tensor transforms according to the so-called I3(E) irrep of the cubic point
group, and the triplet tensor according to the so-called I'5(T>) irrep of the
cubic point group. The reason for only two components in the I3(E) doublet
tensor is the tracelessness of the quadrupolar tensor, that is

O+ Oy + 0= 0 (2.2.2)

so that only two components are actually independent. It is convenient to
write the two components as the two traceless combinations

0+ =3"Pgr, (X% - ) (2.2.34)
and

A

0- =qn(222- x%- Jp), (2.2.3h)
where

G = J‘d3rp(7>)x2 = J‘d3rp(7>)y2 = J‘d3rp(7>)zz. (2.2.4)

The equality of the three integrals above follows from the assumed cubic
symmetry. Note that the diad forms to the tensors of equations (2.2.3 a) and
(2.2.3 b) explicitly demonstrate the tracelessness of equation (2.2.2).
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(iv) The tensor pair QAi will couple linearly to electric field gradients of the same
symmetry applied to the crystal. The most practical way of effecting such
gradients is through the application of external stresses f}- which will produce
a coupling term in the energy of the charge distribution of the form

FEstress = A Tr (QAaﬁl) (225)

a—x

The meaning of a pure stress of the form TA} is that the crystal is subjected to
either tensile or compressive stress along one of the principal axes, in this case
the z axis. Such a uniaxial distortion lowers the crystal symmetry to
tetragonal. This is clear because the stress will couple linearly to the
corresponding strain tensor

A A A
€. = Q€= €xx - € =2

Qe Ou_ du_
o ox oy 3ez: (2.2.6)

where u(r) is the atomic density displacement field at position 7, and where
the far right-hand side (RHS) of the above equation follows from the
assumption of a pure stress, that is, the uniform volume term eo =
€xx + €y + €z = 0. The meaning of a pure stress of the form 1} is that the
crystal will distort orthorhombically since it will linearly couple to e+ =
3'2(eyx - €y,) which will elongate (shrink) the x axis as the y axis is shrunk
(elongated) while the z axis is unchanged. Note that this discussion indicates
that the I3 doublet tensor will linearly couple to a strain or vibration field of
the same symmetry. A simple useful visualization appears in figure 11.

(v) Turning now to the quantum-mechanical situation, we are interested in the
charge distribution associated with a particular quantum-mechanical angular
momentum multiplet, in which case the quadrupolar tensor should be viewed
as a representation of operators that act within the multiplet. The Wigner—
Eckart theorem may be utilized to write this tensor purely in terms of the
angular momentum operators J; we follow the derivation of Slichter (1989)
for nuclei. Because 7 transforms as a vector (rank 1 tensor), for an open-shell
ion with configuration " and angular momentum J in free space (full
rotational symmetry) we may write

(+) I (-)

Z-axis

Figure 11. Mapping of U quadrupole orientations to pseudo-spin variables in cubic
symmetry. The I3 quadrupole moment of the U*' ion is quantized to two values.
Choosing the quantization axis along the z axis, the stretched or prolate
configuration maps to ‘up’ or ‘+’ pseudo-spin, and the squashed or oblate
configuration maps to ‘down’ or ‘-’ variables.
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0i = aus U + 17 - JU + D] (227)

where reduced matrix element guay is given by evaluation of the above
equation in the stretched state |n,A,J, M; = J formally

[3‘2,2 - rfjn, A, J, My = J>

<n,A,J,MJ:J >

J(2J-1) ’

qnaJ = = ¢€ (228)

where A denotes the other quantum numbers of the system. The sufficiency of
using i =j =z and the stretched state in evaluating the reduced matrix
element is guaranteed by the rotational symmetry of free space; such tricks
are customary in applying the Wigner—Eckart theorem. In principle, one
should proceed by computing the one-particle matrix element and then using
angular momentum algebra to compute the effective matrix element within
the lowest multiplet. The idea is analogous to the calculation of the Landé g
factor. g.as measures the strength of the coupling to an applied field gradient
and thus for the quadruolar system is analogous to the effective magnetic
moment of a magnetlc multiplet. Note that the above formula for gy only
applies for J > 3. Under the reduction to cubic symmetry, we shall split the
five- dlmensmnal tensor operator space of equation (2.2.8) into doublet
(I3(E)) and triplet (I'5(T>)) spaces as in the classical discussion above. For
the I3(E) space, the explicit operator forms are

A 31/2
O+ = g3 PU2- ) = o5 (12 + 77) (2.2.94)
and
0- = quypr- s+ 1] (2.2.90)

In equation (2.2.9a), J+ = Jy £iJ, are the angular momentum raising and
lowering operators. Note that Q- is diagonal in the J basis, while QO+ is off
diagonal in the J basis.

Let us now connect these ideas to the I3(E) doublet on the U** site in cubic
symmetry. The two states of the doublet are listed in table 3. We see that under the
action of the operator Q- (apart from the proportionality factor of gsas) the + state
corresponds to a positive quadrupolar deformation, and the - state to a negative
quadrupolar deformation. In the plus state, for which M; = 0 is the dominant
component, we shall measure an elongation along the chosen quantization axis in the
z direction. For the - state, with dominant M; = +2 components, the U*" charge
density will be squashed along the z direction. An oversimplified picture is shown in
figure 11, where we view the ion as a ‘cigar’ in the + state and a ‘pancake’ in
the - state. In fact, there is considerably more structure to the charge distribution as
shown in the realistic depiction in figure 12.

At this point, the reader might be confused as to why we do not have access
instead to three ‘cigar’-shaped states along the three principal axes. The reason is
that the = states transform like a quadrupolar doublet themselves; while three cigars
would be described by the 90" rotation of the + state lined up along the z axis
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Figure 12. Actual orbital shapes for 4f, J = g, I3 conduction electrons. The upper picture is
for the elongated ‘+’ orbital, and the lower for the compressed ‘-’ orbital. Each plot
is a constant-probability-density contour. [Taken from Kim (1995), with kind
permission of the author, and Kim and Cox (1997), with kind permission of the
American Institute of Physics. ]

instread to lie along the x or y axes, the x and y states are not in fact orthogonal to
the original + state. This statement for the states is precisely analogous to the
tracelessness condition for the tensors. Orthogonalization produces a linear combi-
nation of the x, y, ‘cigar’ orbitals which is overall flat.

Examining the forms of the states in table 3, we see that the [3(=*) states contain
states of the original J manifold which differ by two units of angular momentum.
Hence these two states will be connected by the operator QO+ which raises or lowers
angular momentum by two units.

If we now recall equation (2.2.5) which describes the classical energy of a charge
distribution with cubic symmetry under the influence of an external stress tensor field
of I3(E) symmetry, we see that the external stress will have two possible effects on
the [3(E) ground doublet of the U** ion.

(i) If f} is non-zero, we shall couple to QA- . Since QA- linearly splits the = states,
this is analogous to the effect of a longiudinal magnetic field applied to a
spin-3 state. This corresponds to a unixial (tetragonal) distortion. The I'3(+)
state transforms as a [1(41) singlet in the tetragonal symmetry, while the
I3(-) state transforms as a [3(Bi) o<x? - 3* singlet in the tetragonal
symmetry.

(ii) If f} is non-zero, we shall be allowed to mix the two doublet states. Recall
that this corresponds to an orthorhombic distortion. Indeed, as we lower
from cubic to orthorhombic symmetry, the I3(*) states both transform as
Ii(A4:1) irreps since now there are no symmetry transformations of 90
rotations about the principal axes to distinguish the two states.

Instead of using the representation of the impurity tensor operators in terms of
the angular momentum, we may restrict our attention to the operator basis of the
I3(E) doublet of states directly. Since the manifold is two dimensional, there are
only four second-rank tensor operators that we may form. These operators are
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=3P, + XPI, +| + [P°5,- X°T5,- ] (2.2.10a)
which describes just the charge (monopole) distribution of the U** ion,
= 3[F°T5,+ XI5, - [+ [P°T5,- XT3, +[] (2.2.10b)
=3[P, + XETs, +| - [T5,- XT5,- ] (2.2.10¢)
and
1
W= 2 [P D+ XP°5,- | - [P, - X1, +] (2.2.10d)

The three operators TI(I) , Tl(z) and TI(3) clearly form a closed algebra in the SU(2)

space defined b;r transformations within the manifold of I3(E) states.

Clearly, 7~ which is diagonal and of opposing sign for the two states is
proportional to Q- . Also, ATI( Y which ‘flips’ between the two members of the doublet,
is clearly proportional to Q+. Hence, the TII , TI3 pair transforms as a doublet tensor
of I3(E) symmetry which measures the corresponding I3(E) symmetry quadruple
tensor of the ion as restricted to the two lowest states. The action of a unixial stress T
of pure I3(E) symmetry thus adds a term to the Hamiltonian of the quadrupolar
doublet which has the form

Hyess = - A0y + 171y, (2.2.11)

where M = gl'r (f]t)z]/z /2. Thus, the doublet external stresses T} for the quad-
rupolar Kondo model are analogous respectively to the spontaneous tunnelling A™
and splitting A* of the TLS model. This discussion is slightly oversimplified; the TI( D ,

pair of tensors may also have components from all multipole moment tensors of
even rank equal to or not less than 2J.

The opezr)ators T, 713 and TI(O) clearly produce only real matrix elements. The
operator T, just like the ¢” operator of the TLS discussion, is complex. The
physical nature of this operator is made more clear by considering the commutation
relation

[1_1(3)’_’_1(1)] -TI Ocp Q+]°C1Jny -, (2.2.12)

as may be readily verified by working out the commutators [J?, J; 2;Iusmg equations
(2.2.9a) and (2.2.9b). Thus the operator Tl(z) transforms as a Ié A>) irrep of the
cubic group. Since this tensor has three J; operators, it is clearly odd under time
reversal and thus represents a magnetic octupole moment tensor.

The octupole tensor will couple to third-order polynomials in the magnetic field
or, alternatively, to the combined action of an applied magnetic field and an applied
external stress that lowers the symmetry to rhombohedral. We may use this latter
fact to understand the meaning of le more deeply. First, apply a pure rhombic
deformation (stress of I5(T2) symmetry: )= 1p(x) + 2+ 2X)) along the body
diagonal. This lowers the point symmetry of the U site from O to D3q. Now apply
a magnetic field along the body diagonal. The degeneracy of the I3 doublet is now
lifted. This lowers the symmetry from O to C3, and breaks time reversal 7. The I3
state transforms into a pair of singlets under Cs which are however degenerate in the
absence of a T -breaking field; the applied magnetic field then splits these states.
Thus, a term in the Hamiltonian arises of the form
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Hs[ress field = = BTI Z’ﬁ" lek ’]’k CyChC) (2213)

where H; is the ith component of the applied magnetic field, and 3 is the ijth
component of the I's symmetry external stress tensor. A magnetic field pointing
along a body diagonal will also induce this coupling since the field will induce the
equal magnetostriction-induced strains tensors ers; o< H? 1], i

It should be mentioned that the subject of crystal-field levels in actinide
intermetallics has been controversial (for example Ramakrishnan (1988)). While
the fact that 5f electrons have larger spatial extent should in general lead to larger
crystal-field splittings, sharp excitations attributable to crystal fields have been
clearly seen only in a few U-based compounds, most notably UPd; (Buyers et al.
1980) and URu2Siz> (Broholm et al. 1992). In contrast, relatively sharp crystal-field
excitations are frequently seen in rare-earth intermetallics, for example, in the heavy-
fermion superconductor CeCuzSi> (Horn et al. 1981). This situation will be discussed
in somewhat more detail in section 5.2.3, where the NCA equations are developed.
Application of this theory to the appropriate model for a crystal-field split U*" ion
makes it clear that the excited crystal-field level widths should be generically broader
in the U materials (Cox 1993). This material will be discussed in detail in the section
on experimental manifestations of the two-channel models.

2.2.1.2. Coupling to conduction electrons

(a) Analogy to TLS model. In this section we shall develop the Kondo
Hamiltonian for the coupling of the U** ions to the conduction states. We
may think of the resulting coupling in a manner very similar to the TLS
Hamiltonian. Namely, if the levels are polarized virtually so that 713 would
be non-zero, the electrons will attempt to relieve this polarization through a
screening process, producing a coupling J° analogous to V7. Alternatively,
we may view this screening term as representing the coupling of an electronic
charge fluctuation of uniaxial (tetragonal) symmetry modulating the levels of
the [3(E) doublet on the U** site. A fluctuation of the local electron charge
density with orthorhombic symmetry coupled with strength J' will modulate
the [3(E) states by producing transitions between them analogous to the
assisted tunnelling (V) term in the TLS model. Unlike the generic TLS
model, the couplings J'»* are guaranteed to be equal owing to the cubic point
symmetry. Finally, a local octupolar distortion of the conduction electron
charge density will modulate the I3(E) states by producing a mixing and an
orbital magnetic moment. Since the le operator transforms as a [2(4>)
irrep, nothing generically guarantees the equality of J'» with J?, although we
shall see that a good starting model in fact yields isotropic bare coupling. In
addition, in the absence of significant disorder or external stress, there will be
no bare splittings or spontaneous tunnelling terms in the quadrupolar Kondo
model. Thus, we expect the quadrupolar Kondo models typically to be nearly
isotropic in the starting Hamiltonian, and to possess no bare splittings or
‘spontaneous tunnelling’ terms.

(b) Coupling to conduction electrons: Anderson model. The direct Coulombic
couplings of the conduction electrons to the U*" T3(E) doublet are likely to
be much smaller than the effective couplings mediated through the
hybridization of U 5f states with the conduction band. Thus our derivation
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of the Kondo model must proceed in two steps here: first, we write down the
relevant hybridization Hamiltonian which includes the strong atomic
correlations on the U** site, and then we transform this model to the Kondo
form.

In order to develop a Kondo effect, we must couple this quadrupolar
moment to the conduction electrons. The appropriate framework for this
is the Anderson Hamiltonian, in which atomic levels on the U site
hybridize with the conduction states. The original paper by Anderson (1961)
was motivated by a desire to understand the formation of local moments
in solids and assumed a single s = 7 electron present in an s-wave impurity
orbital. In order to provide realistic discussion of rare-earth, actinide
and transition-metal impurity ions the model has been generalized to
include orbital degeneracy by a number of workers (Cogblin and Schrieffer
1969, Hirst 1970, 1978, Yoshimori 1976, Mihaly and Zawadowski 1978).
A particularly helpful review of realistic, orbitarry degenerate impurities
was given by Nozieres and Blandin (1980). In this section we shall discuss
the simplest model which gives rise to the quadrupolar Kondo effect. In
fact, as will be justified in the sections of the paper discussing scaling
theory (sections 3.3 and 3.4) and the NCA integral equations (section 5.3),
this mapping is valid so long as the I[3(E) level lies lowest in the f°
configuration.

The picture of the level scheme for the Anderson model relevant for U**
ions in cubic symmetry appears in figure 13. The most stable state is a [3(E)
non-magnetic doublet of the f* configuration, and the first excited level is a
5 magnetic doublet in the f' configuration. In fact, it is most likely that the
£ configuration which has a I's magnetic doublet lies lower in energy, but the
qualitative features will not depend upon this detail. We index the [3(E)
states by the label

a==*

and the I7 excited states by the label

ff =L — I

Figure 13. Simplified level scheme for U*" ions in cubic symmetry undergoing quadrupolar

Kondo effect. This simplest model involves a ground doublet in each of the two
lowest-lying conﬁguratlons with the f* having the quadrupolar or non-Kramers I3
doublet, and the f? configuration having the magnetic or Kramers 17 doublet.
Conduction electrons mix the two configurations through hybrldlzatlon processes.
Only a Iz conduction state can couple these two doublets. Similarly, if f* rather than
£ is presumed to lie lowest, the ground doublet of the excited conﬁguratlon would be
a I's Kramers doublet, which can mix with the I3 ground state of the f* again only
through I's conduction states.
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The promotion of f' —f* by removing a conduction electron, or from
f* —f' by emitting a conduction electron specifies the symmetry of the
conduction states about the impurity which may hybridize with the U 5f
states. Group theoretically, since I3(E) ®I7 = I3, only the I's conduction
quartet partial waves may couple to the impurity through hybridization.
These are derived from conduction partial waves with orbital angular
momentum / = 3 spin—orbit coupled to produce j = 3, 3 manifolds, with each
angular momentum manifold giving a I's partial wave quartet.

The projection to the /= 3 partial waves is implemented in terms of
conduction-electron annihilation operators, through the operation (Krishna-
murthy ez al. 1980a)

A

dk
Ck3ms = J‘ET ij (k) C/zﬁ, (22 14)

and the coupling of these operators to produce j = 5 states is effected with
standard Clebsch-Gordan technology, that is

1/2
Ck52m = Z 26( M) Ck3,m- 6,0+ (22 15)

The I3 quartet from the j = 3 manifold will be retained for the discussion
at hand; we defer a justification for this restriction to the later sections on
scaling theory (section 3) and NCA equations (section 5). By looking at
table 3, we see that the combinations of states which produce the conduction
I'5 creation and annihilation operators are written in the angular momentum
basis as

Ckg+ T = Ck82 = (2)1/20k5/2,+5/2 + ('é')l/ztfks/z,- 32, (2.2.164)
Cks+, L = Crs2 = (2)1/20k5/2,+5/2 + (‘é)llzcks/z,u/z, (2.2.16b)
Cks- T = Ck8,1 = Ck5[2,41/2, (2.2.16 ¢)
and
k8- L= g1 = CkS[2,-1)2. (2.2.164d)

The 2 (2) and 1 (1) subscripts in the middle part of the above equations
correspond to the notation of table 3 and the original paper (Cox 1987b). The
upper- (lower) signs on the RHS of the above equations correspond to
u =T (). The = labels on the left-hand side (LHS) correspond to the [3(E)
index o

The conduction electrons are assumed to residue in a broad band with a
flat density N(e) of states parametrized by a width D, which for convenience
is typically taken to have the form

N(e) ==~0(D - [e]). (2.2.17)



01:19 22 March 2011

Downl oaded By: [CAS Chi nese Acadeny of Sciences] At:

Exotic Kondo effects in metals 637

In order to implement this restricted Hilbert space, some appropriate
limits of the atomic limit parameters must be taken. Essentially, we must
take all crystal-field, spin—orbit and exchange splittings to infinity. This
done, we must take the limit of the direct f—f repulsion Uf to 0O in a
curious way. Denote the one-particle energy er. To restrict to just the
f' and f® configurations, we must have the energy difference
E(f*) - E(f') =% = ¢ + Uy remain finite. Clearly this is achieved if
er = - U+ ¢ and Ufr is taken to 00. One may always restrict to just two
configurations with similar tricks. However, to restrict to three or more
configurations can only be done by hand and must be viewed as an
approximation to the full Hilbert space, rather than an exact limiting case of
the full model Hamiltonian with all configurations included. We remark that,
for 4f systems, |€f| is of the order of 2-4¢eV, while Ut is of the order of 6-
10eV (Lang et al. 1981, Herbst and Wilkins 1987). In the actinide systems,
the greater spatial extent of the 5f orbitals leads to correspondingly smaller
values of 1-2¢€V for e and 3-6¢V for Urr.

With the above assumptions, the Anderson Hamiltonian in this restricted
Hilbert space, which has been previously called the ‘3-7-8 model, may be
written as

Hys = Ze,;f};wckgw +3 Z I°T, aXT5,0] + Hiyp,  (2.2.18)
ou

thb = -

V
_N1/2 ngn (w) (|13, 0 X' 7, - | ckson + he),  (2.2.19)

s kom

where V is the hybridization strength and Ns is the number of atomic unit
cells in the crystal. We have assumed the impurity to be located at the origin
and have taken the f' configuration at the Fermi energy; clearly, this is
sensible since energy differences between the configurations correspond to
electron addition and removal energies which must be measured with respect
to the Fermi energy. Note the presence of the phase factor sgn (i) in the
hybridization term. This arises because the I3 doublet of the f* can mix with
two-particle states formed from a conduction electron and a single f
electron which are a singlet in the channel variable ¢ and a doublet in the
spin variable o

The use of the ‘Hubbard’ operators such as |f T, axf'T3, - u| in equation
(2.2.17) is necessitated by the Hilbert space restriction. The advantage of
using these operators is that strong correlations of atomic character are built
in to the bare Hamiltonian, and the hybridization which is the smallest
energy scale is to be viewed as the perturbation. The technical nuisance of
these Hubbard operators is that they do not obey canonical commutation
operator identities. Neveretheless, a direct perturbation theory may be
developed (Keiter and Kimball 1971, Inagaki 1979, Grewe and Keiter 1981,
Grewe 1983, 1984, Coleman 1983, Kuramoto 1983) (see also Bickers’ (1987)
review, or one may use pseudo-particle techniques to map the perturbation
theory on to Feynman diagrams followed by a projection to the physical
space (Abrikosov 1965, Barnes 1976, Coleman 1983). We shall implement the
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latter method in the NCA presentation later in the paper (see sections 3.3.1
and 3.3.5).

Note that the general process to derive the Anderson Hamiltonian in the
restricted subspace which we have specified above requires explicit
assumptions about the atomic states. This has been discussed in general
detail by Hirst (1970, 1978), and in detail for the problem at hand by Cox
(1987b, 1988a, b, 1993). Specifically, while the single-particle hybridization
term may be written independent of the angular momentum coupling scheme
(Russel-Saunders, intermediate or j—j) when it is projected to the relevant
many-body states appropriate to the restricted set of configurations, then the
strength of the matrix element depends upon which coupling scheme is used.
However, the symmetry properties are unaffected by the choice of coupling
scheme, as are the details about the ground-state multiplets: J = 4 is the
ground multiplet in both extremes for Russell-Saunders and j—j coupling. We
shall assume that one or the other projection scheme has been emloyed and
incorporated into the overall magnitude of the hybridization matrix element.

The hybridization matrix element is more naturally parametrized through
the ‘hybridization width® I, which measures the rate at which a single
localized f electron would tunnel off the impurity site and into the electronic
continuum. This level width is given by

raN(0) 172, (2.2.20)

Typically, for f-electron systems, this matrix element is in the range 0.1—
0.5eV, with 4f electrons occupying the lower end of this range and 5f
electrons the upper end of this range.

Mapping to Kondo model: Schrieffer—Wolff transformation. It has long been
known that, if charge fluctuations are rare, that is if 1/ rEf < 1, then for low-
energy scales the Anderson Hamiltonian may map onto an effective exchange
interaction for the lowest-lying degenerate manifold. Physically, I/ |?f|
measures the deviation of the f occupancy from 2, in this case, due to virtual
fluctuations to the excited f' configuration. This mapping, called the
Schrieffer-Wolff (1966) transformation (Schrieffer 1967) for the non-orbitally
degenerate Anderson model, or the Cogblin—Schrieffer (1969) transformation
for the orbitally degenerate case, is by now well known. It may be
implemented either through second-order perturbation theory, or by
applying a canonical transformation which eliminates the hybridization
through second order. The strength of the effective exchange interaction is
proportional to the square of the hybridization matrix element divided by the
interconfiguration energy splitting. The most crucial result of the mapping, of
course, is that the effective exchange interaction is antiferromagnetic as an
example of the general ideas of superexchange formulated by Anderson
(1950), and hence the Kondo effect is possible. (Note that it is possible when
the states accessed by virtual charge fluctuations are triplets in either orbital
or magnetic indices to generate ferromagnetic exchange coupling in both the
single channel and two-channel sectors, as stressed by Kim and Cox 1996 and
Koga and Shiba 1995.)
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There are no subtleties in applying the canonical transformation to the
current model, despite the fact that we are interested in an orbital doublet.
The resulting exchange interaction in the space of the '3(E) orbital degrees
of freedom is

Hquad, Konda — Zfﬂzgw Ck8oy = JH : F:ST(O) + ?cSi«(O)] (2221)

o

where J = 2V? [& < 0 and, for example,

TI(i) = ZT((,?QszE,(X le“z,ocf
ooor

(2.2.22)

describes one of the multipole operators of the I3(E) doublet, TO’Q, being one
of the spin-3 matrices (i = 1,2,3), and

i 1 i
745, (0) = v /Z Tot Chsop koo (2.2.23)
S k 0’

describes the corresponding multipole operator formed from the conduction
states. Note that the exchange interaction of equation (2.2.21) is isotropic,
which is indeed expected from the 3-7-8 model. In general, the different
syrglme(g)ry properties of T ? (which transforms as the 13(A42) irrep) from the

7', 7 pair which forms a I3(E) tensor doublet will lead to anisotropic
exchange, with J* # J* = J°. Since this exchange anisotropy is irrelevant
about the non-trivial fixed point, as will be discussed in subsequent sections,
and since in no case is the exchange anisotropy expected to be as large as for
the TLS case, we are certainly justified in writing down isotropic exchange in
equation (2.2.21).

Koga and Shiba (1995) have studied a model which includes this exchange
anisotropy together with scattering between Is and I7 conduction states
(cf. section 4.1 of thelr paper). The latter scattering generates a coupling
only to the 7\ and 7" operators since I3 ® Tz = I3 I3 ¢ I3 and only
the I3 conduction tensors couple to the impurity. The resulting interaction
takes the form

Hex, 78 = j(TI(l)TﬂSx + T1(3)Tc78;), (2.2.24)
where
Tersx = Z CUlis uCkT-u + he (2.2.25)
T
and
Ters: = Z CLTy 4 O, + . (2.2.26)
T

They find (using the numerical renormalization group) that the low-energy
physics is still given by equation (2.2.21). Their results will be discussed in
more detail in section 4 of our paper.
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SPIN QUADRUPOLE

14. Mapping of the quadrupolar Kondo Hamiltonian to the two-channel Kondo
model. On the left is the standard picture of the two-channel model in spin space; two
species of conduction electrons couple antiparallel to the impurity spin at the centre
of the picture. In the quadrupolar Kondo case, ‘spin’ is measured by quadrupolar or
orbital deformations. The two channels arise from the real magnetic spin of the
conduction electrons (the Pauli principle allows a real-spin-up electron and a real-
spin-down electron in the ‘negative pseudo-spin’ squashed orbital of the conduction
electrons).

We note here that the model of equation (2.2.21) has a counterpart for any
non-Kramers doublet of U*" ions in tetragonal or hexagonal symmetry. The
differences are as follows: first, the bare exchange is fully anisotropic for the
tetragonal case and has an Ising anisotropy in the hexagonal case; secondly,
in each case, since the c-axis pseudo-spin of the U** ion couples linearly to
the magnetic field, there is an unusual conduction channel spin-impurity
pseudo-spin coupling for c-axis spins. This term appears to be irrelevant in
renormalization group calculations. We discuss the origins of the hexagonal
and tetragonal models below in section 2.2.3.

The most notable thing about the Hamiltonian in equation (2.2.21) is that
it has the two-channel Kondo form; two degenerate species of conduction
electrons couple with identical exchange integrals to the local S = 5 object. In
this case, the channel indices are the magnetic indices of the local conduction
partial wave states, and hence the degeneracy is guaranteed by the Kramers
theorem since this is a one-electron state. Figure 14 illustrates the principle
and makes it clear why this is for very much the same reason as in the TLS
case; the quadrupole moment, like the atomic position in the TLS, is
invariant under time reversal. The pseudo-spin measures the shape of the
local orbital. Hence, conduction electrons of opposite magnetic index must
couple completely equivalently to the local quadrupole moment. In the limit
of zero spin—orbit coupling, in fact, the I7 index u becomes the real spin
index of the conduction electrons. The only complexity in this latter case is
that it is impossible to achieve a pure orbital doublet ground state. We shall
discuss this point in detail in one of the last sections.

Jahn—Teller effect. There is often considerable concern about the stability of
the U*" ion against the Jahn-Teller effect (for example Fulde (1978));
ordinarily, an orbital doublet ground state will split spontaneously upon
inclusion of the linear mixing to local nuclear coordinates. That will certainly
happen here as well, but the Kondo effect provides a degree of stability
against the Jahn-Teller effect in much the same way as the spin Kondo effect
stabilizes against magnetism; the reduction in the on-site susceptibility by the
Kondo effect from a Curie law form renders the ion stable against magnetic
order below a critical strength to the intersite coupling of order Tk. Since the
quadrupolar Kondo effect is of two-channel character, the susceptibility still
diverges (logarithmically) but for a collection of such ions the collective
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Jahn-Teller instability is pushed to far lower temperature scales (Cox
1987b, d). Similar conclusions have been reached about the single-site Jahn—
Teller effect by Gogolin (1996). We shall discuss this point further in later
sections of the paper.

(e) Use of plane-wave basis. The reader may be concerned about the use of plane-
wave states here when in many cases a tight-binding basis would be more
appropriate. In this latter instance, one must only ensure that the ligand
orbitals are not forbidden by symmetry from hybridizing with the U** ion to
write down an Anderson Hamiltonian. Even if the hybridization is symmetry
forbidden, multipolar Coulomb coupling to the U** ion can drive the
quadrupolar Kondo effect through highly anisotropic bare couplings in
precisely analogous fashion to the TLS example discussed in the previous
section. Both possibilities have been discussed in detail in a tight-binding
basis using scaling theory (Deisz and Cox 1995). The main point is just this:
given a local non-commutative algebra associated with the U*" ion, the
Kondo effect will ensue, and it does not require two bands degenerate
throughout the Brillouin zone.

2.2.2. Two-channel magnetic Kondo effect for a Ce** impurity

2.2.2.1. Physical discussion and context. The original work of Noziéres and
Blandin (1980) focused on magnetic Kondo effects. These workers in fact
concluded that realistic crystalline field anisotropy would make it unlikely ever to
observe a multichannel magnetic Kondo effect; the anisotropies would always tend
to make the system flow eventually to the ordinary Kondo fixed point with a
singlet ground state and Fermi-liquid excitation spectrum.

The possibility of non-trivial two-channel physics has largely been overlooked in
the last decade with the advent of expansion techniques based upon large orbital
degeneracy N1. Noting that Ce had a single f electron with total degeneracy of 14
neglecting spin—orbit coupling, and 6 including spin—orbit coupling, Anderson (1981)
suggested that 1/Ni should serve as an expansion parameter. Subsequently, a number
of workers developed approaches to and applications of the 1/Ni expansion
(Ramakrishnan 1981, Ramakrishnan and Sur 1982, Coleman 1983, 1984, 1987,
Gunnarsson and Schonhammer 1983, 1984, Kuramoto 1983, Read and Newns 1983,
Newns and Read 1987, Zhang and Lee 1983, Rasul and Hewson 1984a, b, Auerbach
and Levin 1986, Bickers er al. 1987, Millis and Lee 1987). Some efforts were also
made to extend these ideas to models for U*" and Tm** ions (Nunes et al. 1986,
Read er al. 1986). An extensive review of these methods appears in Bickers’ (1987)
article.

In all the above work, except for the variational approaches of Gunnarsson and
Schonhammer and the variational approaches to the U** and Tm’" ions, the
Coulomb repulsion Uff was taken to be infinitely strong. In all cases, a non-
degenerate singlet ground state is obtained, meaning that the properties will be that
of a Fermi liquid.

The point of this section will be to derive a Hamiltonian for Ce which indicates
that, in many cases, the considerations of Nozi€res and Blandin and the various large
N1 efforts are entirely correct. Nevertheless, the possibility remains that Ce
impurities may display a two-channel magnetic Kondo effect which lies outside
the domain of 1/Ni theories. We shall see that the conditions allowing this physics
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are far more restrictive than for the quadrupolar Kondo effect and in particular the
following,

(i) The ground-state weight of fluctuations to the doubly occupied configuration
must be higher than for fluctuations to the unoccupied configuration. For
this reason, it is unlikely that Yb ions, the hole analogue to Ce, will ever
exhibit two-channel physics.

(i) Symmetry contrains the model to occur for only the Kramers doublets in
cubic and hexagonal symmetry, and in the latter case only one such doublet
exists (Cox 1993).

Ce ions are nominally trivalent in the metallic environment, and thus possess a
single 4f electron with the Hund rule ground-state angular momentum J = 3. The
crystalline field will lift this degeneracy; in cubic symmetry, the ground state may be
either a I7 doublet or I3 quartet (Lea et al. 1962). Both ground states have been
realized experimentally. For example, in Laj- xCexAl> (for example, Maple 1984)
and Lai- «CePbs (Lin et al. 1987), the ground state is I7 while, in Lai- «Ce.Bs, the
ground state is I's (Winzer 1975). Unlike the non-Kramers I3(E) doublet discussed
in the previous section, the I7 doublet must remain degenerate in the absence of a
magnetic field, that is its degeneracy cannot be lifted by a Jahn-Teller effect.

2.2.2.2. Couplings to conduction electrons

(a) Anderson model for Ce®" ion in cubic symmetry. As in the case of the U** ion,
we must derive the Kondo model by first developing the appropriate
Anderson model which includes the 4f-conduction hybridization and the
strong electronic correlations on the 4f site.

We shall be concerned with the I'7 doublet in this section. The level scheme
of the simplest model which can produce the two-channel Kondo effect is
illustrated in figure 15. In this case, three configurations must be included,
but in the spirit of simplicity the f* configuration is taken to have only the
I3(E) ground doublet. Inclusion of higher levels can in principle produce
new physics; see the last few paragraphs of this section (section 2.2.2.2),
section 2.2.4 and section 5.2 for a discussion.

In this simple model, in essence, the level stabilities of the f "and 2 have
been inverted with respect to the model of the previous section. A simplifying
feature of this model is that only I7 symmetry partial waves of the
conduction electrons will mix the f' doublet with the f° singlet, and only [
symmetry partial wave states will mix the f' and f* doublets.

The Anderson Hamiltonian describing this restricted Hilbert space is much
longer than for the U*" ion of the previous section and is given by

H = Heg + Hes + Hion + H171 mix + H378 mix, (2.2.27)

where
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15. Simplest model for Ce** ions to produce the two-channel Kondo effect. This
requires three configurations, since the f’—f'-only model will always produce a single-
channel Kondo model. The virtual charge fluctuations to the I3 doublet of the f?
configuration induce a two-channel coupling of the ground I7 doublet in the f !
configuration to the Iz conduction electrons. In that case, the spin index of the
electrons is their magnetic spin, and the channel index is the quadrupolar—orbital
pseudo-spin of the condution states.

Hea = Zem‘;mm, (2.2.28a)
)[J

Hes = Z €7Cks o ChBaut 5 (2.2.28b)
SOLH

Hion = €r Z |f1D,H Xle,H| + (2€f + Uff)

y

x Z F* T3, auxt°I5, 0], (2.2.28¢)

V
Ho mix = N—IILZ(HID,H Xt°, T |exr + he) (2.2.284)

u

and

-V
Hyrs mix = N—JZkZ sen (1) (|13, ' T, - #[ckson + ho).  (22.28¢)

s G

Again, the phase factor which appears in the last equation derives from the
proper admixture of f* states with states of one f and one conduction
electron.

Schrieffer—Wolff transformation. Once again, we apply the Schrieffer—Wolff
(1965) transformation (Schrieffer 1967, Cogblin and Schrieffer 1969) to
convert the Anderson Hamiltonian of equations (2.2.28 @)(2.2.28 ¢) into a
Kondo Hamiltonian. This transformation will produce a valid description of
the low-energy-scale physics provided that N(0) V7, / |€f| =wy< 1 and
N(0) V3 [&r = wa < 1, with & = e + Uf as in the previous section. The
significance of he labels wo and w» is that these are essentially the quantum
weights of the f’ and f* configurations in the ground state due to charge
fluctuations. Provided that the inequalities hold, we have the effective Kondo
Hamiltonian

Hiondo = Her + Hes + J1S1 - Sw(0) + JsSt - [§Zg+(o) + Sis- (0)] (2229)

with J7 = 207 e > 0, Js = 2V§/€f > 0 and, for example,
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I [ BN ENTE R (2.2.30)
Hus
i 1 Dot
s%(0) = = kz S Chry ot (2.2.31)
°k N e
and
@ (o = L 0 i
Sea(0) = 3 Z S Chiscu Choscu (2.2.32)
Sk pp
Here, S‘Siju, are spin-3 matrices in the I7 space, with i = x,,z. The exchange

couplings in equation (2.2.29) are antiferromagnetic.

The first Kondo term in equation (2.2.29) involving J7 is not surprising; it
just reflects the effective exchange interaction mediated by virtual charge
fluctuations to the excited empty configuration. This coupling yields the
standard physics incorporated in the Uff — 00 large- N1 theories, with Ny = 2
here. This term, if Js were set to zero, would produce a singlet ground state
and Fermi-liquid excitation spectrum by the standard methods. The second
term (Jg) is of course more interesting and has a two-channel character, with
the channel indices here being the local I3(E) orbital labels. (Again, two
degenerate bands throughout the Brillouin zone are not required; only local
degeneracy is necessary to map to the two-channel Kondo effect.) As we shall
show explicitly in later sections, provided that |Jg| > |J7|, which almost
corresponds to w2 > wo, the two-channel physics will dominate the low-
temperature behaviour. An intriguing third possbility exists when Js = J7:
the physics of the three-channel Kondo model will be realized. While this
requires fine tuning of the coupling strengths, it is in fact potentially
realizable with the application of pressure, as we shall discuss in detail in the
review of experiments (section 8.2).

It is worth noting at this point that the two-channel behaviour is unlikely

for Yb** ions because of the requirement JJ3| > |7]. YB'* has a single-4 f-
hole (f*) and excited f'* (no-hole) and f ! (two-hole) configurations. Once
the particle-hole mapping is effected, the physics is completely analogous to
the Ce case. However, the details are different. First, since for Yb** the Hund
rule ground state has angular momentum J = 3, either I's or I doublets may
lie lowest, besides the Is quartet (Lea et al. 1962] This is not of concern,
since [ ® [3(E) = I3 as well as if the [7 doublet lies lowest in energy. More
significant is that previous studies have indicated that |€f| < ler + Uﬂ‘| (these
are now hole energies) for Yb (Lang et al., 1981, Herbst and Wilkins 1987); so
that it will be difficult ever to realize w> > wo.
Effects of excited states in the f* configuration. There are several consequences
which arise from including excited states in the f : configuration. This
discussion follows primarily the work of Kim (1995), Kim and Cox (1995,
1996, 1997), Kim et al. (1997) and Koga and Shiba (1995) who applied a
similar analysis to a model with an f*I% ionic ground state. The effects are as
follows.

(1) Enhancement of two-channel coupling. The two-channel antiferro-
magnetic coupling mediated by excited I3 states is enhanced when one
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accounts for the presence of nine such excited states. However, this can
be reduced somewhat by the excited-state triplets, which contribute
negatively to the two-channel coupling. In the work of Koga and Shiba
(1995) for the f°Is ground state, it was found that the net two-channel
coupling arising from the f* configuration is antiferromagnetic.
Reduction of one-channel coupling. While excited-state singlets contribute
to an enhancement of the antiferromagnetic one-channel coupling that is
already present owing to f’—f' virtual charge fluctuations, the excited
triplet states suppress this coupling strength. In their f’Is model, Koga
and Shiba (1995) found a net ferromagnetic coupling of the I's pseudo-
spin to the conduction I7 states.

I7-I3 exchange coupling. The presence of excited I triplet states can
give rise to exchange interactions which scatter electrons between the 17
and I3 partial wave channels. The terms are rather complicated to write
down.

Channel-spin-spin coupling in the I's sector. Both excited-state I3 and I3
triplets can mediate a new coupling term in which the conduction spin
and channel spin can couple. To understand why such a term exists, we
note that I3 ®I3 tensor space of the conduction states contains two I3
symmetry tensor triplets (Kim 1994, Kim and Cox 1995, 1996, Kim et al.
1997). The first transforms as a scalar under quadrupolar indices and
couples to the I'7 doublet with the usual two-channel form. The second
transforms as an outer product of quadrupolar pseudo-spin and
magnetic pseudo-spin operators. These operators have the form

Si5(0) = 7(0) Sk (0) (2.2.33)

with i = x, ,z, the S! being spin-3 magnetic pseudo-spin matrices for the
I's states, and the 7/5(0) are suitable combinations of quadrupolar spin-3
matrices given by

13(0) = 75°(0), (2.2.34a)
12

%4(0) = - 47 (0) + 37%‘;) (0), (2.2.34b)
12

7%(0) = - 12 (0) - 3770‘;)(0). (2.2.34¢)

Note that these T matrices obey a traceless condition, namely
> %s(0) = 0. As an example of the tensor product, we write Sig(0) as

~_

S%(0) = chryeste = chroest - chpcshe + chyest . (2.2.35)

For further purposes in section 3, we note that these operators obey the
commutation relations
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Bis(0), S5(0)]= 5 e S (0) = Se Z Sko(0)  (2.2.36)

and

Bis(0),850 ]+ is0,550)]= - ien850). (2237

The latter relation, while not immediately evident, follows with
application of the tracelessness condition on the T matrices. The
corresponding coupling to the I7 pseudo-spin has the form

~ ~ =
Hrs = JsS1 - Scs(0). (2.2.38)

Koga and Shiba (1995) discuss a related model for f ? states. Indeed, in
section 4.2 of their paper, the exchange Hamiltonian of equations (4.19)
and (4.20) has the form of Hzs + Hys provided that we neglect exchange
interactions which scatter between I7 and I3 conduction states.
Specifically, we replace our 17 spin operators with the I's spin operators
of Koga and Shiba, and _we can identify J7 = -Jo /3 - 19J1 /63,
Js = 2Jo[3+ 49J:1 /126, and Js = - 10J; [63.

We shall argue in section 3.4.3 that, provided that Js is sufficiently small
(|78| < 2Jg), it is irrelevant and the low-temperature fixed point will still be
that of the two-channel model when Jg exceeds J7. However, interesting new
physics arises when |Jg| > JSg Kim (1995) has observed that the special
combination of operators Iy = = 3 ¢ Sesq(0) +2S08( ) obey the standard
SU(2) angular momentum algebra (Kim 1995, Kim et al. 1997). Since they
span a fourfold degenerate manifold, it is natural to guess that they serve as
spin-3 operators. Indeed, with simple algebralc manipulations, one can show
the 1 0 operators are those of a spin-3 manifold. A combination of strong-
coupling perturbation theory, weak-coupling scaling analysis, numerical
renormalization group (NRG) calculations and conformal field theory
confirms that for |Jg| > Jg, the model ﬂows to fixed points governed by an
exchange coupling between the spin-3 impurity and spin-3 conduction
electrons (Kim et al. 1997). Kim has observed that the form of this
Hamiltonian can be obtained by keeping only an excited '3 or I's triplet state
in the f* configuration. While there is only a single channel of conduction
spin, the ground state is overcompensated because of the large conduction
spin. Hence, a different non-Fermi-liquid fixed point is possible. We defer a
more complete discussion of this issue to section 6.3.2.

In summary, in this section we have demonstrated that, when one includes the
possibility of fluctuations to a realistic f : configuration which includes degenerate
levels, a Ce impurity in cubic symmetry may have low-temperature physics governed
by the two-channel Kondo Hamiltonian (or, alternatlvely, a novel Sc =3 model).
However to ensure this, the fluctuation weight of f* in the ground state must exceed
that of f'; so it is by no means the generic case.
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2.2.3. Excited crystal-field states

For both the Ce** and the U*" models discussed above, we have excluded excited
crystal-field levels in the lowest configurations. In fact, it is straightforward to
include these in the Hamiltonian, and we shall show in detail that the low-energy-
scale physics will still map onto the two-channel Kondo physics in the appropriate
limit when we discuss the NCA approach to the problem (see section 6.2 and 6.3).
The situation is similar to the TLS with excited states which is discussed in detail in
section 3.4.2.

For the configuration, the additional states in the lowest J = 4 multiplet are
|f2,l_21,n> |f2,l_§,e>and |f2,l_1 % To the diagonal > terms of equations (2.2.17) and
(2.2.28 ¢) we must add

FZ [E@) + ar ), Teer, er X7, Lot M, (2.2.39)
cef ,T}ef

where Tcer, Ter run over the excited crystal-field levels split from the ground I3(E)
doublet by amounts Ary,, and E(I3) is the energy of the I3 level (& for the the U**
model; 2¢ + Ugr for the Ce** model). Ner indexes the states of any degenerate
multiplets. The cef subscript is a reminder that these are states in the presence of the
crystalline electric field (CEF). For the f ! configuration, retaining only the J =3
multiplet, the only excited level is a I's quartet; so to equations (2.2.27) and (2.2.28 ¢)
we must add

Z‘F(D) +an i, Lo xt T m, (2.2.40)

where E(I7) is the energy of the I7 level (0 for the U*" model; e for the Ce®*
model). In the above two equations, the T labels run over internal states of
degenerate crystal field manifolds.

We must also generalize the hybridization term. Focusing only on the term which
mixes f', f* configurations, the most general form is

D WD IR IR et L]
Ns'" 1y ) T KIoh

x [, %), () X0, T, ) ey + he] (2.2.41)

where the sums run over all states of the lowest '/ multiplets (I1f 1’2),T(f %)) and
all conduction partial waves (I¢,1}), and A (ITf 1),1(1“ h: T, T(fz);l_‘c,n) contains
the Clebsch—Gordan coefficient for the cubic irreps and the reduced matrix element
measuring the strength by which the f' may attach to the f>, J = 4 multiplet. This
has been worked out extensively in the case of Russell-Saunders (LS) coupling of
angular momentum, and the detailed presentation has been given by Kim and Cox
(1996).

Now, each crystal-field level must be treated on equivalent dynamical footing,
which means that, when we introduce Green’s functions for the local levels, we must
introduce a new Green’s function for each excited crystal-field level. We shall discuss
in section 3.4.2 how the excited states of the TLS corresponding to higher vibrational
levels play a similar role to the crystal-field levels here.
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Figure 16. Simplest level scheme to produce a two-channel Kondo effect. The two-channel
Kondo effect requires minimally that one have low-lying configurations with doublets
in each. These doublets may be magnetic (Kramers doublet) or non-magnetic (non-
Kramers doublet) depending upon whether the configuration has an odd or even
number of electrons.

2.2.4. Group theory of two-channel Kondo models for Ce and U impurities

The purpose of this section is to state five selection rules which contain minimal
necessary conditions requisite for the low-energy-scale physics for a single U** or
Ce** ion to be described by a two-channel Kondo model. We shall first produce a
physical motivation for the selection rules and then summarize the selection rules.
This section is adopted from Cox (1993).

Figure 16 displays the basic picture of the states of an impurity lanthanide on
actinide ion and conduction electrons which are minimally reqired to achieve a two-
channel Kondo model description of low-energy-scale physics. This restriction to
two configurations is sufficient for U** 5f” because the two lowest excited
configurations must have odd numbers of electrons and therefore have at least
doubly degenerate crystal field states For definiteness, we assume that the first
excited configuration is f'. For Ce**, we need to augment this picture to include
three configurations as shown in figure 13 because the excited f~ state must be a
singlet.

Regardless, we see that two configurations of the impurity ion have doublets as
the lowest crystal field states. These states span vector spaces which transform under
the irreps [ zra and [ex of the group G x T where G is the double point group of the
crystal and 7 is the group of time reversal (containing the identity and time reversal
operators). The states in the Igaex spaces have labels Ogaex. The extension to
include T covers groups such as Cs under which certain pairs of irreducible
representations are complex singlets whose degeneracy is not assured by G but is
assured by 7. The double group is required because one of the hybridizing
configurations will always contain an odd number of electrons. The subscripts grd
and ex refer to ground and excited configurations respectively.

We express the conduction operator c}? which creates a Bloch state of
momentum k, spin o and energy e in a symmetry-adapted basis around the impurity,
that is

cﬁ = Z AT () o (2.2.42)

where I¢ and o label irreps of G x T where the point group G is defined at the
impurity site. The local conduction states are derived from partial waves in a plane-
wave basis, or from suitable linear combinations of ligand orbitals in a tight-binding
basis.

The Anderson Hamiltonian for U** ions then takes the form

H = Hcond + ngd + Hex + Hnmix (2243)
with
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Hcond = Z GkC}EEOCCkEo@, (2244)
KTcOe
Hga = E(fz) ; |r:grd(1grd Xer(Xgrd |, (2245)
rd
He = E(f") Z‘ |Tex Otex XL ox Ot | (2.2.46)
and
1
Hiyp = _1/QZ Z Z{ VIl cOk; Ogrd; %x]I]jgrd(Xgrd XEX%X|C/¢E% + hC]
NS cO Olgrd ,Ulex
(2.2.47)

where V|l coc; Olgrd; Olex includes the single-particle matrix element, a reduced matrix
element expressin g the attachment probability for adding an f electron to get this >
state from this f' state, and a Clebsch—-Gordan coefficient in the crystal-field
representation basis. Again, the restriction to f' for the excited configuration is
purely a matter of convenience for the exposition purposes here. In fact it is
sometimes more realistic to consider an excited f° configuration.

For the Ce** ions, we interchange ground and excited levels and (with E(f°) set
at zero in this case) add the hybridization term

1/2 Z Hrérdagrd }(f

In addition to discussing the symmetry properties of the states themselves, it is
important to discuss the symmetry properties of the ground configuration tensor
operators which live in the product space transforming according to l_fj_,fé ®I gg- The
superscripts are a reminder that the tensors are formed from outer products of the
states. The form of the low-energy-scale interactions which will correspond to the
two-channel coupling of equation (2.2.20) are entirely specified by the symmetry
properties of these tensors. The interactions arise when we integrate out the virtual
charge fluctuations to the excited configuration to derive an effective interaction
between the conduction electrons and the ground configuration degrees of freedom
of magnitude & V> /A E, where AE is the interconfiguration energy difference
(Schrieffer and Wolff 1966). (Note that all notation for point group representations
used in this paper follows that of Koster et al. (1963).)

We now state the mecessary (and not sufficient) selection rules which will
minimally ensure that the effective Hamiltonian at low energy scales derived from
an underlying Anderson Hamiltonian has the two-channel S = 1 Kondo form.

Celyaoga T hC] (2248)

Selection rule 1 (ground doublet selection rule). Under the action of the crystal
field, the lowest state of the lowest angular momentum multiplet of the ground
configuration should be a degenerate doublet which transforms as the irrep Igra of
the group G x T.

Selection rule 2 (excited doublet selection rule). Under the action of the crystal
field, the lowest state of the lowest lying angular momentum of the excited
configuration must be a degenerate doublet transforming as a representation Iex
of the group G T.



01:19 22 March 2011

[ CAS Chi nese Acadeny of Sciences] At:

Downl oaded By:

650 D. L. Cox and A. Zawadowsk i

Selection rule 3 (hybridization selection rule). The conduction band must contain
states which, when projected to the impurity site, transform as the direct product
representation [¢ such that I = I'ga ®1Ix.

Corollary selection rule 4_(tensor selection rule). When I¢ is a reducible
representation of the group Gx 7 of _the form It =TI $I where T are
irreducible doublet representations of G x 7, then the tensors I'gq @ 5§ which
are off diagonal in the Iga space must be contained in the space of the product
representation [¢1 ® ¢ and not in (I ®Ia1) ® (T ®Ic2).

Selection rule 5 (dynamic selection rule). When I g4 is the lowest level of an odd-
number electron configuration, the exchange coupling generated by virtual excita-
tions to I'ex must be larger than the coupling induced by virtual charge fluctuations
to excited singlet states.

Selection rule 1 ensures that the lowest impurity states have internal degrees of
freedom so that a Kondo effect is possible. Selection rules 2 and 3 are necessary for
two-channel behaviour in conjunction with selection rule 1. The excited doublet state
labels are the channel indices and, if the conduction band does not have local
Ic = Iora ®Iex symmetry states, no Kondo effect is possible.

The basis for corollary selection rule 4 is an examination of the tensor operator
structure. This rule is irrelevant for cubic structure because the irreducible I3
representation is the only quartet of conduction states allowing for the I3 and 57
doublets of the different configurations. It is essential for the lower-symmetry crystal
syngonies. To see why, note that we form the exchange term of equations (2.2.24)
and (2.2.29) by coupling tensors of the impurity states I zra to those with the same
symmetry derived from the conduction states I ¢. In the lower-symmetry syngonies of
interest (hexagonal, tetragonal, rhombohedral), T¢ is reducible, decomposing into
Iii € 1%. The magnitude and antiferromagnetic sign are set by the integration out of
virtual fluctuations to the [ex states; hence, as in the conventional Anderson
impurity, the exchange J < 0 always. Now, the tensor operators forming the basis
for Iy ® [ include two which are diagonal in the [xa indices and two which are
off-diagonal corresponding to SI( ' in the pseudo-spin-3 space. The identity operator
in the I4ra space gives charge scattering, while the other diagonal term corresponds

to the S13) component of the impurity pseudo-spin. This is always contained in both
the tensor spaces [*{' @ [ and X' @ [%2. If the off-diagonal impurity operators
were contained in these tensor product spaces, then no symmetry conditions would
ensure the exact equality of exchange coupling constants between the channels (now
indexed simply by the irreducible representation labels [c12). This is always the case
in rhombohedral symmetry, so that two-channel coupling will not be generically
present in this case for f ions. However, if the off-diagonal operators are contained in
the mixed-direct product [*$' ® [, then the ‘spin-flip’ conduction tensors must mix
states of the two doublets, and the channel degeneracy is automatically ensured.

With regard to the conduction tensor operators, we note that only the case of the
Ce** ion in cubic symmetry gives rise to the additional pseudo-spin tensor, such as
appears in equations (2.2.35). For all other cases, the relevant pseudo-spin tensors of
the conduction electrons appear only once.

Strictly speaking, corollary section rule 4 is redundant given selection rules 1, 2
and 3 in that, for assumed ground doublets of the lowest configurations and
appropriate conduction hybridization, the presence of the appropriate conduction



01:19 22 March 2011

[ CAS Chi nese Acadeny of Sciences] At:

Downl oaded By:

Exotic Kondo effects in metals 651

Table 4. Symmetnes of ground, excited and conduction states for two-channel Kondo models
of U* and Ce** ions. The ionic configuration is listed in the second column, with the
Hund rules ground angular momentum in parentheses. The crystal point symmetry is in
the third column; although we choose the most symmetric group from each syngony,
equivalent results are found for all smaller point groups in the given syngony. The
fourth column lists the ground doublet Iyq, the fifth column the doublet T of the
excited configuration in the simplest model and the last column the symmetry of the
conduction quartet which mixes the levels and screens the moment of the ground

doublet.
Ground Point Conduction
TIon configuration group T Tex quartet
Ut s =4) Cubic (0) I(E) I =L
U" 52 (J=4) Hexagonal (Dg) I5(E) I7 el
Iz Lz¢ls
I I7¢I3
[6(E) I; Lz¢ls
Iz Im¢1h
I I7#I;
U*  5f2(J=4) Tetragonal (D,) I5(F) Tsor 5 | RECZD
U*  5f* (J=4) Tetragonal (D)  Ti(4; #15(B) I; ed ¢13)
cet o4t J=9 Cubsic (0) I I3 Ik
cet ot (= é) Hexagonal (D) I I5or I Is¢I7

tensors is guaranteed (Han 1994). However, the physical importance of this rule
leads us to state it precisely here as a corollary to these first three rules.

Table 4 specifies all the possible two-channel S = 3 combinations of I'gra, I'ex, I
states for U** and Ce*" ions. We note that a split doublet could display two-channel
behaviour above a cross-over scale below To. Tables 5 and 6 summarize all the
relevant tensor operators for impurity doublet states and conduction states together
with their transformation properties in analogy to spherical harmonics. These tables
give information about their multipole content as well.

Each of the tensors discussed in preceding paragraphs corresponds to some
multipole moment tensors of the ion. Since the multipole formalism is very physical
and familiar from electromagnetism and elementary quantum theory, it is worth
exploring this connection further.

The matrix elements of multipole tensors of /th rank in first quantized notation

are given by
102 [ Yoo Yo
<N [¥im ) Jus (2.2.49)

where 1)1y label states of the ion, and the second line follows from the Wigner—
Eckart theorem. With regard to |Yi,»(J) | it is to be understood that firstly the
square brackets indicate symmetnzed combinations of the angular momentum,
operator components J', secondly each time that a particular direction cosine i
appears in the explicit polynomial expansion of Y, one should insert J' and
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Table 5. Tensors of the local pseudo-spin for model U* and Ce** impurities. The operators
indices correspond to the 1, 2, 3 labels of the pseudo-spin operators. Their symmetry
label for the appropriate group is the first label, and in square brackets appears the
‘multipole content’, that is which set of spherlcal tensor operators Y, ’,,,(fé ) regarded as
polynomials in the angular momentum corresponds to dominant term in the crystalline
tensor. For the hexagonal and tetragonal cases involving I's, I's (hexagonal) and I3
(tetragonal) doublets, the T operator is predominantly octupolar (/ = 3), with a weak
dipolar admixture, so that 8> o. Beneath each tensor symmetry, we display the cor-
responding Cartesian form in polynomials of the angular momentum operator.

Ion Point group Iy (1) (2) (3)
Ut (1) Tl(z) TI(3)
0 I(E) I:(+) [222+ Y. 2] E[Y32+ Y;. 2] I5(- [Yzo]

x JJ)J- 3J.—J

J
Dg [GorTg  T%(1) [2 Yzz] I:(2) [Yzz- Y, 2] EEXY30+ﬁY10]
J

J Ty + I, pJ+ YU,
Dy I F[Y222+ Yzz] D[Yz,z- Yz,-z] FEXY30+ﬁY10]
7o Ty + I, o2+ ).
Dy I #13 I3 [Yziz + Yz 2] r3[Y3,2 + Y3,-2] I [Yzol
-7 Ty 3J2-
e Rl @ el
o I r4(1)[Y1,1 - Y1,-1] D(2)[Y1,1 + Y1,-1] I:(3) Yl,o]
Iy Jy f
Dg I Iz [Y33- Y3 3] I [Y3 3+ Y33] rz[Yl,o]
B2 30, J- 300 J.

z

properly symmetrize and thirdly each time that a power of (J)"7, with p < / even,
appears in the polynomial expansion of Y, one should multiply that term by a
factor of [I(J + l)j“

As an examle of the use of multipole terminology, consider the I'3(E) doublet of
a U*" ion in cubic symmetry. The I7(4:1) tensor is of predominant monopole
(charge, [ = 0) character but also contains components of fourth rank (hexadecapole:
[ = 4) as well as sixth rank (/ = 6) multipoles. The I3(E) doublet is of predominant
quadrupolar (/ = 2) character. It is a generic fact that one of the three non-trivial
tensors formed from the quadrupolar doublets, in this case the I3(4>) tensor, will be
odd under time reversal. The predominant multipole character of the I3(A4>) singlet
tensor is octupolar (/ = 3). Hence, a non-zero expectation value to this operator will
correspond to a combined lattice distortion and non-vanishing magnetic moment.
The operator will couple to the third power of the magnetic field, or a combined
product of electrical field gradient (uniaxial stress) and magnetic field.

The multipole character of the relevant tensor operators is summarized in
table 7.
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Table 6. Tensors of conduction states. This table enumerates the symmetries of conduction
tensors which may couple to the impurity (quadrupolar if U*, and magnetic if ce™;
see table 5 for further information on the impurity tensors). The meaning of a super-
script 3 x 3 for example, means that this operator is formed from the tensor (outer)
product of I'5 bra and ket states.

Point Conduction
Ton  group quartet Conduction tensors
Ut 7" (0) w2 (0) % (0)
0 L=Lel L7elf+) [enR?  LYeRY()
Ds 4T I7%(1) + he I7%(2) + he 7+ 15
L+ I7°(1) + he I7°Q2) + he 7+ 15
L+ %4 (1) +hc  T2%2) + he | B
Dy L +T; I2°(1) + he I2%°(2) + he 7+ %6
1—~7®(1—~1 \;Hl—é) ﬁx7 ®1—i33x3 ﬁx7 ®1—i33><1 ﬁx7 ®(1—313x3_ nxl)
Cce’* s8M(0) S2(0) s2(0)
10) L=l I x) II*eIry(y) el ()
D6 r7 "Hrg F7X8 + he l—ZxS + he l—gX7 + l—?xS

Table 7. Table of second rank tensor operators for U* and Ce™* ions in cubic symmetry
(point group, O). The first column gives the label of the irrep and the second column its
dimensionality. The third column gives the label associated with the vectors spanning
the space of the representation, and the fourth column gives a basis for the vector space
in the Cartesian operator representation (or qubic harmonics). Finally, the fourth col-
umn gives the corresponding basis in the spherical tensor language.

Irrep Dimensionality Labels J basis Spherical basis
Th(4,) 1 - JUJ+1) Y()()
15(42) 1 - JoJyJ- Y33(J) + Y3 3(1)
I:(E) 2 I3(+) Jr- 112 Yzz(J) + Yz 2(7)
I3(-) 32-JJ+1) Yo(7)
IL(T) 3 Ia(x) Jx Y1,1(7) - Y- ()
L) Jy Y1,1(7) + Y ()
Ii(2) f Ylo(J)
[5(1) 3 [5(x2) Y, J-} Yzl(J) + Y 1(1)
I5(p2) JyJ: + J-J, Y21(J) Ya- 1(1)
T3(xp) Ty + JuJ Yau(7) = Yoy (7)

In the lower-symmetry cases, one can see that the diagonal pseudo-spin operator
for the U*" ions has predominant octupole character, with a weak admixture of
magnetic dipole character. The transverse operators, which are essential for the
Kondo effect, have predominantly quadrupolar character. This justifies the labelling
of the two-channel Kondo effect in these circumstances as quadrupolar. For the I'9
Ce doublet in hexagonal symmetry, it is interesting that the transverse operators
must exchange three units of angular momentum and hence have predominantly
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octupolar character. Hence, it is perhaps most appropriate to label the Kondo effect
in this case as an ‘octupolar’ Kondo effect!

We now return to a discussion of the selection rules. Selection rule 5 follows
from scaling along the lines of Noziéres and Blandin (1980), and from NCA
analysis for the model Ce*" ion (Cox 1993, Kim 1995 Kim and Cox 1995, 1996).
Specifically, we define two cross-over temperatures TX Y Where the superscript refers
to single- or two-channel cross-over. Consider the case in cubic symmetry, with
Iea = I7, Ix = I3 and It = Is. Define dimensionless effective exchange coupling
constants g7 and gg by , )

g = —LN(O)VO , &= OV o (2.2.50)
Eo- E(f") Eo- E(f")

where Ep is the ground-state energy, N(0) is the conduction-electron density of states
and V17 and V37 are the hybridization matrix elements with I7 and Iz partial waves.
The Kondo scale for the single-channel model is T (()2) ~Dexp (1/2g-), and for the
two-channel model is Té ) exp (1/28s) to leading exponential accuracy. As we
shall explain in section 5.2, for T below the cross-over scale T}, given by

T‘C Nﬂgl_) 1 i
§8 7

3

single-channel behaviour will dominate for |§7| > |§g|. For T below the cross-over
scale T(;) given by

32
(2.2.51)

9

(2.2.52)

g1 &
two-channel physics will dominate for |§g| > |§7| Practically, this is tested by
examining the sign of the thermopower, given the particle-hole asymmetry of the
model. Dominant f’-induced one- -channel coupling will tend to produce positive
thermopower, while dominant f*-induced two-channel coupling will tend to produce
a negative thermopower. For hexagonal symmetry, consider the D¢ point group for
concreteness. Analogous arguments go through provided that I'ga = I N| +3
and [ex = I56, with Ie = I7 1.

For Yb*" jons with 5,7 ground states in cubic s etry or I9 in hexagonal
symmetry similar arguments go through, with f” —f'*". However, the very large
f12-£" splitting (of order 10 eV) makes it unlikely that selectlon rule 5 can be satisfied
(where we now require w(f'?) > w(f'*)).

U*" jons with f* ground configurations have the Hund rules angular momentum
J = 4, so that non-Kramers doublets are possible. Consider the ground doublets for
the hexagonal and tetragonal syngonies. All these doublets have the property that
the non-trivial diagonal operator transforms like the z component of a real spin,
while the off-diagonal elements are quadrupolar and contained only in direct
products of two distinct irreps of local conduction states. The physical reason is
simple, and easily understood by considering states with M; = %1 pair of states in
the presence of a crystal-field Hamiltonian of pure axial character, namely
Heef = Acer 3JZ2 - J(J + 1) | This term is even under time reversal and thus maintains
doublet degeneracy of the™*1 states. Hence, the non-trivial diagonal tensor is just
|1 }(l| - |- 1X%- 1| which transforms like J. as restricted to the doublet. The off-
diagonal tensor must change the angular momentum by two units and hence must
have quadrupolar character. Turning now to [ex and Ic12 in the same axial field, we
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must have doublets of the form *(2n + 1) /2, since the excited configuration has an
odd number of electrons and the conduction states always transform as double-
valued representations which are descended from half-integral angular momentum in
the full isotropic symmetry. Hence, the off-diagonal conduction tensors in a given
representation can only change angular momentum by an odd number of units and
cannot ‘flip’ the impurity spin. However, it is possible to form tensors from the cross-
products I'c1 ® 2 which can change the angular momentum index by two units. For
example for conduction states derived from j =3 partial waves, the operator
| X- 'L| changes the angular momentum by two umts Note that the results that
we have discussed are properties only of the representations but are easily illustrated
in this pure axial limit.

From the discussion of the preceding paragraph it is apparent that any Kondo
model derived from a degenerate doublet ground state of U*" ions in hexagonal or
tetragonal symmetry will be of the quadrupolar form, because the only degenerate
levels in ground or excited states are doublets, time reversal guaranteeing the channel
degeneracy (indexed by the excited state in effect). To make the idea more explicit,
assume for definiteness that we have hexagonal Ds point symmetry and [ ga = I3,
I = I3 in an excited f' configuration. This yields Te = I3 ® [7 = [7 ¢ 6. Taking
the simple axial crystal-field model and using conduction plane waves in a j =3

artial wave manifold, representatlve states in J, Mj form are |l_§+> |4 *3
f |2 ,_'2L> and |rqi> |2, _2> Let us reorganize the labelling of the
conductlon states Define channel 1 as labelling the states created by the palr of
operators cm+, CkD , and channel 2 as labelling the pair of states created by ckn+,
T - Now let o be the spin index, equdl to &, and u = 1,2 be the channel mdex
Denote channel spin operators by T( , i=1,2,3. Thus, for example, ck = CD
By performing a Schrieffer—Wolff transformatlon with the interconfiguration energy
splitting given by e = E(f’I3) - E(f'T3), we obtain the Kondo coupling

1 , K
Hiondo = = 7~ 81" Sty e hoom = ﬁsl‘” Z ) Chop o (2.2.53)
i fe 0000 : T

where JU2 = V7V Jer, JP = (V2 + V3) 2¢r and K = (V3 = V) [2¢r. Here V7 and
V4 are the hybridization matrix elements coupling the 7 and I's conduction states to
the impurity. Note that firstly this exchange Hamiltonian is intrinsically anisotropic
but the diagonal (J¥) term is antiferromagnetic which is sufficient to ensure the
Kondo effect, and secondly this Hamiltonian has the peculiar term coupling
diagonal-spin and channel-spin operators. These are not of concern, since it is
now well established that exchange anisotropy is irrelevant in the M =2, Sy =1
model (Affleck er al. 1992) and scaling calculations about the non-trivial fixed point
indicate that the channel-spin—spin coupling is marginally irrelevant (Pang 1992). We
note that, for the case of tetragonal symmetry the channel-spin—spin coupling again
arises, and all bare exchange constants are generically unequal. Again, as we shall
discuss in later sections the exchange anisotropy is irrelevant.

Koga and Shiba (1995) have studied a model related to equation (2.2.42) in which
excited crystal-field smglet states are retained in the f* configuration. The excited
states yield a triplet when the crystal-field splitting A is taken to be zero. The idea of
the study is that in the zero-splitting limit the ‘triplet impurity’ spin is exactly
compensated, yielding a Fermi-liquid fixed point at low temperatures while, for a
range of finite splitting, the two-channel fixed point is stable. In particular, the two-
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channel fixed point is found to be stable for all values of parameters in tetragonal
symmetry, and for a wide range of parameters in the hexagonal crystal field. As the
details of their model are rather technical, we refer the reader to section 3 of their
paper for a complete discussion.

We note that the two-channel Kondo coupling for a Ce** ion in hexagonal
symmetry has a precisely analogous form to equation (2.2.53).

A final comment on symmetry concerns the particle-hole transformation.
Provided that the conduction band of the host metal is symmetric about the Fermi
energy, which it will always be for sufficiently small energy scales, and provided that
the exchange coupling is only easy-axis anisotropic in the case of the non-magnetic
Kondo effects, the model Hamiltonians that we have discussed in this section enjoy a
discrete particle-hole symmetry, which has a different meaning in the case of two-
channel magnetic Kondo effects as opposed to the TLS and quadrupolar Kondo
effects. No matter what the degree of exchange anisotropy, the particle-hole
symmetry will be present in the asymptotic low-energy spectrum since, as we shall
show, the exchange anisotropy is irrelevant about the non-trivial two-channel fixed
point (and about the ordinary strong-coupling Kondo fixed point as well).

For the spin Kondo models, the particle-hole transformation is the usual charge
conjugation operation. Suppressing all but magnetic labels ¢y on conduction states
we map particle creation operators to hole annihilation operators according to

¢, = ioy e, (2.2.54)
where summation convention has been used, and ¢’ is a Pauli matrix. This
transformation reverses both charge and spin and hence leaves the spin tensor
operators unaffected in the Kondo coupling. This symmetry is present for magnetic
Kondo effects even when one admits anisotropic exchange couplings.

For the non-magnetic Kondo effects, the transformation is different. We must
first restrict our quantization axis in pseudo-spin space to the direction along which
the lone octupolar operator points, and perform the usual particle hole transforma-
tion described above. The octupolar operator is odd under time reversal 7 and hence
the coupling along that direction is invariant under the usual particle-hole
transformation. However, the transverse operators, with this choice of quantization
axis, have quadrupolar character and are thus even under time reversal but odd
under the reversed sign of charge. Flipping the sign of transverse couplings does not
remove the Kondo effect, as is well known, so that the spectrum will be unaffected by
this transformation. However, to finish the transformation, we are free to follow the
particle-hole transformation of a Tt rotation about the octupolar quantization axis.
By the end of the procedure, we have performed the transformation

¢, = iog g ho, (2.2.55)
where we have suppressed all but the quadrupolar index of the conduction states.

To summarize the results of this section, we have demonstrated that the mapping
of low-energy-scale properties to the two-channel quadrupolar Kondo model is
robust for U*" ions with doublet ground states in hexagonal and tetragonal
symmetries in that all such doublets will be described by this model on coupling
to the conduction states. We have also shown that under more restrictive conditions
the model will apply to Ce** ions in cubic and hexagonal symmetry but is unlikely to
apply to Yb*" jons.
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2.2.5. Additional ions which may display two-channel Kondo effects

Among the actinide ions, U** remains the best candidate for the two-channel
quadrupolar Kondo effect. Np?* 5f* or Np** 5f* would also have a J = 4 ground
state and possibly the quadrupolar Kondo effect when one of the doublet levels lies
lowest in cubic, hexagonal or tetragonal symmetry. Np** 5f° (J = 2) and Pu®* 5f >
(J =3) ions could display the two-channel magnetic Kondo effect in cubic or
hexagonal symmetry provided that they have the appropriate ground doublets. In
the Np** case, the chances would be excellent since both the excited 5f* and the
excited 5f* configurations have J = 4 ground multiplets and thus possibly quad-
rupolar doublet ground states for I as required by the selection rules. For the Pu®*
case, the ground multiplet of the f* excited configuration is J = 4, but for the f° it is
J = 0, so that a similar competition to Ce** models between single- and two-channel
Kondo effects arises. Heavy-fermion-like behaviour has been reported in some
concentrated Np- and Pu-based materials.

In the rare-earth row, Sm** 4f> (J =3) and Yb** 4" could in principle exhibit
two-channel magnetic Kondo effects, but unfortunately the very large energy
splitting to excited configurations with degenerate ground multiplets (4f* (J = 4)
for Sm>*; 4f'? (J = 6) for Yb**) makes it far less likely than in the Ce case. With
regard to the quadrupolar Kondo effect, Pr** 4f* is the most direct analogue to U**
and indeed shows valence fluctuation tendencies in some compounds (Cox 1988b).
Recent work on PrInAg, has renewed this promise (Yatskar et al. 1996). Tb** 4f 8
(J = 6) and Tm** 4f'? (J = 6) ions both display mixed-valence tendencies and could
exhibit the qudrupolar Kondo effect when the appropriate doublets lie lowest.
Indeed, dilute Tb in cubic Th appears promising as a candidate (Sereni et al.
1986, Cox 1988b). A complication in cubic symmetry in this case is that for J = 6 the
I3 doublet has a much smaller window of stability and, when it is stable, the
magnetic I'5 triplet tends to be very close energetically (Lea et al. 1962). This means
that the system will always be quite susceptible to magnetic ordering or, at the very
least, the magnetic excited state will obfuscate attempts to prove that the quad-
rupolar ground state exists. For examle, the low-temperature susceptibility of Tb in
Th at low concentrations is 24 emu (mol Tb) (Sereni ef al. 1986).

Generically, the odds of observing the two-channel behaviour are higher for the
actinide ions rather than the rare-earth ions because of the greater extent of the 5f
wavefunctions. This larger size of the orbitals both increases the hybridization and
lowers the correlation energies, both of which serve to enhance the Kondo
temperature. What allows the Kondo scale of the U*" ions to be small (of order
10-100K for the U*"-based heavy-fermion materials) in the actinide case is the
multiplication of the hybridization by a fractional parentage coefficient (to project
to the lowest states) which is a number smaller than unity. As a corollary, the
effects of excited crystal-field splittings are likely to be less, because the crystal-field
splitting in these intermetallics is expected to scale with the square of the
hybridization (Levy and Zhang 1989). In Yi-.UPds;, for example, the first
crystal-field splitting appears to be 5-6meV (Mook et al. 1993, Dai et al. 1995,
McEwen et al. 1995), while in UBes it appears to be 15meV (Shapiro et al. 1985,
Cox 1987b, d). In contrast, PrPbs is a collective Jahn—Teller system with an apparent
I3 ground doublet on the Pr sites, and the overall crystal-field splitting there is of
order 1 meV (Ott 1987).
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2.3. Models with arbitrary Ni, Ne and M

We have now derived several model Hamiltonians which have the properties of
spin-3 Kondo models possessing M = 2 (or possibly 3) ‘channels’ of electrons. As we
have made clear in the introduction, by channel we mean those internal degrees of
freedom of conduction electrons which are decoupled from the impurity. We are
primarily interested in models in which the degeneracy of the conduction and
impurity spins are Ne = N1 = N = 2, but we have encountered models in which
N1, Nc > 2 as well. Because these different degeneracy factors may serve as expansion
parameters for organizing terms in perturbation theory, it is worth considering
models in which we allow these parameters to acquire arbitrary values. We shall
briefly list a few such models in this subsection.

2.3.1. SUN:. =2) ®SU(M), N1= N models
These are the ‘overscreened’ models originally considered by Nozieres and
Blandin and are specified in terms of a Kondo coupling

J = Mo,
Hxondo = - FSI : Sca(o) (231)

o=

where St is allowed to take any value and Scq(0) is the conduction spin density in
channel o at the impurity site, with all conduction electrons having § = 1.

2.3.2. SU(N: = Ni = N) @ SU(M) models

These are a strdlghtforward generalization of equation (2.3.1) with the restriction
of N1 = N.. These models are amenable to the NCA treatment. In the Kondo form,
the interaction Hamiltonian is given by

Hxondo = - |H/><H|C£“0_Ck,y,a (2.3.2)

2N,
N k,k/)y)y/,O_

where |u >is one of the Ny states of the local ‘spin’. One may also write an equivalent
Anderson Hamiltonian, placing the local spin states at energy er and introducing an
excited state field indexed by label o, leading to the hydridization Hamiltonian

Higo =17 Z [ sen (00 |u X- afeia + he] (2.3.3)

where the match to equation (2.3.2) is through the Schrieffer—-Wolff transformation
with J = V2 Jer. This simple decoupling is only possible when Ni = N.

2.3.3. SU(min (N1, Nc)) ® SU(M) models

These models are the most general form and include couplings which are
symmetric under unitary transformations of the smaller of the impurity or
conduction spin degeneracy. They are difficult to write down and probably of
marginal relevance to real materials, except in the case Ni = 2< Nc in which case
we can simply use equation (2.3.1) with Sco(0) being given by

Ste(0) Z St Ch e oChovet (2.3.4)



01:19 22 March 2011

Downl oaded By: [CAS Chi nese Acadeny of Sciences] At:

Exotic Kondo effects in metals 659

with S, , being the ith component of the Jo = (N - 1)/2 angular momentum
representation of SU(2). This model could be of possible relevance to the TLS
theory, once the two-site problem is generalized to a multisite problem, as discussed
recently by Zarand (1996). As mentioned in section 2.2, this model could also be of
relevance for Ce** impurities.

3. Scaling theory of Kondo models

3.1. Overview of the physics and interrelatedness of methods

3.1.1. Concepts and terminology of scaling and renormalization group theory

The basic philosophy of any renormalization group theory is to describe the
physics of the problem in terms of an effective Hamiltonian at each length scale
which is expressed in terms of a small basis set of operators multiplied by coupling
constants which depend upon the length scale. Following the notions of Kadanoff
and Wilson, we imagine integrating out variables on small length scales to derive
Hamiltonians on large length scales. The first to apply such concepts to the Kondo
problem in a straightforward manner was Anderson (1970). Later this idea
was formulated in the framework of the multiplicative renormalization group
(Abrikosov and Migdal 1970, Zawadowski and Fowler 1970, Fowler and
Zawadowski 1971). In this section, we wish to lay out some of the relevant concepts
and terminology.

3.1.1.1. Equivalence of space and time in Kondo models. We may interchange
length scale with time scale in our impurity problems. The reason is simple;
effectively, any impurity model presents a quantum problem in one spatial
dimension equivalent to the radial direction away from the impurity. This is
often called a ‘1 + I’-dimensional problem, where the ‘+1’ refers to the time
direction. The conversion factor between space and time or energy and
momentum is simply the Fermi velocity ve of the conduction electrons, which
hinges on the fact that the dispersion of the electrons near the Fermi energy
may always be linearized. In fact, the problem may be viewed as a Lorentz
invariant model with speed of light equal to vr. This simple idea underlies much
of the physics of the Kondo model, and is essential for its solution using
the renormalization group theory (section 4), conformal field theory (section 6)
and the Bethe Ansatz (section 7). Hence, our approach in the scaling and NRG
approaches will be to determine the effective Hamiltonians describing the
problem at different energy scales, which are set, for examle, by the frequency of
an external probe, the temperature, the magnetic field, or simply by the magnitude
of the conduction bandwidth.

3.1.1.2. Appearance of logarithms in perturbation theory. The methods that we
shall employ in discussing the two-channel Kondo problems and Kondo analogues
have features in common which derive from the appearance of logarithms in the
high-energy scale (ultraviolet region) perturbation theory which diverge upon
approach to the low-energy scales (infrared region). As Wilson has noted, the
appearance of logarithms indicates that all energy scales are of equal importance,
which strongly supports the relevance of a renormalization group approach.
Practically, we shall imagine accessing the infrared regime through a reduction in
the temperature, frequency, magnetic field or conduction bandwidth.
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The individually logarithmically divergent terms in perturbation theory may be
treated collectively by the various techniques to generate models characterized by
renormalized couplings appropriate to whichever infrared energy scale we are using
in the calculation. The spirit here is very much the same as the ‘running coupling
constant’ scheme in quantum field theory. Unlike quantum field theory, the lattice
always provides us with an ultraviolet cut-off (maximum energy scale) which will be
the Fermi energy or conduction bandwidth in our work. Indeed, in those models
where the coupling constants grow with reduced energy scale, we have in our hands a
precise mathematical analogue of the asymptotically free models (such as QCD)
studied in high-energy theory.

3.1.1.3. Fixed-point taxonomy. We are said to be at the fixed point of a
renormalization group transformation if upon further rescaling the Hamiltonian
remains unchanged. The fixed point may be characterized in terms of its excitation
spectrum that may be either of the following. Firstly it may be Fermi liquid like
with a 1:1 map near the Fermi energy to the spectrum of one (or more) one-
dimensional Fermi gases which have uniform level spacing vrTt/L, where L is the
radial extent of the metal; a trivial modification of this spectrum occurs in the
presence of an ordinary potential scattering centre which imparts a phase shift 6 to
the conduction states, and this phase shift manifests in the energy levels through an
additional shift of the amount - vr§/L with respect to the free gas. Secondly it may
be non-trivial or non-Fermi liquid like in which case the excitations appear at non-
uniform fractional spacings of the Fermi gas, and for which application of the
phase shift concept & is not meaningful; the states are characterized by separated
spin, charge and channel numbers, relative to the free fermion gas. (In between
fixed points, the spectrum is a typically complex many-body spectrum.)
We shall generically flow to four kinds of fixed points.

(1) Zero-coupling fixed point. This fixed point has precisely the free-Fermi-gas
spectrum for each spin and channel of conduction electrons and corresponds
to an impurity uncoupled from the electrons, whence the phase shift 6 = 0.
This is the stable infrared fixed point of the ferromagnetic isotropic Kondo
model.

(2) Strong-coupling fixed point. As applied to some of the single-channel Kondo
models of interest here, at this fixed point, the effective coupling of the
impurity to the conduction electrons is infinitely strong, and the excitation
spectrum is Fermi liquid like with a phase shift fixed ‘universally’ (i.e.
independent of input parameters to the model) by the degeneracy of the
impurity and conduction electrons. This is the infrared stable fixed point of
the isotropic antiferromagnetic single-channel Kondo problem, where
5= m/2.

(3) Intermediate-coupling Fermi-liquid fixed point. These fixed points are Fermi
liquid in character but possessed of non-universal phase shift values between
0 and 7t/2. Such fixed points typically arise when some low energy field is
present in the problem that cuts off the scaling to strong or non-trivial fixed
point, such as the level splitting and spontaneous tunnelling in the case of the
TLS model.

(4) Non-trivial intermediate-coupling fixed point. This is the interesting fixed point
of the multichannel Kondo models first identified by Nozieres and Blandin



01:19 22 March 2011

Downl oaded By: [CAS Chi nese Acadeny of Sciences] At:

Exotic Kondo effects in metals 661

(1980). At this kind of fixed point, the internal degrees of freedom of the
impurity are never completely compensated, and the excitation spectrum is
non-trivial. In consequence, instead of obtaining Fermi-liquid properties at
low T, one obtains critical phenomena; the incremental specific heat
coefficient and susceptibility diverge as T —0. This divergence may be
logarithmic (n = 2) or power law in character (n > 2). Indeed, this fixed
point is a true critical point; the impurity has driven the entire metal to the
edge of a phase transition.

3.1.1.4. Stability of fixed points. A fixed point is also characterized by its stability
properties; namely, if you begin with coupling constants arbitrarily close to the
fixed point, will you flow into the fixed point with rescaling (lowering of energy) or
will you flow away? The answer may be mixed; some couplings or parameters may
drive you away from and others towards the fixed point. Any coupling constant
measured relative to the fixed point value which vanishes upon rescaling is said to
be irrelevant; if the coupling difference grows, the couling is relevant; if the
coupling to leading order is unchanged, it is marginal. Examination of next-
leading-order effects can further identify whether a marginal operator is
‘marginally irrelevant’ or ‘marginally relevant’.

3.1.1.5. Universality. Asymptotically close to some of the above fixed points,
properties may be universal, that is they can be expressed as universal functions of
thermodynamic or dynamic variables measured with respect to a single energy
scale that depend only upon properties of the fixed point and not the bare
couplings. For example, at the strong-coupling fixed point of the ordinary single-
channel spin-3 Kondo problem, the phase shift of the conduction electrons is 7t/2, a
universal number independent of the bare exchange value, and at low temperatures
the susceptibility times the temperature with the non-universal effective magnetic
moment divided out (Ty(T)/u?) is a universal function of temperature measured
in units of the Kondo temperature Tk, a natural energy scale that divides high-
and low-energy regimes and may be determined in the perturbative scaling
analysis. When it is meaningful to use it, the effective scaled Fermi temperature To
differs from the Kondo scale Tx only by pure numerical factors of order unity.
However, independent of the properties of the infrared fixed point, the Kondo
scale retains meaning as the boundary between high- and low-energy physics.

3.1.2. Hlustrative example: two-channel model in applied spin and chanmel fields

The concepts discussed in the previous section has been discussed somewhat in
the abstract. We would like to illustrate their meaning by providing an overview of
the physics of the two-channel spin-3 Kondo model in applied spin and channel
fields. The derivation of these results will follow in later sections. For the purposes of
discussion, we shall assume the exchange interaction to be isotropic.

3.1.2.1. Zero-field case. Figure 17 displays the behaviour of the effective exchange
coupling as a function of the logarithm of the temperature beginning at high
T <D [kg and flowing to low T (much smaller than the Kondo scale, Tk, in the
case of initial weak couling). The meaning of this plot is that the first few levels of
the excitation spectrum can be fitted by a simple model in which conduction

electrons exchange couple to an Sy =1 impurity. In fact, the ‘impurity’ is a
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Figure 17. Scaling of dimensionless exchange coupling against logarithm of the bandwidth

for the two-channel spin-3 Kondo model. Whether starting from initially strong

(J —00) or weak (J —0) coupling, the arctangent of the dimensionless exchange
coupling scales to the fixed point value of 71t/4 as the bandwidth is reduced. The
cross-over scale for weak coupling is identified as the Kondo temperature. If one
begins right at the fixed point, the coupling will be unchanged under renormalization.

complicated bound object consisting of the original impurity at its core but
surrounded by shells of alternating conduction spin. (An amusing metaphor is to
think of the impurity spin as the seed of a pearl, with the layers of conduction spin
accreting like the layers of the pearl as the temperature is lowered—S. Williams,
1992, private communication.) At low temperatures (large values of - log (T /D))
we ‘flow’ to the fixed-point coupling, regardless of the size of the initial high-
temperature coupling. Nothing cuts off this scaling process, and the spin can never
be compensated away as in the single-channel Kondo effect, so that the properties
of the system as the fixed point is approached are those of a critical point in which
the system looks the same on all length scales.

3.1.2.2. Applied spin field. By applied spin field, for example in the Kondo
problem, we mean a local field which couples to the impurity spin linearly, or a
bulk field which also couples to the conduction spin. This could correspond to the
spontaneous tunnelling and level splitting terms in the TLS model, to a uniaxial
stress in the quadrupolar Kondo model, or to an applied magnetic field in
the magnetic two-channel model. The spin field cuts off the scaling process of the
previous paragraph, so that below a ‘cross-over temperature’ Ty, determined by
the field strength the system will behave like a Fermi liquid with energy scale set by
the cross-over temperature. If we begin from the physically relevant case of weak
coupling, then, assuming the spin field splitting A® < Tk, we shall have
Ty ~ (A7) Tk (see sections 4.2.5, 5.1.6, and 6.1.7). This cross-over effect on the
effective coupling constant is illustrated in figure 18.

The low-temperature fixed point in this case is of variety (3) (intermediate
coupling; Fermi liquid) because the ground-state phase shift will obtain a value
determined by the magnetic field and the bare coupling constants. Because up- and
down-spin electrons experience equal and opposite phase shifts, we must view the
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Figure 18. Scaling of the spin-3 two-channel Kondo model in the presence of a spin field. In
this case, where a field that linearly splits the spin of the local moment is applied,
then, provided that the applied field is small compared with the Kondo scale, the
system will first flow close to the fixed-point coupling strength of the two-channel
model and then flow to a value determined simply by the product of the bare
exchange strength and the impurity spin as the system flows to the ‘polarized
scatterer Fermi-liquid’ fixed point. The cross-over scale to the latter is T, o Hszp / Tk,
where Hsp is the applied spin field.
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Figure 19. Physical effects of applied spin field on the two-channel spin-3 Kondo model. On
the left we display the phase shift as a function of field as determined by NRG
calculations. [Taken from Affleck et al. (1992), with kind permission of the American
Institute of Physics.] As noted in the text, this may be used to calculate the
magnetization. On the right, we show that properly scaled this numerically calculated
phase shift displays the logarithmic singularity expected in the differential
susceptibility as a function of field.

excitation spectrum as deriving from two independent Fermi gases. Figure 19
illustrates how the spin-field cross-over manifests itself in the value of the conduction
electron phase shift for up-spin electrons at the Fermi energy (Affleck ez al. 1992). As
we discuss in section 7.2, this effect has a rather spectacular manifestation in the
specific heat; above the cross-over temperature, the specific heat displays
the logarithmic behaviour characteristic of the two-channel model while, below
the cross-over temperature, the ground-state residual entropy is pushed out into a
Schottky-like peak which for a range of temperatures is actually larger than the zero
field specific heat by nearly an order of magnitude.
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Figure 20. Scaling of the spin-} two-channel Kondo model under the application of a
channel field. A channel field couples linearly to the conduction-electron channel spin
density and thus lifts the degeneracy of the two exchange integrals. (a) Plot which
shows that one coupling will pass to strong couphn g and the other to weak coupling
at a cross-over scale T, ~(AJ )? /Tx, where A J is the exchange integral splitting. (b)
The corresponding ﬂow diagram in the space of coupling constants. The flows are
stable along the Ji = J> separatrix, moving to the non-trivial fixed point. They are
unstable away from this separatrix, moving the strong-coupling fixed point of which
ever exchange is initially stronger.

3.1.2.3. Applied channel field. By channel field, we mean an external probe which
couples to the channel index of the conduction electrons and acts to lift the
degeneracy of the exchange coupling. Practically, this is effected in the quadrupolar
Kondo model by the application of a magnetic field, which splits the excited I7
doublet and thus through the Schrieffer—Wolff mapping splits the exchange
integrals for the different conduction channels by an amount AJ ~ (V /e f) UeffH,
where peff is the effective moment of the excited doublet and H the magnetic field
strength. In the TLS model, a magnetic field would also be a channel field in
principle, but there is no obvious mechanism by which the couplings for up and
down spin can be split. In the magnetic two-channel model, uniaxial stress will split
the excited quadrupolar doublet and lift the channel degeneracy.

The channel field also cuts off the scaling of figure 17, but in a very different way
from that for the spin field, as made clear by Nozicres and Bldndll’l (1980). Assume
initial weak coupling. Below a cross-over temperature Ty, ~ (A J) [Tk (see sections
4.2.4, 5.1.5 and 6.1.7), the more strongly coupled channel will tend towards the
strong-coupling ordinary single-channel Kondo fixed point for which the phase shift
is 7t/2, and the weakly coupled channel will tend towards the zero-coupling fixed
point with zero phase shift. Hence, as with the applied spin field, the excitation
spectrum is composed of two Fermi-gas excitation spectra with different phase shifts.
This is illustrated in figure 20 (a) where below Teh the single line of high-T scaling
‘bifurcates’ with the upper branch corresponding to the strongly coupled channel,
and the lower branch to the weakly coupled channel. In figure 20 (b) we show the
scaling flows in the space of coupling constants, where the non-trivial fixed point of
the flows is evident in the centre. This fixed point is stable for J+ = J-, but unstable
to any small differences. We note that, in the case of the TLS Kondo model, the
magnetic field splitting of conduction states will not induce a splitting of exchange
integrals in the same way. The only possible influence on the fixed point is for
physically irrelevant fields u H =~ D which cannot be realized experimentally.
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A last point about the two-channel model is that it is stable with respect to
anisotropy of the exchange integral while maintaining the channel degeneracy (see
sections 3.4.1, 4.2.3 and 6.1). Thus, while applied spin and channel fields destabilize
the model and take it away from the non-trivial fixed point to one of the other three
generic fixed points, the model enjoys stability against the realistic feature of
exchange anisotropy.

3.2. Formal development of scaling theory
3.2.1. Organization of perturbation expansion in logarithms; methods of
resummation
We have already pointed out in the introduction and eleborated above on the
origin of logarithmic corrections in the perturbation expansion of the impurity
models considered here due to the non-commutative character of the conduction
electron scattering processes off the impurity. The logarithmic factor which occurs is

£ (max {T,a),E}) = log (3.2.1)

max {T }

where D is the high-energy cut-off which will always be the conduction bandwidth in
the problems interesting us, and max {T o, E } is the largest of the other external
parameters in the system, such as the temperature T, the dr1V1ng frequency w of an
external probe or the splitting of the TLS, E = [( A7)+ ( ] . E ultimately serves
as the low-energy infrared cut-off.

In the treatment of the models of interest in this review, we may organize the
perturbation theory for any quantity according to powers of the coupling g between
impurity and conduction electron states, times powers of the logarithmic factor £.
Assuming a given quantity 2 has a minimal power g’ of the coupling (e.g., for the
resistivity in the Kondo problem, p = 1), we have the following hierarchy:

2=y
+ gt 4 gt
+ 2 g gt gt
+ g 24 P g gt

(3.2.2)

In this array, clearly the rows represent the order in a systematic expansion of
the coupling constants. The columns give us the logarithmic hierarchy; since the
logarithmic factors diverge as one tunes the infrared cut-off to zero, summing
the logarithms in the first column will produce a stronger singularity than summing
the logarithms in the second, third, fourth, etc., columns. We call the resummation of
logarithms in the first column the leading logarithmic approximation, which sums one
set of diagrams to all orders in perturbation theory of the coupling g. By including
also the summed logarithms of the second column, we include another set of
diagrams to all orders in the perturbation expansion, and this is called the next-
leading logarithmic approximation.
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We could of course proceed in this way through all the columns, which in
principle would yield an exact calculation of the quantity @ (assuming an infinite
radius of convergence to the resummation). In practice, however, a considerable
amounts of information may be obtained by considering only the first and second
columns. (Indeed, in certain limits this approximation may be shown to be exact.)
For example, the Kondo scale Tk is quite accurately estimated by the next-leading
logarithmic approximation: indeed, as shown by Wilson (1975) the next-leading-
order scaling theory determines the universal parts of the Tk expression. In the limit
of large numbers M of channels, the non-trivial Noziéres—Blandin fixed point is
correctly uncovered by the next-leading logarithmic approximation.

The systematic collections of terms in the logarithmic hierarchy may be
accomplished by several methods. We shall discuss six strongly related methods here.

(i) Leading-logarithmic-order resummation of diagrams. This is equivalent to the
direct diagrammatic summation methods of Abrikosov (1965), as well as to
the ‘poor man’s scaling’ method of Anderson (1970). In this case, the
summation problem is cast in the form of a differential or integral equation
for the relevant quantity (such as the conduction-electron T matrix
describing scattering off the impurity). This method is known as the ‘parquet’
method and is analogous to the lowest-order random-phase approximation
in a metal, where one sums the diagrams built from spin-conduction particle—
hole bubbles to all orders. We discuss this approach in section 3.3.

(ii) Multiplicative renormalization group in the leading and next-leading orders of
diagrams. This method has been developed by Gell-Mann and Low, by
Bogulubov and by Shirkov for treating infrared and ultraviolet divergences
in field theory. This approach was first applied to the Kondo problem by
Zawadowski and Fowler (see also Fowler and Zawadowski (1971)), and by
Abrikosov and Migdal (1970). The method was later simplified by Solyom
(1974, 1979) and applied to the one-dimensional electron gas (Zawadowski
1974). We shall discuss this in section 3.4.

(iii) Path integral method. The approach used first by Anderson et al. (1970)
and subsequently by Zimanyi et al. (1987). We shall discuss this in
section 3.5.

(iv) NRG. This non-perturbative approach was developed by Wilson (1973,
1975), Krishna-murthy ez al. (1980a, b), Cragg and Lloyd (1978) and Cragg
et al. (1980). In essence, one solves the rescaled equations exactly on a
cleverly discretized mesh by finding the lowest energy levels of the system
at each renormalization step. It is possible to compute properties with
this method if sufficient steps are retained. For example, Wilson provided the
first calculation of the magnetic susceptibility which was accurate over the
entire temperature range. We shall discuss this method in more detail in
section 4.

(v) Next-leading-order resummation and NCA. As we shall discuss, this
procedure sums a class of perturbation theory diagrams to all orders and
includes to leading and next leading order the corrections to the vertex of the
conduction-electron—local spin scattering, and to leading order the
corrections to the ‘self-energy’ of the local spin variable, which will be
precisely defined in the next section. The resummation takes the form of
coupled nonlinear differential or integral equations. This approximation was
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first employed in the X-ray edge singularity problem by Roulet ez al. (1969)
and Nozieres e al. (1969) where it was called the ‘self-consistent parquet
approximation’. This method was first applied to the Kondo problem by
Nozieres et al. (1969). A somewhat different approximation appeared in the
work of Keiter and Kimball (1971). Subsequent use of the approximation as
written by Keiter and Kimball for Anderson and Kondo models has gone
under the name of the NCA since, in the formalism of Keiter and Kimbeall,
the diagrams retained have no crossed propagator lines. Although this
approximation may seem crude, it in fact can be justified within a large-N
expansion. For all Kondo problems, it gives a good extrapolation of the
high-temperature physics into the low-temperature regime, well below Tk
(although it eventually fails to give the correct ground state for the single-
channel model). For the multichannel model, it has been shown to be exact
for the limit N —00, M/N held fixed (Cox and Ruckenstein 1993), and
reproduces thermodynamic properties quite accurately even for N = 2 and
M= 2,3 (Kim 1995, Kim and Cox 1995, 1997). The NCA approach for the
multichannel Kondo problem is discussed in section 5.

(vi) Conformal field theory and bosonization techniques. Conformal field theory
may also be viewed in somewhat the same light as the scaling and
renormalization methods, since it exploits a scale-invariant critical point in
1 + 1 dimensions which is also conformally invariant and builds a description
of the physics in terms of relevant and irrelevant operators about the
conformal point. Conformal field theory is a kind of ‘non-Abelan
bosonization’ scheme, since the low-lying excitations are written in terms of
current operators which satisfy the Kac-Moody algebra commutation
relations of non-Abelian symmetry groups. An extensive development of this
theory for the Kondo problem has been carried out recently (Affleck 1995,
Affleck and Ludwig 1991a,b,c, 1992, 1993, Ludwig and Affleck 1991,
Ludwig 1994a, b). We shall discuss this approach in section 6.1. Separately,
an Abelian bosonization scheme with ordinary harmonic oscillator operators
has been developed by Emery and Kivelson (1992). We shall discuss this
approach in section 6.2.

We note that methods (ii) and (v) are in fact similar, except that most
formulations of (ii) have not included the imaginary part of the dressed exchange
interaction and of the spin self-energy, while these are included in (v), so that all
response functions have the appropriate analytic behaviour. It is possible to apply
(i) in the energy region below the ground-state threshold at zero temperature where
all response functions are purely real (for negative energy, there are no allowed decay
processes) and then to continue analytically the solution into the positive frequency
region (Zawadowski 1970, S6lyom 1974). This appears to be substantially equivalent
to the differential form of the NCA developed by Kuramoto and Kojima (1984) and
Miiller-Hartmann (1984).

The common feature in methods (i)—(iii) and (v) is that they are based on an
expansion in the coupling which presumably should not be applied when the
renormalized dimensionless coupling grows to order unity. Method (iv) does not
suffer from this approach of course. In fact, method (v) appears to cross into the
non-perturbative regime quite adequately as well, although the reasons are not
completely clear as to why this works. What is useful about methods (i) and (ii) is
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that they correctly predict the growth of the couplings, and they can in some
instances correctly predict other phenomena such as non-trivial fixed points.
In closing this section, we make two final observations.

(1)

Absence of asymptotic freedom in commutative models. We still obtain
logarithmic corrections in commutative models such as the X-ray edge
singularity and the TLS model with V7 # 0, V'* = 0. However, in these cases,
these is no renormalization of the bare coupling constant as we go to the
infrared region. Nevertheless, power-law singularities may result in physical
quantities with the power laws related to the phase shift associated with the
commutative coupling constants. As an example, in the commutative TLS
model, for sufficiently large V*, one finds that the spontaneous tunnelling
rate A™ is renormalized at low temperatures according to

TK

A(T) =AY(T =D) D

(3.2.3)

where K is proportional to the square of the phase shift (7?) = tan™ ' (1tV/?)
(Kondo 1976a, b, Libero and Oliveira 1990).

Conformal field theory approach and Abelian bosonization. Although we did
not include it in the list of methods based upon resumming logarithms, the
conformal field theory approach first applied by Tsvelik (1990) and
substantially evolved by Affleck (1990a, 1995), Affleck and Ludwig
(1991a, b, ¢, 1992, 1993), Ludwig and Affleck (1991, 1994), Ludwig (1994a, b)
and Affleck et al. (1992) has a strong relationship to these other methods.
This method exploits conformal invariance of the Kondo models at the fixed
points to provide exact forms of universal functions (both thermodynamic
and dynamic) and exact values for universal amplitudes (such as the residual
ground-state entropy). The method is very similar in character to the eigen-
operator expansion of the renormalization group but provides considerably
more information owing to the local character of the conformal invariance.
The method can also be applied to the calculation of finite-size excitation
spectra, where detailed quantitative agreement with numerical renormaliza-
tion group calculations has been found (Alleck ez al. 1992). Unlike methods
(i)+v) above, however, the conformal theory is incapable of calculating full
cross-over behaviour between fixed points. In principle, as well, the
conformal theory requires additional confirmation that models displaying
conformal invariance correspond to fixed-point Hamiltonians of the original
models. In practice, it has been clearly established to be the case for the
models considered by Affleck (1990a), Affleck and Ludwig (1991a, b, ¢, 1992,
1993), Ludwig and Affleck (1991) and Ludwig (1994a,b). In addition, an
approach based upon an Abelian bosonization of the anisotropic two-
channel model has been introduced by Emery and Kivelson (1992) which
reproduces many of the features of the conformal theory in perturbing
around a special fixed point of the model. We shall discuss the conformal
theory approeach in some detail in section 6.1, and the Abelian bosonization
in section 6.2. Finally, we must emphasize that the methods (i) and (ii)
describe the high-temperature results, and methods (vi) give the correct low-
temperature behaviour in terms of non-universal amplitudes which can be
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determined by a match to other approaches (such as the NRG). The NCA
and NRG approaches are methods which also describe well the cross-over
regime between high- and low-energy scales.

3.2.2. Multiplicative renormalization group

The multiplicative renormalization group is based upon the following observa-
tion: let us consider an interaction between two different kinds of particles described
by the Green’s functions ¢ and G which are functions of frequency, temperature,
field, momentum, etc. The ¢ Green’s function denotes a ‘heavy particle’ which
corresponds to the localized pseudo-spin variables or mobile heavy particles in our
models, and the G Green’s function corresponds to a ‘light particle’ which is the
conduction electrons or light band electrons in our models. In the interaction terms
of interest in our model Hamiltonians, a light particle is scattered by a heavy particle
(figue 2). The bare scattering interaction between the particles (the coupling which
appears in the Hamiltonian) is given by v, and the corresponding vertex which
includes all multiple-scattering processes is given by ',

Now, consider the following transformation of the Green’s functions and
couplings, where z1, z2 and 2% are arbitrary numbers:

G—z1G,

G —> 224,
0 (3.2.4)

F(i)—)(z(i))'lr ,

yo (2122)(_ D0y,

Then in any internal point of the general scattering diagram beyond lowest (bare)
order, the z factors cancel out because any higher than lowest-order diagram may be
expressed as powers of the factor

P Gert? (3.2.5)

which is manifestly invariant under the above transformation. So far, this statement
of the invariance under the rescaling specified by equation (3.2.4) is totally
topological and general in character, and devoid of any specific contact to the
problems of interest. What we shall proceed to demonstrate is that the rescaling of
the conduction bandwidth in our models will generate a transformation of the form
equation (3.2.4).

The main idea of the renormalization group, as emphasized in the previous
section, is that the particle or hole excitations with large energy values do not directly
participate in real processes at low energies. They only have an effect through virtual
excitations of the low-energy states to high energies through the scattering process.
These high-energy virtual processes may be taken into account for the low-energy
electrons by introducing renormalized parameters (or coupling ¥ Fermi velocities,
etc.) which sum up the high-energy processes above a certain cut-off in energy. The
goal will be to describe the model for all energies below a new cut-off D~ instead of
the bare cut-off D by integrating out the virtual excitations to states between D~ and
D and compensating by adjusting the couplings so that the same physics remains,
that is equation (3.2.5) remains invariant.

It is useful to conceptualize the smaller bandwidth as proportional to the
temperature T if that serves as the infrared cut-off in our perturbation expansion.
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Figure 21. General scheme of the renormalization group. The bandwidth cut-off is reduced
step by step. The parameters such as A and Ap must be changed also with the
coupling. The procedure stops when the new cut-off reaches one the parameters such
as o, T or the renormalized A, Ao values.

As we lower the temperature of the system from order D, only those real excitations
with significant Botzmann weights, that is Eex< 10kgT ~D~(T), say, will con-
tribute significantly to the low-energy physics. On the other hand, through the
scattering of figure 2, processes with energies above D-(T) will contribute to the
low-energy physics. We are not free simply to include the real processes with D-(T)
to obtain the physics correctly; so we must adjust the Hamiltonian appropriate to
computing properties from purely real processes with D-(T) by adjusting the
couplings to reflect the virtual excitations to higher energies. This general scheme
is illustrated in figure 21.

We can illustrate this idea by considering what happens when we resume only
leading logarithmic terms in the Kondo problem. The resummation, as is clear from
equation (3.3.2), will simply result in a geometric series-like formula times the
leading power g of the dimensionless coupling Taking the temperature as the
infrared cut-off, the factor obtained in the geometric series is F(g,D,T) =
(1- glog(D/T))"'. We may rewrite this expression in a trivial way that shows
the effect of the bandw1dth rescaling:

| _ |
1- glog(D/T) 1~ gflog(D-/T) +log (D/D-)]
D 1

=4 50| TTors 07T (3.2.6)
where

D\ _ |

180 =Te0s0/m (3.2.7)
and
D
g=787p,|¢ (3.2.8)

Thus the original analytical form of F(g,D,T) may be preserved with the new
parameters g, D~ instead of g, D, provided that we multiply by the factor z(g, D /D~)
which depends upon g and D but not 7.

This behaviour under bandwidth rescaling makes it possible to eliminate the
virtual high-energy phase space in the framework of the renormalization group and
to introduce new effective couplings. Note that, while the rescaling specified by
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equations (3.2.4) and (3.2.5) is always possible, it is not always possible to find
models which satisfy these properties in the multiplicative form manifest in equations
(3.2.6)+3.2.8) characteristic of Kondo models. Thus, the ability to define and
implement a multiplicative renormalization group transformation is only realizable
for particular classes of models. In many problems, there are further parameters
which might be changed as the width of the excitation spectrum is reduced (virtual
excitations integrated out) such as the mass and Fermi velocity.

Note that, while the rescaling of the bandwidth corresponds to redefining the
scale of energy on which we measure, we may also think of it as rescaling the length.
This fact follows from the one-dimensional character of the impurity models that we
are considering in this paper, where only the radial direction is important, so that
energy and momentum are related through the conversion constant vr. Thus, when
we talk about looking at problems on lower temperature or energy scales, we are
equivalently talking about lookng at longer length scales.

The change in effective coupling strength may be cast in the form of a differential
equation by reducing the bandwidth D — D~ infinitesimally. The general form of the
differential equation is

oY
Sy = B, (3.29)

which defines the B function of the multiplicative renormalization group. The f
function will always vanish when the couplings vanish and tend to infinity when the
coupling strength tends to infinity, although it need not interpolate between these
two points monotonically. Equation (3.2.9) is quite general, but we shall typically
approximate the f function by a low-order polynomial obtained from perturbation
theory.

The perturbative approach breaks down when the couplings y expressed in
dimensionless form (measuring them in units of the bare conduction bandwidth D)
grow to order unity. We define the value of the renormalized bandwidth D or the
equivalent temperature T where the couplings grow to order unity as the Kondo
temperature Tx. This is a kind of cross-over temperature, which separates the high-
energy regime for which perturbation theory is valid from the low-energy regime
where the electrons and heavy particles are strongly coupled.

If the B function reaches zero for some value of couplings (y¥ )*, then under
further rescaling at this value the couplings will remain unchanged. That point in the
space of coulings is called a fixed point, as we have discussed in section 3.1.1.
Usually, in the models of interest here, that point is outside the regime of
perturbative scaling theory apart from the trivial fixed point where all y =0
which corresponds to decoupled heavy and light particles. As an example, since the 8
function diverges as y @ diverge, infinite coupling strength will also always be a fixed
point. We may artificially tune certain parameters, such as the channel number M, to
bring the fixed points into the perturbative regime. In that case, as we shall
demonstrate explicitly, for isotropic couplings (all ) equal) the B function has
the form (in terms of dimensionless couplings g < 0)

M@=§+%§+W, (3.2.10)

so that a fixed point at g* = - 2/M occurs in the perturbative regime for M > 1.
Wilson and Fisher (1972) introduced the e = 4 - d (d is the spatial dimensionality) to
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obtain a similar perturbative control in problems where the renormalization group is
applied to critical phenomena. Otherwise non-perturbative methods must be em-
ployed to evaluate the 8 function or to perform equivalent calculations.

The cross-over temperature scale calculated from the scaling equation depends
upon the accuracy to which the S function is estimated. For example, in this
isotropic Kondo problem with antiferromagnetic exchange couling J, we have (with
po = N(0), the density of states per spin)

1
ksTxk = Dexp po_J +1log (|poJ|) + P(poJ)

ND|p0J|1/2 exp

i) , (3.2.11)

poJ

where P(x) is a polynomial so that, for |poJ < 1, we may neglect P(poJ) compared
with the singular terms in the exponent. These leading two terms will be shown to
derive from the leading and next-leading logarithmic approximations to the
perturbation theory which provide terms of order J?, J° in the B function. Thus,
provided that we begin with a small bare coupling strength meaning |J | < D, we
need only the leading two orders in the perturbative expansion of B(J) to obtain an
accurate estimate of the Kondo scale.

3.3. Scaling in leading logarithmic order

In this section, we shall present a number of results of physical interest readily
derivable from leading logarithmic scaling. Since there are rather different physics
issues to be addressed in each model case, we shall organize the derivations by
reference to the Hamiltonian being studied. We shall spend the most time, however,
on the TLS model which displays the broadest range of coupling space to which the
method can be applied. We note that Anderson’s (1970) ‘poor man’s scaling’ is
entirely equivalent to the results presented here, and that this approach may be
generalized beyond the leading logarithmic order (Solyom and Zawadowski 1974).
We also note that, at this order, there is no distinction between single-channel and
multichannel Kondo models; the channel number M enters at next leading order.
Before we begin discussing the physics of each model, we shall introduce the
Abrikosov (1965) pseudo-particle trick, together with the generalization by Barnes
[1976] which is useful in evaluation of perturbation theory diagrams.

3.3.1. Pseudo-particle method

We wish to treat the dynamics of the local pseudo-spin variable as manifested in
the Green’s function ¢ discussed in the previous section in a manner which as much
as possible resembles that of mobile particles with access to the full range of
occupancies. To do so, we follow Abrikosov (1965). Namely, when dealing with a
local spin variable, we choose to represent the spin in a fermionic form, that is

' =" clufifo, (3.3.1)
A0

where f,| creates a local fermion of spin index 4. However, the spin variable can only
have two states, corresponding to the single occupied states of the local fermion. The
correspondence of states is
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= 1,700 (3.3.2)

where |0pS »is the vacuum of the pseudo-fermion. Thus, to represent faithfully the
Hilbert space of the local spin variable, we must add to our Hamiltonian a fictitious
chemical potential term

Hpseudo = - Aps( Zf“-}-f“ - 1) (333)

in which the chemical potential Aps is taken to - 0O at the end of calculations to
project to the physical subspace where the fermion occupany is unity. In so doing, we
must also shift the arguments of all pseudo-fermion frequencies to be measured with
respect to the infinitely negative chemical potential Aps. The one pseudo-particle state
has a statistical weight (25 + 1) exp (BAps) with S =3, and thus physical quantities
should be normalized by this factor. The normalization factor is not affected by
renormalization in low orders (Black ez al. 1982). Other than the minor nuisance of
the projection, all the standard rules of Feynman perturbation theory in the
interaction may be carried out since the bare Hamiltonian is quadratic in the
fermion operators.

Thus, prior to projection, the pseudo-fermion propagator in Matusubara
frequency has the form

6™ (@) = - Jj drexp (io7) (Tr £u (1) £,1(0) Y= m (3.34)

where @ = 270g T'(n + 3) is a fermion Matsubara frequency. The superscript on 6 is a
mnemonic notation indicating that the projection and frequency shift have not yet
taken place. We shall always drop these superscripts after projection.

For the purposes of discussing the rescaling of the one-particle Green’s function
of the pseudo-fermion spin variable, and the two-particle Green’s function
describing the localized spin and the conduction electrons, this prescription alone
is sufficient and has the effect of suppressing the unphysical states where the fermion
level is empty or doubly occupied. However, when we wish to calculate measurable
properties, we must explicitly project to the occupancy 1 subspace with a normal-
ization factor that depends upon Aps. We defer discussion of this point to section 4
where we discuss the NCA method.

In the case of the Anderson Hamiltonian, discussed in conjunction with the
models for U** and Ce** ions, we have a larger local Hilbert space. For example, in
the Anderson model for the U** ion, we may fluctuate between the f ! states labelled
by magnetic index u and the f” states labelled by quadrupolar index o In this case,
we follow Barnes (1976) who pointed out that, while you may retain the pseudo-
fermion label for the ground configuration, you can generalize by describing the
excited configuration by a bosonic variable so as to retain a net fermionic character
to the change of configuration. Hence, in this example, we augment the pseudo-
particle space by a pseudo-boson operator b} with the state correspondence

b [0ps >= |6, Ty 3£ 0ps D= |12, T3, 0 (3.3.5)

Corresponding to the pseudo-fermion occupany in the previous paragraph, we define
the ‘f charge’ as
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Or = Zf"‘fa +3 " blby (3.3.6)
o Z“: H

which commutes with the Hamiltonian of equation (2.2.17), in which we write
the hybridization term as

V .
Hiyp = - Wngn (1) (fob- uck gy + ho). (3.3.7)

s kon

Physically this commutation is obvious, since each time that we create a pseudo-
boson we destroy a pseudo-fermion, or vice versa. We then add a fictitious
chemical potential term of the form

Hpseudo = - Aps (Qf - 1) (338)

and take Aps — - 00 at the end of all calculations. As alluded to in the last part of
section 2, we may regard the pseudo-boson as being the boson mediating the
exchange between the heavy particle and conduction electrons; in the Kondo form,
its dynamics are completely generated by the states of the electronic system while, in
the Anderson form, it has independent meaning as an excited configuration state.
The boson carries the labels of the channel index of the conduction electrons, and the
fermion the label of the spin index.

Thus, when working in the Anderson formulation where equation (3.3.7)
specifies the perturbation term, we must also introduce the pseudo-boson Green’s
function
1

P (3.3.9)

6 (o) = - f AT, ba(r)B}(0) Y=
0
where v = 27 Tn is a bosonic Matsubara frequency, and again the superscript
means prior to any projection procedure.

Note that we are completely free to interchange the boson and fermion
representations for the two configurations since, on carrying out the projection,
only Boltzmann statistics remain. We must, however, always ensure that one
configuration is fermionic and one bosonic to guarantee that the electron addition
and removal processes are fermionic in character, that is so that each hybridization
event conserves fermion number. We also observe that the extension to inclusion of
higher fermion or boson excited levels is straightforward; we must simply add the
occupany factors for the new states to the conserved charge Qr. This is true in the
case of the excited states for the tunnelling centre as well (see section 3.4.2).

3.3.2. Leading-order scaling in the two-level system model

The idea of the leading-order scaling is based upon the second-order perturbation
theory diagrams already discussed in the introduction and displayed in figure 2.
Referring back to that figure, we see that the lowest-order correction to the two-
particle interaction between the local spin and conduction electrons is either of the
form where the intermediate state includes an excited particle (figure 2 («)) or hole
(figure 2(b)). This holds for all of the models of interest in our review.

Turning to the TLS model with couplings specified by equation (2.1.7), we see
that each of these diagrams contributes a logarithmic dependence. To evaluate, we
represent the broken line of the diagram by the pseudo-fermion propagator of
equation (3.3.4). We see that the sign of the logarithmic corrections is different, and
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also the ordering of the spin matrices and momentum-dependent couplings is
different. The total coefficient of the diagram corresponding to figure 2(a) is

E Vﬁ HVI?I?IG G

where k1 are the incident (outgoing) momenta, k is the internal momentum, and we
see that the coefficient of the term corresponding to figure 2(b) is given by

ZV»»V

so that the conduction momentum indices are reversed on the second term. If we
now evaluate the total two-particle scattering amplitude corresponding to figure 21
to second order, at zero temperature, we find that

m i ds (lg) i j ijm D
T/QZ,/QI (a),D, yh=pr [ 2ipo ZI SFF I:Vlgz,lQV/é/Qlfj log( ;) :I, (3.3.10)

where dSF (kA) is an element of Fermi surface area in the direction of kA of the total
Fermi surface area 47k}, we have neglected the radial dependence of the matrix
elements upon k, and the Levi—Civitta symbol arises from the algebra of the Pauli
matrices. We have taken the density of states to be constant within the band of full
width 2D.

The change in the bandwidth D — D~ discussed in the previous section can be
compensated by readjusting the couplings V’. That scaling dependence may be
written as

OT™ » oT" »
—Lk gp+ S =& Gy, = (3.3.11)
oD sz,k:» GV;% ke Jer

which implies that the equation for the rescaled coupling constants is given by

ovg A .
_kl.,_L 21poz (i J‘dSSLF(k) V;QZ,/Q(D) Vie (D). (3.3.12)

s

The logic of equation (3.3.11) is that the physics may be specified in terms of the
amplitudes of the T matrices for one-, two-, three-, etc.-particle scattering. Thus, to
ensure that the physics is unchanged, we must ensure that after renormalization we
obtain the same T matrix which means that in lowering the cut-off which explicitly
affects the second term we must modify the couplings accordingly.

Following Zawadowski (1980), we may write this equation in a more convenient
form by using the matrix representation V{,, given in equation (2.1.27), and by
introducing the dimensionless variable x = log (Do /D) where Dy is the original bare
bandwidth and D the rescaled bandwidth. Then the leading-order scaling equation is

aV}’H

ﬁo—!: -ZiZZJGUmZVi ( )ija,( X) (3.3.13)

subject to the boundary condition that we match the bare couplings at the original
bandwidth, so that

Voo (0) = Vg, (3.3.14)
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where the RHS of the last equation just contains the couplings that appear in the
Hamiltonian.

We shall now list several characteristic features of the equations for the leading-
order scaling.

(i)

Lack of dependence on the channel number M. In the derivation of equation
(3.3.13), we used the diagrams of figure 2. Notice that, since these diagrams
have no closed loops, all dependence on the channel index is through the
label oo which is conserved throughout the scattering. At next leading order,
we shall obtain a closed electron loop inside the diagram and thus pick up a
dependence upon the number of channels.

Results for a two-dimensional subspace: irrelevance of anisotropy. Let us for a
moment accept that the dominant space of conduction electron orbital
indices will be two dimensional as we scale from the band edge, a point that
we shall prove shortly. Given this assumption, we shall illustrate that
exchange anisotropy is irrelevant as we scale and that, if we begin scaling in a
subspace where just two couplings are non-zero, independent of their sign we
shall ultimately flow towards the isotropic antiferromagnetic coupling regime
as we rescale.

As we have already seen in section 2.1, even when restricted to the two-
component space of orbital indices, the quantization axis of the electron
pseudo-spin need not align with the quantization axis of the TLS pseudo-
spin. This means that the most general form of the coupling matrices in a
two-dimensional subspace is

Voo = ViSaa + V;G(Vw,+ Vic 3’% (3.3.15)
where we remind the reader that i = x,y,z are the directions in th TLS
pseudo-spin space for quantization axis z, and X, y, Z are the directions in the
conduction orbital pseudo-spin space for quantization axis Z. Now the

scaling equations will determine the nine coupling coefficients V;;. With this
Ansatz, the leading-order scaling equation has the form

a Vm

= - 20V, T Meqpy. (3.3.16)

Let us now view the couplings as vectors in the space of condution pseudo-
spin. Thus, V= (Vi, V3, V;) and, for example,

- —>. .
yre vt = Z VEVS. (3.3.17)

Using the properties of the Levi-Civitta symbols, it is straightforward to
show that

% = & 8o0(7 x 1) 7] (3.3.18)

We should make a couple of notes about the derivation of equation (3.3.18).
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(a) The factor of eight follows from one factor of two when differentiating
for p = s, one factor of two already present in the scaling equation, and
one factor of two for the two possible orderings of i, j in €” to give a
non-vanishing contribution. N

(b) We used the invariance of (V" x Vi) v upon permuting i, j, k cyclically
to write the RHS of equation (3.3.18) in a form manifestly independent
of the choice of p.

From equation (3.3.18), we may infer that the magnitude of each coupling
constant vector is independent of its index in the TLS space. So long as the
product (V’ x W ) V’C > 0, the vectors V7 increase in length as D is reduced,
and the ratio |V1’ | /| V‘| of the couplings tends to unity. Further, since the
RHS of equation (3.3.18) vanishes if p # s and since the lengths of the vectors
grow towards 0O, we see that the vectors must become perpendicular upon
scaling. If we start with (Vix V) VE< 0, the couplings tend towards zero,
like the ferromagnetic Kondo model.

Hence, once we restrict the conduction orbital degrees of freedom to the
two-component space, we see that the scaling drives the system towards
isotropic coupling, allowing a simple rotation in the conduction orbital
pseudo-spin space to give the Heisenberg form to the exchange coupling
between the TLS and the electrons. Given the appropriate sign to the
couphngs |the eﬂ|’ect1ve Hamiltonian form at full strong coupling is
( VISO V[)

Hint(D) = Viso(D)STLs - FCT(O) + cm(o)] (3.3.19)

where the quantization axis of the conduction electrons has been rotated to
line up with the TLS axis, and the real spin labels have been put on the
conduction spin densities at the TLS site. Since the coupling is written
without the conventional minus sign of the Kondo model, our positive choice
of coupling coincides with the antiferromagnetic Kondo model. A schematic
diagram of the generic scaling trajectories in the coupling space for this
antiferromagnetic case are illustrated in ﬁgure 22.

In the original TLS model, we have | & | V¥, V7 = 0. In this case, upon

initially, scaling we shall generate VY oc FYT, Thus the triple product
(Vi x VI)- vk oc | V*V|* > 0 independent of the signs of ¥~ and V* initially.
This means that we shall always scale to strong coupling (towar
s the isotropic antiferromagnetic exchange model) in this extreme anisotropic
limit.
Reduction to the two-dimensional subspace. The scaling equations themselves
in the extreme anisotropic limit justify the restriction to the two-dimensional
subspace of the conductionﬁelectron orbital pseudo-spin. This will hold
provided that the couplings Vx in equation (3.3.13) have magnitudes much
smaller than V5, as shown by Vladar and Zawadowski (1983a).

In order to prove this, we first perform a unitary transformation V* — 7~
in the conduction space such that

po Voup(0) = Voup(0) = T5,(0) Sy (3.3.20)
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Figure 22. The scaling trajectories are depicted for equation (3,3.16) in the real-space

variable related to the lower indices. The starting vectors V™ and V* are shown by
solid lines, while V7 starts from V”=0. V* and V* are scaled in the plane
determined by them and F/” is moving in the normal direction to that plane. The
scaling trajectories are depicted by chain lines; the asymptotes of vectors V* and V=
are represented by dotted lines. The arrows indicate the vectors at different stages of
the scaling, labelled by numbers. [Taken from Zawadowski (1980), with kind
permission of the American Institute of Physics. ]

We now linearize the RHS of equation (3.3.13) in the small quantities v* and
V¥ to obtain

=0+ 0(), (3.321a)
Ox
% = -2 (0,7 (0] (3.3.210)
% =9 Vx(.x)”‘\;z(-x)] (3.3.21¢)

where the v values are understood to be matrices and the square brackets
indicate commutators. We can separate the variables by differentiation with
respect to x again, and for i = x, y we find that

% =4, 7].7]. (33.22)

Using the diagonal form and the fact that % is unchanged in this linearized
form, we see that (putting matrix indices back in)

%’E = 4 (V) fal0) - HO T (3.3.23)

Given the boundary condition %(0) = 0, the solution to the linearized
equations may be given as
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T (x) = T,(0) S, (3.3.244)
Vo) = oy (0) cosh L2 (0) - F(0) |- (3.3.240)

and
Vo) = ii5(0) sinh {2[55(0) - T, (0) J}. (3.3.24¢)

What we learn from equations (3.3.24a)<(3.3.24¢) is that, barring
unforeseen degeneracies in the matrix v*, whichever two elements of 7(0)
which produce the largest difference [V, (0) - %(O)| will produce the most
rapid growth of the 77 elements of the coupling. Because the functions grow
exponentially with rescaling, any other splittings with even slightly smaller
differences will grow negligibly fast upon scaling compared with the
dominant subspace. In our TLS model, the axial character will always in
practice restrict this dominant subspace to a linear combination of
conduction orbitals with m = 0 and /= 0,1,2.

We stress that this argument depended upon the assumption of extreme
anisotropy with zero initial coupling V'”, and that it has only been carried out
so far in the context of second-order scaling. We shall demonstrate that it is
also valid if we go to all orders in V* while remaining at lowest order in V™.
We conjecture that it is valid even in instances where the couplings are closer
to isotropic and the perturbative approach breaks down, but this remains to
be proven. As we shall explain, this result may have important implications
for the Kondo models of U*" and Ce** ions. In our discussion of these ions,
we shall show that in the quadrupolar Kondo case the two-channel coupling
to an additional symmetry-allowed I's quartet is irrelevant through the two
leading orders of scaling theory.

In fact, there is a symmetry-based reason for this flow to a dominant two-

dimensional subspace which holds at strong coupling. Namely, at strong
coupling we have ample evidence that the exchange anisotropy vanishes. In
this case, one can write down an SU(2) invariant coupling deriving from the
two-dimensional manifold of the local pseudo-spin. We may then decouple
this exchange via a Hubbard—Stratonivich transformation, as discussed in
section 2.3, and find that there are only two ‘exchange fluctuation’ fields,
indexed by the channel label, which are necessary to decouple the entire
interaction. However, there is only a 1:1 match of the pseudo-spin index; a
bonding combination of conduction operators will be selected which has a
1:1 match in pseudo-spin space with the labels of the TLS. The antibonding
combination will decouple. We shall demonstrate this explicitly in the
quadrupolar Kondo case.
General form of the fixed-point Hamiltonian. We shall now offer some
discussion of the form of the fixed-point Hamiltonian for our two-channel
Kondo models, although the discussion should be regarded as extrapolation
at this point of the review, because the actual fixed point lies outside the
perturbative regime. The point is that the perturbative scaling equations at
lowest order provide considerable insight into the structure of the fixed-point
physics. This kind of analysis is supported in detail by the considerations of
the NRG and conformal field theory calculations.
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Given the flow towards isotropy as the couplings grow, following
Vladar and Zawadowski (1983 a) we may write the couplings in the separated
form

~

vi,jﬁ(x) = (x) V(i,’ﬁ, (3.3.25)

where the first factor contains the scale dependence and the second factor
the matrix structure which does not change upon further scaling. Then
the scaling equations split into an equation describing the scaling, and
one describing the operator algebra near the fixed point. The scaling
equation is

Wa_)(cx) =2y (x)vj(x), i, j,m cyclic, (3.3.26)
and the matrices are specified by the algebra
Vs = Z; Vo Ve, (3.3.27)
l5j5

from which it is clear we simply scale to some irrep of SU(2). Of course, it
is possible that, in the case of matrices of higher order, in a subspace
the couplings follow SU(2) symmetry while in the remaining subspace
the coupling disappears. It has been shown by Zarand (1995) that the
representation of SU(2) is always two dimensional for M > 1 except in the
presence of extra symmetry. We discuss this further in sections 3.3.3 and 3.4.3
for rare-earth and actinide impurity models. The analysis in the preceding
note (iii) above makes clear we expect this to be generally a two-dimensional
representation to be dominant. The solution of equation (3.3.26) may be
written as

V(%) = ) + v (x0), (3.3.28)
where
@M = 4V (3.3.29)
Ox

with boundary condtion Y (x0) = 0.

What is intriguing about this scenario is that we begin with an apparently
artificial spin variable describing the TLS which is not conserved, even if we
shut off the spontaneous tunnelling terms. In examining the scaling of the
exchange terms alone, we develop this picture that at the fixed point one has
a full isotropy in the combined pseudo-spin space of the TLS plus conduction
electrons, although this space has no obvious reason to become so symmetric
from purely high energy considerations.

Thus, the Kondo effect serves to restore symmetries which are not present
in the bare Hamiltonian, which is a fairly remarkable result. This contrasts
with the usual scenario in high-energy physics, in which symmetry is high at
high temperatures and reduced as we lower the temperature.

This increase in symmetry on approach to the fixed point also holds for the
quadrupolar Kondo effect, where generically only two of the local spin
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tensors should transform as an irrep of the point group that is quadrupolar in
character; yet an extra tensor of octupolar character is generated and at the
two-channel fixed point there is full isotropy in this unusual combined space.
We close this note on the general properties of the fixed point with an open
question about the nature of the scaling. In the previous note we argued that,
when the bare couplings are extremely anisotropic, the scaling will
preferentially select a two-dimensional subspace in the conduction orbital
pseudo-spin space as the dominant subspace. What is not clear is whether the
couplings in the excluded space will grow or shrink as well when one moves
out of the perturbative regime and into the fixed-point region. This growth is
ruled out by the arguments of Zarand (1995) for M > 1. While it is
physically unlikely that such growth occurs for the physically relevant M = 2
case, no rigorous proof yet exists to support this intuition.
(v) Leading-order estimate of the Kondo scale. 1f we first consider the fully
isotropic limit, we shall have to integrate the leading-order differential
equation

e 4V(X)2 (3330)

and identify where the coupling strength grows to unity. This yields the
estimate

TV ~ Dy exp( - (3.3.31)

_L
4v(0)]°
where the superscript (I) denotes leading order. If we were to use instead
spin-3 matrices, we would replace the exponent by - 1/v(0).

In the TLS case where the starting parameters are extremely anisotropic,
the perturbation theory will break down and the couplings grow to order
unity when the energy scale from the leading-order equations is such that
v*(x) ~17(0), which produces the leading-order estimate for the Kondo scale

Tg) as

Tl(g) ~ Do

X 1 /4\’: (0)
V—(O)) (33.32)

4v=(0)

when we use Pauli matrices (Vladar and Zawadowski 1983a). If we use spin-3
matrices, this expression changes only in that the singular exponent is
modified according to
1 N 1
4v(0) v (0)°

3.3.3. Leading-order scaling for model U** and Ce** ions

Much of the work has already been done in the development of the equations for
the TLS. We shall present some useful generalizations of these equations appropriate
to the physics of the models for U*" and Ce*" ions.
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3.3.3.1. Leading-order Kondo scale. This is the simplest modification to the TLS
result. We ultilize the isotropic result of equation (3.3.31) and replace 4v(0) by
|g(0)| = N(0)J, where J is the maximum (in magnitude) of J7, Js in the Ce** case.
Hence.

¥ = Dy exp( ﬁ) . (3.3.33)

3.3.3.2. Flow to two-dimensional subspace for U** ion in cubic symmetry. We
could have generalized the discussion of the quadrupolar Kondo Hamiltonian in
section 2.2.1 to have allowed for exchange coupling to more than one I3 quartet.
What we shall demonstrate presently is that, at leading-order scaling, this produces
a flow to a dominant two-dimensional subspace as has been found in the extremely
anisotropic TLS case above. The interpretation is simply that one is selecting the
relevant bonding combination of the I's states. Our scaling analysis follows similar
reasoning developed for a different problem by Cragg et al. (1980).

The physical source of the second I state is the j =2 angular momentum
multiplet of the conduction-electron partial wave states. Let us denote the I3 level
from the j = 3 partial wave manifold with no prime, and that from the j = Z multiplet
with a prime. The exchange Hamiltonian of equation (2.2.5) is then generalized to

Ho=22 Jip T Z Tl O € 10y Chlrcs (3.3.34)
Ns 1I7=88- ke Je 000

where the couplings Js g, = Js. 3. In fact, since the bare couplings are determined by
the Schrieffer—Wolff transformation, we may say more about the relative size of the
bare couplings. Assume that the strength of hybridization of the 8 quartet with the
excited I7 and ground I3 doublets is ag Vo, where the hybridization strength Vo is
independent of the labels 8,8~, and the corresponding hybidization strength for the
8~ quartet is as. Vo. Then we have that

V2
Jip = ajar=—=2 (3.3.35)

€

[\

so that, for example, Jsg. = - (Jg,st,,g,)I/ ®. Note that the appropriate way to think
about the above exchange interaction is in terms of a conduction-electron spin which
is large, that is N. = 4. The reason is that the channel index is still the two-
dimensional magnetic index, and we have simply enlarged the space of orbital labels
which couple to the impurity. Thus, this model is analogous to the TLS model with
N actually arbitrary.

Using the diagrams shown in figure 23, we obtain the following leading-order
scaling equations for the three dimensionless couplings gss,gss-,gs.8-:

0

_g_i& = - g~ G, (3.3.364)
0233

agxg = - gss.(gss+ gos) (3.3.36 )

and
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Bbc B

Figure 23. Leading-order multiplicative renormalization group diagrams for the
quadrupolar Kondo model with two conduction quartets. The lines labelled 3 are
pseudo-fermion propagators for the non-Kramers I3 doublet. The lines with the
indices a, b, ¢ are conduction-electron lines which may come from either I3 quartet
(labelled by a,b,c = 8,8 in the text and derived from the j = g,% partial waves about
the impurity). The vertices are coupling strengths gap which are symmetric in a, b
and scatter from quartet a to quartet b. In the simplest model, gss > gss. > gs.5.,
and g%’g, = 2838888

Bes s
ST S (3.3.360)

Note that we lack a factor of four compared with TLS scaling from our use of S =3
matrices here, and that the different sign convention has flipped the sign of the 8
functions relative to the TLS case.

These scaling equations may be separated into soluble form in two stages. First,
we identify a constant of the motion. By substracting equation (3.3.36¢) from
equation (3.3.36 @) and taking the ratio with equation (3.3.36 5), we see that

d(gss - g3.8.) _ B8 gy

3.3.37
dgsgs. gss ( )
from which we infer that
g8 = colgss - gs.8). (3.3.38)
We may infer the constant c¢o from the initial condtions and equation (3.3.35) as
asas,
== 5. 3.3.39
& Clé _ az, ( )
Next, we define the coefficients
O = 2—“15—2 (3.3.400)
dg = ag,
and
2
o5 = - 55 (3.3.40b)
ag = ag,
Define the linear combinations of exchange couplings
g = Osgss T 08888 (3.3.41q)
and
g = 08,888 T 0888 8. (3.3.41b)

Note that os + os. = 1, so that (0) = gss(0) + gs.s.(0). Then the scaling equations,
with use of the constant of motion identified in the preceding paragraph, decouple
giving



01:19 22 March 2011

Downl oaded By: [CAS Chi nese Acadeny of Sciences] At:

684 D. L. Cox and A. Zawadowsk i

Figure 24. Leading-order multiplicative renormahzatlon group processes in the presence of
excited crystal-field levels for a Ce’* impurity. The broken line is a pseudo-fermion
propagator for the impurity states. The label a refers to the intermediate states of
both impurity and conduction electrons, which can be either I7 (assumed to be the
impurity ground state) or I3 (assumed to be the impurity excited state). Assuming
only f°-f! virtual charge fluctuations, all coupling strengths are equal.

XE_ o
=-7 (3.3.424)
and Ox
%Ngxi =- ()% (3.3.42b)

In principle, both couplings will grow. However, with the use of the initial condtions,
we see that 2-(0) = 0, so that this set of couplings just drops out. This is not the case
for g and, if we solve to estimate the leading-order Kondo scale, we obtain

(1) &
T 0)) =D . 3.3.43
k (Z0) ~Doexp ( 2@+ @ )N(0) Vg) (3349
Clearly, we can interpret the factor af + a3, in this equation as simply representing
the normalization of the ‘bonding combination’ of I's orbitals. We shall show in the
next section that this result also holds in next-leading-order scaling as well.

3.3.3.3. Effect of excited crystalline electric field levels. We may see using leading-
order scaling methods that excited CEF levels produce an enhancement of the
Kondo scale estimated without the excited states. Our derivation is restricted to the
rescaling of the J7 exchange for the model Ce’* ion and follows the original
analysis of Yamada et al. (1984) and the analogous analysis for the TLS model of
Zarand and Zawadowski (1994a,b) (see section 3.4.2).

The idea is similar to that of the proceding section. The dlagrams are shown in
figure 24. By virtually scattering into the [§ conduction and f' mdmfolds through the
coupling J7s = J7 (owing to the assumption of mixing only with f°, T7 excited
configuration) we obtain the leading-order scaling equation

0z _ _ of 14D
o -8 T2,

where As is the splitting between the f'T7 and f'T§ levels. The extra energy appears
in the denominator owing to the virtual excitation to the I's level, which is much
larger than D when we shrink D to order TK) The factor of two is the ratio of the
degeneracies of the I3 quartet to the I'7 doublet, which reflects the greater number of
ways to scatter into the I's state.
It is straightforward to integrate these equations, and we find that
2

(3.3.44)

T = Do( ) . (3.3.45)

1
*P 27(0)

TI((I) + Ag
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This represents a self-consistent equation to solve for the Kondo scale. In the limit
where TK < Ag, we obtain an enhancement over the Kondo scale without crystal-
field excitations by the rather large amount of (Do /A s)”. Given that Do ~10* K and
As ~10% K, this enhancement can be of order 10*! This is obviously a significant
effect. In the limit when TK) > Ag, we find that TK) tends to the value of the sixfold
degenerate multiplet obtained by forcing the I3 level to be degenerate with the I7
level. We shall obtain the physics of the ground doublet provided that the Kondo
scale of the full multiplet is smaller than Ag, because then the crystal-field scale cuts
off the logarithmic growth associated with the full multiplet.

Hence, the excited crystal-field state produces a cross-over between a high-
temperature Kondo effect associated with the entire multiplet and a low-temperature
Kondo effect associated with the ground multiplet, but significantly enhanced over
the value with Ag = o0. Within the NCA analysis of section 5, it is easy to generalize
this picture from the simple example treated here, and below all cross-overs one
generically finds a Kondo scale enhanced by factors of about (D [Acer)"™ INes for all
levels at energy Acr with degeneracy N (the ground level has degeneracy Ngrq).
Similar results obtain for each excited spin—orbit multiplet and LS term in multi-
electron configurations.

3.3.3.4. Leading-order scaling for a Ce®* ion with channel-spin—spin coupling
included.  Following Kim (1995), Kim and Cox (1995, 1996, 1997), and Kim et al.
(1997), we examine the effects of the channel-spin—spin coupling developed in
equations (2.2.33)~(2.2.37). We restrict ourselves to the space of I's coupling alone,
that is neglect the scattering between I's and I7 conduction partial waves. In this
case, the coupled equations for the dimensionless interaction strengths gs = N (0)J3
and gz = N(0)Js are

%‘f =gt - 1% (3.3.46)
and
%g’f = - Bhas. (3.3.47)

These equations follow from the unusual commutation relations of the Scs operators
specified in equation (2.2.36) and (2.2.37). What can be verified from the above
scaling equations are the following.

(1) For 2gs > (gs|,gs grows and |§g| shrinks.

(2) For 2gs = |gs|, both coupling strengths shrink to zero.

(3) For 2gs < g3, g5 grows without any sign change, and gs is driven towards
the lines defined by 2gg = - |§8|.

(4) For gs = 0 and gs < 0, there is no growth in gs and gg shrinks to zero. This is
of course the usual ferromagnetic case.

Clearly the lines 2gs = *g3 occupy a special place in this scaling analy51s and the
reason as indicated in section 2.2 is that the tensors 10(8) (0) - S ® (0) = 2S08 (0) obey
the ordinary angular momentum commutation relations and dgﬁne 2 pseudo-spin-3
irrep. Along these lines the effective exchange coupling is - J3S17 - Is(0). It is clear
that, for positive gg = |§g| /2, one has ferromagnetic coupling of the pseudo-spin-
conduction operators to the impurity spin while, when gg = - |§8|, we obtain an
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antiferromagnetic coupling of the impurity pseudo-spin to the conduction pseudo-
spin. Collapse to the line gs = - g3 /2 indicates dominant virtual fluctuations to the
I excited state, while collapse to the line gs = gs indicates dominant virutal
fluctuations to the I'5 excited state. We note that the symmetry constraints along
these lines imply that their special role in the coupling constant phase diagram will be
maintained non-perturbatively.

3.4. Next-leading-order scaling

The power of the multiplicative renormalization group equations is not evident at
leading-order scaling, because the most important corrections to the wavefunction
renormalization factors z occur at next leading order. In this section, we shall explore
the next-leading-order scaling equations for the Kondo models of interest using the
multiplicative renormalization group equations. In parallel to the previous sub-
section on leading-order scaling, we shall first present the results for the TLS model,
which represents the most general formulation of the fully anisotropic Kondo model
and then present briefly results for the models of U** and Ce** ions. In the last part
of this section, we shall perform some stability analyses of the next-leading-order
scaling equations about the non-trivial fixed point, to illustrate the destabilizing
effects of channel fields, and the stability against exchange anisotropy in the simplest
cases.

3.4.1. Next-leading-order scaling for the two-level system model
3.4.1.1. Overview. What we seek are equations relating the original coulings Vi,
A" and Green’s functions at bandwidth D to the rescaled couplings V”, A” and
Green’s functions at bandwidth D~ using the multiplicative renormalization group
formalism developed in section 3.2.2. We shall write all electron-TLS couplings in
dimensionless form (' = V'pg). We shall perform the scaling analysis at zero
temperature, with the external conduction electron frequency o serving as the
infrared cut-off in our equations.

The multiplicative renormalization group equations for the TLS model are
(Vladar and Zawadowski 1983b)

[ e 2 (VN
Gi D" LAY = Gr B’V’A)’ (3.4.1)

L A D O i

G D" AT =2 oY G B’V’A)’ (3.4.2)

-1
~i @ | _ i D ~i @O
Cop s [ o Do ] Cop Ik (3.4.3)
and |

i _ D T ) D
Vap = [Zz Do’ ] Zyp 5" | Vs (3.4.4)

where the functions Gi, 6 and T' only depend upon dimensional quantities. Note the
following. Firstly the renormalization factor Z1 has been dropped because correc-
tions to the conduction-electron Green’s function in the dilute limit are of order
1/Ns. This point will clearly need re-examination in lattice models. Secondly, the
meaning of I'" is that the full interaction vertex is given by
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Figure 25. The vertex diagrams in the leading and next-leading logarithmic orders. The
solid lines stand for the conduction electron and the broken lines for the heavy
particle. Note that (c) is not an actual vertex correction.

Fop = Vaplop (3.4.5)

so that T B(DO) = 1. We use I'" when some of the V' are zero, because then T' is not
well defined. Thirdly, the pseudo-fermion Green’s function g is generalized from the
bare form of equation (3.3.4) to include a self-energy term. Written in matrix form
for real frequencies at T = 0, we have

(0] 1
LAY = - - 3.4.6
D’v ) (@+ Apsl = A" 26" = Zps(v,w) ( )

()\ps)

4

where I is the identity matrix in the 2 X 2 space, and X is the pseudo-fermion self-
energy.

3.4.1.2. A"=0 case. To proceed with these equations, let us start with the special
case A' = 0. As mentioned, we need not compute Gy beyond zeroth _order in
perturbation theory for the purEoses of the scaling. We compute G, I" in the
leading two orders. We find that I is already renormalized at first order in scaling;
in fact, this is clear from the discussion surrounding equation (3.2.7), in which the
renormalization factor z corresponds to Z' in our present discussion. The
renormalization of the pseudo-fermion Green’s function occurs at next leading
order, that is the leading-order term in the perturbation expansion is order v* for
.
The scaling transformation proceeds as follows.

(i) First the leading-order term of the vertex is calculated and then Z' is
obtained in the leading logarithmic approximation; this corresponds to the
diagram of figure 25(a). Self-consistent determination of Z' follows by
inserting the unperturbed (D = D~) value of v for I'". What we obtain is just
(suppressing matrix indices)

&) = - 2> Ve log (3.4.7)

Ty]
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Figure 26. The first non-vanishing logarithmic self-energy diagram for the heavy particle.
The solid line represents the electron and the broken line the heavy particle.

where the superscript (1) denotes leading-order scaling. This is clearly just a
repeat of the discussion in the previous section and, if stopped at this point,
leads to precisely the same scaling equations.

(ii) At next-leading order we compute Z>, Z', being careful not to include terms
which will be obtained by the solution of the leading-order scaling equation.
Since, as remarked earlier, solving that equation is equivalent to summing an
infinite order of diagrams, we must take care order by order in the
renormalized couplings that we generate unique non-parquet diagrams. Such
a diagram is illustrated in figure 25(b). The test is simple; at a particular
higher than leading order of the renormalized coupling, if the diagram can be
cut in two by snipping one pseudo-fermion line and one conduction line, it is
a parquet diagram. Once we compute the non-parquet third-order diagrams
in figure 25 (¢) we must snip two pairs of conduction—pseudo-particle lines to
break the diagram up, a test that we can apply to higher order diagrams to
determine whether they are due to iteration of this diagram. Clearly the
complexity of the procedure makes it unfeasible to apply beyond a few orders
of perturbation theory. The lowest-order self-energy term for the pseudo-
fermion is shown in figure 26. The corresponding renormalization factor Z>

is given by
SN - RCEE) R
& lo

and is shown in figure 25 (b). This figure makes it clear why it appears only at
next-leading scaling; we must multiply the second-order correction coming
from the frequency derivative of the self-energy times one factor of V' to
produce a third-order renormalization of the v' values. It is straightforward
to show that the diagram in figure 25 (c) is proportional to log (D jw), while
the (shifted) pseudo-fermion self-energy goes as wlog (D /w), so that the
derivative in equation (3.4.8) produces a logarithm. That problem is related
to a generalized Ward identity (Zawadowski and Fazekas 1970).

Note that the dividing out of Z in the renormalization of /' makes physical sense
when viewed from the perspective of Landau’s Fermi-liquid theory. We are looking
for the interaction between the conduction electrons and the fully dressed pseudo-
fermion, or the pseudo-fermion ‘quasiparticle’. Hence, since the quasiparticle has
spectral weight Z>, we should divide the relevant coupling by that quantity to
normalize correctly in the quasiparticle space.

Since the next-leading-order term is more difficult to compute correctly than the
leading-order term, we shall spell out a few details here. The changing of D — D~
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now leads to a total next-leading-order correction (5)? to v which is given by
(suppressing matrix indices)

(&) = V‘{[O(vi)2 from Zi]- [O(V")2 from Zz]}

= M"i[( Tr ()* - ;Tr(vj)z) - ( ZTr(vj)z) ]log( %)
= 2Mvi[[ ( 24 T[‘ ]log ( ) (349)

where the terms in large parentheses in the second line have a direct correspondence
to the terms in square brackets immediately above. Note the explicit appearance of
the number of channels here, which derives from the closed conduction loop in figure
25(c) in which we may freely sum on channel index.

Putting (i) and (ii) together, we see that through the leading two orders we have,
putting all matrix indices back in, that

avm ) ) .
ﬁg = - 21; Véjy(.X)Vl;/,ﬁ(x)Gijm - 2MV0’B(X) ;TI‘ {E;I(x)]}+ N (3410)

which may be solved with the anticipation of flow to a two-dimensional subspace by
substituting

Vos(X) = v (x) 0 p (3.4.11)
which gives us (for m # i # j)

_61/'67)(6)6) =4 () (x) - 4" (x {[ ] + E’j(x)]}"‘ 0[(Vi)4] (3.4.12)

Note that, if we had chosen to use spin-'zL matrices instead of Pauli matrices, we
would change the prefactor of the O(v?) term to 1 from 4, and the pre-factor of the
O(v*) term to 3 from 4. The flipping of sign between the TLS convention and the
typical Kondo convention (v' > 0 —J' < 0) would flip the sign of the first term and
leave the sign of the second term which expresses the fact that the couplings grow
more negative as the bandwidth is reduced (as x is uncreased).

34.13. A"#0 case. Now we are interested in deriving equations for the
renormahzatlon of the splitting A’. In view of equation (3.4.2), we see that since A’
appears in ¢~ ' that is must renormalize according to

A (D7) = Z» A'(D,v)

D'

+ Ersl@=0,D7,",4") - Zpsl@=0,D,v,47] (3.4.13)

where we must include the latter term as a price for taking Z» independent of the
splittings A’. This term reflects the shifts of the splittings through self-energy effects.
It is straightforward to estimate this by observing that the self-energy diagram of
figure 26 vanishes when the combination ® + Aps - A'c’ /2 vanishes; so we may
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linearize the Green’s function and employ w as the infrared cut-off of the resulting
logarithmic divergence so that we find

Zps(@,D,V,A") ~- MZTr [(w)z]g’( (0= Aps)I - ZA"G") o (3.4.14)

and thus with the use of equation (3.4.13) we obtain

% =- 2M;A"Tr[(vf)2] (3.4.15)

Note the following. Firstly the fact that the sign in front of the RHS of this
equation is negative means that, as we move in from the weak-coupling fixed point,
the splittings and spontaneous tunnelling of the TLS actually downwards with
reduced bandwidth. However, we shall see that this is not the correct interpretation
overall; the dimensionless splitting A’ /D grows and is thus to be viewed as a relevant
perturbation near the fixed point of equation (3.4.12). We shall elaborate on this
point below. Secondly in this case where the impurity pseudo-spin is equivalent to
spin 3, the rescaling cannot generate any splittings unless there is a bare splitting
present. This corresponds to the fact that a real spin-5 doublet must remain
degenerate in the absence of an applied magnetic field, that is it is not susceptible
to quadrupolar splittings. If we were to allow for higher pseudo-spin, as in the
generalized multichannel models of section 2.3, we would find quadrupolar splittings
generated by anisotropic exchange couplings (Pang 1992). We shall return to this
point in the NRG (section 4.2) and conformal field theory (section 6.2) discussions
and in the fixed-point stability analysis below.

3.4.1.4. Analysis of the fixed point. We note that the RHS (the B function) of
equation (3.4.12) vanishes when

oo 1
2M°
This is then a non-trivial fixed point of the fourth type, discussed in section 3.1.1.

Clearly the couplings are isotropic at this fixed point. However, caution is required in
accepting the validity of this finding. Consider these cases.

Y=y =y =y (3.4.16)

(@) M= 1. In this case, the fixed point occurs for v* =% which is certainly
outside the perturbative regime. We cannot trust the low-order expansion of
the B function. Strong coupling calculations first performed by Wilson (1973,
1975) show that in this case, which corresponds to the single-channel
anisotropic Kondo model, the fixed point is of the strong-coupling form, type
(3) of section 3.1.1.

(b)) M=2. In this case, the fixed point occurs for v =13 for which the
perturbation expansion is still of questionable valididity. Nonetheless, the
qualitative correctness of the fixed point is confirmed by non-perturbative
methods such as the Bethe Amsarz and NRG. In this case, the physical
arguments presented in the beginning regarding the inability of the two
conduction channels to compensate exactly the impurity pseudo-spin taken
together with non-perturbative calculations confirm that the non-trivial fixed
point is indeed obtained in the zero temperature limit, provided that the
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splittings and spontaneous tunnelling are zero. However, this is precisely the
marginal case; rather than power-law critical divergences in physical
quantities, logarithmic divergences are obtained.

(¢) M> 2. In this case, the fixed point is small and well within the bounds of the
perturbative expansion of the f function. In principle, all properties may be
obtained as an expansion in powers of 1/2M, the fixed-point coupling
strength, and therefore one has a clear hint of universality. For a more
detailed discussion of this issue, we direct the reader to section 3.4.3, which
reviews the work of Muramatsu and Guinea (1986) and especially Gan et al.
(1993) on the calculation of physical properties at the non-trivial fixed point.
Note that a different kind of large- M expansion is provided by the NCA
analysis of the SU(N) ® SU( M) multichannel model in which N — 00 while
M[N = v is held fixed; see section 5.1 for a review of this work.

3.4.1.5. Linearized stability analysis of the fixed point. We may obtain further
insight into the physics by linearizing the multiplicative renormalization group
equations around the fixed point coupling. Such an approach will be valid for
couplings v'(x) near v*. This corresponds to an analysis of the stability of the fixed
point against the introduction of various fields and couplings. We shall descuss, in
order, exchange anisotropy, the relevance of the A’ about the the fixed point, and
channel field splitting.

(a) Exchange anistropy. We write &' (x) = v/(x) - v* and expand the 8 function
to linear order in the deviations. We begin scaling at a bandwidth parameter
value of xo. The result is

8(5vi) _ i i
o M8v (3.4.17)
which is readily solved to yield
. . X -2/M
'(x) = (xo)( x_) ) (3.4.18)
0

Clearly, the introduction of anisotropic couplings is completely irrelevant
around the fixed point; as we increase x from our initial value of xo, the
couplings actually diminish. We note that Muramatsu and Guinea (1986)
obtained the same scaling equations using a different diagrammatic
technique.

It is worth noting in this context, following Affleck and Ludwig (1991a),
that, while the fixed point coupling is non-universal (clearly we can insert an
overall arbitrary scale factor in the energy), the slope of the 3 function at the
fixed point which determines the scaling exponent in equation (3.4.18) must
be universal.

This argument is actually independent of the magnitude of the localized
pseudo-spin (Pang 1992). In the special case of a spin-3 localized pseudo-spin,
then, when the A" are set to zero, no further splitting can be induced by the
exchange anisotropy in this case. However, if we were to allow the impurity
spin to be greater than 1 and keep M large, we would induce through the self-
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energy quadrupolar splittings of the pseudo-spin, and in this way the
exchange anisotropy would generate a relevant perturbation.
Relevance of the splittings A" about the fixed point. If we linearize the scaling
equation for the renormalized splittings A’ (x) about the fixed point (equation
(3.4.15)) we find that, since the splittings are zero at the fixed point (this is the
only way to make the RHS of equation (3.4.15) vanish), then

OA' 2
- A 4.
o Y (3.4.19)
which is integrated to give
‘ ‘ L) M
Al(x) = A’(xo)( —) . (3.4.20)
X0

If we were to stop the analysis here, we would incorrectly conclude that the
splittings A’ are irrelevant about the fixed point. What is incorrect about this
statement is that, while the physical splittings do actually shrink, they do so
(for M'> 1 where the perturbative analysis is valid) at a rate much smaller
than the bandwidth itself shrinks. Hence, relative to the decrease in the
bandwidth, the splitting actually grows. The dimensionless splitting
8 = A" D obeys the scaling equation

Q%)]:( EEOW ) HECTCEED

which, when linearized about the fixed point, integrates to give

max {x, T/D.E/DY\ =M

X0

MMZSW% (3.4.22)

We can obtain the same result from equation (3.4.20) by simply dividing by
D. As we have discussed in section 3.2.1, all the logarithmic integrals have an
infrared low-energy cut-off which is either the temperature or the
renormalized value of the splitting E.

We shall demonstrate using the NCA and conformal theory that equation

(3.4.22) gives the correct scaling to leading order in 1/M, as we would expect,
for the local field A’. This result may also be obtained within the Bethe-
Ansatz approach.
Relevance of fields breaking channel symmetry. Channel symmetry breaking is
practically effected by applying a field that couples to the electron channel
index so that the exchange integrals are split, that is the couplings for
different channels are no longer precisely identical. The magnetic field does
not directly appear in the theory, but the magnetic fields splits the Fermi
energy for up- and down-spin electrons. Thus the densities of states at the
Fermi energy for the different spins can differ by the scale of upH /Er ~10~°
for a 1T field, which results in an equal fractional difference in the
dimensionless exchange couplings. Such a small change is almost negligible.
Nevertheless, we shall investigate the effects here.
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For simplicity, we shall present the stability analysis for this perturbation
to next-leading order in the M = 2 isotropic case, although we realize that
the analysis is somewhat questionable in this limit. We shall obtain the
correct qualitative results as will be demonstrated when we discuss the non-
perturbative approaches, but our exponents characterizing the growth of the
perturbation will be incorrect.

The equations in the isotropic limit for the couplings in the two channels
are

Ovg

Fel 4(vs)" - 8roflrt)? + (1)7] (3.4.23)

where the coupling subscript is the channel label, which is the real spin of the
conduction states. This equation follows from observing the decoupling of
channel labels in the leading-order diagrams, and the coupling of channel
labels through the conduction-electron intermediate-state bubble in the next-
leading-order diagram. Linearizing these scaling equations about the fixed
point vl = vt = v" =1 we find the scaling equations

a( Vo = V*)

Ew =-(yog=v)==0r-6 (3.4.24)
which are easily solved to give
+1
Ov+ = ESVT(x) + Svi(x)]w ESVT(xo) =+ dvi(xo) = R (3.4.25)
X0

where we have assumed that Ovt(xo) > 0, Ovi(xo) < 0. What this solution
implies is that the sum of the linearized couplings tends to zero as we rescale,
which implies that, as v+ grows (towards strong coupling, where the
perturbative analysis surely breaks down), then v| shrinks towards zero. This
picture is completely confirmed by the NRG, conformal field theory and
NCA analyses. The physical view is that the stronger coupling tends towards
an ordinary Kondo effect, while the weaker coupling tends towards the zero-
coupling fixed point. What we shall see is that, at zero temperature, this
rescaling behaviour is discontinuous.

3.4.1.6. Numerical integration of scaling equations. Figure 27 illustrates the results
for the solution of the next-leading-order scaling equations (3.4. 12) and (3.4.15)
with v*(0) > v*(0), +'(0) =0 and M = 2. The rightmost curves in ﬁgure 27(a)
which blow up at the vertical line labelled Té) correspond to the leading-order
equations. The other two curves which show a rise to strong coupling on the next-
leading-order Kondo scale

X 1 /4\’: (0)
¥ ~Dy V—(O)) [ (©)v"(0) ]”/4 (3.4.26)

4v7(0)

go all the way into the fixed point at v* = 0.25 smoothly. In the vicinity of T 1(41) , the
couplings v*(x), v(x) are nearly equal in magnitude. We should contrast equation
(3.4.26) which corresponds to the fully anisotropic Kondo limit solved by Shiba
(1970) with the isotropic limit result
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(a)
10 74/A(0)

107
(b)

Figure 27. (a) Scaled couphngs Vii=x W,z z) and energy splitting A as a functlon of kgT /D
for M = 2. The initial v* couphng is 0.2 and the 1n1t1a1 ratlo V¥ /7 is 1073, The curves
represent the first- and second-order scaling. T§ and TY are the Kondo cross-over
temperatures in the first- and second-order scaling respectively. The broken line is the
asymptote of the coupling in the first-order scaling. The curves for v' are obtained
analytically in second-order scaling. The region where v* ~1* does not hold is not
represented. () The ratio A /A(0) of the scaled to initial energy splitting is calculated
for the symmetric TLS using equation (3.4.13). The index x for A" is dropped.
[Reprinted from Quantum Tumneling in Condensed Media, edited by Yu. Kagan and
A. J. Leggett, © 1992 (Zawadowski and Vladdr 1992), p. 427, with permission from
Elsevier Science. ]

=] o0 - 751 54

The spontaneous tunnelling matrix element in the extreme anisotropic limit is
strongly renormalized downwards, as seen in figure 27 (b). While the A* value is also
renormalized downwards, the reduction is less severe since the downward renormal-
ization is driven by the weaker planar couplings. In the limit of full isotropy, the
downward renormalization would be independent of direction and A* would thus be
strongly reduced in absolute value.

3.4.1.7. Dimensionality of the fixed-point Hamiltonian. In section 3.3.3, it has been
shown using the leading logarithmic approximation that the structure of the
matrices Vaﬂ (i = x,y,z) at the strong-coupling fixed point is such that they are
proportional to a representation of SU(2). (Note that the leading logarithmic
approximation generates a flow to the strong (infinite)-coupling fixed point
regardless of channel number since the channel number enters only at next-leading-
logarithm level.) The following questions remain, however, without answers from
this discussion.

(1) Are these fixed-point matrices reducible representations or always irreps?

(2) Are there any restrictions on the dimensions of the irreducible matrices? It
has been argued following Vladar and Zawadowski (1983a) that at the
beginning of scaling a two-dimensional subspace emerges owing to the
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scaling. Nonetheless, it could still happen that going beyond the leading
logarithmic order of scaling could lead to a larger relevant subspace. In the
limit of large number of channels, this possibility has been ruled out by
Zarand (1995).

These questions cannot be generally answered from the scaling analysis and
require non-perturbative resolution from such methods as conformal theory and
Bethe Ansatz. To get at some more rigorous understanding, let us first assume that
there is no additional symmetry which could influence the dimension of the subspace.
Furthermore, in order to make a rigorous statement, let us (artificially) increase the
channel number from M = 2 to M > 1 so that the 1/M expansion is valid (this is
discussed more extensively in section 3.4.4). In this case the scaling equations given
by equation (3.4.12) are correct and the higher-order corrections on the RHS are
controllably neglected as they contribute in higher powers of 1/M. By proceeeding in
the scaling, the two-dimensional subspace becomes dominant and contributed to the
second term of equation (3.4.12), which slows down scaling. In this spirit, Zarand
(1995) was able to show that this next-leading term suppresses the conduction orbital
states with small amplitude coupling; finally only a two-dimensional subspace
remains.

This result can be summarized as follows: in the two-channel TLS Kondo
problem we conjecture based upon the analysis of Zarand (1995), that the original
number of conduction orbitals in the matrices Vfw is reduced to 2 at the fixed point.
Thus the orbital coupling matrices must be simple Pauli matrices at the fixed point.
On the other hand, the impurity spin matrix usually is also reduced to a two-
dimensional matrix. Thus we complete the mapping to the spin-i two-channel
Kondo model for this TLS model given that the two-channel degeneracy is required
by time reversal.

3.4.2. Two-level system model including excited atom states

The TLS is defined by truncating the excitation spectrum of the atom in the
double well keeping only the two lowest levels (see figure 6). This projection certainly
gives the nature of the low-temperature behaviour correctly, but the higher level may
contribute to the renormalization of the parameters of the truncated system. Similar
renormalization has already been discussed for the original and orbital Kondo effect
where the influence of the higher states split by the crystalline electric field is
discussed in section 3.3.3. Such renormalization can be crucial concerning the value
of the Kondo temperature TI(<H) given by equation (3.4.26) which is very sensitive to
the initial parameter values. We postpone a more detailed discussion related to the
experiments to section 8.1. The following theoretical discussion is based on the work
of Zarand and Zawadowski (19%4a, b).

For simplicity we treat the situation where all the higher excitations extend over
both minima of the double well. Instead of the left and right states, the exact states
are introduced here which are symmetric and antisymmetric in the case of a
symmetric double well (figure 28). All these states are orthogonal, and thus there
are no spontaneous transitions between them. The electron density interacting with
them is not, however, homogeneous in real space and thus the interaction with the
electrons can induce transitions between the states of the double well.
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symmetric

antisymmetric

Figure 28. The double potential well is shown by the solid line. The linear combinations of
the lowest left and right states are presented by bold solid and broken lines. Two
further excited states labelled 3 and 4 are also represented by bold lines. The light
lines represent the level of zero amplitudes of the wavefunction.

The wavefunctions and energies are denoted by ¢; and & (i =1,2,...) with

€1 < e <e3... The generalized version of Hamiltonian (3.3.3) w1th creation
operators b, and pseudo-particle chemical potential Aps is
Ho = Z(ei - Aps)bibi. (3.4.28)

1

The electron—tunnelling centre interaction is

Hin = ; Vil blbiahyaio, (3.4.29)

where the matrix element in the scheme proposed by Zarand (1993) is
Vi = U= &) _[ drexp [ ik = k)]s (n)e;() (3.4.30)

which is a generdhzatlon of equations (2.2.12a) and (2.2.12b). Later notation
po Vi) % = vkk ¢, 1s introduced indicating the dependence only on the direction of the
momenta ini the vicinity of the Fermi surface.

The first relevant vertex correction is just a straightforward generalization of
equation (3.3.10) which has the form

i/, IdSF i (—l—L—J—Lde )) [ = W - ]

by s Vg T Vi
(3.4.31)

Note that the factor of 2i is missing compared with equation (3.3.10) since we have
not assumed a Pauli spin algebra here. The scaling equation is just a generalization of
equation (3.3.12) given by

o dSe (7

e _ oy, Se()r ki i i ki

Any) - o(D” - |Ei|) I S [v,a,,gv,;,,@ - v 2], (3.4.32)
where the 6 function assures that only those states contribute to the sum which are
below the scaled bandwidth D~ and E; = €; - €1. As a result of these restrictions at a
given energy or temperature, only those states play a role in dynamics for which
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log(EZ/D)
| log(T,/D) log(E,/D) log(E,/D)

¥ ¥

lO the TLS three level system
dynamics

is gradually

frozen out

log (kT/D)

Figure 29. The different regions of the scaling. The excited states with energies F3 and
E4 are gradually frozen out.

Ei <ksT and the others just contribute to the renormalization of the remaining
effective coupling constants (figure 29).

The solution of these scaling equations were studied numerically and analytically
in great detail (Zarand and Zawadowski 1994a, b). The Kondo temperature can be
enhanced or reduced depending on the values of the parameters but, for most of the
physically interesting set of couplings, the Kondo temperature is enhanced by a
factor of two to three orders of magnitude.

Just to emphasize the role of the excited states, the scaling calculations were
performed under the fictitious assumption that the direct assisted tunnelling between
the left and right positions are zero so that, for the unrenormalized couplings,
V12(0) = 7*(0) = ¥'?2 = V! = 0 holds. Even in this case, the large enhancement of
the Kondo temperature is reduced by a factor of only 0.6-0.7, which implies that the
excited levels are playing a crucial role in the dynamics.

This result is of special importance. To understand it, consider one of the
dominant processes included in the scaling analysis in which the electron hits the
atom, say, on the left and virtually excites the atom to, for example, the third level
(figure 30). That level covers both the left and the right minima, so that from there
the atom can fall into the right minimum with the assistance of the same electron.
This result normally follows from the behaviour of the matrix elements given by
equation (3.4.29), which in the limit krr < 1 are the dipole matrix elements between
the wavefunctions lﬁ of the atom. The interesting new feature is the following.
Neglecting the overlap between the left and right wavefunctions, the induced
effective electron-assisted matrix elements are less sensitive to the distance despite
the fact that the dipole matrix element even increases with increasing distance; for
too large a distance the original expression must be used in favour of the dipole
approximation. This has the great advantage that the direct hopping which is

TN E,

electron

left Tight

Figure 30. The left and right states of the TLS with the first excited state with energy Ej.
The double line represents the heavy particle, and the solid line the electron which
induces the transitions.
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Table 8. Kondo scales for a TLS model including excited states. Calculations are performed

for a symmetric double-square-well potential (see appendix A) with a variable width
following Zarand and Zawadowski (1994a, b). The width of the double-well barrier is
controlled by the parameter oL = ry /2d, where r is the width of an individual well and d
the barrier thickness (see Appendix A, figure 129). Plane-wave conduction states are
assumed. The notation is as follows: E; and FE are the energy of the first and second
excited states respectively. A is the splitting of the lowest TLS states due to spontaneous
tunnelling through the square barrier. v* and v* are the bare dimensionless TLS coupling
constants which measure the interaction strength with the ground doublet levels. Tx is
the Kondo scale in the leading logarithmic order neglecting excited states. Ty~ is the
Kondg scale in the leading logarithmic approxmation including the first excited state,
and Tl(f " includes both first and second excited states in leading logarithmic order.
TL”|V\':0 is the leading logarithmic estimate with the first excited state kept but the
bare v* artificially set to zero; this illustrates the strong effect of assisted tunnelling
induced by virtual excitations to the first excited state. TF is the next-leading logarithmic
approximation estimate without excited states, and TI(<1 is the next-leading logarithmic
estimate with the first excited state retained. We learn from these calculations that for a
sufficiently narrow barrier (relative to the square-well width) the excited states enhance
the estimated Kondo scales significantly (by as much as two orders of magnitude), and
that the most crucial state to include is the first excited state; the second excited state has
a small additional effect. With the additional states, Kondo scales within the correct
order to magnitude of experiment explain the resistance data on quenched metallic point
contact devices (Ralph and Buhrman 1992, 1995, Ralph et al. 1994, 1995, Upadhyay et
al. 1997).

Value for the following o

Parameter

(units) 1.0 1.5 2.0 2.5
E (K) 331 277 255 245
E> (K) 540 406 337 330
Ao (K) 4.47 0.53 0.063 0.0076
v - 0.061 - 0.086 - 0.112 - 0.142
y* 0.0005 0.0009 0.0013 0.0018
T« (K) 7.16 x 1077 0.001 87 0.152 2.46
7 (K) 9.14x 107° 0.003 42 1.29 67.2
7 (K) 1.97 x 1077 0.005 1.29 65.1
T | zo (K) 23%107° 2.02% 1077 0.41 44.9
Tk (K) 4.13x 1077 1.64x 1077 0.001 86 0.0343
¢ (K) 3.05% 107" 331%x10°° 0.026 2.76

negligible in this case does not split the ground state and first excited states;
nonetheless, the excited-state-assisted tunnelling is large enough and actually grows
with increasing distance as shown in table 8. Previous to this analysis, any increase in
the assisted matrix element was associated with the increase of the direct hopping
and thus the splitting, which of course mitigates the possibility of observing the non-
trivial fixed point physics. To obtain a sufficiently large Kondo scale together with a
sufficiently small level splitting required in the most optimistic scenario a delicate
balance of these effects. The inclusion of the excited levels now makes the
observability of a TLS with sufficiently large Kondo scale and negligibly small
splitting appear quite plausible.
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The importance of the broad barrier is demonstrated by the data in table 8, where
the following parameters are chosen for the square-well potential discussed in
appendix A and shown in figure 129: 1/2m R} = S0K, Vs = 490.5K, and the width
of the barrier is given by the parameter atas d = 2roo. Table 8 clearly shows that the
Kondo temperature in the leading order is strongly reduced in the next-leading order
owing to the factor (vxv")ll2 of equation (3.4.26). The enhancement due to the
excited states is essential. The second excited state has a minor effect because of the
reduced coupling strength arising from the presence of more wavefunction nodes.
The splitting A is negligible in the broad barrier of interest here.

3.4.3. Formation of the two-level system double well: the Einstein phonon model

Concerning the anomalous behaviour of the A15 compounds, Anderson and Yu
proposed a model to clarify the role of the strong electron—phonon interaction in the
formation of a double-well potential for a TLS. The basic idea is similar to the
physics of the Jahn-Teller distortion. A single-well potential for a single atom can be
deformed by the strong electron—phonen interaction to form a double-well potential.
Thus the coupling to the electronic heat bath is responsible for the TLS formation
similar to the insulating case where the coupling to the phononic bath plays this role
(Sethna 1981).

The idea has recently been reinvestigated by Kusunose and Miyake (1996), where
it is assumed the atomic motion is in a simple parabolic potential which can be
regarded as a localized Einstein phonon described by the Hamiltonian

I = 2(b'b=1) (3.4.33)

on each site, where @ is the phonon frequency and b’ is the phonon creation
operator. The phonon operators are described alternatively in terms of a pseudo-
fermion operator b, which annihilates the state with 7 excitations, so that we may
write equivalently
Iy = 0 anj;bn. (3.4.34)
n
Kusunose and Miyake truncated this model to the states » = 0,1. For matrix
elements involving the atomic coordinate Q in the direction along the possible
deformation (Z direction) then the harmonic oscillator wavefunctions for the
n=0,1 levels are used. The atom electron interaction is similar to that given by
equation (3.4.30). The n = 0,1 states are even and odd under z reflection (z — - z).
Then the Hamiltonian (3.4.3) is expanded in r (in the notation of Kusunose and
Miyake, Q = ¢(b + b')) keeping only the first- and second-order terms. In order to
mimic the left and right states for this starting parabolic potential, the states with
pseudo-spin Tand ¥ are introduced as

1 1
b= bo= br), b= (o + b, (3.4.35)

and then all the operations for the atomic states can be described by Paul operators
acting in the pseudo-spin space. Using equation (3.4.30), the interaction V};, can be
calculated and decomposed into Pauli matrices in the pseudo-spin states in the i;
space of conduction partial waves. The Hamiltonian then takes the form described in
section 2.1.2.2, with a special initial value of the couplings v* and v*, with v = 0.
Kusunose and Miyake then apply the renormalization group in the form described in
section 3.4.2. When the relatively large value of the initial splitting A™ ~ scales to
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smaller values, this is interpreted as the formation of a TLS by effecting smaller
direct coupling and overlap between the states with pseudo-spin T and ¥ It can be
seen that the formation of the two-channel Kondo ground state requires very special
initial parameters as has been discussed in section 3.4.1.6. Kusunose and Miyake do
not solve this problem by starting with larger overlaps.

This scheme represents a good starting point for further work, but for a more
realistic and elaborate theory it will probably be necessary to include the higher
excited states n=> 2 and perhaps the continuum states must also be taken into
account (see section 3.4.2). More states may lead to better localization of the atom in
the left and right wells and smaller overlap for the lowest left and right states.

3.4.4. Next-leading-order scaling for model U and Ce™* ions

3.4.4.1. Kondo scale in the U** case. As derived above in the isotropic limit, the
Kondo scale in this case where the bare couplings are isotropic is, for the
quadrupolar Kondo model,

e

1
= Dolg| exp( ;) (3.4.36)
with g = 2N(0) V2 [&.
We shall consider the Ce** case separately.

3.4.4.2. Stability analysis for U*" ions. As in the discussion above for the TLS,
we anticipate a non-trivial fixed point for the quadrupolar Kondo effect of a U**
ion. This fixed point is stable against anisotropic exchange, and destabilized by
applied spin field (precisely analogous to the relevance of the TLS splitting and
spontaneous tunnelling discussed above) and applied channel field (splitting of the
exchange integrals). In these cases, all the analysis carries over completely from the
TLS discussion, modulo the change in sign of coupling constants and the use of
spin-3 matrices.

We also would like to show that the scaling to a twofold degenerate conduction
pseudo-spin space discussed in the leading-order scaling analysis (section 3.3.3.2)
also carries through in next-leading order. We employ the same notation as section
3.3.3.2. The generalization of equations (3.3.36a)—(3.3.36 ¢) in next-leading order
follows from the renormalized parquet diagrams of figure 31 and gives

Figure 31. Next-leading-order scaling corrections to the quadrupolar Kondo model with
two I's quartets. The indices a, b, ¢ and d refer to the possible 8, 8- labels derived
from the two conduction-electron I3 quartets which come from the j = g, % partial
waves (see figure 23 for the leading-order diagrams). The diagram on the left is a
vertex correction, while the diagram on the right gives the self-energy renormalization
which must be subtracted as discussed in section 3.4.1.
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ﬁig = - (gé,s + gé,s») - 888 (g§,8 + g§',8' + 2g§58') Tt (3.4.374)
0gs. 8-

68x8 =" (gg,,s, + gé,s,) - 888 (gé,s + g§',8' + 2g§58') o (34.375)
0gss, _ 2 2 2

ax - _ g8,8' (g8,8 + g8f,8') - g&)g, (g&)g + g8,’8, + 2g8,8/) eee (34 37 C)

By taking the difference of the first two equations and comparing with the third, we
again conclude that

g8 (x) = o E;s,g (x) - gs.8 (x)] (3.4.38)

meaning that the integration constant ¢y = asas, /(a3 - a3,) once again. Now, with a
little algebra it is possible to show that

gé,s + gé,,g, + 2g§,g, = (?)2 + (E’)z (3.4.39)

so that the scaling equations for g,g”

5~__ - g[ +%) ] (3.4.400)
and
Eo -z @ (34400)
o=@ - @ 4.

These equations admit the non-trivial fixed pointsg=-1,gr=0,2=0,2r = -1
(both two-channel fixed points) and § = g~ = - 3; this is a new non-trivial fixed point,
which is the four-channel Kondo model fixed point (the scaling equations and fixed
point value are the same at this order). However, an analogous analysis to that of the
channel field splitting applies here as well (see section 3.3.3.2) and we see that the new
non-trivial fixed point is unstable so that, whichever coupling g, g~ is larger, we shall
flow to the two-channel fixed point associated with that coupling. Then a linearized
stability analysis around, for example, g = 1, g = 0 shows that an added perturba-
tion of g~ is irrelevant. Hence, even if we begin with 2-(0) # 0, if it is smaller than
2(0), we shall quickly flow to the subspace where only g is present. In the present
model, since we begin with g-(0) identically zero, we shall always simply select out
the bonding combination of Iy orbitals and flow to the two-channel fixed point
associated with that combination.

3.4.4.3. Next-leading-order analysis for Ce®* ions. For Ce’™ ions, the different
exchange strenghts for the I7 partial waves and the I3 partial waves couple at
third order, as shown by the diagrams in figure 32, and the resulting scaling
equations are (Kim 1995, Kim and Cox 1995, 1996, 1997)

Og1 _

S = -9 2e(e + 2 (3.4.41a)
and

0

=g e+ 28d), (3.4.41)

with g18 = N(O)J7,8.
These equations have three possible low-temperature behaviours
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Figure 32. Next-leading-order vertex corrections for a Ce®* ion with both f°—f! and f'-f?
valence fluctuations. Corresponding wavefunction renormalization factors must be
subtracted as per the procedure in section 3.4.1, and in the case of figure 31.
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Figure 33. Multiplicative renormalization group flow diagram for the Ce** ion in next-
leading order. The horizontal axis is the dimensionless coupling of the I5 Ce** spin
to the I7 conduction states, and the vertical axis is the dimensionless coupling
strength of the [7 Ce®* spin to the I3 conduction quartet. Along the line g7 = gs, the
three-channel fixed point is stable. A slight derivation from this behaviour gives rise
to the two-channel fixed point (assuming that |g7| < |8g|), or the single-channel
strong-coupling fixed point (|g7| > |gg|). For more details, see Kim (1995) and Kim
and Cox (1995, 1996, 1997).

(i) When g7 —00, gg = 0, then we get the normal Kondo behaviour for the
Ce’" ion.
(i) When g7 = gs = - 3, we obtain the three-channel Kondo fixed point.
(ili) When g7 = 0, gg = - 1, we obtain the two-channel Kondo model fixed point.

In case (i), we see from the lowest-order results (quadratic term in equations
(3.4.38 a) and (3.4.38 b)) that, if we start with |g7 (0)| > |gg (0)|, g7 will grow more
rapidly than gs with initial scaling; so we conjecture that we shall flow to the normal
Kondo fixed point. This is substantiated by the non-perturbative NCA results we
shall discuss in a later section. If we make g7 = gs initially, we shall remain on the
g7 = gs line throughout the scaling and thus flow to the three-channel Kondo fixed
point at low tempertures. This fixed point is unstable against any deviation from the
equality of the couplings; the linearized stability analysis shows that, if one applies
g7 < 0, ogs > 0, one will begin to flow towards the normal Kondo fixed point, while
reversing the inequality will drive one to the two-channel fixed point associated with
the I's coupling. Finally, if we begin with initial couplings such that | g8 (0)| > | g7 (0)|,
we shall flow to the two-channel fixed point with g7 = 0, and any added g7 coupling
is irrelevant about this fixed point within the linearized analysis. These results are
summarized in the schematic flow diagram depicted in figure 33.
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Figure 34. Multiplicative renormalization group flow diagram for Ce®* ion when channel-
spin-spin coupling is included (and coupling to the I7 conduction space 1s set to
zero). In this case the I conduction quarters either can couple as two spin-3 objects
to the I7 Ce** conduction quarters (dimensmnless coupling strength gg) or can
couple through a mixed channel-spin—spin tensor (dimensionless coupling strength
Zs). This leads to competing fixed points. The fixed point for positive gg and zero g3
1s the usual two-channel fixed point. The fixed points for negative gz and finite gg are
such that the I's manifold acts as a single-channel spm- band coupling the spln-"' im-

purity. For further details, see Kim (1995), Kim and Cox (1996) and Kim et al. (1997).

g=-2¢

The dividing criterion on the dimensionless cou thngs corresponds to the
comparison of the quantum fluctuation weights of f’, f* in the ground state. Using
second-order perturbation theory, one can easﬂy show that the lowest-order estimate
for the occupany deviation of f' towards f° is about 27(0), and similarly for f!
towards f* the occupancy deviation is about 2gz(0).

3.4.4.4. Next-leading-order scaling for Ce®* ion with channel-spin—spin coupling
included. Extending the leading-order analysis of the last section, we follow Kim
(1995), Kim and Cox (1996) and Kim ez al. (1996) and develop next-leading-order
scaling equations for the Ce®" model _in which we set couplings to the I7 partial
waves to zero and retain only the Js, Js couplings of section 2.2. The development
of the next-leading equations follows precisely that of the preceding sections, and
we obtain

O - ~

g sE@ B (3.442)
and

oz - ~

—a% = - @B - Tl + ). (3.4.43)

These equations have four fixed points:

(i) g8 = gz = 0 (the weak coupling fixed pomt)

(i) g8 =1, @3 = 0 (the two-channel Sy = 3 fixed point);
(iii) gs = -3, s =2(S1 = 2, Se=13 ﬁxed pomt)
(iv) g8 = -1, @ = = 2(S1 =3, Sc =3 fixed point).

A linearized analysis about the fixed points (ii)~(iv) confirms their local stability
in the gs—gs plane, and the non-trivial character of the fixed points (iii) and (iv). As
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indicated in the discussion of leading-order scaling, the special properties of the lines
g8 = *gg /2 are maintained owing to the special symmetry properties of the system
along these lines. A complete schematic scaling diagram is displayed in figure 34.

3.4.5. Physical properties in the 1[M expansion

According to the suggestion of Noziéres and Blandin (1980), for large channel
number M > 1, the fixed point V* = 1/2M (see equation (3.4.16)) is in the weak-
coupling limit. As a result, the analytic renormalization group calculations based on
a perturbative expansion will be perfectly adequate to treat the properties at all
temperatures. The physics may be computed in an expansion of powers of 1 /M. This
contrast with the conformal field theory which is only applicable in the low-
temperature regime. Furthermore, within the perturbative renormalization group
treatment, dynamical quantities may be computed as well which is beyond the scope
of the Bethe-Ansatz method. (We remark that the large-N, M NCA approach
discussed in section 5.1 also can treat all properties.) Thus, the 1/ M expansion gives
two different types of information.

(i) The result can be compared with the conformal field theory approach to
check the assumed conformal invariance and related hypotheses.

(i) The method can be used to evaluate physical properties in the entire
temperature regime.

The actual performance of perturbation theory to higher orders in the coupling
constant and the feedback into the renormalization group equations are very
technically involved matters, as so we shall quote only some of th main results from
the literature. The interested reader may turn to the original articles for further detail.

Muramatsu and Guinea (1986) were the first to make use of the 1/M expansion,
and Gan et al. (1993) carried out a more extensive set of calculations up to the next-
leading logarithmic order. The former work is based upon application of the
bosonization technique developed by Amit ez al. (1980), while the latter workers
used a path integral method. The latter workers assumed an isotropic exchange and
spin-3 impurity and conduction spins, as we shall throughout this section. We shall
refer to the work of Gan et al. henceforth.

In the vicinity of the weak-coupling fixed point, the effective exchange coupling g
behaves as (see equation (3.4.18))

_ 1 L) (x\*
g =Tt ( g0 - 2M) ( xo) > (3.4.44)
where
_2 2
= M( |- M) (3.4.45)

as computed to the two leading orders by Gan er al. (1993). Assuming that x
measures the frequency, this equation may be rewritten

A
_ s ] o

gw) =g - C( TK) , (3.4.46)
where to leading order £= 4/eMP, e is the natural logarithm basis, and Tk =
Dg"”exp (- 1/g). Making use of the linked-cluster theorem, they obtain the free
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energy through order g* and from this compute the impurity contributions to the
specific heat Cimp(T'), magnetic susceptibility imp(T) and zero-temperature residual
entropy Simp(0). The results are

3 ﬁ l 24
Cinp(T) = =3 CzA( TK) , (3.4.47)
2 24
i (T) :(%) %(T—TK) , (3.4.48)
Simp(0) = In 2 - % (3.4.49)

The resulting Wilson ratio (the dimensionless ratio of susceptibility to specific heat
coefficient) depends on M as

_ i [ Ximp Couk) _ M

R ;1310( Cimp Xbulk) 36° (3.4.50)
where Coue = 2M7C TN(0) /3 and ypuk = 2MN(0). The Bethe-Ansatz and confor-
mal theory exact results give Yimp(T), Cimp(T) /T 0 THM*D-1 yhich clearly agrees
to within leading order in 1/M in the exponent. For comparison of the amplitudes,
Bethe-Ansatz and conformal theory give for the entropy

_ T T T
Simp(0) = ln[2cos( W+ 2) ] ~ln 2+ ln( 1- _2M2) ~In 2 - _2M2’ M — o0

(3.4.51)
and for the Wilson ratio
_4rme+r M M
R= 6 N6 M — 0. (3.4.52)
Gan et al. also computed several dynamical quantities. The electrical resistivity is
found to be
_ 3 T\*
o(1) =2 cPU[1 - M(;( TK) ] (3.4.53)

where c is the impurity concentration and pu corresponds to unitary scattering off
the impurity. The exponent of the next-leading correction obtained by conformal
theory is 2 /( M + 2) which agrees to leading order in 1 /M with the above expression.
Note that the pre-factor 37 /4 M? may be interpreted as spin disorder scattering;
computing the spin-disorder scattering from an impurity with dimensionless
coupling strength 1/2M gives precisely this estimate. Clearly, this saturation of
o(T) contrasts with the T2 saturation found in the conventional Kondo problem.
The lack of Fermi-liquid behaviour is made more concrete by studying the
dynamic spin susceptibility x~. It is found that the spin fluctuation power spectrum

v, T) 3 [max(T,0) “AD)
o 4t 1 @+ A(T)>

(3.4.54)

where A(T) = 41T /M. In the single-channel Kondo problem, a Lorentzian form
works rather well to describe y~ /o, but A ~Tk. The vanishing width at low T
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Figure 35. Leading-order —multiplicative renormalization group diagram for the
SU(N) x SU(M) Cogblin—Schrieffer model (N is spin degeneracy, and M channel
degeneracy). The wavy line is an SU(N) exchange vertex, the broken line a pseudo-
fermion line for the local SU(N) impurity spin, and the solid line a conduction-
electron line (these carry both channel and spin).

found here contrasts with the local Fermi-liquid theory of the single-channel model
and agrees with results found for the two- and three-channel model using the NCA
method (Kim 1995, Kim and Cox 1995, 1997) (see sections 5.1 and 5.2).

We shall further compare these large- M results with the NCA (section 5.1),
conformal field theory (section 6.1) and the Bethe Ansatz (section 7) later in the

paper.

3.4.6. Next-leading logarithm results in the SUN) @ SU(M) Cogblin—Schrieffer
model

In this section we wish just to briefly point out that when a Hamiltonian of the
form in equation (2.3.2) is used, the origin of the next-leading-order term in the S
function has a different origin than in the spin exchange model.

The first point is that, at second order in the coupling strength, the only diagram
possible is that of figure 35. Note that we have drawn the exchange vertex as an
extended wavy line. This diagram corresponds to a dynamical dressing of the
exchange interaction through pseudo-fermion particle-conduction hole pairs. The
contribution to the S function from this diagram is simply - Ng* where g = N(0).J is
the dimensionless coupling strength.

The next point is that, at third order in the coupling strength, no vertex
correction can be written down for the Coqblin—Schrieffer Hamiltonian. Thus, all
corrections to third order arise solely from the pseudo-fermion self-energy (Coleman
1983). When this is evaluated for the Cogblin-Schrieffer model we find that

D
b) A - 2 — 4.

(@, T) MNg a)ln( . {a) T}) (3.4.55)

and the resulting scaling equation for the coupling is
@ : 3

e + O e

O N(g"+ Mg ). (3.4.56)
If we solve for the Kondo scale at this order, we find

1

= Y R

T = Dlg(0)] exp( Ng(O)) : (3.4.57)

Equation (3.4.57) gives the fixed-point coupling strength g* = - 1/M; the slope of
the B function at the fixed point is B-(g") =- N/M, so that g(x)~g'+
Og (x/x0)” NiM . Defining Y= M/N, we see that an expansion in 1/Y is possible
about the ﬁxed point. We see that the leading deviations from the fixed point are
irrelevant, since as x grows the second term shrinks. Clearly this results agrees with
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equation (3.4.45) when N = 2; so the physics is the same as the more conventional
Kondo exchange model in that case.

From this perspective, it is clear that the NCA to be discussed in section 5, which
produces self-consistent analytic solutions for the self-energy of the pseudo-fermion
and pseudo-boson of the SU(N) ® SU(M) Anderson model is in some sense just the
proper analytic continuation of the third-order scaling theory. The pseudo-boson
self-energy should just be viewed in the Coqblin—Schrieffer context as dynamical
dressing of the exchange by pseudo-fermion particle—conduction-hole pairs (or
particle—particle, depending on which configuration the pseudo-boson resides in).

3.5. Path integral approach to the two-level system problem

A separate approach which has been frequently used is the path integral method
first pioneered by Anderson, Yuval and Hamann (AYH) (Anderson et al. 1970,
Hamann 1970, Yuval and Anderson 1970). This approach yields renormalization
group differential equations which have many of the features of the leading and next-
leading scaling theory but are different in a number of respects that we shall make
clear. The basic idea is to map the problem to a classical one-dimensional Coulomb
gas problem. Renormalization group equations are then derived for this Coulomb
gas. The screening interaction V* gives rise to phase shifts which will be expressed in
terms of the ‘charges’ of the Coulomb gas, while the tunnelling processes give rise to
‘fugacities’ and may make contributions to the charges as well. The contributions to
the charges are determined by the electronic transitions combined with the tunnelling
processes. In making this mapping, the local conduction Green’s function is
approximated with a long-time form which allows one to pick up leading logarithmic
behaviour to all orders in V. Hence, the path integral approach allows the phase
shift to be introduced in the place of V* for terms that are of the leading logarithmic
order. However, the tunnelling terms which give the fugacity must still be treated
perturbatively, and the long-time approximation does not allow next-leading
logarithms associated with 1* to be picked up. Hence, the renormalization group
equations are something of a mix of leading and next-leading logarithm theory
treated both perturbatively and non-perturbatively. While it is a great advantage to
have V* treated non-perturbatively at least in leading logarithms, the phase shift is ill
defined at the non-trivial fixed point. Hence, the present method is useful for giving
some overall view of the scaling flow tendencies and is not to be relied upon in the
vicinity of the non-trivial fixed point.

The path integral approach to the TLS model is very elaborate and cannot be
followed without studying the original papers (Zawadowski and Zimanyi 1985,
Vladar er al. 1988a, b). The present section provides only a brief outline by pointing
out some of the crucial steps and the additional complications in comparison to the
treatment of the Kondo problem by Yuval and Anderson (1970).

In the previous treatment of sections 3.3 and 3.4, the renormalization group was
constructed by determining the B function up to the third order in perturbation
theory. This is an internally consistent approach in the weak-coupling limit. In
physical applications, however, the screening coupling v* can be large while the other
two remain small v*, v < 1. This situation is thus a hybrid of weak and strong
coupling. A systematic treatment has been worked out in which the phase shift
associated with an arbitrarily large v* is combined with small v*,v’. The renormal-
ization group is constructed by using the path integral method only in th leading
order of v*,»" and thus the next-leading results given by equation (3.4.12) cannot
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Figure 36. The classical path of the pseudo-spin o~ is shown as a function of the imaginary
time 7. T, 72,...are the times of the jumps.

be reproduced exactly (the terms are similar, but there are differences in the
coefficients).

We now describe the main procedure following AYH (Anderson et al. 1970,
Hamann 1970, Yuval and Anderson 1970). The TLS flips between two states.
Following each flip the screening cloud starts to build up. If the flips are far enough
apart in time (figure 36), the screening can be described by the long-time shift.
Assuming that the flips are spontaneous, the problem was solved by Yu and
Anderson (1984) using the AYH method, where the free energy is constructed with
the imaginary-time path integral method. The electron variables are integrated out
so that the free energy depends only on the classical path of the TLS on the time
interval (0, ) (see figure 36). The interaction along the time axis between the flips is
logarithmic as in a one-dimensional Coulomb gas. We note that Yu and Anderson
also (1984) considered how the TLS forms beginning with a single-well potential and
assuming strong electron—phonon coupling.

The current problem is more complex than that considered by Yu and Anderson
(1984) and Anderson and Yu (1985), as discussed by Vladar et al. (1988a, b) since,
even if the electrons are integrated out, the partition function still depends explicitly
on the particular choice of the interaction at the different time points and the
summation over the different realizations of those interactions cannot be given in a
closed form. The problem without assisted hopping was studied by Black and
Gyorfly (1978) using AYH techniques. In what follows, we shall summarize some of
the main ideas to give an overview of the work in the original papers, leaving the
technical details to those texts.

For simplicity, assume that a linear combination of angular momentum channels
is used which diagonalizes the screening interaction so that V;, = Gum (see
equation (2.1.29) for the definition of V;,,,). Now we consider the classical path
o’ (1) of the tunnelling atom shown in figure 36 where the states of the atom are
characterized by the Ising variable o = *1. (We note that the representation in
terms of these Ising variables may be effected directly by the discrete Hubbard—
Stratonovich transformation introduced by Hirsch (1983) and Hirsch and Fye (1986)
(Zhang 1994).) If one considers only the V* interactions, then different time-
dependent potentials V;,(t) = V;o° (1) are acting on the electrons of angular
momentum m. This potential is shown in figure 37 (a). Each flip of o is associated
with either a spontaneous flip or an assisted hopping process that turns the pseudo-
spin either up or down, and which must also be characterized by the angular
momentum channels of the incoming and outgoing electrons. In statistical physics, the
probabilities of these hoppings are introduced as fugacities, which we define here as
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Figure 37. (a) The jumps of the quasispin are shown and the fugacities are also indicated.
(b) A particular choice of the connecting of the different fugacities by electron lines is
shown.

_ + o+ .
Y= AOTO) Ymms = Vium-POs  Vium, — me,PO (351)

where T is a short time cut-off replacing the bandwidth, that is 79 ~%/D. Note that,
even if the interaction V'~ is diagonal, the interactions V= need not be diagonal in the
angular momentum indices. In figure 37(b), we illustrate the electron hops by
projection of the Ising variable flips down to interaction points labelled by the
angular momentum index. Note that the V* interactions are not represented by
points as they must be treated as time-dependent potentials. These are consistent
between points along the projection line.

The continuous electron lines which connect the interaction points in figure 37 (b)
can have either up or down real spin. The continuous lines must form loops with the
number of loops depending on the way the connections between points are made.

Let us first consider the effect of the time-dependent field on an electron in the
angular momentum state m. In the presence of the potential V, (1), the Dyson
equation of the one-electron Green’s function is solved. Applying the technique of
Nozieres and de Dominicis (1969), the Green’s function depends on the time
positions T; of flip i. The on-site Green’s function in the angular momentum state
m has the form for long times |T - T/| > T (where T is a short-time cut-off)

Gn(T,17) = —L0—cos? S exp ( Zc?’ In

Ti- T/

T=- Tr

) . (3.5.2)

- =T
The denominator (t- )" " is due to the long-time approximation of an unper-
turbed electron leaving and arriving at the TLS. The phase shift d, is used instead of
Vi, with

Sy = - tan™ ' (V7). (3.5.3)

The coefficients ¢} are introduced to indicate whether the spin flips up or down at flip
time #, so that
p_ G+ 0" &(w-o0")

¢ = ——. (3.5.4)

Calculation of the part of the electron line contribution to the diagram of figure
37(b) from the exponential factor on the RHS of equation (3.5.3) gives a result
independent of the way in which the different interaction points are connected. This
does not hold for the products of the first factor 1/(t - 7). Anderson et al. (1970)
noticed that for a given channel M the sum of the various contributions of the
products of those factors forms a Cauchy determinant of order N which is
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-1 :Hi<i»(Ti - e (T - )
Hij(Ti = 'FJ) ’

where 71, ,..., ™ and T, T,..., T~ are the time orderings of the times where the
electron is created and annihilated respectively. This is valid only if the electrons are
created and destroyed at different times which we assume for the time being.

With this assumption, the partition function can be written in the form of a sum
over configurations which we explain presently. The interaction points T; are on the
imaginary-time axis in the interval (0,) as shown in figure 37(a). Each point is
associated with one of the fugacities y,yy.,. (There are other fugacities )°,y%
generated for technical reasons that we shall not discuss here.) That association is
called a configuration {oc} If the fugacity describes the assisted process, the angular
momentum indices of the outgoing and incoming electron lines (m,n) must also be
added, which forms another configuration {m,n% Finally we need a combinatorial
factor R= =*1 which is defined in the original paper of Vladar et al. (1988a). The
resulting partition function is summed over loops of length N and the configurations,
giving after much work the result

det (1 - T) (3.5.5)

N

o0 N
z=3 1'% ;( fg yjm( Hcm))
= oy yn i Jj=1 =1
i+1= T0 2= T0 N N
XTngdTN...f dn...f dTlRexp(ZCi‘C}ln
0 0 0 <)

T - TZ'
T ?

(3.5.6)

where the real spin degeneracy has been set to 1 for the moment for simplicity. The
time 1 <D~ ! serves as a short-time cut-off for the problem. The matrices o(or) are
c',o o ata given time point for the fugacity configuration {O((Ti)} and depend on
whether the TLS pseudo-spin is flipped up, is flipped down or does not change. The
vector ‘charge’ C; has components indexed by the angular momentum label m and is
given by

_G(t+0") - Su(m-0")

Cim - T (3 57)

for spontaneous tunnelling, and

- 5/”('6‘ + O+) - 5/;1(Ti - O+)
TT

CW + 611,"1 - a’n,n (358)
for assisted tunnelling, with the index pair m, n associated with the charge. (For
technical reasons in the initial papers of Vladar ez al. (1988a, b), charge matrices were
used instead of vectors in order to avoid the diagonalization of V},,.) The phase
shifts are due to the exponents in equation (3.5.2), while the Kronecker delta terms
take into account the determinants. Note the analogy to the one-dimensional
Coulomb gas with a logarithmic interaction; the vectors C; take the place of the
charges.

Clearly at this point a great complication has occurred relative to the ordinary
spin Kondo problem. In the latter case the configurations {oc} and {m,n} do not
occur because the spin flips occur in a simple alternating way (+ - + - + - -+



01:19 22 March 2011

[ CAS Chi nese Acadeny of Sciences] At:

Downl oaded By:

Exotic Kondo effects in metals 711

Because of this, the more complex charge factor of equation (3.5.6) is simply
replaced by (- 1)"/8/min the ordinary Kondo problem.

A second complication is even more serious. It can happen that, at a time point T;
of an assisted tunnelling process, the electron is annihilated and created with the
same angular momentum index m = n. In that case, 7; = T; so a divergence appears
in the expression of the Cauchy determinant in equation (3.5.5). The divergence can
be eliminated by the short-time cut-off T, by splitting the time of annihilation and
creation by 1 (i.e. as T = T; + ). This complication results in a separate treatment
of the Hartree-Fock (HF) terms in which a single electron line is attached to the
aforementioned time point. This leads to the introduction of HF fugacities.

The main consequence of this complication is that a charge at time 7; can interact
with two charges at the points T and 7 = 7; + 7. Since the interaction of the one-
dimensional Coulomb gas is logarithmic, the following expression will appear in the

sum over interaction terms:
T- Tt G-

In ’ i

= (3.5.9)

T T

- In

To T

where |-ri - Tj| > 7. Thus the charge at point 7; interacts with the opposite charges,
forming a dipole at ;.. Therefore, in the m = n case, dipoles must be introduced
which lead to charge—dipole interactions. For a complete discussion of all these
complexities, we refer the reader to the original papers by Vladar et al. (1988a, b)
where the complete expression for the partition function is given.

The derivation of the scaling equations follows a delicate and cumbersome
procedure. The idea is to eliminate the short-time behaviour in small steps or in
other words to replace T by T + dto where d is the increment in the short-time cut-
off. In that case, if a pair of flips are eliminated, they must be replaced by a single flip
or an interaction without a flip. This leads to the essential renormalization of the
fugacities and the phase shifts.

Restricting to the case when only two angular momentum states are important
but the channel number (real spin here) is allowed to be arbitrary (M), the scaling
equations are expressed in terms of the phase shift &, the fugacity y for spontaneous
tunnelling and the fugacity y. for assisted tunnelling where the m, n dependence of
equation (3.5.1) is now removed by decomposing the fugacities in Pauli matrices
times the amplitude. The scaling equations are given by

dem o ams 2%
d(ln To) B yi 1- T - T ° (351061)
_dya _ [ Ms
y 2
d(l?l ) - y[l B 41\4( i) ] (3.5.10¢)

These are similar to the scaling equations derived previously assuming that
v" = and the correspondence Aot <Ay /D = y, and that to linear order §=
- o7 + O(p” [). To within leading logarithmic order and the expansion of the phase
shift, they agree with the results from the multiplicative renormalization group
treatment (see section 3.3.1). Considering the next-leading order, some terms are
missing in the scaling equations presented above. This means that this derivation is
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not completely systematic, which can be traced back to the use of the long-time
approximation for the Green’s function. The other main difference from the scaling
equations derived previously is that the spontaneous tunnelling occurs in equation
(3.5.10a) which describes the renormalization of the screening interaction. In the
multiplicative renormalization group treatment, the electronic phase space is reduced
and the spontaneous tunnelling only occurs as an infrared cut-off in the logarithmic
integrals. That is the origin of the difference in the scaling equations which has
already occurred in the commutative model (Black and Gyorffy 1978, Black et al.
1982).

We now want to discuss the most interesting features of the scaling equations
(3.5.10 a)~(3.5.10 ¢). First, ignoring the spontaneous tunnelling in equation (3.5.10a),
we see that the phase shift renormalizes to the value

5 :ﬁ (3.5.11)

which seems to have some connection to the fixed point given by equation (3.4.16) if
we expand the phase shift to linear order in v*. However, we must remind the reader
that at the non-trivial fixed point the phase shift loses physical meaning since the
projection to outgoing one particle processes is zero (see figure 4 in section 1, and
section 6.1.3). Clearly, however, the flow to a non-trivial phase shift (5 # 0, /2) is
indicated by this procedure. The same result emerges from a Friedel sum rule
estimate of the number of electrons tied on average to the tunnelling centre,
Z = 1=2MS5/m Indeed, for an infinitesimal applied spin field in the two-channel
problem, the phase shift experienced by up- and down-spin electrons is *=7t/4 (see
section 4.2 and 6.1.2). Next, if we consider the scaling of the fugacities, the primary
results are firstly that y, increases if 5(0) < 7/ M, which is always satisfied for M = 2
since 8(0) < 7/2 is assumed and secondly that y increases if 8(0) < 1/2M'/? but
decreases otherwise, hence giving localization to one well ( y = 0) if the condition is
reversed (Yu and Anderson 1984). For more channels (M > 2), y» — 0 may be the
case so that localization in one of the potential wells occurs.

In a recent paper, Moustakas and Fisher (1995, 1996) used the path integral
approach to study the commutative model of TLS (V7 # 0; V* = V¥ = 0) with an
additional potential scattering term at the TLS site (see V/%/?, in equation (2.1.7)).

This problem has already been studied by Kagan and Prokof’ev (see e.g. Kagan and
Prokof’ev 1992). Suppressing the spin indices, the interaction part of the Hamilto-
nian is written as

Hy = Vilclee + chco) + Vilclee = clieo) + V3o (cleo + clee), (3.5.12)

where e and o refer to even- and odd-parity combinations of conduction states about
the TLS centre (see appendix B for a discussion of how to generate these states).
Moustakas and Fisher (1995, 1996) pointed out that the presence of both ¥ and V>
can be relevant in determining physical quantities through a modification of the local
conduction density of states and in the modification of states near the band edges in
the renormalization process. Indeed, one can sum up the diagrams involving the one-
particle Green’s functions diagonal in the ¢ and o indices (Zawadowski ez al. 1997).
The associated two spectral functions are smooth, but the density of states is
depressed by the increase in bandwidth. The remaining coupling V3 can be treated
in a rotated representation of the TLS where - o™ replaces o”. Application of the
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Figure 38. Diagram resulting in the generation of artificial interaction terms in the
elimination scheme (i). The bold line represents the motion of the heavy particle. The
artificial interaction is generated by the elimination of a spontaneous tunnelling event
Ao and a potential scattering close to it (¥12). The lines with arrows represent the
conduction electrons.

multiplicative renormalization group shows that the resulting model belongs to the
commutative class, so that the coupling V3 remains marginal after making it
dimensionless by multipling by the density of states that has been renormalized by
V1, V2. In this formulation, no new coupling is generated. The formulation of
Moustakas and Fisher (1995, 1996) using the path integral approach derives a
generalization of the scaling equations (3.5.10 a)«(3.5.10 ¢) by introducing an infinite
number of new couplings. Among them the assisted tunnelling coupling V" is also
generated by eliminating a close pairing of a V2 potential scattering with a
spontaneous hopping Ao as shown in figure 38. This generates an assisted hopping
term of the order of V240 in lowest order. The serious consequence of this result is
that the induction of this interaction V* which fails to commute with /* changes the
universality class to the fully non-commutative model, away from the marginal line
of fixed points associated with V™ = 17 = (.

Considering that essential differences arise between the results obtained by the
leading logarithms diagrammatic approach and the program of Moustakas and
Fisher (1995, 1996), the following questions are raised.

(i) The introduction of the coupling V> which breaks electron-hole symmetry
renders the V* = constant, V* = V¥ =0 line of fixed points unstable as
mentioned above; assuming that we start with bare V* = 0, can we get close
to the TLS two-channel Kondo fixed point?

(ii) There are two essentially different path integral approaches which may be
adopted. In the space—time scaling, one integrates out short regions of time
between interaction lines. In the first approach, only those times eliminated in
the space—time scaling in which both ends are connected to electron lines
(Vladar ef al. 1988a, b, c). In the second approach of Moustakas and Fisher
(1995, 1996), as discussed above, a spontaneous tunnelling process combined
with potential scattering at short times generates an effective V', even though
there is an absence of interaction between the dynamical degrees of freedom
of the TLS and the conduction electrons. The question is which approach
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generates the physical scaling equations, where the generated couplings can
be directly used to calculate the quantities of physical interest (e.g. the
resistivity), since at most one approach can be correct unless a mathematical
equivalence is established.

We may answer the first question with assistance from symmetry considerations
(Zawadowski et al. 1997). Consider a commutative model with V* = J7 =0,
V240, A°=A0#0, and A° =A = 0. The Hamiltonian is invariant under the
following combined symmetry operation:

(i) interchange the L, R indices of the tunnelling TLS;
(ii) apply electron-hole symmetry in both the ¢ and the o channels, that is
Cep —)cZ,O (where we have suppressed spin indices).

Note that, without explicit spin dependence, we need not introduce the customary
(- 1)1/ *"° factors because they cancel in pairs. (The electron—hole transformation is
defined in this way where the electrons and holes are at the same sector of the Fermi
surface, and the density of states and couplings are replaced by their values taken at
the Fermi surface. That transformation is equivalent to one of the transformations
used by Affleck er al. (1995) (see section 9.3.1). An additional symmetry is that of
time reversal, which gives ceT(O) = Ce(o) and d = d;, i = 1,2, assuming that all the
atomic wavefunctions are real. Furthermore, all ¢ numbers are replaced by their
complex conjugates under time reversal. The Hamiltonian of equation (3.5.12) is also
invariant under that transformation. Finally, going over to the left and right states
defined by equation (B.1.7a) and (B.1.7 b) of appendix B, the symmetries discussed
above lead to the conservation of total number of electrons separately for left and
right states, as is pointed out by Moustakas and Fisher (1995).)

It is clear that the spontaneous hopping interaction and the V* coupling are
unchanged under this transformation, as is the conduction band provided that it
begins particle—hole symmetric. However, the assisted hopping terms proportional to

o (clee + ¢l co)
and

io”(clce = clco)
change sign under the transformation, as does any potential scattering (specifically
the 7' and V? terms). A dependence of fixed-point stability on particle~hole
symmetry is also found in the two-impurity one- and two-channel Kondo models;
see section 9.3.1 and Affleck ez al. (1995) for some details.

Now, clearly the marginal line of fixed points associated with this high-symmetry
Hamiltonian is unstable if small V* and/or V' couplings are introduced that
generate a flow towards the TLS two-channel Kondo fixed point. We now
demonstrate that any potential scattering leads to the same instability by breaking
the same symmetry. This also hinges on the non-zero spontaneous tunnelling term. A
simple diagrammatic summation of multiple-scattering processes results in the
renormalization of the local electronic density of states in both the even and the
odd channels, giving

(3.5.13)

€
Peo = PO( 1+ %,OEO
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e{o) e(O)

Figure 39. Time-ordered diagrams generating the assisted tunnelling process in the presence
of appropriate electron-hole symmetry breaking. The cross indicates a spontaneous
tunnelling between the two positions of the heavy particle. The labels on the electron
lines refer to the even- and odd-parity electron channels with respect to reflection
through the centre of the system.

where Ot o V1 and V> to leading order measures the asymmetry and Ep is of the
order of the bandwidth. We note that the e, o ‘bands’ may have initial asymmetry as
discussed in appendix B (see also section 9.3.2 on the two-impurity model).

In a diagrammatic renormalization group analysis the generation of the assisted
hopping takes place as suggested by Moustakas and Fisher (1995, 1996), but at a
lower order than in their approach, namely in the leading logarithmic order. Refer to
the diagrammatic scaling analysis depicted in figure 39, which displays second-order
vertex corrections including one spontaneous hopping renormalization of the
internal TLS pseudo-fermion line. The contributions of the diagrams shown to the

dimensionless coupling v* = po V'™ are
-D 62 PO aE()

V2 A x E £
(V')A I:Jjezpo(l+(x,Eo

which leads to
_ A
O & (pel = pol) () ar=1In
Eo

D

T (3.5.14)

9

where pe(o), and Ok() may be calculated straightforwardly as an extension of
appendix B. The initial strength of this generated interaction is very weak, as
typically A*/Ey ~107°, v*(0) ~0.2 and o.< 1. Hence, at T ~1K, the generated
dimensionless coupling strength would be of order v* &5 x 10~¢, which is very
small. Below this temperature the generation of the non-commutative couplings will
be stopped owing to the splitting A* ~1K which serves as an infrared cut-off
(figure 40).

Thus the breaking of the artificial combined particle-hole symmetry by intro-
ducing V> does indeed render the marginal line of fixed points of the commutative
model unstable as suggested by Moustakas and Fisher (1995, 1996). However, we do
not expect this symmetry-breaking instability to lead in parameter space to the
vicinity of the TLS two-channel Kondo fixed point. Thus even with the symmetry
breaking present, it appears to be difficult to observe experimentally relevant
consequences.
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Figure 40. Sketch of the scaling trajectories of the TLS. The appropriate electron—hole
symmetries drives the TLS away from the marginally stable fixed line Vx =0
(41 = 0) towards the two-channel Kondo fixed point. The scaling is stopped by the
renormalized splitting, and the final ground state is a Fermi liquid. The freezing out
of the TLS is indicated by a light continuous line.

We now briefly return to question (ii) from above which concerns which path
integral scaling approach is approprite (for more details see Zawadowski et al.
(1997)). The free energy which is the logarithm of the path integral can be computed
by either approach, and demanding invariance of the partition function (free energy)
then leads to different scaling equations for the two methods. In principle this is not a
problem as it may correspond to a simple reorganization of variables. However,
when computing any physical quantity with the obtained renormalized couplings, we
must of course get equivalent physical results if each method is correct, A check is
whether the scaling equations can be made to correspond to the diagrammatic
method associated with the multiplicative renormalization group (leading logarithms
approximation) at the appropriate level of approximation. In this way it has been
shown that the approach in which only those time intervals are eliminated with end
points connected to electron lines gives the same scaling as the multiplicative
renormalization group; physically inequivalent scaling equations are generated by
the second approach of Moustakas and Fisher (1995, 1996). The first space-time
scaling method also has the feature in common with the multiplicative renormaliza-
tion group that in a non-interacting TLS—electron system no new couplings are
generated.

A more general discussion of the scaling trajectories in the model of Moustakas
and Fisher (1995, 1996) was presented by Ye (1996¢), applying bosonization
methods to the problem. This will be briefly discussed in section 6.3. His key finding
is that all scaling goes finally to a Fermi-liquid fixed point.

Finally, we close this section noting that, as will be discussed in section 6.2, the
two-channel Kondo problem can, for a particular value of the coupling V* (phase
shift here) be mapped to a resonant level model as pointed out by Emery and
Kivelson (1992). That model has a strong similarity with the model suggested by
Toulouse (1970). In these studies the mapping is established by bosonization.
Recently, Fabrizio et al. (1995a, b) have established the mapping to the resonant
level model by starting with the path integral formulation. They studied the partition
function by studying its expansion in terms of the perpendicular coupling of the two-
channel Kondo problem and compared with a similar expansion of the resonant
level model of Emery and Kivelson (1992). They have shown that the two expansions
agree term by term for the special value of the longitudinal coupling V* (which
corresponds to J° in section 6.2). The virtue of the path integral approach in this
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context is the ability to study the cross-over regime from high to low temperatures as
opposed to the asymptotic fixed-point regime accessible with the bozonization
approach.

4. Numerical renormalization group approach

Our goal in this section will be to provide an overview of the NRG method
pioneered by Wilson (1973, 1975) for the ordinary Kondo model. We shall stress the
results obtained from this approach which provide insight into the two-channel
Kondo model and the influence of symmetry-breaking fields on that model
Specifically, we shall consider the effects of exchange amsotropy JV 2@ =),
the influence of local and bulk fields which couple to the spin, and the influence of a
channel field which splits the exchange integrals for the electrons in the two different
channels. We shall also discuss a simple ‘shell model’ approach which works
remarkably well for characterizing the lowest few states of the non-trivial fixed
point and appears to generalize to more complex models not treatable by the
NRG.

The original NRG work on the two-channel model was performed by Cragg et
al. (1980), who provided the first non-perturbative confirmation of the arguments of
Nozieres and Blandin for a non-trivial fixed point in multichannel models with
M > 281. These calculations were performed for strong bare coupling values and for
one case where the exchange in one channel differed from that in the other.
Subsequent calculations have been performed by Pang and Cox (1991), and Affleck
et al. (1992) to explore the weak-coupling approach to the transition and the
influence of exchange anisotropy, applied local and bulk spin fields, and channel
fields (through the exchange splitting between channels) in greater detail.

4.1. Logarithmic discretization, Hamiltonian and renormalization group
transformation
4.1.1. Logarithmic discretization of the Hamiltonian
We begin with the two-channel Kondo model given by equation (1.1. 1) Asin the
introduction, we label spin with u = T J and channel index with .= =+. Following
the pioneering work of Wilson (1973, 1975). we transform the Harmltonian in the
following ways.

(1) We logarithmically discretize the conduction band as shown in figure 41. This

means that we s%)ht the band up into a sequence of intervals between

AT"D > | ,7| > A""VD with 4 >1 the logarithmic discretization par-
ameter.

(2) Within each logarithmic interval, we Fourier analyse the conduction states
but retain only the average components. There are two justifications for this
seemingly gross negleect: firstly, only the average states couple to the
impurity spin given the assumed contact form of the Kondo exchange
interaction; secondly, in the full continuum limit (4 — 1), only these average
states survive.

(3) For numerical convenience, we employ the Lanczos algorithm to convert the
Hamiltonian to a tridiagonal basis which has a meaning in position space.
The Lanczos states correspond to electron creation operators fn which
have approximate radial extent of A" Pl measured from the 1mpur1ty In
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Figure 41. Logarithmic discretization of the conduction band for NRG calculations. The

conduction band is divided up into logarithmic bins |A [ ("”), A™" |for electrons and

- [am" AT D for holes, with 0 < n < 00, The states are Fourier analysed on each

b1n and only the average Fourier components are retained (as only these couple to

the impurity operators). [Taken from Krishna-murthy es al. (1980a, b), with kind
permission of the American Institute of Physics. ]

order to get these wavefunctions the hopping amplitudes €, must also depend
upon N. As the electronic energy grows, so does the energy spacing.
Concomitantly, the amplitudes at the impurity site are increased owing to
localization of the electron into smaller volumes. The corresponding
wavefunctions have higher numbers of nodes for higher »n so that
orthogonality holds. The state created by fOTW is just the on-site or Wannier
orbital at the impurity position. ’

Following these steps, the two-channel Kondo Hamiltonian takes the form

Hnrc

© ) . R )
D + 120;# €n (fnlogufn+l,0’y + hC) - S] . Z Sg’a,fozoulfojgju’ (411)

4TG0

O~

where
—n/2(1+A 1)(1_ A—(n+l))
2[ —(2n+1 (1_ A—(2n+3))]/2'

(4.1.2)

The e, values correspond to the radial hopping matrix elements which transfer
electrons from a state in ‘shell’ n to ‘shell’ n + 1. Thus in a way rather different from
the conformal field theory approach and Bethe-Ansatz approaches, we arrive at an
effective one-dimensional problem, with only the radial dimension being important.

4.1.2. Renormalization group transformation

We can define a sequence of finite-size dimensionless effective Hamiltonians
which will reproduce Hnrg in the thermodynamic limit, and which define a
renormalization group transformation. The discretized Hamiltonians are
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Hy = AN ﬁ“ en( fylo fore 1,0 + o) - Z Soar foygy foaw| — (4.13)
=Tty Praoxc
and the limit which reproduces HNRrG is
Hxra = D Jim (4~"231y). (4.1.4)
The renormalization group transformation is
N+2
Hyr = AHy + AN _;W en(f(j;’wﬁzﬂjw + he). (4.1.5)

The following should be noted.

(i) The multiplication by A"/? in equation (4.1.3) has the effect of making the
smallest hopping matrix element of order 1, which means the smallest
resulting dimensionless excitation energy will be of order 1 in the
corresponding spectrum.

(i) The diagonalization of 3y corresponds to finding the effective Hamiltonian
to describe the physics at length scale

Ly ~ANP! (4.1.6)
and temperature scale

Ty ~A~NPp. (4.1.7)

(iii) The need for a step size of 2 in the transformation (4.1.5) is because there are,
generically, different fixed points for even and odd numbers of shells.
Physically, we rescale the system size by an amount Akg' and enquire about
the properties on that scale compared with the previous length scale.

The practical implementation of the renormalization group transformation
(4.1.5) is carried out by numerically diagonalizing the truncated Hamiltonians Hy
for each N and using the states at level N to construct the basis for states at level
N + 1. The diagonalization process is repeated iteratively. A well defined procedure
exists for the construction of these basis states using Clebsch—Gordan technology,
and we refer the interested reader to Krishna-murthy ez al. (1980a) and Jones (1988)
for further details. A fixed point of the transformation (4.1.5) is obtained if the
lowest-lying spectrum of eigenvalues for the successive Hy is unchanged.

The approximation of logarithmic discretization thins out the number of states to
keep for a particular system size quite substantially with respect to he customary
exact diagonalization approaches. Taken together with block diagonalization using
the symmetries that we shall discuss in the next section, the problem becomes
considerably more manageable. Even so, the large degeneracy of states makes full
diagonalization of #y usually impossible for N = 2. Explicitly, the degeneracy is
about 16V at the Nth shell, the factor of 16 deriving from the product of four
conduction states for channel one times four conduction states for channel two
including all occcupancies. A practical way of implementing the transformation
while keeeping manageable numerics is to retain only the lowest few hundred states
at each iteration. While there is no direct proof that this approximation is reliable,
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convergence tests in the original studies (Wilson 1973, 1975, Krishna-murthy et al.
1980a, b) and an a posteriori comprison with other exact methods has confirmed the
general validity of the method. In calculations for the two-channel model performed
on a Sun workstation, typically the lowest 250 states were retained at each N value,
while larger runs performed on a Cray Y MP48 showed no significant difference from
the runs with fewer states.

While the original efforts on the single-channel Kondo model and s-wave spin-3
Anderson Hamiltonian had sufficiently many states within this space to compute
thermodynamic quantities reliably, the higher degeneracy in the present problem
means that practically we may only compute eigenvalues. Nevertheless, a consider-
able amount of information may be obtained from examining the spectrum of
eigenvalues, as we shall discuss further below.

4.1.3. Use of symmetry to reduce the basis size
For the isotropic model, one may obv10usly exploit the SU(2) symmetry under
spin rotations and use the total spin Smt and z component

o0
(B) _ + (3)
Siot = H oty oo+ Sp (4.1.8)
n=T.0p

. (3) . . . .
as conserved quantities. Sy, remains useful even in the presence of an applied spin
field along the z direction or an axial breaking of exchange isotropy
J¥ # g = J? In these cases the SU(2) symmetry is broken down to a U(1)
symmetry for which Smt) is the conserved charge.

There are two ways to handle the charge and channel degrees of freedom of the
conduction electrons. First, we have an obvious SU(2) symmetry from rotations in

channel space, and we could employ the total channel spin operators Scfl and Sﬁﬁ):

% = ; Oy o frsn (4.1.9)

as good quantum numbers. In addition, we can use the conduction charge operator
0= ZQ# = ; ﬁzo,yfn,o,u l) (4.1.10)
H ﬂ,

which is constructed to be zero in the ground state.

Alternatively, we may employ the ‘axial charge symmetry’ or ‘isospin’ symmetry
first found by Jones (1988), Jones and Varma (1988) and Jones et al. (1988). Jones
and co-workers observed that the single-channel particle-hole symmetric Kondo
model enjoys an additional global SU(2) symmetry specified by the ‘axial charge’
generators

= Z(- DR (4.1.11a)
o = D" fuba S (4.1.11b)

and
W= %, (4.1.110)
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where Q, is the charge in each channel. The total axial charge jﬁz) and j;(f) in each
channel 4 may be used as good quantum numbers. This has a clear numerical
advantage over the use of the SU(2) x U(1) symmetry of channel spin times charge
discussed in the previous paragraph because it leads to a greater reduction in basis
size. Moreover, in the presence of channel symmetry-breaking fields, this axial
charge symmetry may still be used.

The axial charge operators, with the (- 1)" generalized to (- 1)™™ in two
dimensions are precisely the SU(2) generators found later by Yang (1989) for the
two-dimensional Hubbard model and employed by Zhang (1990), Yang and Zhang
(1990) and Scalettar et al. (1991) to speculate on the excitation spectra and ‘eta’
pairing ((j* »# 0) in the Hubbard model away from half filling.

It is clear that the different symmetry choices of SU(2)gn X SU(2) hanne1 X
U(Dcparge Should we employ channel spin and charge or SU(2)gin X SU(2) yyar 1 X
SU(2) a1 2 if We use axial charge in each channel can only be compatible if these are
subgroupé of some larger group. Affleck ez al. (1992) have noted that, even in the
logarithmically discretized form, the M-Kondo spin-: model will have a full
symmetry group of SU(2) i, % Sp(M), where Sp(n) is the so-called sympletic group.
This Sp( M) symmetry is a hidden symmetry of the problem. (In the paper by Affleck
et al. (1992), this is denoted Sp(2n).) This is the group which results from the
symmetry breaking of the SU(2M) group of the free conduction electrons by the
spin coupling to the impurity. It was noted, that, in the single-channel Kondo model,
Sp(1) is isomorphic to SU(2), which corresponds to the axial charge of the lone
conduction channel. In the two-channel case, the only invariant subgroups of Sp(2)
(which is isomorphic to SO(5)) are SU(2) x U(1) which corresponds to the choice of
channel spin and charge symmetries, and SU(2) x SU(2) which corresponds to the
separate axial charge symmetries. In general, for M arbitrary, one always has
SU(M) x U(1) and [SU (2)]” as invariant subgroups of Sp(M) so that the channel
spin—charge and axial charge symmetries may always be used. It was noted by
Affleck et al. (1992) that the Sp(M) symmetry holds for the generalization of the M
model to a bipartite lattice form, which may be important for future work.

4.2. Overview of results from numerical renormalization group studies
4.2.1. Concepts and reference points
To orient the reader, in figure 42, we show the odd eigenvalues calculated by
Krishna-murthy et al. (1980a) for the single-channel symmetric Anderson model in
the Kondo limit beginning with an initial weak coupling |J | /D < 1. The lines
connect the eigenvalues of the sequence of dimensionless Hamiltonians # for odd
N. The labels reflect the spin and charge values of the many-body states.

The reader should note the following features of these curves.

(i) Even—odd alternation. The spectra for an even number of shells differ from
those for an odd number of shells. The reason is shown in figure 43 in the
limit J = 0. When we have an even number of shells, we have an odd number
of electrons at half-filling in the non-interacting limit and thus the Fermi level
in the non-interacting limit cuts right through a level which is twofold
degenerate because of spin. For an odd number of shells, we have an even
number of electrons, and the Fermi level passes through a gap above a non-
degenerate Fermi sea.

(ii) Cross-over.There is a cross-over evident in the spectra in figure 42 in that the
spectra for even-N cross-over at large N to resemble the spectra for small odd
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Figure 42. Old spectra from the NRG calculations of the single-channel spin-} symmetric

Anderson model for the charge-1 spin-zero sector as a function of iteration number
N. The levels begin near the free orbital fixed point, reach a plateau near the
local moment fixed point and finally approach the strong-coupling Kondo fixed
point for a ratio (¢) U/mr = 5.63(a) and (b) U/rw = 1.013, where U is the local
Coulomb repulsion in the Anderson model and I is the hybridization width. The
dimensionless exchange coupling is N(0)J = 8 /mU. [Taken from Krishna-murthy
et al. (1980a), with kind permission of the American Institute of Physics.]

Fermi
Level

Even Odd

Figure 43. Even and odd energy levels for the non-interacting (J = 0) fixed point of the

single-channel Kondo model in the NRG logarithmically discretized scheme.

N, while the spectra for odd N cross over at large N to resemble the spectra
for small even N. The scale of this cross-over is a measure of the Kondo
temperature Tk. The reason is that, in view of equation (4.1.6), we see that
we may convert iteration number N to temperature through

log (A (4.2.1)
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so that the scale of the cross-over Nk must correspond to a temperature Tk.

(iii) Equal level spacing: local Fermi-liquid behaviour. Provided that we accept the
reversal of spectra for even and odd N after the cross-over, we see that there
is a uniformity to the level spacing and a precise 1:1 connection of large-N
even spectra to small-N odd spectra and vica versa. This implies our low-
temperature spectrum is that of a Fermi liquid, since the electrons are
essentially decoupled from the impurity at high 7, and thus the high-T
spectrum is that of a free Fermi gas.

(iv) Meaning of the large-N low-T spectra. The shifting of the low-T spectra has a
simple interpretation; owing to the strong coupling to the impurity, each spin
channel experiences a magnitude 7t/2 phase shift.

To elaborate, in the presence of a phase shift § measuring scattering from a
spherically symmetric target, radial quantization of the scattered waves on a sphere
of size L implies a shift of wavenumbers

S
k—k-—. 422
—k=—r (4.2.2)
For the linearized spectrum of conduction electrons near the Fermi energy, this
implies a corresponding shift of energy levels by an amount

YES
7L

with the convention that an attractive potential gives a positive phase shift and thus
shifts the levels down the energy.

Turning back to the Kondo problem, the sequence of Hamiltonians Hy is
dimensionless: so the factor of vr/L in OE is removed. The shift by 3 unit of the
fundamental spacing corresponds to exactly a 7t/2 phase shift of electrons with each
spin value. This means that the effective coupling is infinitely strong.

Note that this agrees with the Friedel sum rule also. The Friedel sum rule, valid
for a Fermi liquid, relates the screening moments of the conduction electrons about
an impurity to the scattering phase shifts. Since the impurity has only spin but no
charge difference from the background, the sum rule ensures that the screening
charge around the impurity AQ = &/nt+ 8 /t= 0. This implies that & = - 4.
Imagine applying now an infinitesimal field in the positive z direction. For the
ground-state singlet case (N even) the total induced magnetization must be zero, but
that results from a screening of the Sf = 7 contribution by the conduction electrons.
Hence

SE = - (4.2.3)

Solving for &, we find that

where ¢ = *1.

4.2.2. Isotropic non-trivial fixed point

With the background of Wilson’s calculations to guide us, we now turn to the
more complicated spectra of the two-channel Kondo model. Figure 44 shows the
results of Pang and Cox (1991) for the approach to the non-trivial fixed point. What
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Figure 44. Lowest NRG energy levels for the weak-coupling isotropic two-channel spin-}
Kondo model. The coupling strengths for the two channels were taken to be equal to
- 0.2 and the logarithmic discretization parameter A was taken to be 9.0 for rapid
convergence. There are discernible even—odd alternations for the first few NRG
iterations, owing to the proximity to the non-interacting fixed point, but the spectrum
eventually goes to a single fixed point with increasing iteration number N. For
comparison, the broken line represents the energy levels for the case where the
exchange coupling is set to - 1.0 in each channel (also for 4 = 9.0). States are labelled
by axial charge or isospin (one for each channel) and spin. [Taken from Pang and
Cox (1991), with kind permission of the American Institute of Physics.]

is plotted are the eigenvalues of Hy for sequential N connected by a line. In the case
of the two-channel model, there is no even—odd alternation of energy levels in the
region of the fixed point, and the curves in figure 44 (a) displays the results for even
N, the curves for odd N being in figure 44 (b). The eigenvalues are labelled by the
quantum numbers j1, 2 and S (see equations (4.1.8) and (4.1.11)). (Note that a very
large A value was chosen to allow the weak-coupling cross-over to occur in a
manageable amount of computer time. The level spacings are A dependent for these
spectra, although less dependent than in the Fermi-liquid case.) The broken curves
are for an initial large value of J /D, while the solid curves are for an initial small
value of J/D. In each case, the eigenvalues for large N tend to a fixed structure
independent of the original coupling value. This confirms in a non-perturbative way
that the two-channel spin-5 model has a non-trivial fixed point which is stable in the
absence of fields which break the full SU(2) invariance of the exchange coupling.
The rise of the low-lying levels for the weak-coupling starting case takes place on a
cross-over scale which corresponds to the Kondo temperature Tk. By studying a
variety of couplings, we estimate, for A = 3, that J. ==~ 0.7D. It is interesting that
the eigenvalues for the initial strong-coupling J /D value settle almost immediately to
the fixed-point value.

The other crucial point to notice in comparison with Wilson’s spectra for the
single-channel model is that the spectra of the two-channel model have a non-
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uniform spacing. While it does not obviously follow from this that one has a non-
Fermi-liquid excitation spectrum, this is in fact the case. One may verify this by
noting that the quantum numbers of the free states cannot be that of a Fermi liquid.
Further discussion of this point is given in section 6.1.2. (One could imagine a
complicated combination of spectra from several independent Fermi gases produc-
ing the spectra for figure 44; this does not in fact work.) In fact, the concept of the
phase shift used in the previous section is completely irrelevant here. The utility of
the phase shift rests on the assumption that one has outgoing single-particle states
when incoming electrons scatter off the impurity which certainly holds in the
ordinary Kondo model. However, as Lugwig and Affleck (1991) have emphasized,
the projection of the full § matrix on outgoing single-particle states is identically zero
for the two-channel Kondo model. Once a symmetry-breaking field is applied to
drive the system to a Fermi-liquid fixed point, the phase shift analysis again becomes
relevant.

The results for the non-trivial fixed-point spectra are in quantitative agreement
with conformal field theory finite-size spectra. We postpone a discussion of that until
the conformal field theory section (section 6.1.2).

4.2.3. Stability of non-trivial fixed point against exchange anisotropy

Figure 45 shows the NRG spectrum for the weak-coupling side of the fixed point
with an initial easy-axis anisotropy in the exchange. We see that the initial
anisotropy does indeed relax away as anticipated from our scaling arguments in
the previous section.

This irrelevance of exchange anisotropy has also been shown to work in strong
coupling and for easy-plane anisotropy (|J3| < |J2 =J! |).

3.0 r
J=-0.5, 41=—-1.0 Jz=—-1.0, J1=-0.5
25 ¥ A=3.0 A=3.0
3 2.0 A
>
3 /2 g
0.0.3
? 1.5 0,0,1/2
e 1/2,0,0
w 1.0 1/2,0,1 \
1/2,1/2.1/2
0,0.1/2
0.5 |
S~— 1/2,0,0
O.o 1 1 L 0'0'1/2 L L 1 L
0 4 8 12 0 4 8 12
N N

Figure 45. Irrelevance of exchange anisotropy for the two-channel spin-3 Kondo model. For
both J: > J| and J: < J|, the energy levels flow to the isotropic fixed point. The
states here are labelled by axial charge or isospin for each channel (first two numbers)
and total z-projected spin S- (last number). [Taken from Pang and Cox (1991), with
kind permission of the American Institute of Physics. ]
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Figure 46. Lowest NRG energy levels for the case of channel anisotropy. States are labelled
by axial charge for each channel (also known as isospin) and by total spin. [Taken
from Pang and Cox (1991), with kind permission of the American Institute of
Physics. ]

The NRG approach provides a way to understnd this irrelevance of exchange
anisotropy for the M = 2 case which generalizes to M > 2 as well, and we shall
explore that picture in the last part of this subsection.

4.2.4. Instability of non-trivial fixed point against application of a channel field
We apply a channel field to the model through the perturbation

AJ— — +
Hop = AV - 751‘ Z SO',O'!HfOZO(,ufO,OVﬂa (4.2.4)
Cxcar)

where the channel index 4 = £1. As discussed in previous sections, the origin of this
symmetry breaking may be a magnetic field along a principal axis or a pure
rhombohedral stress for the quadrupolar Kondo effect, and a uniaxial stress along
a principal axis for the two-channel magnetic Kondo effect in cubic symmetry.

We have anticipated in our discussion of the next-leading-order multiplicative
renormalization group equations that the application of channel symmetry breaking
will produce a flow away from the non-trivial fixed point. We could not completely
trust the scaling analysis in the two-channel case, however, since the fixed point
coupling is of order unity. Hence the NRG provides a reliable non-perturbative
approach for checking the scaling theory. The expectation of the scaling analysis was
that the more strongly coupled channel (e.g. u = + if &J,0) will provide the ordinary
Kondo effect, while the weakly coupled channel will produce a free Fermi gas (no
phase shift).

Examination of the spectra in figure 46 shows that this expectation is precisely
met. We see uniform level spacing characteristic of the Fermi liquid. There is no
even—odd alternation, but that is because the fixed-point spectra are formed from the
vector space for both channels. For definiteness, assume that AJ > 0. Then we
expect a Tt/2 phase shift at the fixed point for u = +, so that even N correspond to
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zero-coupling odd N, and vice versa. On the other hand, the y = - spectra are zero-
coupling spectra. Hence the combined excitations for both even or odd N are the
sum of even N and odd N spectra derived for a single Fermi gas.

The NRG allows a determination of the cross-over scale. We can define Tch as
that temperature where the first excited state shrinks to a tenth of the splitting at the
non-trivial fixed-point value under application of the channel field splitting (equation
(4.2.4)). (Recall that temperature and iteration number are related through equation
(4.2.1).) By plotting A J /D against T3, on a log-log plot and measuring the sloPe, we
get the cross-over exponent. Pang and Cox (1991) found that A J o< ( gh)” . The
third-order scaling analysis of the previous section predicted that 8J o€ T2, but the
exponent is expected to be correct only to leading order in 1/M which is 1/2 here.
The exponent of 1/2 agrees exactly with conformal field theory and NCA arguments
to be presented in subsequent sections.

Recently, some controversy has arisen over whether the fixed point in the
presence of channel symmetry breaking is in fact a Fermi liquid based upon
Bethe-Ansatz calculations (Andrei and Jerez 1995) and Majorana fermion techniques
(Coleman and Schofield 1995); a bosonization method yields different results
altogether, providing a Fermi-liquid fixed point (Fabrizio er al. 1995a, b). We defer
discussion of these issues to sections 6, 7 and 9.2.

4.2.5. Application of a local spin field
If we apply a local spin field, we shall also flow away from the non-trivial fixed
point. The perturbation to be added to Hy is

3, = - ANfz%SESI‘”. (4.2.5)

This perturbation corresponds to the level splitting A in the TLS model, to an
applied local magnetic field in the two-channel magnetic Kondo model, and to an
applied Jlocal uniaxial stress in the cubic quadrupolar Kondo model, or an applied
magnetic field along the ¢ axis for the tetragonal and hexagonal quadrupolar Kondo
models.

For a particular choice of Hsp in the strong-coupling limit, Figure 47 shows the
NRG flows obtained in the presence of the perturbation in (4.2.5) as obtained by
Pang and Cox (1991). The resulting spectra are rather mysterious and clearly spaced
unevenly. However, a consistent analysis of the spectra may be performed by
assuming that electrons have only an effective Ising coupling to the impurity so
that the phase shifts for scattering are equal and opposite for the different spin values
(for a complete test of this hypothesis, see table VI of Affleck er al. (1992)). The
spectra are then the sum of excitations from up- and down-spin free Fermi gases
scattering off a polarized impurity.

The phase shift, which determines the fixed point, may be computed in this
manner as a function of magnetic field. This produced the curves of figure 19 (),
taken from Affleck e al. (1992). The following should be noted.

(i) For small fields, the phase shift behaves as

TC Hs T
|5(H5p)| =" s (J - J*)A?Kp'log( HK) R (4.2.6)
sp
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Figure 47. Lowest NRG energy levels in the presence of an applied spin field. States are
labelled by axial charge or isospin for each channel and by total z projected spin.
[Taken from Pang and Cox (1991), with kind permission of the American Institute of
Physics. ]

where J* is the fixed-point coupling strength and A4 is a pure number. The
leading-order term vanishes for J = J*.

(i) The value for Hyp = 0" of |8(0")| = /4 may be understood from Friedel
sum rule arguments (Pang 1992). The generalization from the single-channel
Kondo case is straightforward; taking 0Q = 0 again demands that
Oty = = Ol while, in the absence of channel symmetry breaking, the phase
shifts for fixed spin and opposite channel must be equal. Hence the induced
spin polarization in an infinitesimal positive field is given by

(]

B _n_1,.2
St =0 =3+ 28 - &+, (4.2.7)
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where the 3 again reflects the induced SI(3) value and the phase-shift-
dependent term is due to the conduction-electron polarization. This gives the
1t/4 phase shift on solution. The special value of 7t/4 was also singled out in
the path integral approach to the scaling equations (Vladar er al. 1988a, b).

(iii) The phase shift dependence implies a Hsp In Hgp behaviour to the low-field
magnetization, in agreement with exact Bethe-Ansatz and conformal field
theory results, and a leading-order Hspyln Hsp saturation to the
magnetoresistance proportional to sgn (J*- J), which is quite different
from the ordinary Kondo model which always produces an Hszp saturation
that is negative, that is saturates from below. Note that the phase shift is
meaningful when used in the one-channel model and in the two-channel
model with symmetry-breaking fields, but not at the isotropic two-channel
fixed point.

In analogy to the cross-over study of the A J perturbation, we may study the
cross-over exponents for the applied local spin field. Namely, we apply the local field
and ask for the temperature Tsp (related to the iteration number through equation
(4.2.1)) when a certain set splitting has reached 10% of the splitting at the isotropic
fixed point. Affleck et al. obtained the cross-over behaviour Hs, < Tsplz, which agrees
with conformal field theory and NCA results.

We may also apply a bulk magnetic field to the renormalization group
Hamiltonians and, provided that the field is small compared with the bandwidth,
similar results are obtained (Pang 1992). There are some technical issues involved for
the NRG method in dealing with the bulk field, for which we direct the reader to the
references.

The conformal field theory results for the analysis of these spectra are in excellent
agreement with the NRG results, as we shall discuss in section 6.1.2.3.

4.2.6. Shell model

One can understand some of the physics shown in the NRG level spectra through
a simple shell model. This picture is motivated by figure 48. Namely, suppose that we
take seriously the idea that the physics at length scale is that of an effective spin-3
core object coupled to conduction-electron states in the surrounding adjacent shell.
We can readily find the energy by writing

SZ = ST+ (Su + Se)? + 281+ (Ser + Sa),

where St = 7 is the effective spin of the impurity, and Sc1 and Sc2 are the spins of the
channels. By solving for the dot product in terms of the total spin and the total spin
in the conduction sector we can find the energy through

_ e
E=-%p

where Scond is the total conduction spin. Clearly, we minimize the shell model energy
of equation (4.2.8) by making the largest conduction spin Scond for the smallest total
spin Stot.

The shell model exchange Hamiltonian gives the following results for the lowest
few states listed in table 9. Beyond this, we find detailed discrepancies with the NRG
levels and with the conformal field theory finite-size spectra, which is not surprising
since the excited levels correspond to particle-hole excitations which must take us

(Stzot - S12 - Sgond) (428)
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Figure 48. Cartoon visualization of the NRG process for the two-channel Kondo model. At
high temperatures and short length scales L, the local moment 7 is weakly aligned
antiparallel to the two conduction electron channels (C+) of spin. However, the
binding process in figure 3 leads to another doublet which is antiferromagnetically
coupled to the two channels of conduction spin outside that length scale. Eventually,
this process continues until a fixed-point finite coupling strength is attained. [Taken
from Cox and Jarrell (1996), with kind permission of IOP Publishing Limited. ]

Table 9. Comparison of shell model energies with conformal field theory for Sy = 'QL, M=2.
The shell model exchange formula (equation (4.2.8)) reproduces the lowest three split-
tings of the conformal field theory finite-size spectrum provided that one takes the fixed-
point coupling |g*| = 2, which agrees with the fixed-point coupling Ax = 2/(M+ 2) =3
in the notation of Affleck and Ludwig (1991b). Energies above these in the table are not
reproduced by the shell model.

0 Stot Se St Ellg]  AE/|¢| Conformal field theory
0 1 1 3 -1 0 0
+1 0 1 % -3 i %
0 ; 0 : 0 1 :
0 i : : : :
*1 1 2 2 4 8 8

outside the core shell. If we take |J |/D ~(.8, we get excellent agreement of these
results with our first three splittings in figure 44. As we shall show, if we take
|J | /D = 0.5, we get perfect agreement with the lowest four states of the conformal
field theory finite-size spectra. The discrepancy here in the choice of normalization
factors is probably a A-dependent renormalization.

It also turns out that this gives good agreement with the lowest levels of the finite-
size spectra for conformal theory for three channels and spin 3 which is shown in
table 10.

The shell model is useful for understanding the irrelevance of exchange
anisotropy which turns out to generalize to the SU(2) x SU(M) model with
S1 = '2L, (M- 1) /2, and the relevance of exchange anisotropy for St > '2L To see this,
start out with S; = 3, M arbitrary. Then after one renormalization iteration group to
the extent that the shell model is correct, we shall have a ground state with
Siot + M /2 - 1. At the next iteration, application of the shell model to the effective
impurity spin equal to (M - 1) /2 coupled to M electrons gives back an effective spin
of 3. Thus we alternate between these two spin values. Now, every time that we are
on an iteration where the effective impurity spin is 3, the lowest few states are either
total spin zero or total spin 3. Exchange anisotropy cannot lift the degeneracy of
these levels. Hence, since these states are used to construct the spectrum for the
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Table 10. Comparison of shell model energies with conformal field theory finite-size spectrum
for Sy = 1, M = 3. The shell model exchange formula for the energy (equation (4.2.8))
agrees with the lowest few splittings in the conformal field theory spectrum provided
that we take the fixed-point coupling |g*| =2 which agrees with the non-trivial fixed-
point coupling of the conformal theory Ax = 2/(M+ 2) = % For higher-energy states
the shell model disagrees with the exact spectrum.

0 Stot Seond Eflg| AE|¢| Conformal field theory
0o : 0 0

*1 0 1 -1 3 3

0 p p -1 3 3

+1 1 1 -1 3 3

+2 1 0 -1 3 3

next iteration, we expect the anisotropy to decay away with increasing iteration
number.

On the other hand, consider for example St = 1, and four channels. In this case,
the effective impurity spin will always be S = 1 =4~ 1. Exchange anisotropy can
generate a ‘crystal-field’-like splitting of the S = 1 state that will be propagated
through the renormalization group iterations. This is seen because the self-energy
diagram corresonding to figures 26 and 31 will now have an induced splitting of the
S =1 levels through the quadrupolar field of the conduction electrons.

These simple ideas developed from the shell model turn out to be completely
supported by conformal field theory, as we shall discuss in section 6.1.2.3.

The shell model also provides the basis for a strong coupling expansion in the
inverse exchange coupling, first discussed by Nozieres (1974) and Nozieres and
Blandin (1980). The idea is that the shell model gives the exact eigenvalues in the
limit of infinite-exchange coupling. One can then derive a perturbative expansion in
powers of ¢ /J where ¢ is the hopping to the next Wilson onion-skin shell. In this way,
one can determine that the J = oOlimit is stable for the ordinary Kondo model, and
unstable for the multichannel model, which together with the perturbative analysis
from weak coupling assures the existence of a non-trivial intermediate-coupling fixed
point.

5. Non-crossing approximation

In this section, we survey some of the most important applications of the NCA to
the multichannel Kondo model. We shall first discuss application of the NCA to the
SU(M) x SU(N1 = N. = N) Anderson model for which the results are rigorous as
N — 00 with Y= M/N fixed. Despite the large-N character of the theory, the
physical properties computed for finite N, M are found to be in good agreement with
exact results for most properties. Next, we shall discuss an application to a simple
three-configuration model for a Ce** ion which illustrates single-, two- and three-
channel Kondo physics in appropriate regimes. An important physical result which
emerges from this analysis is that the sign of the low-temperature thermopower is a
diagnostic for the emergence of the two-channel ground state as required by the
dynamic selection rule 5 of section 2.2.4. Finally, we shall apply the NCA to a model
for the U*" ion which includes both ground-state and excited-state crystal-field
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levels. These results show how the two-channel physics can emerge at low
temperatures even with significant overlap between crystal-field states owing to
conduction-electron damping.

Since exact results, such as exist for the SU(N) ® SU(M) model, are preferrable
to approximate results, the need for the NCA must be clarified. It has two principle
virtues: first, it is quite simple to develop and use, and as a result the physical
motivation is quite clear; second, while the Bethe Ansarz, conformal field theory,
NRG, bosonization and, for the most part, quantum Monte Carlo methods are
currently limited to pristine models that lack much of the realistic physics such as
crystal-field excitations and interconfiguration fluctuations, the NCA is not limited
in this way and still appears to give quite reasonable results and in some cases some
useful new physics. Moreover, the NCA is able to calculate dynamics (such as the
inelastic neutron scattering cross-section) and transport properties over a much
wider range of parameters and temperature regimes than any of the exact methods
and offers a ready extension to non-equilibrium properties which is still rarely
possible for the exact methods. Hence, section 5.1 largely serves to calibrate the
value of the method by comparing repeatedly with conformal field theory and Bethe-
Ansatz results. This section also lays out the formalism and essential concepts of the
NCA. Sections 5.2 and 5.3 are devoted to realistic applications to model Ce** and
U*" impurities. As we shall see, considerable new physics emerges from these
applications.

5.1. SU(M) ® SU(N) model: the non-crossing approximation as a large-N limit
In this section, we shall follow the work of Cox and Ruckenstein (1993).
Following the discussion of sections 2.3 and 3.3, we write down an Anderson model
in the pseudo-particle representation as

— Z i § T
H - Ck“aCkyg_'i' €f f“}f“
HOoL H

- WZ sgn (0 (f,'- ackua + he)

- ?\ps( D hlfu+ Hablba- 1) , (5.1.1)

where we have anticipated the large-N limit and normalized the hybridization such
that ¥ = N'”V is well defined in the N — 00 limit, and Aps is to be taken to - 0O to
project to the physical Hilbert space (cf. section 3.3.1, equation (3.3.3)). The indices o
run from -(N-1)/2, -(N-3)/2,...,(N-1)/2, and the indices o from
-(M-1/2, -(M-3)/2,...,(M- 1)/2. We have inserted the phase factor
- sgn (o) relative to the hybridization term defined by Cox and Ruckenstein
(1993), which will not alter the physics of the model. A Schieffer—Wolff transforma-
tion on this model produces the SU(M)®SU(N) Cogblin—Schrieffer model
discussed in section 2.3, with exchange coupling J = 72 /Ner assuming that ¢ < 0
and large. We shall pass to N — 00 by holding the ratio Y= M/N fixed.

We remark that a curious feature of the NCA is that it only appears to be useful
for models which have the full SU(N) symmetry so that a single boson is required to
decouple each channel.
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Figure 49. Order (I/N)O self-energy diagrams of the SU(N)x SU(M) multichannel
Anderson model. The lowest ionic configuration is represented by a pseudo-fermion
(broken) line which carries spin index u which runs over N values, and the excited
ionic configuration by a pseudo-boson (wavy) line carrying channel index o which
runs over M values. Conduction electrons carry both spin and channel (solid lines).
Vertices represent the hybridization, which is scaled by a factor of 1/N'/? in this
approach. Note that the N — o0 limit is taken by holding N /M fixed. As a result, the
closed spin and channel loops in these diagrams give compensating factors of N, M
to the 1/N from the vertices, rendering them of order 1/N°. These self-energies (and
the corresponding propagators) are not in themselves physically observable
quantities. [Taken from Cox and Ruckenstein (1993), with kind permission of the
American Institute of Physics. ]

The leading-order (order 1) diagrams for the self-energy of the pseudo-fermion
and pseudo-boson propagators may be obtained now from the diagrams of figure 49.
Each digram is quadratic in the hybridization. The pseudo-boson self-energy Xy
contains a sum over internal spin labels, and hence acquires a factor of N which
cancels the 1 /N in the denominator. The pseudo-fermion self-energy X contains a
sum over internal channel labels and hence acquires a factor of M which yields a net
factor of y out front when divided by N. Because each self-energy is O(1), a self-
consistent solution of the resultant coupled equations is required, since we can insert
an infinite series of self-energy corrected propagators into each of the diagrams. The
leading-order vertex corrections are shown in figure 50. These are down by order
1 /N? relative to the O(1) diagrams, which is seen by counting vertices (six) giving
a net count of N x (1 /N )3 where the NV comes from the sum over internal degrees of
freedom.

Assuming that we have particle-hole symmetry of the conduction band, the
resulting O(1) integral equations corresponding to the self-energy diagrams of
figure 49 are given by

1 _
Iy (w + €) B

Zilw) = %Idef(e)a) T %J‘def(e)gb(a) +e), (5.1.24)

1
W+ e- e - Zf(a)+e

(o) Z%J‘def(e) ):ﬂdef(e)gf(mf), (5.1.25)

where T = 7¥(0) 7 and f'(e) is the Fermi-Dirac function. These equations also
define the pseudo-boson propagator 6y and pseudo-fermion propagator ;. We note
that the conduction electron self-energy is of order 1/Ns for this single-impurity
problem.

These equations are called the NCA because the corresponding diagrams in a
particular representation (diagrams on a cylinder) have no crossed conduction lines.
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Figure 50. Order 1/N? vertex corrections to self-energy diagrams of the SU(N) x SU(M)
Anderson model. Because there is only one closed loop for either spin or channel in
each dlagrdm the presence of six vertices each scaled by 1/N'/? leads to an overall
suppression of these diagrams by order 1/N? relative to the diagrams of figure 49.

See Bickers (1987) for an extended discussion of this diagrammatic approach. We
observe that, if the pseudo-boson propagator is viewed as a dynamically dressed
exchange coupling, as is appropriate for the Coqblin—Schrieffer model, then these
equations are none other than a fully self-consistent form of the third-order scaling
theory as discussed in section 3.4.4. The scaling theory retains only leading
logarithms (and thus neglects the imaginary parts of propagators), but the NCA
retains the full analyticity of the various propagators. Note that firstly the projection
to Aps = - 0O has taken place and so the superscripts of equations (3.3.4) and (3.3.9)
have been dropped and secondly we are interested for the moment in the physical
situation of zero spin and channel fields and so have dropped the spin and channel
subscripts on Go and 6.

Alternatively, instead of a diagrammatic approach, one may derive equations
(5.1.2a) and (5.1.2b) from a path integral formulation as a saddle-point condition.
We sketch this derivation here. First, from the action corresponding to the
Hamiltonian of equation (5.1.1), the conduction-electron fields are integrated out.
This produces an effective interaction between the pseudo-boson and pseudo-
fermion given by the term

= E 4 T 4 4 T 4
Sm=-5 > j dr j de £ (D () P = B o(Tbealr),  (5.13)

where 1 1
Ez—a/ar on (5.1.4)

is the conduction Green’s function at the impurity site. This interaction term may be
decoupled with collective Hubbard-Stratonovich fields @y (7, 77) and @¢(t, 1) which
obey @rp(17,7) = (be(T 7). The resulting effective action term which is quadratic
in the @ ﬁelds is

S,=-72 J‘dTJ‘deGO(T' T’)I:N@f('r’ (t,7) - Zf )@ (1, T)fu (17)

; Zbg(w)@f(w,T)ba(T)]. (5.1.5)
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This may now be followed by an integration over the f/ and b fields to produce an
effective action solely in terms of the @ fields. Variation in @rp to determine the
saddle point yields equations (5.1.2a) and (5.1.2b) as the extremum conditions,
provided that we note that firstly the @ fields are time translation invariant at the
saddle point, and secondly, ®@rp(w) are the projected Aps pseudo-fermion and
pseudo-boson propagators in this limit.

The physical properties of the system can be expressed in terms of the spectral
functions of the pseudo-particles. Keeping our notation here consistent with that of
Cox and Ruckenstein (1993), we define

_ﬂfb(a)) = Im [(be(a)_ IO+)]: Im [Gfb((l)- 10+)

) o = (5.1.6)

At T = 0, these spectral functions vanish below the ground state energy Eo. We thus
define occupied state spectral functions

A (@) = exp [pEo - o) Prpo). (5.1.7)

Upon multliplication of the exponential factor through equations (5.1.2a) and
(5.1.2b), it is seen that these occupied state spectral functions satisfy the self-
consistency equations

|§ LId cf-9a (w+e), (5.1.84)
(-) ~
ﬁb(a)(_)a[z) = %J‘def(- e).ﬂﬁ_)(a) +€). (5.1.8h)

It is important also to keep track of the partition function which enters a
calculation of all physical quantities. The total partition function factorizes into a
product of the bare conduction-band partition function times the pseudo-particle
partition function z ¢ given by

zf_jdwEVﬁf )+ MA@ o)] (5.1.9)

where we have assumed spin and channel isotropy for the moment.

The reason that the partition function enters is due to the projection procedure;
one assumes a grand ensemble in the charge Qr of equation (3.3.6) and then projects
to the physical Qr =1 subspace. Practically, this means we must divide any
observable quantity by the Qr =1 canonical partition function. We shall be
interested in three quantities in this section, the physical one-particle spectral
function pca(a), T) which determines the conduction-electron ¢ matrix, the spin
susceptibility ysp(ew, T) and the channel susceptibility yen(w, 7). The leading-order
diagrams for these quantities within the NCA are shown in figure 50 (vertex
corrections are down by O(1 /N?)). The diagram for poq is the physical propagator
Goo With poa(@, T) = Im |Gealw - 10", T) Jwhich measures the density of states for
adding and removing electrons of spin ¢ and channel index o at the impurity site.
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Figure 51. Leading-order diagrams for physically measurable quantities in the N — o0 limit.
Physically observable quantities are respresented as convolutions of the pseudo-
particle propagators. The local spin susceptibility to leading order is a self-
convolution of the pseudo-fermion propagator. Likewise, the channel susceptibility is
a self-convolution of the pseudo-boson propagator to leading order. The physical
f-electron addition—removal propagator is a convolution of the pseudo-fermion and
pseudo-boson propagators. Each physical quantity must be properly projected onto
the constrained subspace as detailed in the text.

When these diagrams are evaluated (p(w,T) is the imaginary part of figure 51,
divided by 70, we obtain the expressions

pool, T) =5~ j dor [ @) A + @) + 257 @) A0 - )] (51.10)
N’f) (a)) =Im Sp ((D - 10+)]

:Zﬂf d(g/PE')(a)/)_ﬂf(a)+ ) - -ﬂﬁ_)(a)’).ﬂf(a)’- (D)] (5.1.11)

¥ (@) = Im [yen (@ - i0+)]

=M o [ﬂf;)(a)’)_ﬂb(a)+a)f) - 25 (@) A (0 - o] (5112
Zt

The tilde over the spin and channel susceptibilities signifies a definition wherein we
assume a linear coupling of the form - pspcHsp to a spin field and - pen0Hen for the
channel field with pZ,(N* - 1) /12 = pg (M - 1) /12 set to unity. We shall employ
these expressions in the following analysis. Note that the doniminators of N and M
in the corresponding definitions of Cox and Ruckenstein (1993) should be removed
to obtain approximate equality in the RHS of equation (6) therein.

5.1.1. Differential form of the non-crossing approximation equations at T = 0

As discussed by Kuramoto and Kojima (1984) and Miiller-Hartmann (1984), the
NCA equations may be converted to differential equations at zero temperature. The
procedure is thoroughly discussed there and in the review article of Bickers (1987),
and we shall simply outline it here. We note that these analyses were applied to the
single-channel Kondo model for which the NCA provides a pathological low-
temperature behaviour that is non-Fermi liquid like in contrast with the known
Fermi-liquid excitation spectrum of the single-channel Kondo model. It is amusing
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that the ‘pathology’ obtained in applying the NCA to the single-channel case is
exactly what provides excellent results for the multichannel model!

We assume that the conduction electrons occupy a broad flat density of states
from - D to D and that this is half-filled. At zero temperature, equations (5.1.2 @) and
(5.1.2b) may thus be rewritten as

(o) = ik do’ 61 ()

= , (5.1.130)
~
Zb(a))=7—_c i do’ 6¢ (). (5.1.13h)
-D+o

Provided that the bandwidth D > T which sets the scale of =t and Zp over most of
the frequency range, we may neglect the frequency dependence of the lower
integration limit. The integral equations may then be differentiated with respect to
o to produce differential equations. It is most convenient to express these in terms of
the inverse Green’s function variables

g =-61@ ", g =-6", (5.1.14)

in terms of which the differential equations are

%gaf: - 1- —Yﬁg—l;, (5.1.150)
Ccllw =-1- é, (5.1.156)

subject to the boundary conditions

gi(-D)=e+D, go(-D)=D (5.1.16)

9

which are compatible with the neglect of @ in the lower limit of equations (5.1.13 a)
and (5.1.13 b). We must also employ differential equations for the negative frequency
spectral functions; by a similar analysis we obtain

i[ﬂﬁ')(w)g?(w) = - %ﬂﬁ')(a)), (5.1.17a)
i v g @] - iﬂﬁ')(a)), (5.1.17b)

subject to the boundary conditions

[ (Egh () = a7 (B)gih () ]= o (5.1.18)

To solve equations (5.1.15a) and (5.1.15b), it is first important to note that they
possess a constant of integraton ¢ that allows a connection to the Kondo scale.
Namely, it is easy to verify by dividing the two equations and integrating that

L& ﬁln(gk) _

7
+— - op-
gr Tcln( D) - (5.1.19)
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provided that we assume that e < D. The equality on the far RHS of the above
equation follows from the boundary conditions of equation (5.1.14). This equation
may be rewritten in a form more convenient near Eyp as

gt/To  _ Tign - gr)
e exp( = ) (5.1.20)

with the Kondo scale Ty defined by

~\ 7
- pl XL TEr
To=D exp( = ) . (5.1.21)

This agrees with the corresponding scale identified from third-order scaling theory to
within a factor of order unity (cf. equations (3.4.27) and (3.4.48)).

The NCA differential equations may now be solved in a power series expansion
in the variable

1/(1+7)
+ -
@z(%% (5.1.22)
0
The results are, for o < Ep,
gr(w) ~To0" + -+ (5.1.23q)
T
dy (o) MOt (5.1.23b)

These expressions may be analytically continued above Eyp to give the positive-
frequency spectral functions and may also be used to obtain the negative-frequency
spectral functions below Ep. The results for the positive-frequency spectra are

Alo) = 0o~ Eo)niTosm(1—’_‘}y O T+, (5124a)
An@) = Bo- Eo)= sin| —= [CIREEE (5.1.245)
b 0 ,; 1+ 'Y . NS

We need a couple of tricks to obtain the negative-frequency spectra. First, an
Ansatz is made that near threshold A; * °Coi/gr, A, ©Ca/gp. Because of the
identity

i [M25 ) (@)gh(0) + NaT (@) (@)]= May @ + Na (o) (5.1.25)

which follows from eqations (5.1.15a), (5.1.15b), (5.1.17 a) and (5.1.17 b) with a little
algebra, we have

21 = [May (Eo)dy(Bo) + NAT (Eo)gi (Eo) ] (5.1.26)
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From this it follows that .= z ¢ /(N + M); noting that z¢ at T = 0 is none other
than the expectation value of Qr = 1, we see that ao=1/(N + M). In consequence,

(-) 1

A (w) = 0(Ep - w)m@'y+ e (5.1.27 a)
CO P T
A7) = B - ) s o (5.1.275)

(Note that z 1 may be normalized to unity by introducing a simultaneous chemical
potential for the pseudo-particles prior to projection onto the physical subspace.
This fixes the threshold energy of the auxiliary particle spectral functions to Eo = 0
and greatly facilitates numerical evaluations. (For a detailed discussion, see appendix
D of Costi et al. (1996). Note also that the exponents for the spectral functions may
be evaluated numerically by application of the NRG, as shown Costi et al
(1994, 1996).)

5.1.2. Scaling dimensions

The scaling dimension of an operator O, denoted Ao, for a zero-temperature
impurity critical point as we have in the multichannel Kondo model, indicates how
the correlation function of the operator decays in the long-time limit. Namely,
Go(1) = = (T-0(1)0'(0) Yoc 1~ ot 00 This implies that the corresponding
Green’s function in the frequency domain will behave as Go(w) < |o - Eo FAO' "as
may be readily verified through Fourier transformation. Alternatively, the scaling
dimension tells us what scale factor to multiply the operator by under an arbitrary
rescaling of time. The scaling dimension concept is particularly useful in connection
with the conformal field theory work (section 6.1), where the singular properties of
various quantities are expressed in terms of the scaling dimensions of operators
furnished by the theory.

We may read off the NCA expressions for the scaling dimensions of various
operators straightforwardly from a knowledge of the above solutions to the zero-
temperature differential equations. If we express the frequency dependence of the
pseudo-particle spectral functions as Asp(w) |Eo - a)|2A >~ e read off the scaling
dimensions of the operators f5, be, as

— — y
Ay = YAg 20+ (5.1.28)

The spin field, channel spin field and physical fermion field are all quadratic in the f,
b operators and so the corresponding scaling dimensions may be readily obtained as

. _ 1
(spin): Asp = 24¢ = T+ (5.1.294)
(Channel): Ach = 2Ap = I_Z_y’ (5.1.295)
(Fermion): AF = Ar+ Ap =3, (5.1.29¢)

The latter result is consistent with unitarity, that is the conduction-electron
scattering rate which is proportional to the spectral function of the physical fermion
operator pso, must be bounded by unitarity-limit scattering at the Fermi energy. This
implies that the low-frequency leading behaviour must be a constant, independent of
N, M. Clearly, Ar = 3 yields this result.
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The crucial point that we may take from the above paragraph is that the scaling
dimensions Asp chF are correctly determined by the NCA for all N> 1 and M > 2 as
may be determined from comparison with the conformal field theory, an exact
approach that we discuss in detail in the next section. This is a remarkable result. It is
diminished somewhat by the observation that, if we take unitarity of the scattering
matrix as a given constraint on the scaling dimensions, then the NCA determines
really only one indpendent scaling dimension. As a result, certain operator scaling
dimensions will not be correctly obtained by the NCA, a particular case of interest
being the local pair field operators. These have an explicit N dependence unlike
Aspeh . Nevertheless, we shall see that the agreement of the NCA with exact results
is remarkably good even in the unlikely region where N = 2!

5.1.3. Physical properties at T = 0
We now summarize the results for calculation of physical properties.

5.1.3.1. One-electron spectral function. Substitution into the convolution formula
of equation (5.1.9) gives

Poci(®) wm 1+ 6(w) f+ (@) + 6(- ) /- (&) + ] (5.1.30)
with @ = (1 + Y)/yTo, and
f+@) = axf|™ + befd|, (5.1.31a)
_ 4

e == y)TcB(zAsp,Ach), (5.1.310)
a+ = = cos (Men) a-, (5.1.31¢)

_ 4Wen .
b. = - —(1 n 2Y)Tcsm (M) B2Ach,Asp), (5.1.31d)
b+ = cos (TAcn)b+. (5.1.31¢)

Here Wen = 7To /T measures the fluctuation weight of the channel configuration in
the ground state, and B(x, ) is the beta function. In the case when M> N, both the
leading and next-leading frequency dependence of equations (5.1.24 a) and (5.1.24 b)
agree with the results obtained from conformal field theory. This spectral function
explicitly breaks particle-hole symmetry owing to the non-particle—hole-symmetric
Hamiltonian.

Since the one-particle T matrix describing scattering of conduction electrons off
the impurity in an Anderson Hamiltonian is given by (0, T) = V2Goo (Langreth
1966), using the optical theorem we see that the conduction electron-scattering rate is
given by

1 2Fpeule,T)

(@, 1) NON (5.1.32)

The electrical resistivity p(7) may be obtained from the scattering rate assuming
dominant scattering in the angular momentum channels corresponding to the
pseudo-particles and using the standard transport theory formula (for example
Bickers ez al. (1987))
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Figure 52. Ratio of NCA to conformal field theory resistivity against M for N =2
multichannel model in the Kondo limit. Potential scattering from the NCA has been
substracted. Although the NCA is strictly a large-N limit, it clearly does well for
N = 2 and arbitrary M, with agreement improving as M — 0O.

o(T) oc”de( ] %) (e, T)]_l. (5.1.33)

On dimensional grounds, we can see that the NCA will give

min(Agp Ach)
%ocl- C(FTO) T (5.1.34)

where ¢ is a pure number determined from the full temperature dependence of T
which is beyond the scope of the zero-temperature NCA. This agrees with the
conformal theory, in particular yielding a T'/* correction for the special case N = M
in which Agy = Ach = 3. The two-channel spin-3 model is a special case of this limit
(N = M=2). Moreover, for N =2, the zero-temperature scattering rate (when
corrected for potential scattering present in this model) gives

Tw(0) 3T
21(0,0) 42+ M)* (5:1.35)

As may be seen from figure 52, this formula agrees with the exact result from
conformal theory to within 8% for all M= 2. Clearly, it also agrees with eqatuion
(3.4.44) from the 1/M expansion when expanded to the leading order in 1/M.

We note that because of the built-in particle-hole asymmetry of our model
Hamiltonian, the thermopower will also display a T'/> behaviour at low tempera-
tures as has been found in the conformal theory.
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5.1.3.2. Local spin and channel susceptibilities. The term local here means that the
diagrams we keep from figure 51 correspond to applied fields coupling linearly only
to the impurity spin and channel operators and not the conduction-electron spin
and channel operators. Using the results of the differential equation solutions
together with equations (5.1.10) and (5.1.11), we obtain

Wopcn (@) N%%’)—h (@) [ 4 st 2 (5.1.36)
with

Cp = YAL sin (T sp) B(Asp,Asp), (5.1.37a)

Cen = WiAd sin (Meh) B(Ach,Ach). (5.1.37h)

Note that Aspeh = Achsp = 24spen = 1 in view of equation (5.1.25¢). The leading
behaviour of % X, is in full agreement with conformal theory for all N, M (we note
that Sakai er al. (1993) have obtained s1m11ar results with the NRG). Next-leading
corrections to equation (5.1.35) go as |a)| Hspan=A0) T the special case N = M which
includes the two-channel model both susceptibilities reduce to the form
¥ (@) ~ sgn (o) [ |a)| /To)' " + -+ -Jwhich corresponds to a static susceptibility
which is logarithmically dlvergent in “temperature. This follows simply with the
application of the Hilbert transform to ~. This leading behaviour in ~, first noted
by Cox (1988 @), may provide a link to the marginal Fermi-liquid phenomenology
(Varma et al. 1989, Kotliar e al. 1991) developed to understand the unusual normal
states of the copper oxide superconductors.

The precise temperature dependence of ¥speh must be determined numerically,
but we can roughly estimate this along with relevant zero-temperature values
through Kramers-Kronig analysis, which implies that (A = sp or ch below)

T _ro ﬂ—"—w J (5.1.38)

We would like to put in the power-law form of 4~ from equation (5.1.31); this holds
to an upper cut-off of order To since the power-law behaviour only sets in below the
Kondo temperature. The lower cut-off must be of order T since finite temperature
will round the Fermi functions in the integral equations and hence round all power
laws determined from these. With these limits of integration we see that

2C}\ l 24,-1 .
7. (T) [TC(MA' l)To[l- ( To) ] for 45 #3 (5.1.39a)
by ~
x 20, To .
e for 4r =3, (5.1.39h)
o

The above results for the spin and channel susceptibilities allow us to produce a
phase diagram in the N, M plane, shown in figure 53. For M > N, which is the
customary overcompensated situation shown by Nozieres and Blandin (1980) to lead
to a non-trivial fixed point, the spin susceptibility is divergent at T = 0, diverging
with a power law that follows from equation (5.1. 39a On the other hand, the
leading singular behaviour of yen(T) vanishes as T Y/ which implies a finite
value to ycn(0) ~ W2,/To as the leading term. In this region, all non-Fermi-liquid
response is driven dominantly by the spin fluctuations. For N = M, of which the
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two-channel spin-3 model N = M = 2 is a special case, we see that Asp = Ach =3 50
that each susceptibility diverges logarithmically. Both spin and channel fluctuations
contribute to the non-Fermi-liquid behaviour at low temperatures, although the
dominant effects are due to spin fluctuations owing to the much smaller energy scale
To to be compared with T. This is reflected in the suppression of Xeh by the factor
W3, ~T;/I*. For N > M, which is still overscreened, we are in a new physical
situation, not discussed by Nozieres and Blandin. In this case, equation (5.1.39a)
implies that ¥ (7T) diverges as T7-/7*V  while the spin susceptibility is finite at
T =0, ¥sp(0) ~ 1/To. In this regime, the low-temperature deviations from Fermi-
liquid behaviour are ultimately driven by the channel spin fluctuations. However,
this can only occur to the extent that their strength exceeds that of the spin
fluctuations. This implies that a new temperature scale is present in the problem,
which we shall call Ten. This may be estimated by seeing where the leading channel-
driven term in poo equals the leading spin-driven term, yielding the energy scale

(5.1.40)

(1+y) /-7
- T
Tch ~ TO I/V;lh/(Asp Ach) ~ TO( T0) )

We note that Tch evolves in the ‘pathology’ temperature T} discussed by Miiller-
Hartmann (1984) and Bickers (1987, equation (5.53)) when M = 1. This corresponds
to the SU(N) Anderson and Cogblin—Schrieffer model, designated by the horizontal
M =1 axis in figure 53. The low-temperature physics here is of course Fermi liquid
like and beyond the scope of the NCA. However, as discussed extensively by Bickers
et al. (1987) and Bickers (1987), the NCA does an excellent job on finite-temperature
properties provided that T, < T < To. Clearly the difficulty with applying the NCA

XSP(O) = 0O
X0 ~ WilT,

M
X,® ~ UT,
X = o0
2
1 Fermi Liquid (SLU(N) Coqblin-Schrieffer)

N

Figure 53. Phase diagram for SU(N) x SU( M) multichannel Anderson model in the Kondo
regime. For M > N, spin fluctuations dominate, and the low-temperature spin
susceptibility is divergent. The only low-energy scale is the Kondo scale. For
1 < M < N, channel fluctuations dominate, and the low-temperature physics has two
scales: the Kondo scale and a final energy scale where channel fluctuations dominate.
The low-temperature channel susceptibility diverges in this case. For M = N, both
channel and spin susceptibilities diverge logarithmically, and there is only one low-
energy scale (the Kondo scale). For M =1, a Fermi-liquid line results and there is
only one low-energy scale (the Kondo scale).
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in this context is in attempting to extrapolate to the line of zero slope; it does very
well in describing the physics on all lines of non-zero slope in the N, M plane. Note
that the scale Tch is real provided that M > 1. However, we know of no physical
model for which N > M > 2 can be realized in practice.

5.1.4. Cross-over effects in applied spin and channel fields

The application of a spin or channel field will induce a cross-over to new physics
at low temperatures as discussed in previous sections. Specifically, we anticipate
Fermi-liquid behaviour of two different sorts. For the applied spin field, at zero
temperature, the physics becomes that of a Fermi gas interacting with a polarized
scattering centre, so that Fermi-liquid physics must set in below the cross-over scale
denoted as Tg,. For the applied channel field, the couplings to all but the lowest-
energy pseudo-boson are expected to become irrelevant, and this will lead to the
SU(N) Cogblin-Schrieffer model for that coupling with all other channels having
zero scattering. The SU(N) model will give a Fermi liquid excitation spectrum with
a scale set by the cross-over temperature denoted T3,. The NCA cannot describe the
low-temperature physics well below the cross-over scale well, since it cannot describe
Fermi-liquid physics. However, the cross-over region will be well described and the
NCA produces a correct estimate for the cross-over scales TSp ch-

To estimate these cross-over scales, consider first the case of an applied channel
field. With the normalization pch ~ 1/M to obtain a sensible large-N, M limit, we
see that the overall splitting of channel energies is of order Hch, assumed to be
small compared with the channel fluctuation scale T. Each of the pseudo-boson
propagators now acquires a channel label oo The NCA differential equations
(5.1.15a) and (5.1.15 b) are modified to

%gale- jA%TZdia, (5.1.410)
dow o L (5.1.410)
dow T’
with the new boundary conditions for the d;
goa(= D) = D = Owech Hen. (5.1.42)

Denote the ovindex corresponding to the lowest-energy b state as ou. It is easy to see
that dgbe/dde, = 1, so that goa = gbay + |0L- (XL|Hcthh. Hence, the spread of gbq
values is no more than order Hch, given the above remarks. Now, at sufficiently high
energies above the cross-over scale, the lifting of the channel deg)eneracy should be
irrelevant, meaning that all guo still go as F| - Eo)/[To | " I in this energy
region. The cross-over scale is determined by the equation

gl?oqu' E0| =Ty = Hen, (5.1.43)

where the superscript > means that we utilize the high-energy form for the inverse
propagator gvo. This gives

oyl T

1+y
v - YTo (@) (5.1.44)
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with the cross-over exponent 1+ Y in agreement with conformal field theory
analysis, as we shall see in the next section. In particular, for the special case
N = M=2, we get T} ~ H3, which was also found in the NRG and Bethe-Ansatz
treatments. We observe that we could also determine the cross-over exponent from
below, using the NCA forms for the one-channel SU(N) Anderson model and an
effective single-channel Kondo scale given by the expression

1/N 1/N
D TEf
I e - . 5.1.45
OLLIL( |oc- (XL|Hcthh) Xp( r) ( )

N/(N+1)

~

To(He) = D| ==
0 ch) — ™

In this case, gbo, NF|(a) - Fo)/To (Hch| , and we would equate this expression
to Hen to obtain Ty,. Now, however, Hen appears on each side of the equation
through the functional dependence in To(Hen). It may readily be verified that as a
result we obtain the same estimate for Tp,.

We may follow a similar procedure for estimating T5,. Here we assume Hsp to be
smaller than the spin fluctuation scale To. We equate the high-energy form for gr to
the spin field Hsp which gives

T H, 1+1/y
TS = Yo [ . (5.1.46)
I+7v| To

This estimate agrees with NRG, Bethe-Ansatz and conformal theory for N = M = 2,
and in any case gives the right dependence on Hsp for all N, M.

From a knowledge of the cross-over behaviour, one can compute the spin
magnetization M and channel spin magnetization M. For y>1, My~
(Hsp /To)'"" as expected from conformal field theory and the Bethe Amsatz. For
Y<1, Mo~ (TtHen /T)" as can be inferred from conformal field theory. For y =1,
Ms, ~ (Hsp [To) In(To /[Hsp) and Men ~ (TWHen /T) In (I /THcn), both in agreement
with conformal theory (section 6.1.3.3). The method for computing the magnetiza-
tion is based on a form for the ground state energy in terms of the inverse Green’s
functions. We refer the reader to appendix C for details.

5.1.5. Vertex corrections

The success of the NCA in producing the critical exponents for po and %sp.ch and
the cross-over exponents correct for all N, M suggests that the vertex corrections are
somehow unimportant in modifying the physics of the problem from these simple
diagrams. The lowest-order vertex corrections are illustrated in figure 50 for the
pseudo-particle self-energies, and these are of order 1/N? as argued previously. A
little thought indicates the following scenario for the vertex corrections; since the
exponents are obtained correctly for all orders in 1/N for the quantities considered,
the most singular contribution from the vertex corrections cannot modify these
exponents. The vertex corrections can, however, correct the amplitudes of the leading
singular contributions by terms of order 1/N* and higher.

Let us apply this reasoning to the self-energy equations, which, as we have seen,
determine all the physics of the above quantities. This scenario may be checked self-
consistently by assuming that the pseudo-particle propagators retain the same
critical behaviour at threshold Ey as in the O(1) solutions. Explicit evaluation of
the pseudo-fermion self-energy of figure 49 then shows that the dominant low-energy
contribution vanishes again as |a)- E0|y/ 1Y A detailed analysis is deferred to
appendix C.
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With power-counting arguments, we can see that this result is more general.
Consider a generic contribution to Xr which has L loops and independent energy
integrations and hence contains L pseudo-boson propagators and L- 1 pseudo-
fermion propagators. By converting each energy integration to dimensionless form,
we can read off the power-law dependence on w- Ep. Each boson Propagator
diverges as |a)- Eo|2A"'l, and each fermion propagator as |a)- Eo|2 ' From
de-dimensionalizing the integrations we obtain L factors of w- Ep from the
differentials, L powers of - FEo from the boson propagators, and L - 1 powers
of - Ey from the fermion propagators. The net power is then L+ L(24p- 1) +
(L- 1)(24; - 1) =2L(Ay + Ar) - 247 - L+ 1 which, since A;+Ap =1, is just
1 - 2A¢, but this is precisely the leading-order power of the self-energy; so we have
self-consistently demonstrated the scenario.

This is analogous to result for the quasiparticle lifetime in a Fermi liquid; the
correct @ + 70T behaviour can be found in a diagram second order in the
interaction strength. Higher-order diagrams may readjust the strength of the
effective interaction (the amplitude of the leading-order power) but will not modify
the form of the lifetime, that is the leading-order power itself. As in Fermi-liquid
theory, where the renormalized interaction is of the order of the bandwidth and so
no strict perturbation theory is applicable, we find ourselves in a situation here where
the regime of strict validity of the theory (large N only) appears far smaller than its
regime of applicability.

The observations of the last two paragraphs led Cox and Ruckenstein (1993) to
speculate that, in systems with non-Fermi-liquid ground states which typically show
some form of spin-charge separation, extended to channel spin—spin separation here,
some form of self-consistent perturbation theory can capture the essential physics
even when no obvious small parameters are available, barring some kind of phase
transition which binds spin and charge (or spin and channel spin here).

In fact, there is evidence that just such a phase transition occurs in the Kondo
problem between the overcompensated regime for which the NCA is obviously well
suited to the single-channel Fermi-liquid line of figure 53. The work of Kroha et al.
(1992, 1997), together with that of Anders and Grewe (1994) and Anders (1995a, b)
moves beyond the NCA to work on the single-channel model. The work of Anders
and Grewe (1994) and Anders (1995a, b) demonstrates that a tendency to restore
Fermi-liquid properties is indeed produced by a self-consistent inclusion of vertex
corrections through order 1/N?. Kroha et al. (1992, 1997) demonstrate that the
vertex corrections display a tendency towards bound-state formation between the
conduction electron and the pseudo-fermion state, closely related to the spin-
screened Fermi-liquid state. In particular, in a saddle-point evaluation of the
conduction-electron—pseudo-fermion two-particle T matrix, a pole is obtained on
resumming an inifite number of repeated particle—particle interactions between the
electrons and pseudo-fermions. However, owing to fluctuations beyond this saddle-
point approximation, a true bound state is not in fact realized. Instead, the pole
contribution serves to renormalize the threshold exponents of the pseudo-particle
propagators from the NCA values of ot = 1/(N + 1) = 1- 0 to exact values which
have been deduced from NRG calculations (Costi e al. 1994), a combined Bethe-
Ansatz—conformal field theory approach (Fujimoto et al. 1996), a heuristic analytic
argument (Menge and Miiller-Hartmann 1988) and 1/M expansions for
l< M< N (Tsuruta er al. 1997). These exponents are dependent upon the
occupancy of the pseudo-fermion level, in contrast with the NCA values, and are
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Figure 54. Spin susceptibility for SU(2) x SU(M) multichannel Anderson models in the
Kondo regime obtained from the NCA. Of particular note here is the excellent
agreement between the exact Bethe-Ansatz results for M = 2.3 and the NCA results.
[Taken from Kim and Cox (1997), with kind permission of the American Institute of
Physics. ]

indeed characteristic of a Fermi-liquid ground state. Thus, the Fermi-liquid ground
state appears to be reinstated by an appropriate recombination of spin and charge
degrees of freedom induced by complicated interactions between fermionic and
bosonic degrees of freedom.

5.1.6. Properties at a finite temperature

The NCA is not limited, of course, to zero temperature where the differential
equation approach is applicable. The integral equations may be self-consistently
solved at finite temperature and the properties calculated. In this section, we wish to
point out that the comparison is astonishingly good of magnetic susceptibility,
specific heat and entropy curves with exact calculations from the Bethe Ansazz. In
particular, the discrepancy for the susceptibility is barely visible, while a discrepancy
with the T = 0 entropy at the several per cent level is seen, but expected given the
large- N character of the analysis. The calculations are based on the Ce** model to be
discussed in section 5.1.7, which has parameter regimes described by the two- and
three-channel spin-3 model.

In figure 54, we show results taken from Kim and Cox (1995, 1997) for various
parameter sets in the two-channel Kondo regime of the simplified model. What is
apparent is that all the computed NCA y(T) curves agree almost perfectly with the
exact Bethe-Ansatz results of Sacramento and Schlottmann (1991). Also shown in
figure 54 is shown the corresponding calculation for the three-channel regime. The
agreement is clearly excellent. It needs to be mentioned that this is actually a two-
parameter comparison; 7o is adjusted to Tk from Sacramento and Schlottmann by
sliding along the logarithmic temperature axis. A mild scale factor adjustment is also
required to bring the vertical axis into alignment. Kim and Cox (1995, 1997) argued
that this scale factor is related to the cross-over effects in the Ce’* model which they
studied.

Attempts to compute the specific heat have also proven successful. The only
method developed to compute the specific heat from the NCA consists of numerical
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differentiation of z (Bickers ez al. 1987). This works well for sufficiently large
specific heat signal but, in the multichannel models, the residual entropy robs the
finite-temperature specific heat of considerable integrated intensity. As a result, it is
essential to have high numerical precision to obtain the specific heat and entropy
results. A recent numerical advance in the NCA codees by Kim (1995) allowed
reliable computation of entropy and specific heat. The entropy curves for N = 2 and
M =1,2,3 are displayed in figure 55 (Kim and Cox 1995, 1997). The M = 1 curve
shows the expected extrapolation to S = 0 as T — 0, although the NCA curve is not
to be trusted in the low-temperature region for this Fermi-liquid case. The M = 2,3
curves show temperature dependences in excellent agreement with the Bethe Ansatz.
The residual entropies are within 10-15% of the expected values for M = 2,3. We do
not expect exact agreement of the residual entropy given the explicit N dependence

0.6 T T ' T
05 F (a) M=1
"D 04 0 oa 96 o e
— 0.3
tn 0.2

0.01 0.1 1 10 100

T/To

Figure 55. Numerically calculated entropy curves from the NCA for the SU(2) x SU(M)
Anderson models in the Kondo regime. The M =1 curve shows the clear (and
expected) tendency towards S(0) = 0 as expected for the single channel model. The
M =23 curves agree well with exact Bethe-Ansatz results (solid lines) and clearly
display a tendency towards a finite residual entropy. Agreement for S(0) is evidently
at the 10-15% level. [Taken from Kim and Cox (1997), with kind permission of the
American Institute of Physics. ]
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Figure 56. Specific heat for SU(2) x SU(M) Anderson models in the Kondo limit with
M=1,2,3 as calculated from the NCA. Symbols are from the NCA: lines are from
exact Bethe-Ansatz results The high-temperature enhancements are due to the
presence of the excited configurations in the model, which are not present in
the Bethe-Ansatz model. [Taken from Kim and Cox (1997), with kind permission of
the American Institute of Physics. ]

found in the Bethe Ansatz (Tsevlik 1985, Sacramento and Schlottman 1991) and
conformal theory (Affleck and Ludwig 1991c¢) treatments. However, the overall
agreement is clearly exceptional for this simple theory.

The specific heat curves for N = 2 and M = 1,2,3 are shown in figure 56 (Kim
and Cox 1995, 1997). Clearly, the M = 1 curves is in excellent agreement with the
exact results. The slight underestimate of the magnitude for M= 2,3 is under-
standable from the slight overestimate of the residual entropy evident in figure 55,
since the net high temperature entropy must be Rln2.

5.1.7. Alternative large-N formulation
Recently Parcollet and Georges (1997) have developed an alternative large-N
approach to the multichannel model which represents the spins in terms of
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constrained Schwinger boson fields. This theory is able to treat overcompensated,
undercompensated and compensated cases exactly and is expressed in terms of
saddle-point equations which are strongly reminiscent of the NCA. The physical
properties computed within this approach agree well with other methods and, in
contrast with the NCA, an analytic formula for the zero-temperature entropy is
obtained for the over-compensated and undercompenated models. The method
would appear to hold considerable promise for a lattice generalization.

5.2. Application of the non-crossing approximation to a model Ce** impurity

This section reviews the work of Cox (1993), Kim (1995) and Kim and Cox
(1995, 1997) in studying a model Ce** impurity which encompasses the possibilities
of single-, two- and three-channel spin-3 Kondo effects. The model is intended to be a
simplified version of a more complete model for Ce in LaCuz.2Si>.

5.2.1. Pseudo-particle Hamiltonian and non-crossing approximation equations

The assumed level spectrum of the Ce** ion is shown in figure 57. The
Hamiltonian is then given by equations (2.2.24) and (2.2.25). We wish to rewrite
this Hamiltonian in pseudo-particle form. We represent the f' doublet by a pair of
pseudo-fermion operators f7,, and the f” and f* states by pseudo-boson operators b
and bsq, respectively. To enlarge the Hilbert space from the two-configuration model,
the f charge Qr of equation (3.3.6) is modified to

Or Zb;ab,%o."' > foufu+ bibu. (5.2.1)
%

The resulting pseudo-particle Hamiltonian is

H= Z €kC) o Chrece F €1 mefm

KT O

¥ V17 +
+ €2 Zb;ab:;g_'i' N1/2 Z(f7LblC7y + hC)

s T

- ;;3/72 Z‘Sgn (1) (Bl f7,- uison + e) = Aps(Qr = 1). (5.2.2)

Figure 57. Energy levels of the £, £', £2 states for the simplest Ce®>" ion Anderson model.
Only a magnetlc doublet is kept in the f' configuration, and only a non-Kramers
doublet is kept in the £ configuration. [Taken from Kim and Cox (1997), with kind
permission of the American Institute of Physics. ]
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Figure 58. Pseudo-particle self-energy diagrams for the simple Ce** ion Anderson model.
Broken lines are for the f' pseudo-fermion propagator which carries spin (magnetic)
index p. Wavy lines are for the f° pseudo-boson propagator. Spiral lines are for the
f2 pseudo-boson propagator which carries channel (orbital) index o. Solid lines are
for conduction electrons which may carry only spin (I, denoted by 7), or both spin
and channel (I3, denoted by 8). [Taken from Kim and Cox (1995, 1997), with kind
permission of the American Institute of Physics. ]

We denote the hybridization width corresponding to Vi7(V37) by iz = 7N (0) V;
(ry7 = TN(0)V3;). Here e1 = e and e =& + er = 2¢r + U where Uf is the
Coulomb repulsion.

As discussed in section 2.2.2, for I'sy /th5f| < Ty /1'c|ef|, we anticipate a single-
channel Kondo effect. The NCA will correctly describe the approach to a Fermi-
liquid fixed point here, although not the actual fixed point. However, the scaling
dimensions in this instance will be uniquely specified by the NCA and serve as a
measure of the universality class within the method. For I'; /th5f| > TI7 /1'c|ef|, we
anticipate a two-channel Kondo effect to describe the low-temperature physics. This
will be obtained essentially correctly through the NCA. For I's7 [mér| = 17 /e, we
anticipate the three-channel Kondo effect to regulate the low-temperature physics,
which again is obtained essentially correctly through the NCA. The above conditions
on the dimensionless Schrieffer—Wolff coupling constants will be slightly modified in
the full NCA analysis, but the essential physics is unchanged.

Figure 58 illustrates the self-energy diagrams retained in the NCA. The resulting
self-energies are denoted X7 for the f ! doublet, IT; for the f 0 singlet, and I3 for the f :
doublet. The corresponding propagators are

N S
67(w) = P (5.2.3)
1
61(w) = P (5.2.4)
and
63(w) = . (5.2.5)

w-e-230)

Assuming, for convenience, particle-hole symmetry to the conduction band, the
integral equations of the NCA are
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2I'y

. I de fOas+e, (5260

1) :F—; de f()G1 (@ + ¢)

2iw) = %Idef(e)@(m o, (5.2.60)
530 = 2%7 I de F(€)67(@+ ). (5.2.6¢)

Note that 23 = (F37 /F17)21.

This model has a special feature relative to other three configuration models
studied previously with the NCA, such as the s-wave spin-3 Anderson Hamiltonian
(Pruschke 1989). In the latter case, there is a vertex correction which in effect mixes
the s°, s? configurations. The origin of the simplification for this model is not
mysterious when viewed from the standpoint of the Schrieffer—Wolff transformation;
the s”, s? states in the s-wave model each transform as fully symmetric representa-
tions and so contribute terms of the same form in the effective exchange
Hamiltonian. Hence, there can be only one Kondo scale associated with the two
excited configurations. The vertex corrections used by Pruschke have a direct
correspondence to the scaling theory diagrams which couple the s’-driven exchange
to the s>-driven exchange. In this model for a Ce** ion, however, the Schrieffer—
Wolff exchange interactions induced by virtual f° and f* fluctuations have entirely
different forms and couple to different symmetry conduction partial wave states.
Hence, there can be no such cross-couplings of effective exchange interactions in low-
order scaling theory, and no vertex corrections within the NCA analysis.

5.2.2. Non-crossing approximation differential equations

Following the same procedure of section 5.1.1, and defining the inverse
propagatorsgr = - 65', g1 = - 67 ', and g3 = - 63 we obtain the following differ-
ential equations for the 7 = 0 NCA:

dg_ | rIn_ 2y
=-1- - 5.2.7

do o (5.2.74a)
den _ 2
o 1 o (5.2.7b)
des _ 20y
do 1 — (5.2.7¢)

subject to the boundary conditions

gi(-D)=D+e, gi(-D)=D, g(-D)=D+e. (5.2.8)

These equations are clearly more complex than for the SU(N) ® SU(M) model
of the previous section. Indeed, if I'i7 # I'37, a complete low-frequency analytic
solution cannot be obtained, as we shall discuss below. The reason is that there is no
integration constant corresponding to C of equation (5.1.7) which connects low- and
high-energy regimes. This does not prevent the derivation of some analytic results,
nor does it prohibit a full numerical solution of the NCA equations.
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5.2.3. Solution in the special case T't7 = I's7

The special case I''7 = I's7 = I is fully soluble in the spirit of the previous
section, and provides considerable insight to the physics of the model (Kim 1994).
Accordingly, we shall devote most of our attention to this case. We can see
immediately that the equality of ¥3 and ¥, implies that dgs/dgi = 1, so that
g3 = g1 + constant. From equation (5.2.8), the integration constant is seen to be
e2. We consider three separate cases: for e2 =0, e2 > 0 and e2 < 0.

(i) e2 = 0. In this case we anticipate the physics to be that of the three-channel

model. Clearly, the NCA differential equations imply that g1 = g3.
Substituting into equations (5.2.7a) and (5.2.7b) we find the integration
constant

D 3

g1
Following the previous analysis for the SU(N) ® SU(M) model, we evaluate

this express1on at - D to obtain C = exp (Ter /2r). This implies that, at low
energies approaching the threshold Eo,

~

T
C=exp( 2—F(g7- g1) &1

D (5.2.9)

(3)\2
~all ) (5.2.10)
(mg1 /1)
with Té’” being the NCA estimate for the three-channel Kondo temperature
3P
3) _ 1T Ter
T, =D ﬂ_D) exp( 2F) (5.2.11)

Comparison with the previous section or direct substitution into equations
(5.2.7a) and (5.2.7b) confirms that the low-temperature behaviour 1s
prec1se1y that of the N = 2, M = 3 model. This means that g7 ~ To |a) Eo|
and g1,83 ~ F|a) Eo| B for @ — E.

e2 > 0. We expect the low-temperature physics here to be the same as in the
three-channel case. Now we eliminate g3 in favour of gi. Substituting into
equations (5.2.7a) and (5.2.7 b) we find the integration constant C given by

D3
gi(g + 62)2.

Following the previous analysis for the SU(N) ® SU(M) model, we evaluate
this at - D to obtain C = exp (T /2r). This implies that at sufficiently low
energies when g1 < e2 as w - Eo — 0, we have the relation

2
yd
D

~

C=exp ( %(g - g1) (5.2.12)

(D42
T,
1 m%r—) (5.2.13)
where the Kondo scale T(()l) is given by
1/2
n_ nef L Tt
T, = DD ﬂ_D) exp( 2F) (5.2.14)

The low-frequency relation of equdtlon (5.2.10) implies asymptotically that
|a) Eo| B and di ~ |a) Eo| These are precisely the asymptotic
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forms expected for the single-channel spin-3 model (Miiller-Hartmann 1984,
Bickers 1987). The superscript (1) in the Kondo scale refers to the smgle-
channel character. Thls nnphes further that g7 diverges as |a) Eo| 13 , and
61 diverges as (o - Eo| 2B contrast, 63 is finite at threshold, which implies
that A3(@) ~ |o- Eo|'” close to threshold. Since 63 corresponds to the
dynamically screened exchange between the [7Ce’* doublet and the I3
conduction quartet, this vanishing corresponds to the irrelevance of that
coupling when the bare I7-I3 exchange is smaller than the bare I7-I7
exchange.

We next identify the cross-over energy scales at which the low-temperature
single-channel behaviour begins to dominate. This proceeds in much the
same spirit as in the identification of cross-over scales for applied spin and
channel fields in the SU(N) ® SU(M) model of the previous section. The
relevant comparison here is between the magnitude of g1 and €. The
maximal scale of g1 is set by I' in the low-energy region. Hence, if I < €2, we
shall always pass to the single-channel Kondo physics on lowering from high-
energy high-temperature scales without seeing the three-channel Kondo
physics corresponding to essentially degenerate f°, f* states. However, if
e<TI< |€f|, we have a more interesting situation. For Ey > w, we have,
following Miiller-Hartmann (1984),

g1(w) =~— (5.2.15)

7T

3(Ey - w)| 2
To

which should be equated to € to determine the cross-over scale T(j). We thus
find that

(5.2.16)

(), Tz, 3/?
Tty ~3 Ty (_)

r

This clearly tends to zero as e2 —0. For frequencies above this scale, g
exceeds e2 and the physics becomes that of the three-channel model. An
alternative approach is to compare the three-channel form for g1 above T7j,

with e>. This yields
52
Ty T8 ( Tff) . (5.2.17)

Using the expression for TO’ , we see that this result differs from equation
(5.2.16) only by order unity.

The most interesting feature of the discussion in the preceding paragraph is
that, even for vanishingly small e, the physics will ultimately be that of the
s1ng1e channel model at temperatures below T7}), with a Kondo scale fixed
by TO v Indeed, to see cleanly the single-channel phys1cs numerlcally, we
infer that e; must be at least of order I smce T ~ (e2/T) 3P . Clearly more
energy scales are present for a model Ce®* ion than are evident from the bulk
of theoretical approaches taking Ut — odl
€2 < 0. In this case, we expect the low-temperature physics to be governed by
the two-channel spin-} fixed point. Now we eliminate g; in favour of g3 and
obtain the integration constant

1 g2 D'

C exp( o (g7 g3)) ( D) ey (5.2.18)

~
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which now gives C = exp [— e + Uff)ZF]and implies near threshold that

(2)y2
| gl S (5.2.19)
(g3 /)
with
12 ~
o _ o lel) " U e
T, =D D ﬂ_Dexp( 2F). (5.2.20)

Note the new exponential factor in this Kondo scale. Use of equation (5.2.19)
in solving the NCA differential equations confirms that this is the
N = M =2 limit of the SU(N) ® SU(M) model. Hence, both g7 and &
vanish as |a) - Eo|1/2 near the threshold, while A;(w) vanishes as |a) - Eo| 2
near the threshold corresponding to the irrelevance of the single-channel
coupling in this instance.

We may discuss the cross-over physics in exactly the same manner as for
the single-channel case. For |€2| > T, the three-channel fixed point is never
approached from high energies and we simply flow directly to the physics of
the two-channel fixed point. For |ez| < I, we can determine the energy scale
at which we cross over from three-channel to two-channel physics by

equating
_ 1/2
() ~= ( o~ B (5.2.21)
TC To
to |e2| which yields
2
Ty ~3 Téz)( Eli_zl) (5.2.22)

or by equating the three-channel form for ¢ with rEf|, giving

52
Tty ~3 T o( el ) (5.2.23)

r

which agrees with equation (5.2.21) to within factors of order unity. Once
again, even for vanishingly small €2, the low-temperature physics below Ty
will be governed by the two-channel fixed point.

5.2.4. Remarks on the general case T'\7 # I's;

As we mentioned in section 5.2.2, when I't7 # I'37, no integration constant can be
found corresponding to C and a full solution must be numerical. However, we can
make some statements about universality classes with confidence since there are
approximate integration constants there obtained by neglecting the - 1 terms in
equations (5.2.6a) and (5.2.6 b). This is valid near the threshold assuming that g7
diverges which in turn implies that at least one of di and &5 diverge near the
threshold. Specifically, we see that dg3 /dg1 ~1I37/r17. Thus

I
g ~—Lg +C (5.2.24)
I'7

and C can be identified from the values at the threshold to be
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r
C=é=a+|=2- 1| k. (5.2.25)
Iy

The meaning of ¢, is that this integration constant essentially plays the role of a
hybridization renormalized value of e, near the threshold. Clearly, the conditions of
the previous section regarding the sign of e2 can now be replaced by the
corresponding conditions on the sign of e5. Unfortunately, Fo is not known a priori,
so that this condition is not as useful in determining the low-temperature physics.

The approximate integration constant relation of equation (5.2.24) will hold up
to some energy cut-off D*. Consider the case €; = 0. Then in the same energy region
we can identify a new approximate integration constant C* given by

2 3

D*
g1

N st

D (5.2.26)

9

which implies that

(/13"
1 ~ 5.2.07
(g1 /D7)’ ( )
with

1" ~p*C*

3P
%) . (5.2.28)

Note that equation (5.2.23) ensures that >3 cancels from dg7 /dgi. Thus the form of
the low-temperature physics must be the same as in the simpler case with equal
hybridizations, but the Kondo scale must be determined numerically for a given cut-
off D* through evaluation of C* at the cut-off. Similar analyses apply for the single-
and two-channel limits. The cross-over analysis can be done in terms of €5 and TO*
in the same way as discussed in section 5.2.2.

Finally, we note that we can easily rewrite the condition €5 > 0, &; < 0, &; = 0 in
terms of renormalized coupling constants g7 and g given by

~ _ 17 < _ I'37
g7—ﬂ1EO|, g8_TC|Eo-€2|. (5229)

Let 5- ;' - % '. Then, for §> 0, we shall obtain two-channel physics, for §= 0
three-channel physics, and for 6 < 0 we shall obtain single-channel physics at low
temperatures. The estimates of the cross-over temperatures are precisely those of
equations (2.2.39) and (2.2.40) discussed in section 2.2.4. Clearly, if I'i7 = I's7, we
revert to the sign of ex determining the physics as in secion 5.2.2, and to the cross-
over scale equations (5.2.16) and (5.2.20).

5.2.5. Physical properties at a finite temperature

Kim and Cox (1995, 1997) have evaluated the physical properties of this model at
finite temperatures, and we shall survey their results here.

We shall focus on the magnetic susceptibility and the 4f spectral function here.
The susceptibility diagram is precisely that of figure 51, with the I7 propagators put
in. The spectral function diagram includes two conttributions shown in figure 59.
One term arises from [7 symmetry interconfiguration transitions arising from f’—f'
processes, and the other from I§ symmetry transitions arising from f'—f* processes.
Note the reversed order of the I7 propagator in the two diagrams.
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f0 'y

Figure 59. Diagrams for full 4f propagators for the simplest Ce’* Anderson model. The
diagram on the left is for the I7 symmetry full f propagator (which hybridizes with
the corresponding conduction propagator), and the diagram on the right for the I3
symmetry full f propagator (which hybridizes with the conduction quartet
propagator).

The susceptiblities in the two- and three-channel regimes are shown in figure 54.
As discussed previously, these agree very well with the corresponding Bethe-Ansatz
curves of Sacramento and Schlottmann (1991). There is, however, a necessary
vertical scale adjustment which depends upon parameters. The origin of this scale
factor, which is of order unity, is probably a residue of the cross-over physics.
Namely, the full one-parameter universality of the two-channel model, for example,
may not show up until gs > 27. The dynamical spin susceptility in the three different
regimes is shown in figure 60. In each case the inset shows the peak position as a
function of temperature. This peak position is a rough measure of the spin relaxation
rate, which is then illustrated in figure 61. For the single-channel case, this saturates
to a constant value of order Ty at low T, compatible with the Fermi-liquid ground
state (although 7y~ is of course singular at lower frequency). For the two- and three-
channel regimes, the effective relaxation rate vanishes as T — 0, doing so linearly in
the two-channel case. This is of course compatible with the marginal Fermi-liquid
hypothesis which postulates that T sets the low-temperature energy scale (Varma
et al. 1939).

The specific heat and entropy curves have already been discussed in figures 55
and 56 and section 5.1.6. Of importance in understanding the curves is the presence
of the interconfiguration peak which gives a large background to the specific heat
and entropy.

The most interesting new physics to emerge from this treatment concerns the
transport coefficents, specifically the thermoelectric power. The temperature depen-
dent spectral functions in the single-, two- and three-channel regimes are shown in
figures 62, 63 and 64 respectively. For the (single- and two-channel cases, the inset
shows the separate contributions of the f’—f' and f'-f* diagrams at low tempera-
tures. We see that the contribution from either f'—f* transitions in the single-channel
case or f'—f' transitions in the two-channel case vanishes at zero frequency. This
corresponds to the irrelevance of the smaller coupling constant in the renormaliza-
tion group sense; the width of the region over which each spectral function vanishes
is a measure of the corresponding cross-over scale defined in the previous section.

What is quite clear from these figures is that in the single-channel regime the
Kondo resonance weight is shifted predominantly to positive frequencies. For the
two-channel regime, the Kondo resonance weight is shifted predominantly to
negative frequencies. The physical origin is clear; in the single-channel case, virtual
charge fluctuations to the f 0 configuration dominate and so the f occupancy is less
than unity, meaning tht we should shift spectral weight above the Fermi energy
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Figure 60. Dynamic susceptibility of the simplest Ce** Anderson model in the M = 1,2,3
channel regimes. The insets show scaling behaviour in which the curves are divided
by their maximum value and centred at their maximum position. The maximum
position defines the linewidth " of figure 61. [Taken from Kim and Cox (1997), with
kind permission of the American Institute of Physics.]

relative to the nr = 1 case; for the two-channel regime, virutal charge fluctuations to
f* dominate, and hence we expect the f occupancy to exceed one. Corresponding to
this, we should shift spectral weight below the Fermi energy.

Since the scattering rate 1/t is proportional to the full spectral function (modulo
corrections from anisotropic hybridization matrix elements; see Kim and Cox (1995,
1997) for a discussion), the discussion of the preceding paragraph has a direct
bearing on the thermoelectric power which is proportional to the transport integral
L= J. de (- 0f /Oe)T(e). The single-channel regime scattering rate will lead to a
stronger scattering of unoccupied (particle) states meaning that occupied (hole)
states will dominate the heat transport in /1 and hence we expect a positive sign to
the thermopower in this regime. For the two-channel case, holes are scattered more
strongly overall than particles; so we anticipate more effective heat transport by
particles and a negative sign to the thermopower. In the three-channel case, the
scattering rate is approximately symmetric but slightly dominated by hole scattering
since the excited f* state is a doublet. As a result we expect the thermopower to be
slightly negative at low temperatures. The full numerical calculations bear out the
physical discussion of the previous paragraph, as shown in figure 65. This implies
that the thermopower is a sensitive probe of the possible universality class for Ce**
impurities! As we have noted previously, CeCu22Si> has a negative thermopower
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Figure 61. Magnetic relaxation rate of the simplest Ce** Anderson model in the M = 1,2,3
channel regimes. These rates are determined from the maximum position of the
dynamic susceptibility curves in figure 60. Reflecting the residual ground-state
degeneracy (‘degenerate spin screening cloud’), the linewidth vanishes linearly in
temperature for M = 2,3, whereas it is finite for M =1, compatible with Fermi-
liquid behaviour in that limit. [Taken from Kim and Cox (1997), with kind
permission of the American Institute of Physics. ]

below 70 K, well above any 2possible lattice coherence effects. This is strong support
for a model in which the f* fluctuation weight in the ground state exceeds the f°
weight. However, as discussed in section 8.2, for dilute Ce in LaCusSiz, the
thermopower regains a positive sign, which is problematic for an interpretation in
terms of the two-channel Kondo model.

5.2.6. Critique and directions

The simple model analysed in this section may be criticized in its treatment of the
£ configuration. Specifically, it is known for Ce®* ions that ex ~+1-2¢V. On the
other hand, 17 is known to be approximately 0.1-0.3eV and, owing to fractional
parentage effects, we anticipate that for the lowest multiplet of £ that I'sy < I'7.
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Figure 62. Atomic spectral functions in the single-channel regime of the simplest Ce*

Anderson model. por is the interconfiguration spectral function which is obtained
from the convolution between f° and f'T7 states. p12 is the 1nterconﬁgurat10n spectral
function which is obtained from the convolution between f'T3 and I3 states. The
single-channel Kondo effect leads to the Kondo resonance development in po; just
above the Fermi level and the spectral depletion in p12 right at @ = 0. Spectral
functions are dlsgldy ed for model set 8. The temperature variations are
T/D =3.678 x 10" 1.077x 1072, 3.155x 1073, 9.239x 10°%,  2.706 x 10°*
7.924 x 1075 and 2.321 x 1075, [Taken from Kim and Cox (1997) with kind
permission of the American Instltute of Physics. ]

0.8 T T

0.6 .

0.4 r b

por (,T)

0.2 :

0.0 ; |
3.6 T T
3.0

2.4
1.8
1.2

0.6 r 1
0.0 L .

~0.010 —0.005 0.000 0.005 0.010
w/D

piz (w,T)

Figure 63. Atomic spectral functions in the two-channel regime for the simplest Ce** ion

Anderson model. The two-channel Kondo effect leads to the Kondo resonance
development in pj» at the Fermi level (T = 0) and the spectral depletion in po; right
at @ = 0. Spectral functions are displayed for model set 1. The temperature variations
are the same as in figure 62. [Taken from Kim and Cox (1997), with kind permission
of the American Institute of Physics.]
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Figure 64. Atomic spectral functions in the three-channel regime of the simplest Ce** ion
Anderson model. For this parameter regime (model set 4), the two spectral functions
po1 and p12 are equivalent in the asymptotic limit after a particle-hole transformation.
The temperature variations are the same as in figure 62. [Taken from Kim and Cox
(1997), with kind permission of the American Institute of Physics.]
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Figure 65. Thermopower S(T) for the simplest Ce’ ion Anderson model. The
thermopower is positive at low T for the M = 1 parameter regime, strongly negative
for the M = 2 parameter regime, and weakly negative for the M = 3 parameter
regime. Dominant f’—f'(f'—f?) virtual charge fluctuations give positive (negative)
S(T). [Taken from Kim and Cox (1995), with kind permission of the American
Institute of Physics. ]

Thus, naively, it would seem that the two- and three-channel possibilities can never
be realized in practice. Also, excited-state f*I%, I3 levels give rise to the additional J
coupling discussed in section 2.2.2.

The NCA analysis can in principle be extended to include the lowest crystal-field
excitations of the excited configuration, but this will require inclusion of vertex
corrections of the sort discussed by Pruschke (1989) to describe reliably the low-
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temperature physics. The effect here is not yet known but, given the scaling analysis
of section 3.4, we anticipate that the low-energy-scale physics will still be determined
by the I'3 virtual charge fluctuations provided that the coupling is suffciently weak to
the I3, I'5 levels.

The first critique is more serious, but a possible answer is as follows: all the
excited-state I3 levels will produce a contribution to the two-channel coupling.
While the hybridization to any given I3 is too weak to give an effective coupling
exceeding the one-channel coupling driven by the f° charge fluctuations, we
anticipate that the sum over the manifold of I3 states may well produce a
significantly larger coupling. Since this appears already at second order in the
hybridization, we expect the NCA extended to the entire configuration to produce
an answer to the question. The additional couplings will likely be brought in
through admixture of all the d3 propagators, which occurs at second order in the
hybridization.

This argument can be made precise by considering a model with two excited-state
I3 doublets and examining the first iteration of the NCA, which is sufficent to
determine the Kondo temperature, Denote the corresponding hybridization matrix

(i) . ~i .
elements by V3; and energies as §; . Define the quantity Ttlw) = |(a) - e /D| /7T
Because the excited I3 doublets can mix as shown in ﬁgure 66, the I3
Green’s function is now a 2 X 2 matrix. The secular equation determining To is
found by requiring that the denominator of the inverse Green’s function vanishes,
which gives

E’" GEI - F27 75((0):[0 - €f - F27 ] F27 F27 (). (5.2.30)
This function Ttbecomes large and negative near @ = ef, and to leading exponential
accuracy we may thus rewrite this equation as (putting ® = ¢ = - To)
(1) (2)
r r T
1= e —— ) In| 7, (5.2.31)
Tc(ff - € ) Tc(ff - ff ) D

so that the effective couplings driven by the different I3 levels are clearly summed.
This analysis may be readily extended to an arbitrary number of excited I3 levels.
Hence, the model with just one I3 level captures the essential physics; the lone I3
should just be taken as an effective representative of all the excited I3 levels.

5.3. Application of the non-crossing approximation to a model U** impurity

In this section we discuss results obtained from applying the NCA to a model
U** impurity that have been reported by Cox (1987b, 1988a), and Cox and Makivic
(1994). The most important physical conclusions are as follows.

(i) Even for arbitrarily small crystal-field splitting in the ground J = 4 multiplet,
when the I3 level lies lowest, the low-temperature physics will be that of the
two-channel Kondo model below a suitable cross-over temperature. Hence,
even when the crystal-field levels overlap substantially, as appears to be the
case for UBei3 to the extent that this model applies for this material, one may
be confident of two-channel Kondo physics arising at low temperatures.

(ii) the singular character of the ground non-magnetic doublet may reflect in the
magnetic susceptibility producing a T'/? law. This result appears to be highly
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Figure 66. Level scheme for the simplest U*" ion Anderson model studied within the NCA.

parameter dependent and most probably occurs in the regime where the
crystal field overlap substantially.

5.3.1. Pseudo-particle model and non-crossing approximation equations

We shall consider only a simple model in which we retain the lowest J = 4 I3
doublet of the ground configuration together with the first excited crystal-field level
(assumed to be a I3 triplet) and the lowest J =3 I7 doublet of the excited f !
configuration. We shall assume only J =3 I§ conduction partial wave states.
Additional crystal-field states and conduction partial waves may easily be included
without altering the essential conclusions.

In this case, we simply introduce pseudo-fermions for the I3, I2 states of the f*
configuration, and a pseudo-boson doublet for the I of the excited f' configuration.
(Alternatively, we could assume a I doublet in an excited > configuration since
I ®I3 = I7 ®I; = I3.) The level scheme is shown in figure 66. These are then put
into the Hamiltonian in equations (2.2.20) and (2.2.31) in precisely the same manner
we did for the Ce case. The reader should not be disturbed by the use of a pseudo-
fermion operator for an even-numbered configuration and a pseudo-boson operator
for an odd-numbered configuration since the statistics are lost, once the full
projection is made. The f charge is written as

O = 2 f:(fl)“fl)fr(fz)ﬁfz) + Zb}‘waw (5-3-1)
rn(r?) [z

and the full pseudo-particle Hamiltonian is

— ¥ ~ ;
H= kaf?ksn;ckm + ; (& + AF(fz))fr(fz)r(fz)fy(fz)r(fz)
T r(fme?)

+ thb - Aps (Qf - 1) (532)
with
V N

Hiyo =~ Ao (W) T (2 ) P ks, + he). - (5.3.3)
TR ()

Note that 1} is shorthand for the spin—channel notation of equations (2.2.16 ) and
(2.2.16 b). We have taken E(f*) =, and shall denote henceforth Ay = 0, AT, = A.

The NCA self-energy diagrams for this model are shown in figure 67. Prior to
writing down the integral equations, it is useful to define the group-theoretic
coupling strengths
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Figure 67. NCA pseudo-particle self-energy diagrams for the simplest U*" ion Anderson
model.

o(r(f),r(th) = (szl)) ; A MM ey (5.3.44)
v refmi/ 1)

(r("), r() = e(r (), (")) = — Z‘ﬂ AX(r(EYE); FEE); reny),
NN/ 2)
(5.3.4b)

where v(r) is the degeneracy of irrep I'. For a given coupling model (LS, jj or
intermediate) and crystal-field Hamiltonian, the ¢ coefficients may be determined
once and for all. Depending on the crystal field, the coefficients may also have to be
recomputed in an applied magnetic field. This definition allows for a ready
generalization of the NCA to arbitary crystal-field schemes. The definition is
unmodified by the inclusion of all conduction partial waves. The hydridization
factors appearing in the integral equations for the state indexed by irrep I'e and
arising from a diagram with internal impurity irrep I'i will always just be of the form
o(Ii)e (Fe ri)r. The coupling coefficients have an implicit dependence on the f2
multiplet. They obey a simple sum rule

Zc(r(fz)r(fl)) =2
r(fh)

independent of I(f %), where the sum includes the crystal-field states of the j =2
multiplet as well. This measures the total number of ways to make a transition from
f* —f', which is just two, since we may remove one or the other of the electrons. If
we are instead considering a model with the f* excited configuration, the RHS of the
above sum rule is changed to 12 provided that we sum over all states of the excited f”
configuration.

The integral equations of the NCA for this model are then

2cDF7

o3(w) = Id efle)Dr(w+ €), (5.3.5q)
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o1(0) = 2"Dr7 Idf D10+ ) (5.3.5b)
% (w) = &’E—J‘df )G3(w + €)
+3FC—D'F7—Idf 6alw + o). (5.3.50)

We have again assumed particle-hole symmetry to the conduction density of states.

Following the procedures of the previous two sections, we may convert these
integral equations to differential form at T = 0 with the usual definition of inverse
propagators, which gives

des _ . 2d5,10)r
o 1 —.._m% R (5.3.6a)
dga _  2eda,015)r
o 1 o (5.3.6b)
and
% - - 1 - 2C(E9F7)F_ 3C(D9F7)F (5.3.66)
dw g3 T4
subject to the boundary conditions
e(-D)=D+%, @u(-D)=D+%&+4, d(-D)=D. (5.3.7)

5.3.2. Solution of the non-crossing approximation equations for the model U**
impurity

Clearly equations (5.3.6a)~(5.3.6 ¢) have a very similar structure to equations
(5.2.7a)<5.2.7 ¢). As in the case of those equtions for the model Ce** impurity, we
cannot solve equations (5.3.6 a)-(5.3.6 ¢) analytically without a further simplifying
assumption. For convenience (and not reality) we shall take c(I3,17) = ¢(I4,17).
We shall then denote the product of the coupling coefficient and I by
r= FC(E,D). No qualitative differences arise in this modified model relative to
the original one. Typically the coupling coefficients are of order unity; for the LS
coupling scheme and all conduction partial waves included, ¢(I3,17) = 0.64. This
reflects fractional parentage coefficients. Note that the effective reduction in the
hybridization is important for understanding why we can get reasonably small
Kondo scales in U-based materials when compared with Ce based materials despite
the expectation of smaller interconfiguration energy differences and larger hybridiza-
tion due to the greater spatial extent of the 5f wavefunction.

With this simplifying assumption, we see that g4 = g3 + C, with the constant
C = A. This allows us to find the second integration constant C given by

2

~ +A D
C= exp( %—E(g,z - dy) % % - (5.3.8)

By evaluation at - D, as usual, we find that C= exp (76 /2?). In the low-frequency
limit for g3 < A, can rewrite this as
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3/ To)?
1 m% (5.3.9)
with
~ 32 ~
_ r Q TEr
To = D_TrD A ) exp( —2F) . (5.3.10)

Note the crystal-field enhancement factor appears just as discussed in section 3.3.3.3.
Also, the hybridization multiplied by the coupling coefficient T appears, allowing in
principle for a smaller Kondo scale despite increased I' values as discussed
previously.

In this low-temperature region, it is clear that the physics is that of the
N = M= 2 Kondo model. As a result, we expect the quadrupolar susceptibility
and specific heat coefficient to diverge logarithmically, and the electrical resistivity to
saturate with a T'/? law as the temperature is lowered.

As the temperature or frequency is raised, a cross-over can occur to the Kondo
model correspondng to de]generate I3, I'4 multiplets. The relevant comparison here is
of g3~ To(2|a) Eo|/To to A. If A> To, the cross-over to the ground two-
channel Kondo effect simply occurs at To. If on the other hand A < Ty, then the
cross-over occurs when g3 =~A. This occurs at an energy scale T¢gp given by

X 1 A ?
TCer =5 To( To) . (5.3.11)
What is important to notice here is that, even for arbitrarily small crystal-field
splitting, the low-temperature physics will still be that of the two-channel quad-
rupolar Kondo effect. This is important, since in UBei3, for example, for which the
quadrupolar Kondo effect was first proposed as a possible explanation for the heavy-
fermion behaviour, the excited crystal-field levels appear to be very broad and
overlap strongly with the ground state. Nonetheless, a quadrupolar Kondo effect can
still occur below a cross-over temperature as defined above.
We briefly comment on two other issues before discussing physical properties.

(1) Inclusion of excited crystal field states in the f' configuration. Here another
kind of cross-over can occur. Let us assume that the I3 level is taken to 00,
for simplicity, and that a I3 quartet is included at energy A~ in the excited
configuration. Maintaining the equal coupling coefficient limit, the relation
between d7 and g3 at low energies is still given by equation (5.3.9), but with
To now modified to

d

T
To= D=
0 D

2 ~
— exp( EJ) . (5.3.12)

2r

Note that excited-state crystal-field sphttmgs reduce To. Arr1v1ng at the above
equation required assuming that d7 = (T/m 2|a) Eo| JTo)'* < A Of
A-> T, this is always satisfied and the cross-over to the low-temperature
two-channel fixed point occurs at To. If A»< T, then the cross-over scale
T¢gr below which the two-channel physics sets in is given by

2
Tigr, & TO( = ) . (5.3.13)

2 r
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Clearly, the cross-over physics of crystal-field states in ground and excited
configurations (together with the similar physics arising from all the higher-
lying angular momentum multiplets in ground and excited configurations)
must be included in a complete treatment of the U*" impurity and will
produce a single cross-over scale determined by the lowest energy scale
determined from all the various cross-over criteria. The Kondo scale will also
require modification to respect all the excited levels in both the ground and
the excited configurations. Such a complete treatment has not yet been
performed. Once any more excited crystal-field levels are included in either
configuration we must resort to full numerical solutions of the NCA
equations.

(2) Effect of non-equal coupling coefficients. As in the corresponding example for
the Ce** impurity, we can no longer solve the model analytically if we relax
the assumption of equal coupling coefficients. We can once more find

approximate constants of integration at low frequencies since
dgs/dgs =c(I3,17) [e(I5,17) so that

Lo o JN TP ) R ci )
g4 NC(E,D)g3+A’ A—A+(€f—EO) C(D,D) 1) (5314)

which follows from requiring that g3(Eo) = 0. Depending on the ratio of
coupling coefficients, the crystal-field level may be renormalized upwards or
downwards. When all states are included, we generically find a downward
renormalization as expected on the basis of the orthogonality catastrophe (cf.
the discussion in section 3.4.1.4). Then the Kondo scale may be written in
terms of a cut-off D* over which the approximate integration constant
relation holds (to be determined numerically) in a manner similar to that
discussed in deriving equation (5.2.28). The crystal-field cross-over scale is
changed to

To C(E,D)Z

2
Tcgr = 2( C(D,D)TO) .

No qualitative modifications of the physics will emerge in the subsequent analysis.

(5.3.15)

5.3.3. Physical properties

In this section we shall discuss those physical properties which are novel to the
quadrupolar Kondo effect and for which the NCA gives useful information. An
extensive review of calculations on model U*" impurities has been given by Kim et al.
(1995).

5.3.3.1. Quadrupolar susceptibility. Since the ground doublet is quadrupolar here,
the strongly divergent susceptibility relevant for the Wilson ratio is the
quadrupolar susceptiliby yq. This is obtained from the broken-line bubble diagram
of figure 51 with the I3 propagators put in as pseudo-fermions. The calculated yq
curves from the NCA show a universality over a wide range of parameter sets as
shown in figure 68 taken from Cox (1987b). It is important that the I3 occupancy
must be divided out to produce the universality when excited crystal-field levels are
included. The data also agree well with the universal Bethe-Ansatz results of
Sacramento and Schlottmann (1991). The dynamic quadrupolar susceptibility
shows the anticipated Marginal Fermi-liquid form with a step function at the
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Figure 68. Static quadrupolar susceptibility against temperature for a U*" ion model

calculated by the NCA. Also shown (right-hand axis) is the resistivity scaled by the
appropriate zero-temperature value obtained from an extrapolation. The temperature
Th is measured from the resistivity midpoint and is of the order of the Kondo
temperature. [Taken from Cox (1987b), with kind permission of the American
Institute of Physics. ]
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Figure 69. Quadrupolar dynamic structure factor of a model U** ion calculated within the

NCA. For low T, this is the same as the positive frequency evaluation of the dynamic
quadrupolar susceptibility. A Lorentzian fit to the structure factor works reasonably
well, anticipating the marginal Fermi-liquid theory of Varma e al. (1989), and the
outcome of conformal field theory (Tsvelik 1990, Ludwig and Affleck 1991, 1994) and
bosonization results (Emery and Kivelson 1992). [Reprinted from Physica C, Vol.
153, by D. L. Cox ‘Quadrupolar Kondo effect in UBe;3 and other systems?, p. 1642,
© 1988 (Cox 1988a), with permission from Elsevier Science. ]

origin and may be roughly fitted to the form sgn () To /(@* + T3) as shown by Cox
(1988a) and in figure 69.

5.3.3.2. Magnetic susceptibility: Van Vieck contribution.

Given a quadrupolar

doublet ground state, the dominant source of magnetic response must be of the
type considered by Van Vleck, namely due to virtual transitions to excited crystal-
field levels. Considering only the excited I state for the moment, in the ionic (zero
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Figure 70. Van Vleck susceptibility diagrams within the NCA for the simplest U**
Anderson model.

hybridization) limit, this goes as yvv(0) ~gjuz| < I3[/ > |2 [2A. As we shall
discuss in section 8.2, it was noted by Cox (1987b) that because of large magnetic
moments the Van Vleck susceptibility is sufficiently large to explain the measured
%(T) values in UBei3. An open theoretical question is whether the form of yvv(T)
is modified in an interesting (singular) way owing to the singular character of the
ground I3 doublet. The temperature deendence in the ionic limit is exponential in
that the saturation with diminishing T goes as exp (- A/T). This is too weak a
temperature dependence to fit any experiments on the relevant materials.

A qualified ‘yes’ may be given as an answer to the question of whether yvv is
modified in a singular way by the behaviour of the I3 ground doublet. To see why,
we must delve in detail into the NCA diagrams for vy which appear in figure 70.
Using a fvv for the susceptibility with the magnetic matrix elements divided out, we
have that

Y (@, T) = v 354 (@, T) + iy 43 (@, T) (5.3.16)

with
s, T) :Tz%fjdmg”(e, Do+ e - - 0] (5317a)

and

7~C<7V,4%3(“’9 T) = Tz%fj‘de ﬁ§->(€’ T) [jb(a) +e,T)- Aszle- a))] (5.3.17b)

The first term corresponds to transitions from occupied 3 states to I3 states, while
the second corresponds to transitions from occupied [ states to I states. In the
ionic limit, the former would give delta function absorption lines at @ = *A, while
the latter would give no intensity at all since the I3 state sits precisely at zero
frequency. Moreover, the weight of I in the ground state is zero since it may only be
thermally occupied. This ionic limit result is sketched in figure 71.

The quantum broadening due to the Kondo effect allows for more interesting
physics. As shown in figure 71, the delta-function lines of the ionic limit will be
broadened out. These will still contain the bulk of the spectral response. However,
since the I states acquire finite width, some quasielastic response due to the
occupied I4 — I3 transitions may now arise. The net weight in this quasielastic
response will be proportional to the weight of I'4 in the ground state, as may be seen
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Figure 71. Schematic dynamic Van Vleck suscea)tibility in the ionic and finite hybridization
limits of the simplest U** Anderson model.

by integrating (N (@) + 1)¥vv4-3(w, T) where Na(w) = exp (0/T) - 1 is the Bose—
Einstein factor. This gives the net spectral intensity in the dynamic structure factor
for the 4 — I3 transitions.

The question of the singularity in vv now hinges on the behaviour of the various
spectral functions near to threshold. For simplicity, let us assume the limit of equal
coupling coefficients. Applying the results of the N = M = 2 case from section 5.1
together with g4 = g3 + A, we see that the positive frequency spectral functions are

1 To 12
A ~ 0w - el B — 3.
3(,0) (w- Eo) T 2|a)- Eo| (5.3.184)
and
2 _ 1/2
A4(0,0) ~ 0w~ Eo) & o= &| (5.3.18)
? A To
Below Eo, the Green’s functions are purely real and given by
1 To 12
63(w) ~TO(—2|(0_ B (5.3.190)
and
G4(w) ~r. (5.3.190)

A

What of the occupied state spectral functions? If we make Miiller-Hartmann’s (1984)
Ansatz, then we have 4;" = og; with oo=2z(0)/(2+3+2)=1/7 here, the
denominator being the sum of all the level degeneracies (see the discussion above
equation (5.1.22)). With this Ansatz,

-) 1 To i
o) ~L0(Ey - w0)—| =—>— 3.
Ay (o) =570(E - o) T 2|a)- Eo| (5.3.20a)
and
- 1
a7 () ~= 6B - o). (5.3.205)

A

The applicability ot the Ansatz is a crucial question. Clearly, it is nonsense for the
Ansatz to apply to all excited levels because this would increase the denominator of o
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beyond any reasonable bound. Hence, it must fail for states which are too high in
energy. Clearly it must work for the two propagators which are most divergent, since
the model in that case is entirely equivalent to a multichannel model. It seems
reasonable at least that it may apply to excited states which have sufficient overlap
with the ground state in the sense of their quantum fluctuation induced occupancy.

If we accept the validity of the Ansatz, we obtain the following results for 3¢y :

~ To

XV 3 (@,0) =~ 14A2 (5.3.21)
N 2m 2 12

AV 43 (@,0) ~sgn () A ('l%l) . (5.3.22)

The 3 —4 response is regular in w and, if we calculate the corresponding y(0) value,
we obtain approximately yvv3-4(0) ~2'21t/7A which is very close to the ionic
limit. The deviations at finite T are expected to go as T2 since the dynamic response
is analytic for @ —0. if we roughly estimate the contribution from the 4 —3
response, we obtain Yvva 3 (T) =~ (2'27t/74) [i - (T /T0)'”* Hence, a T'" singu-
larity seems to be observed which is a novel signature of thé quadrupolar Kondo
effect in the magnetic susceptibility.

The numerical evidence for the T'/? behaviour is mixed. For a set of calculations
based on the present model with a single excited triplet level, the square root appears
to be present in yvv(T) and limeo (ygy (@, T) o~ 1/T 12 The latter quantity is
important for an understanding of nuclear relaxation rates as we shall discuss further
in section 8.2. This is shown in figure 72 taken from Cox and Makivic (1994). The

{Q es000 ~— r — 85.0
r:—u Sag. / % o

o kﬂ / o

- B/

N\ 80000 yo . 4 s0.0
= Be o~

[=) o ; ~

‘:I? 5500.0 - a - 2 * £
-3 . , o] 50 5
3 g

\

~~ J

3 50000 |- 7 s 1 500
o

: ¢

2% 45000 T— R 1 L 45.0

00 02 04 08 08 1.0
(T/To)1/?

Figure 72. NCA calculations of yvv for the simplest U* jon model. The open squares are
the zero frequency limit of the imaginary part of the Van Vleck susceptibility divided
by frequency and multiplied by (T/ To)'. The open triangles are the static Van
Vleck susceptibility. Here the bare crystal-field splitting is A(I4) = 0.01D and
To ~0.002D. The matrix element coupling_the I3, I's states has been divided out. The
broken line is given by [0.056 /A (I3) ks TOJ P + 1.95(T/To)'"*Jand the chain line by
XVV(O)E - 0.14(T/T0)1 1: (0.66/A)[1 - 0. 4(T/TO)J The ground-state occupancies
of the doublet and triplet are n3 = 0.56 and n4 = 0.23. [Reprinted from Physica B,
Vol. 391, by D. L. Cox and M. Makivic ‘Phenomenology of two channel Kondo
alloys and compounds’, pp.199-200, © 1994 (Cox and Makivic 1994), with
permission from Elsevier Science. ]
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model parameters for this run were chosen to give significant overlap between
ground and crystal-field levels in an effort to mock UBei3, which we shall discuss
further in section 8.2. However, in runs with well separated crystal-field levels, the
static susceptibility appears to saturate as T°. The systematics of the T'/* behaviour
remain unclear at the present time. Experimentally, the T'/> form appears to
describe the low-temperature response in a number of materials as we shall discuss
further in section 8.2. It is quite clear that the quadrupolar Kondo effect does nut
substantially modify the zero-temperature Van Vleck susceptibility from the ionic
limit.

5.3.3.3. Magnetic susceptibility: contribution from the excited configuration.
Because the excited configuration carries magnetic character, it will contribute a
singular logarithmically divergent term to the susceptibility. Of course, as we know
from section 6.1.4, this has a small pre-factor so that

~ 2 TO
e [ To
¥ (T) =~ T, ln( T)' (5.3.23)

This must eventually overtake the leading constant behaviour of the Van Vleck
susceptibility at sufficiently low temperatures. We can determine the temperature Ty
at which this occurs by demanding that %7(7) ~%yvv(0) ~1/A. The result is

. T r’
T = Toexp( W;’A) NToexp( - nzm). (5.3.24)
ch

It would appear that, unless A is quite large, this scale is too small to observe the
expected logarithmic divergence. The only possible way out is if somehow W is
replaced by I /1'c|?f|, the perturbative estimate which checks with the discussion of
channel field splitting in the NRG analysis (cf section 4.2.3). Then the logarithmic
divergence might be observable.

6. Conformal field theory and Abelian bosonization methods

In this section we shall discuss two powerful analytic methods for describing the
low-temperature physics of the multichannel Kondo model. Both rely upon the
ability to convert between bosons and fermions in 1 (space)+ 1 (time) dimensions.
The spatial dimension here is the radial direction away from the impurity. The
conformal field theory approach pioneered in this context by Affleck (1990a), Affleck
and Ludwig (1991a, b, ¢, 1992, 1993), Ludwig and Affleck (1991, 1994), Affleck et al.
(1992) and Ludwig (1994a, b) (see also Tsvelik (1990)) is applicable to all versions of
the Kondo model, Fermi-liquid fixed point or not. This rests upon a description of
low-temperature states in terms of spin, channel and charge degrees of freedom, and
the ability to write conduction-electron spin and channel operators in terms of
‘bosonic currents’ which obey non-Abelian commutation relations (the Kac-Moody
algebra). The charge operators are written in terms of conventional bosonic
operators. The method may access both thermodynamic and dynamical quantities
but is restricted to low temperatures (asymptotically close to the critical point). We
shall discuss this method in section 6.1. A good review of the application of
conformal field theory to a number of condensed-matter problems has been given
by Affleck (1990b), and a recent review of the application to the Kondo problem may
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be found in the paper by Affleck (1995). A recent reformulation of the problem by
Maldacena and Ludwig (1997) in terms of Majorana fermions recovers the results of
the previous work and makes explicit connection to the Abelian bosonization
approach of Emery and Kivelson (1992) discussed in section 6.2. We shall briefly
discuss the Maldacena—Ludwig approach in section 6.3.

For a particular highly anisotropic limit of the two-channel model, Emery and
Kivelson (1992) (see also Sengupta and Georges (1994)) have shown that a purely
Abelian bosonization scheme is possible to describe the physics. This approach leads
to many results which overlap with the conformal theory, in particular providing a
nice interpretation of the residual entropy and a simple expression for the dynamic
susceptibility of the impurity which agrees well with previous numerical NCA results
(Cox 1988a). We shall discuss the Abelian bosonization approach in section 6.2.
The application to transport coefficients is not transparent, but with the Majorana
fermion formulation of the conformal theory produced by Maldacena and Ludwig
(1997) the difficulties are resolved. We shall discuss this approach briefly in
section 6.3.

6.1. Conformal field theory approach to the Kondo model

Conformal field theory has arisen in a number of contexts for describing two-
dimensional critical phenomena, superstrings and other 1+ 1-dimensional relati-
vistic quantum field theories. Essentially, the theory exploits the absence of a length
scale which occurs at critical points or in relativistic field theories together with the
two-dimensionality which assures invariance at the critical point under arbitrary
conformal transformations which have spatially dependent scale factors. Hence, the
conformal symmetry is much larger than the simpler dilatation invariance employed
in the renormalization group. As a result, it can be used to specify critical exponents,
correlation functions, and finite size spectra fully for a number of interesting models
in field theory and two-dimensional critical phenomena. As shown by Cardy (1984,
19864, b), the conformal field theory approach is not only useful for bulk problems,
but also for problems with a boundary present. This is precisely the case for the
Kondo model, which may be mapped to a 1 + 1-dimensional relativistic field theory
on the space + time half-plane (r > 0, where r is the radial direction about the
impurity site) where the ‘speed of light’ is the Fermi velocity vk set by the linear
dispersion of conduction electrons. The conformal invariance of the boundary
condition (it is invariant under arbitrary conformal transformations with position-
and time-dependent scale factors) assures the utility of the technology. In a number
of papers, Affleck (1990a), Affleck and Ludwig (1991a, b, ¢, 1993), Ludwig and
Affleck (1991), Affleck et al. (1992) and Ludwig (1994a, b) employed conformal field
theory in the presence of a boundary to work out the low-temperature properties of
the multichannel Kondo model.

We shall divide our discussion of the conformal theory into three parts. First, in
section 6.1.1, we lay out the ideas of bosonization and non-Abelian bosonization in
particular and show how this leads to a complete if complicated description of free
fermions. Next, in section 6.1.2, we show how the complicated formulation for free
fermions is quite natural for the Kondo problem, revealing in a remarkably simple
way the ‘absorption’ of the impurity spin into the many-body spin density. Also, we
show how finite-size spectra and non-trivial operators at the impurity are readily
generated within this approach through suitably chosen boundary conditions and
‘fusion’ rules governing the absorption of the impurity spin into the many-body spin
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density. Third, in section 6.1.3, we outline how various thermodynamic quantities
are obtained within the conformal theory approach. Finally, in section 6.1.4, we
focus on dynamical quantities such as the one-particle electron Green’s function.
Our intention in this section is to motivate the key ideas of the theory without
reproducing in detail all the calculations presented in the papers of Affleck and
Ludwig,

6.1.1. Non-Abelian bosonization and free-fermion spectra

At the core of the conformal theory approach is the rewriting of the original
Kondo Hamiltonian in terms of charge, spin and channel-spin densities or ‘currents’.
This exploits the effective one-dimensional character of the problem. To review how
this works, we follow Affleck (1990a) and Affleck and Ludwig (1991a) in the
following order.

(a) First we review the mapping of three dimensions to one dimension described
in terms of left- and right-moving fermions on the half-axis (radial direction).

(b) We remind the reader of free-fermion spectra in one dimension for spinless
and spin-3 single-channel fermions expressed in terms of the charge and spin
of the excitations.

(¢) Following Haldane (1981) we review how the spectrum of spinless one-
dimensional fermions may be expressed in an Abelian bosonization
approach.

(d) We then show how the spectrum of one dimensional spin-3 fermions may be
recovered in a rather complicated way as a sum over commuting spin and
charge Hamiltonians. The Kac-Moody algebra emerges naturally in this
approach. In this free-fermion case, spin and charge excitations are bound
together in a way to reproduce free-fermion excitations.

(e) We then outline how the multichannel free-fermion Hamiltonian may be
written in terms of mutually commuting spin, charge and channel
Hamiltonians, where the spin and channel densities or currents both obey
appropriate Kac-Moody commutation relations.

(f) Finally, we briefly comment on the generalization to arbitrary spin and
channel degeneracy.

6.1.1.1. Mapping of three dimensions to one dimension. This discussion follows
closely the work of Ludwig (1994a). A similar discussion has been given by
Krishna-Murthy ez al. (1980a), but here strict attention is paid to the boundary
conditions and the appropriately defined one-dimensional fermion states. In the
Kondo problem, only a particular set of conduction-electron partial waves couples
to the impurity spin or pseudo-spin. Although for real rare-earth and actinide
impurities these are likely to be dominantly of f symmetry about the ion, and for
TLS sites they are considerably more complicated as indicated in sections 2 and 3,
we shall make the simplifying assumption here that the impurity has an s-wave
symmetry.

The s-wave projected part of a free-electron annihilation operator with momen-
tum k and spin and channel indices y and ouis given by

k A
Ckuo. = _(4n)1/2J‘dkcl?“0'. (611)
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The operators so defined obey continuum commutation relations. Corresponding to
the momentum space operator is a real-space operator

GualF) = —— = ol (6.12)

i2(2m)

The energy spectrum of the free electrons may be linearized about the Fermi
momentum as is usual within some cut-off =4 about kr so that ex = CF(|k| - kF).
The physically relevant size of the cut-off scale is set by the Kondo temperature, that
is A =kgTk [hvr. This reminds us that a continuum theory approach such as the
conformal field theory is useful only asmptotically below the low-temperature energy
scale.

We want to define left-moving and right-moving fields ¥puo(r) (with ‘chirality
index’ p = = for right or left) in the radial spatial dimension which have the rapid
oscillations of order exp (*ikrr) removed. Physically, a left mover corresponds to an
incoming spherical wave front, while a right mover corresponds to an outgoing
spherical wave front. These operators are defined in terms of the ckuo by

¥pualt) :r dk exp (- ipkr) cke+k pa. (6.1.3)
-A

In terms of these fields,
cuolr) = exp (iker) - yalr) = expl- iker) s yalr). (6.1.4)

With this definition the free-electron Hamiltonian near the Fermi energy can be
written as

1vE + d + d
Hy = p dr( w! ﬂa(r)a ¥ ualr) - ‘Pl)ua(r)a ¥t pua(r) (6.1.5)
in position space and
Ho = v Zr dkpk?f};pm(r) ¥ipua (6.1.6)
PO~ A

in momentum space.

Given the linear spectrum corresponding to massless fermions, the effective
‘speed of light’ of the problem is ve. Moreover, the absence of a mass scale implies
the absence of a length scale, which assures the equivalence of space and time axes
and conformal invariance, the invariance of the system under arbitrary conformal
transformations in the 1+ 1-dimensional plane. We shall think of the time axis in
terms of imaginary time, so that it becomes infinite only at 7 = 0. At first site it
might appear that conformal invariance is violated by the boundary (only positive r
is allowed). However, the half-plane is indeed conformally invariant and may be
mapped back to the full plane. Also, any finite strip may be mapped reversibly to the
half-plane, a fact which is useful for determining finite-size spectra, allowed
operators in the problem, and finite-temperature correlation functions as we shall
discuss in sections 6.1.2-6.1.4.

To specify the theory further it is necessary to introduce boundary conditions.
First, the left- and right-moving fermions are not independent. At the origin,
¥+ 4a(0) = ¥- 4q(0). Thus one may eliminate the right-moving fermions completely
and express the physics in terms of the left movers by artificially extending to
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negative r and setting ¥+ ua(r) = ¥- ua(- ). Assuming the system to have a size / in
the radial direction. Affleck and Ludwig (1991a, b) then typically assume that

- yoll) = = ¥ ol= . (6.1.7)

This boundary condition is typically denoted F~ by Affleck and Ludwig, and with
the opposing sign on the right-hand side the boundary condition is referred to as F'
(Lugwig 1994a). This specifies completely the effective one-dimensional theory. We
may take as a convention that only the left-moving branch couples to the impurity.
We shall typically write the momentum integral in discrete form to follow closely the
conventions of Affleck and Ludwig. We depart from their convention on notating
left and right movers slightly (they use simply L to denote left and R to denote right).
This choice is of some convenience in the discussion of bosonization algebras that
follows below. When we discuss the Kondo problem in more detail in section 6.1.2,
we shall return to their convention.

Note that the linearization approximation is common in one dimension. We shall
usually not explicitly write the cut-off in which makes this treatment equivalent to
the Luttinger model for the effective one-dimensional system (Haldane 1981).

6.1.1.2. Spectrum of non-interacting spinless and spin-s  fermions in one
dimension. The energy levels and states of one-dimensional free fermions may
be specified completely in terms of he charge and spin relative to the ground state
together with the number of excited electron-hole pairs relative to the ground
state. In the following discussion, we follow Affleck (1990a) and Affleck and
Ludwig (1991a).

To remind the reader, we first focus on the case of spinless fermions. With the
boundary condtion of equation (6.1.7), the allowed k vectors for left-moving
fermions are given by kx = - 70r [I(n +3) withn = 0, %1, %2, .. .. The corresponding
single-particle energies are e; = - vrky. The ground state is obtained by filling all one
particle levels below zero energy at which the Fermi level resides. This situation is
shown in figure 73 (a). We may excite relative to the ground state in two ways. First,
we can create a particle-hole excitation. This is shown in figure 73 (b), where an
electron below the Fermi energy is promoted above the Fermi energy. These

|
|

) + )
—

bo o

[ X ]

Figure 73. Low-lying excitations of a single branch for a one-diemsional spinless Fermion
gas. The shown levels are only for left-moving (or right-moving) electrons. The
boundary conditions of equation (6.1.7) are chosen so that the ground state (filled
Fermi sea) shown in (a) is non-degenerate. The excitations may be charge neutral,
such as the particle-hole pair excitation of (b). The two lowests charge-1 excitations
are shown in (¢) where an electron is added, and in (d) where a hole is added
(electron removed).
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excitations always raise the energy by integral multiples of 7w /I. The second kind of
excitation is effected by adding or removing charge from the Fermi sea. The simplest
processes are shown in figure 73(c) and (d). The lowest energy to add or remove
charge Q is obtained when states are sequentially filled, leading to an elementary sum
for evaluation of the energy which gives E(Q,0) = mwrQ*/2/. Putting these two
kinds of excitation together, we see that the energy spectrum for free left-moving
spinless fermions subject to the boundary condition (6.1.7) on a system size 2/ are
given by

2
E(0,n0) :%( %+ nQ) , (6.1.8)
where Q counts the added charge (which may be positive or negative) and ng the
number of particle-hole pairs. The states corresponding to these excitations are of
course simple Slater determinants.

This kind of argumentation may now be straightforwardly extended to spin-3
fermions. Clearly, we can view the spectrum for spin 3 as a direct product of up- and
down-spin electron spectra so that the energies add for the two independent
branches. Hence we can define a charge Q. for each branch together with
particle-hole excitation quantum numbers. Now, define the total charge of an
excitation as Q = Q1+ Q| and the z component of the spin as S- = (Q1- Q) /2.
Since Y, Q2= Q% [4+ SZ and S? = S(S + 1)/3 for an excitation of spin S, we
see that the total energy can be written as

2 +
E(Q,S,nQ,ns) =% %+w+ no +ns|, (6.1.9)

where np + ns is a combnation of particle-hole excitations in the different spin
branches. Note that not all values of Q, S are allowed. Strictly speaking, the S values
must be restricted to 0, 3. For integer spin, all other S2 values can be reached from
S = 0 by adding integers to zero spin, and all other S? values for half-integer spin
can be reached from S = 1 by adding integers. Hence, these are equivalent to particle
hole excitations from the fundamental values. Also, there is a ‘glueing’ condition on
the excitations; if Q is even, then 2S. must be an even integer, while if Q is odd, then
2S: must be an odd integer.

For a different choice of boundary condition, ¥, (/) = ¥, (- /), the k values are
shifted to - // and now the highest most occupied energy is at zero. This
corresponds to a Tt/2 phase shift of the levels considered in the previous paragraph.
The corresponding level spectrum for the left moving branch is shown in figure 74.
Note that there is a fourfold degeneracy (S =3,0 =0, or S = 0,0 = *1) to the
ground state because of the presence of a zero-energy state. The charge may be
shifted by one unit to accommodate this phase shift, and the charge spin glueing
conditions are reversed as a result. Even charge requires odd values of 2S:, and
odd charge requires even values of 2S.. We note that the NRG free-fermion
Hamiltonians for odd N correspond to the boundary condition of equation (6.1.7)
and for even N they correspond to the reversed boundary condition.

6.1.1.3. Abelian bosonization approach to the spinless fermion spectrum. The goal
in this section is to show how the spectrum of equation (6.1.8) can be reproduced



01:19 22 March 2011

[ CAS Chi nese Acadeny of Sciences] At:

Downl oaded By:

778 D. L. Cox and A. Zawadowsk i

Figure 74. Ground state for spin-é fermions in one dimension for the boundary condition
¥, () = w,(-]). In this case, the highest most occupied level is a zero mode, and we
choose the charge reference to correspond to single occupancy of this level, whence
charge and spin quantization conditions are reversed relative to the boundary
conditions of figure 73.

with an appropriate choice of bosonic operators which simply coincide with the
momentum space charge density operators.

Here we closely follow Haldane (1981), who uses a system length L, to be
compared with our 2/. We now include both left- and right-moving fermions indexed
by p = = respectively. With k& measured relative to the Fermi energy, the free
Hamiltonian is given by

Ho = prkq/};p . (6.1.10)
7

We now introduce the density operators Jg, of momentum ¢ and chirality
index p which are given by

Jo = Z(W};Ww,ﬂ = (Plagp i), (6.1.11)

where the second term ‘normal orders’ the density operaor, and refers to the ground-
state expectation value of the operator with respect to Ho. This term regularizes the
density operator in such a way as to remove any divergences due to the occupied
‘positron sea’ in our Luttinger model spectrum (the right and left movers are allowed
to have positive and negative momenta). This particular regularization choice can be
maintained at finite temperature and for an interacting model. Our notational choice
of J to designate the density follows the convention of Affleck and Ludwig. The
density operators in real space at /, - / must have the same value and thus ¢ runs over
integer multiples of 7t/l. For ¢ = 0, Jyp is simply Q,, the charge in each branch.

The density operators obey a simple commutation relation which is exact in this
Luttinger formulation (although it will have band edge corrections in general
(Mahan 1990, pp. 324-343)) which is

/
Pirsdin ]= & ,,,,am,,o%. (6.1.12)

This relation is easily verified by considering simply the operator parts of equation
(6.1.11) which give a sum that must be regularized owing to the occupied sea, that is

Varsdon |5 8 Uras = Jiras) + & ,,,,a,+q,,aZ(<nk+q,,,,>, - (). (6.1.13)

The first term follows from the operator output of the commutator, and the second
term from the regularization procedure. The expectation values simply give zero-
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temperature Fermi functions, and the difference is non-vanishining only for a width
¢ in momentum space, meaning that the sum gives pg/ /T since the spacing between ¢
points is 7t//. Although the first term in equation (6.1.13) is clearly zero, we write it
suggestively to indicate what will happen when the density operators involve internal
degrees of freedom. In that case the second term will still arise but the first term will
no longer cancel, and this is the source of the Kac-Moody algebra for the spin and
channel degrees of freedom. The vanishing of this first term leads to the ‘Abelian’
nomenclature, while the non-vanishing of this first term when internal degrees of
freedom are present is what leads to a ‘non-Abelian’ label, corresponding to a non-
Abelian group symmetry for the Hamiltonian. The nomenclature is in precise
accordance with that used in gauge field theories.

We note that equation (6.1.12) is reminiscent of the commutation relations for
free bosons. To continue this observation it is straightforward to verify by use of
equations (6.1.10) and (6.1.11) that

[Ho, Ju |= vepasap. (6.1.14)

This is reminiscent of the commutation relation of a boson raising operator. In
particular, if the product gp is positive, this is exactly the case. However, some
normalization is required to define a suitable boson creation operator. Following
Haldane, this is given for |q| >0 as

ay = (||l) o= o~ + 090+ | (6.1.15)

This operator satisfies [Ho,a;Z]Z vF|q|a2, and together with its Hermitian conjugate
obeys the canonical boson commutation relation. Physically, these operators create
particle-hole pairs of momentum ¢. This does not specify the energy due to addition
or removal of charge with respect to the ground state. This can be written in terms of
Jox. As a result, the now ‘bosonized” Hamiltonian can be written as

Hy = %VF|q|a g + ZVFTCJO’,, (6.1.16)

which can be rewritten as an unrestricted ¢ sum

Z[@ DJ- g Jor + 0(@) Ty J- g

TV
= 2—;2 Jopdap © (6.1.17)
40

which defines the ‘normal ordering’ of the density operators. Clearly, the structure of
this Hamiltonian reproduces faithfully the finite-size energy spectrum of equation
(6.1.8) for spinless fermions.

Strictly speaking, to prove that this is a faithful representation of the
Hamiltonian, we need to prove that the states specified by the J,, quantum numbers
(occupancies of ¢ # 0 states and charges Qp) are complete. To do this, Haldane
(1981) further introduces a ladder operaor U} which adds a unit of charge to Q)
each time it is applied. The states specified by equation (6.1.12), (6.1.14) and (6.1.15)
are then
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140 }, {10 § >~ H[qu]” [TuFlo> (6.1.18)

Haldane gives a simple and elegant proof of completeness by comparing the
partition function for the free-fermion case with that found from equation
(6.1.17). They are in exact agreement, indicating that no states are omitted from
equation (6.1.18).

6.1.1.4. Non-Abelian bosonization of the spin-3 free-fermion spectrum. Now we
follow the various papers of Affleck and Ludwig (particularly Affleck (1990a),
Affleck and Ludwig (1991a,b) and Ludwig (1994a)). Some key technical details of
the decomposition have been arrived at in the work of Altschule ez al. (1990). As in
the previous section, we introduce left- and right-moving densities, now for both
charge and spin:

Jp = Z Pl qpu Phowy (6.1.19)
i

N Cuo 4

Jop = —2L Vi, ou Pl (6.1.20)

Note that q,,,fq,p, = 0; so the charge and spin degrees of freedom are decoupled in
these densities. As’in the spinless case, the operator Jo, simply counts the total
charge in branch p, and the operator J;, measures the total z component of spin in
branch p.

Because of the spin degrees of freedom, the commutation relation (6.1.12) is
modified to

gl
Voo ]2 aﬁq,,o@,,,—%, (6.1.21)

where the factor of two arises from the spin sum in the ground-state expectation
value term of equation (6.1.13). On the other hand, the commutator with the
Hamiltonian is unchanged, as may be verified by direct calculation with the free-
fermion form of equation (6.1.10) (augmented by a sum over spin degrees of
freedom). Hence there is a charge term in the Hamiltonian still, but with a different
normalization from equation (6.1.17) because of the factor of two in the commu-
tation relation (6.1.22). We may write this as

TWE
Hoo = TZ’ Jopd-ap: . (6.1.22)

We note that the ¢ = 0 terms in this sum reproduce the Qp term in equation (6.1.9)
for the energy of spin-3 free-fermion excitations, and the ¢ # 0 terms generate the
particle-hole excitations corresponding to the np term in equation (6.1.9).

Turning to the spin density, we may evaluate its commutation relation in a way
precisely analogous to that of equation (6.1.13). However, in this case the operator-
dependent term does not cancel out because of the presence of the non-commuting
Pauli matrix factors in equation (6.1.20). The result is (with Einstein summation
convention on the spin components)

I
Vit |7 i€abciprTin gy + a,;,ap,,,am,p%. (6.1.23)
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This is the so-called ‘level-1” SU(2) Kac-Moody algebra. The ‘level’ is read off from
the second term (which arises from the ground-state subtraction) and is simply the
overall numerical coefficient of the factor pgl /2t When we add channel degrees of
freedom, this will be modified to M owing to the free sum over channel degrees of
freedom in the ground-state substraction. The SU(2) of course refers to the spin
algebra of the density operators reflected in the first term of equation (6.1.23). (Note
that the factor of two in equation (6.1.21) from the corresponding ground-state
subtraction term is cancelled here by the factor of § from the product of spin
matrices. )

Just as for the ordinary angular momentum algebra one can specify
irreducible representations by the construction of raising and lowering operators,
one can do the same with the Kac-Moody algebra. The irreps of the SU(2)
level- M Kac-Moody algebra specified by equation (6.1.23) consist of ‘primary’
states for each branch p with allowed spin s, restricted by 0<< s, < M/2 along
with ‘descendants’ which contain particle-hole pair excitations generated by
acting on the primary states with operators Jg;, where gp is positive. In the
present case with M = 1, the allowed s, values are O, 2 consistent with our discussion
in section 6.1.1.2. The set of a given primary state together with its descendants
is known as a ‘conformal tower’. High-spin states can only be contained in the
descendant sectors.

As with the charge density, one can compute the commutator of the current
density with the free Hamiltonian to find whether a bosonized structure is possible.
By direct computation with the free-fermion form of equation (6.1.10) (augmented
by spin) one finds that

[F0,75, |7 ey, (6.1.24)

which suggests that the spin p%rt of the free Hamiltonian can be written as a
quadratic form Hspp = AZ : gt J-gp:. As in the case of the charge, the ¢ =0
terms generate the added spin energy ~ s(s + 1) /3 in equation (6.1.9), and the ¢ # 0
terms generate the particle—hole pairs that carry net spin. The normalization A4 can
be fixed by commuting this form with the spin density and matching to equation
(6.1.24). This gives

[H ] ( &J + i€pac foq,pJ§+q,,,;[9(PQ’) - Q(PP’ + Q]

+
IS

qpr

34pql ,
Sl (6.1.25)
where the ‘1’ in the numerator follows from the ground-state subtraction part of the
Kac-Moody commutator in (6.1.23) and the ‘2’ follows from the operator part. Note
that 284 = ewceara generates the “2°. This is important for section 6.1.1.6 where we
remark on the generalization to arbitrary spin and channel.

By comparing equation (6.1.25) with equation (6.1.24) we specify 4 and hence
can write the free Hamiltonian as the sum of spin and charge parts with
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> -
ES sl HY Jqp'J_q,,:) . (6.1.26)
qp

qp

This representation of Ho in terms of quadratic forms in the density operators is
known as the ‘Sugawara form’ of the Hamiltonian. Clearly, these quadratic forms
reproduce the energies of equations (6.1.9) obtained by elementary considerations,
where the ¢ = 0 terms generate the O and S(S + 1) terms in that equation, and the
g # 0 terms generate the particle-hole pair excitations. Obviously the non-Abelian
bosonization is not the easiest way to obtain these energies in the free case; its merit
lies in the interacting case we discuss in section 6.1.2. The corresponding states can
be constructed in complete analogy with equation (6.1.18) for the spinless case,
where we now have a direct product of boson Fock spaces spanned by the charge
and spin excitations. The complete specification of allowed states must satisfy the
fermion glueing rules discussed in section 6.1.1.2, so that odd (even) Q is marched
with odd (even) 2S-. This corresponds to the boundary condition of equation (6.1.7),
and as remarked in section 6.1.1.2 these are reversed if we change the sign in that
boundary condition corresponding to a 7t/2 phase shift.

6.1.1.5. Generalization to include channel degrees of freedom. If we now include
channel degrees of freedom, we need to introduce additional density operators for
these channel excitations. We now use a subscript s to denote spin density
operators, and a subscript ¢ for channel density operators. The definitions of the
charge, spin and channel densities become

Jp = Z Vit g pur Vo (6.1.27)
qH
- G+
Jsp = # et quc ooty (6.1.28)
4ro
and
- iﬁ N
Jogp = Z@ 5 Yy uPkpup. (6.1.29)
qH
The commutation relations for the operators amongst themselves are
4pgl
Pirsdin = am,,oép,,,—%. (6.1.30)
a _ ¢ /
Peons s |7 icanciprTige gy * a,,,@,,,,@w,,o%. (6.1.31)
and
" . . /
Pes s |7 icacti T gy + a,;,ap,,,am,,o%. (6.1.32)
Hence both the spin and the channel densities satisfy level-2 SU(2) Kac-Moody

algebras. As such, the primary states of spin are restricted to values S, =0, 3,

1 = M/2 and those of channel spin (also an SU(2) field) to S, =0, 3, 1 = N/2
where N = 2 is the conduction spin degeneracy. The commutation relations of J,p,
Jyp With the free-particle Hamiltonian (6.1.7) (augmented to include spin and
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channel degrees of freedom) are unchanged from equations (6.1.14) and (6.1.24). To
this we add the commutation relation of J¢,, with the free Hamiltonian which has the
same form

[Ho, 76, = veanséy (6.1.33)

Hence, proceeding along the lines of sections 6.1.1.3 and 6.1.1.4, we write the
free-particle Hamiltonian in terms of mutual commuting charge, spin and channel
quadratic forms (the ‘Sugawara’ representation) as

TWVE - - — —
HO:_ (-g;':]qp]-qp:+:]1':qu17']5,-<1;):+2]1':chp'JC,-q,ﬂ :). (6134)

l qpr

This creates free-fermion excitations which are tensor products of states in the
charge, spin and channel spin boson Fock spaces in each of the left- and right-
moving branches, created from the primary states and descendants generated by
application of density operators with positive gp values. The states are classified in
terms of their primary charge (Qp), spin S, and channel spin S, for each branch,
along with integers characterizing the number of bosonic excitations, with energies
given by

2
_ Tor ( Qﬁ+ Sp(S,, +1) + SCII(S(:]) +1) + ng, + ns, + nc, (6.1.35)
P

E_l 8 4 4

which is an obvious generalization of equation (6.1.9). The spectrum is again subject
to a fermion glueing condition and boundary conditions which can shift the spin—
charge—channel glueing conditions.

Note that this representation of the free Hamiltonian is not unique. It is quite
convenient for treating the Kondo problem, however. We could, for example, write
down a Sugawara form for the larger U(1) x SU(4) symmetry deriving from overall
rotations in spin and channel-spin space (Affleck and Ludwig 1991b). However, the
coupling to the impurity will break this symmetry down into the
U(1) x SU(2) x SU(2) considered in equation (6.1.35). Obviously we could also
write down an Abelian bosonization scheme for each branch, spin and channel-spin
index in terms of the charge densities restricted to each independent fermion branch.
A different representation for the energies could then be generated by rewriting the
charge for each value of spin and channel-spin indices in each branch p in terms of Q,
S?, Sz and the ‘double-tensor’ spin—channel-spin operator $*S:. This scheme does
not appear manifestly rotationally invariant in either the spin or the channel-spin
sectors, however. The interesting thing is that this representation is closely related to
the Abelian bosonization scheme developed by Emery and Kivelson. That approach
has extra complications associated with ‘re-fermionization’ as we discuss in section
6.2.

6.1.1.6. Generalization to arbitrary spin and channel degeneracy. If we now assume
the fermion spins are N-fold degenerate and the channel spins are AM-fold
degenerate, we must generalize our definitions of the spin and channel densities to
SU(N), SU(M) form. These are best specified in terms of the N2 -1 generators of
SUN)T%, a=1,2,...,N*- 1 with normalization condjtion Tr (747 %) = s /2

. . . (N N) .
and commutation relations |7y, 7 ’]’V]‘: if Ny % where fa,,c) is the structure factor

abe

of the SU(N) Lie algebra (for example Hamermesh (1962)). Similar generators 7%,
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should be introduced for t(ljlv? (§v g/ (M) channel-spin symmetry. 2%\Iote that the
structure constants satisfy f,,. f.,; = Now. In the SU(2) case, f,, = €abe.

The new density operators are thus defined as

Jp = Z; Yl g puca¥ hpcs (6.1.36)
qH
g, = ZIT”N kg pucc P oot (6.1.37)
4o
and
I, = Zﬁf‘;‘ﬁ};w P kpop- (6.1.38)
qH
The commutation relations for the operators amongst themselves are
2 MNpqgl
Parsdin ]2 am,.o@,,,,—n&, (6.1.39)
Psqp,‘]sbq/p/ = ape @’P’Js,q+q»,p + a”’@’]”&{“"ﬂ,o o (6140)
and
U SEVRE W S Y W SO . (6.1.41)
cqps cqu»]_ 1] abe @)prc,qw, ") &b@)p» g+ -0 Py 1.

The spin (channel-spin) densities thus obey SU(N) (SU(M)) Kac-Moody algebras
of level M(N). There are restrictions on allowed primary states which are not,
however, as readily written down as in the SU(2) case described in section 6.1.1.5).

The commutation relations of the charge, spin and channel-spin densities with
the suitably generalized free-particle Hamiltonian are unchanged from the discussion
in the preceding sections. The appropriately defined Sugaware Hamiltonian may be
determined precisely as before, and the result is

_ToF 1

Hy = —
/ o 2MN

o Ssrapi v TS

A A
tegp Jepap i),

(6.1.42)

where JAW (JAcqp) are vectors in the N (M)-dimensional tensor space transforming
tensor space transforming under SU(N) (SU(M)) rotations. The states are again
tensor products of vectors from the charge, spin and channel-spin boson Fock spaces
for each branch p. These are subject to suitably generalized fermion glueing
conditions. The single-particle energies corresponding to equation (6.1.35) are
exactly analogous except that the S,(S, + 1) and Sc,(Sey + 1) terms are generalized
to the quadratic Casimirs for each of the primary states. These may be worked out
with suitable Lie group technology as has been done, for example, for the M = 3,
N = 2 model (Affleck and Ludwig 1991b).

6.1.2. Non-Abelian bosonization formulation of the Kondo Hamiltonian

In this section we shall review how Affleck and Ludwig developed a non-Abelian
bosonization formulation of the Kondo Hamiltonian. The outline of the section is as
follows: in section 6.1.2.1 we show how at special values of the exchange coupling,
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the impurity spin is ‘absorbed’ by the conduction electrons yielding a Hamiltonian
which is still of the Sugawara form discussed in the previous section with new current
operators which still obey the Kac-Moody algebra. The working hypothesis is that
the special coupling values correspond to the low-temperature fixed points of the
Kondo model. The states, however, are subjected to new non-fermionic ‘fusion’ rules
developed by Affleck and Ludwig (1991b) and Ludwig (1994a,b) which precisely
state how the spin, charge and channel-spin degrees of freedom are restricted. While
these quantum numbers are restricted to fermionic glueing conditions for exactly
compensated St = M /2 models, they are ‘freed up’ in the overcompensated case,
yielding a finite-size spectrum which is no longer that of a Fermi liquid. Hence, as in
the case of interacting one-dimensional metals which display non-Fermi-liquid
behaviour, spin—charge—channel separation occurs in the multichannel over-
compensated Kondo model. In section 6.1.2.2 we discuss how the operator spectrum
of the model may be determined by a finite-size calculation with modified boundary
conditions. This allows one to generate the allowed non-trivial operators which can
effect the critical behaviour on approach to the fixed point as well as cross-over
phenomena in the presence of applied fields that break the spin and channel-spin
symmetry. In section 6.1.2.3, we discuss the effects of various perturbations on the
finite-size spectra following the work of Affleck et al. (1992)

6.1.2.1. The Sugawara form of the Kondo Hamiltonian: absorption of the impurity
spin.  As discussed in section 6.1.1.1, the lack of independence of left- and right-
moving fermions in the one-dimensional radial half-space of the Kondo model
means that we can eliminate the right movers from the problem with the suitable
mirroring into the r <0 half-plane. This means that the Kondo exchange
interaction can be written solely in terms of the impurity spin together with the
left-moving spin current. Restricting to spin-3 conduction electrons, the result is

_M — ‘~>
Hg == AZq:quL St, (6.1.43)

where A = N (O)|J | is the dimensionless coupling constant. Note that we have now
favoured the L, R notation of Affleck and Ludwig over the p notation used in the
previous section. Right movers will henceforth be dropped from the discussion. The
free Hamiltonian for left movers is written in the Sugawara form discussed in the
previous section.

Perhaps the most central component of the work of Affleck (1990a), Affleck and
Ludwig (1991a,b,c) and Ludwig (1994) is the observation that for certain special
values of A, it is possible to ‘complete the square’ of the spin term in the free
Hamiltonian to absorb the impurity term, leaving behind a trivial constant in the
energy. Specifically, when A = 2/(2 + M), we can write

™ 1 — —
Hs, = Hosp + Hx = _F_Z tsqL " Ts-qLt (6144)

where the shifted spin density operaor is simply
— — —
TsqgL = JsqL + Sl. (6.1.45)

These new spin densities still obey the Kac-Moody algebra specified by equation
(6.1.40) (with N = 2). Because only the spin degrees of freedom are modified, the
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charge and channel parts of the free Hamiltonian in equation (6.1.42) are left
unchanged.

Because the Hmiltonian with the absorbed impurity spin remains a quadratic
form in the charge, spin and channel-spin densities, the form of the energies is
unchanged from equation (6.1.35) in the two-channel case (M = 2), and indeed in
general from equation (6.1.42). However, what differs are the constraints on allowed
states. Affleck and Ludwig (1991b); and Ludwig (1994a,b) made a ‘fusion rule’
hypothesis to determine which states would be allowed in the new Hamiltonian with
the absorbed spin. First, they apply a generalization of the SU(2) triangle rule
appropriate for adding spins in the Kac-Moody algebra. Restricting attention to
N =2, define S as the total spin of a primary state in a conformal tower in the
shifted Hamiltonian specified by equations (6.1.44) and (6.1.45), and S~ as the
conduction part of that spin. The generalized triangle rule is

S7- Si|< < min {S*+ Si, M- S/~ Si}. (6.1.46)

Note that, since the maximal primary spin in a conformal tower in M /2, the RHS of
equation (6.1.46) assures that the primary spin in the new conformal towers of J sqL
will not exceed M /2. Next, define the free-fermion fusion factor nOQS to be one if a
free-fermion primary state of charge Q, spin S~ and channel spin S. is allowed in the
free spectrum of equation (6.1.42), and zero otherwise. Define the corresponding
quantity for the system with absorbed spin as n%%%. The fusion rule of Affleck and
Ludwig (1991b) and Ludwig (1994a, b) states that

ngSSe = Z N3, s 80, (6.1.47)

where N3, ;. 1s one if equation (6.1. 46) is satisfied for S, St and S-, and zero
otherwise. Takmg this fusion rule together with the general rules for construction
states within the Kac-Moody algebra allows a complete generation of the spectrum
at the fixed point. Corrections to scaling arise as one moves away from the fixed
point (by going to higher energies for example).

To understand how this fusion process works, the reader is directed to table 11
(free fermions for M = N = 2, S; = 3) and table 12 (spectrum of N= M =2, S =73
Kondo model). These are construced from corresponding tables in Affleck et al.
(1992) and Ludwig (1994a). Taking S- = 0 from the ground state Q = S» = S, =0
of the free-fermion problem, it is easy to see from equation (6.1.46) that S is uniquely
constrained to be 3 and hence n"120 = 1 by equation (6.1.47). Now, at first, one
might think this corresponds to the spin charge reversal of the M = 1 model at the
strong-coupling fixed point as discussed in section 4. However, the lone fermion with
S =% would also have to have S. = 3, which is clearly not the case. Next consider the
first excited state of the free-fermion spectrum with Q = *=1(mod4), S- =1, Sc = 3.
The triangle rule (6.1.46) constrains S uniquely to zero, and yields an energy of
Tor /81, This differs from a Fermi-liquid theory in two key aspects. First, the level
spacing relative to the ground state is a fraction of the minimum free-fermion value
of Tor /1. Second, the quantum numbers cannot be that of free fermions with simple
reversed spin and charge quantum numbers because the creation of a free Sc =3
excitation would necessitate a spin S = 3 to accompany it.

Table 12 also contains a comparison with the lowest 76 NRG energy levels
(Affleck et al. 1992). It can be seen that the agreement is quite good, with
discrepancies arising as one moves to higher energies. This disagreement can arise
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Table 11. Free-fermion energy levels for the M = 2 channel model (cf. section 6.1.4). The
states are labelled by charge Q, spin S, channel spin S., and the combined Q, S, indices
are also designated by their Sp(2) ~ SO(5) labels (which indicates the combined charge—
channel degeneracy); different SO(5) blocks are separated by spaces. Energies are meas-
ured in dimensionless units of //7veE and the F~ boundary condition ¥ (/) = - ¥1(- ])
is assumed so that the fermion wavefunctions are forced to zero at the boundary. Primes
indicate descendant states generated by exciting particle—hole pairs. [This is a combina-
tion of tables I and III taken from Affleck et al. (1992), with kind permission of the
American Institute of Physics. ]

0 S S. 50(5) El[Top
0 0 0 1 0
+1 : : 4 :
0 1 0 1 1
+2 1 0 5 1
0 1 1 1
+2 0 1 10 1
0 0 0
0 0 1
+1 : : 3
+1 : : :
+1 : : 4 :
+3 % é 16 2
- 2 2 2
il 2 2 2

from three sources: firstly the logarithmic discretization of the NRG treatment
breaks the conformal symmetry; secondly the numerical truncation procedure in the
NRG can introduce systematic numerical error; thirdly, as one moves away from the
low-energy spectrum, corrections to scaling arise from the effcts of the irrelevant
operators. In practice, it is believed that the first and second sources contribute more
to the differences observed based upon an extrapolation of the NRG numerics to the
continuum limit A = 1, where A is the logarithmic discretization parameter of the
NRG. Note that the NRG levels respect the Sp(2) ~ SO(5) symmetry discussed in
section 4. The higher conformal symmetry renders a number of the Sp(2) energy
levels degenerate.

We end this section by noting that the fusion rule can be applied to exactly
compensated and undercompensated models as well, as was discussed particularly
clearly by Affleck (1990a). As a couple of examples, consider first the M =1, S =3
model. The fusion rule then simply generates the reversed spin—charge relations
corresponding to a 7t/2 phase shift as discussed in sections 4.1 and 6.1.1. For
example, for the free-fermion ground state with S» =0, Q =0, the fusion rule
generates the state S = 3, Q = 0 (with energy zero, after effecting a shift of 7vr /4] to
the spectrum), and for the first excited free-fermion state with energy Twr /2] and
Ss =1, Q= =1, the fusion rule generates the state S = 0, Q = %1 with energy zero.
The second excited state with Q = 2, §» = 0, and energy Tvr /I is mapped to the
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Table 12. Spectrum of the M = 2, S} = é Kondo model. The notation is the same as for table
11. The fifth column shows the energies generated by conformal field theory; the last
column is the NRG energy (see section 4.2) with appropriate normalization. [This table
is based on table V of Affleck er al. (1992), reproduced with kind permission of the
American Institute of Physics, and table 1b of Ludwig (1994a), reproduced with kind
permission of the author and World Scientific Publishing. ] As discussed in sections 4.2
and 6.1.2.1, the NRG respects the SO(5) symmetry but not the full conformal invar-
iance. Hence, SO(5) blocks all have the same energy as shown below. Spectra can be
generated from table 11 by using the single fusion rule (equation (6.1.47)) in conjunction
with the Kac-Moody triangle rule (equation (6.1.46)).

Q S Sc SO(S) EZ/TLVF ExrG
0 3 0 1 0 0
+1 0 1 4 3 0.125
) 1 0 1 0.505
0 1 1 1 0.505
+1 1 3 4 3 0.637
0 3 0 1 1 1.013
+2 1 1 10 1 1.035
0 1 1 1 1.035
0 1 0 1 1.035
0 1 0 1 1 1.053
+1 0 3 16 3 1.147
*1 0 3 : 1.147
+3 0 1 3 1.147
+1 1 1 4 3 1.179
+1 0 1 4 3 1.232

state Q = *2, S =2 with the energy 7wr /I These lowest two states correspond
precisely to the spectrum of free fermions with the boundary condition %1, (L) =
¥1u(- L) and reversed spin—charge relations, or equivalently to a 7/2 phase shift.
Afflectk (1990a) also demonstrates that this simple absorption of the impurity spin
holds for the M/2= S; compensated Kondo model and the SU(N), M =1
Coqgblin—Schrieffer model which also has a compensated (singlet) ground state.
For the undercompensated model with St > M/2, Affleck demonstates that the
absorption holds for M/2 of the impurity spin, leaving behind a local moment with
net value Sy - M /2 and residual ferromagnetic coupling to the impurity spin. Hence,
the fixed-point spectrum is a direct product of a decoupled local moment with a
Fermi liquid, as was suggested by Nozieres and Blandin (1980). Corrections to
scaling from the marginally irrelevant ferromagnetic couling can generate ‘non-
Fermi-liquid’ thermodynamics which are related to those in the charge-only model
discussed by Giamarchi ez al. (1993).

6.1.2.2. Relation of boundary operator spectrum to finite-size spectra. One of the
key features of boundary conformal field theory as developed by Cardy (1984,
1986a,b) is the existence of boundary operators with non-trivial scaling
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dimensions. The existence of these boundary terms gives rise to singular
contributions to the free energy of the quantum impurity problem which are
independent of /. These boundary operators live only at » =0 and thus are
dependent only upon the time variable.

Each boundary operator ¢ will have a distinct behaviour under rescaling of space
and time coordinates, which is described in terms of the scaling index A4 specified by
its long-time Green’s function, that is

@)y~ |r- (6.1.48)

for |T - T’| — 00. The scaling index also gives the renormalization group eigenvalue
of the field /1, conjugate to the boundary operator ¢. This follows from adding to the
Lagrangian £ associated with the Sugawara Hamiltonian speciified by equations
(6.1.42)(6.1.44) a term of the form

8c(he) = hy I dr o (1), (6.1.49)

-4,

Consider a uniform rescaling of space and time by a factor ». Then from the integral
we see that the field /; scales like 5'~“¢ to leave the term scale invariant. Hence
operators with scaling dimensions less than one have relevant conjugate fields. As we
shall see below, this includes the primary spin and channel-spin fields at the fixed
point of the two-channel model.

Any operator with a scaling index of 3 or less may have a diverging susceptibility
defined by the equation

%o (T) =deT<¢(T)¢(O)>~ T 1 (6.1.50)

An exponent of 3 is a special case, clearly, and in this case one will either have
logarithmic or constant behaviour at long times and low energies. If the operator is
bosonic in character, it will have a logarithmic divergence at low temperatures
because the spectral function of the ¢ Green’s function must change sign at zero
frequency. If the operator is fermionic in character, it will be a constant at low
temperature consistent with unitary bounds on the scattering amplitude for
fermions. For a related discussion, see section 5.1.2.

A key point made by Cardy (1986b) and utilized by Affleck and Ludwig (1991b),
Affleck et al. (1992) and Ludwig (1994a) is that, for a particular choice of boundary
conditions on a finite strip, there is a one-to-one correspondence of the boundary
operators to the low-lying states and the corresponding energies (in units in 7o /I)
are precisely the scaling dimensions of the boundary operators. Let us briefly review
the boundary conditions, referring to figures 75 and 76. In this section, we have
described free left-moving fermions which obey the F' boundary condition at » = 0
and the F~ boundary condition at r = 1 (cf. equation (6.1.7)). We refer to this as
FF~ boundry conditions, following Ludwig (1994a), and represent this as the finite
width strip in figure 75(a). Alternatively, given the mirroring of ¥ in the r <0
plane, we may view this as a cylinder of circumference 2/ with a ‘seam” along which
¥ is forced to zero. In the presence of the impurity spin, the boundary conditions
are shifted to KF~, where the K denotes absorption of the impurity spin at the r = 0
boundary This is represented in figure 75 (b).

According to the work of Cardy (1986), to obtain the scaling dimensions of the
boundary operators we should look at the spectrum corresponding to the boundary
condition KK~ , namely the non-trivial boundary is placed at each edge with a wall at
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@ 7=p ®)

lp,ua (l)= - lp,ua (_1)

Figure 75. Boundary conditions (a) for free fermions and (b) for a system with a Kondo
impurity at the origin for use in the conformal theory. [Reprinted from Nuclear
Physics B, Vol. 352, by I. Affleck and A. W. W. Ludwig ‘The Kondo effect,
conformal field theory and fusion rules’ p. 849, © 1991 and Vol. 360, ‘Critical theory
of overscreened Kondo fixed points” p. 641, © 1991 (Affleck and Ludwig 1991a, b)
with permission from Elsevier Science and from Physical Review Letters, Vol. 67, by
1. Affleck and A. W. W. Ludwig ‘Universal noninteger “ground-state degeneracy’ in
critical quantum systems’ p. 161, © 1991 (Affleck and Ludwig 1991c), with kind
permission of the American Institute of Physics. ]

-0

Figure 76. Boundary conditions for operator spectrum of Kondo impurity model. In this
case a Kondo impurity is fused in at each boundary (KK~ boundary conditions).
[Reprinted from Nuclear Physics B, Vol. 352, by 1. Affleck and A. W. W. Ludwig
‘The Kondo effect, conformal field theory and fusion rules’ p. 849, © 1991 and Vol.
360, ‘Critical theory of overscreened Kondo fixed points’ p. 641, © 1991 (Affleck and
Ludwig 1991a,b) with permission from Elsevier Science and from Physical Review
Letters, Vol. 67, by 1. Affleck and A. W. W. Ludwig ‘Universal noninteger ““ground-
state degeneracy” in critical quantum systems’ p. 161, © 1991 (Affleck and Ludwig
1991c), with kind permission of the American Institute of Physics.]

the r = / edge. It is important to note that this finite strip can be related back to the
original half-plane with the conformal transformation shown in figure 76.

To implement this KK~ boundary condition, Affleck and Ludwig (1991b) and
Ludwig (1994a) hypothesized that the appropriate description was the ‘double-
fusion rule’. Namely, first the impurity spin is absorbed at the K boundary,
corresponding to the KT~ boundary conditions discussed in section 6.1.2.1. Then
the impurity spin must be absorbed at the far boundary r = [ again! In practice, this
means thag the conduction spin density for left movers is shlfted (in real spdce) by
T (x) — T (x) = & XSt + 8x - )Sp and in k space in J ot Su+ (- /s,
Here we have included the superscript op to remind the redder that this is for
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calculating the spectra of allowed boundary operators. It may be readily verified that
this doubly shifted density operator still obeys the Kac-Moody algebra. Hence, the
double fusion may be viewed first as conduction spin S~ absorbing impurity spin St
at r=0, yielding composite spin S, with S~ then absorbing Si» at the boundary
r=1, y1e1d1ng spin S. Allowed states in the finite-size spectra are characterized by

integers n,Q(K ¢ = 0 (forbidden) or 1 (allowed) which are calculated from the rule
ng: = Z N3, s.Ng/s.ng> "> (6.1.51)
where nQSS° and N, ,5» were defined in section 6.1.2.1. Each generated state which is

then a primary state of the Kac-Moody algebra corresponds to a so-called primary
field boundary operator. One may also generate descendants by operating with the
charge, spin and current densities for positive gp (i.e. negative ¢ for left movers).
The lowest several states for the KK~ boundry conditions generated by the
double fusion rule are displayed in table 13. Again, the energies divided by T /I give
the scaling dimensions, which may then be read off from equation (6.1.35) for non-
zero values of n K,S(S° Note that the constraints of the Kac-Moody algebra imply that
no primary fields can exist with S or Sc greater than one. From table 13 we see that

Table 13. Operator spectrum of the M =%, S =3 Kondo model from the conformal theory
double-fusion rule (cf. section 6.1.2.2). The notation is the same as for table 11. Here A
is the scaling index of the operators. [The table is adapted from table 1c of Ludwig
(1994a), with kind permission of the author and World Scientific Publishing. ] Spectra
can be generated from the free-fermion spectrum of table 11 with the double-fusion rule
(equation (6.1.49)) or from table 12 with the single-fusion rule (equation (6.1.47)) in
conjunction with the Kac-Moody triangle rule (equation (6.1.46)). The table is not
complete for all operators with scaling index 3. The operators shown with scaling
index 3 are the leading irrelevant operator about the fixed point (spin 0) and the quad-
rupolar spin operator (spin 2; see section 6.1.2.3 for discussion).

0 S Se S0(5) A = Elfvm
0 0 0 1 0
0 1 0 1 3
0 0 1 5 1

+2 0 0 1

+1 ! ! :

1 : : E
0 1 1 5 1

+2 1 0 1
0 0 1 1

+2 0 1 10 1
0 0 0 1
0 0 0 1 3
0 2 0 1 3
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apart from the trivial constant operator there are four kinds of operator with scaling
dimension 3. The physical meaning of each is as follows.

(1) Q = =£1, S =3. Sc =3 operators. These are the quantum numbers associated
with a free-fermion excitation; so the scaling dimension must be Ap = 7 as
discussed above and in section 5.1.2. It is of interest that there are two such
fields; the physical interpretation of this is unclear.

(2) 0=0,S =1, Sc = 0 operator. This is ¢s, a primary operator transforming as
avector triad of local spin tensors. This object describes the effective core spin
at the fixed point. The scaling dimension of As = 75 implies that this operator
has a logarithmically divergent susceptibility which will be explicitly
calculated in section 6.1.3. The scaling dimension value of 3 also implies that
the spin field (magnetic field for magnetic impurities; strain field for
quadrupolar Kondo ions or TLS sites) is a relevant field with
renormalization group eigenvalue of 3. N

(3) 0=0,S =0, Sc = 1 operator. This is ¢, a primary operator transforming
as a vector triad of local channel spin tensors. The scaling dimension of
Ac =75 implies that the corresponding channel spin susceptibility is
logarithmically divergent at low temperatures, and the application of an
external channel field (strain field for magnetic impurities; magnetic field for
quadrupolar Kondo or TLS impurities) is a relevant perturbation.

(4) Q= %2, §=0, Sc = 0 operator. This is a pimary operator describing an
electron pair around the impurity site (Ludwig and Affleck 1991, Ludwig
1993). The corresponding local pair field susceptibility is logarithmically
divergent, and in principle a local source of such pairs is a relevant
perturbation. This pair field is unusual, in that the antisymmetry of spin and
channel-spin labels implied by S = S. = 0 means that something else must be
done to the pair operator to render it antisymmetric under the Pauli
principle. As discussed by Ludwig and Affleck (1991), antisymmetrizing in
the L, R indices between the electron fields will assure satisfaction of the
Pauli principle. This is equivalent to odd parity in the one-dimensional
spatial index in view of the mirroring condition ¥r(r) = ¥r(-r). After
Emery and Kivelson (1992) noted the logarithmic divergence associated with
an odd-time pair field in their Abelian bosonization approach, it was realized
that antisymmetrizing in temporal arguments for x = 0 will do just as well
(Ludwig 1994a, b) as a spatial gradient, given the equivalence of space and
time axes in the conformal space. Alternatively, one may construct a dot
product of the spin field @s with a local triplet pair field possessing quantum
numbers Q = £2, § =1, Sc = 0. Although the triplet field by itself has
scaling exponent of one and thus has a non-diverging susceptibility, in
combination with the local spin tensor a spin singlet is formed which has the
same quantum numbers as those with inserted gradients. The equivalence is
readily seen by explicitly carrying out the time and space derivatives. We
postpone a more elaborate discussion of the pair fields until section 9.4.

Some other interesting operators are firstly the double tensor operator, with
quantum numbers Q =0, S = 1, Sc = 1, which is relevant to the generalized model
considered by Pang (1992, 1994) and Zarand (1995), and which has scaling
dimension one and secondly the spin quadrupole operator (not shown in table 13)
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which has Q =0, S = 2, Sc = 0 and scaling dimension 3 (Affleck et al. 1992). This
operator is relevant to our discussion of perturbatlons about the fixed point,
specifically exchange anisotropy, which we shall discuss in section 6.1.2.3.

Note that no operators with Q = 0, S =3, Sc =00or 0 =0, S = 0, Sc = % appear
in the KK~ spectrum even though these are in principle allowed primary operators
coming from the Kac-Moody algebras which permit, for example, S =0,
1 ., M2 primary field spins for a level-M spin algebra. The double-fusion rule
legislates against these possibilities.

Application of the Kac-Moody densities to the primary field operators generates
the so-called descendant operators with higher scaling, dimensjons. As an explicit
example, put ¢ = n1t// > 0 and consider the operator Js- 41 * ¢s. This operator has
S =0 (since it is a scalar product of two spin operators) and scaling dimension
n+ Ay, =n+3 for the two-channel case.

By way of slight generalization, we note that the primary spin and channel-spin
operators transform as the fundamental representations of SU(N) and SU(M) for
the generalization to the SU(N) x SU(M) model. The resulting scaling dimensions
are As = N /(N + M) for the spin field, and Ac = M /(M + N) for the channel field,
in precise agreement with equations (5.1.29 a) and (5.1.29 b) (recalling that Y = M/N
is held fixed in the large-N limit of section 5.1).

6.1.2.3. Perturbations about the fixed point. In this section we give an overview of
the effects of various perturbations about the two-channel fixed point following the
discussion by Affleck and Ludwig (1991¢) and Affleck et al. (1992). The point is
that the conformal theory gives a natural basis for identifying relevant, irrelevant
and marginal operators about the fixed point. In order, we shall discuss
perturbations due to (@) the leading irrelevant operator, (b) an external spin field,
(¢) an external channel field and (d) exchange anisotropy.

(a) Leading irrelevant operator. As discussed by Affleck and Ludwig (1991b) and
Affleck et al., a central role is played by the leading irrelevant operator about
the fixed-point Hamiltonian. The restrictions on this operator are that it must
be a singlet in spin and channel indices, so as to preserve the SU(2) x SU(2)
symmetry and must be chargeless to preserve the U(1) symmetry. Finally, on
physical grounds we expect this operator to involve only the primary spin
field ¢s since the non-trivial coupling induced by the Kondo impurity occurs
only in the spin sector. By the rgmarks of the previous section, a reasonable
candidate operator is Js-4L * ¢s for ¢ = 70/l which has scaling dimension
1+As=1+ N/(N+ M) =3 when N= M= 2. In the case when N = M,
the operator Jc- 41 * ¢c also has the same scaling dimension but, since there
is no impurity channel field, is not a physically plausible candidate for the
leading irrelevant operator. The way that this operator is added to the
Hamiltonian is in the form SA = A - A* where A* = 2/(2+ M) for N =2 is
the fixed-point coupling. In the next section we shall see how this term enters
into the calculation of the specific heat. (Note that the coupling A used by
Affleck and Ludwig (1991b) in the discussion of thermodynamics
corresponds to OA here.)

(b) Application of a spin field. If we introdyce a field hs which couples linearly to
the primary boundary spin operator ¢s(7). Physically, this corresponds to a
magnetic field for the magnetic impurity, and a stress field for the
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quadrupolar impurity or TLS impurity. Also, electric field gradients and
magnetostriction induced stress fields (order H?, where H is the magnetic
field) will split the quadrupolar Kondo impurity, and the TLS impurity is
subject to spontaneous tunnelling matrix elements and well asymmetry which
have the same effect. The presence of a spin field produces a term in
Lagrangian, of the form (6.1.48) with /s - ¢s(7) inside the integral. Hence the
spin field A is relevant with a renormalization group eigenvalue of 3. This
implies that, in the presence of a spin field, there will be a cross-over to a new
fixed point with cross-over exponent 1/2, that is the low-temperature
properties will be universal functions of /42 /T. This implies the existence of a
new energy scale in the problem given by /2 /Tk, as is verified in the NRG
and Bethe-Ansatz treatments. The conformal field theory cannot specify the
nature of the new fixed point, but it is reasonable to guess that it is a free-
fermion fixed point in the presence of a polarized scatterer (the Zeeman split
primary field). This is born out by the NRG calculations discussed in section
4.2.5 (see figure 19(a)). We note tht the cross-over physics is in precise
agreement with the discussion of section 5.1 where the large-N NCA
approach was used. N

Application of a channel field. A channel field Ac couples linearly to the
primary channel-spin operator ¢.(7). This field corresponds to a stress field
or electric field gradient for the magnetic impurity, and a magnetic field for
the quadrupolar or TLS impurity In practice, the channel field probably
arises from a splitting of the exchange intergrals in the presence of applied
stress (magnetic impurity) or applied magnetic field (quadrupolar Kondo
impurity). It remains something of a mystery how to obtain effectively a
channel field splitting for the TLS since there is no obvious magnetic
coupling to the impurity. By congidering a perturbation to the Lagrangian of
the form (6.1.48), with hc-¢c(t) in the infegrand, we see that the
renormalization group eigenvalue of the field / is 3. This implies that the
perturbation is relevant with a cross-over exponent of 3, that is the low-
temperature properties are universal functions of 42 /TTk, and /42 /Tk is a
new energy scale which sets the cross-over temperature on passing first
through the Kondo scale and then at lower temperatures to this new energy
scale. The cross-over behaviour is in good agreement with that discussed in
section 5.1. The conformal theory again does not provide an answer as to
what the cross-over goes to, but the obvious guess in view of the analysis of
sections 3.1.2, 4.2 and 5.1 is that the cross-over is to the ordinary Kondo
fixed point for whichever channel couples more strongly to the impurity and
the weak-coupling fixed point for the other channel. This is indeed seen in the
NRG spectra, which suggest a direct product of phase shifted fermions with
unshifted fermions at the fixed point. Jerez and Andrei (1995) and Coleman
and Schofield (1995) have questioned the Fermi-liquid character of the fixed
point recently. Using a combination of Abelian bosonization and path
integral methods, Fabrizio er al. (1995a, b) have reasserted that the new fixed
point is indeed a Fermi liquid.

Exchange anisotropy. Exchange anisotropy breaks the SU(2) spin rotational
invariance to a U(1) subgroup which is, however, even under spin reversal
(time reversal for the magnetic impurity) unlike the magnetic field. If it
is a relevant perturbation, there should be an appropriate primary field



01:19 22 March 2011

Downl oaded By: [CAS Chi nese Acadeny of Sciences] At:

Exotic Kondo effects in metals 795

operator in the KK~ spectrum The logical candidate is a spin quadrupole
operator with quantum numbers Q = 0, § = 2, Sc = 0. This makes physical
sense as argued by Pang (1992) and discussed in sections 3.3.1 and 3.4.1,
since the exchange anisotropy will induce a local quadrupolar splitting of
the impurity spin through the two-loop order contribution to the pseudo-
fermion self-energy. Thus, although the anisotropy term J._ ;;¢> has
an irrelevant scaling dimension, it generates a relevant term in next order.
As noted by Affleck er al. (1992), the only primary operator with Q = 0,
Sc = 0 for free fermions has S = 0. So it is logical to apply the double-fusion
rule to this state, which implies that the only primary field operator with
S = 2 must satisfy the constraint implied by the Kac-Moody traingle rule,
so that

2< 281, 2< M- 281 (6.1.52)

This implies that 3<S1< M/2- 3 The scaling dimension is
Aquad = 6/(M+ 2), and so it is releVdnt for M> 5 and mdrginal for
M= 4, provided that 3< Si < M/2- 73 For Si=1% or St =k/2- 3, the
exchange anisotropy enters only through the perturbation Jg_ ¢5 which is
part of the leading irrelevant operator about the fixed point and so cannot be
relevant. In physical terms, as discussed in sections 3.3.1, 3.4.1 and 4.2, one
can understand this because for S1 =7 or k/2- 3 and M > 2, the ground-
state spin alternates between k /2 - 3 and 3 for even or odd number of sites in
the NRG, or alternatively one can always arrange to have a § =7 ground
state with appropriate boundary conditions in the conformal field theory
analysis. S = 3 states can never have a quadrupole moment; generically, the
next few states in such a case have often S = ; or § = 0 which also of course
experiences no anisotropy to leading order.

6.1.3. Calculation of thermodynamic properties in the conformal field theory
approach
In this section we show how Affleck and Ludwig (1991b, c¢) were able to compute
various thermodynamic properties within the conformal theory approach. There are
three parts. First, we identify the conformal transformation and mathematics which
allows finite-temperature calculations to be performed straightforwardly given a
knowledge of the physics at the fixed point (section 6.1.3.1). Next, we outline
explicitly how the calculation of the specific heat and magnetic susceptibility with
this finite-temperature technology is carried out in section 6.1.3.2, yielding an
estimate of the Wilson ratio together with explicit confirmation of the singular
behaviour of the low-temperature quantities. Finally, we switch to a discussion of
how the ground-state residual entropy is calculated which involves sophisticated use
of the conformal invariance to relate spatial boundaries to temporal boundaries
(section 6.1.3.3).

6.1.3.1. Conformal mapping for finite-temperature physics. As noted by Affleck
and Ludwig (1991b), the low-temperature free energy of the continuum Kondo
model can be written in two different ways: first as a trace over the exponential of
the inverse temperature times the Hamiltonian living on the half-plane
-00< 1< 00 0<r; second in a Lagrangian formulation where the temperature
explicitly enters the imaginary time integrals. Including a spin field /s along the z
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axis, the Hamiltonian description gives
_-1 A X
F(T,8\,h) = 5l [T (exp 4= BJHEN) - AT ] (6.1.53)

and in the Lagrangian formulation

F(T,A,hs) = F(T,0,0) - lln <exp( ‘ dr [‘32\(]1”. LD () + hsJNS%L(T)j >
B 0 >
(6.1.54)

where the hat refers to the half-plane geometry 6o with the Kondo impurity at r = 0,
and the tilde refers to the semi-infinite cylinder geometry G r specified by 0 < T < 3,
0 < r < 00 where bosonic operators are periodic in . Note that the spin field has
been coupled to the total (conserved) spin operator J ;. As in the discussion of
sections 6.2.2 and 6.2.3, we put ¢ = n7t/l and index the spin density operators by 7
rather than ¢. The above expectation value is with reference to the critical
Hamiltonian (A = 45 = 0). These expressions have employed the identity
J=0/2mn J(J J (x) which is just the Fourier transform rule. Hence this treatment
differs slightly from that of Affleck and Ludwig (1991b) where the spin density in real
space is written down.

Affleck and Lugwig (1991b) pointed out that the free energy given by equations
(6.1.53) and (6.1.54) must obey standard finite-size scaling relationships. Specifically,
if we restrict the spatial dimension such that 0 <r </ and //ve > B, then F
separates into a bulk piece that scales with /, and in impurity piece independent of
/, that 1s

1
F(T, s, 8A) = fourc(T, ) + finp (T, s, A, (6.1.55)
where « is a minimum length scale (of order Avr [k, here). The finite-size scaling

hypothesis (Barber 1983) says that the bulk and impurity parts may be written for
B —>0as

Soulk (B, h1s) ~ Epo + éQbulk (Bhs) (6.1.56)
and
Fimp (T, oy &) ~ES) + %Qimp (Bhe : 4B V), (6.1.57)

where A = 1+ A is the scaling dimension of the leading irrelevant operator. In
principle, all bulk and impurity irrelevant couplings may be included in equation
(6.1.56) and (6.1.57), but these produce subleading corrections compared with the
leading irrelevant operator. Our interest is in computing Qimp Which may be
evaluated about the fixed point by expanding equation (6.1.54) in powers of /s
and OA. This involves calculation of correlation functions between various combina-
tions of J 3 nd J ;’,_ 1,L¢5 on the geometry 67.

To evaluate the finite-temperature correlation functions one may exploit the
conformal transformation shown in figure 77 which maps Go into 7. Defining
z = T+ ix in the half-plane and w = T + ix in the semi-infinite cylinder (x = r/vr),
the transformation is w = (8/mtan™ ! (z/7) where T = a/ve =~h/ksTk sets the
short time or high-frequency cut-off of the model. (Note that Affleck and Ludwig
(1991b) include the T factor in this transformation only implicitly.) As a result, at
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x=r/ Vg ‘
z=T+ix W=T+ix
=D
« . T
=0
circumference 8
T=0 >0

Figure 77. Conformal mapping of zero-temperature half-plane to finite-temperature
cylinder. By applying this mapping of z —w, one may straightforwardly evaluate
finite-temperature correlation functions in terms of zero-temperature correlation
functions.

long times any boundary operator Oin geometry 6o is related to the corresponding
operator O in geometry gr by the identity

_AO

Bw) = (M) 60 = ( Ji%) 40) (6.1.58)

o 1 + (z/n)

where Ao is the scaling dimension of O. This means that correlation functions in the
long-time regime which are simple power laws in geometry Go may be related
straightforwardly to correlation functions at finite temperature. For example,

(BB 5= ( _ﬁ) _Mo[l + ( i—;) 2]Ao[l + ( i—j) 2]A0<0A(21)OA(22)>

TTT0

~ -240 ﬂ 2al0 Q 2al0 A0T2A0
~ L 1+ 1+ — oy, (6159)
o T T0 (z1=- z2)7°

where Ao is a normalization factor for the O-O Green’s function. Through the
conformal mapping the z variables on the RHS can be related to the w variables on
the LHS in a straightforward manner. Specifically, repeated use is made of the
relation

[+ /) fit /o) | 1
(z1- 22)° sin [(ﬂ/ﬁ)(m - Wz)]

(6.1.60)
which follows from elementary trigonometric identities.

6.1.3.2. Evaluation of the specific heat and magnetic susceptibility. The specific
heat is calculated by evaluating the first non-vanishing term in the impurity free
energy for s = 0 and OA finite. This term is of order dA> because the expectation
value of equation (6.1.54) is with respect to the fixed-point Hamiltonian at which
the average of the leading irrelevant operator is zero. Hence, the leading

contribution to the free energy at zero field is
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_ 8)\2
8fun dTl dT2<J2 1L¢ (1) Jz 1L¢ )(T2)>

2(1+45) WB/2
=-3 A—4+2 3 = r T
2 [sm TCr/ﬁ ] s)

2(1+4s)
- 3( M, 2) 82\2( %) 101+ 44),p) (6.1.61)

2

where equations (6.1.59) and (6.1.60) were used, T ~% [kg Tk is a short-time cut-off,
and the factor 3|(M/2) + 2 |corresponds to Ao in equation (6.1.59). This factor
corresponds to the usual Green’s function numerator for equal times and may be
evaluated straightforwardly from the Kac-Moody algebra as noted by Affleck and
Ludwig (1991a). For the special case of M = 2 where the mtegral in equation (6.1.61)
is straightforwardly evaluated with the substitution z = sinh” Eol (TCr/ﬁ)]to give

1(3,p) = %rnh_ il dzcosh? z
0
24172 24172
ﬁ{_ﬁ (_ﬁ) ] +ln(£) +[1+(—£) ] } (6.1.62)
2T T Tt Ttro

As a result, for f — 00, we see that the impurity contribution to the specific heat
goes as

8221m2
Cimp =-T or?
T 2T
mk3[9(n82\ W) ™ ln( ml/fT ](M: 2). (6.1.63)

This displays the expected T'In T singular behaviour. For M > 2, the specific heat
behaves as T*/?* ™ as was earlier calculated by the Bethe Ansatz (Andrei and Destri
1984, Wiegman and Tsvelik 1983a, b).

Turning now to the susceptibility, we wish to extract the leading impurity
contribution to the free energy which is also order /2. This must be quadratic in
both OA and /s because terms linear in /4 and OA have vanishing expectation values
from the free Hamiltonian by construction. Hence the relevant term in the impurity
free energy is found by the expansion of equation (6.1.54) to quadratic order in /s
and OA, yielding

4
8 = 5 hi( Hf ) T T ) T 7)) L 13 (15) Yo
(6.1.64)
which gives Aimp = - (& fimp JOh2) (hs = 0) as

1 4 ~ ~ ~ ~ ~ ~
Yimp = 2_[5, SAz( L[Jj) <J s%)L (Tl )J s%)L (Tz)(_] s‘:— 1,L¢:)(T3)(J s/z— 1,L¢£)(T4) }onn. (6165)
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The Green’s function in the above equation may be evaluated with the use of the
operator product expansion (OPE) which pulls out the singular behaviour in a
product of operators. Heuristically, this amounts to a kind of generalized Wick
theorem in the following sense: the bare Hamiltonian in equation (6.1.54) is
quadratic in the densities which obey (generalized) canonical commutation relations
(the Kac-Moody algebra); hence, apart from possible non-trivial normalization
factors for the Green’s functions, we might expect the Wick theorem rules to hold.
Thus we expect for the 6o Green’s function corresponding to that of equation
(6.1.65) that

Fan B @) 1 (1) T2 13 (18) o

— 4 1 + 1 1 (6.1.66)

(1 - T3)2(T2- 'r4)2 (1 - T])z(Tz - 'r3)2 (13 - 'r4)2AS

which follows by contracting the density operators together (they always give scaling
dimension 1) and the two ¢¢ operators together. This identity does indeed hold, and
the normalization constant 4 = (2+ M/2)> may be fixed by a rigorous OPE
calculation.

Employing equation (6.1.58) to convert the Go correlation functions to Gr
correlation functions, and shifting limits of integration, equation (6.1.64) may be
manipulated into the form

M\ 2 L[ T 2(2+45)
Kimp = 8( 2+ 7) oA ( 7) E(2,ﬁ)](2AS,ﬁ), (6.1.67)
where
/2 S
I(x,p) = f Em(TT/m] (6.1.68)
Let us specialize to M = 2. The relevant integrals here are, for large f,
B 2
1(2,B) NTO( mo) (6.1.69)
and
~B [ 2L
I(1,B) ~Tc1n( TCro) . (6.1.70)

As a result, the estimate for the impurity susceptibility is, for M = 2 and large S,

Yimp 7282’ In ( gg) (M=2). (6.1.71)
o
For M > 2, it is apparent that the integral 1(24s,8) goes as f for large B, so that
overall Yjmp ~ B'7 > ~ T4+ M- 1 in agreement with the Bethe Ansatz.

Next we turn to a calculation of the Landau-Wilson ratio. Although the
overcompensated model does not have a Fermi-liquid fixed point, the fact that the
specific heat coeffcient and susceptibility have the same singular low-temperature
properties suggests that there should be a well defined Landau-Wilson ratio.
Calculation of this ratio requires a knowledge of the normalization of the bulk
Hamiltonian specific heat and susceptibility with no impurity present. Since there are
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M channels, the bulk specific heat follows from the usual Sommerfeld calculation for
poooas 21 Mks kp T
B kB

Coulk = 3 D> (6.1.72)
where D =~ vrkg is the bandwidth of the conduction electrons. Note that the
normalization of equation (6.1.72) follows the usual solid-state physics conventions
and not the conformal theory conventions (compare with equation (3.6) of Affleck
and Ludwig (1991b); note also that, in their equation, D is set to unity 1). The
corresponding calculation for the Pauli susceptibility with the effective moment u
absorbed in /4 gives

2M .
Aoulk = =55 (6.1.73)

again, the normalization differs slightly from that of Affleck and Ludwig (1991b)
(compare with their equation (3.7)). We can now specialize to the case M = 2 and
find the Landau—Wilson ratio as

(Ofimp /butk)
%( ClmP/Cbulk) (M =2). (6.1.74)

This agrees with numerical results from the Bethe Ansarz. Affleck and Ludwig
(1991b) go further to note that, for arbitrary M,

Q2+ MPC+ M)
B 18

which follows with explicit evaluation of the integrals in equation (6.1.61) and
(6.1.67).

To close this discussion of Cimp and 7imp, We note that a diagrammatic view of
equations (6.1.61) and (6.1.64) for the free energy is possible. The conceptual point
behind this is that it will illustrate a very close link to the discussion of these
quantities within the Abelian bosonization approach discussed in section 6.2.2.3. The
appropriate diagrams are shown in figure 78, where solid lines represent density—

(6.1.75)

D
II \\
’ \
/ k pa Y {} D (}
kpa Ko
Ko

(a) (b)

Figure 78. Diagrammatic visualization of free-energy contributions yielding specific heat
Cimp and susceptibility y(imp: (a) for zero applied field which when differentiated twice
yields the specific heat; (b) for a finite applied field which when differentiated twice
yields the susceptibility. Solid lines are conduction-electron propagators, and broken
lines are local spin tensor @s propagators. Dots are leading irrelevant operator
vertices OA; crosses are applied spin-field vertices sis. These diagrams have a close
connection to the corresponding diagrams in the Abelian bosonization approach
discussed in section 6.1.
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density Green’s functions, and the broken lines represent the ¢s Green’s function;
dots represent the OA vertex, and crosses represent an /s vertex. Figure 78 (a) for the
specific heat shows that the relevant free-energy diagram is a bosonic ‘bubble’ with
one line representing the ¢s propagator (which is the dynamic susceptibility for a
localized magnetic field) and one line representing the conduction spin-density
propagator, which in turn must be a continuum electron bubble for appropriately
renormalized continuum fields. Figure 78 (b) for the susceptibility shows that the ¢
propagator gets two spin-density bubbles attached at the end. Formally, these
bubbles would have to correspond to double bubbles of suitably redefined con-
tinuum fermion fields.

6.1.3.3. Residual entropy. The calculation of the residual entropy requires
different concepts from the conformal theory, drawing in particular on some
mathematical properties of the so-called ‘modular S matrix’ worked out in the
literature. We shall briefly outline the calculation here, as given by Affleck and
Ludwig (1991¢) and Ludwig (1994a).

The entropy of the multichannel model in any finite-size calculation will be the
logarithm of an integer, where the integer represents the ground-state degeneracy.
Here finite size means effectively that we have lowered the temperature to be
comparable with the level spacing so that Bve/l= 1. For example, in the NRG
spectra for the two-channel model displayed in figure 44, the degeneracy is always
two, which would give an entropy or Rln 2. In the continuum or ‘high-temperature
limit” where Bve [l < 1 relevant to a macroscopic system, this is not the case any
longer. In this case, by high temperature we only mean with respect to the quantum
spacing of the levels, and not to the Kondo scale itself (indeed we are interested in
temperatures T satisfying 7vr /I < ksT < kpTx).

The conformal theory provides an elegant approach for switching from the low-
temperature limit to the ‘high-temperature limit® which was introduced first by
Cardy (1989). The idea is illustrated in figure 79. It goes as follows. We normally
calculate the partition function by tracing over exp (- BHs) where A and B are the
boundary conditions on the system at » = 0, / in this one-dimensional example. As is

Figure 79. Conformal transformation exploiting the modular invariance of the partition
function. To cross from the low-temperature limit in which the temperature is less
than the level spacing vemt// to the ‘high-temperature limit’ in which veTt// <
kT < kpTk, it is convenient to interchange space and Euclidean time coordinates.
Because of the equivalence of space and Euclidean time coordinates, the
transformation must preserve the partition function. This trick enables a calculation
of the residual entropy for the thermodynamic limit.



01:19 22 March 2011

Downl oaded By: [CAS Chi nese Acadeny of Sciences] At:

802 D. L. Cox and A. Zawadowsk i

usual, this may be viewed as a path integral summing over imaginary time in a
periodic way, namely we ‘propagate’ with exp (- BH4z) around the cylinder in
figure 79 in the time direction, always winding up back at the state at which we
started. However, the conformal invariance implies that we can interchange space
and time directions and that we must get equivalent physical results. Namely, we can
interchange space and time axes, to get a new system ‘length’ equal to ve 3, and a new
system ‘time’ of 2//vr. The states are specified by a Hamiltonian Hp which has
periodic boundary conditions in the new ‘space’ direction.

The partition function in the original case can be written in terms of ‘characters’
of the conformal towers in the following form:

Z=Tr Exp (- ﬂHAB)]: ; ngfgSCXQSSC (q), (6.1.76)

where the sum is only over primary values of the spin, channel spin and charge,
where ¢ = exp (- Bor /I), and the character ypss. is given by

o0
%035.(@) = ¢S dn (QSSc) g @55, (6.1.77)

m=

In equation (6.1.77), ¢ is the ‘central charge’ of the theory which for this model
simply counts the degeneracy of the conduction electrons, that is ¢ =2M, and
dn(QSS.) is the degeneracy of the mth descendant of the primary state labelled by
OSS.. The character 7 factorizes into a product of characters for the U(1), SU(2)
and SU(M) algebras of the charge, spin and channel-spin sectors. The integers n%;&
have the same meaning as in sections 6.1.2.1 and 6.1.2.2.

In the basis where space and time are interchanged, the partition function
propagates along the new ‘time’ axis from a state characterized by boundary
condition A4 denoted |A>to a state characterized by boundary condition B denoted
|B> This replaces the periodicity familiar from the standard trace formula of
equation (6.1.74). The discrete spacing between states of Hp is now set by the scale
27/B and as a result the partition function is given by

_ 2[/Hp _ ~oy N
Z = {Alexp| - g |BY= Z<A|QSSc 555.(7)<0SS:|BY (6.1.78)

0SS

where § = exp (- 270 /BvE). Clearly, as [/B — 00, then only the lowest term of the
above sum will remain and, if we set the ground-state energy of Hp to zero, then we
see that

S(0) =In Z(T = 0) = In{4|0 >+ In0|B (6.1.79)

and the calculation of the ground-state entropy reduces to the calculation of the
matrix elements in equation (6.1.79). Note that the mathematical transformation
between equations (6.1.76) and (6.1.78) is reminiscent of a kind of generalized
Poisson summation formula.

The characters for the different realizations H4p and Hp are related by a linear
transformation specified by the ‘modular § matrix’; here we restrict attention to just
the spin sector which is all that is modified by the absorption of the impurity spin,
and define the modular S matrix by
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= Zsfxs(q). (6.1.80)

In general, the modular S matrix factorizes into products of S matrices for the spin,
charge and channel-spin sectors. For an SU(2) level- M Kac-Moody algebra, the
modular S matrix is given by (Kac and Peterson 1984)

N ( 2 " sin( M2+ D2+ 1)) .
r 2+ M

2+ M
A useful identity involving the modular S matrix is

D Sinys = cAlaxalB) (6.1.82)

a

(6.1.81)

which follows straightforwardly from substitution of equation (6.1.73) on the LHS
of equation (6.1.78) and equation (6.1.80) for ¥.(g) on the RHS. Another important
result is the Verlinde (1988) formula

ZS]N] — st

Armed with these mathematical results, it is now possible to obtain the ground-state
entropy.

The strategy is to pick 4 = K, the Kondo boundary condition, B = F, the free-
fermion boundary condition, and Q = Q@ =0, Sc = Sc = 0 and S = 0. Then using
the fusion rule of equation (6.1.47) together with equations (6.1.82) and (6.1.83)
allows one to show that

SJS]
. (6.1.83)

0
(K000 X000|F »= ¢F|000 }(OOO|F>%" : (6.1.84)
0

The free-fermion matrix element {F |000>is one; so in view of equations (6.1.79),
(6.1.81) and (6.1.84) we see that the residual entropy is given by

sin rTC(2SI +D/(M+2)
sin EI/M+ 2)] N

which is exactly the same result obtained from the Bethe Ansatz (see section 7).

S(0) = In¢k|000 Y= In (6.1.85)

6.1.4. Dynamical properties
6.1.4.1. One-electron Green's function and T matrix. We follow Ludwig and
Affleck (1991). Affleck and Ludwig (1993) and Ludwig (1994a) here. The T matrix
is useful in calculating the ¢lectrical remstmty since the scattering rate is related by
- 1(k o,T) = - 2¢i Im [T (kk,0+i0",T)| where ¢ is the concentration of
nnpurmes and & is the propagation dlrection of an electron with momentum k.
This expression holds to leading order in the impurity concentration. For s-wave
scattering as we have assumed here, the k dependence drops out. The T matrix for
an impurity at position R is defined by

G, 72y0) = GolFi - ,0) + Gol7h - R)T(@)Gos - R), (6.1.86)

where Gy is the unperturbed one-electron Green’s function and G is the perturbed
one-electron Green’s function.
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In terms of the effective one-dimensional problem, the T matrix arises from
scattering of left-moving electrons (incoming spherical waves) to right-moving
electrons (outgoing spherical waves) and thus shows up in the mixed LR electron
Green’s function. The LL and RR electron Green’s functions are unperturbed by the
impurity. Non-trivial physics shows up in the LR Green’s function because of the
presence of the boundary at which the conduction operators mix with the local
fermion operators discussed in section 6.1.2.2.

At zero temperature and energy, where the effects of the leading irrelevant
operator discussed in section 6.1.2.3 are unimportant, the LR Green’s function is
also related to the S matrix projected onto outgoing single-particle states, denoted
Sa). At the Fermi energy, 7(0,0) = (1- S(1))/2i7N(0) according to standard
scattering theory, so that calculation of S() gives the Fermi surface value of
7(0,0). In the case of trivial potential scattering, S() = exp (2i8), where & is the
phase shift. This also goes through for the M/2 = St compensated Kondo model,
and the unit modulus of this says that any incoming single-particle state has
probability one of being scattered into an outgoing single-particle state. In contrast,
for the multichannel model, |S (1)| is generally less than one, reflecting the unbinding
of spin, charge and channel degrees of freedom so that an incoming electron can
generate outgoing many-body states.

A formal definition of the one-particle projected S matrix follows from the LR
Green’s function. Put z = vgT + ir, z = vgT - ir. Then

Gy (21,%2) = (PLuolz1) Pryo(Z2) D

=Su_ (6.1.87)
Zl = 22

where we have used the fact that left movers can only depend on z and right movers
on z. This follows from the fact that the electron fields are primary fields with scaling

dimension A = 3 together with the conformal invariance.
Equation (6. l 85) is a special case of a more general boundary relation for
primary fields. Consider a primary field operator O with quantum numbers
specified by a. The Green’s function for a combination of left-moving operators is

1

{01 (z1)01 (22) Y= - =)

=, (6.1.88)

where A , is the scaling dimension. On the other hand, the boundary 4 characterized
by boundary state |A M(cf. section 6.1.3.3) can mix left and right movers giving the
Green’s function

aldy_ 1
O (z1 - 2)*

where <O|A »is a normalization factor measuring the effect of the identity operator on
the boundary state. Since a fermion operator has the quantum numbers 0 = 1, S =
and transforms as the fundamental representation of SU(M) which we denote
simply M, then we see that, for 4 = K, the Kondo boundary condition

(04 (21) 0% () Y= (6.1.89)

A3 MIK}

= 0,0,0K >

(6.1.90)
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This ratio of matrix elements can be evaluated with the same kinds of methods
employed to calculate the residual entropy of section 6.1.3.3, and again Ludwig and
Affleck (1991), Affleck and Ludwig (1993) and Ludwig (1994a) have employed the
methods of Cardy (1986a,b, 1989) for boundary critical phenomena. Using the
factorization of the modular S matrix (not to be confused here with S(;)), together
with equation (6.1.80), we see that, for 4 = F, B= K,

; S8.83.S5nix ¢ = (F|OSSe XOSSe|K > (6.1.91)

If we now substitute in the fusion role of equation (6.1.47) and re-employ equation
(6.1.82) together with the Verlinde (1988) equation (6.1.83), we can obtain the
relation

SQO|K>_ S5
(OSS:|Fy 8§

which generalizes equation (6.1.84) used for the entropy We now note that for a
free-fermion boundary S() = 1, so that the ratio <l,2, M1F %<0,0 O|F >= 1. In view
of equation (6. 1.91) this implies that

(6.1.92)

9 29 929 IVIIK> Sl 5
929 IVIIF><O O|K> <09 O|K> Sllzssl
Employing the formula for the modular S matrix of an SU(2) level- M Kac-Moody

algebra given in equation (6.1.81) together with some minor trigonometric manip-
ulations, we obtain

(6.1.93)

cos E'C(ZSI +1)/2+ M
"cos [Tc/ 2+ M)] B

Sw = (6.1.94)

As a result, the T matrix at the Fermi level is purely imaginary and the zero-
temperature scattering rate is given by

1 _
T(O’O) B

We now consider this formula in some special cases.

a(l- Sw)
TIN(0)

-2Im[Tl=0",T=0)]= (6.1.95)

(1) Compensated Kondo problem (St = M /2). In this case it is easy to see that
Sy = - 1, corresponding to a phase shift of 7t/2 as expected from sections 4,
6.1.1 and 6.1.2. Hence, 1/7(0,0) obtains the unitarity limit of 1/7V(0).

(2) M> 1. In this case, the perturbative treatment of Gan e al. (1993) discussed
in section 3.4.5 should hold. We expect that the T matrix should just
represent spin-disorder scattering off an effective impurity with spin S1 with
dimensionless exchange coupling strength N(0)J =2/M. If we expand
equation (6.1.95) for large M, we obtain

2
T(ol 5 ~ING) ( 1‘%) e O( ﬁ) o

which fulfils our expectations. As noted in section 5.1, the large-N NCA
restricted in an unconrolled approximation ot N =2 and M arbitrary gives
excellent agreement with equation (6.1.95) for all values of M.
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(3) M= 2. In the case, S(1) vanishes; so 1/7(0,0) reaches half the unitarity limit.
What is remarkable, as stressed by Ludwig and Affleck (1991), is that this
implies the strongest possible violation of Fermi-liquid theory; an incoming
single-particle state is scattered completely into many-body states!

In fact, the result is much stronger; scattering of an incoming particle (hole) into
any state with 2n+ 1 uncorrelated particles (holes) and 2n uncorrelated holes
(particles) has zero amplitude (Maldacena and Ludwig 1996). Thus, on the surface,
unitarity of the scattering amplitude is completely violated. This “unitarity paradox’
is resolved when a different basis for the conformal theory is chosen in terms of
Majorana fermions (Maldacena and Ludwig 1996). The essence of the idea is that
the Hilbert space containing just physical particle-hole occupation is incomplete
and, when extended, a new fermion arises into which a physical fermion may scatter
with unit projection. This new fermion has fractional occupany in terms of the
physical states and is thus not detectable with any external problems. We shall give a
brief discussion of this approach in section 6.3.

Ludwig and Affleck (1991) and Affleck and Ludwig (1993) have also computed
the leading corrections to the scattering rate in temperature and frequency. This
calculation involves perturbing the one-electron Green’s function linearly in the
leading irrelevant operators Js- 1, ¢s (and, for M= 2, S1 = 2,Jc 1L " ¢s). The full
calculation is quite complex and exploits the OPE method extenswely, since it is too
long and involved to outline here, we refer the reader to Affleck and Ludwig
(1991a, b, ¢) for details. The main result is that the resistivity will experience a
correction proportional to A T** (which power law is in agreement with the NCA
treatment of section 5.1), so that the sign of the deviation is determined by whether
one approaches the fixed-point coupling strength from above or below. In the special
case when M =2, S; =3, they found that the resistivity is given by

(

(0 ~[1 + 48\ o (1T 70)' P + Of )] (6.1.97)

There is thus a universal amplitude relation between the square of T'/> term and the
coefficient of the In 7 divergence in Cimp /T.

Affleck and Ludwig (1993) also considered the effects of potential scattering and
showed that, while for the M = 2, S1 = 7 case it does not affect the zero-temperature
resistivity, it does affect the magnitude of the T'/> term and can also induce a
thermopower which goes as T'/2.

6.1.4.2. Local field dynamical susceptibility. Here we employ the conformal theory
technique to calculate the local spin and channel-spin susceptibilities for the S; = 3,
M = 2 case to confirm the suspicions that they have marginal Fermi-liquid form
(Cox 1988a,b), Varma et al. 1989, Tsvelik 1990, Emery and Kivelson 1992, Cox
and Ruckenstein 1993, Gan et al. 1993. We simply show the calculations for the ¢s
case; they are completely analogous for the channel field. This calculation has been
carried out by Ludwig and Affleck (1994).

The idea is to consider a dynamical local field /(@) which is coupled only to ¢?.
At finite temperatures, the response to this field will simply be the ¢s Green’s
function given by
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3 2 _mo_ 1
(95 (1) (0) Y= 8 s w/p)

It is trivial to continue this analytically to real times and, if we Fourier transform to
obtain the absorptive response function y¢(w, T), we obtain

sm a)t
(o, T) = ﬁ r Sinh (70 /)" (6.1.99)

This integral is easy to evaluate, and the result is

o[y +- 4] ]

o tanh( %) (6.1.100)

(6.1.98)

(@, T)

where l/)(x) is the digamma function. This is precisely the marginal Fermi-liquid form
of the local dynamic susceptibility (Varma ez al. 1989). When analytically continued
to the real axis and set to zero frequency it reproduces the logarithmic divergence of
the static susceptibility.

6.1.4.3. Other dynamic response functions. In addition to the single-electron
Green’s function, Ludwig and Affleck (1991, 1994) have computed a number of
two-particle electron response functions. The functions have complicated and non-
intuitive forms reflecting the non-trivial boundary condition and non-Fermi-liquid
fixed point. We simply survey the results here obtained for the M =2, S;=
case.

(1) Spatial-temporal dependent spin polarization response. This function contains
a non-Fermi-liquid response that could in principle be samled by Knight shift
measurements for a magnetic impurity and nuclear electric-field gradient
measurements for a quadrupolar Kondo impurity.

(2) Spatial-temporal dependent pair field response function. This function displays
the expected singularities for the Q =2, S =0, Sc = 0 field obtained by
antisymmetrizing in the spatial index r, which coresponds to antisymmetriz-
ing in L, R indices near the impurity site in view of the mirroring condition
w1 (r) = ¥r(-r). Equivalently we may go right to the impurity site and
antisymmetrize in imaginary time in view of the conformal invariance.
Specifically, in terms of the three-dimensional field operators ¥,(r), the full
three-dimensional pairing field is an orbital p wave which is a singlet in spin
and channel indices with

P = oo 0a?) 2 g ®) = S acl0) o) - Y Yp(0)]
(6.1.101)

We shall provide a more complete discussion of pairing correlations in section
9.4.
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6.2. Abelian bosonization approach to the two-channel Kondo model

In this section, we describe the Abelian bosonization approach to the two-
channel Kondo model developed by Emery and Kivelson. The central idea which
makes this work is that, when using a spinless fermion representation for the
impurity spin, the x and y components correspond to Majorana or ‘real fermions’.
The Kondo Hamiltonian becomes, for a special value of the longitudinal exchange
coupling, a one-particle resonant level model in the space of conduction electrons
plus one of the Majorana variables. This model is exactly soluble. The other
Majorana variable decouples. All singularities and anomalies in this approach are
seen to be due to the presence of the uncoupled field. In a counting sense which can
be made mathematically precise, each Majorana fermion is half a full fermion. This
leads to a nice interpretation of the (R/2)In 2 entropy (this corresponds to the
decoupled variable) and (possibly) of the scattering rate value at the Fermi energy to
one half of the unitarity limit (deriving from unitarity scattering from half a
fermion!). However, as we shall discuss, a full interpretation of transport properties
remains problematic in this approach. (Recently Fabrizio and Gogolin (1994) have
applied similar ideas to the four-channel spin-3 model to illustrate its equivalence to a
model where two spin-1 conduction channels couple to the impurity and to calculate
the low-temperature properties. )

6.2.1. Model, mapping to a resonant level Hamiltonian

Emery and Kivelson begin with the two-channel Kondo model in the anisotropic
(xxz) limit, taking only left-moving fermions living on -00< x < +00 (the
incoming s partial wave states reflected about the origin) coupled to the impurity,
following Affleck and Ludwig (1991b). Thus, x < 0 is for incoming waves and x > 0
is for outgoing waves. Following their notation, the Hamiltonian is

H = ivg Z‘ F . dx Yf o (x) Q‘% +3 Zx It S0, Ve (0) Yoa(0), (6.2.1)

where u, v are conduction spin indices, ovis the channel index, o are Pauli matrices,
and the ™ are the spin-} impurity operators. We assume that Jx = J;, J- > 0 to
ensure the Kondo effect (cf. section 3.3). In the presence of a bulk magnetic field 4,
we add to this the term (equation (2.10) of Emery and Kivelson (1992) and equation
(13) of Sengupta and Georges (1994))

T+ %wa dx &, Yo () Yhalx) | - (6.2.2)

We shall also consider the possibility of an impurity field in which the second term of
equation (6.2.2) is absent.

Now a sequence of transformations are applied to equation (6.2.1) to map this
into a resonant level Hamiltonian, which go as follows.

HZeeman =-h

osonization. Following the conventions of Bander , the ‘massless
1) B Following th i f Bander (1976), the ° less’
(linear dispersion relation) fermion fields are replaced by bosons, through the

relation
Yho(x) = ;lpeXp Fiowa(o] (6.2.3)

(2m)
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where
Dyalx 751/2“‘ dx~ I?Yua - $ualx ] (6.2.4)
and the Bose fields ¢ and IT obey canonical commutation relations
[pra(x), 115 () |= 610G = 7). (6.2.5)

The length a appearing in equation (6.2.3) is essentially the lattice constant,
which we take to zero in the full continuum limit. We shall look for physical
quantities independent of a. The prescription of equation (6.2.3) should be
familiar to any reader used to the Jordan—Wigner transformation. Using it,
for example, it is easy to see that by applying the Baker—Hausdorff lemma (cf.
section 4.3 of Fradkin (1991)):

U0 Yho() = Yho(x) Yhia(x) exp {- Tc[cbm , DX ]}
= Yhaulx?) Yfiu(x) exp {m[@ X7 - x)- 0(x- xf)]} (6.2.6)

so that the Fermion anticommutation relation is satisfied so long as x # x7;
clearly from idempotence of the l//ﬁelds, the ambiguity in the exponent for
x = x~ is irrelevant in this case. However, for proper derivation of all the
commutation relations we must take care at equal spatial separations as
singular contributions will arise (Bander 1976). Using the boson operators,
the free-fermion Hamiltonian becomes a free boson Hamiltonian (sum of
harmonic oscillators)

ot (59]

and the exchange term becomes

_J Jol Mo A A
Hikont = 5T Z( o ) IR
X,y HU!

X exp E(@m - @Uﬁ)] (6.2.8)

The reason that the @ gradient comes in the z-axis exchange coupling is
because of the singularities in products of the exponential operators at zero
separation (Bander 1976). Specifically,

hm [lﬂm lﬂa X’ ]~ exp {111:1/ [cbm - Duq xf)]}- 1 (6.2.9)

from which the origin of the derivative term is clear. All fermion number and
current operators, in fact, can be expressed as linear forms of bosonic
operators.

Canonical transformation to collective coordinates. Under a canonical
transformation of boson coordinates that preserves the commutation
relation structure of equation (6.2.5), the free-boson Hamiltonian will be
unchanged. However, with a suitable transformation we may greatly simplify
the interaction term Hxondo. The choice made by Emery and Kivelson (1992)
is to write the original Bose fields in terms of ‘collective’ coordinates
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describing charge (@), spin (@s), channel or flavour (@), and mixed spin—
flavour degrees of freedom (@). The definitions are

D = ;Z Dy, (6.2.10a)

o
®5 = gzc;“@m, (6.2.105)

o
o = gZ‘G;a@y% (6.2.10¢)

o
Dy = gzcjycm@% (6.2.10d)

o

which may readily be inverted to give

ot =20 + o+ O + D), (6.2.114a)
o = 3D+ - Df - D), (6.2.115)
QL = %((Dc - Og+ @p - CDSf), (6211 C)
o) =30 - - Df + Oy). (6.2.11d)

In terms of these operators, the conduction spin densities s (0) are given by

5(0) = gchw Vi (0) Yhio(0) = ( %%) r (6.2.124)

5(0) = 2cos [@ (O)]cos [@Sf (o)] (6.2.12b)
s'(0) = 2sin [@ (0) ]cos [@Sf (o)] (6.2.12 ¢)
so that
Kxondo = LT;TZ( %) x=0+ % {Tx cos [cl)S (O)]+ 7’ sin [cl)S (O)]}cos [cDSf (O)]

(6.2.13)

Note that the sines and cosines in the above equation are already suggestive
of ‘real’ fermions, in that we know pure complex exponentials obey fermionic
commuation relations: so the idea is to write, schematically, l//~ lﬁﬁ + ilﬂ,
which would correspond to the sine and cosine factors. Note also that the
transverse coupling in the above equation is in a position for simplification
by a rotation about the z axis, which in fact is the next step.

Unitary transformation. ®s can be eliminated from the transverse Kondo
coupling by rotating the impurity pseudo-spin about the z axis through the
angle - @5(0). This corresponds to applying the unitary transformation
UHU™' to the Hamiltonian with U = exp E?" @5(0) /2] When applied to the
free-particle term we obtain

UI‘IfreeU—1 = Hiree - VFTZ( aai):) (62 14)
x=0



01:19 22 March 2011

Downl oaded By: [CAS Chi nese Acadeny of Sciences] At:

Exotic Kondo effects in metals 811

| - ﬁ z % ﬁ X
UHkondo U = - TCT( o Y:0+TraT cos [chf(O)] (6.2.15)

and, when applied to the Zeman energy, we obtain (Sengupta and Geoges

1994)
h :
UI‘IZeemanU_1 = - EZJ‘D dXG;y wia(x) lﬂ‘a(x)
b J- 0

_ a@s( )

2n O (6.2.16)
so that the impurity coupling to the field (- T.) drops out! This result will be
used below in discussing thermodynamics.
Fermionization. Now the Hamiltonian can be ‘re-fermionized’ in terms of the
fermion operators correspondlng to the collective coordinates, given by for
example, Ye = exp (- ioc)/ (2w)"”. The Hamiltonian may be written as a
sum of terms from each of thec, s, f sf sectors. The ¢ and f sectors decouple
from the impurity and are simply free-fermion Hamiltonians. In addition to
the re-fermionization of the conduction fields, the impurity spin field
operators may be expressed in terms of a spinless fermion representation with
creation and annihilation operators d' and d such that the occupied fermion
state corresponds to up spin and the empty state to down spin. In terms of
these operators,

=d'd- 3, (6.2.17a)
T=d, (6.2.17b)
T =d. (6.2.17¢)

It is clear that the commuation relations [,/ |= ic; xT¢ are faithfully
reproduced by this choice. The operators T and 7 are then proportional to

the real or Majorana fermion variables 4 and b given by

a= ﬁ (d+d) =2 (6.2.18a)
A 1 '
b=opld - +d) = 2!, (6.2.18b)
The normahza‘uon conditions on Gand b and & = b = 3. In terms of these
operators, T° = - i6b. In terms of these new fermion operators the sf and s
sector Hamiltonians may be written as
_ O (x) i PR
Hy = I dx Yl (x) o Fim)'? [Ver (0) + e (0) P (6.2.19)
and

Idn/g —‘L 20(J- - Tr)db: YO(O) .  (62.20)

We make three remarks about equation (6.2.19) and (6.2.20).

(i) If we work at the special point J. = 7o, the coupling of the impurity to
(Ops /Ox), drops out (see equations (6.2.15) and (6.2.16)). As a result,
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only Hsr includes any coupling to the impurity, and at that only to the b
Majorana fermion. Since this Hamiltonian is a quadratic form (it is a
particular realization of the resonant level model), the properties may be
exactly solved at this special point in coupling space. Nearby points in
coupling space can be reached by performing perturbation theory in
A=J z = TWFE.

(i) A technical point about equation (6.2.19) which is glossed over by
Emery and Kivelson (1992) is that, to arrive to this properly Hermitian
form, another unitary transformation U = exp (-imr”/4) must be
performed, since b ~ ™ not T'. This unitary transformation does not
affect any of the conduction fields. The need for this transformation is
related to the desire for l#f and b to anticommute. If instead we keep the
cos | (O)]term in equation (6.2.15), we would not need the additional
unitary transformation. Equation (19) of Sengupta and Georges (1994)
must be amended in this regard.

(iii) The coupling to Majorana fermions is quite novel; one Majorana unit
of ¥y fermion is hybridized with the b fermion. In contrast, the
single-channel spin-3 model through similar tricks may be mapped to a
spinless resonant level model with an ordinary hydrization term
~ ¥1(0)d + d"w(0) (Toulouse 1970, Schlottmann 1978, Wiegman and
Finkelshtein 1979). All impurity degrees of freedom couple into the
conduction electrons in this latter case, while the 4 field is left over in the
two-channel case.

6.2.2. Thermodynamics
We now reivew the derivation of the thermodynamic properties within this
approach.

6.2.2.1. The Green’s functions. The thermodynamics of the model to the extent
that we perturb in powers of A may be specified completely in terms of the Green’s
functions of Hs. These may be obtained by equations of motion quite
straightforwardly, which we present in appendix D. An important feature is that
the anomalous Green’s functions appear for the l/Af fields because b couples to
both l/éf and lﬂf Also, the b fermion acquires a width I = J? /Tora.

6.2.2.2. Entropy. A crucial point in dealing with the Majorana variables is that,
whenever we count their spectral weight, we must include a factor of 3 relative to
ordinary fermionic degrees of freedom. To understand this, we shall evaluate the
impurity free energy in the Jx = J. = 0 limit by the complicated procedure of using
the spinless fermion representation Green’s functions. The imaginary time d
fermion propagator is given by

Ga(1) = - (T=d(1)d"(0) Y= éze—xm (6.2.21)

i(l)n ?

where @, = (2n+ 1)7/B is a fermionic Matsubara frequency, and from which we
infer the spectral density Aq(e) = 75(e) and the free energy
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Fy=- kBTId—;Ad(e) ln[l +exp (- ﬂe)]

=-kgTIn2. (6.2.22)

Now, on the other hand, G; may be expressed 1n terms of the Majorana Green’s
functions G,(T) = - <TT a>and Gy(T) = - <TT b} we have G; = (G, = Gy) /2,
so that each Majordna fermion contnbutes (ks /2) In2 of entropy to the free energy
of equation (6.2.22).

. Turning now to the case A = 0, Jx # 0, we denote the spectral functions of the a,
b fields as Aq(w) = ™), and As(w) = ' [(w® + ). Using fermion statistics and the
weights idenitified above, we can write the impurity entropy as

S(T) = Sa(T) + Sp(T)

=~k Y [Fat fonff@ ] [~ r@nfi- r@]

=2 [ @] - e fi- s} 6229

The first term above is due to the 4 field, and the second term from the l? field. It is
easy to see that, for T > T, the second term tends to (kg /2)1n2; so the full kg In2
entropy of the impurity is recovered. On the other hand, for T < I, we rewrite the
second term in a form amenable to the Sommerfield expansion

Sp(T) = ks J‘ﬁ( ﬁ) (Be) tan” 1( ?)

2| Ce
';
ks kT
S —1_, , T —0. (6.2.24)

The above expression for the entropy may be obtained by differentiation of equation
(3.5) of Emery and Kivelson (1992) with the field H set to zero.

Hence, for A = J. - 1wvr = 0 we see that the unusual residual entropy of the two-
channel model is understood as arising from the decoupled Majorana degree S, of
freedom. However, the specific heat is analytic in the temperature, which will be
remedied in section 6.2.2.3 by performing perturbation theory in A.

An interesting question is the extent to which this idea can be pushed with other
multichannel models to understand the residual entropy. It is clear that a Majorana
representation alone w111 not be suffcient. For example as mentioned previously, for
the three-channel spin-} model the residual entropy is - (R/2) In (5'2 + 3) /8 |which
is not simply related to the entropy of a single Majorana field Rln'(2'/?). However, it
is conceivable that a different kind of composite field might be developed to describe
the three-channel case, which may give a description with a similar flavour to the
above decomposition.

6.2.2.3. Thermodynamics at A # 0. The thermodynamics at A # 0 have been
considered by Emery and Kivelson (1993a, footnote [6] 1994), by Clarke et al.
(1993) and by Sengupta and Georges (1994). We follow the more extensive
discussion of the latter paper here. Now we include the bulk field term Hzeeman and
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Gs

Figure 80. Leading order in A contributions to the impurity free energy in the Abelian
bosonization scheme of Emery and Kivelson (1992, 1993a,b). Solid lines are
conduction ‘spin fermion’ propagators, evaluated in the free (A = 0) limit. Broken
lines are local Majorana fermion propagators. The first term is second order in the
applied field and gives rise to the susceptibility (which is zero at the Emery—Kivelson
point), while the second term gives the leading logarithmic contribution to the specific
heat away from the Emery—Kivelson point. Since the convolution of the a, b
Majorana propagators gives the local z-axis spin susceptibility, it is clear that these
free-energy diagrams have a close correspondence to those of the conformal theory
(figure 78) modulo the assumed anisotropy here.

recall that, after the unitary transformation, only the coupling to the conduction
degrees of freedom remains.

Using standard perturbation theory methods, two terms arise in the free energy
to second order in A. These are shown in figure 80 and are given by

A Fimp = - %2( G (0,h) Jj d7 Gu(1) Gy (1) + Jj dTGf(T,h)Ga(T)Gb(T)). (6.2.25)

It is easy to see that
dk  exp (iw0*") h - () h
Gs(0,h) = ~ d = . 6.2.26

ﬁZI2m iw=- vek = h 2TCVF_“ 6( Oe 2T ( )
Note that 1/27wr is simply the Fermi-level density N(0) of states. The first term in
equation (6.2.25) will contribute the leading / dependence, while the second term will
contribute the leading T dependence at 4 = 0; henceforth we set 4 = 0 in the second
term.

The first term in equation (6.2.25) is easy to evaluate in frequency space.
Decomposing in Fourier modes, the integral can be written

;
Jj dr Go(7) Gy (7 ﬁ io(io + irsgn o)
1
:% ‘P(é‘-i'%l;) - ‘P(';'):I
1
oy In (1.138r). (6.2.27)

The second integral is easier to evaluate in the time domain (Sengupta and Georges
1994), using

1 U
~ Brsin (1tr/B)° " 2Bvr sin (et /B)

where the expressions for Gy and Gs are valid for T < I and /T < 7 < . Clearly

Ga(t) = 3sgn (1), Gi(7) Gi(7) (6.2.28)
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the expressions for Gy and Gs are symmetric about T = /2, and so we cut off at 7t/
below the B- m/r above in the integral. This arbitrariness will not affect the
amplitude of the most singular piece in the second term but will affect the argument
of the logarithm. The result is

ke 1) (/2 1
L= 'rGa(T)G/;(T)Gg(T,O) N%f dx—5—. (6.2.29)
0 ATWED Jrpr sin” x
The latter integral may be evaluated using
2 dx 1
Jﬂ —— =3sinh™ " (cot y) + Fcot ycosecy (6.2.30)
y sin” x
to give
1 Tl',2 (kB T)2 I r 2
~ \ +—. 6.2.31
4n3v2Fr[ 2 M keT| " 2 (62.31)

Putting these results together, we see that the most singular terms in the impurity
contribution to the free energy from the s sector to order A* are given by

(0)A (ks T)>

AFim = -
P 21 2

( W 1n(1.128r) + In (Tcﬁr)) (6.2.32)

from which we may immediately read off the impurity susceptibility ymp and specific

heat Cimp as
Kimp (T) = - Aa}?m ~[N—11 (1.13Br) (6.2.33)
and
__OWFw) _, INOAT
Cimp(T) = - a7 ~kpt p— ks T In (TBr). (6.2.34)
This allows us to compute the Wilson ratio; we see that
;1210 ( Conp ) pEPEY rg (6.2.35)

The corresponding bulk value which sets the free fermion scale is 3 /47Ckp (Affleck
and Ludwig 1991b). Hence, the Wilson ratio of the diverging susceptibility and

specific heat coefficients is o
= Jjm | Kme k) _ g (6.2.36)
T—-0) Ybulk Clmp -

in perfect agreement with the general results obtained by the Bethe Ansatz and
conformal field theory. Note that the present derivation is valid only for A /vp < 1
(see also Emery and Kivelson (1993a, b)).

6.2.2.4. Impurity susceptibility. 1t is useful also to consider the case of a magnetic
field which couples only to the impurity site; so the coupling is of the form
- HT = - iHab. We denote the corresponding susceptibility as x1. Within linear
response, we see that

y(T) = Jj dr Gu(1) Gy (1) = # In (1.138r), (6.2.37)
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where we used the results of the previous section. Hence, the response to a purely
local field is divergent as well for T — 0.

6.2.3. Dynamical properties

6.2.3.1. Impurity dynamic susceptibility. A quantity which plays a recurring role
in the discussion which follows is the dynamic susceptibility for an applied
longitudinal magnetic field which couples only to the impurity. Following the
discussion of section 6.2.2.4, we may write down the dynamic susceptibility in
Matsubara space as (v = 2701/B is a Bose Matsubara frequency, and o is a Fermi
Matsubara frequency)

1) :lﬁz Goli0) Gy (@ + v)

_ [dS
T

r 1 1
gz+rzﬁZ4i(w- v)(io- 0
_(df__r tanh(BL/2)

B TCQZ+F2 v - C, ’

Analytic continuation of this result implies that the absorptive part of the dynamical
susceptibility has the extremely simple form

(6.2.38)

r

X () = g tanh( @) . (6.2.39)

2

Given an identification of r'with the cut-off wc this is precisely the form anticipated
from marginal Fermi-liquid theory (Varma et al. 1989) and, identifying I with Tk,
this also agrees with the form found numerically from NCA calculations by Cox
(1988a), and with the form postulated from conformal field theory arguments by
Tsvelik (1990). Note that in the work of Cox (1988a) a Lorentzian fit was made for
positive frequencies to the dynamic spin structure factor Si(w) = |Ns(w) + lk(f(a))
at low temperatures with the understanding that this suffices to give y¢ ~ sgnlw)r/
(r? + o?) at zero temperature.

What is clear in ¢ is that the singular structure arises from the convolution of a
regular Majorana field propagator Gy with the singular propagator of the decoupled
field Gu. Hence again, as stressed in the previous section, it is the physics of coupling
one of the two Majorana variables from the spinless fermion representation of the
spin variable which gives rise to the interesting critical physics in this picture.

6.2.3.2. Self-energies. As remarked previously, after averaging over a random
array of impurities, the self-energy of itinerant electrons to leading order in the
impurity concentration c¢ is given by the concentration times the one-particle ¢
matrix for scattering off a single impurity.

When the fermionic degrees of freedom are written in collective coordinates, only
l/éf and l[é couple to the impurity, and so we can develop self energies only for these
fields. We can obtain the retarded ¢ matrix for l/Af from equations (D.1.4 a)«(D.1.4b)
as a Nambu matrix 7 with

(6.2.40)
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________

(@) ()

Figure 81. Leading order in A self-energy diagrams for the conduction spin fermion of
Emery and Kivelson (1992). There is no self-energy correction which is linear in A,
since as shown in (@) this would yield unclosed Majorana fermion legs. There is a
contribution at order A? shown in (b), which has the marginal Fermi-liquid leg.
Suitable re-fermionization from the transformed fields may resolve this apparent
discrepancy between the Abelian and non-Abelian bosonization approaches.

where o' = 0~ 1s a Pauli matrix in Nambu indices. From this we can see that the

Fermi level scattering rate for the l#f electrons is given by

which is precisely Aalf the unitarity limit. The reduction from unitarity may be traced
to the spectral weight factor of 1 associated with the Majorana character of the b
field. It is very tempting to compare this with the result from the conformal field
theory, which says that the total Fermi-level scattering rate for an incoming electron
scattering off a two-channel site is half the unitarity limit. However, the comparison
is problematic, for reasons that we shall discuss further below.

The coupling to the l/g field is perturbative in A. Following the conformal theory,
where the leading-order imaginary part of the self-energy is, surprisingly, linear in
the deviation from the fixed-point coupling; we can look for a term linear in A,
Because this has dangling 4, b legs, no such term exists (figure 81(a)). The first non-
vanishing diagram is shown in figure 82 (b). This corresponds to the exchange of a
local spin fluctuation boson with spectral weight . This is precisely the kind of self-
energy diagram considered in the marginal Fermi-liquid phenomenology (Varma et
al. 1989) and which was used by Cox to produce a heuristic estimate for linear-in-T
scattering in interpreting the resistivity data for Yi- «U.Pd3 (Seaman et al. 1991). It
is straightforward to evaluate this diagram giving the imaginary part of the retarded
s self-energy as

Im Fy(, T)]= - cnv(0)2° I%Xf(g N +1- Fl- g]

- N7(1(:)) Ev(o)zx]# ol + 28 T]  (jo|ksT < ). (62.42)
Corresponding to this self-energy, the real part behaves as Re [Es(w, T );|~
o In (max {|a)|,k3 T}/F) which gives a logarithmically diverging effective mass for
the s fermions.

The difficulty in connecting these self-energies to the self-energies computed by,
for example the NCA and conformal field theory, is that in the latter approaches the
self-energies are computed directly for the propagators of the original fermion fields.
Loosely speaking, one of the original fermion fields is a square root of four collective
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S=1/2 T l Si=—112
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©

Figure 82. Strong-coupling pictures for the single-band Sc = 3‘ Kondo model. (a) An
example of the overeompensated model when the impurity spm takes the value S; =
In this case, the S. = -4 conduction channels overscreen the impurity, leading to
a non-Fermi-liquid ﬁxed point. (b) For St = 2, there is just enough conduction spin
to compensate the nnpurlty, and this is expected to lead to a Fermi-liquid fixed point.
(c) For S1 =3, there is too much impurity spin to be compensated by the conduction
electrons, and we anticipate that an undercompensated fixed point will ensue.

fermion fields, as we can see by writing out lﬁp. ~ exp (- 101+ ) = exp |- i(@c + @5 +
@f + Dgf) /2[] for example. Each of the exponentiated collective boson factors gives a
‘square roof of the corresponding collective fermion field operator because of the
factor of 3 in the exponent. Thus, it is difficult to interpret the self-inergies of
collective coordinate fermion fields in terms of physical self-energies of electrons
which scatter off the impurity. This situation is reminiscent of the Bethe-Ansatz
approach in which the wavefunctions of the real incoming and outgoing electrons
cannot be easily constructed in terms of the exactly determined eigenstates.

6.2.3.3. Conductivity. The Abelian bosonization scheme also produces a
problematic interpretation of transport coefficients. First, as discussed in the
previous section, there is no obvious way to go from a calculation of X, s to a
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calculation of X, where pyat are the original spin and channel labels. Thus we
cannot immediately transcribe the self-energy results of the previous section to
resistivity results through the transport integral formulae discussed in the NCA
and conformal field theory reviews.

A second difficulty arises in the connction of the physical three dimensional
current operator to the current operators of the effective one dimensional model. As
discussed by Emery and Kivelson (1992), following Bander (1976), the collective
fermion fields have currents which may be expressed by gradients of the correspond-
ing collective bose fields. Thus, for example, the one-dimensional charge current of
left-moving states is proportional to O®c /Ox, the spin current to O@s [Ox, the flavour
current to O®r /Ox and the spin—flavour current to Odst /Ox. Of these, only Ods st /Ox
couple to the impurity. This would suggest that the impurity cannot affect the
electrical conductivity, because of the following argument; while the three-dimen-
sional current operator is not identical with O@. /Ox, this is the only effective one-
dimensional current operator which is a singlet in spin and channel indices like the
three-dimensional current, and hence the only candidate effective one-dimensional
current operator to match the three-dimensional one.

An exception to this identification is in the case when the local z component of
the impurity ‘spin’ has the same transformation properties as the current operator
under parity and time reversal, which is the case for example in the electric dipole
Kondo effect discussed by Emery and Kivelson (1993a,b). In that case, the
contribution to the conductivity from the impurity is proportional to the spin
conductivity, given by Reos ~yp(w, T) fo. This quantity behaves precisely as the
marginal Fermi-liquid phenomenology conductivity (Varma et al. 1989). Emery and
Kivelson (1993a) have shown that, for a one-dimensional array of such electric
dipole Kondo scatterers, there is no Drude contribution (following the discusion of
the preceding paragraph) and that the above term gives a contribution to the
electrical conductivity due to the bound dipole charge of the array.

As discussed in the next section, the difficulties can be reconciled conceptually, at
least, by considering the Majorana fermion reformation of conformal field theory
introduced by Maldacena and Ludwig (1996). This theory contains three eight-
dimensional fields which may be explicitly expressed in terms of the Abelian boson
fields of Emery and Kivelson. The conductivity may be computed in terms of these
fields, and there are no discrepancies between the results obtained in this method and
those of the non-Abelian bosonization scheme discussed in section 6.1.

6.2.4. Finite-size spectra and scattering states

Recently von Delft and Zarand (1997) have shown that the spectrum of states for
the Emery—Kivelson two-channel model can be solved analytically for arbitary spin-
slip coupling and magnetic field strength. Using this, they produced a complete
spectrum of eigenvalues, states and scattering states, and a new interpretation of the
unitarity paradox (discussed more extensively in section 6.3.1 below). In particular,
for zero magnetic field and infinite spin-flip coupling, the fixed-point spectrum of
Affleck and Ludwig (1991c) is obtained, and this is taken to be an analytic
confirmation of the fusion hypothesis, to be contrasted with the less direct
confirmation obtained by comparison with NRG or Bethe-Ansatz spectra. It should
be noted that the scattering states for the Emery—Kivelson line and its generalization
to channel anisotropy were first constructed in a slightly different context by Schiller
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and Hershfield (1995, 1997), who used the Emery-Kivelson approach to solve a non-
equilibrium Kondo problem.

6.3. Additional developments
6.3.1. Reformulation of the conformal theory with Majorana fermions

In this section we shall briefly review the results of Maldacena and Ludwig (1997)
who reformulated the conformal theory in terms of Majorana fermions. As the work
depends upon some rather technical aspects of Lie group heory, we shall focus on
summarizing the philosophy and key results of the work.

Motivated in part by the success of the Abelian bosonization scheme of Emery
and Kivelson discussed in the previous section and by the unitarity puzzle described
in the introduction to section 6 and in section 6.1.4, Maldacena and Ludwig (1996)
undertook to write the free-fermion Hamiltonian in terms of eight Majorana fermion
fields. The form is

_ L d
Hiree = = 2TCJ‘dxXa(X) dxXa(X), (631)

where a runs over the spin, channel and complex (imaginary or real) indices of the
Majorana fields. This Hamiltonian has a manifest SO(8) symmetry under rotations
in the space indexed by a. Rotations in the space are generated by currents

JH0) = Ya (T e (), (6.3.2)

where T are appropriately defined 8 x 8 matrices associated with the generators of
SO(8) The currents obey a Kac-Moody algebra with four ireps, a singlet, an eight-
dimensional vector representation and two eight-dimensional spinor representations.
The Hilbert spaces of the representations are distinguished by the boundary
conditions which must apply to the representations, namely the singlet and vector
representations are antisymmetric under x — x + /, while the spinors are symmetric.
Similarly, under translation in imaginary time 7 by f, the singlet and vector irreps
are antisymmetric, while the spinors are symmetric. The free Hamiltonian is
transparent to the two spinor irreps, but in principle they are present awaiting only
some coupling to the free-fermion space to make their presence felt.

To foreshadow the key results, we note that the SO(8) set of eight-dimensional
representations obey a unique symmetry called ‘triality’ in which we can really flip
around which of the three we choose as a fermionic vector and which two we choose
as spinors. The bosonization scheme of Emery and Kivelson (1992) corresponds to
one particular choice of fermionic vector. When we make this choice, the free-
fermion field becomes a spinor representation and may in principle mix with the
other spinor. The effect of the impurity at the boundary is to convert the free
physical fermions with this other field. The scattering takes one free-fermion
incoming wave into precisely one outgoing spinor wave, which resolves the unitarity
puzzle (the original Hilbert space was not the full Hilbert space of the problem).
When the two-point Green’s function is computed with this approach, the electron
self-energy acquires a T'/? term. The problem with considering the self-energies of
the fermions in the Abelian bosonization scheme is that they have no simple relation
to the original free fermions, as discussed in the previous section. A beautiful aspect
of this approach is that no SU(2) spin symmetry breaking is required, unlike the
Emery—Kivelson (1992) expansion around the Toulouse limit.

The free fermion fields can be bosonized by writing the normal ordered products
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VU (0 Yot := B pua(x) (6.3.3)
so that
VYiolx) = exp [ idual) ] (6.3.4)

which is unchanged by a 27 rotation in phase, that is addition of 27t to the boson
field. In contrast, the spinor fields written as exponentiated boson operators contain
linear combinations of the ¢ fields multipled by /2 (- for a ‘creation’ operator; +
for an ‘annihilation’ operator) and hence change sign under the corresponding
rotation.

Now, if we follow the Emery—Kivelson prescription to linearly transform to the
de, ds, o1, dst Bose fields, what happens is that the original fermion field becomes a
spinor while one of the original spinor fields (type II) becomes a fermion or vector
irrep of SO(8) in that it becomes expressed as simple exponentials of the transformed
¢ fields while the original fermion field and other spinor (type I) exponentials of
linear combinations multiplied by =i /2. The impurity interaction basically becomes
a boundary condition which expressed the interconversion of free-fermion and type I
spinor field interconvert. The type I spinor field has the same spin, channel and
charge quantum numbers as the original fermion fields, but fractional occupancy in
terms of the original fields. In contrast, the type II spinor field has fractionalized
spin, charge and flavour quantum numbers and actually can be viewed as carrying
the non-trivial primary fields discussed in section 6.1.2 (spin, channel spin and pair
fields, a total of eight) when appropriately multiplied by Grassman numbers.

Maldacena and Ludwig (1997) also show with this formalism that the two-
impurity single-channel Kondo model and the Callan—Rubakov problem of four
fermion species scattering off an SU(5) magnetic monopole have equivalent non-
trivial fixed points, and that the fixed-point correlation functions of the three
different models (the two-channel, the two-impurity single-channel and the
Callan—Rubakov models) may be mapped into one another. This latter trick employs
the triality symmetry of the SO(8) group explicitly.

Using a somewhat different approach with a Majorana fermion scheme similar to
that of Coleman et al. (1995). Zhang et al. (1997) have reached similar conclusions
and presented an explicit realization of the finite-size spectra and leading irrelevant
operator in the Majorana fermion basis.

6.3.2. Conformal theory of the large-conduction-spin single-channel model

Fabrizio and Zarand (1996), Sengupta and Kim (1996) and Kim et al. (1997)
have studied the large-conduction-spin single-channel model with conformal field
theory techniques. (Fabrizio and Zarand (1996) have also employed 1/M and 1 /S
expansions, where S¢ is the conduction spin, through the framework of the
multiplicative renormalization group.) In this model, the conduction electrons
are allowed to have arbitrary spin j. The effective channel number which is read
off as the rank of the spin Kac-Moody algebra is calculated to be M(j) =
2j(j+ 1)(2j + 1) /3. (Fabrizio and Zarand (1996) have established a more general
correspondence allowing the channel number of the large-spin electrons to vary; see
the discussion in section 7.1 for further details.) For example, when j =3, M5 = 10.
This suggests that any spin satisfying S1 < M(j) /2 will be overcompensated in this
problem. This model can arise as an unstable fixed point of the TLS Kondo effect
and for Ce’* ions in cubic symmetry as discussed in sections 3.3.3 and 3.4.3.
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The simple physical reason for this overcompensation is as follows (see also
sections 3.3.3 and 3.4.3). For definiteness, consider the j =3 case. Proceed to the
strong-coupling limit, that is shut off the hopping. As shown in figure 82 (a), it is
energetically favourable about a single site to draw in #wo electrons with j: = +3, +3,
assuming the local moment to have down spin. From this simple picture, we would
anticipate that for impurity spin up to S1 = 3 that an overcompensated ground state
would result. For S1 = 2, exact compensatlon should occur and, for St > 2, under-
compensation would occur. As in the arguments for the multichannel models, this
strong-coupling limit is unstable for S1< 3, because a residual antiferromagnetic
couling will remain with electrons in the next spatial renormalization group shell
(figure 82(b)). For St > 2, the residual coupling is ferromagnetic, as illustrated in
figure 82(c).

For general j, adding up only positive j. values, we would expect the total
screening spin to be jmax = (j +3)°/2 for half-integer j, and jmax = j(j + 1) /2 for
integer j. The condition in general for overcompensation is then St < jmax. This
disagrees with the results of the conformal theory (Fabrizio and Zarand 1996,
Sengupta and Kim 1996, Kim et al. 1997) as discussed below.

For the large-j single-channel model, the Hamiltonian written in terms of left-
moving fields is, in the position space domain,

H= Zjdx h(x) ) +J 81+ J(x=0), (6.3.5)
where %(O) creates an electron with z-component spin o= -j, -j+ 1,...,j and

= Z Yi,(0)Ses Y (0) (6.3.6)
[eW

with S spin matrices of the spin j representation of SU(2).

Restricting attention now to just the j = 3 case, the Hamiltonian (6.3.5) was cast
by Sengupta and Kim (1996) and Kim ez al. (1997) in Sugawara form for the
generation of finite-size spectra from conformal theory. As in the multichannel
model analysis of Affleck and Ludwig (1991b), the single-fusion hypothesis was
assumed to generate finite-size spectra relevant for comparison to the NRG, and the
double-fusion hypothesis was assumed for generating the operator spectrum and
scaling indices.

The first observation is that the Kac-Moody algebra corresponding to the
conduction spin current J(x) has a large rank. When written in momentum space,
the commutation relation is

a . k()gl
Vi, 70 |7 iease Ty, = &ndprgrp —(2%"—, (6.3.7)
which follows from the fact that
;Sgﬂsga &b Z of = 8w —(L) (6.3.8)
=

as is familiar from SU(2) spin algebra. Hence the rank of the spin current Kac—
Moody algebra is given by k() in contrast with the j = 5 case where it is the channel
number M. For j =13 k(j =3) = 10. One has a choice of which quantum numbers
to use here: we follow Kim er al. (1996), who used a generalized axial charge (Jones
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and Varma 1982, Jones 1988, Jones et al. 1988), or isospin defned by (in their
reference, Q is used in favour of 7)

L= Z(c}i’ackw,a- CkTu3n0) (6.3.9)
K3
and
— (-t = A A
I; = )= Z(Ck,,z/z‘?-k-q,-z/z - Ck,l/sz-k-q,_l/z)- (6.3.10)

H . .
I satisfies the Kac-Moody algebra (I* = (I" +1") /2, P = (I" - I") [2i)
a = abc yc l
[ 107 € Ty, + Gndrad (6.3.11)

from which we infer a rank k; = 2. By following the same techniques to construct a
Sugaware Hamiltonian as in section 6.1, we obtain for the free Sc =35 conduction
electrons

o0 o0
TT - - -2
HO:VFT( RZRAED) j:l_q-lq:) (6.3.12)
q=-= n—-=

and the impurity may be absorbed into new conduction spin currents
— — —
Jg=Jg+ 81 (6.3.13)

which obey the same Kac-Moody algebra as equation (6.3.8) provided that the
coupling strength A = N(0)J =¢ which we identify as the fixed-point coupling
within the conformal theory. In this case, the Sugaware Hamiltonian becomes

VETT X R X L7
3—[:7( g Jg T 2;04:1_4‘1(1:). (6.3.14)
== n==

(Sengupta and Kim (1996) chose a different basis with quantum numbers of spin,
charge and an Ising variable.)

In this basis, one can readily construct the spectrum of the system. For the
free electrons, the primary (highest-weight) states must have i< k;/2 =1, and
Jj < k(j)/10 = 5 here. The spectrum of eigenvalues is then

v i(i+ 1 i(j+ 1
Eo(i,j,m):fT( (4 )+](]12 )+m),

(6.3.15)

where m is an integer measuring the number of excitations induced by operating with
I, J? ¢ 4> 0 on the primary states. These states are constrained by the conditions
that they correspond to excitations from the free Fermi sea of Sc = 3 electrons. Note
that one must construct different spectra for a system with a degenerate ground state
(periodic boundary conditions in the continuum or even interaction number in the
NRG) or a non-degenerate ground state (antiperiodic boundary conditions in the
continuum or an odd NRG iteration number).

For the interacting system, we must apply the fusion rule of Affleck and Ludwig
(1991b) which, for those states satisfying fermion ‘glueing conditions’ in the free
spectrum, is

i—i, j—jwith|j-3<j7< min{j+%k()-j- i} (6.3.16)
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One may similarly generalize the double-fusion rule for operator spectra. Kim et al.
(1997) found excellent agreement between the conformal field theory spectrum
generated in this way and the NRG energy levels, provided that the confirmed field
theory antiperiodic boundary conditions are identified with odd-numbered NRG
iterations, and periodic boundary conditions with even-numbered NRG iterations.
The inferred operator spectrum possesses a primary spin operator @ with a scaling
dimension of ¢, which will induce a T~ 23 divergence in the spin susceptibility and the
specific heat coefficient. (The leading irrelevant operator has a scaling dimension
of Z.) This scaling dimension to @ produces a scaling exponent for the magnetic field
of A, = 2, implying a cross-over to Fermi-liquid behaviour in a polarized scattering
potential in the variable 4%/ /T. Exchange anisotropy is relevant in this model.
Sengupta and Kim (1996) reached the same conclusions about the lowest few energy
levels and the leading irrelevant operator about the fixed point.

6.3.3. Conformal field theory treatment of the anisotropic two-channel model, spin—
favour two-channel model and two-level system Kondo model

Recently, Ye has extended the applications of conformal field theory and Abelian
bosonization in a series of papers (Ye 1996a, b, ¢, d, €). Among his accomplishments
are the following: generalizing from the isotropic fixed point of Affleck and Ludwick
to study the anisotropic ‘Emery—Kivelson’ line first identified in the work of Emery
and Kivelson using Abelian bosonization (Ye 1996a); a solution of the spin—channel
Kondo model within conformal theory in which the impurity possesses both spin
and channel degrees of freedom which couple to the electrons (in this work the
spectrum of Fermi-liquid and non-Fermi-liquid fixed points was worked out fully
(Ye 1996b)); a general paper on the Abelian bosonization approach for quantum
impurity problems (Ye 1996¢): a comparison of the two-channel Kondo and
compactified single-channel Kondo model (mentioned above and in section 9.2
(Ye 1996d) which leads to the conclusion that for channel anisotropy the resultant
fixed point is of a Fermi-liquid nature (in contrast with the claims of Andrei and
Jerez (1995) and Coleman and Schofield (1995) but in agreement with Fabrizio et al.
(1995a, b)); a paper (Ye 1996¢) which applies a combination of scaling theory,
Abelian bosonization and conformal theory to study the two-level system Kondo
model beginning from the framework of Moustakas and Fisher (1995, 1996). The
latter paper concludes that the two-channel Kondo non-Fermi-liquid fixed point is
connected by a continuous line of unstable non-Fermi-liquid fixed points to the new
fixed point of Moustakas and Fisher (1995, 1996), and the latter is equivalent to the
two-impurity single-channel Kondo fixed point (discussed in section 9.3.1). Any
amount of spontaneous tunnelling or TLS asymmetry will send the system to a
Fermi-liquid fixed point through the spin-field cross-over described extensively in
sections 3, 4, 5 and 7 and above in this section. We refer the reader to these references
for further details.

7. Bethe-Ansatz method
The importance of the Bethe Amsatz is not just for providing exact wave-
functions, spectra and thermodynamics for models to which it is applicable. As
the energy spectrum is obtained for the entire energy range, the thermodynamic
results are therefore valid for the entire range of temperatures and magnetic fields.
The application of conformal field theory relies upon the hypotheses of conformal
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invariance (that the conformally invariant model corresponding to the special value
of A corresponds with the non-trivial fixed point of the multichannel Kondo model)
and fusion rules, as discussed in section 6.1, which are valid only at low temperatures
and energies in contrast with the Bethe Ansarz. Strictly speaking these cannot be
proved a priori but, by making these assumptions and deriving results, one can then
compare with the exact Bethe-Ansatz results to verify the hypotheses. The conformal
theory can then be extended to calculate dynamical properties for which the Bethe
Ansatz fails. Similar remarks apply to the NCA; as discussed in sections 5.1 and 5.3,
the thermodynamic properties of the NCA are in good agreement with exact Bethe-
Ansatz results for the overcompensated Kondo models, giving confidence in the
dynamics results which are inaccessible to the Bethe Ansatz. (The problem with
dynamics is that, while the Bethe Ansatz provides exact many-body wavefunctions, it
is an unsolved problem to express properly the operators which couple to external
probes, such as the electrical current, in terms of this diagonal basis. In particular, it
is not known how to construct scattering state solutions for the Hamiltonian.)

In this section we present a brief overview of the Bethe-Ansatz approach to the
multichannel Kondo model. Because there are extensive reviews available of the
Bethe Ansatz (Andrei et al. 1983, Wiegman and Tsvelik 1983b, Schlottman and
Sacramento 1993, Hewson 1993) we shall focus primarily on summarizing some of
the key aspects of the method as applied to this problem together with some of the
main results.

7.1. Methodology for the M-channel Kondo problem

The Bethe-Ansatz method was originally used by Bethe to study the one-
dimensional nearest-neighbour antiferromagnetic spin-3 chain. It has also proven
to be a powerful method for treating the electron gas in one dimension and quantum
impurities embedded in three-dimensional hosts (where the mapping back to one
dimension discussed in sections 4 and 6.1.1.1 is used). The essence of the Ansatz is to
make a ‘guess’ for the many-body wavefunction which is kind of determinant of
generalized plane-wave states. Clearly this can work only for interactions which are
very short ranged so that the particles propagate rather freely between interactions.
The Ansatz will not work for all models; an assessment of whether it will work rests
upon testing it for one, two and three particles which is sufficient to prove that it will
work for all particles.

The first applications were to spinless fermions and bosons (through the Jordan—
Wigner transformation; clearly the spin-3 chain can be mapped to a spinless boson or
fermion problem). Later came breakthroughs by Yang (1967) and Gaudin (1967)
which allowed spinful particles to be treated: the ‘plane wave’ product terms acquire
spin-matrix pre-factors which have certain consistency requirements. Yang and
Gaudin showed that the consistency requirements map onto a separate Bethe-Ansarz
solution for the spin-3 case. In general, spin-S particles can be solved by an
N = 2§ + 1 nested Bethe Ansatz.

The original St =3, M= 1 Kondo model was solved with the Bethe Ansatz
independently by Andrei (1980) and Wiegman (1980). Later, the multichannel model
was solved by Andrei and Destri (1984), Wiegman and Tsvelik (1983a), Tsvelik and
Wigmann (1984, 1985) and Tsvelik (1985). In order for the Ansatz to work for the
impurity models, one typically needs contact interactions together with a linear
dispersion for conduction electrons.
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Generalization of the original method for the M = 1 model to the arbitrary- M
case was not straightforward. Namely, as we discussed in the introduction (section
1), the ground state of the M-channel spin-S1 Kondo model consists of M electrons
with parallel spin glued together to form a net spin M /2 which couples antiparallel
to the impurity spin S1. Straightforward extension of the contact interaction picture
with linear dispersion in this case leads to a bare S matrix which is diagonal in the
channel indices. Clearly this cannot be true if the physical picture is to hold.
Consider the M = 2, St =7 example; in this case the ‘big’ spin 1 of the conduction
electrons requires a channel-spin antisymmetrization. Moreover, for large M this
clearly contradicts the rigorous results computed perturbatively in the two-loop
expansion of the  function (see section 3.4.5). This defect in the simple extension is
due to the linear-dispersion assumption, which implies the lack of a cut-off or short
distance scale in the model.

In order to get physical results from the Ansatz for the multichannel model, the
different groups applied modifications to the original Kondo model. Andrei and
Destri (1984) introduced a nonlinear dispersion ex = ve[(k - kr) + A7 (k - kF)zd]
where A is a cut-off parameter. At the end of the calculation, A is taken to 0O, an
results are independent of A. To keep the model integrable, local counter-term
potentials must be introduced into the Hamiltonian which follow the work of Rudin
(1983). The counterterm introduces coupling between the channels, but the strength
of the counterterm drops out in the A — 0O limit and is therefore irrelevant. The
presence of the cut-off allows the dynamic formation of the spin complex with spin
se = M /2 (“dynamic fusion’). This dynamic fusion is observed both in the structure
of the wavefunction and in the corresponding fused Bethe-Ansatz equations. In the
former the momenta develop imaginary parts leading to the binding of M electrons
to form a spin sc = M/2 and flavour singlet, while the Bethe-Ansazz equations
describe the coupling of this composite spin to the impurity.

Tsvelik and Wiegmann (1984, 1985) use a different approach to resolve this
difficulty. They first introduce a generalized M-channel Anderson model with
parameters for which a local moment of spin St is formed and for which the ground
state is exactly compensated (M = 2S1). The integrable M-channel Anderson model
has the form

maoc

H= Z VF (k - kF)szGCkmc + Zelldjr-mdmﬁ
i

U .
+ E Z NdmcNdm-c- + V;G(Ckmsdmg + hC)’ (7.1.1)

mm-cGrs

where m is the orbital index ranging from one to M, o =T,~Lis the spin index, and
d},, creates a local electron of spin o in orbital m. This model does not represent a
realistic extension of the Anderson Hamiltonian since the Coulomb interaction is
diagaonal in the density operators (see Nozieres and Blandin (1980) and Mihaly and
Zawadowski (1978) for further discussion). This model, studied with diagrammatic
methods by Yoshimori (1976) does give the correct universal behaviour of the spin-
compensated M-channel Kondo model at low temperatures and for large U, as can
be expected from a Schrieffer—Wolff (1966) transformation to eliminate the

hybridization at order V' generating an effective exchange coupling.
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Tsvelik and Wiegman (1984, 1985) then separately consider a generalized
exchange model with arbitrary local spin St with electrons that have spin M/2.
The Hamiltonian has the form

H= ZVF(/C - kF) o Cha

+ J Cku (SI SC, )au,ck/a/, (7.1.2)

kkzaa

where a indexes the conduction spin states and P(x,y) is a polynomial of order
min (251, M). This model is integrable (i.e. the Bethe Ansarz works) if the polynomial
has the explicit form

M[2+5S; (M2

xJ (7.1.3)
/%Skolﬂk*] H Xr=xp’

=0p

where
_plp+ D) SiSi+1) MMP2+1)
=T 5 A . (7.1.4)
In the special case then Si = 3, the polynomial reduces to the form
> o > o
P(SI : SC’J) =a+ b(SI : Sc), (715)

where a and b are constants which may be determined from equation (7.1.4).

The claim of Tsvelik and Wiegman (1984, 1985) is that the Hamiltonian (7.1.2) is
equivalent to the Hamiltonian (7.1.1) when charge fluctuations are projected out and
M = 281 as they have identical energy spectra. They further conjecture that the
solution of the Bethe Ansatz of equation (7.1.2) holds for the multichannel Kondo
model for arbitrary S1, M. The appealing feature of this picture is that it says that
one must simply form a large conduction spin as suggested by the Nozicres—Blandin
(1980) picture and the NRG results (section 4) and solve the Bethe Ansatz for a single
channel of electrons with that large spin. In contrast, Andrei and Destri (1984) do
not assume the formation of the electron complex with total spin M /2, but it follows
from their treatment. Tsvelik and Wiegman establish the equivalence of the different
models by explicit Bethe-Ansatz solution (and exact comparison of the excitation
spectra) which confirm that the results are identical for M = 2S1. Also, for the
overcompensated case M > 251, they obtain identical Bethe-Ansatz spectra as
Andrei and Destri (1984). As Tsvelik and Wiegman start with the electron complex
with sc = M/2, they do not therefore need the sophisticated cut-off scheme with
counterterm employed by Andrei and Destri (1984) which leads to the formation of
the electron complex. For a full discussion of the different cut-off schemes, see
Andrei et al. (1983).

For S1 = 3, the conjectured mapping of Tsvelik and Wiegman (1984, 1985) of the
M-channel model to the single-channel conduction spin M /2 model has been called
into question by Fabrizio and Gogolin (1994), Fabrizio and Zarand (1996). Kim and
Cox (1996) and Kim et al. (1997). Concretely, the conjectured mapping may be
summarized in the form MS. = S, where S. is the conduction spin of the original
multichannel model, and S is the conduction spin of the single-channel large-spin
model. (This may be generalized to MS. = M"S; for effective models with arbitrary
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numbers of channels, as per Fabrizio and Zarand 1996) ) Explicitly, Fabrizio and
Gogohn (1994) have shown that the M =4, S =3 model maps to the M* =1,
Se=1 model and Kim et al. have found that the critical properties of the smgle-
channel Sc =3 model are in complete disagreement with the M = 3, Sc =3 model
and rather agreed with the M = 10, Sc =73 model. Both of these results are in
contradiction with the Tsvelik-Wiegman (1984, 1985) conjecture. This latter result
for S} = 3 was also obtained within conformal theory by Sengupta and Kim (1996).

The most thorough treatment of this issue was given by Fabrizio and Zarand
(1996). Utilizing 1/M and 1/S. expansions as well as conformal field theory
arguments, they have suggested that the correct equivalence mapping is summarized
by

MSc(Se+ 1)(2Sc + 1) = M'S(S: + 1)(2S) + 1). (7.1.6)

For the case when M* =1, S} =1, the RHS of the above equation gives 6 while, for
M =4, S. =3, the LHS g1ves 6 as well in agreement with the ﬁndlngs of Fabrizio
and Gogolin (1994). For M* =1, S\ = ';“, the RHS of equation (7.1.6) gives 15, while
the LHS gives 15 also for the M = 10, Sc =3 model, in agreement with Kim ez al.
(1997) and Sengupta and Kim (1996). The origin of the discrepancy between the
Bethe-Ansatz results and these other approaches will require further investigation.
Once the solubility of a model by the Bethe Anmsatz is established, physical
properties can be computed. This is practically restricted to thermodynamic
quantities (dynamical proerties such as the electrical conductivity require a writing
of, for example, current operators in the diagonalized many-particle basis which is a
non-trivial and largely unsolved problem). The thermodynamic quantities are
expressed in terms of excitation densities for spin (spinon), channel (channelon),
and charge (holon) degrees of freedom which are solutions to coupled nonlinear
integral equations. Note that the ‘unbinding’ of charge, spin and channel degrees of
freedom which arises naturally in the NCA (section 5), conformal theory (section
6.1) and Abelian bosonization (section 6.2) approaches arises quite naturally in the
Bethe-Ansatz approach.

7.2. Results from the Bethe-Ansatz method

7.2.1. Coupled integral equations and numerical procedure

In addition to the analytical expressions for various quantities at low tempera-
tures and zero temperature, it is important for the computation of thermodynamics
to understand the numerical results. Here we refer only to the final equations to be
solved and direct the reader to the original references for details. Our discussion here
follows Sacramento and Schlottmann (1991). One solves the Ansatz for arbitrary
spin by flipping over electron spins from a fully polarized state. The ground state is
given by a ‘sea of two strings’ in the centre-of-mass rapidity A. The resulting
excitations are spin-3 ‘spinions’ formed by creating holes in the ground-state
distribution and characterized by a one-particle rapidity A which describes their
momentum and energy. These spinons may form bound states with centre-of-mass
rapidity A (not to be confused with the above cut-off parameter in equation (7.1.1))
with population factors

na) = exp( M) , 1=1,2,..., (7.2.1)
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where ¢ is the energy of a bound state of / spin waves with rapidity A. These thermal
occupancy factors obey an infinite recursion sequence

Iny(a)]= foodAfG(A - A {fi + (A i+ (a0

- &nexp(%) , k=12,... (7.2.2)
with
S S
GlA) = Jomm ) (7.2.3)

These recursion relations are completed by the boundary condition 1) =1 and
the asymptotic requirement

klgngo( iln Ii’)((/\):) = % = 2o, (7.2.4)

where H is the magnetic field (or the asymmetric level splitting in the TLS Kondo
case). Physical properties can now be expressed by these quantities 1. For example,
the impurity contribution to the free energy is given by

Fimp = - T""\> da G[A - —ln( ) ]ln[l + T]ZS, ] (725)

where Tk is the Kondo temperature.
In the limit A — 00, the asymptotic solutions as given by Andrei and Destri
(1984), Desgranges (1985) and Sacramento and Schlottman (1991) are

[2111 sin fk + 1) /(M + 2)

o] S R ) I A
ol sinh [(k +1- M)xo} s M o
[ n( " sinh X0 J}’ -

and

In[i + 1= 00)]= 2n sinh Jik + 1) (7.2.6)

sinh xo

which holds for all values of k. The 1}(A) functions are monotonically decreasing,
interpolating smoothly between the limits at 00, For the special case k = M,
Tp(00) = 0, which implies that e(00) = - 00, signalling the formation of a bound
state of M spinons. For all other k values, 1} is finite everywhere.

For finite A, the following numerical procedure can be used to solve equation
(7.2.2). First, truncate the k values to some large discrete value k; typically, kc of
order 50 surfices. Above k¢, only the asymptotic solution given by equation (7.2.4) is
employed. Further, truncate A (typically |A| < 56 is sufficient) and use the
asymptotic forms specified by equation (7.2.6a) and (7.2.6b) to characterize the
large-A behaviour. The integral equations are then solved numerically on a
discretized mesh, and thermodynamic quantities are obtained by taking numerical
derivatives of the free energy. These numerical solutions are well controlled unless
H/T > 1, for which special care must be taken since the limits T — 0, H — 0 do not
commute.
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7.2.2. Thermodynamic properties

We now summarize the various results. The low-temperature thermodynamic
properties may be extracted from the asymptotic behaviour of the coupled integral
equations.

7.2.2.1. Residual entropy. The residual entropy (with the limits H —0, then
T —0 taken) is, for S1 =3 (Andrei and Destri 1984, Tsvelik 1985)

S(0) =1n [2cos( (7.2.7)

S |

(M+2) ]
This result can be obtained from the free energy of equation (7.2.5) where Tps, = 1)
when S1 =1 In the T —0 limit, the large A values dominate the integral (see
equation (7.2.3) and (7.2.5)), so that ln[l + T](A)]N2ln <{sin PTC/(M+ 2)]/
sin frt/(M + 2);} can be taken out of the integral. The rémaining intégral yields 3;
so equations (7.2.7) results. This result agrees with the conformal theory result
quoted in equation (6.1.83) and is non-zero when M > 1. With the limits taken in the
order T — 0, H — 0, the entropy is zero, indicating that the external field generates
a non-degenerate singlet ground state and hints at the return to Fermi-liquid
behaviour discussed in sections 4, 5 and 6. In general, the new scale
Ts= Tk (H/ TK)1+2/ M is introduced in the presence of field for H < Tx which sets
the scale of the cross-over from non-Fermi-liquid behaviour to Fermi-liquid behav-
iour as the temperture is lowered through Ts. For the special case when M = 2, this
scale is Ts = H? /Tk. Clearly this scale definition agrees with the discussion of section
4 (for M = 2), section 5.1 and section 6.1.2.3. In contrast, for the fully compensated
model, the only scale is H itself. The cross-over from non-Fermi-liquid to Fermi-
liquid behaviour is well illustrated in figure 83 which shows the entropy calculated by

n=2

0w 0.4+ H/Tc=0

0.2
0.1
0.3 1 10
0.0 Ty Ty Ty T T T T 17T Ty LERERR AL
10 10°* 107 10" 10° 10’ 10° 10°
T/TK

Figure 83. Entropy for two-channel Kondo models computed with the Bethe-Ansatz
method, in zero and applied magnetic field. Note that n here corresponds to our M
for channel number, and that H corresponds to the spin field Hsp. The magnetic field
reduces the residual entropy to zero. [Taken from Sacramento and Schlottmann
(1991), with kind permission of the American Institute of Physics.]
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Sacramento and Schlottmann (1991) for a number of different M values. It can be
seen that, as M is raised so that Ts — H, the range over which the non-Fermi-liquid
behaviour is apparent shrinks relative to M = 2.

For M = 2, when one considers the TLS Kondo model, the level splitting A plays
the role of H so that the cross-over occurs at A /Tk. For slitting much smaller than
Tk, the region over which non-Fermi liquid occurs is much smaller than the splitting
itself, which may have considerable relevance to the experimental situation in small
point contacts (Ralls and Buhrman 1988, 1991, Ralph et al. 1994).

An alternative approach to recovering the T = 0 entropy (and in principle the
entire quasiparticle spectrum and thermodynamics) has been presented by Fendley
(1993). He solves directly for the S matrix for scattering off the impurity and
interprets the entropy fractionalization in terms of ‘kinks’ or solitons interpolating
between k + 1 degenerate minima of the ground state. A complete discussion is
beyond the scope of this paper and we refer the reader to the original reference for a
more detail.

7.2.2.2. Zero-temperature magnetization. The zero-temperature forms of the
magnetization and susceptibility for the St =7 case are given by (Wiegman and
Tsvelik 1983a, Andrei and Destri 1984, Tsvelik and Wiegman 1984)

H\2M B\ 21
Minp(T = 0,H) ~ (T_K) , Ymp(T=0,H)~ (T_K) (7.2.8)
for M > 2, and by (Sacramento and Schlottmann 1989).
- Ao H 4 - -l L
Mmp(T - O,H) Tx ln( TK) N lep(T O,H) ln( TK) . (729)

for M = 2. These results agree with the NRG results of section 4.2 (for M = 2), the
NCA results of section 5.1.4, the conformal field theory results of section 6.1.3, and
for large M with the 1/M expansion of section 3.4.5.

7.2.2.3. Low-temperature specific heat and susceptibility. For Si =13, the heat
capacity and susceptibility for H =0 and low T are found to be (Andrei and
Destri 1984, Tsvelik and Wiegman 1984)

G- o 20

and for M = 2 (Sacramento and Schlottman 1989)

Cim T
= Yme(T) ~ ln( 7K) (7.2.11)
These results are in agreement with the discussion of section 5.1.3 (NCA), section
6.1.3 (conformal field theory) and section 6.2.3 (Abelian bosonization, M = 2, 4
cases). For large M, the results also check with the large- M expansion of section
3.4.5. Note that the different power lawsiny at T =0, H# 0Oand T # 0, H = 0 are
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Figure 84. Magnetic susceptibility for the two-channel Kondo models in applied spin field
computed with the Bethe-Ansatz method. Note that n here corresponds to our M for
channel number, and that H corresponds to the spin field Hsp. The magnetic field
removes the logarithmic singularity in the susceptibility. [Taken from Sacramento and
Schlottmann (1991), with kind permission of the American Institute of Physics.]

associated with the non-trivial scalin of H with T in the overcompensated model
(for M>2, y(T,H =0))~ T M1 \while (0, H) ~ H**-'; for M =2, the
behaviour is logarithmic in both T and H).

7.2.2.4. Full numerical solutions for Cimp and Ymp. Desgranges (1985) and
Sacramento and Schlottmann (1991) have solved for the thermodynamic properties
over the full temperature range (above and below Tk). We display the yjmp
results from Sacramento and Schlottmann (1991) in figure 84. The essential
instability of the multichannel fixed point is readily understood from the diverging
Yimp curves in this figure (for H = 0). Namely, an arbitrarily small asymmetry in
the TLS, electric field gradient or strain field in the quadrupolar Kondo model, or
magnetic field in the magnetic impurity model will roll the divergence over below
T3 (= H* [Tk for M = 2), to a Fermi-liquid behaviour. Heuristically, the presence
of other impurities which produce a self-consistent molecular field due to the
Ruderman—Kittel coupling mediated by the conduction electrons will also produce
this kind of effect. This reasoning can be useful in interpreting features in the
susceptibility data of Thi- yUyRu2Si> (Amitsuka et al. 1993). See the discussion
by Cox (1987b, 1988a), Sacramento and Schlottmann (1989) and Gogolin (1996)
for related remarks on the Jahn-Teller effect in the quadrupolar Kondo model.
Note that the compensated Kondo model requires a ‘critical’ field strength to
depolarize the impurity, of the order of Tk (Doniach 1977, Jayaprakash et al
1981, Cox 1987a).

The specific heat curves of Sacramento and Schlottmann (1991) are shown in
figure 85. Note the presence of the second peak below Tg, for the H # 0 case, which
again indicates the cross-over to the Fermi liquid. A heuristic interpretation of this
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Figure 85. Specific heat for the two-channel multichannel Kondo models in applied spin
field computed with the Bethe-Ansatz method. Note that n here corresponds to our
M for channel number, and that H corresponds to the spin field Hsp. The applied
field pushes out a Schottky anomaly seen very clearly as the peak in C/T here.
[Taken from Sacramento and Schlottmann (1991), with kind permission of the
American Institute of Physics. ]

peak is that it is a ‘Schottky’-like anomaly corresponding to the removal of the
ground-state residual entropy in the applied field. This appears to be useful in
interpreting features in the specific heat data of Y1-.UxPd; (Seaman et al. 1991,
1992, Cox et al. 1997).

The overall dependence of the specific heat and the susceptibility on the channel
number in zero magnetic field is shown in figure 86.

7.2.2.5. Electrical resistivity: magnetoresistance. The electrical resistivity cannot
be calculated with the Bethe-Ansatz approach for arbitrary temperature. This
requires a knowledge of cross-sections for states with arbitrary numbers of excited
particles and holes, and construction of the exact wavefunctions for outgoing
many-body states. This problem has not yet been solved.

At zero temperature, however, the Bethe Ansatz can be used at least in the
presence of a finite magnetic field. For example, in the one-channel problem at zero
temperature, the magnetic field excites a single spinon and holon which corresponds
physically to a one-fermion excitation. At zero temperature and arbitrary spin field,
the scattering may be parametrized for both the compensated and the over-
compensated models in terms of phase shifts for each spin channel (Andrei 1982).
For example, for one channel SNH) = - S.(H) = m/2- TM(H [Tk), where
M = (nt- nl) [2 is the magnetization. The magnetoresistance is proportional to
ZG sin’ [EU(H) The situation for the two-channel model is different in that at least
two spinons are generated (Andrei 1995); nevertheless, a phase shift parametrization
still holds allowing calculation of the magnetoresistance and magnetization (Jerez
1995).
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Figure 86. Dependence of zero-field magnetic susceptibility and specific heat on channel
number for overcompensated multichannel Kondo models computed with the Bethe-
Ansatz method. Note that n here corresponds to our M for channel number. [Taken
from Sacramento and Schlottmann (1991), with kind permission of the American
Institute of Physics. ]

Finally, we note that the Bethe-Ansatz solutions of the channel anisotropic two-
channel Kondo model remain puzzling in comparison with other work (Andrei and
Jerez 1995, Fabrizio ef al. 1995a, b). We note that the exchange anisotropic single-
channel Kondo model can be mapped to and compared with the model of a single
TLS coupled to a set of harmonic oscillators (Costi and Kieffer 1996).
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8. Experimental results

In this section, we review the status of experimental understanding of possible
TLS Kondo systems and two-channel spin and quadrupolar Kondo candidates
among heavy-fermion alloys and compounds.

A general comment is that the theory described in this paper is rigorous only for
a single TLS site or U** or Ce®* ion. Owing to the divergent length scale about the
multichannel Kondo site, it is clear that there must always be some cross-over away
from the non-trivial fixed point for even two impurities (see section 9.3.1 for a
discussion of the two-impurity model). Hence the attitude here is that one may flow
close to the non-trivial fixed point over some regime of temperature and other
parameters at the finite concentrations which are always present in experiment and
then eventually will flow away. If the cross-over regime occurs over an extended
tempeature range below the Kondo scale (which identifies the weak-coupling to the
strong-coupling cross-over as the temperature is lowered) we may be confident that
the physics is well described by the non-trivial fixed point.

8.1. Experiments on possible two-level Kondo systems

For this class of candidate systems, an excellent review of earlier experimental
and theoretical work has been given by Black (1981). A more recent review of
experimental work has been published by von Delft et al. (1998) for the specific
results on Cu nanoconstrictions.

The contributions of the TLS to the low-temperature and low-energy dynamics
of amorphous materials and materials with defects are due to transitions between the
ground state and the first excited state. Thus, according to the discussion of section
2.1.1, the TLS must be slow or fast to have the energy splitting A of these TLSs
below or comparable with the characteristic energy of these experiments. The
ultrafast TLS with large splittings are frozen out and those behave as rigid defect
centres. The typical concentration of the TLS in amorphous materials is about 108~
10”pem 3, and thus about 10-100 ppm.

Kondo-type behaviour occurs only in those cases where the Kondo temperature
exceeds the TLS splitting (Tx > A); the Kondo state does not form in the opposite
case because the splitting ‘saturates’ the pseudo-spin of the TLS. In the limit A = 0,
non-Fermi-liquid behaviour dominates the low-temperature physics. For finite
splitting, however, there is a cross-over to Fermi-liquid behaviour as the character-
istic energy of the experiment is reduced below about A? [Tk (cf. sections 4.2, 5.1.4,
6.1.3.3 and 7.2), where A is the unrenormalized asymmetry splitting and A < Tk is
assumed. In most of the samples, the parameters of the TLS, that is the splitting and
the Kondo scale, are characterized by broad distributions. Thus the Fermi-liquid
and non-Fermi-liquid behaviours are mixed in macroscopic samples where there are
many TLS impurities. In principle, that can be avoided in two cases: firstly materials
with very well defined uniform TLSs in a crystalline environment and secondly small
mesoscopic samples where there are only a few centres and by sample selection the
two behaviours (Fermi liquid and non-Fermi liquid) can be separately studied.

In most instances, the TLSs are formed in amorphous material or amorphous
regions of the samples. The latter may also be represented by the vicinity of
dislocations or by surfaces and interfaces between two different kinds of material.
The surfaces and interfaces are especially important in mesoscopic devices where
they represent a large fraction of the samples.



01:19 22 March 2011

Downl oaded By: [CAS Chi nese Acadeny of Sciences] At:

836 D. L. Cox and A. Zawadowsk i

There are, however, very few cases where the TLSs are very well defined. The
very well defined crystalline material Pbi-xGe.xTe will be discussed below. This
material shows Kondo-like resistivity anomalies associated with the Ge atoms, which
may hop between several quasi-equilibrium positions. A closely related and well
defined problem is the diffusion of a light atom (e.g. H or a muon) through a metal.
In this case, the interstitual sites between which the light atom moves are regularly
distributed in the crystals. The hopping between two of those sites can be
approximated by a TLS. A very extensive review of these phenomena has been
given by Kagan and Prokof’ev (1992). The most important process is the reconstruc-
tion of the electronic screening after the hopping which shows infrared divergent
character. However, the non-commutative terms characterizing the Kondo effect do
not play an important role, and so this fascinating area of research will not be
discussed further in the present review.

The rest of the discussion in this section will focus on the electrical resistivity of
bulk materials and the /-1 characteristics of small mesoscopic devices, where the
scattering rates of the electrons due to TLSs can be measured. The thermodynamic
properties will be discussed only briefly, because in those cases both the slow and the
fast TLS from the distribution of TLS sites play a role and as a consequence it is
difficult to extract any reliable information about those sites which display a Kondo
effect.

8.1.1. Slow centres

For slow centres, Vi ~V, ~0 and V. # 0 characterizing the screening by
conduction electrons. The slow centres show up in the fluctuations of the electrical
resistivity (figures 87 and 88). If there are several centres, then they can modify each
other’s parameters, so that the average frequency of the transition and the amplitude
depend on the states of the other centres, as measured on nanobridges at high
temperatures by Ralls and Buhrman (1988, 1991), where the transitions are
thermally activated, and in the measurements of Zimmerman ef al. (1992), which
were carried out at very low temperatures where only tunnelling is possible. Such
modulation of the conductance or resistance is called ‘telegraph noise’. (For a review,
see Giordano 1991.) The average transition rate in metals is reduced by the screening
of the electrons according to

) (8.1.1)

-K
s A

20(T) :Aa( max {7,40(7T) )

for a symmetric TLS, with splitting Ao in the absence of TLS—electron interactions.

This formula applies for thermally activated and tunnelling-induced transitions. The

exponent K is, for weak coupling, quadratic in V. and may be found through

application of the renormalization group equation (3.4.15) to the commutative

model which gives
K = 4v(0)". (8.1.2)

More generally, K may be related to the phase shifts of the different angular
momentum scattering channels off the atom (Anderson 1967, Kagan and Prokof’ev

1992), that is
2
K= Z(zz+ 1)(%) . (8.1.3)
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Figure 87. Telegraph noise displayed in time-dependent resistivities of Cu nanobridges for
temperatures lower than 150K (but still thermally activated): (a) the modulation of
the resistance from a single TLS; (b) two independent TLSs; (c) modulation of the
amplitude by one TLS acting on another; (d) the modulation of the frequency by one
TLS acting on another. [Taken from Ralls and Buhrman (1988), with kind
permission of the American Institute of Physics. ]
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Figure 88. Time-dependent electrical resistivity of a submicron bismuth sample near 1K
where only tunnelling is possible. [Taken from Zimmerman et al. (1992), with kind
permission of the American Institute of Physics. ]

In most of the papers from the metallic theory side, the notation K is used for the
exponent, while from the macroscopic quantum tunnelling theory initiated by
Caldeira and Leggett (1981, 1983) K is denoted o. At low temperatures, the
tunnelling rate always exceeds T, and thus provided that K < 1 the solution to
equation (8.1.1) is

K/(1- K)

A():AO -

D (8.1.4)

This corresponds to a temperature-independent hopping rate at low temperatures. In
the case when K > 1, the Ao(T) — 0 as T — 0 and the particle localizes. Such a large
value of K is not likely in a realistic system as the couplings are replaced by the phase
shifts and K has an upper bound dependent on how many angular momentum
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channels participate in the screening (for example Kagan and Prokof’ev 1992 and
Vladar 1993).

Measuring the distribution of the time between two tunnelling events, K can be
determined. A typical value is about K = 0.2-0.3, showing that the measured TLS
are far from being localized (Zimmerman et al. 1991, Golding et al. 1992, Chun and
Birge 1993). These experiments can give information also about the asymmetric
energy splitting of a particular TLS because the ratio of the time spent in the
different states is determined by thermal equilibrium conditions.

8.1.2. Fast centres
Equation (3.4.26) gives the Kondo temperature for the two-channel Kondo
problem as

= Do(v*(0)v*(0))'

X 1/4\’:(0)
V—(O)) . (8.1.5)

4v=(0)
(ID)

In order to estimate Ty ', we take Do ~10eV =~10° K. A reliable estimate of v*(0)
requires experimental input; it can be sampled through ultrasonic absorption or
internal friction measurements (sound velocity shifts can provide further useful
information) (Hunklinger and Arnold 1976). A TLS absorbs ultrasound and may be
saturated for sufficiently high power (Golding er al. 1978, Black 1981). The
saturation power is much higher in metals than in insulators because the relaxation
time characterizing the transition from the excited state of the TLS back to the
ground state is much shorter because the Korringa-type process relaxes the pseudo-
spin by the creation of particle-hole pairs. This process for the TLS pseudo-spin is
completely analogous to the Korringa relaxation of nuclear and electronic spins in
metals. The Korringa process dominates over the channels existing in the insulator
phase (e.g. phonon relaxation of the TLS). We discuss this in detail in the following
paragraph. Most of the relevant experiments were performed over a decade ago and
the results have been summarized by Vladar and Zawadowski (1983¢c). For more
recent data, see Esquinazi et al. (1986, 1992) and references therein.

Above Tk, the Korringa relaxation rate is proportional to the temperature times
the renormalized couphng strength v = (V) + (v)* + ()%, which has a tempera-
ture dependence v* ~ /In” (T /Tx) in the V1c1n1ty of the Kondo temperature. If we go
to sufficiently high temperatures, however, v* dominates the coupling strength and is
only mildly renormalized except in the most extreme cases. Hence, a rough estimate
of v*(0) may be found by taking v* =~ |i*(0) |. The estimates found in this way give
the range v (0) ~0.02-0.25, depending on the material (see table I of Vladar and
Zawadowski (1983 ¢)). That estimate is in accordance with the value of K = ot = 0.2
0.3 measured for the slow centre, since by equation (8.1.2) we see that
v (0) = (oi/4)'"?, which yields v*(0) ~0.2-0.3.

If we cons1der the original TLS model with only the lowest two states of the TLS
retained, equation (2.1.26) gives

v (0)
v:(0)

~107°-10"%, (8.1.6)

Taking the largest value of this ratio 810 3) and for v*(0) of 0.3, we come up with the
most optimistic upper bound on Tk = of about 0.3 K. Clearly, we can make this go
down by orders of magnitude with the smaller estimates (and a smaller value for Do).
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Experimental observability would require a larger Tk value. Recently, the work of
Zarand and Zawadowski (1994a,b) has solved this problem by taking into account
the further excited states of the TLS, as discussed in section 3.4.2 (such excited states
are observed in tunnelling experiments—see Akimenko and Gudimenko 1993). The
essential point is that the higher levels induce a significant enhancement of the
Kondo scale quite analogous to the enhancement of Tk for magnetic impurities by
the presence of higher-lying crystal-field states and angular momentum multiplets.
With realistic parameter choices, it was found that Kondo scales of the order of a
few kelvins were well within reach.

8.1.3. Electrical resistivity
The electrical resistivity measures the electronic scattering rate off of the TLS.
That subject has been first discussed by Cochrane et al. (1975) who introduced an ill-
defined model with two sets of conduction electrons heuristically provided. The first
calculation was performed by Kondo (1976b) up to fourth order introducing the
assisted tunnelling. Because v'(0) = 0, and v is thus generated with a logarithmic
factor at second order in perturbation theory (see equation (3.3.26)), the first non-
vanishing logarithmic correction to the scattering rate is of order (v'v?)*1n® (D /T).
This contrasts the original Kondo problem where the leading logarithmic correction
in the scattering rate shows up at third order (Kondo 1964). The smallness of v*(0)
led Kondo to conclude that no Kondo resistivity anomaly could be seen owing to the
TLS. Only the large renormalization discussed in section 3 makes the effect
observable. The resistivity behaviour expected at different temperatures depends
on the ratio of A¢/Tk, and this is illustrated in figure 89. In the leftmost curve of
figure 89, Tk < Ao so that the Kondo correlated state is not developed and we pass
to the Fermi-liquid state. In the centre and right-hand curves of figure 89 we see the
Fermi-liquid behaviour developing eventually below Tk, but with a non-Fermi-
liquid region possible provided that Ag < Tk (see the right-hand curve of figure 89).
At high temperatures, summation of the logarithmically divergent terms gives the
correct logarithmic rise in p(T). A crude estimate for the incremental scattering
strength A v ! per impurity is provided by evaluation of the scattering rate at zero
temperature and finite frequency using the coupling strengths evaluated at frequency
scale x = w/D in a golden rule estime. This gives
AT (@,0) = i—l‘ () + 0 + 09 o (8.1.7)

We then estimate the additional resistivity due to the TLS as

m -
Ap(T) R ICTISAT ) |zt s (8.1.8)
p p , p ,
Ty<A 1-T A<TK " 1I-T AKTK
1-T? logT -
~—— logT
Tq A T AT, T A Tg T

Figure 89. The temperature dependence of the electrical resistivity is shown in a schematic
way for different cases Tk < A (left), A < Tk (centre) and A < Tk (right).
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Figure 90. The resistivity and the renormalized tunnelling rate are shown as a function of
temperature in the next-leading logarithmic order of the renormalization group. The
bare parameters are v* = 0.24 and v* = 0.001.

where 7 is the electronic density, e the electron charge, m the electron band mass and
ctLs the concentration of TLS. More appropriate formulae have been given by
Vladar and Zawadowski (1983c) where the transport lifetime is properly evaluated.
The result of equation (8.1.8) is shown in figure 90 with the calculated TLS splitting
Ao for a symmetrical level using A = 0 (cf. equation (3.4.15)).

At low temperatures for zero splitting of the levels, the non-Fermi-liquid
excitation spectrum produces an anomalous saturation of the resistivity. According
to conformal field theory (Ludwig and Affleck 1991, Affleck and Ludwig 1993) and
the NCA (Cox and Ruckenstein 1993), 8p(T) =Ap(0)(1- aT'/?) in the weak-
coupling limit (v*(0),v*(0) < 1), where a is a pure number that may depend on the
presence of ordinary potential scattering at the impurity site. So far, reliable
calculation of the cross-over from high to low temperatures can be done only with
the NCA (a large-N technique) or the direct 1/M expansion discussed in section
3.4.5 (Gan et al. 1993).

8.1.4. Examples of logarithmic resistivity signatures for two-level system candidates

In amorphous materials, there are many experiments which show a logarithmic
increase in the resistivity with decreasing temperature at low temperatures. The most
convincing are those in which the amplitude of the maximum resistivity attained at
low temperature decreases with sample annealing and disappears with recrystalliza-
tion. In order to rule out the spin Kondo effect as an origin for this anomaly, and
dependence on applied magnetic field must be weak. Even in these cases, it is hard to
rule out localization as a source of similar logarithmic temperature dependence.
Typical resistivity data of this type are shown in figure 91, taken from Késtner et al.
(1981) from a study of PdgoSix alloys.

A completely different example is the resistivity in highly doped conducting
polymers at low temperatures studied by Ishiguro ez al. (1992). One example is highly
doped polyacetylene. In this case, these workers argued against the competing
localization mechanism mentioned above as a source for the logarithmic upturn in
the resistivity. An alternative explanation in terms of magnetic impurities associated
with certain C groups has been put forward (Cruz et al. 1995).
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Figure 91. Resistivity against temperature of PdsoSizo in the amorphous, annealed and
crystallized states for magnetic fields 0 < H < 5T. The positive magnetoresistivity has
always been subtracted. [Reprinted from Solid State Communications, Vol. 33, by
J. Kistner, H. J. Schink and E. F. Wasserman ‘Electrical resistance and
magnetoresistance of amorphous alloys Gde7Cos3 and PdsoSiz’, p. 527, © 1981
(Késtner et al. 1981), with permission from Elsevier Science. ]

8.1.5. Resistivity of Pbi- xGexTe

PbTe is a type II-VI crystalline semiconducting compound in which a small
amount of Pb can be replaced by Ge. The material thus obtained is either a p-type or
n-type degenerate semiconductor. The ambiguity arises because the concentration of
charge carriers is different from sample to sample and cannot be controlled in a
systematic way. Because the ionic radius of Ge’* of 0.73 A is much smaller than the
1.2 A radius of Pb**, the Ge atoms do not stay at the lead positions but slide around
in the various body diagonal directions ([111]), giving rise to eight possible equi-
librium positions. The randomness of the Ge atoms induces local strain fields that lift
the eightfold degeneracy, plausibly leaving only two close in energy at each Ge site



01:19 22 March 2011

Downl oaded By: [CAS Chi nese Acadeny of Sciences] At:

842 D. L. Cox and A. Zawadowsk i

x=0006 n=341X10" cm
e .
55k _
w
o
e
Ssol _
>
—
=
s
N
7}
* Exp. .
Ej-:11.5_ —
— Cal,
| [t 1 | | L
4 6 810 20 30 40
T (K)

Figure 92. Total resistivity p(7T) against temperature for Pb;-,Ge,Te. The filled circles
correspond to the experimental results obtained by Takano ez al. (1984), reproduced
with kind permission of the authors and the Physical Society of Japan.

and thus giving rise to a TLS. The relevant experimental work was performed by
Takano et al. (1984).

The experimental data concerning resistivity minima was analysed by Katayama
et al. (1987). The theoretical fit to the data of Takano ez al. (1984) is based upon use
of equations (8.1.7) and (8.1.8) and is shown in figure 92. The curve clearly shows a
logarithmic temperature dependence over about a decade of temperature. The
composition of the sample for which the fit was performed has x = 0.006, a carrier
density of 3.41 x 10'® cm™3, an effective band mass m" = 0.053, a Fermi energy
Er =718K and an estimated bandwidth D = 665K. The coupling strength
¥(0) = 0.33 was estimated from a knowledge of the Ge positions, and v*(0) /v*(0)
was taken to be 0.001 in order to give the correct Kondo scale Tk = 0.89 K.
However, the leading logarithmic formulae were used to estimate Tk, and with
this estimate for v(0) the more correct estimate provided by TKH will be too
small. This can be remedied by making v*(0) = 0.01, which seems perhaps too
large. A more likely explanation is that the ratio v*(0) /v*(0) may be about right, but
that the higher-lying levels must be properly taken into account as per the dis-
cussion in section 3.4.2 and the work of Zarand and Zawadowski (19%4a, b). In order
to get more accurate estimates, ultrasonic attenuation studies are needed in the
future.

While this is a good material for study given that the exact source of TLS is
known, there are complications. The random strain field induces a distribution of
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crystaline Cu

2r~50A

Figure 93. The point contact prepared by Ralph and Buhrman (1992, 1995). The gate
(shaded) is made of Si3sN4. The diameter of the orifice is 2r. The contact is crystalline
Cu. [Taken from Ralph and Buhrman (1992), with kind permission of the American
Institute of Physics. ]

splittings, as discussed above. Also, the Ge ions not only introduce carriers and,
apparently, the TLS Kondo effect but also give rise at higher concentrations to
ferroelastic transitions which intervene in the Kondo upturn. Thus there is almost no
way to sample cleanly the non-Fermi-liquid behaviour at lower temperatures.

8.1.6. Two-level systems at dislocations

TLSs may be formed at dislocations. Endo and Kino (1988) studied different
dilute Al alloys where dislocations were introduced by shock loading or extension at
different temperatures. The increase in the density of dislocations was associated
with a logarithmic increase in the resistivity at low temperatures.

8.1.7. Point contact spectroscopy of nanoscale junctions

The most convincing measurement of TLS scattering amplitudes to date has been
in the study of nanoscale junctions or gates through point contact spectroscopy
sampling of d7 /dV of the gates (Ralph and Buhrman 1992, 1995, Ralph ez al. 1994).
The method of fabrication of such a junction is shown in figure 93. It starts with
electron beam lithography as developed by Ralls and Buhrman (1988, 1991) and
reactive ion etching to make a hole in a silicon nitride membrane. The minimum size
of the hole is 3-15 nm. Then the membrane is rotated and covered by different metals
(Al, Ag, Pt, Ti, V and primarily Cu have been used) on both sides. The electron mean
free path of the electrodes is about 180 nm at 4.2 K. In the region of the gate, very
probably TLSs are formed. The low-frequency noise can be recorded by measuring
the conductance of that gate as a function of time (Ralls and Buhrman 1984). The
recorded conductivity is similar to those shown in figures 87 and 88 and those slow
fluctuations are due to slow TLSs.

The effect of the fast TLS cannot be seen through the resistivity fluctuations and
can only be sampled by dI/dV characteristics. In that case there is a voltage
difference between two electrodes attached on either side of the gate. On one side
the Fermi energy is higher and thus the gate works something like a tunnel junction.
Current is driven by electrons propagating ballistically through the small gate orifice.
Because there is no barrier but actually a geometrically limited path for the electrons,
the experiment is equivalent to point contact spectroscopy in which a sharp metal tip
is placed against a material. In that case, the tip contact serves as the small orifice.
Two reviews of point contact spectroscopy have been given by Yanson and
Shklyarevskii (1986) and Jansen et al. (1980).

The essential idea is as follows: even in the absence of scattering in the contact,
the small office produces a geometrically limited resistance Rpo to the incoming
electrons because not all the electrons can make it through the gate. In addition,
the electrons experience scattering processes within the contact giving rise to a
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resistance electrons. To the extent that these are frequency dependent, they will be
sampled at a characteristic energy eV for each temperature because added electrons
flying through the gate come with energy eV above the Fermi level. As a result, the
dynamic resistance of the junction is given by (Jansen et al. 1980)

M—R(V)mﬁ 8 (1+0

T 4 VFT(eV)) R (8.1.9)
where / is Planck’s constant and d is the orifice diameter. This equation is actually
the result for a circular hole in a membrane.

For the hypothesized TLS in the data of Ralph and Buhrman, typical con-
ductance curves G(V,T) = dI(V,T)[dV are shown in figure 94. The conductance is
minimum at V' = 0, indicating a zero-bias anomaly, and showing that the relaxation
rate decreases with decreasing voltage. The conductance shows a clear region of
logarithmic drop with voltage, indicative of a Kondo effect. To rule out a magnetic
Kondo effect, the applied magnetic field was also measured, a Zeeman splitting of
the central zero-bias anomaly would be expected, but none is observed in contrast
with the devices controllably doped with magnetic impurities. The voltage depen-
dence of the observed relaxation rate is similar to the frequency-dependent rate
computed by Vladar and Zawadowski (1983c) for a TLS and are also similar to
resistivity results of figure 89. In figure 94 (¢) the temperature dependence of the zero-
bias conductance is shown. This also shows a logarithmic temperature dependence
with a break in that behaviour at lower T that was discussed in the original work as
either a new In T, In ¥ dependence or a possible T'/2, ¥'/? dependence at lower
temperature, which is characteristic of the low-temperature two-channel Kondo
model resistivity. At even lower temperature and bias, the two-channel Kondo
scaling must be stopped by the presence of the renormalized TLS splitting. This
occurs at a cross-over scale we have denoted T in this review, and which is called Ta
in the experimental paper of Upadhyay er al. (1997). Fermi-liquid behaviour is
recovered below this temperature scale. Thus, for T < Ty = Ta, T? behaviour should
be seen in the zero-bias resistance, and the '/ behaviour saturates below
eV = ksTa. This cross-over has been observed in Ti and V point contacts as we
shall discuss further below (Upadhyay er al. 1997).

In order to confirm the behaviour arising from defects of the TLS variety, Ralph
and Buhrman (1995) have performed a number of experimental tests. First, the effect
is very reproducible; it shows up in half the fabricated junctions and while initial
studies focused on Cu junctions, similar conductance curves have been found for Ag,
V, Ti and Pt devices. It is interesting that the effect of T is shown only by Ti and V
samples (Upadhyay et al. 1997). Furthermore, application of a high current to the
junction leads to a shift of the TLS parameters measured after the high current is
switched off and then used to fit the data, which strongly suggests that the current
rearranges the atomic positions (electromigration) and modifies the TLS in the point
contact (Upadhyay et al. 1997). Second, the effect only arises in unannealed
junctions, in which the samples are cooled to cryogenic temperatures hours after
fabrication. Annealing removes the anomaly. Third, to rule out static disorder as a
source of the anomaly, 6% Au was co-evaporated with Cu; no zero-bias anomaly
was found. (Moreover, it was observed that the conductance amplitude is too large
to correspond to candidate energy-dependent effects such as weak localization and
disorder-enhanced electron—electron scattering. Finally, to rule out magnetic im-
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Figure 94. (a) Differential conductance of a Cu constriction at T = 100mK. The curve
measured in 6T magnetic field is shifted down by 20e?/h for clarity. (b) V
dependence of the differential conductance for B=0T and T = 100mK. (c) T
dependence of the conductance for B= 0T and ¥V = O0mV. Straight lines illustrate
regions of logarithmic V and T dependences. The inset to (a) shows the conductance
of Cu constriction with 200ppmMn at 100mK, 4T, showing suppression of
magnetic-impurity scattering by an applied magnetic field. [Taken from Ralph and
Buhrman (1992), with kind permission of the American Institute of Physics. ]

purities further as a source of the anomaly, small amounts of Mn and Cr ions were
controllably co-deposited with the host junction metal. Not only do the Kondo
anomalies associated with these impurities show a sizeable magnetic field depen-
dence, but also the resulting conductance signals are stable over periods of months,
indicating that the magnetic impurities do not anneal away from the junction.
Ralph and Buhrman noted that the magnitude of the conductance anomaly
indicated the presence of several scattering centres within the junction region (based
upon the scattering being at half of the unitarity limit at 7 = 0 (cf. section 6.1.4) in
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Figure 95. Scaling curves for the three Cu nanoconstriction samples of Ralph et al.
[Taken from Ralph er al. (1994), with kind permission of the American Institute of
Physics. ]

conjunction with equation (8.1.9)) as the contribution to the conductance of a single
scatterer in these junctions is of the order of ¢ /h. They also ascribe the likely TLS
sites to dislocation jogs or kinks. They observe that these same kinds of zero-bias
conductance anomalies have been observed in many types of metal point contact for
many years and suggest that the earlier measurements have also been of TLS Kondo
scattering.

Perhaps the most compelling evidence that the observed anomalies correspond to
TLS Kondo centres is a demonstration of non-Fermi-liquid scaling behaviour at low
temperatures (Ralph ef al. 1994, Ralph and Buhrman 1995). Ralph ez al. focused on
the conductance in regions below the apparent Kondo scale inferred from the
logarithmic regions seen first as the voltage and temperature are lowered. Motivated
by conformal field theory results for the electronic self-energy (Ludwig and Affleck
1991, Affleck and Ludwig 1993), a scaling form for the conductance was assumed in
which the conductance contributions from different TLSs within the junction were
assumed to be additive. This is reasonable provided that the different sites only
interact weakly. The resulting scaling form is

G(V,T) - oo—T“ZB, ’ez,ﬁ, (8.1.10)

where the summation is over the TLS sites, '(x) is a universal function, and B; and
A; are non-universal amplitudes which may vary, for instance, as a function of the
position of the defect from the narrowest point of the constriction. A test of this
scaling for ov= B =1 is shown in figure 95. The function I'(x) must go as xP for
x — 00so that G(V, T) is independent of T for eV > kpT. To normalize, I'(0) = 1,
and dr(x)/dx? —)1 for x —00. We can immediately infer that o= S since the
voltage only enters in the Fermi functions of the leads in the combination V /T.
Since the conformal theory gives o= 7 in the bulk, this is the expectation for the
above scaling form; however, in attempting to describe the data, o was allowed to
vary. We note that the above scaling must cross over to Fermi-liquid behaviour
below Ty = Ta ~A* [k3 Tk for A < ks Tk as discussed by Affleck ez al. (1992) and in
sections 4.2.5, 5.1.4, 6.1.2.3 and 7.2. No such deviations from non-Fermi-liquid
behaviour were found for the data of Ralph and Buhrman for Cu junctions,
indicating very small splittings for the putative TLS in the junctions. Recently, a
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direct theoretical calculation of the scaling function was made using the NCA
treatment of the two-channel Kondo model (Hettler et al. 1994), while an extensive
discussion of the corresponding effort based upon a conformal field theory approach
was given by von Delft et al. (1997b). We note that it is quite puzzling that of the
order of ten scattering centres exist in the sample with identical Tx values as
evidenced by the scaling curves.

To test the scaling hypothesis, Ralph et al. manipulated equation (8.1.10) to
eliminate G(0,0) and considered

GV, T)T-OLG(O. ) _ ZBi[r(Aix) -1] (8.1.11)

where x = eV [k T. The quantity on the LHS of this equation may be plotted for
different temperatures as a function of x with o varied. The result must be universal
to the extent that 4; can be approximated as a single constant, which holds
experimentally with 4; ~0.25-0.35. Then ) ; Bi can be found from scaling the
curves together for large x and is found to be about (10-30)e’ /h. The results
normalized together are shown for several samples in figure 96, where different o
values are used for figures 96 (a) and (b). The fit with oo = 0.5 looks perfect, while the
universality is lost with o.= 0.3. The Fermi-liquid value (ot= 2) is ruled out, as is
apparently the possibility that o= 1. Deviations from universal behaviour are
expected for T, V= Tk (a range of Tk values of 0.6 K< Tk < 5K is suggested).
Sample 2 data are shown in figure 96(c) for which Tx ~0.5K. For sample 3
(figure 86(d)), at two different temperature ranges, universality can be found,
indicating that it is very likely that there is a distribution of parameters with two
groups of TLS probably dominating. The idea is to determine o from those curves
where universality is well satisfied so that the scattering centres have uniform
parameters.

The scaling hypothesis is further tested in an applied magnetic field |H | The
applied field serves as a channel field in this case, lifting the degeneracy of up- and
down-spin electrons. In this case, the zero-bias scaling function for a single TLS site
must be generalized to the two parameter form T'/2r(V =0,|H|/T'??) which
follows from the considerations of channel field scaling (see sections 4.2.3, 5.1.4
and 6.1.2.3). Since this must be independent of T as T —0, we infer that
r(x=0,y)~ y, y —>00so that the subtracted conductance should scale as |H | for
H — 0. This is observed for small H and T = 0.1 K. Nonlinear conductance spikes
appear for fields above 1 T which are clearly non-universal phenomena. In contrast,
the ordinary Kondo resistivity would be expected to show scaling with H* for small
H. At the theoretical level, the microscopic origin of the channel splitting in the TLS
model is unclear, unlike the quadrupolar Kondo model for example. As discussed in
section 3.4.1.5, the Zeeman splitting of the conduction states alone cannot produce a
discriminating channel asymmetry unless the applied field is of the order of the
conduction bandwidth. Nonetheless, the observed field-dependent scaling offers
strong support for the applicability of the two-channel Kondo model description.

The success of the above scaling analysis places a constraint on the values of A
for the TLS in the junction. Given the estimate for the cross-over scale
Tx = Ta = Azlké Tk (for A < kTx), for Tk = 5K, the absence of Fermi-liquid
behaviour down to T = 0.4K implies that Tx = Ta < 0.4K and A < 1.4K.
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Figure 96. Scaling behaviour of conductance for three different Cu nanoconstrictions at low
voltage for eV, kgT < kg Tk. (a), (b) Rescaled conductance of sample 1 for (top to
bottom) T =04, 0.6, 0.8, 1.1, 1.4, 1.75, 2.25, 2.8, 3.5, 3.9, 4.3, 4.9 and 5.6K. (c)
Rescaled conductance of sample 2 at the same T values up to 4.3K. (d) Rescaled
conductance of sample 3 from 125mK to 7.6K. The arrows show two separate
scaling curves. The insets show the integrated mean square deviation from the
average scaling curve for 7< 14K and -8<elV[ksT<38. The scale of the
deviation axis is in (a) from 0 to 4(¢’ /h) and in (c) from 0 to 25(¢? /h) Residual
deviations for o= 0.5 are consistent with the amplifier noise. [Taken from Ralph et
al. (1994), with kind permission of the American Institute of Physics. ]

The recent experiments by Upadhyay er al. (1997) on Ti and V point contacts
appear to show the effect of the renormalized splitting below Ta = Tx. For example,
one Ti junction studied down to 76 mK appears to have T2 = 1.4 K and renormal-
ized splitting A = 0.4meV. In another junction, two such cross-overs appear, very
probably owing to two different TLSs, with A = 0.47meV and 1.6meV. Here A is
estimated from the formula Tx = Ty = A% /k} Tk with the two different Tk estimates
of 6.2 K and 28 K and Tx read off from the cross-over away from ¥'/> behaviour. To
confirm the origin of these phenomena as arising from TLS Kondo scattering, it was
observed that after the treatment of the junction with a large current flow for 10 s the
inferred splittings were seen to change from 0.5 —0.7meV, and 1.6 — 1.54 meV.
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This is explainable by rearrangement of atomic positions and hence changed
parameters of the TLS. We note that the alternative explanation of Wingreen et
al. (1995) is unable to explain the cross-over to T? behaviour at a fixed temperature
scale. The observation of the additional scale Ta = T gives us three distinct regions
for the point contact resistance: T > Tk, p(T , V) is logarithmic in T, V;
Tx >T>Ta= Tx, p(T,V) displays non-Fermi-liquid T 12yl pehaviour;
Te=Ta> T, p(T,V) displays T°, V'* saturation (Fermi liquid).

We note that the inferred A values are relatively large. Since the distribution of
TLS splittings is a priori flat in energy, it is more probable to observe TLS with
higher A values. It remains still to explain the origin of the small (or zero) estimated
splittings in Cu-based junctions compared with Ti- and V-based contacts. As
mentioned above the overall size of the zero-bias conductance is between 10 ¢* /i
and 100 ¢* /h. However, the current-induced change is already about ¢ /A, indicating
that the splitting of a single TLS plays the role.

Analogous phenomena (apart from the non-Fermi-liquid behaviour) should
appear for magnetic impurities. Apart from the kind of controlled doping experi-
ments with Mn and Cr impurities in the metal junctions described above that were
performed by Ralph (1993), some early point contact experiments on Kondo alloys
were performed (Jansen et al. 1980, Yanson er al. 1994, 1995) which showed
characteristic logarithmic Kondo anomalies in the resistivity. Earlier experiments
were performed with tunnel junctions. In this case, the magnetic impurities may
reside either in the tunnelling barrier or in the electrode near the barrier (on a scale
less than 50 A). In the first case, the resonant density of states near the impurity
induces near the Fermi energy actually assists the tunnelling process and thus
enhances the conductance, producing a maximum at zero bias (Wyatt 1964,
Appelbaum and Shen 1972). On the other hand, if the impurities are near the
interface, similar to the point contact configuration the junction resistance shows a
maximum at zero bias (Mezei and Zawadowski 1971, Bermon and So 1978). This
can be understood because the electrode impurities back scatter incoming electrons
away from the junction thus reducing the tunnel current.

Another interesting feature of the point contact experiment with magnetic
impurities (Yanson et al. 1994, 1995) is that the intensity of the zero-bias anomalies
are larger by one or two orders of magnitude for small contact orifices. In a recent
theory, Zarand and Udvardi (1996a, b) have shown that the local density-of-states
fluctuation for the electronic density is enhanced for reduced orifice size. Since
Tk ~ exp [— 1/J(p+ Sp):Lthjs will strongly enhance Tk for those centres for which
the density of states is erthanced and will strongly suppress Tk (below observability)
for other sites. According to that theory, this enhancement must occur at the Fermi
energy in an energy range with width not more than about 10% of the Fermi energy
or even less. Naturally, the enhanced Tk sites will be preferred. Obviously something
similar can carry through for the TLS Kondo scale.

Another point contact experiment where the zero-bias anomaly is attributed to
the TLS is in the work of Keijsers ez al. (1995). In the original theory of Kozub and
Kulik (1986), only the excitations of the TLS to higher states were taken into
account, without Kondo corrections. However, it looks as though the TLS Kondo
pictue fits the data better as the temperature dependence looks predominantly like a
thermal smearing in contrast with the other explanation (Zarand and Zawadowski
1995). In these experiments the apparent Kondo temperature (measured from the
low-temperature peak position of the derivative of the differential resistance)
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increases with decreasing contact size (larger contact resistivity) just like in the
magnetic case discussed above (Yanson er al. 1994, 1995). The large Tx values
inferred from this interpretation requires the Zarand-Zawadowski (1994a,b) en-
hancement arising from the excited states.

Finally, we mention that recently Wingreen et al. (1995) have criticized the TLS
interpretation of the point-contact experiment by Ralph and Buhrman (1992, 1995)
and Ralph et al. (1994). They argued that, in tunnelling experiments with disordered
material, zero-bias anomalies have been observed with square root behaviour (for a
review see Altshuler and Aronov (1985)), reflecting the renormalization of the local
density of states and that similar density-of-states effects can occur in the present
experiments. Ralph and Buhrman (1995), however, presented evidence against that
argument by introducing controlled disorder into their contacts as mentioned earlier.

Furthermore, Wingreen et al. (1995) challenged the TLS concept itself by
considering the effect of extrinsic disorder from impurities on the TLS parameters
through the couplings V¥, V7 (see section 2.1). In particular, they calculate the TLS
self-energy diagrams of a Hartree type with the TLS on one end of a conduction
electron bubble and a non-TLS impurity on the other end. Without the disorder
interruption this diagram vanishes on tracing out the electron orbital pseudo-spin.
This physically corresponds to a Ruderman—Kittel charge interaction between the
TLS and non-TLS impurity. They then calculate the rms distribution of splittings A
and find that it goes as Epv* [(kgl) 12 which is about 50-100 K for the estimated mean
free path in the experiments of Ralph and Buhrman (1992, 1995). This same estimate
for the magnitude of the splitting can be obtained by replacing the electron spectral
functions in the Hartree diagram by the local density of states about the TLS site.
Separately, one can estimate an upper bound on the contribution to the spontaneous
tunnelling matrix element A¢ as po | Vi(w) do ~50K (Zardnd and Zawadowski
1995). This is easily renormalized downwards by scaling. (Calculating the rms spread
in Ao induced by the extrinsic impurities from the diagram considered by Wingreen
et al. (1995) produces a small estimate, of the order of a few tenths of a kelvin.)

With regard to the large estimated rms spread in A, two remarks are to be made.

(1) The modification of A corresponds to a modification of the shape of the
potential and thus must influence Ao. The TLSs of interest are only those few
for which the splitting A is small. The selection of these TLSs must be made
on the basis of the renormalized (by scaling) potential and is unrelated to the
unrenormalized potential. (An asymmetric potential may be made symmetric
after the renormalization and vice versa.) The existence of TLS with small
splitting and asymmetry is an experimental fact in amorphous materials. This
most striking evidence for this is found in the existence of linear heat
capacities in amorphous superconductors below the superconducting
transition temperature (Graebner et al. 1978, Lohneysen et al. 1980,
Lasjaunias and Ravex 1993).

(2) Recently Kozub (1995) has pointed out that, in the argument of Wingreen
et al. (1995), the largest contribution to the rms splitting comes from those
impurities close (i.e., nearest neighbour or next-nearest neighbour) to the
TLS site (see also Smolyarenko and Wingreen (1997)). In a dilute case, most
TLSs do not have such a neighbour so that the actual splitting modification
by the disorder is likely to be much smaller than reported. For those which
do have a non-TLS impurity nearby, there will be a ‘wipe-out’; the large
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splitting will destroy the TLS character and these simply will not be seen.
Hence some more detailed consideration of the non-TLS impurity
configurations is needed than provided by Wingreen et al. (1995).

Keijsers et al. (1996) carried out another set of experiments using metallic glasses
in break junctions. At zero bias, resistivity measurements revealed the same kind of
telegraph noise due to a slow tunnelling centre as shown in figures 87 and 88. With
the slow centre switches, then the zero-bias anomaly is also changed, and actually
two different curves are measured for the zero-bias anomaly. This was interpreted as
a demonstration of the interaction between a slow and a fast tunnelling centre. When
the slow centre changes, then the parameters of the fast centres are also tuned, which
results in a change in the zero-bias anomaly. (Note that in figures 87 and 88 the
interaction between two slow centres is displayed.)

The curve indicates that the low-energy cut-off determined by the asymmetry A is
tuned, and that the other parameters must have remained almost the same so as not
to modify the width of the zero bias anomalies, which actually measure the Kondo
temperature. This means that the v* interactions are only very slightly tuned, which is
the case when the assisted tunnelling processes are induced via transitions through the
excited states of the potential well. The first excited state overlaps with both minima
of the TLS (see section 3.4.2 and Zarand and Zawadowski (1994a, b)). Assuming the
orbital Kondo effect picture, the top of the anomaly is chopped off at different
heights after the A parameter of the TLS is tuned. The difference in the conductance
is shown in figure 98 for a single junction (curve 3 of figure 97). The theoretical fit,

AR/R (%)

Bias (mV)

Figure 97. Experimental evidence for modulation of a fast TLS by a slow TLS (telegraph
noise) in mechanically controlled metallic glass break junctions. The differential
resistance Rq is measured as a function of bias voltage for FegoBzo (curves 1 and 2)
and FeNissCri4P12Bs (curve 3) break junctions at 7 = 1.2K: curve 1, 6.6Q contact,
showing almost no noise; curve 2, 366Q contact that shows clear noise around zero
bias where the noise amplitude decreases as the bias voltage increases; curve 3, 145Q
contact, showing a clear two-level switching behaviour between two different R4
peaks. [Taken from Keijsers er al. (1996), with kind permission of the American
Institute of Physics. ]
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Figure 98. Conductance difference for mechanically controlled metallic glass break
junctions. The dots are obtained from the measured resistance change values shown
in curve 3 of figure 97, with uncertainties of order 0.1¢? /h. The solid line is obtained
from the theory of Vladar and Zawadowski (1983a,b,c) using a Kondo scale of
Tk =~35K, and two different splittings for the fast TLS of FEi1 = 3.5meV,
E> = 8meV, with the assumption that the modulation by the slow centre induces
these two different splitting values. The inset shows conductance difference curves
generated by the theory of Kozub and Kulik (1986). [Taken from Zarand et al.
(1998), with kind permission of the American Institute of Physics.]

given by the solid line, assumes that the scattering resonance has the shape given by
the second-order renormalization group equations discussed in section 3.4.1, and a
sharp cutoff is used for eV < A. The fit is remarkably good. On the other hand, the
theory of Kozub and Kulik (1986) would provide the difference between two curves
shown in the inset. The experimental data clearly do not show the long tail expected
from the Kozub—Kulik (1986) theory and thus offers strong support for the origin of
the zero-bias anomaly in terms of the orbital Kondo effect associated with a TLS. An
important feature of the experimental data is that the changes in the conductance are
smaller than ¢® /h which makes it possible to interpret them as arising from a single
modulated TLS. In similar experiments, two such transitions are superposed,
indicating that at least two fast TLSs are affected by the slow TLS.

Recently a new experiment was performed by Balkashin er al. (1998) to
distinguish between the TLS Kondo theory and the theory of Kozub and Kulik
(1986) which includes direct excitation of the TLS without the Kondo effect. The two
interpretations have two different characteristic energy scales, namely the Kondo
scale Tk and, for the theory of Kozub and Kulik (1986), the Korringa linewidth
rk = (pV?)*(A0/E)’E where E = (a2 +2»)'? is the full splitting of the TLS
including asymmetry and spontaneous tunnelling. This latter result follows provided
that the temperature is low compared with E so that kg T is replaced by E, and that
v =1 =0; so the V* interaction induces the transition in the presence of
spontaneous tunnelling and asymmetry (Vladar and Zawadowski 1983c). To fit
the zero-bias anomalies, Tk or Ag must be in the range of 1 meV. Thus, knowing that
(po V")2 ~0.1, the two characteristic frequencies are very different, of order 1 meV
for the Kondo case, and 10"?>meV for the direct excitation model of Kozub and
Kulik (1986).

In these more recent experiments, an ac bias was superimposed on a dc bias in the
form



01:19 22 March 2011

[ CAS Chi nese Acadeny of Sciences] At:

Downl oaded By:

Exotic Kondo effects in metals 853

V = Vo+ Vicos (o).

For w < o, where o is the characteristic energy of either theory, then at each time
during the oscillation period the zero-bias anomaly is determined by the instan-
taneous bias. Thus the time average of the current is

101
4 8V2
provided that V1 < V, and no significant frequency dependence is expected.

On the other hand, when @ > o, the oscillating voltage averages out during the
characteristic time scale 7o = 1 fwo, and the change in conductance must vary as 1 /o
with an amplitude proportional to V7. The experiment was performed at two
different frequencies, @ = 0.6 and 60 GHz, where the latter frequency corresponds
to 0.25meV. No significant dependence upon the amplitude or @ was found. Hence,
the relevant energy scale must be significantly larger than 0.25meV. As argued
above, this can only be true for the Kondo effect, so the experiments offer further
support for interpretation in terms of the TLS Kondo effect.

Summarizing, it can be claimed on solid ground that there are several cases where
only the orbital Kondo effect of a TLS can explain the observed zero-bias anomalies,
and in several cases the effect observed is of order ¢ /i in the conductance, indicating
that only one or at most a few TLSs are playing the relevant role.

The above considerations notwithstanding, it remains an open question why
several almost symmetric (A < 1.4K by estimates above) TLSs with identical Tk
values exist in the devices of Ralph and Buhrman (1992, 1995).

I= I[Vo + V) cos (a)t)]NI(Vo) + Vi

8.1.8. Other candidate systems and thermodynamics

Another promising candidate system of the mesoscopic variety has been studied
by Gregory (1992) who finds Kondo anomalies which do not split in magnetic field
in oxide-coated W wires in a crossed geometry.

Finally, we comment on the thermodynamics and other measurements on more
concentrated systems such as the metallic glasses. In these the TLSs have a broad
distribution and for a large number of them the non-commutative terms can be
neglected. Certainly the most important effect in this case is the renormalization of
the splitting (see equation (8.1.4)). That downward renormalization may change an
initially uniform distribution P(A) = constant to one which is peaked at low energy
scales. The effect of the TLS on the electrons can also be probed in the super-
conducting states of amorphous metals where the conduction electrons and therefore
the infrared divergences are cut off below by the superconducting gap. Tuning the
gap by external magnetic field to smaller values will allow the suppressed infrared
renormalization to return and the energies of the TLSs to be pushed to smaller
values. Such a renormalization effect has been observed, where the tunnelling
particle is atomic H in a superconducting metal (Yu and Granato 1985). The
splitting renormalization shown in figure 90 is enhanced by the non-commutative
terms and that enhancement should be verified by further experiments.

8.2. Experimental data on two-channel quadrupolar and magnetic candidate heavy-
fermion materials

Questions about the possibility of non-Fermi-liquid physics in the heavy-fermion

materials are not new, and occurred concomitant with similar observations for the
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Table 14. The relevant properties of all non-Fermi-liquid heavy-fermion alloys and com-
pounds for which a two-channel Kondo model description (in either dilute or concen-
trated limits) may be an appropriate starting place. The columns for specific heat,
susceptibility and resistivity indicate the low-temperature behaviour. All (but possibly
CeCus,Si, and PrInAg,) have log T specific heat coefficients over an extended tempera-
ture range. The coefficients 4 and B listed in the resistivity column are assumed positive,
as is « in the susceptibility column. The column under ‘Single ion?" answers whether
single-ion scaling has been observed. [Adapted from Cox and Jarrell (1996), with kind
permission of IOP Publishing Limited. ]

Alloy or compound Tk (k) c|T x(T) p(T) Single ion?
Y. .(Th,U,) Pdy* 40 InT 1- ar'? 1- AT Yes
Th;. \U,Ru,Si,” 12 InT In T(H||¢) 1+ BT'?() Yes
Thy. (U, Pd,Si,” 12 InT In T(H||¢) 1+ BT'?0) Yes
La;_ .Ce,Cu,Si,” ~10 InT InT 1- AT Approximately
Thy. ,U,M,Al; ~20 InT InT() 1- AT ?
Thy- (U, Bejs ~10 InT 1-aT' 1+ BT or 1+ AT Yes (3(0))
No (C/T)
UBes 10 InTatH=12T 1-qT'? 1+ AT -
CeCu,Siy 10 InT ? 1+ AT -
PrinAg, 2 Constant ? AT? -

“ Alloys showing evidence for significant residual entropy at low temperatures.

cuprate superconductors (on the theory side, see Cox 1987b; on the experiment side
see Ott 1987).

Since 1991, a number of heavy-fermion materials have come to light which
display logarithmic upturns in the specific heat and more occasionally the suscept-
ibility. Concomitant with these logarithmic upturns is usually a non-Fermi-liquid
resistivity. In table 14, we summarize the results for various materials in which
evidence exists for non-Fermi-liquid behaviour.

These non-Fermi-liquid behaviours can be broadly summarized in three cate-
gories.

(1) Dilute or local. In this case doping on the rare-earth or actinide sublattice
away from a fully concentrated compound reveals the non-Fermi-liquid
behaviour. The examles are Y1- xUxPds (Andraka and Tsvelik 1991, Seaman
et al. 1991), Thi- UsRu:Si> (Amitsuka et al. 1993, Amirtsuka and
Sakahibara 1994), Thi- »U,PdSi> (Amitsuka ez al. 1995, Lai- xCexCu2.2Si>
(Andraka 1994a,b), Thi-U.Pd2Alz (Maple et al. 1994), Thi- U:Ni2Als
(Kim ez al. 1992), Thi- +UBeis (Aliev ef al. 1994). It is of interest that all
these materials except Yi- <U,Pds are heavy-fermion superconductors when
x = 1. These are the systems for which the single-impurity multichannel
Kondo model which is the focus of this paper have the best chance of
working. Thus a compelling proof of single-impurity behaviour is important,
and we shall discuss the evidence for this in each case.

(2) Concentrated and ordered. Two compounds appear substantially non-Fermi
liquid like at the fully concentrated limit: the heavy-fermion superconductors
UBe13 (Aronson et al. 1989, McElfresh et al. 1993, Cox 1995) and CeCusSi»
(Steglich ez al. 1995). A third candidate has recently arisen, PrinA g (Yatskar
et al. 1996), which has 4f *Prionsina I3 ground state (confirmed by neutron
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scattering studies). This material shows some behaviour incompatible with a
Fermi liquid. Two criteria specify the assignment of non-Fermi-liquid
behaviour.

(i) A continual rise occurs in C/T at and below the superconducting
transition under application of a magnetic field (UBeis (Steglich 1996),
CeCuSia (Steglich ez al. 1995); PrinA gz does not superconduct, but does
show a region of logarithmic temperature dependence in C/T prior to a
low-temperature saturation.

(i) Anomalously large residual resistivities and resistivity behaviour linear
in T and suppressed in a magnetic field and pressure (for UBei3) exist
(UBe13 (Aronson ef al. 1989); CeCusSi» (Steglich er al. 1996)); PrinAg>
does not have a particularly large residual resistivity but never shows a
region of Fermi-liquid-like 7% behaviour.

Concentrated and disordered. Three systems, UCus-Pd. (Andraka and
Stewart 1992), U(Pti- +Pd, )3 (Kim ez al. 1993) and CeCus- A u, (LShneysen
et al. 1980) fit into this category. Each is near an antiferromagnetic
instability which is accessed by tuning the concentration of dopants off
the rare-earth or actinide sublattice. The non-Fermi-liquid behaviour
appears closely associated with this proximity to a 7 = 0 magnetic transition,
which has been extensively discussed recently by Millis (1983) (in an
ordered system; the role of disorder in this theory requires further study).
In the case of UCus. (Pd,, the disorder may play a role in inducing a spread
of Kondo temperatures which extends all the way down to T = 0K based
upon interpretation of inhomogeneous line-broadening measurements in Cu
nuclear magnetic resonance lines (Bernal et al. 1995, MacLaughlin et al.
1996). These workers relied on the work of Dobrosavljevi¢ ez al. (1992) who
argued that non-Fermi-liquid behaviour may be mimicked by this
distribution of local Fermi liquids in the vicinity of a metal-insulator
transition with a log-normal distribution of the local conduction density of
states about the impurity sites. An unusual /ocal dynamic scaling of the
neutron scattering cross-section with frequency was observed by Aronson
et al. (1995) over a wide range of x including x = 1 which is probably an
ordered compound. This suggested that other mechanisms may be at work
to induce the non-Fermi-liquid behaviour. The work of Miranda et al.
(1996, 1997) has produced a different form of the probability distribution
from the work of Dobrosavljevi¢ et al. (1992), derived in infinite spatial
dimensions, which holds away from the metal-insulator transition. This
form is in complete agreement with the form used by Bernal er al. (1995)
in fitting experimental data. With this form, they reproduce the sample
Gaussian distribution of coupling constants used by Bernal ez al. (1995), and
they are able with this distribution to fit firstly the linear temperature
dependence of the resistivity, and secondly the dynamic susceptibility of
Aronson et al. (1995). Hence, taken together with the experimental work of
Bernal et al. (1995), it genuinely appears that the UCus- (Pdy system is
described by the modified Kondo disorder theory as put forward by
Miranda et al. (1996, 1997). In related work, the optical conductivity of
UCu35Pdi s has been studied (DeGeorgi and Ott 1996). This can be fitted
with the same disordered distribution of Kondo scales used by Bernal
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et al. (1995) (see also MacLaughlin et al. (1996)) and Miranda et al. (1996,
1997) as was shown by Chattopadhyay and Jarell (1996) (see also Jarrell
et al. (1996¢)).

Another material which defies the above categorization and yet displays non-
Fermi-liquid behaviour is Cei- \ThyRhSb (Andraka 1994b). This material is a
Kondo insulator for x —0, but for the range 0.2 < x< 0.4 shows possible non-
Fermi-liquid behaviour in the form of a specific heat coefficient which appears
logarithmically divergent over approximately a half decade of temperature.

Our attention will focus here on a brief review of materials in categories (1) and
(2) with regard to their possible explanation in terms of the two-channel Kondo
effect. We discuss each system in order.

8.2.1. Y-xU:Pds

The striking properties of this material have garnered considerable attention.
Figure 99 (a) shows the specific heat for the composition x = 0.2 with the entropy
shown in figure 99 (b) as taken from Seaman et al. (1991). The specific heat shows
logarithmic behaviour over about one and a half decades of temperature, with an
upturn clearly visible below 0.5K which we shall return to discuss later in this
section. The specific heat difference when integrated to yield the entropy difference
has a clear shoulder near (R/2)In2 per mole of U near T = 20K. At higher
concentrations, apparent spin-glass order sets in (evidenced by a hysteresis in the
magnetization) and in the corresponding temperature range RIn2 entropy is
recovered. This suggests that (R/2)In2 entropy per U site should appear below
the lowest temperature in Yo.sUo2Pds. In addition, the resistivity in the same
temperature range goes as 1 - AT after showing a behaviour linear in In T at higher
temperatures, and the magnetic susceptibility appears to go as 1- BT'/? (once
a subtraction of apparent large-moment paramagnetic impurities is made). Taken

0.3

02}

S (J/mol UK)

01t

AC/T (J/mol U K2)

YosUo2Pds

0.0

L35y S T 0 5 10 15 20 25 30 35

Temperature (K) Temperature (K)

(a) (b)

Figure 99. Specific heat and entropy of Yi-.U:Pds. (a) The specific heat per mole for
x = 0.2 (with YPds subtracted), which displays a In T behaviour over about a decade
and a half of temperature. (b) Entropy curve obtained from the specific heat
integrated from the lowest temperature; note that, for x > 0.2, entropy of order Rln2
is available below T = 30K; hence, entropy appears to be missing from the x = 0.2
curve. [Taken from Seaman er al (1991), with kind permission of the American
Institute of Physics. ]
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together, these data put forward a compelling view of this material as a non-
Fermi-liquid metal.

A number of facts make the quadrupolar Kondo effect (Cox 1987b,d) a
worthwhile model to begin with to try to understand the physics of this system.

()

(b)

Tetravalence of U ions. The quadrupolar Kondo effect requires tetravalent U
ions. From photoemission experiments clear evidence of ‘Fermi-level tuning’
is observed (Liu er al. 1992, Allen ef al. 1993). This means that the U 5f
occupied peak shifts with doping. If the U ions were trivalent, they would not
shift the occupancy because the Y ions are also trivalent. However,
tetravalent U ions would shift the f level provided that the underlying density
of states is small, which is the case for YPds. This Fermi-level tuning
complicates the proof of single-ion behaviour, although this may be remedied
by combined Th-U doping as we discuss further below. The tetravelence is
further supported by the absence of significant lattice constant change with
doping; there is a very close size match between U** and Y** ions which is
not the case for U** ions.

Cubic symmetry. The quadrupolar Kondo effect requires a site of cubic,
hexagonal, or tetragonal symmetry. Cubic symmetry is indeed maintained in
this material. YPd3; has a cubic CusAu structure, as does antiferro-
magnetically ordered UPd4 (which has 50-50 disorder of U and Pd ions on
the Au sublattice of the CusAu structure). It is also informative that UPd3
has a dhcp structure with one site that is pseudo-cubic for the U ions. It is
known in the UPd; case that the U ions are tetravalent and have well
resolved crystal-field splittings (Buyers er al. 1980, McEwen et al. 1995);
indeed, UPd3 shows a complex triple-Q vector quadrupolar order (Walker
et al. 1994).

Logarithmic behaviour of C|T and residual entropy. The data obviously
support the two-channel Kondo model in this case. For tetravalent U ions in
cubic symmetry, only the non-magnetic I3 doublet can provide the two-
channel Kondo effect. The fact that entropy of order RIn2 is available also
points towards the I'3 doublet ground state. Employing the thermodynamics
calculations of Sacramento and Schlottmann (1989, 1991) yields an estimated
Kondo scale of 40 K for x = 0.2 and about 200 K for x = 0.1. The increase is
explainable in terms of the Fermi-level tuning hypothesis.

Different temperature dependence to y and C[T. As discussed extensively in
sections 5, 6 and 7, the susceptibility relevant to the impurity pseudo-spin
must have the same temperature dependence if the two-channel Kondo effect
is to prevail. The fact that the temperature dependence is significantly
different argues for the quadrupolar Kondo effect.

Low-temperature upturn in C[T. Below about 0.6 K the specific heat rises
above the logarithmic behaviour, which has been studied more extensively by
Ott et al. (1993), who rules out a nuclear Schottky anomaly as an explanation
(only low-abundance Pd isotopes are candidates in zero magnetic field and
there is simply too much entropy involved in the upturn). This upturn is quite
reminiscent of the upturns visible in figure 85 in the calculations of
Sacramento and Schlottmann (1991) representing the Schottky-like anomaly
arising from the removal of ground-state residual entropy. In the
quadrupolar Kondo case the ‘magnetic field’ analogous to that of the pure
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spin Kondo model can be either strain fields or electric field gradients. The Y
and U sizes are close which suggests little strain contribution; however, the
charge difference can lead to sizeable random electric field gradients. An
estimate of the mean electric field gradient splitting from Thomas—Fermi
theory gives A =~5K at x = 0.2 (Cox et al. 1997). In conjunction with the
spin cross-over temperature T = A%/Tx discussed in sections 5.1, 4.2,
6.1.3.3 and 7.2, this produces a cross-over scale estimate of about 0.6 K, in
good agreement with the location of the upturn.

Two crucial questions arise about the ground state of this system. First, is the
non-Fermi-liquid physics associated with collective effects associated with the
proximity to antiferromagnetic and/or spin-glass ordering, or with single-ion
physics? Second, is the identification of a ground-state non-magnetic doublet on
the U ions appropriate? Alloying experiments shed considerable light on these
questions, strongly affirming the single-ion picture and the doublet ground-state
assignment. There are two classes of alloying experiments.

(1) Y1-x(U,Thi- ) Pds alloys. Seaman and Maple (1994) have studied this
system to shed light on whether the origin of the non-Fermi-liquid behaviour
is to be found in single-ion physics. The idea is that the Fermi-level tuning
introduces an intrinsic doping dependence to the Kondo scale through the f
energy ¢ (Tk ~ exp (- Tq?f| /2r)) and so simply reducing the number of U
ions is insufficient to test the single-ion hypothesis in this case. However, by
introducing tetravelent Th ions of nearly the same size as the U ions, the f
level can be kept approximately constant and the U concentration can be
diluted. In this way it is found that, for x = 0.1 and 0.2, very nearly the same
Kondo scales and low-temperature resistivity behaviours are maintained
down to low concentrations of U ions (of order 1-5%). However, the
distance from the spin-glass and/or antiferromagnetic ordering is increased.
This provides strong support for a single-ion interpretation. Resistivity
curves for this system are shown in figure 100.

(2) Mi-<UxPds alloys, M= Sc¢, Pr or La. Here the trivalence of the M ions is
kept fixed but the ionic volume is shifted systematically (Gajewski et al.

10" 1.0 T
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Figure 100. Resistivity of Y- x(Thi-,,U,) Pd;. [Reprinted from Physica B, Vol. 199-200,
by C. L. Seaman and M. B. Maple ‘Non-Fermi-liquid and multichannel Kondo
phenomena in Y-, U,Pd; and related alloys’, p. 396, © 1994 (Seaman and Maple
1994), with permission from Elsevier Science. ]
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1994). The volume primarily affects the hybridization; for the largest ion (La)
the effect is to expand the lattice providing negative chemical pressure which
would hypothetically drive down the hybridization width I" and reducing the
Kondo scale in turn relative to Yi-xUsPds for a given x value. For the
smallest ion (Sc, radius smaller than Y) the lattice would be compressed,
which increases the hybridization width I, driving the Kondo scale up for
fixed x. In the case of large ions if Tx is sufficiently reduced, it should be
possible to see the full RIn2 entropy in the quadrupolar Kondo picture
owing to the random field gradient splitting of the non-magnetic I'3 doublet.
These expectations are born out. For M = Sc, the region of non-Fermi-liquid
behaviour is extended all the way out to x = 0.3, where the estimated Kondo
scale is comparable with that of M =Y at x = 0.2, while for x = 0.2 the
estimated Kondo scale for M = Sc is quite large (of order 200K). For
M = Pr, a mixed behaviour is seen in the specific heat, as a pronounced peak
in C/T is visible in the range of a few kelvins. There is still a logarithmic
upturn in the resistivity at higher temperatures but a downturn visible at low
temperatures in the same region where C/T peaks. For M = La, no Kondo
anomaly is seen in the resistivity. At the same time, a clear peak arises in C at
about 6K. This peak may be fitted by a Gaussian-broadened Schottky
anomaly, and clearly has RIn2 entropy per U ion. We note that the peak
position gives an estimated average splitting of the doublet ground state by
11 K which is within a factor of two of the random field gradient estimate of
Cox et al. (1997). The size mismatch of the La and U ions will certainly
induce random strain fields that can enhance the splitting above the random
field gradient splitting. The specific heat curve for M = La and x = 0.1 is
shown in figure 101.

Hence, there are a number of reasons to believe that the non-Fermi-liquid physics
of this alloy are driven by the single-impurity quadrupolar Kondo effect. However, a
number of criticisms can be made of this interpretation based upon other experi-
mental data.
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Figure 101. Specific heat of LaooUo.1Pds. [Reprinted from Physica B, Vol. 199-200, by C. L.
Seaman and M. B. Maple ‘Non-Fermi-liquid and multichannel Kondo phenomena in
Y:+U,Pd; and related alloys’, p.396, © 1994 (Seaman and Maple 1994), with
permission from Elsevier Science. ]
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Resistivity. The electrical resistivity shows a linear behaviour even below 1K
where, on the basis of NCA calculations, one would expect a roll-over to T 2
behaviour—see sections 5.1 and 5.3 (see also Cox and Makivic 1994 and Kim
and Cox 1997).

Field-dependent specific heat. Andraka and Tsvelik (1991) pointed out that
the magnetic field dependence of the specific heat does not follow what would
be expected for a quadrupolar Kondo system. At low fields, the magnetic
field acts as a channel field which should produce a large increase in the
specific heat coefficient as calculated by Andrei and Jerez (1995) (see section
7.2 for a discussion). At higher values the I3 level splits quadratically in the
field which would also have the effect of increasing the specific heat
coefficient. The detailed scaling function fit to C(T,H) /T - C(0,T)/T is
that is appears to go as f(H/TP) with = 1.3 whereas the channel-field
scaling would yield 8 = 0.5 and the spin-field scaling (through quadratic in H
splitting of the I3 doublet) would yield 8 = 0.25. Moreover, the specific heat
cofficient just drops with magnetic field, whereas one would expect from the
calculations of Andrei and Jerez (1995) an enhancement as the residual
entropy is lifted from the ground state. Similar behaviour is seen in
U(Cui- xPdy)s (Kim et al. 1993). A possible complication with this picture is
that in the quadrupolar Kondo picture there is a substantial background
specific heat associated with excited magnetic triplet levels which would
presumably drop in the applied magnetic field. Mysteriously, the
magnetoresistance of his material is very small (Seaman and Maple 1994).
Only detailed numerical analysis within the NCA or other suitable method
can be used to address this point on the theory side.

Neutron scattering cross-section. Unpolarized neutron scattering studies have
been carried out by Mook et al. (1993) and McEwen et al. (1995) which
subtract Yi1-xTh.Pds as a reference. A subsequent polarized neutron study
was carried out by Dai ez al. (1995). For high concentrations, the studies of
McEwen et al. (1995) and Dai et al. (1995) studies suggest that the U ground
state is a I's magnetic triplet level. Indeed, the study of Dai ef al. (1995) gave
evidence of antiferromagnetic Bragg peaks at x = 0.5 which have the same
structure as UPds. Moreover, for x = 0.2 they found evidence for nearly
critical scattering in S (3,(0) near these same Bragg peaks. For x = 0.2, both
studies present evidence for two inelastic transitions which is compatible with
the I3 doublet ground state (this would have magnetic transitions to each of
the excited triplets), at energies of about 6 meV and 39 meV. McEwen et al.
(1995) take the I3 interpretation. However, Dai et al. (1995) argued from the
polarized data that significant quasielastic scattering exists below 1 meV in
energy and have made a preliminary case for a I'5 ground state. There are
two difficulties with this assignment in reconciling with the experimental
thermodynamics: firstly the intensity of this peak yields a T — 0 magnetic
susceptibility which exceeds the experimental value by a factor of at least 20,
and a T = 10K entropy which exceeds the experimental value by a factor of
three to five; secondly the energy scale associated with the peak is at most
10K, and the only characteristic energy scale from the data is 40 K. More
recently, Bull e al. (1998) have argued that the ground state is a I3 doublet
degenerate with a I'5 triplet. Clearly more work is needed to understand the
origin of this quasielastic scattering; the presence of concentration gradients
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in U ions and large-moment paramagnetic impurities as evidenced in the
magnetization need to be examined closely.

(4) Ultrasonic sound velocity measurements. Sound velocity measurements on
polycrystalline samples show no appreciable softening at any temperature
(Amara er al. 1995), which not only calls into question the quadrupolar
Kondo effect (for which a logarithmic transverse anomaly would be expected
at low temperatures) but also the Kondo effect itself (as most Kondo systems
show a significant temperature dependence in the measured sound velocities
due to the strong volume dependence of Tk (Thalmeier and Liithi 1991). A
possible drawback is the polycrystalline character of the samples measured
thus far.

(5) Concentration gradients. The Yi-xUxPd; is subject to significant con-
centration gradients (Seaman et al. 1992, Sullow et al. 1994) which may affect
the ability to sort out single ion from concentrated physics effects. Recent
studies show that this is a relaively small effect, in that the mean square
concentration deviation is about 10 for a concentration near 0.2 (the
concentration would range from about 0.18 to 0.22) (Maple et al. 1996).

Clearly an unambiguous assignment of the quadrupolar Kondo effect as the
source of non-Fermi-liquid physics cannot be made at this time, although there are a
number of good arguments on behalf of this picture for this alloy system.

8.2.2. Thi-xUxRuxSi» and Thi- Uy Pd>rSi»

Single crystals of tetragonal Thi- xUxRu2Si> have been studied by Amitsuka et
al. (1993) for x = 0.01-0.07. The magnetic susceptibility, electronic specific heat and
electrical resistivity were measured. The magnetic susceptibility for x = 0.01 is shown
in figure 102 (a), where it is clear that for in-plane fields the susceptibility has weak
temperature dependence, while for c-axis fields there is a logarithmic divergence
apparent over about two decades of temperature. The solid curve is a fit of the Bethe-
Ansatz calculations of Sacramento and Schlottman’s for M = 2, S1 = 3 to the c-axis
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Figure 102. Magnetic susceptibility of Thi- xU,RuxSi> for several values of x. [Reprinted
from Physica B, Vol. 186-188, by H. Amitsuka, T. Hidano, T. Honma, H. Mitamura
and T. Sakakibara ‘Evidence of unusual Kondo effects in dilute uranium compounds
U, Th;_+RusSi> (x < 0.07), p.337, © 1993 (Amitsuka et al. (1993), with permission
from Elsevier Science.] The fit to the scaled curves is from the Bethe-Ansatz
calculations of Sacramento and Schlottmann (1991).
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data, and the fit is quite good over four decades of temperature. The estimated
Kondo scale is 11 K. This is clearly a single-site effect, as the c-axis concentration
dependent susceptibility is shown in figure 102 (b). Below about 0.5K, rounding is
visible in the Xc(T) curves, but above this temperature the curves are identical for
four different concentrations up to x = 0.07. The rounding is reminiscent of that seen
for applied field in figure 84 from Sacramento and Schlottmann (1991). A heuristic
interpretation is that interaction effects between the U ions are producing a self-
consistent magnetic field that induces the cross-over. Actually, only a self-consistent
Auctuation is probably important since the cross-over scale goes as H>.

Taking the Tx value from the 7. fits, Amitsuka et al. produced a satisfactory zero
parameter fit to the x = 0.07 C/T data, which is shown in figure 103, where the solid
curve is taken from Sacramento and Schottmann (1989, 1991). Because the theory
curve integrates to (R/2)In2 entropy per mole of U, that implies that a residual
entropy of (R/2) In 2 remains below the lowest temperature measured which also fits
with the M= 2, S1 =3 theory.

Because the U ions are presumably tetravalent, the crystal symmetry is
tetragonal, and the c-axis susceptibility obeys a Curie law well above Tk, it is
reasonable to suggest that this physics arises from the quadrupolar Kondo effect in
tetragonal symmetry as discussed in section 2.2.3. This would arise from a non-
Kramers doublet which can be Zeeman split by an applied field along the ¢ axis.

An experimental difficulty with this proposal is the resistivity, shown in figure
104. The shape of the resistivity curves for several different conccentrations is clearly
the same (the magnitude is subject to systematic correction from the different crystal
geometry). While the magnitude is sufficiently large (of order 40 uQ cm) to warrant
consideration as a Kondo system, there are two differences from the two-channel
Kondo theory: firstly there is no high-temperature region linear in In T present in the
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Figure 103. Specific heat of Thi- \U,RusSi> for x = 0.07. [Reprinted from Physica B, Vol.
186-188, by H. Amitsuka, T. Hidano, T. Honma, H. Mitamura and T. Sakakibara
‘Evidence of unusual Kondo effects in dilute uranium compounds U,Th;_,RusSi»
(x<0.07), p.337, © 1993 (Amitsuka et al. 1993), with permission of Elsevier
Science.] The fit is to the theoretical calculation of Sacramento and Schlottmann
(1991) with the value Tk = 11K determined from the magnetic susceptibility.
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Figure 104. Resistivity of Thi- xUxRuzSiz. [Reprinted from Physica B, Vol. 186-188, by
H. Amitsuka, T. Hidano, T. Honma, H. Mitamura and T. Sakakibara ‘Evidence of
unusual Kondo effects in dilute uranium compounds U,Th; Ru:Si; (x < 0.07),
p.337, © 1993 (Amitsuka er al. 1993), with permission from Elsevier Science. ]

data; secondly there is a low-temperature downturn below Tk which, over limited
regions, may be fitted with 7, T'/? or In T behaviour.

It is difficult to conceive of simple explanations for these resistivity discrepancies,
but we do note a number of important considerations which could modify the
behaviour.

(i) The resistivity is significantly dependent on the details of the hybridization
matrix elements between conduction states and the U 5f states. For example,
in the simplest M =1, S; =3 model for Ce’* ions, a low-temperature
downturn in the resistivity is possible owing to the ‘hot spots’ along principal
axis directions at which the I7 conduction partial wave states must have
vanishing hybridization matrix elements (see Cox 1987c, Trees 1993, 1995
and Trees and Cox 1994 for a discussion of the hybridization hot spots, and
Kim and Cox 1995 for a discussion of their influence on resistivity).

(i) The T'7 coefficient expected at sufficiently low temperatures can experience
a sign reversal for sufficiently large potential scattering on the U site which
breaks particle-hole symmetry (Affleck andLudwig 1993, equation (4.6)). If
this is true, there should be a substantial thermoelectric power present (this
can only be non-zero for the M = 2, S1 = 1 model in the presence of particle—
hole symmetry breaking).

(ili) A possible culprit for the potential scattering is excited crystal-field levels,
which will clearly break particle-hole symmetry, and which complicate the
search for In T upturns at high temperatures. (See Cox and Makivic 1994 for
a discussion.)
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(iv) The resistivity 7'/ coefficient can reverse sign in the strong-coupling regime
since the term is proportional to the leading irrelevant operator which is
proportional to the deviation from the fixed point coupling. Arguing against
this are the small Kondo scale and the excellent fits to Bethe-Ansatz results
which are computed in the weak-coupling limit. Sakai et al. (1997) and
Shimizu et al. (1998) have reached this conclusion for at least the
magnetoresistance from NRG calculations on a very realistic Anderson
model that includes excited crystal-field levels.

In Thi-<UPd>Si> (Amitsuka et al. 1995) the qualitative and quantitative
features are similar. Again, for ¥c(7T) (per U ion) a region of single-ion behaviour
(overlapping curves for different concentrations) is found with a rounding of 7 that
increases with increasing x, and the in-plane susceptibility has a smaller value and
negligible temperature dependence. For the lowest concentration (x = 0.03) a fit to
¥e(T) with the Bethe-Ansatz results is similarly good. The specific heat per U ion
shows a In T behaviour for low concentrations and drops as x is increased. This is
actually mysterious since it is not clear where the entropy goes. These workers noted
that the estimated residual entropy for the x = 0.03 sample is actually somewhat
larger than (RIn2)/2. The resistivity does show a Kondo-like minimum at
temperatures of order 20 K but below a maximum again drops in a manner that
may be fitted over limited regions by T, T'/? or In T behaviours.

It should be mentioned that the dilute system La;. Uy RusSi> does not show any
evidence for non-Fermi-liquid behaviour for x < 0.15 (Marumoto ez al. 1996).

Given the sheer number of details for these two materials which check with the
M =2, St = 3 model, further experimental investigation of these materials is clearly
warranted despite the difficulties in understanding the resistivity. In particular, it
would be desirable to have the specific heat measured under conditions of uniaxial
stress in the basal plane and c-axis fields. This should displace the residual entropy
and confirm the assignment to a tetragonal quadrupolar Kondo model.

8.2.3. Lai- xCex Cuz.2Sh

This system has been studied by Andraka (1994a, b) and shows great promise as
a dilute M = 2, St =3 magnetic Kondo system. The added magnetic susceptibility
and specific heat per Ce ion for x = 0.05, 1 and 0.2 are shown in figure 105. We note
that there is rough single-ion behaviour in that the  curves for x = 0.025 and 0.1 are
very close, and the specific heat curves are all close although deviations occur at
lower T. For x = 0.2 there is hysteresis in 7y which is taken as evidence for spin-glass
behaviour.

We focus on the x = 0.1 results. Clearly both ¥ and C/T exhibit a In T behaviour
at low temperatures. From a fit to the In T slope of the C/T curve, one estimates that
Tx =~12K. Separately, one may compute the Landau—Wilson ratio. To do this
requires a knowledge of the effective moment of the presumed doublet ground state
of the Ce* ion. Fortunately we know from neutron scattering, susceptibility and
specific heat measurements—see Grewe and Steglich (1991) for details and references
as well as Gorymychin and Osborne (1994)—that, despite the tetragonal crystal
structure, the crystal field on the Ce site is pseudo-cubic with a I7 doublet ground
state and excited I's quartet at about 360 K. Then to compute the Landau—Wilson
ratio, we should compare the logarithmic slopes of the i and C/T curves since there
can be background constant terms in each quantity. Using the I7 moment of
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Figure 105. (a) Susceptibility and () specific heat per Ce for Lai- xCexCu2.2Siz. [Taken from
Andraka (1994a, b), with kind permission of the American Institute of Physics.]
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Figure 106. Fit to the resistivity of Laj-xCexCu22Si> of Kim and Cox. [Taken from Kim
and Cox (1997), with kind permission of the American Institute of Physics.] Theory
(open symbols) is from an NCA calculation in the M = 2 channel Kondo limit using
the NCA as discussed in section 5.1.6; small full circles are experimental points.

peff = 10 i /7 gives Rw = 2.7(1), to be compared with the expected value of 4 from
sections 6.1.3, 6.2.3 and 7.2. The agreement is obviously excellent.

The electrical resistivity appears to show behaviour linear in T down to 1.4K,
but in view of the results of section 5 from the NCA (Cox and Makivic 1994, Kim
and Cox 1995b) a T'/? law should not be cleanly seen until about 0.05 Tk, which sits
below 0.6 K. Indeed the theory curve of figure 106 is a fit of the NCA calculations of
Kim and Cox (1995) to the x = 0.1 data, and it is credible given the limited range of
the experimental data (about a decade). However, a clear break is seen in the data
which takes it below the theory curve.

A separate qualitative confirmation of the validity of the M = 2, St = 3 model is
that, when a magnetic field is applied, the specific heat coefficient shows a significant
increase. In quantitative detail, it is not as large as for the M = 2, S1 =73 model for
the given field strengths, but the behaviour sharply contrasts with the M =1, §; =3
model where C/T should simply drop as the Kondo resonance Zeeman splits (Andrei
et al. 1983). We note that the presence of a sizeable backround term in C/T of figure
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105 probably corresponds to the tail of the lifetime-broadened Schottky anomaly of
the excited I's quartet. This should drop in the magnetic field, which complicates the
direct analysis of the data in terms of the M = 2, S1 =3 model.

Clearly the material satisfies the requirement of cubic symmetry, and the question
arises whether it satisfies the necessary requirement of greater fluctuation weight to
f* and f° in the ground state. This is supported for CeCu,Si» by valence estimates
from photoemission (Allen 1991). As discussed in sections 2.2.2, 2.2.3 and 5.3, this is
sampled by the thermopower which is negative well above Tk in this material
(Cox 1993, Kim and Cox 1995, 1997). An extensive study of Ce based 1-2-2 materials
reveals an intriguing correlation between the unit cell volume and the sign of the
thermopower (Jaccard 1992). For compounds above a critical volume the thermo-
power at low temperatures is positive and the systems tend to be magnetic. For
systems with a lower than critical unit cell volume, the thermopower is negative at
low T. This is the case with CeCu,Si,. Early measurements of the thermopower on
Lai- xCe.CusSi> by Aliev (1984) revisited more recently by Buschinger ez al. (1996)
show that for low concentrations the thermopower goes positive. A complication is
that the host system has a positive thermopower and so a proper way to isolate the
Ce concentration must be worked out, which has not yet been done. For example,
the Nordheim—Gorter correction has been used for the Kondo system Lai- xCexBs to
isolate the Ce-ion-induced thermopower (Winzer 1975). According to the work of
Buschinger er al. (1996), this correction actually enhances the positive peak in S(7T)
for dilute samples.

The thermopower has not been measured for the x = 0.1 samples of Andraka
(1994a, b). However, it has been measured for x = 1, and it is found that a sign
change to negative thermopower occurs near 7 = 70 K, which is so large compared
with Tx that it is not attributable to lattice coherence effects. The thermopower in
this case reaches a maximum amplitude of about - 30 UV K™ !, which is too large to
be attributed to anything but resonant scattering, which the Kondo effect provides
quite naturally. It is intriguing that a study of Ce-based 122 compounds shows that
the thermopower at 20K has a strong correlation with the unit-cell volume,
undergoing an abrupt change from negative to positive near the CeCu2Siz unit-cell
volume. Based on the suggestions by Cox (1993) and Kim and Cox (1995) that the
M =3, S; =1 Kondo effect can be realized with pressure, the crossing point is a
promising region to look for three-channel Kondo model candidate materials.

Andraka (1994a, b) has argued that the quantitative discrepancies in the specific
heat, and the apparent resistivity linear in T argue against the M =2, S;=3
magnetic Kondo effect. However, as argued above, the resistivity actually is in good
argreement with theory over the measured temperature range, and the specific heat
coefficient increase is difficult to interpret given the large and possibly field-
dependent background term. Andraka (1994a,b) also argued that x = 0.1 is a
special concentration, since at x = 0.05 and 0.15 the logarithmic anomalies are not
seen. Moreover, the x = 0.15 sample is argued to possess a ‘spin-glass’ transition due
to irreversibility in the magnetization. Caution should be lent to accepting these
arguments uncritically, however, because the CeCu,Si» system is well known to be
extremely sensitive to preparation conditions. After nearly 20 years of study for the
concentrated case, only recently (Steglich ez al. 1996) has the ternary phase diagram
been carefully worked out. It is found that the concentrated system has an extreme
sensitivity to small variations (order of a per cent) in the Cu concentration. The
nominal 2.2 stoichiometry for Cu is based on starting composition during prepara-
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tion and places the x = 1 samples in the slightly Cu-rich stoichiometry which leads to
the most cubic crystal-field scheme as well as superconductivity and lattice non-
Fermi-liquid behaviour. Slight deficiency of Cu from this concentration leads to a
still uncharacterized magnetic state. Hence, for a conclusive answer to the question
of whether the x = 0.1 physics is or is not single ion in origin, we must await more
careful studies of samples with a well characterized Cu concentration.

8.2.4. Thi-xUxBei3

Aliev et al. (1994, 1995a, 1996a, 1996b) have studied this system, extensively. At
the value x = 0.9 which is certainly far from dilute, the found C/T~ - In T,
x(T)~ 1= AT, p(T) ~ 1+ BT'"* (with B> 0), all of which fit the two-channel
cubic quadrupolar Kondo picture as discussed in sections 2.2.1 and 5.2. A
complication is that in this crystal structure no dopants appear to leave the volume
unchanged which means that the hybridization is strongly affected by the doping.
(Indeed, since the Th ions are larger, they expand the lattice and diminish the
hybridization which will lower Tx. The data appear to suggest that this happens
relative to the bulk x = 1 system.) An extensive study of Mi-,U,Be3 alloys by Kim
et al. (1990) revealed that, while the specific heat could be significantly altered by
doping, the magnitude of the low-temperature magnetic susceptibility was hardly
affected. This suggests further that the origins of the specific heat and susceptibility
are different, consistent with an interpretation in terms of Van Vleck susceptibility
which is important for the two-channel quadrupolar Kondo effect in cubic
symmetry. Clearly it is desirable to dilute further.

A further consistency with the quadrupolar Kondo effect is the nonlinear
susceptibility (Aliev er al. 1995a, b). This was motivated in part by earlier meas-
urements of Ramirez et al. 1994) on UBe3 which will be discussed below. In theory,
the nonlinear susceptibility X 3(T) is defined from the magnetization via

6[M(H, T) - y(T)H]
H>.

(1) = (8.2.1)

For a magnetic doublet ground state, X‘” is expected to be large and negative, as is
easily seen from straightforwardly expanding the Brillouin function magnetization to
obtain X(’) ~1/1? for localized moments. This would be modified, at low
temperatures to X ~ 1/T3 for a Kondo system. In a more general situation,
X( depends upon the orientation of H. For a purely localized quadrupolar moment
system with a cubic non-Kramers [3 ground doublet Morin and Schmitt (1981)
have shown that, for a field along a principal axis, X ) will dlspldy a positive Curie
law divergence while, for a field along a body diagonal, X ) will be of Van Vleck
character at low temperatures and negative. This result is easily understood in terms
of the magnetoelastic coupling of the I'3 ground state; principal axis fields induce
tegragonal distortions which are quadratic in H and split the doublet. There is no
linear coupling, however, to strains along the body diagonal (matrix elements do
exist to excited states). Hence, the nonlinear susceptibility for a principale axis field is
essentially a measure of the quadrupolar susceptibility. While the quadrupolar
Kondo effect would modify this from a 1/T divergence to - In T, the divergence
would still be present, and the characteristic anisotropy provides an excellent test of
the applicability of the quadrupolar Kondo model (Chandra et al., 1994, Ramirez
et al. 1994).
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Figure 107. (a) Nonlinear susceptibility measuremsnt on UBe;3 and Ugo0.1Beis. [Taken
from Aliev et al (1995a,b), with kind permission of EDP Sciences.] The open
triangles are measurements on a polycrystal of UBej3; the full circles are
measurements on a polycrystal of UpoTho.1Beis. The solid curve is taken from the
data of Ramirez et al. (1994). (b) An enlargement of the low-temperature region for
Uo.9Tho.1Beis, indicating the tendency to a sign change expected for a quadrupolar
Kondo material.

Aliev et al. (1995a, b) performed measurements only on polycrystalline samPles.
As shown in figure 107, for x = 0.1 they found that the powder averaged X” is
predominantly negative at high temperatures but reaches a minimum and changes
sign as the temperature is lowered, which is in accord with the expectations of the
previous paragraph. In contrast, when pure UBei3 is measured for similarly prepared
polycrystalline samples, X(3) is relatively large and negative and decreases with
decreasing temperature, qualitatively in agreement with a magnetic ground state.
Indeed, the polycrystalline data agrees excellently with the single-crystal data of
Ramirez et al. (1994), which excludes the possibility of large-moment paramagnetic
impurities, giving rise to the x = 0 X(3) results.

Based upon this work and the positive coefficient of T'/% in the x = 0.1 resistivity,
Aliev et al. (1995a, b) put forward an interesting set of hypotheses. First, the x = 0.1
samples are in the strong-coupling regime. That is, the coupling strength exceeds that
of the non-trivial fixed point. This can explain the positive coeffcient of the
resistivity. Second, the ionic ground state changes as a function of Th doping, being
an f°T doublet for x = 0, and an f*I3 doublet for x = 0.1. This would require the U
ions to be of a strongly mixed valence between 3+ and 4+, which is not implausible.
This scenario is illustrated in figure 108. This second hypothesis checks with the first
hypothesis because it is precisely in the mixed-valence regime where strong coupling
might plausibly occur (the dimensionless Schrieffer—Wolff exchange can grow to
order unity). The hypotheses are very interesting because the different-symmetry
ground states would seem to imply a novel quantum critical point at the precise point
in x where the levels cross.

There are three major concerns with the hypotheses.
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UBer3 Uo.9Tho.1Beis

Figure 108. Mixed-valence scenario for Uj. xThyBei3 proposed by Aliev et al. (1995a b)
For x =0, the picture is one of almost complete mixed valence between f* and f*
conﬁguratlons It is conjectured that the Th doping favours the f* energetically and
diminishes the degree of valence mixing. This favouring could arise from a reduction
in the hybridization broadening of the configuration energy levels. The broadening is
indicated schematically by the dotted curves about each doublet level.

(1) Taking the Th ions as tetravalent, the substitution would add electrons, and
this would actually drive the U ions more towards trivalence.

(2) While th nonlinear susceptibility for pure UBeis is strongly temperature de-
pendent, the susceptibility is not, and hence this interpretation is problematic.

(3) It is not clear that a sufficiently small energy scale can be generated in the
mixed-valence regime for the U ions, although some variational treatments of
the ion with full spherical symmetry suggest that this is possible (Nunes et al.
1986, Read et al. 1986).

Nevertheless, the hypotheses of Aliev et al. are very intriguing and deserve
further exploration. Indeed, the mixed valent hypothesis of Aliev et al. (1995a, b) has
been semiquantitatively confirmed i 1n a recent study by Schiller ez al. (1998) who have
shown that UpoTho.1Beis has a X ) curve corresponding to 70% f 2 weight (versus
30% f?) and for UBeis, a weight of 60% f? suffices.

8.2.5. Thi-xUxPch Al and Thi- xUxNi2 Al

These two hexagonal systems reveal - In T specific heat coefficients at low
temperatures and low concentrations (x ~0.1) (Pd: Maple er al. 1994), (Ni: Kim
et al. 1993). The susceptibility in the Pd-based system for a polycrystdlhne sample
can be fitted to either - In T or 1 - AT'/? behaviour at low temperatures. In each
case the resistivity apparently saturates with a law linear in 7. The U ions in these
systems are probably tetravalent so that they are candidates for the quadrupolar
Kondo effect in hexagonal symmetry arising from a non-Kramers doublet. The low-
concentration data clearly shows single-ion scaling. Kim ez al. (1993) argued that in
the Ni case there is a proximity to a spin-glass ordering. Nevertheless, given the same
crystal structure and the single-ion scaling observed in Th;- \UPd, Als, it is clear that
these systems deserve further careful study as quadrupolar Kondo candidates.

8.2.6. Concentrated non-Fermi-liquid compounds: UBe1s, CeCuxSi> and PrinAg>

8.2.6.1. UBe1s. UBeis is certainly the most anomalous of the heavy-germion
superconductors. We identify the following set.

(1) The specific heat is very weakly dependent upon magnetic field and
highly sensitive to pressure. The low-temperature value is of order
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1000 mJ mol™' K~2, corresponding to an effective mass of several hundred
free-electron masses.

The specific heat still rises with decreasing temperature on entering the
superconducting state and with suppression of Tc by the magnetic field
continues to rise down to 0.3 K (where measurements stop). This is clear
evidence that the superconducting instability does not occur in a Fermi-liquid
normal phase.

The magnetic susceptibility is weakly pressure dependent in comparison with
the specific heat and under pressure has a completely different temperature
dependence (McElfresh ez al. 1993).

Doping on the U sublattice which drives away the specific heat anomaly
leaves the low-temperature susceptibility essentially unchanged.

The magnetization is linear in field up to 20 T.

The dynamic magnetic susceptibility reveals no significant structure on the
scale of 1meV as is evidenced in C/T and instead shows a broad ‘quasi-
elastic’ response on the scale of 15meV as evidenced in both neutron
scattering and Raman spectra. Concomitant with the peak in ¥~ is a
Schottky anomaly in the specific heat, suggesting that the 15meV peak
represents highly damped crystal-field levels for which further evidence
appears in the nuclear magnetic relaxation of the *Be sites. This dynamic
susceptibility peak integrates to give 80% of the static susceptibility up to the
experimental cut-off. This places a stringent bound on any hypothetical
moment-carrying state in the low-frequency region; given a 10 K Kondo
scale, to explain the residual susceptibility the effective squared moment must
be less than 0.25 1§, which would appear to rule out an interpretation in
terms of a 5f°I% ground state.

The electrical resistivity at the superconducting transition is reproducibly
large (of order 80-100uQcm) and is reversibly suppressed by applied
pressure and magnetic field (Batlogg et al 1987, Aronson et al. 1989,
Andraka and Stewart 1994). There is no region in the ambient pressure or
zero field in which a T2 coefficient is visible in the resistivity (rather, a term
linear in T term is present). In an applied magnetic field, there is some
evidence that the resistivity obeys the scaling law p(T,H)/[p(T,0) =~
f(H/|T— To|ﬁ) where B=1, To = 0 (Batlogg et al. 1987) and B =10.7,
To = 0.5K (Andraka and Stewart 1994) have been fitted to the data.

The muon Knight shift (Luke 1995), °Be nuclear Knight shift (MacLaughlin
et al. 1984) and neutron scattering form factor (Stassis et al. 1986) show no
change upon entering the superconducting state.

The upper critical field has a large low-temperature limit which has been
estimated to be above the Pauli paramagnetic value in at least one study
(although not in others).

Different interpretations of these experimental data abound, most notably that

the onset to superconductivity occurs above the coherence temperature which marks
the beginning of well defined Fermi-liquid behaviour. We note that, even if this is
true, the superconductivity occurs in the absence of a well defined Fermi-liquid state
so that it is meaningless to use a quasiparticle picture for the description of the
normal phase. We take points (1)+9) to represent the following picture: heavy
fermions arise in UBe13 in a non-Fermi-liquid state (evidenced by points (2) and (6)
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particularly) which is probably not due to a magnetic lattice Kondo effect (evidenced
by points (1), (3)~(5), (7) and (8)) but may potentially arise from a non-magnetic
Kondo effect. The logical candidate is the quadrupolar Kondo effect (Cox 1987b,
1988a, 1993, Kim ez al. 1995) (see also sections 2.2.1, 2.2.3, and 5.2).

In this body of theory, it has been established that the quadrupolar Kondo effect
can plausibly explain the thermodynamic data and dynamic magnetic response
measured in nuclear magnetic resonance, inelastic neutron scattering, and Raman
spectroscopy. In particular, the susceptibility arises from Van Vleck processes
(virtual excitations to excited magnetic triplet levels) which have a different physical
origin and overall energy scale from the specific heat coefficient. The low temperature
relaxation of the nuclear magnetic resonance corresponds to the triplet to non-
magnetic doublet peak shown in th schematic Van Vleck response of figure 71. This
peak has little overall spectral intensity and so is not clearly resolved in neutron
scattering data (although the more recent data of Goldman er al. (1986) may be
showing some evidence for this behaviour). The pressure-induced cross-over to
Fermi-liquid behaviour is heuristically explained by the increased hybridization
under restricted volume. This will lead to a high degree of overlap among the
crystal-field levels, pushing towards the full Hund rule multiplet physics. In this case,
the SU(N) approach would appear to favour a singlet ground state with a Fermi-
liquid excitation spectrum (Nunes ef al. 1986). This picture also receives support
from the NRG work of Koga and Shiba (1996, 1997) on a model for U ions in
tetragonal crystal field, where increased hybridization induces strong overlap with an
excited crystal-field singlet state that induces a cross-over from the two-channel
Kondo fixed point to a Fermi-liquid fixed point (although the associated singlet is
due only to potential and not magnetic scattering). Similar conclusions have been
reached in extensive studies by Sakai et al. (1997) and Shimizu ez al. (1998).

An interpretation of the unusual resistivity in terms of an infinite-dimensional
two-channel Kondo lattice picture has been given by Cox (1996) (see also section
9.3.2). In particular, it is argued that the finite resistivity is an intrinsic feature of the
two-channel lattice in the absence of an ordering transition due to the ‘spin-disorder’
scattering off the degenerate many-body clouds surrounding each Kondo site (see
sections 3.4.5, 5.1 and 6.1.4 for further discussion of this spin-disorder scattering). It
is noted that ordinary Kondo lattice behaviour cannot give the observed negative
magnetoresistance at low temperatures noted in this reference and by McElfresh et
al. (1993) (where an interpretation of the pressure-dependent y(7) data in terms of
the quadrupolar Kondo effect was given). It is possible that the positive magnetore-
sistance expected for the ordinary Kondo lattice is obscured by the superconducting
transition, but the large extrapolated residual resistivity goes against this interpret-
ation (essentially the resistivity is already very close to its T = 0 value by any
reasonable extrapolation scheme). The detailed scaling function predicted by the
theory of Cox (1996) does not agree with the experimental data, but this may well be
due to the oversimplifications induced by the infinite-dimensional limit.

At the time of writing, one main piece of experimental data is held up as an
objection to this point of view: non-linear susceptibility measurements (Chandra et
al. 1993, Ramirez et al. 1994). A response can be expected, and thus a low-
temperature positive susceptibility is anticipated which is non-divergent. The data
of Ramirez et al. (1994) show apparently divergent X‘” curves for both body
diagonal and principal axis fields. This would appear to rule out the quadrupolar
Kondo effect. Three concerns may be raised about the data.
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(1) o ) measurements on Th-doped samples by Aliev et al. (1995a, b) show the
antlclpdted amsotropy and roughly correct temperature dependence.

(2) There is anisotropy in X( which goes in the correct direction; if the body
diagonal curve is subtracted from the principal axis curve, a weakly divergent
response may remain.

(3) Points (1) and (2) suggest that an extrinsic origin to large negative nonlinear
susceptibility is possible. Contamination by large moment paramagnetic
impurities such as Ho®" ions can weakly affect the magnetic susceptibility
(which scales as the effective moment squared times the concentration of
impurities) while dominating the nonlinear susceptibility (which would scale
as the concentration times the fourth power of the effective moment?
However, this scenario would produce significant sample dependence to X
while the polycrystalline data of Aliev et al. (1995a, b) fall right on top of
those of Ramlrez et al. (1994). This would appear to argue against extrinsic
origin to X

8.2.6.2. CeCuxSi>. Careful recent studies of CeCuzSi2 coupled with attention to
the ternary phase diagram show the following (Steglich ez al. 1996).

(1) In the slightly Cu-rich region which has only a superconducting phase at low
temperatures and magnetic fields, the specific heat coefficient which has a
large slope at the superconducting transition continues to rise on initial
suppression of T. with magnetic field. This, as for UBei3, argues that the
normal state from which the superconductivity occurs is not a Fermi-liquid
state.

(2) The normal state has a dominant resistivity linear in 7 with a large (of order
3040 pQ) residual value. The linear term goes to zero in an applied magnetic
field while a T2 term grows, and an appreciable region over which T2
behaviour is seen in the resistivity opens up at precisely the region where
some kind of field-induced magnetic order occurs. The boundary of the T>
region tracks the boundary of the magnetic order. The linear term in p(7T)
vanishes at precisely the field where the magnetic order first arises.

Given the data for Laj-.CexCu22Si» discussed earlier in this section, it is
reasonable to propose CeCuzSiz as a candidate magnetic two-channel Kondo lattice
system. In terms of the infinite-dimensional resistivity theory used to interpret UBe13
(Cox 1996) (see also section 9.3.2), the low-field behaviour is compatible with the
non-Fermi-liquid behaviour expected for the lattice. In higher fields, the combina-
tion of magnetic order with applied field induces a cross-over to Fermi-liquid physics
associated with the same cross-over in the impurity problem (cf. sections 4.2, 5.1,
6.1.2 and 7. 2) The cross-over scale in the infinite-dimensional theory would track
(Hmot + Hexl) [Tk, where Hmol is the molecular field associated with the magnetic
order and Hex is the applied field. This gives a rough interpretation of the high-field
T? region in the resistivity.

8.2.6.3. PrinAg>. This is the first compound studied in a promising programme
to look for quadrupolar Kondo physics in lanthanide intermetallics (Yatskar et al.
1996). In this material, neutron scattering confirms that the Pr ions are in a I3
ground state. The material shows anomalous properties, although not so unusual
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as UBei3. The specific heat at low temperatures is large (C/T tends to a low-
temperature value of around 6Jmol K™2!) which is strongly indicative of Kondo
effect physics. There is a pronounced region of - In T behaviour in the specific heat
prior to saturation. However, the residual resistivity is clearly finite, although the
low-temperature behaviour is not quadratic in the temperature. There is no
evidence for long-range quadrupolar or superconducting order.

The discovery of the first unambiguous quadrupolar Kondo lattice candidate
presents reasons for theorists such as the present authors to feel both excited and
challenged. In particular, this result stands in stark contrast with the d = 00
calculations discussed briefly above in relation to UBei3 and more in section 9.3.2,
where a residual resistivity is present for the lattice.

A tentative reconciliation of existing theory, data for UBei3s and data for
PrinAg> may rest upon ‘banding’ effects which are excluded rigorously in infinite
dimensions. Namely, for the quadrupolar (magnetic) two-channel lattice, inclusion
of realistic interorbital hybridizations leads to a k-dependent splitting of the spin
(channel) states in momentum space, except at special points in the Brillouin zone
(only the I 'point and X point (zone corner)) for the cubic lattice have degeneracy of
the spin (channel) labels). As argued later in section 9.3.2, these effects manifest in
the k dependence of the self-energy which enters as a 1/d' /> correction. This splitting
is of no concern in the conventional single-channel Kondo lattice where only one
band plays a role in the physics. However, in this case, a new route to Fermi-liquid
physics is offered; if the self-consistent band splitting is small compared with the
lattice Kondo scale, the system will pass close to the non-Fermi-liquid fixed point
prior to reaching a ground state which removes the residual degeneracy of the two-
channel Kondo screening clouds. However, if the renormalized splitting exeeds the
two-channel scale, a novel metallic state will be formed in which the finite
paraquadrupolar susceptibility stabilizes the system against quadrupolar and
collective Jahn-Teller ordering. Of course, if the intersite coupling or strain—
quadrupole coupling exceeds the Kondo scale and banding energy, this will
separately cut off the non-Fermi-liquid physics. If the Kondo scale exceeds the
intersite strain—quadrupole coupling and banding energy, we create the situation
most favourable for the formation of a heavy-fermion superconducting state
through odd-frequency staggered pairs.

Regardless, this is an exciting experimental development and offers a number of
directions. For example, PrPbs is also a cubic system with a I'3 ground state, but in
this case collective Jahn—Teller order does set in at low temperatures (Niksch et al.
1982). However, only about (R/2)In2 entropy is removed per Pr at below the
ordering transition. Moreover, dilution studies might reveal a pure quadrupolar
Kondo ground state in the impurity regime. The study of such Pr-based compounds
will be a very interesting new thrust to watch in the coming years.

8.2.7. Summary

Six heavy-fermion alloys show non-Fermi-liquid behaviour for which leading
candidates models are the two-channel quadrupolar Kondo effect for the five U-
based alloys, and the two-channel magnetic Kondo effect for the Ce alloy. This
picture explains most data but runs up against difficulties in explaining resistivity
data for most of these systems. This picture naturally explains the ubiquity of U-
based alloys, since the quadrupolar Kondo model is far easier to obtain than the
two-channel magnetic model (cf. sections 2.2, 3.4.4 and 5.3). An intriguing experi-
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mental correlation is that five of these systems become heavy-fermion super-
conductors when the U or Ce sublattice is fully occupied. This covers the known
heavy-fermion superconductors excluding UPt; for which no Th-based reference
compound exists (with the same crystal structure). Two of the heavy-fermion
superconductors (UBei3s and CeCusSi») have superconducting transitions which
occur relative to normal phases which are not describable in terms of well defined
Fermi-liquid quasiparticle states. There are promising signs that UBe13 is describable
as a two-channel quadrupolar Kondo lattice, and CeCuzSi> as a two-channel
magnetic Kondo lattice. On the basis of the above discussion, all these systems
warrant further study to clarify the origin of the non-Fermi-liquid behaviour and
whether its origin is in impurity or lattice versions of the two-channel Kondo model.

9. Related theoretical developments

9.1. Related models
9.1.1. Connection to Coulomb blockage physics

The basic idea of the mapping of the Coulomb blockage to a multichannel
Kondo model hinges on the ability to view the charge variables as a pseudo-spin.
The dynamical charge fluctuations in a small metallic particle can be described by a
pseudo-spin if the number of electrons is fluctuating primarily between two integer
values N and N + 1 with all the other charging states neglected. It is precisely this
situation which is called the ‘Coulomb blockade’. The origin of the restriction to two
charge states arises from a proper setting of applied voltage to the metallic particle
and a sufficiently small capacitance so as to create a large charging energy that
effectively takes charge states..., N- 1, N+ 2,...off to very large energies.

Such systems can be fabricated using nanotechnology methods. First, a two-
dimensional electron gas is produced in a semiconductor through quantum well
formation. Then additional electrodes are added on the top of the device to produce
potential shifts in the quantum well and to ‘pinch’ the constriction through which
electrons enter the blockage region, as shown in figure 109. The Coulomb energy in
the metallic particle or quantum dot may be expressed in terms of the capacitance C,
gate voltage V; and dot charge Q as

(Q' Cng)z_ ng Vé
2C 2

where g is a geometric factor. By changing V, the charge corresponding to the
minimal energy is fixed. This procedure is unique except when CgVe = (N + 1/2)e.,
where N is an integer. In this case the Coulomb energies of the N, N + 1 dot charge
configurations are degenerate and this gives rise to strong charge fluctuations
between these two states (figure 110).

The coupling of the quantum dot to the external electrode is via the link of figure
109 which is characterized by the transmission amplitude 7. The number of electrons
can fluctuate on the dot and, if the amplitude T is gradually increased, the charging
steps of figure 110 can be washed out. This has been seen experimentally (Pasquier et
al. 1993, van der Vaart et al. 1993). More sophisticated arrangements have since been
constructed by Molenkamp ez al. (1995), Waugh et al. (1995), 1996), Livermore ef al.
(1996), where two quantum dots connected by a weak are constructed in a similar
manner to figure 109. In this case, the charge fluctuation between the two
symmetrical dots can be studied in a very controllable way.

_0 _
E=55 g0 = (9.1.1)
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()

gate

Figure 109. Quantum dot device (for Coulomb blockade). (a) The voltage applied to the

shaded areas localised the electron states in the area of the dot and the electrode
which are connected by the gate. The gate voltage V controls the charge in the dot,
while the strength of the link between the electrode and the dot can be adjusted by
the auxiliary potential ¥, which controls width and the potential height of the gate.
The electronic wavefunctions are appreciably non-zero only within the solid line. (5)
The area of the gate is enlarged, and the wavefunction in this region has the form
given by equation (9.1.2).

Q

",
~.
~,
~,
N,
X!

Figure 110. Average quantum dot charge as a function of bias number N = CgVy fe (cf.

equation (9.1.1)). The solid line is in the limit of zero transmission coefficient,
indicating that, in this limit where no charge leakage arises, the charge on the dot is
quantized. If N is half-integer, then the charge is not well defined in this limit. For
non-zero transmission amplitude, the number of electrons in the dot can fluctuate, so
that the time average of the charge (Q Ydeviates from an integer value (dotted curve).
Further increase in the transmission amplitude can lead to a complete wash-out of
the charging steps (light solid curve).
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Now we turn to the connection of this system to the multichanel Kondo model as
discussed by Matveev (1991, 1995) and Matveev et al. (1996a, b) (see also Falci et al.
(1995), where a path integral method is applied). The key idea is again the mapping
to the pseudo-spin as discussed above. The charge change about the biased value of
(N + })e is then analogous to the magnetic polarization of a spin impurity, and Vy is
analogous to a magnetic field. The tunnelling of electrons into and out of the dot
which changes the charge states then plays the role of a transverse coupling in the
spin model, or of the assisted hopping in the TLS Kondo model of section 2. The
capacitance C plays the role of the magnetic susceptibility. As in the TLS and
quadrupolar Kondo effects, the real magnetic spin is a spectator field and gives rise
to the channel index. In principle, by regulating the auxiliary gate voltage V. of
figure 109, the number of channels can increase beyond two by allowing occupany of
more than one transverse subband. In this, one assumes the wavefunctions on either
side (electrode or dot) are given by

l/)(x, ¥) = ¢u(p) exp (ikx) (9.1.2)

with energy E.(k) = E,+ k*/2m™. However, in practice the fillings of different
subbands will not be identical, meaning that channel degeneracy between occupied
subbands will not be satisfied. Hence, in contrast with the work of Matveev
(1991, 1995) and Matveev et al. (1996a, b) one can expect that the condition
CVy= (N + 1/2)e is satisfied for charge fluctuations only in one subband, so that
the only stable fix point must be a two-channel one (see also Golden and Halperin
(1996a, b)).

The main goal of the theory is to calculate the profile of the charging steps shown
in figure 110 as a function of the transmission coefficient T. Assuming just a single
subband, the effective model Hamiltonian has been formulated by Matveev (1991)
and is given by

= 3y + 3y, 9.1.3)
where
2
Ho Zekc};cc;m + Zepc;ccpc + % + 60 (9.1.4)
and
Hp = Z(zk,,c};ﬁc,m + he) (9.1.5)
G

with k indexing states on the left of the gate and p states on the right of the link. The
matrix element #, describes the weak transmission rate across the gate in a way
similar to the classic tunnelling Hamiltonian. All energies are measures with respect
to the Fermi energy, ¢ in equation (9.1.4) is the energy shift due to the applied gate
voltage. Q is the charge on the RHS (in the dot) measured with respect to the
occupied states, that is

0=e> [hecre- 0-6)] (9.1.6)

such that (Q(¢ = 0) >= 0.

To see the presence of Kondo-like logarithms in this problem, it is sufficient to
carry out perturbation theory in #, to second order. In that case, one obtains a
logarithmic singularity in {Q Yof the form
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2C-
@ Y= N.(0)N4(0) 7 ln( J|ch—+z|l) (9.1.7)

valid for - ¢/2C < ¢ < e/2C, where # is a suitably energy averaged matrix element,
and Ne(0) and N4(0) are the Fermi-level density of states for the electode and the dot
respectively. This result clearly demonstrates that the perturbation theory breaks
down as the steps of figure 110 are approached.

Next, Matveev (1991) looked at the region ¢ = - ¢/2C + u, withu < ¢ /C. In this
case, higher-energy charged states can be removed through the use of the projection
operators Po and P1 which restrict to charge Q = 0, 1 (it is clear that an equivalent
procedure can be followed for N, N + 1, with N arbitrary). Then the Hamiltonian

becomes
Zekczﬁckg + Zepczccpg) [Po + P ]+ euP,
(o) (o)

> >

Hor =

+ Z[tk,,c};ﬁcngl + ZZpCZGCkGPo] (9.1.8)
7

We distinguish two cases here.

(i) Point contact. In this case the transverse (y) dimension of the gate is
comparable with the Fermi wavelength 27t/kF so that the transverse part of
the wavefunction ¢, is always the same, for example ¢o. In this case a suitable
dimensionless coupling is g = Ne(0) N4 (0) |t|2, where ¢ is the Fermi level value
of tkp.

(ii) Wide-junction limit. In this case the dimension is large compared with the
Fermi wavelength and a large number of transverse subbands can contribute
(a number of order Mirans =~ Ak where A is the transverse gate area). As
mentioned above, however, the equivalence in this limit to a multichannel
Kondo model with M = 2Myans is questionable because the different
subbands have very different transmission amplitudes and occupancies.

The Hamiltonian of equation (9.1.8) actually has the two-channel Kondo form,
assuming just a single relevant subband, as we shall now demonstrate. Replace the
indices k, p now by k, o, 0= =3 corresponding to the electrode momenta (+) or dot
momenta (- ). By restricting to just the Q = 0, 1 subspace the projection operators
can be written in terms of 2 X 2 matrices, that is

3'[01:;6/(6};056/(%[1 O]+eu[0 O]
5 0 1 0 1
+z;( c;‘;+cck,-5[0 O]+c};_ ck,+g[0 1]), 9.1.9)
— 9 9 2 9 1 O ,,G % 9 O O

where we have replaced #, by the constant value near the Fermi energy. Equation
(9.1.9) can be rewritten in terms of spin-3 or Pauli matrices in the conduction pseudo-
spin space (electrode or dot index ¢, denoted by Pauli matrices ') and the ‘impurity
pseudo-spin’ (charge Q denoted by spin-+ matrices S') to give the form
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_ i 4L foot “t o o *
Hoy = E €k CloChoo + et = S7) + E (ChosCaa CkarsS™ F CrosOan, ChroraS )
Oo kk-00c

(9.1.10)

which has the form of a purely transverse two-channel Kondo bare coupling in a
magnetic field & = eu and transverse coupling J| = ¢. The channel index is the real
magnetic spin index, as in the quadrupolar and TLS Kondo models. It is worth
noting an oddity about this Hamiltonian, which is that the ‘impurity spin’ enters
solely through the Hilbert space restriction to the Q = 0,1 subspace. This means that
the ‘impurity’ spin is composed from the same electrons which form the dot portion
of the continuum states. This rather odd situation is certainly to be distinguished
from TLS, magnetic or quadrupolar Kondo effects where the continuum states and
impurity pseudospin states form disjoint Hilbert spaces.

Starting with the planar 2 Mians Kondo model and using either multiplicative
renormalization group methods (Matveev 1991) or bosonization methods (Matveev
1995), for u — 0, one approaches an intermediate-coupling fixed point at tempera-
tures small compared with the Kondo scale

ex -
Pl an(0),

where N(0) = EVe (0) N4 (O)]/ 2 D = (DeDa)'? and D; is the bandwidth on the electron
or dot side. Using the results from two-channel Kondo theory the average charge is

ks Tk = Do(N(0)J )Mo (9.1.11)

e
ks Tk eu
and the effective dot capacitance is then

- 62 Fed - Ll B

ow’ Tx t T
for temperatures T < Tk, where Feq is the free energy per electron of the electrode—
dot system.

In the latter paper (Matveev 1995), the ‘tunnelling’ formulation is avoided by the
introduction of a narrow conducting gate (see figure 109 (b), where the electronic
charge density is determined by the energy of the electrode and the dot. In this case,
the electron energy varies continuously going through the gate, and therefore the
bosonization technique can be applied. In this case the transmission coefficient can
be large, with g of order unity, in which case the smeared step in figure 110 is
replaced by a straight Ohmic line that is only slightly modulated near the special
integer and half-integer charging values. Considering the theory of the coupled dots
studied by Waugh et al. (1995, 1996) and Livermore et al. (1996) we refer to the
studies by Golden and Halperin (1996a, b) and Matveev et al. (1996a, b).

<Q>-§N - ln(ﬂ) 9.1.12)

Cerr = (9.1.13)

9.1.2. Hopping models with several sites

The concepts of the TLS Kondo model can be generalized to more than two sites,
with the sites forming either a lattice or a cluster. In the first case, a proton or muon
hopping between interstitial sites is a good candidate, while the second may be
realized when in a crystalline solid a larger atom is replaced by a smaller atom such
that the substituent atom sits in a cavity where several equivalent potential minima
are present. We believe that the Pbi- vGe.Te described in section 8.2 presents one
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such example. In amorphous metals, the formation of three or four almost degnerate
sites can be ruled out by the stress due to the non-uniformity. In contrast, for
example in Pbi- «GexTe, much less stress is expected because the substituent atoms
provide the disorder (note the recent papers on more than two sites by Tsvelik
(1988), Vladar (1991), Zarand (1996) and by Moustakas and Fisher (1997)).

The Hamiltonian for the lattice system is given by equations (2.1.37)«2.1.39),
where the heavy particle is created by h» at lattice position R, and the conductlon
electrons form a band. The single heavy particle hops on a lattice, so that its
dispersion in the absence of coupling to the conduction electrons is described by a
tight-binding band with width proportional to the one-site hopping rate. We use the
notation for the momentum space heavy-particle operator hg defined by

& 1 > o .
. . i
G= iR ) EXp (=10 R) h. (9.1.14)
o N ; R

h

Electron-assisted hopping (see figure 9) connects neighbours separated by displace-
ment ad where a is the lattice spacing and 6 a unit vector assuming that the heavy
particle hops on a simple-cubic lattice.

With this notation, the interaction Hamiltonian described by equations (2.1.38)
and (2.1.39) has the form (Zawadowski 1987)

N
» + s - " "
Hine~ HZ - V+§”ZCOS( Q—QQ“ 5a) h hg.cp, o (9.115)
6,0 +k-=Qnr+knt S

The non-local nature of the assisted hopping shows up in the second term of that
Hamiltonian as a form factor. The momentum is conserved to within a reciprocal-
lattice vector. Th calculation of the two second-order diagrams for the scattering
amplitude shown in figure 2 can be performed straightforwardly, and the diagrams
to order u*> do not cancel each other because of the presence of the form factor in
equation (9.1.15). Actually, new form factors can be generated. The two- and three-
dimensional cases are very complicated because an infinite set of couplings is
produced in that way. The situation simplifies in one dimension because only one
new form factor is generated and the couplings correspond to forward and backward
scattering in the problem of the one-dimensional electron gas. The renormalization
results in logarithmic terms where the low-energy cut-off is due to the spontaneous
hopping of the heavy particle on the lattice. From that work it is learned that the
form factor of the assisted hopping makes the model non-commutative. The cluster
problem has been discussed recently by Zarand (1996).

In general, we expect these results to be most relevant to the finite cluster limit
because the sites can be close to each other (on the scale of a lattice spacing) whereas
in the lattice the overlap of the heavy-particle wavefunction from site to site is apt to
be very small. It is important to note that the low-energy cut-off here is due to the
spontaneous hopping, as mentioned above.

We now turn to the related problem of occupation dependent hopping. These
models are given by the Hamiltonians (2.1.40) and (2.1.41) and by an additional
heavy-particle-light-particle Coulomb interaction acting between the light particle
and heavy particle on the same atomic site. The idea is that, in the presence of a light
particle, hybridization is assisted between light and heavy particles. The heavy
particle is assumed to correspond to a weakly dispersed electronic band in this case
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as opposed to a muon or proton. The advantage of these models is that the heavy
particle hybridizes with the conduction electrons so that the heavy-particle wave-
function overlap does not appear and limit the physical relevance of the model. The
model becomes non-commutative, because the light-particle-assisted hybridization
has a form factor tV(R,g which has a simple Fourier transform proportional to

- - > s T
t(kl,kz;k3) = texp E(kl + k- k3)- &t] (9.1.16)

if the light-particle occupation with spin o assisted a light particle of opposite spin to
hop to a neighbouring heavy site. In equation (9.1.16) the momenta k1 and k> refer
to the annihilated light particles and k3 to the created light particle.

It is quite easy to show that the number of newly generated form factors remains
finite on renormalization, and that their form can be generated from equation
(9.1.16) by omitting one, two or all three of the momenta in that form factor. (The
situation is somewhat different if the Coulomb interaction takes place on neighbour-
ing sites.) The vertex equation for this problem can be solved in the leading-
logarithm approximation and results in an enhancement of the bare assisted
hopping. There is a low-energy cut-off in this problem set by the heavy-particle
energy en (measured with respect to the fermi energy). This parameter is crucial, as it
can be shown that it is not renormalized to zero upon scaling of the bandwidth. This
therefore cuts off the logarithmic divergence of the vertex function. The attractive
feature of the model is that a mass enhancement of the conduction electrons together
with a strong anisotropic pairing interaction are generated from this relatively simple
source, namely angle-dependent form factors in the interaction matrix elements.
Typical diagrams are shown in figure 111.

An interesting competition arises between the mass enhancement and the
superconductivity. The highest T. for superconductivity from this mechanism can
be obtained when m* = 2m.. Much higher mass enhancements can be obtained, but
in that case the superconductivity is essentially suppressed to zero temperature as the
wavefunction renormalization z < 1 (Penc and Zawadowski 1994). We note that
these Coulomb-assisted hopping models may be considered in dilute or lattice limits
and may be of relevance for those heavy-fermion systems in which the f level is close
to the Fermi energy (on the scale of en /Er < 0.1, say), or for those superconducting
compounds in which atomic orbitals are near the Fermi energy and are weakly
hybridized with the conduction electrons so that they form a heavy band
(Zawadowski 1989b, ¢).

(@) ()

Figure 111. Diagrams for Coulomb-assisted hybridization of light and heavy particles: (@)
conduction electron self-energy, where the wavy line is the interaction, the light lines
are conduction electron propagators, and the bold line represents the heavy-electron
propagator; (b) the induced electron—electron interaction brought about by this
coupling.
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Finally, we discuss the related impurity model proposed first by Si and Kotliar
(1993a, b) and somewhat later by Giamarchi et al. (1993). We discuss the latter paper
in this paragraph, although the former papers by Si and Kotliar (1993a, b) provide a
more general perspective. The model Hamiltonian is

. t . . 1 + .
H= ZGkC/L[Ckl + W (e h+ hiere) + ﬁ; Vi(eh et - DA h-3),  (9.1.17)

where the operator c};, creates a spinless conduction electron in angular momentum
state / about the impurity with radial momentum k, and A" creates a ‘heavy’ particle
at the impurity site. The hybridization is assumed to occur only in one of the angular
momentum channels (/ = 0), but the Coulomb screening takes place between all the
channels with the impurity. Because of the large number of channels, it turns out
that an electron can be confined to the impurity orbital as T — 0, and this gives rise
to non-Fermi-liquid behaviour. Clearly this model is much simpler than the previous
models, because the interaction term has no form factors and is therefore commu-
tative. The attractive feature of the non-Fermi-liquid behaviour is, however, limited
to the situation when the localized orbital sits precisely at the Fermi energy. As soon
as one shifts it off by energy ep, the logarithms are cut off and Fermi-liquid behaviour
is recovered. Unfortunately, just as in the previous model, the energy en is not
renormalized (in the spinless case) upon scaling (Zawadowski and Zimanyi 1985).
Physically it is hard to accept that accidentally small values of en /EF are likely to
occur. In the spinful case, en is renormalized, although in the lattice for a suitably
generalized model it can be pinned at the Fermi energy for a wide parameter range
(Si and Kotliar 1993a, b, Si 1996).

In conclusion, it can be said that the impurity models of this type are attractive
only if the couplings are non-commutative so that they can be enhanced by the
logarithmic terms in perturbation theory. However, owing to the infrared cut-off
imposed by ey, tthey are not good candidates to describe non-Fermi-liquid systems.

9.1.3. Application of two-channel models to the cuprate superconductors

Emery and Kivelson (1993a, b, 1994) have proposed a number of other models
for realizing the two-channel Kondo effect in the context of explaining marginal
Fermi-liquid theory in the cuprate superconductors. We shall briefly mention here
two of them, both of which hinge critically upon the idea of phase separation in the
cuprates.

First, the idea came of a quantized hole running in a bound state around the
boundary of a region of short-ranged magnetic order. The idea is to think of the
orbital moment of the hole as the longitudinal component of the pseudo-spin. A
counter-clockwise traversal of the boundary would count as an up pseudo-spin, and
a clockwise traversal would count as a down pseudo-spin. A mobile electron outside
the domain can flip the orbital moment of the hole. Since the real spin of the electron
is a spectator, this is argued to map to a two-channel Kondo problem.

A second realization is that of a small region of segregated holes. If a motion of
the region can be triggered by a passing carrier, there will be a net flip of an electrical
dipole moment. Because the electric dipole moment is independent of the magnetic
spin of the carrier, this again is expected to map to a two-channel Kondo problem.
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9.2. Majorana fermion approach to the two-channel model

Coleman and Schofield (1995) and Coleman et al. (1995) have developed an
alternative approach to the two-channel model using Majorana fermions to
represent the conduction electrons. Thee mapping to the two-channel model rests
upon introducing a single-channel model in which the impuritty spin couples not
only to the conduction-electron spin but also to their isospin or axial charge. This
introduction of Majorana fermions has some of the same flavour as the approach of
Emery and Kivelson (1992) and Sengupta and Georges (1994); in particular, the
residual entropy, logarithmically divergent specific heat and susceptibility, and
marginal local dynamic susceptibiility emerge from the presence of a decoupled
local Majorana degree of freedom. However, in contrast with the bosonization
route, firstly no exchange anisotropy is introduced, secondly the Majorana fields
emerge immediately at the initial stages of calculation, and thirdly the non-trivial
fixed point, rather than being at intermediate coupling strength, is removed to strong
coupling. This has an advantage in that, while the intermediate-coupling fixed point
is not accessible to any finite-order perturbation theory schemes, an explicit
perturbation theory may be set up about the strong-coupling fixed point in powers
of the hopping over the exchange integral.

The non-trivial physics then emerges from the undispersed local Majorana
fermion, which may be viewed as a bound state of three other Majorana fermions.
This method has been used to lend support to the idea that the channel anisotropic
two-channel model is in fact a non-Fermi liquid in contrast with conformal field
theory and numerical renormalization group results but in agreeement with Bethe-
Ansatz calculations. The particular representation of the model in terms of spin and
isospin does not generalize to the two-channel Kondo lattice; however, a lattice
extension does exist and we shall discuss that later in this subsection.

The primary approach is outlined in the paper by Coleman ez al. (1995) and we
shall follow their arguments here The first step is to write down the following
Hamiltonian for a single channel of conduction states, restricted to a one-dimen-
sional chain assumed to represent the radial quantization discussed for the NRG and
conformal field theory approaches:

=ity Lo+ Deolw) = b+ 7 87 Fel0) + (0] 9.2.1)

n O

where oc(0) is the conduction spin density at the origin where the impurity sits, and
7(0) is the isospin density. Because the low-energy spin and isospin degrees of
freedom decouple, correlation functions of the two-channel model involving con-
duction spins from each channel are completely equivalent to correlation functions
of the model specified by equation (9.2.1) where one of the channel spins is replaced
by spin, and the other by isospin. This equivalence may be established formally and
is done so in an appendix to the paper by Coleman et al. (1995). These workers called
this a ‘compactified” Hamiltonian in that uncoupled degrees of freedom are removed;
this jargon does not refer to the application of compactification of dimensions used
in string theory.

An unusual aspect of equation (9.2.1) is that the analogue to overcompensation
of the two-channel model is not possible at any finite coupling strength because in
view of the Pauli principle it is impossible to have both maximal spin and isospin at a
given site. As a result, the non-trivial coupling fixed point is pushed off to infinite
coupling strength. Practically, this corresponds to a change in the cut-off procedure;
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because only the first two perturbative terms in the 8 function are universal in form,
higher-order terms can shift the fixed-point coupling around. The particular choice
here shifts it to infinity.

The next step is to replace the conduction electrons by Majorana fermion
variables. An explicit representation in terms of ‘scalar’ and ‘vector’ Majorana
variables is

(i)l (n) = (01)21—1,2 [ - i) - 5] 9.22)

where & are Pauli matrices and the ¥' (i=0,1,2,3) obey the Majorana anti-
commutation relations

{lp(i)’ ) } =25, (9.2.3)

In terms of these Majorana variables, the spin plus isospin combination of equation
(9.2.2) may be written as

() +2(n) = -i%(n) x ¥(n). (9.2.4)

The i= 0 Majorana component has the interpretation of a ‘charge’ degree of
freedom, and the i = 1,2,3 components make up a ‘spin’ vector.

Since the coupling flows towards infinite strength, the fixed-point Hamiltonian at
zero temperature is simply

- —

Hoo = = iT Simp X (#(0) x #(0)) 9.2.5)

which has a twofold degenerate ground state corresponding to either a net spin
singlet or an isospin singlet (in this model the impurity has the rather bizarre feature
of either playing the role of spin or isospin). The degeneracy is implied by the
presence of the Majorana fermion operators v and

o =-2iv"0)¥?(0)¥™(0) (9.2.6)

both of which commute with the fixed-point Hamiltonian. Application of the
complex fermion combination (= (¥ 9(0) - i®) /2! will allow one to flip back
and forth between the spin and isospin singlet states. The excited states of this
Hamiltonian are spin and isopsin triplet states.

Adding the hopping back in to the nearest-neighbour site on the chain, one may
admix singlet and triplet states of the strong-coupling Hamiltonian. If one eliminates
the virtual triplet fluctuations through a canonical transformation that projects to
the singlet levels, the resulting effective Hamiltonian is, for the ‘spin’ sector,

o0

3 = itz i+ 1))+ ooy (1) w?(1)w? (1) (9.2.7)

9

where o= 373 /4J 2, and the now strongly coupled state at the origin is explicitly
excluded. The form of the interaction term in this Hamiltonian is very similar to that
of equation (6.2.20) introduced by Sengupta and Georges (1994) within the Emery—
Kivelson (1992) bosonization approach. The @ fermion of equation (9.2.7) plays the
same role as the 4 fermion of Sengupta and Georges (1994) and as a result
contributes a residual ‘half’ degree of freedom to the entropy. Indeed, perturbation
theory in o about the fixed point may be carried out, and the diagrammatics are
precisely analogous to the work of Sengupta and Georges (1994), so that %(T) and
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C/T are second order in @, diverge logarithmically with the temperature and have a
Landau-Wilson ratio of & Moreover, firstly the mixed susceptibility in which one
line is a @ propagator and the other a ¥ propagator is marginal in form (Varma et
al. 1989) and the calculation is completely analogous to that of equation (6.2.38),
secondly the self-energy of the ¥ fields is ‘marginal’ (Varma et al. 1989) in that
Zy(w,T)~ - wln (0/w: + imax {w, T } and the calculation is precisely analogous to
that of the ‘spin’ fermion self-energy of Emery and Kivelson (1992) (see equation
(6.2.42)) and thirdly the self-energy of the @ fermion is regular, with an imaginary
part that vanishes as T2. It is this quasiparticle-like sharpness to the @ state which
supports the marginal behaviour at low temperatures.

Coleman et al. (1995) then extended the model in two different ways. First, they
noted that the original Hamiltonian enjoys an O(3) symmetry. A well regulated
large- N expansion may be obtained when this is extended to O(N). For even N the ¥
self-energies are analytic, while for odd N they are non-analytic. However, no
divergent thermodynamic properties arise apart from the physical case N = 3.

Second, they extend the model specified by equation (9.2.7) to the lattice and note
that the @ fermions of each site will acquire a dispersion in the lattice which will lift
the residual entropy and induce a cross-over from the non-Fermi-liquid state; the
estimated cross-over scale is of /¢ which is of the order of the induced ¢ hopping
through the ¥ fermions. This lattice generalization is not the same as the two-
channel Kondo lattice model, but nonetheless offers a potential theoretical play-
ground for understanding non-Fermi-liquid behaviour in a lattice model.

Coleman and Schofield (1995) have also considered the situation in which the
spin and isospin channels of equation (9.2.1) are not identical, which then simulates
the channel-spin anisotropy of the original two-channel Kondo model. They found
within this formalism that channel anisotropy may not drive the physics to a Fermi-
liquid fixed point. This possibility was anticipated by Andrei and Jerez (1995), who
suggested that marginal operators could allow a flow to a line of non-Fermi-liquid
fixed points in the overcompensated model with exchange anisotropy, but called for
further studies of asymptotic correlation functions to support or refute this
conjecture. This consideration does not at all affect the thermodynamics presented
by Andrei and Jerez (1995).

The parent O(3) symmetric Anderson model which maps to this compactified
Kondo model in the limit of large Coulomb repulsion has recently been studied with
the NRG by Bulla and Hewson (1997). They found that the calculated properties are
indeed in agreement with those of the two-channel Kondo model but, rather than a
non-Fermi-liquid fixed point in the presence of spin—isospin symmetry breaking
(analogous to channel anisotropy for the two-channel model), the cross-over is to a
Fermi-liquid fixed point. These NRG results are independent of the Coulomb
repulsion U in the O(3) Anderson model, indicating that the correspondence to
the non-Fermi-liquid fixed point has greater validity than anticipated by Coleman
and Schofield (1995). This has been further confirmed by weak- and strong-coupling
perturbation studies by Bulla ez al. (1997).

Finally, Schofield (1997) has shown that the Emery—Kivelson (1992) bosoniza-
tion can be easily extended to yield a description in terms of the compactified or
o - T model, further cementing the equivalence of this formulation to the two-
channel model.
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9.3. Steps towards the lattice problem
In this section, we shall briefly overview the steps made to extend the theory of
impurity models to the lattice. These steps consist of studies of two-impurity single-
and two-channel Kondo models, which we discuss in section 9.3.1, and approaching
the problem from the ¢ = 00O limit (where d is the spatial dimensionality) which we
discuss in section 9.3.2.

9.3.1. Two-impurity model

The two-impurity Kondo model has proven to be a source of non-Fermi-liquid
physics in both the single- and the two-channel cases. It is of interest to review the
single-channel model first, both to set the tone of the discussion and to note a strong
similarity between a non-trivial fixed point of that model with the two-channel one-
impurity model, first stressed by Gan (1995b). Following that, we shall overview the
more complex physics of the two-impurity two-channel Kondo fixed point.

For both the single- and the two-channel models, a competition results between
the Kondo effect and the intersite impurity coupling Ruderman—Kittel-Kasuya—
Yusida (RKKY) interaction). For antiferromagnetic RKKY interaction, non-trivial
non-Fermi-liquid fixed points develop for particle-hole symmetric limits of the
models. For the single-channel model, a single (unstable) non-trivial fixed point
emerges, while for the two-channel model an entire sheet of non-trivial fixed points
emerge with continuously tuneable exponents. However, in the case of the single-
channel model, the non-trivial fixed point is removed with particle-hole symmetry
breaking associated with asymmetry of the density of states about the Fermi energy
or the addition of potential scattering. It is not yet clear whether the manifold of
fixed points is removed in the two-channel model, but the bias based upon the single-
channel results is that it is removed.

9.3.1.1. Single-channel two-impurity model. The Hamiltonian for this mode is
simply

H=Y e o, + JZE(E)-SC(E), 9.3.1)
ko J=1

where j indexes the site of the two impurities. Although at second order in J, TKKY
interactions between the impurities will be generated, a ‘bare’ interaction term
- IbS1(R1) - S1(R>) is often added to equation (9.3.1) to allow for greater tuneability
of the model parameters (with this convention, I < 0 is antiferromagnetic). This
model possesses a non-trivial fixed point for suitably defined particle—hole symmetry
at antiferromagnetic RKKY coupling, as was first identified by Jones and Varma
(1987) and subsequently characterized by Jones et al. (1988).

It is convenient to project the conduction electrons into local channels which are
of even and odd parity about the midpoint of the line between the two impurities. It
is only these states which couple to the impurity. The projection allows for a
reduction to an effective one-dimensional problem analogous to that of the two-
channel model as outlined in section 6.1. Assuming a symmetry conduction band of
width 2D, the projected local annihilation operators are (Silva et al. 1996)
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1 . .
Cog+ — Aifl) deﬁS;&e - ek)EXp (1/? 7?1) iexp (1/? 7?2)]2/?6

I'ﬁ sin (kRp2)\ '
= +—
Ax L Ceci( 1+ kR

where A+ is a normalization constant, Rz = |7?1 - 7?2| and + (-) indicates even
(odd) parity about the inversion centre. Note the correspondence to the operators for
the TLS defined in equations (B.1.5a) and (B.1.5b) of appendix B (also, the *
corresponds to the e(o) labels of Moustakas and Fisher (1995, 1996)). Defining the
square-root factor in equation (9.3.2) by N+(E)/A«, it is possible to write the
exchange interaction term of equation (9.3.1) as (Affleck et al. 1995)

s = 4B+ S 3 ) [,

X dGJ.DD dG/N[)( )Np( ) eypcefup

+3Bit) - Sk 3 ) [,

x de _r de” Ny(e)N-p(e7) €l pCerom p- (9.3.3)
-D

de (9.3.2)

9

As stressed by Affleck et al. (1995) and, more recently, in the context of the TLS
Kondo effect by Zaradowski et al. (1997), there are two kinds of particle-hole
symmetry relevant to such a two-site quantum impurity problem. First (type I), we
require that

Ny(E) = Ny(-E) and cop —> (- 1)'**¢ (9.3.4)

eup

which preserves the parity index. This simply says that the local parity projected
densities of states are invariant under inversion about the Fermi energy. Another
kind of particle-hole transformation (type II) corrresponds to the mapping of
electron minima to hole maxima for a nearest-neighbour tight-binding model (under
which k —k + Q/2, where Q = m(111) /a in three dimensions). In this case, parity
labels get interchanged and the symmetry is specified by

Ny(-E) = N_,(E) and cap —> (- 1)'** (9.3.5)

Coeu-p-

It turns out that, by considering, for example, a two-impurity Kondo model on a
nearest-neighbour lattice in one dimension, if the two sites differ by an odd number
of lattice spacings, the model is invariant under type 11 symmetry while, for an even
difference in the number of sites, the model is invariant under type I symmetry (Fye
and Hirsch 1989, Fye 1994, Affleck er al. 1995). In this particular model, the induced
RKKY couplings will be antiferromagnetic for odd separation and ferromagnetic
for even separation. Affleck et al. (1995) further noted that potential scattering will
break type I particle-hole symmetry but not type II particle-hole symmetry. In this
sense, type I particle-hole symmetry places a stronger constraint on the model.
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In the presence of particle-hole symmetry of type I. Jones ez al. (1990) have given
the following argument to explain the existence of a non-trivial fixed point: for zero
total RKKY interaction strength (bare + induced), the ground state will be char-
acterized by the independent impurity fixed point (two isolated and screened Kondo
impurities). This is a stable fixed point (there are only irrelevant operators about it),
and the phase shift in each parity channel is 7t/2. On the other hand, for infinite
antiferromagnetic RKKY coupling, the local moments are quenched into a singlet
with no dynmics remaining, and the phase shift for scattering off of the extended
singlet is zero in each channel. This fixed point is also stable for type I particle—hole
symmetry (no relevant or marginal operators about the fixed point). They also
showed that these two possible phase shift values, zero or 7t/2, are the only allowable
values in the presence of type I particle-hole symmetry. In consequence, as a
parameter such as the intersite coupling strength tunes between the independent
impurity fixed point and the antiferromagnetic singlet fixed point while type I
symmetry is enforced, there must be a point arising in which the phase shift jumps
discontinuously between 0 and /2. This implies a critical point separating the
stability regimes of the two different fixed points along the axis of the intersite
coupling (normalized to the one-impurity Kondo scale). The renormalization group
flow diagram for this model is shown in figure 112 in terms of the total intersite
coupling I = I(J) + Ip where I(J) is the induced RKKY coupling strength (meas-
ured in units of the Kondo scale). (Note that for infinite ferromagnetic I the odd
channel drops from the problem, and the model maps to the single-channel spin-1
Kondo impurity model, while in general, for ferromagnetic / < 00, a two-stage
Kondo quenching occurs of the net impurity spin (first even and then odd, or vice
versa), as first envisaged by Jayaprakash ez al. (1981, 1982). The universality class of
the successive quenching model is the same as the two isolated impurities fixed
point. )

The original NRG work of Jones and Varma (1987) and Jones et al. (1988)
together with the conformal field theory calculations of Affleck and Ludwig (1992)
and Affleck er al. (1995) confirms that the critical point is characterized by a second-
order transition, at which the staggered susceptibility, specific heat coefficient and
local pair field susceptibility in the spin singlet sector diverge logarithmically.
Moreover, the residual entropy is (R/2)In 2 and the Fermi level scattering rate is
at half the unitarily limit. These results have a strong similarity to the results for the
two-channel single-impurity model. It should be noted that the original NRG work
was based upon an ‘energy-independent’ coupling constants approximation.
Namely, the coupling strengths in equation (9.3.3) were set to their Fermi level

e 3]
! T |
VT =-® Vt =-23 I/t =0

Figure 112. Phase diagram of the two-impurity Kondo model with full particle-hole
symmetry. For I —.«, the system goes to the local singlet fixed point, which is a
Fermi liquid, in which the local moments just lock out in a singlet. For I = 0, the
local moments each are Kondo compensated (this is actually extended to positive
I < 00). Most striking is the non-trivial unstable fixed point for antiferromagnetic
RKKY interaction strength I /Tx =~ - 2.3. [Taken from Jones and Varma (1987), with
kind permission of the American Institute of Physics. ]
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value and the energy dependence ignored. This manifestly introduces full particle—
hole symmetry and thus to a critical point of some sort (as explained in the preceding
paragraph), although the non-trivial fixed point was an unexpected result (instead a
simple level crossing could have resulted).

Gan (1995b) has proposed that this critical point is very similar to the two-
channel single-impurity non-trivial fixed point. The idea is that the critical point is
identified by a doubly degenerate ground state in each case. For the two-channel
fixed point, the ground state has a double degeneracy in spin. For the single-channel
two-impurity fixed point, the double degeneracy corresponds to a level crossing in a
finite size spectrum. The levels roughly are described by the isolated Kondo singlets
on the one hand,, and the extended singlet on the other hand. The level degeneracy is
lifted by the deviation of the RKKY coupling from the critical value, and in this
sense the RKKY coupling plays exactly the same role as a spin field in the two-
channel Kondo model so that, for I- I # 0, the specific heat coefficient and
staggered susceptibility diverge as (7 - I)"?, similar to the 1 /Hszpin divergence for
the two-channel single-impurity model.

To understand why the mapping breaks down, it is helpful to mention a few
details of the conformal field theory approach to the model as explained in detail
by Affleck and Ludwig (1992), and Affleck ez al. (1995). They first considered a free-
fermion theory. For each parity channel of the free theory, when full
particle-hole symmetry is maintained, there is a global conservation of SU(2)
axial charge or isospin (as defined in sections 4 and 6.1) and the SU(2) spin
symmetry. Hence, the total free-field symmetry group may be taken to be
SU (2)150;, ®S U(2)Sp5+ ®SU (2)150’_ ®SU (2)Sp,_. The conformal charge of this
theory provides a dimensionless measure of the numbers of degrees of freedom
present in the Hamiltonian (it is technically defined in terms of the commutation
relations of the Fourier transforms of the real-space Hamiltonian density, which
obey the so-called Virasoro algebra when conformal invariance holds, a complete
discussion is beyond the scope of this paper (we refer the reader to Affleck et al
(1995) and references therein). Each of the SU(2) spin and isospin currents obey the
level kK = 1 Kac-Moody algebra (cf. the discussion in section 1), and each has a
conformal charge of ¢ = 1, so that the total conformal charge of the effective one-
dimensional model is cot = 4.

Now, the presence of the impurities breaks the S U(2)Sp5+ ®S U(2)Sp’_ spin
symmetry into a global SU(2) spin symmetry. The impurities do nothing to the
isospin symmetry, provided that we maintain full particle-hole symmetry. If the
Kac-Moody commutation relations are computed for these currents, one finds that
the level is k = 2. For a general k-level Kac—-Moody algebra, the conformal charge of
the resulting Sugawara Hamiltonian density quadratic in the Kac-Moody currents is
¢ = 3k /(k + 2). Thus, for example, for k = 1 we recover ¢ = 1 as claimed above,
while for k = 2 we obtain ¢ = 3. This means that the sum of conformal charges for
isospin and global spin currents is ¢+ = 2. However, the representation in terms of the
global spin current can be done for the free Hamiltonian which implies that we are
not counting all the degrees of freedom (or else we would obtain ¢ = cior = 4).

The missing conformal charge is ¢ =3. There is a unique unitary conformal
theory with conformal charge ¢ =13, and it is the Ising model. Hence, quite
surprisingly, the remaining degrees of freedom obtained after coupling to the
impurities and preserving maximal isospin and spin symmetry are that of the Ising
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model! As an example, in terms of the primary i =1 field 4, of the k = 1 isospin
algebra, the j =3 field gu of the SU(2)k = 2 spin algebra, and the order parameter
field o of the Ising model, the one-dimensional fermionic operators are given by

Yp (x) ~ () guo, (9.3.6)

where the 1 on the /4, field denotes the first component of the spinor field and the 7 is
the species label. The creation operator would pick out the second component of the
isospin spinor doublet. This operator has a scaling dimension of 3 since A, =1,
Ag =1 and A; =7z add up to 3.

Affleck and Ludwig (1992) first noticed that the non-trivial fixed point of this
model admits a very large SO(7) symmetry. Gan (1995a) proposed that this SO(7)
symmetry can be understood from writing a Majorana fermion representation of the
full model. The full free theory has an SO(8) symmetry in this representation as
discussed in section 6.3 (Maldacena and Ludwig 1996). In Gan’s (1995a) approach, a
siingle Majorana fermion is decoupled by the impurity leaving behind a global SO(7)
symmetry to the remaining free Majorana fields. It is apparent from the considera-
tion of these paragraphs, that a full mapping of the two-channel single-impurity
model to that of the two-impurity single-channel non-trivial fixed point (at particle—
hole symmetry) cannot be established; the symmetries of the problems are simply too
different.

It is unlikely that this non-trivial fixed point will be generically relevant to the
understanding of experimental data for heavy-fermion or TLS materials, although it
is possible that for some systems a cross-over region may exist regulated by the
properties of this fixed point. As shown in detailed studies by Jones (1991), the
addition of simple potential scattering induces a line of Fermi-liquid fixed points
between the two isolated impurity fixed point and the antiferromagnetic fixed point,
with continuously varying phase shifts. In extensive quantum Monte Carlo (QMC)
studies, Fye (1994) found no evidence for the non-trivial fixed point in nearest-
neighbour tight-binding models in both one dimension and three dimensions. In
retrospect, this is related to the breaking of type 1 particle-hole symmetry in his
calculations. Finally, Silva ef al. (1996) have performed an extensive series of NRG
calculations in which no approximation is made for the energy dependence of the
couplings. They do not find the non-trivial fixed point when they consider only the
two-impurity Kondo model (with Io = 0), but they do find that they can get close to
the non-trivial fixed point by shrinking the bandwidth parameter A = vrke; this has
the effect of dynamically restoring particle-hole symmetry. Further, they find that
they can scale all their data for specific heat coefficient and uniform susceptibility
onto common curves as a function of the bandwidth parameter and fixed impurity
separation. The specific heat curve is sharply peaked as a function of RKKY
interaction strength (tuned by J and A) which indicates that, at least for sufficiently
small asymmetry, it is in principle possible to observe a specific heat peak owing to
the proximity to the non-trivial fixed point.

9.3.1.2. Two-channel two-impurity model. To define the two-channel two-impurity
model, we simply augment the conduction bands of equations (9.3.1-9.3.3) by
channel indices. The phase diagram for ground states of this model, obtained from
NRG calculations under the assumption of energy-independent coupling constants,
is shown in figure 113, taken from Ingersent et al. (1992) and Ingersent and Jones
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free—electron even-parity
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Figure 113. Phase diagram of the two-channel two-impurity Kondo model. Relevant
parameters are the RKKY coupling strength (measured in units of the Kondo scale)
and the even-channel-odd-channel exchange asymmetry (vertical axis). Most striking
is the marginal sheet for negative RKKY coupling. [Reprinted from Physica B, Vol.
199-200, by K. Ingersent and B. A. Jones ‘Low-temperature physics of the two-
impurity, two-channel Kondo model’, p.402, © 1994 (Ingersent and Jones 1994),
with permission of Elsevier Science. ]

(1994) (see also Jones and Ingersent 1994). The most salient features are arguably
the following:

(i) an unstable non-Fermi-liquid fixed point at the origin, corresponding to the
isolated impurities; we should not be surprised that the isolated impurity
fixed point is unstable, as the Kondo spin clouds around each two-channel
site must eventually feel each other for T — 0 since the length scale of the
two-channel clouds is divergent (this is not the case for the single-channel
model);

(ii) stable Fermi-liquid fixed points for sufficiently large difference between even
and odd exchange coupling strengths;

(iii) a complete manifold of non-Fermi-liquid fixed points for antiferromagnetic
intersite spin coupling, with a marginally stable line marking the leftmost
boundary of this manifold.

We shall now discuss points (i)—(iii) in order.

The instability of the isolated two-channel single-impurity fixed point is often
simplistically pointed to as evidence of the irrelevance of the single-impurity model
to any realistic description of heavy-fermion or TLS materials. The difficulty with
this simplistic argument is that it ignores the quantitative aspect of cross-over;
namely, while the fixed point is unstable, it may still regulate the physics over a large
parameter range for sufficiently small values of the intersite coupling strength and
even—odd coupling difference. Indeed, as discussed in section 8.2, the apparent single
ion physics present for Thi- xUM2Si> (M = Ru or Pd) suggests that over a wide
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temperature range the two-channel single-impurity fixed point governs the low-
energy-scale excitations until some interaction physics enters (in this case, well below
1 K for the concentrations studied). At issue then is the need for quantitativeestimate
of the cross-over temperatures and exponents for this model.

In addition to the intersite interaction strength, the two-channel two-impurity
model has an additional relevant parameter, which is the asymmetry between even
and odd coupling strengths, with J,(0,0) = JN,(0), p = = The understanding of
this is as follows, argued for the case of zero intersite spin interaction: if Je differs
from Jo, then there are sufficient conduction degrees of freedom to screen fully the
spin for either channel; so whichever couples most strongly will simply drive the
system to the stable isolated impurity fixed point of the single-channel Kondo model,
a Fermi-liquid fixed point. We note that this cross-over is related to the ‘banding’ of
the electrons, in that we cannot retain twofold degenerate bands at all points of the
Brillouin zone for the full two-channel lattice. Here we are seeing that fact reflected
by the generic difference of even and odd coupling constants in the two-point
Brillouin zone of the two-impurity model. As noted in section 8.2, this banding effect
may be relevant for understanding the unusual behaviour of the quadrupolar Kondo
lattice candidate PrInA g (Yatskar et al. 1996).

A fortunate point about the cross-over to Fermi-liquid behaviour for non-zero
Je = Jo is that the cross-over exponent is extremely small. Specifically, the cross-over
temperature identified from the NRG (Ingersent and Jones 1994) is found from
|Je - Jo| ~ T« which gives a scale Teo ~ |Je - Jo|1/Ae°. Numerically it is found that
Aeo =0.1! This implies that, unless |Je - J0| [je =1, the cross-over is extremely slow.

Finally, we turn to the manifold of fixed points. Georges and Sengupta (1995)
have developed a complete conformal field theory (in concert with Abelian
bosonization) for the particle-hole symmetric model, which properly displays
continuously tuneable scaling dimensions to the primary field operators as the
intersite coupling strength is tuned, indicating that the intersite interaction is a
marginal parameter in the theory. This theory is considerably more complex than
that of the single-channel two-impurity model, and we shall not go into details here.
Suffice to say, as for the single-channel two-impurity model, it is a matter of concern
whether the non-trivial fixed-point manifold is robust to the lifting of particle-hole
symmetry.

9.3.2. d = o0 limit

Given the very interesting data on UBe;3 and CeCu2Siy, it is worth studying the
properties of the two-channel Kondo lattice. One regime where this can be carried
out rigorously is in the limit of infinite spatial dimensions where the lattice problem
becomes a self-consistent impurity problem.

9.3.2.1. Key ideas of the d — o0 limit. The procedure for going to the infinite
dimension limit is by now well known and has been discussed extensively in the
original work by Metzner and Vollhardt (1989) and Miiller-Hartmann (1989) as
well as two recent review articles by Pruschke et al. (1995) and Georges et al.
(1996). There are two key ideas, which we illustrate for simplicity on a hypercubic
lattice assuming a nearest-neighbour tight-bindng model for the conduction
electrons.
First, the energy dispersion relation in d dimensions is
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Figure 114. Self-energy diagrams for the two-channel Kondo lattice for d = 00. A broken-
line bubble represents a local moment susceptibility; a solid-line bubble represents a
conduction-electron susceptibility; wavy lines represent the exchange interaction. For
site indes i = j, the diagram is of order 1/d° while, for i # j, the diagram is at least of
order 1/d*”* which holds for nearest-neighbour sites.

d

= - ZIZCOS (kia), (9.3.7)

where ¢ is the tight-binding matrix element and « is the lattice constant. This can be
viewed as a sum of random variables, each distributed on the interval |- 27,2¢
Accordingly, the density of states must take a Gaussian form as d — 0O by the
central limit theorem. The width of the Gaussian is (2d)1/ ’t = £* To have a sensible
density l(g states in the limit, we obviously should hold ¢* fixed, which means that
t~ 1/d""-.

This scaling immediately implies that the self-energy becomes purely local in this
limit, as we illustrate in figure 114 for the two-channel Kondo lattice model. This
illustrates a contribution to the conduction electron energy in real space. If the sites
and j are identical, the diagram plus all higher-order diagrams will be non-zero.
However, suppose that i#j. Then the real-space conduction propagator
G(i,j,m) ~ =1 , where ||z - ]” measures the minimal number of nearest-neighbour
hops required to connect sites i, j. Because three intersite propagators appear in the
diagram and 7~ 1/d'/?, then clearly this self-energy contribution scales as d~ 3i-sl72
as d —>00. Note that, when i,j are nearest neighbours, we get the largest
contribution and, when Fourier transformed, this will give a momentum space
contribution scaling as 1 /d' /.

Because the self-energy becomes purely local, the problem is reduced to an
effective impurity problem. Specifically, one picks a single site (say 7) which is called
the impurity. One makes an initial guess for the ‘medium’ propagator Gc(i, i), that
is the conduction propagator for a lattice with this site plucked out. One solves then
for the self-energy of the conduction electrons by an appropriate impurity method
(e.g. QMC or the NCA) and constructs an estimate for the local propagator through

N § 1
Geliyi,w) = Ng;w_ s (9.3.8)

where N is the number of sites and p is the chemical potential. This equation
crucially illustrates the self-consistency required to solve the lattice; the same self-
energy which enters the momentum space propagator enters the local propagator.
The new estimate for the medium propagator is given by

ac(i,i,a)) = [Gc(i,i,a))]1 + > (w) }'1 (9.3.9)
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which is then used for the next iteration of the impurity problem. Iterations continue
until self-consistency of equation (9.3.8) is reached, or until the medium propagator,
say, does not change from iteration to iteration.

9.3.2.2. Examples. the Hubbard and the Anderson lattice models. The mapping to
an effective impurity model affords considerable qualitative insight into a number
of problems. For example, the Hubbard model then becomes a self-consistent
Anderson impurity model. This implies that the density of states should possess
satellite peaks separated by the Coulomb interaction U and corresponding to
transitions of the singly occupied state to empty and doubly occupied orbitals. In
addtion, in any metallic phase, a quasiparticle ‘Kondo resonance’ will appear in
the vicinity of the Fermi energy. The energy scale of this quasiparticle resonance is
self-consistently determined and has no simple analytic form (Pruschke ez al. 1993,
1995, Georges et al. 1996). For the single-channel Anderson lattice model, at
particle-hole symmetry a band insulator forms with an indirect gap determined by
the ‘coherently enhanced Kondo scale’ (Jarrell 1995). For sufficiently small
hybridization (and therefore effective on-site exchange coupling) the band insulator
may give way to an antiferromagnetic insulator, with the combination of intersite
RKKY and superexchange coupling driving the formation of the antiferromagnetic
state. Finally, the energy scale may in turn be coherently suppressed in the metallic
phase (Tahvildar-Zadeh et al. 1997).

9.3.2.3. Two-particle properties. Because of the local character of the problem,
great simplication also results for two-particle properties (Pruschke et al. 1995,
Georges et al. 1996). Specifically, the irreducible interaction functions for particle—
hole and particle—particle propagators become momentum independent. This
makes evaluation of the magnetic susceptibility and s-wave pairing susceptibilities
particularly straightforward. Any quantity which involves off-site vertices, such as
the conductivity (current vertex) or a d-wave pairing susceptibility will be formally
of order 1/d. In the case of the conductivity, the diagram can still be evaluated,
but the local character of he interaction implies that no vertex corrections will arise
to leading order in 1/d. To see this, consider the lowest-order vertex correction,
illustrated in figure 115. Momenta which arise on each side of the diagram will be
independently summed, and the interaction function entering the vertex correction
is independent of momentum, so that factors of > pk will be present in the
conductivity. This will vanish. Hence, only the bubble diagram need be retained in
a calculation of the conductivity.

Figure 115. Conductivity vertex correction in d = o0. The interaction vertex is momentum
independent, and, as a result, only the bubble diagram (with fully dressed electron
propagators) need be retained.
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9.3.2.4. Application to the two-channel Kondo lattice model. The two-channel
Kondo lattice model is amenable to such a treatment in infinite dimensions. In the
simplest form of this model we simply have two degenerate bands of electrons
which have identical coupling to the local moments § 1(R) located on every site of
the lattice R, namely

+ —> (TN
1= et ot T D SR Y MO,

koo, R kkuool

(9.3.10)

i
o€ Ckrvon

where §:: are spin-3 matrices in the conduction space. This model is unrealistic in
the sense that it is impossible for two spin-3 bands to be degenerate throughout the
Brillouin zone; however, we shall see that this lack of degeneracy is irrelevant in the
infinite-dimension limit.

In the two-channel Kondo model, considerable attention has been paid to the
conductivity, motivated in large measure by the data for UBei3 discussed in section
8.2. An initial effort with a Lorentzian density of states for which self-consistency of
equation (9.3.2) is trivial showed that the paramagnetic state of this model should be
an incoherent metal. Namely, the reistivity would be finite and the density of states
finite if the paramagnetic phase is extrapolated to T = 0 (Cox 1996). Concomitant
with this residual resistivity is a residual resistivity which may be shown to be
(R/2) In 2 per site at half-filling of the conduction bands. It was further argued that
application of a ‘spin field’ (a field which couples linearly to the local moment spin
operators) or a ‘channel field” (which linearly couples to the conduction-electron
channel spin) would restore a phase shift description at zero temperature and hence
induce a cross-over to Fermi-liquid behaviour. Because the Lorentzian density of
states is automatically self-consistent, these cross-overs would lead to the same
arguments in scaling functions for physical properties that occur in the impurity
limit. Specifically, the cross-over temperature is proportional to the square of either
applied spin or channel fields. Non-trivial self-consistency in infinite dimensions
(owing to, for example, a starting Gaussian density of states) will not modify the
fixed-point structure of the effective impurity problem but will generically lead to
self-consistent modification of the next-leadingcritical behaviour. Thus, for example,
we would not expect the zero-temperature amplitude of the # matrix to be modified in
the particle-hole symmetric case, but we may well expect the T, H-dependent
corrections to be modified. This appears to be the case as we argue below for the
magnetoresistance.

This unusual behaviour may be traced back directly to the behaviour of the
single-particle ¢ matrix at the Fermi energy, which is purely imaginary and half the
unitarity limit. As discussed in section 8.3, this calculation indicates that firstly the
application of a field which couples linearly to the spin degrees of freedom or a field
which couples linearly to the channel degrees of freedom will induce a cross-over to
the Fermi-liquid state and secondly the residual scattering may be understood as
corresponding to ‘spin-disorder’ scattering off the degenerate two-channel Kondo
clouds. In the absence of a phase transition which either orders the moments or
induces superconductivity, there must be a residual resistivity analogous to that of
Gd metal above its Curie point (Cox and Jarrell 1996).

Since the Lorentzian density of states has unphysically long tails in energy and
hence infinite moments in powers of the frequency, this result understandably met
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Figure 116. Resistivity of the two-channel Kondo lattice in inifinte spatial dimensions at
half-filling. The four different curves are for four different J values as indicated. The
best fit to the lower-temperature data is with a behaviour linear in 7, as indicated in
the inset. [Taken from Jarrell er al. (1996b), with kind permission of the American
Institute of Physics. ]

some scepticism in the community. Accordingly, a study with a more physical
density of states was required to convincingly prove the result.

QMC studies with a nearest-neighbour tight-binding model (with a Gaussian
density of states) were first carried out by Jarrell et al. (1996b), and these studies
reached the same conclusion as for the Lorentzian density of states; the reistivity at
the Fermi energy is finite, along with the density of states, which develops a cusp at
T —0. Resistivity calculations from this work (at half-filling) are displayed in
figure 116 (note the scaling behaviour for curves computed with different exchange
coupling values J ; note also that J of Jarrell ez al. (1996b) corresponds to J here).
The QMC code was based upon the Hirsch-Fye (1986) algorithm as modified by
Hirsch and Fye (1986) for the Kondo model. Calculation of real frequency
properties was carried out with the maximum-entropy method for analytically
continuing imaginary-time data to real frequencies. It should be noted that the
low-temperature resistivity appears linear in T to an excellent approximation, which
is in reasonable agreement with experiments on a number of materials. In the
temperature range covered by the QMC, the resistivity appears to increase
monotonically with decreasing temperature. There are reasons to believe that this
may shift, at least at lower temperatures, away from half-filling. We discuss this
point further below.

Corollary results include the following.

(i) A residual entropy (at half-filling) of (R/2) In 2 per site occurs. This implies
that the same ‘spin-disorder’ scattering interpretation of the preceding
paragraphs holds in this more physical case as well.

(ii) There is no Drude peak in the optical conductivity at low temperatures (there
is a ‘charge fluctuation’ peak at energies of the order of J ) (figure 117). These
results for zero field appear to be in excellent agreement with the optical
conductivity data for UBei3 (DeGeorgi 1997).
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Figure 117. Conductivity of the two-channel Anderson lattice in inifinite dimensions in zero
and applied magnetic field. The model parameters assure a mapping of the effective
impurity model to a Kondo model. Application of a magnetic field restores a Drude-
like peak. [Taken from Anders et al. (1997), with kind permission of the American
Institute of Physics. ]

(iii) The occupancy function n(eg, T) saturates to a temperature-independent non-
step function form at low T, with a width fixed by the scattering rate of the
conduction electrons.

(iv) There is a finite imaginary part to the conduction-electron self-energy which
immediately implies (through a Kramers—Kronig analysis) that the real part
has a positive slope in the vicinity of the Fermi energy. This in turn implies
that the ‘mass enhancement’ 1- O(ReX )/8@|o can be less than one and
possibly negative. Taken together with (iii) above, we see that Fermi-liquid
theory has broken down very severely for this lattice system. (Note that this
breakdown implies the usual Fermi-liquid relation between specific heat and
mass enhancement also breaks down; so heavy-fermion behaviour is not
excluded. )

In addition to these interesting features, the lattice calculations reveal a
‘coherent enhancement’ of the Kondo scale 0\;?; the impurity limit. Roughly, it
is found numerically that T2 ~Er(T™ /Er)'/™". The QMC was unable to reach
temperatures below about 0.1T2 owing to a combination of the familiar
fermion sign problem and the L* scaling of running time with the number of time

slices L

9.3.2.5. Magnetoresistance of the two-channel Kondo lattice. Anders et al. (1997)
have studied the magnetoresistance of the two-channel Kondo lattice in infinite
dimensions. This is a difficult problem to solve with the QMC approach,
particularly at low temperatures of order usH [k where the magnetic field H
induces pronounced effects. Accordingly, Anders et al. (1997) opted for the NCA
to solve the effective impurity model. As argued in section 5, the NCA provides a
reliable method for calculating properties of the overcompensated multichannel
impurity models, in particular giving exactly the right critical exponents for all

U(M) ® SU(N) models, and providing amplitudes correct to within 7% for the
resistivity and residual entropy of the two-channel spin-3 model (N = M = 2). The
NCA is not well suited to a Fermi-liquid regime but does correctly describe the
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Figure 118. Magnetoresistance of the two-channel Anderson lattice in infinite dimensions in
the Kondo regime. Application of a field reduces the residual resistivity driving the
system towards Fermi-liquid behaviour. The points are from the QMC data of Jarrell
et al. (1996a,b) and figure 116. [Taken from Anders er al. (1997), with kind
permission of the American Institute of Physics. ]

cross-over region of the multichannel model in applied spin and channel fields, as
discussed in section 5.

The NCA approach actually solves the two-channel Anderson lattice model, in
which a ground-configuration ‘spin’ doublet hybridizes through a quartet of
conduction states (possessing spin and channel indices) with an excited configuration
‘channel’ doublet. This corresponds to the lattice generalization of the 3—7-8 model
of equation (2.2.18). The restriction to two configurations assures that particle— hole
symmetry is broken, equivalent to moving away from half-filling in the pure Kondo
lattice case.

The NCA results for the magnetoresistance are shown in figure 118. First,
focusing on the H = 0 curve, it is clear that it agrees well with the QMC results in
the region above about 0.17y. Below this an interesting dip in the resistivity arises.
This is attributed by Anders et al. (1997) to the breaking of particle-hole symmetry
by the NCA together with the self-consistent development of a downward cusp. The
resistivity still extrapolates to a finite value as T — 0.

In applied field H, the resistivity drops dramatically and, in fact, the
extrapolated resistivity is negative. This is taken as a sign that a cross-over
to a Fermi liquid is being induced, since the T2 curvature of the Fermi-
liquid resistivity would lead to a negative intercept for a linear extrapolation from
the cross-over regime. The magnetoresistance obeys an approximate scaling form
gP(T,H) - p(T,O)]/p(T,O) Nf[H/(T+ 0.006To)0'39] where f(x) is a monotonic

ecreasing function of x. Concomitant with this resistivity drop is the inducement of
a Drude-like feature in the optical conductivity near zero frequency and well below
the charge-transfer peak. Hence, as argued for the Lorentzian case, a return to
Fermi-liquid behaviour in applied spin field is strongly suggested. However, the
approach to this Fermi-liquid fixed point is significantly different in quantitative
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detail from the analysis of the Lorentzian case, owing to the effects of lattice self-
consistency in infininite spatial dimensions.

9.4. Pairing effects

In this section, we examine the possibility of pairing generated by the local
moment fluctuations of the two-channel Kondo model. The idea is intuitively clear
as noted long ago by Cox (1990) (see also Cox and Jarrell (1996)). Namely, if one
examines the basic renormalization group picture of figure 48, it is clear that at each
length scale the effective impurity at the core has a pair of electrons in a spin triplet,
channel spin singlet state. In a first study using conformal theory, Ludwig and
Affleck (1991) were unable to find evidence for such a triplet pairing correlation and
rather found an unusual singularity in the channel for spin singlet—channel-spin
singlet: odd radial parity. Because the odd radial parity does not readily translate into
a local pair correlation in a realistic model, it remained unclear whether local pairing
correlations could plausibly arise in the two-channel Kondo impurity model.

The simplistic picture of triplet pairing is not totally wrong, as first clarified by
Emery and Kivelson (1992) using their Abelian bosonization method. The resolution
lies in the understanding that the triplet pair is in correlation with the local moment
spin at the core of the renormalization group picture. This unusual pair field—spin
correlation is then a net spin singlet (i.e. it transforms as a scalar under the SU(2)
rotations of the total spin of the system). As such, it can mix with other spin-singlet
and channel-spin singlet operators which also possess charge +2. The complete
spectrum of such pair operators with singular susceptiblities was worked out in detail
by Ludwig and Affleck (1994) using conformal field theory. The primary viable
candidate for such an operator is an odd-frequency pairing state which, put another
way, has a node in the relative time coordinate of the electron pair. This possibility of
odd-frequency pairing has independently received considerable attention as a
candidate for novel superconductivity in real materials (Balatzky and Abrahams
1992, Coleman, Miranda, and Tsvelik 1993, 1994, Balatzky et al. 1994, Heid et al.
1995, 1996, Jarrell et al. 1997a).

Given a mechanism for generating strong local pairing correlations for a single
impurity, one is tempted to view this result as a kind of Cooper problem in real space
for the lattice. Namely, assuming the correct interepretation of the strong local pair
correlations to be the formation of a single pair about the impurity at 7 = 0, it is
tempting to speculate that a lattice of two-channel Kondo sites may produce a
superconductor provided that the pairs are able to move coherently from site to site.
Evidence for just such a superconductor has been found in the extreme limits of one
dimension (Zachar et al. 1996) and infinite dimensions (Cox and Jarrell 1996, Jarrell
et al. 1997a).

Among the unusual properties of such an odd-frequency superconductor are the
following,

(i) The anomalous Green’s function has no equal time expectation value and
thus the gap function itself is not a suitable order parameter.

(i) Zone centre (zero centre-of-mass momentum) pairing is apparently at best
metastable (Coleman et al. 1993, 1994, Heid 1995, Heid et al. 1995, 1996)
although this point remains controversial (Balatzky et al. 1994).

(ili) Zone boundary (finite centre-of-mass momentum) pairing is apparently
stable (Coleman et al. 1993, 1994, Heid et al. 1995, Jarrell et al. 1997a).
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(iv) The excitations of this system may be spectacularly unusual (one treatment
predicts a gapless branch of Majorana or ‘real fermions’ in the ordered state
which has zero charge and spin at the Fermi energy but contributes to the
specific heat (Coleman ez al. 1993, 1994).

(v) The superconductivity is intrinsically intertwined with the local non-Fermi-
liquid behaviour in the lattice.

The plan of this section is first to review the impurity results for a diverging local
pair field susceptibility (section 9.4.1). Then we shall review a pairing symmetry
analysis useful for constructing phenomenological theories in the heavy-fermion
materials. This analysis not only gives the local symmetry of the pair wave functions
but also, with the assumption of ‘negative pair hopping’ consistent with the
staggered pairing of item (iii) in the preceding paragraph, identifies which point(s)
in the Brillouin zone are likely for the centre-of-mass momentum. In section 9.4.3 we
shall overview the status of understanding on odd-frequency pairing independent of
the two-channel Kondo model. Finally, in section 9.4.4 we shall describe the
microscopic evidence for pairing in the two-channel Kondo lattice from studies in
one and infinite dimensions.

9.4.1. Overview of odd-frequency pairing

In this section we shall overview the salient features of odd-frequency pairing
which are relevant to the subsequent discussion for the two-channel Kondo lattice.
In order, we shall discuss (1) Pauli-principle arguments allowing for odd-frequency
pairs, (2) phenomenology for a non-singular pairing interaction, (3) equivalence of
odd-frequency pairs to appropriately defined even-frequency and composite pair
fields, (4) the likely instability of odd-frequency pairs with zero centre-of-mass
momentum, (5) the possible connection of composite pairs to Majorana fermions
and three-body fermionic bound states and (6) evidence for off-frequency pairing in
other models.

9.4.1.1. Pauli-principle arguments allowing odd-frequency pairs. The odd-
frequency idea was first introduced by Berezinskii (1974) and later elucidated by
Balatsky and Abrahams (1992). Berezinskii was interested in unusual pairing
possibilities for superfluid *He. The basic idea is simple. If we for the moment
suppress channel degrees of freedom, a pair field operator at position ¥ and
imaginary time 7T will, prior to any explicit symmetrization, have the form

Puo(7,7) = Ui (F, 1)t (0,0), (9.4.1)

where p, v are spin indices. The conventional Pauli-principle analysis suggests that
we can identify allowed pairing symmetries by considering spatial parity Pr and
‘spin parity’ Ps which is the sign of the pair wavefunction under exchange of the spin
labels. This clearly gives the standard results that, for Pr = +, corresponding to
relative pair angular momentum # = 0,2,4.. . for the pair, we must have Ps = -, or
a spin singlet, and for Pr= - corresponding to pair angular momentum
/=1,3,5...we must have Ps = + or a spin triplet pair.

Berezinskii (1974) noted that there is no reason to focus exclusively on spatial
parity in considering the Pauli principle. Rather, we can also augment the
conventional discussion with the notion of temporal parity Pr (sign under the
exchange of the imaginary or Euclidean time argument). Note that application of
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temporal parity in Euclidean time is not the same as time reversal, a point of easy
confusion. This notion is particularly apt for the two-channel Kondo impurity model
given the conformal invariance at the fixed point; the real radial coordinate and the
Euclidan temporal coordinate are equivalent, so there should be no practical
difference between spatial and temporal parity in this sense. Odd temporal parity
immediately translates to odd-(Matsubara) frequency pairs in exactly the same way
that odd spatial, parity, translates to pair wavefunctions in momentum space which
are odd under k — - k.

With the new possibility of temporal parity, two new symmetry classes are
opened up for pairing of electrons with spin 3. The Pr = + case was already covered.
For Pr = -, we may have spin singlet pairs (Ps = - ) with odd angular momentum
/=1,3,5,...(Pr=-), or spin triplet pairs (Ps = +1) with even angular momen-
tum /= 0,2,4,...

The addtion of the channel degree of freedom in the two-channel Kondo
model generalizes this further. We can then discuss the possibility of oddness under
channel exchange or Pe, the ‘channel parity’. The list of possible pair fields is as
follows:

Pr=+, Pr =+, Ps =+, Py, = -, (¢ even, spin triplet, channel singlet);
Pr=+, Pr =+, Ps = -, P, = +, (¢ even, spin singlet, channel triplet);
Pr=-, Pr =+, Ps =+, Py, = +, (/ even, spin triplet, channel triplet);
Pr=-, Pr=+, Ps =-, Py, = -, (¢ even, spin singlet, channel singlet);
Pr=+, Pr=-, Ps = -, P, = -, (¢ even, spin singlet, channel singlet);
Pr=+, Pr=-, Ps =+, Py, = +, (£ even, spin triplet, channel triplet);
Pr=-, Pr=-, Ps=-, Py, = +, (£ even, spin singlet, channel singlet);
Pr=-,Pr=-, Ps =+, Psh = -, (£ even, spin triplet, channel triplet).

The odd-frequency pair field has an unusual property relative to an even-
frequency pair field; it can have no equal time expectation value and thus cannot
by itself serve as an order parameter field. To see this, consider the case with no
channel degrees of freedom which is a spin singler, and thus we have the following
anomalous Green’s function of k,® space (repeated indices are summed):

FM;w=ddﬂjd%fihemﬂMi7-wﬂ(ﬂ%ﬁ?ﬂ&ﬂ%@) (9.4.2)
0

The Pauli matrix in front antisymmetrizes the pair amplitude. The numerator of this
anomalous Green’s function is, of course, just the ‘gap function’ A(k,w), specifically

Alk.o)
A(k,a))|2 ’
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where we used the odd-frequency property to simplify the denominator and
neglected the normal self-energy contribution for simplicity. For an even-frequency
superconductor, the squared gap term in the denominator enters with a positive sign.
Since the denominator has an even frequency, we can see that the numerator must
have an odd frequency given the assumed odd-frequency behaviour of F. Now, if we
invert the Fourier transform to find A(k,0) we see that



01:19 22 March 2011

Downl oaded By: [CAS Chi nese Acadeny of Sciences] At:

Exotic Kondo effects in metals 901

=0 (9.4.4)

A (lz 0) = %Z exp (iwT) A (/?,w) =0

which indicates that the gap function itself cannot serve as a suitable order
parameter and rather some moment of the gap function with frequency is an
appropriate order parameter.

For example, consider d(k,}dr. The time derivative operation has an
explicitly odd temporal parity, cancelling the odd temporal parity of the gap
function. The derivative explicitly pulls down a factor of ® in the summand of
equation (9.4.4) which allows the sum to be non-vanishing for T — 0. This insertion
of a time derivative is analogous to the insertion of a spatial form factor in the case
of p- or d-wave pairing for Pr = +.

9.4.1.2. Phenomenology for a non-singular pairing interaction. Balatsky and
Abrahams (1992), Abrahams (1992). Abrahams et al. (1993, 1995) and Balatsky et
al. (1994) have considered extensively the phenomenology of an odd-frequency
superconductor which has a non-singular pairing interaction. Abrahams (1992) in
particular considered a simple interaction form allowing for both s- and p-wave
pairs which is separable in incoming and outgoing electron energies and momenta
00

Vg (anyay) = - 2000 Po+ 3016 4] (9.4.5)
where Q. is a cut-off frequency for the mediating boson (all interaction strength is
assumed to die above the cut-off ), and Ag and A; are assumed to be positive. Note
that this interaction can only be generated dynamically so that there is practically no
simple way to derive odd-frequency pairing from a mean-field Hamiltonian in the
spirit of the Bordeen—-Cooper—Schrieffer (BCS) approximation and Bogulubov theory.

With this simple interaction form, Abrahams (1992) shows that the Eliashberg
equations can admit a solution with off-diagonal long-range order in the p-wave
channel between two temperatures 7, > T . The condition for achieving super-
conductivity depends upon the relative strengths of the couplings Ao (which enters
the normal self-energy and thereby determines mass renormalization of the couplings
and dynamical pair breaking) and A;. Specifically, to develop p-wave spin-singlet
pairing requires A; > Ag + %, while to have a re-entrant normal phase (77 > 0)
requires A1 < 1+ Ag. Perhaps the most important aspect of these requirements is
that the renormalization of the interaction strength by the normal self-energy
requires a critical coupling strength of the net attractive interaction to produce the
odd-frequency pairing. In contrast, for a net attractive interaction even-frequency
pairing can occur for arbitrarily small interaction strength. This result for odd-
frequency pairing appears to be generically true for models with non-singular
interactions.

Abrahams et al. (1993) consider the specific model examples of phonon mediated
pairing and an effective interaction generated by the random-phase approximation
for the Hubbard model. In the case of phonon-mediated pairing, while an attractive
odd-frequency interaction may appear, it cannot satisfy the constraints required to
produce a superconducting transition at a finite temperature. In contrast, the
random-phase approximation model interaction for the Hubbard model can produce
an odd-frequency transition. They further argued that, because of the pseudo-gap
(away from the central coherent quasiparticle band) between the Mott-Hubbard side
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bands, GE‘T (wn) JfOwn > 0 over the majority of the energy range of the electronic
fluctuations responsible for pairing. This allows for the renormalization factor
Ao =0 which makes odd-frequency pairing more plausible.

9.4.1.3. Connection to even-frequency and composite pair fields. One of the
intriguing aspects of odd-frequency pairing is that the pair field can linearly mix
with other operators containing even-frequency pair fields of different symmetry.
This was first noticed by Emery and Kivelson (1992) for the two-channel Kondo
model. To illustrate the idea, we shall restrict our attentions to this model.

With the notation introduced above, consider the pair field PO 0 o7 (R, T) given by

(R,7) = oo Yial R, gwﬁ(ﬁ,r) (9.4.6)

with Einstein summation convention implicit on the spin indices p,v and channel
indices o, B. This operator creates a single odd-frequency pair at position R and
Euclidean time 7. The point made by Emery and Kivelson (1992) is that the time
derivative may be explicitly carried out through the commutator with the
Hamiltonian of the fermion pair field operator.

For definiteness, let us model the kinetic energy of the electrons through a
nearest-neighbour tight-binding Hamiltonian, so that for a two-channel Kondo
hypercubic lattice model we have

R+ T-
POO

—

. - J > = .
= - ZZ w! o (R+ 8)¥,uu(R) + EZ S1R) Gl (R ¥R,  (9.4.7)
Rop.o Ruvao

N
where we assume that the nearest-neighbour vectors o are only positively directed.
Given that 0¥ /Ot = [‘P 3—[] the explicit evaluation of the time derivative in equation
(9.4.6) gives

R+ T-
POO

(Ry7) = - 2Py (R ) + 4751 (R ) Pl (R ), (9.4.8)

where PO;(')’ ™ isan odd-radial-parity even-frequency pair field given by

Py (Bor) = D [ras (R wi (R4 67) - i) (R wa (R+ &)
S

+ vl (RO (R+ 6,7 - w1 (RDwi (R+ 6,0]  (9.49)

and where P{?}“ is a spin-triplet even-parity even-frequency pair field with
components

P (R = v (R v (R ), (9.4.104)
P (R7) = wir (R Wi (R)7) (9.4.10b)

and
Plo " (Ryr) = [WT,+(§»T) Wi (R7) + wir (R 1) wa, (ﬁ,T)] (9.4.10 ¢)

Equation (9.4.9) describes a very peculiar pairing field, first suggested by Ludwig
and Affleck (1991) (see also Ludwig and Affleck (1994)) about which a few words are
in order. If one applies the full spatial parity operator to it, one discovers that it has
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an even parity. Indeed, the closest construction to this field for the single-channel
Kondo model is the ‘extended s-wave pair field” which has the form

Z[m D) wUR+ 5,7) - wUR 7w R+ g,T)]

This field is both even in parity and even under exchange of sites ﬁ, R+ g In fact, it
is easy to demonstrate that the two operations are not distinct. However, for the field
of equation (9.4.9), spatial inversion does not correspond to the exchange of sites, for
which the field is manifestly odd. What is true is the following; if we understand that
the combination of annihilation operators summed upon 6 for a given spin and
channel destroys an ‘s-wave’ symmetric (full crystal symmetry) electron state in the
first shell of atoms about the indexed site R the operation of site exchange
corresponds to the inversion operation about the midpoint of the one sided chain
formed by applying the Lanczos tridiagonalization procedure to the reference site.
Namely, consider the effective one-dimensional chain first discussed by Wilson
(1975) (i.e. section 4.1). When considering the two-channel model, the inversion
operator applied to the pair field of (9.4.9) (with inversion measured about the
midpoint between the origin and the first Wilson ‘site’ or ‘onion-skin shell’) is
precisely the same operator as site exchange. It is not, however, the full three-
dimensional parity operator. Indeed, discretizing the continuum form of Ludwig and
Affleck (1991, 1994) yields precisely the same result.

Overall, this connection of the odd-frequency pair field to the odd-radial-parity
and composite pair fields is a rather remarkable result. Even though we are dealing
with the bare Hamiltonian, and not that of the low-temperature excitations about
the fixed point, equations (9.4.8)—(9.4.10) hint at the outcome of the conformal field
theory. Namely, the even-parity odd-frequency pair field linear mixes with an even-
frequency odd-radial-parity pair field. This is an explicit real-space reflection of
the approximate conformal invariance of the free-fermion Hamiltonian for points
on opposite sides of the Fermi surface. This follows since the tight-binding
Hamiltonian, linearized about the Fermi energy, will indeed resemble a light-cone
Hamiltonian for points on opposite sides of the Fermi energy, with the Fermi
velocity equal to the speed of light. Hence, spatial parity and temporal parity are
seen to be equivalent operations on the pair fields. Also, the dot product of the spin-
triplet field with the local moment indicates that the interactions with the local
moments will produce composite pair fields as candidate order parameters which are
‘bound states’ of the spin with the triplet pairs. The mixing with the odd frequency is
symmetry allowed since the inner product of the triplet field with the local moment
operator produces an object that is a scalar under spin rotations. This result for the
composite field of course has a beautiful correspondence to the NRG pictures of the
two-channel Kondo fixed point, where as each length scale a core spin is correlated
with a triplet conduction pair. Indeed, as argued in section 6.1, the leading irrelevant
operator about the two-channel fixed point continues to have the form of the
interaction term in equation (9.4.4) with Sy replaced by the conformal primary spin
field @s.

We note that, to the extent that the effective electron—electron interactions
remain local in position space, it is perhaps unlikely that the odd-radial-parity pair
field will be the first to condense. The reason is that, unlike the odd-frequency field
which requires only a local attractive interaction for condensation, coupling to this
field will require an interaction that is extended at least over a lattrice constant, an
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extended discussion will appear later in section 9.4.2 where it is noted that the odd-
radial-parity field is rigorously excluded from condensation on the infinite-dimen-
sional two-channel (hypercubic) lattice. However, this point should be explored in
greater detail numerically.

It appears overall, then, from the impurity model, that the likely candidate for an
observable pairing correlation in the two-channel Kondo model is an odd-frequency
even-parity spin-singlet channel-singlet pair field or equivalently, a composite field
consisting of a local moment bound to an even-frequency even-parity spin-triplet
channel singlet.

9.4.1.4. Apparent instability of odd-frequency pairing for ¢=0 pairs. Two
theoretical studies indicated the possibility that odd-freuency pairing is actually
unstable for pairs with zero centre of mass momentum ¢, at least to the extent that
the solutions reside within the Eliashberg—Migdal theory, that is the vertex
corrections in the self-energies and conductivity are negligible.

The most straightforward analysis was put forward by Coleman et al. (1993),
who estimated the superfluid density close to T for an assumed ¢ = 0 odd-frequency
transition. The general form of the superfluid density or inverse penetration depth
for g = 0 pairs close to Tc in the absence of vertex corrections to the conductivity is
(suppressing momentum and other dependences of the gap function)

*
py~ %N Z%, (9.4.11)

where A is the gap function. For even-frequency pairing, this is positive definite. For
odd-frequency pairing, it is negative definite. The interpretation of this result is
straightforward: ps is proportional to the curvature of the free energy with respect to
the order parameter at ¢ = 0 (or, in position space in the centre of mass coordinates,
to the cooefficient of the gradient terms in the free energy), ps(¢ = 0) < 0 simply
implies that the uniform phase solution of the free energy is not stable. It does not
rule out odd-frequency pairing. Another loophole in this conclusion is that the
denominator is modified to (w? - |A (a)n)|2)’ 2 for finite A. If a discontinuous
transition to finite A occurred with |A ((J)n)| > (J)n| for at least a few values of n, then
ps(g = 0) > 0 would be possible (Heid (1995)).

Heid (1995) pointed out another difficulty with ¢ = 0 odd-frequency pairs as
treated within the Eliashberg theory. Employing minimal assumptions, he was able
to show that within the Eliashberg theory you cannot simultaneously lower the free
energy and find a solution to the self-consistency equations for ¢ = 0 odd-frequency
pairs. This means practically that the Eliashberg solutions are extrema but rather
maximia of the free energy and not minima. Within a simple model, there appear to
be no such restrictions on pairs with finite centre-of-mass momenta (Heid 1995).

The physical interpretation suggested by Coleman et al. (1993, 1994, 1995) is that
the phase of the odd-frequency pairs is staggered at the atomic level. This conclusion
is model dependent, since strictly speaking the above-mentioned instability implies
only finite-¢g pairing is favoured and not necessarily zone boundary pairing.

Balatsky ez al. (1994) and Abrahams et al. (1995) noted that, in the composite
operator picture, the leading contribution to the anomalous conductivity diagram
does in fact have a vertex correction. The leading order diagram is displayed in figure
119. The interaction is proportional to the local moment susceptibility. This diagram
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Figure 119. Leading-order diagrams for the Meissner ‘stiffness’ for odd-frequency
superconductors. The Meissner stiffness, or ‘superfluid density’ is proportional to
this anomalous diagram of the electrical conductivity. The first diagram (on the left)
includes only renormalized anomalous propagators, and, as argued by Coleman et al.
(1994) gives a negative superfluid density or Meissner stiffness for an odd-frequency
superconductor with ¢= 0 centre-of-mass momentum. The second (on the right) is
the vertex correction discussed by Balatsky er al. (1994) and Abrahams ef al. (1995)
which is argued to enforce a positive sign to the Meissner stiffness for =0
centre-of-mass momentum pairing in which the composite order parameter
representation is used. The broken-line bubble appearing as a vertex is a spin
susceptibility. Note that this diagram on the right is ineffective (vanishes) for a
purely local-moment-driven interaction, because the different momentum sums
integrate to zero.

contributes positively to the ¢ = 0 superfluid density. Hence, the possibility remains
that in moving beyond the Eliashberg—Migdal theory to include vertex corrections
that ¢ = 0 pairs may be stabilized.

9.4.1.5. Connection to three-body bound states and Majorana fermions. Coleman
et al. (1995) have noted on rather general grounds that odd-frequency pairing can
result from the formation of ‘anomalous three-body’ bound states amongst
fermions. This intriguing possibility rests on the potential to form Majorana
fermion bound states. Because the Majorana fermions have constant squared
amplitudes, it becomes possible to develop anomalous expectation values to three-
body Majorana bound states.

As a concrete example, Coleman et al. (1995) followed their earlier work
(Coleman et al. 1993, 1994) and focused on a mean-field theory for the single-
channel Kondo lattice. At a given site R the interaction term in the Hamiltonian
takes the form

3B =SSR o ¥ (R (B)
= constant - JEL(E)@(?Q) (9.4.12)
where the spinor field §is defined by
E(R) = S1(R - 6powu(R. (9.4.13)

If we represent the local moment by a pseudo-fermion, we can see that Erepresents a
composite field of three fermions. To produce a mean-field theory, Coleman et al.
(1995) make the Ansatz that

- JE(R,7) = 2V,(R$ (R, ) + fluctuations (9.4.14)
where V, is a c-number spinor field that serves as the mean-field three-body
amplitude and ¢ is a Majorana fermion field.

The above transformation of the interaction term and mean-field Ansatz do not
immediately permit an approximate model solution. However, it is easy to show that
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the operators, Tf ET = 2SF(R, )qf;A (ET) obey the canonical anticommutation
relation {Tj’ ( )} = owOrr and, further, (Tj’)2 =7, so the 1{ are Majorana

fermions. With the mean-field Ansatz, this converts the interaction term on a given
site into
N

Hi i ( FL B ]V ) + he} + QVT(RJ)V“(R). (9.4.15)

This mean-field Hamiltonian hybridizes the three branches of Majorana fermions
1 with three of four Majorana fermion branches of the conduction-electron fields.
The unhybridized Majorana fermion remains so in the superconducting state,
leaving a linear spectrum of excitations. Coleman er al. (1993, 1994, 1995) put
forward the intriguing speculation that this corresponds to the observed linear
specific heat coefficients below Tt in some heavy-fermion superconductors.

Because the Majorana fermions are admixtures of electron and hole operators,
the full solution breaks U(1) gauge symmetry, that is it is a superconducting state.
The energy is lowest for V,(R)~ exp(iQ - R/2), with Q = [gmnla in three
dimensions. This is the phase of a single anomalous three-body fermion field; this
implies that the phase of an anomalous Majorana pair is staggered, that is alternates
with a periodicity determined by Q itself.

The presence of the Majorana field implies that, because the Green’s function of
the mMfields in the frequency domain goes as " !, the gap function A(w) ~ V? Jw.
Namely, the gap function is singular. Although Coleman et al. (1993, 1994, 1995) do
not construct an explicit realization of the effective fermionic interaction which can
generate this anomalous gap function, one can infer that it must be an interaction
which is singular in the incoming and outgoing relative frequencies of the pair.

The singular pairing amplitude implies that the usual BCS coherence factors have
an unusual form in the superconducting state. Specifically, the gapless Majorana
excitations have vanishing charge and spin at the Fermi energy. This implies that the
vanishing matrix element will induce power-law behaviour in nuclear relaxation and
ultrasound as observed in the heavy-fermion systems but leave open the possibility of
non-vanishing linear specific heat coefficients and electronic Lorentz numbers in the
superconducting state.

9.4.1.6. Evidence for odd-frequency pairing correlations in other models. The
mean-field theory of Coleman et al. (1993, 1994, 1995) suggests that a natural
model in which to look for odd-frequency pairing states is the single-channel
Kondo lattice model, or the closely related single-channel Anderson lattice model.
Unfortunately, searches in d = 00 fail to produce any evidence for pairing in the
Anderson lattice model except possibly at unphysically low fillings for the
conduction band (Jarrell 1995, 1997). It must be emphasized that a possible reason
that the correlations are missed in this case is that, in the spin-singlet sector, the
odd-frequency pair fields must have odd parity and hence live only at order 1/d. In
the spin-triplet sector, it is possible in principle to have an order (1 /d)°

contribution in principle but, in practice, the Pauli principle will tend to legislate
against this, favouring at least d-wave pairs which are again of order 1/d. Zachar
et al. (1996) have identified a special parameter region of the one-dimensional
Kondo lattice model in which a spin gap develops as an example of where
staggered odd-frequency spin-singlet pairing correlations are enchanced. In this
region, the physics maps to a special version of the two-channel Kondo lattice model
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because of the absence of back scattering enforced by the spin gap. It remains to
be seen whether these correlations can be made to survive for d > 1.

A possible understanding of this discrepancy between the d = 0O results and the
Majorana mean-field theory lies in the nature of the differing fixed-point physics
between the single-channel and two-channel Kondo models. The mean-field theory
depends crucially on a decoupling of the spin-dependent interaction term of the
single-channel model and assumes that this term is dominant in the low-energy-scale
physics. However, for sufficiently large J, which suppresses antiferromagnetism and
enhances the Kondo physics, the single-channel model is described by a collection of
Kondo singlets which become mobile away from half-filling. Hence, the leading
irrelevant operator about the low-energy fixed point are not likely to be of the
exchange interaction form required in the Majorana mean-field theory. On the other
hand, in the two-channel Kondo lattice the leading irrelevant operator about the
paramagnetic fixed point (which is a collection of two-channel impurity fixed points),
at least in d = oQ, is in fact of the exchange interaction form. Hence, while the single-
channel model on this basis does not look like a candidate for odd-frequency pairing,
the two-channel Kondo lattice looks rather promising. As detailed in section 9.4.4, in
d = 00 at least, this possibility of odd-frequency pairing in the two-channel Kondo
lattice is in fact realized.

Bulut e al. (1994) have demonstrated that the pairing vertex of the Hubbard
model in two dimenions calculated for the QMC method has maximum eigenvalues
for pair amplutudes corresponding to even-frequency d-wave singlet pairs and odd-
frequency p-wave singlet pairs. However, there is no indication of either eigenvalue
reaching uniy for the temperature range studied, which would indicate a super-
conducting transition.

9.4.2. Local pair field susceptibility

The possibility of a truly divergent pair field susceptibility in the two-channel
Kondo model was first worked out by Ludwig and Affleck (1991, 1994) using
conformal field theory. The actual calculation of the pair field susceptibilities within
the conformal theory is a tour de force in the formalism. We shall not discuss the
details of these calculations here but rather summarize and overview the resulting
physical picture.

To see the possibility of a diverging pair field susceptibility, it is helpful to recall
our discussion of the scaling dimensions of possible operators discussed in section
6.1.2.2. For a pair field operator with charge Q = £2, spin S = 0 and channel spin
Sech = 0, the scaling dimension is O /8 + S(S + 1) /4 + Secn(Sen + 1) /4 = 1/2. This
implies that the corresponding local pair field susceptibility must have a logarithmic
divergence as T — 0.

However, the antisymmetry in spin and channel degrees of freedom requires that
we antisymmetrize in some other variable to satisfy the Pauli principle. Let us denote
the pair field operators by capital P&’iy, where A = &, Y= = and the Rand T refer
to spatial parity and temporal parity respectively. The Pauli principle requires that
the product PrPrPsPcn = - 1 where Pr is spatial parity, Pr is temporal parity, Ps is
spin parity (symmetry under spin exchange) and Pe is channel parity (symmetry
under channel exchange). The first guess implemented by Ludwig and Affleck (1991)
was to choose a pair field of the conduction electrons odd in the one-dimensional
spatial coordinate about the origin. Specifically, they chose to effect this by inserting
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Figure 120. Inefficacy of odd-radial-parity pairing for a local pairing interaction and
presumed momentum-independent hybridization-exchange between conduction
electrons and local electrons. This Feynman diagram represents a contribution tq
either the full lattice pairing susceptibility for pairs with centre-of-mass momentum Q
in the local approximation or d = 0O limit, or a term in the local pairing susceptibility
for the impurity. This local susceptibility is acquired by summing over Q. Similar to
the corghg;tmty diagram of figure 114, the locality of the interaction together with
the x(k,0) =>;cos [(k + Qi )a] dependence of the vertices guarantees that this
contribution miust vanish.

a spatial derivative into the pair field operator (using the notation of section 6.1.1) as
given by

P(If;[)’“ (r,T) = €uveapcualr, T)gcup(r, T) = 2ikF Y1pa(r, T) YRop(r, T)eDFeap
(9.4.16)

which shows that the radial parity gets translated into antisymmetry under exchange
of left and right fields. Note that €;; = icssz-) is the two-dimensional antisymmetric
matrix, and that we have employed Einstein summation convention in the above
equation. Ludwig and Affleck (1991, 1994) then showed that this operator does
indeed give a local susceptibility which is logarithmically divergent.

However, there is a physical problem with this particular operator when
reconnected to the full three-dimensional physics. When discretized, this operator
corresponds the amplitude of the spin-singlet channel-singlet pair field operator
described by equation (9.4.9). At the local level, because the operator is off site, the
on-site irreducible vertex will allow no coupling. If we consider the extension to the
two-channel Kondo lattlce as considered in figure 120, Fourier transformation gives
a form factor of Z, 1 €OS [(k, + Qi)a |for pairs with centre-of-mass momentum Q
Because the irreducible vertex function, which enters the bound part of the pair field
susceptibility, is purely local in either the impurity limit or the lattice limit, the
momenta sums on either side of the lowest order ‘bound’ correction are independent,
and the integral of the cosine sum vanishes. We note that the argument hinges in
detail upon the assumption of momentum-independent exchange or hybridization
vertices on site; it is conceivable that non-zero contributions may arise from
inclusion of a more realistic momentum dependence to the hybridization, but these
would probably be smaller in magnitude than the purely on-site contribution of the
odd-frequency pair field. More numerical work is in order to assess the importance
of this pair field in these more realistic circumstances.

One corollary which is, in retrospect, obvious is that one may equally well insert a
time derivative as a space derivative into the singlet pair field operator in view of the
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conformal invariance of the fixed point and the ensuring space—time equivalence.
This procedure completely circumvents the problems with the radial derivative
mentioned above. This time derivative pair field operator is

. 0
Pt = cucoplualr, 1) 5 coplr, ). (9.4.17)

Ludwig and Affleck (1994) considered this field as well as the composite operator
which linearly mixes with this time derivative field as discussed in the previous
section and below.

However, the first consideration of th equivalent composite operator field was by
Emery and Kivelson (1992, 1994) using the Abelian bosonization approach, which
we turn to next. Emery and Kivelson first considered the composite operator formed
from the dot product of the local moment spin with the three components of the spin
triplet pair field P1 o 0+ where m = £1,0 indexes the spin component. As discussed
in the previous section and by Emery and Kivelson (1994), this is equivalent. Because
the starting model breaks the SU(2) spin symmetry to a U(1) symmetry about the z
axis, it is sufficient to consider the composite operator (evaluated at the origin now

where W,yo_ = lﬁf{u 0.)

S _ _zpR+, T+
P=r PIOO

=- i&b[tﬁt,¢,+ Yo + Yo et |
= - iGbye (Y + ) (9.4.18)

where we are using the notation of section 6.2.1. Recall that a is the decoupled local
Majorana fermion of the impurity spin field, 5 is the local Majorana degree of
freedom which couples to the conduction electrons, l[é is the charge fermion degree
of freedom obtained from re-fermionization of the charge boson field and l/éf is the
spin—flavour fermion field which is obtained from re-fermionization of the spin-
flavour boson field. -

The calculation of the pair field susceptibility associated with P is given by the
expression

XBB(T) = Jj (P F0)> (9.4.19)

Emery and Kivelson argued that the leading singular term of the correlation function
in the above integral goes as 17 for large times. The argument is as follows: first, for
positive times the Green’s function of the 4 field G,(7) is just constant, that is we can
just view 4 as a constant of the motion (cf. equation (6.2.28)). Second, because the
combination b l#f lﬁf is precisely the combination that enters the effective
resonant level Hamiltonian (6.2.19), we may view this too as a constant of the
motion and extract it from the expectation value. A more precise way of putting this
is that, when we perform the possible Wick contractions, because of the special
character of Majorana fermions this factor is an allowed contraction. A correspond-
ing contraction for complex fermion fields would general]y not be p0551b1e (except 1n
a superconducting state). Contraction of b ) (Vs + lﬂf 7) with (0 l/éf + lpf
will generate subleading singular corrections to ypp. Finally, the remaining Green s
function is just the charge fermion Green’s function which behaves as 1/t for long
times and so generates a logarithmic divergence.
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We can evaluate 5 5 more precisely using the Green’s functions of section 6.2.2
and appendix D, and it is illuminating to do so. First, denote l/éf + lﬂf Xst and put
= i/, /(ra)'* n equation (6.2.19) (this is the effective hybridization between b and

Xsf). Then the expectation value

A _ A i 1 1
Cbyst d= = (st H= ﬁNSZ Z T (9.4.20)

where @, = 2mn+ 1/2)/B is a fermion Matusubara frequency. Recall that
r = 1N(0) V? /2 is the resonant level width, which is one kind of local Kondo scale
in the approach. It is straightforward to evaluate this sum and to obtain

A NO)V. [ D
byt Y= —In| 7,

where N(0) /2 = 1/4mvr is the Fermi level density of states of the s fields, and
D = 2vF is the bandwidth (cut-off ) of the linear dispersion relation. Putting this
together and using G.(1) = Gs(1) =1/ EZD sin (7er /B) fwe obtain

1 ”12
Po)

(9.4.21)

Xﬁﬁ(T)_z In ;

T
Ll I 2D D
NQT(DDI T In| =k (9.4.22)

Given that I measures the Kondo scale, the interesting point to note about this
susceptibility is that, while it is logarithmically divergent, it is very small! The
effective energy denominator is not Tk as appears in the logarithmically divergent
spin susceptibility but rather D? / Tk which is huge! Hence, at the impurity level, this
is a terrifically small effect, only presumably visible at very, very low temperatures. In
fact, QMC studies on the two-channel impurity model failed to reveal any hints of a
logarithmic divergence (H. B. Pang and M. Jarrell, private communications, 1995).
Nevertheless, as discussed in section 9.4.4, a possibility for odd-frequency pairing
does emerge in the lattice. A further display of the anomalous character of the pair
correlations is a strong pairing suppression for conventional super conductivity (Luk
1992, Luk er al. 1994, Borkowski and Hirschfeld 1995).

We close this section by noting that the local pairing vertex can be evaluated
within the NCA discussed in section 5. The diagram is shown in figure 121. Prior to a
translation to the full physical subspace, the interaction strength for pairs with
zero centre-of-mass energy is manifestly antisymmetric in the exchange of either
incoming or outgoing frequencies at low frequencies. The explicit asymptotic
form valid for |a)|, |a)f| < Tois

4 ~ / —1 1 n Ja)_<l
I(o,0) ~- sgn () sgn (@ )8N(0)2 |a)>|F( 5 |a)>|) (9.4.23)

where F is the complete elliptic integral of the first kind, and o> and w< are
determined from the minimum and maximum of |a)|, w’|. It is clear that this
interaction form is singular and non-separable in the incoming and outgoing
frequencies. To translate back to three dimensions in the heavy-fermion case requires
multiplication on the left by factors of Y3 (k) Y, (k), where k is the direction of
incoming momentum and on the right by corresponding factors in k-, the direction
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Figure 121. On-site interaction vertex from the NCA for the two-channel Anderson model
in the Kondo limit. Each wavy line is an excited configuration propagator, carrying
the channel index o, and each broken line a ground-configuration propagator
carrying the spin index u. The solid curves are external conduction legs, put in for
illustrative purposes.

of the outgoing momentum. The momentum dependence arising from this may allow
for some small contribution to the odd-radial-parity pair field discussed by Ludwig
and Affleck (1991, 1994), but a test of this requires explicit numerical calculations for
a more realistic model.

9.4.3. Pairing symmetry analysis

By identifying the physical correspondence of the spin and channel indices of the
spin-singlet—channel-singlet pairs discussed in the previous section, one can identify
the actual symmetry that such pair correlations would display in a real material
assuming that the two-channel Kondo model serves as an appropriate starting point.
This information can then provide a useful input to phenomenological studies of
odd-frequency pairing.

In the case of the heavy-fermion materials, this symmetry analysis has been
carried out by Cox and Ludwig (1997) for the two-channel model in the allowed
symmetry groups as discussed in section 2.2.4. We shall only briefly describe the
method and results here, which are summarized in table 15.

The logic is that, regardless of whether the local pseudo-spin is magnetic or
quadrupolar, one pair of conduction labels will be a magnetic pseudo-spin
determined by the vector space of a doublet irrep of the double point group at the

Table 15. Symmetry of local spin-singlet—channel-singlet pair fields Py
and dimensionality v of Py space due to exchange anisotropy.
[From Cox and Ludwig (1998, unpublished).]

Ion Group Py v
u* 0 r~ (2= )0 - 2= ) 2
Ce™ 0 ry~ (-0 - 2= 4 1
u* D¢ r~ (¥ - 302 () - 3pxd) 2
cett Dg ry~ (- 302 - 3px?) 3
u* Dy ry~ xp(x? - %) 3
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impurity site, and one pair of indices will be orbital-quadrupolar determined by a
doublet irrep of the ordinary point group at the impurity site. On physical grounds,
by analogy to the spin-3 problem, the magnetic pseudo-spin singlet should always
transform as Aig, that is have the full symmetry of the underlying group. This is
indeed the case as explicitly verified from the tables of Koster et al. (1963). On the
other hand, the orbital singlet must change sign under any operations which
interchange the orbitals, and these are indeed effected by ordinary point group
transformations. The only viable candidate is the pseudo-scalar irrep, present for any
point group (apart from triclinic) and denoted by A42,. As in the case of the magnetic
pseudo-spin, it can be explicitly verified that this result for the orbital singlet holds
for the cubic, hexagonal, and tetragonal point groups of interest. As a result,
transformation properties of the overall singlet pair irrep under the local point
group operations must be Aig ® Az = Aog.

The Az, irrep generically must be composed of high-order angular momentum
states about the local moment site. For example, in cubic symmetry
A~ (x* - y1)(3? - 2)(z* - x?) which minimally derives from /=6 or i-wave
pairs! Similarly, in hexagonal symmetry, the 4, state transforms as (x° - 3x)%) x
(y® - 3px®) ~ sin (66) where 6= tan™' (y/x), which is also of minimal i-wave
character. Finally, in tetragonal symmetry, A ~ xy(x* - y*) which is minimally
of g-wave character. We note that, should such pair correlations drive a super-
conducting instability in the lattice, it is unclear how the complex nodal structure of
the pair wavefunctions /ocally will affect the excitation spectrum. A complete theory
of this must await a microscopic approach to the odd-frequency pairing state found
(at least in d = 00) for the two-channel Kondo lattice.

We close this section by noting that inroads on Ginsburg-Landau (GL)
phenomenology of odd-frequency staggered superconductors can be made with
the above result and an assumed ‘negative pair hopping’ in real space consistent
with the suggestion that the pairs prefer zone boundary momenta. With the local
pair symmetry and with the negative pair hopping assumption, one can uniquely
identify likely zone boundary momenta as free-energy minima and construct unique
GL theories for all the heavy-fermion superconductors. This program is in fact under
way, initiated by the work of Heid er al. (1995, 1996) and Martisovits and Cox
(1998). A review of the phenomenology is beyond the scope of this article, but
perhaps the most interesting features to emerge are the following.

(1) For the frustrated hcp lattice of UPts, a degenerate space group irrep is
favoured which, in the presence of an ordered antiferromagnetic state, can
fully account for the complex H-T phase diagram of this material (Heid et
al. 1995, 1996). In contrast, while a degenerage space group irrep is also
favoured for the 123 materials (UM,Al3; M = Pd or Ni) which have a simple
hexagonal structure, there can be no degeneracy lifting coupling of induced
(by a magnetic moment) or applied strain to the superconducting order
parameter to all orders in the strain (Martisovits and Cox 1998). This is
consistent with the simple single-phase diagrams observed for these
materials.

(2) In the two cases so far examined, the presence of time reversal symmetry
breaking can induce microcurrents and thus additional staggered magnetic
moments in the material (Heid ez al. 1995, 1996, Martisovits and Cox 1998).
For relative real phases between order parameter components, an induced
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charge-density wave is possible. Observation of such induced staggered order
would provide a spectacular confirmation of the staggered pairing
hypothesis.

Finally, we note that superconductivity induced by the TLS Kondo effect has
been suggested as a possibility for A15 materials (Matsuura and Miyake 1986a, b,
Miyake et al. 1989, Miyake 1996) and the cuprate superconductors (Plakida et al.
1987, Hardy and Flocken 1988, Tsvelik 1989). Depending upon the nature of the
anharmonic double well, a similar symmetry analysis should be possible for these
models as well.

9.4.4. Superconductivity in the two-channel Kondo lattice

9.44.1. d =00 Ilimit. Given the residual entropy and correlated residual
resistivity found in the two-channel Kondo lattice model in infinite dimensions
by Jarrell et al. (1996a,b, 1997a,b), it is natural to assume that in the absence of
external symmetry-breaking fields (Anders et al. 1997) that the system will be
driven to some spontaneous symmetry breaking to remove the residual entropy.
Just such a possibility was found by Jarrell ez al. (1997a, b), as we shall describe in
this section.

Following Jarrell er al. (1997a, b), we note that, in at least two regions of the
phase diagram, there are very natural candidates for this symmetry breaking
identified from the strong-coupling limit (J > 7).

First, near half-filling (unit occupancy of each channel), antiferromagnetism is
certaintly a favourable possibility. To see this, examine figure 122 which shows
adjoining two-channel Kondo clouds in the strong-coupling limit. The overall spin
of the clouds is anti-aligned because of superexchange, by hopping an electron from
channel one on site a to channel 1 on site b to form virtual singlets, followed by a
subsequent hop of the original site b electron to site a, we see that the overall energy
can be lowered by a factor Jeff ~4+* /J > 0. The positivity of this effective exchange
assures that the coupling is antiferromagnetic. As usual, the Pauli principle favours
antiparallel spin coupling in such a superexchange process.

Second, near quarter-filling (half an electron per spin per channel) at strong
coupling, in the absence of electron—electron interactions, it is favourable to form

a - o b

R R

a b

Figure 122. Screening clouds about adjacent two-channel Kondo sites in the lattice for
strong coupling J > Ef, near half-filling of each channel. The overall spins are anti-
aligned because the Pauli principle prevents hoppin% for conduction electrons of
equal spin, which gives rise to a superexchange ~ ()7 /J.
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R Ry,

a

Figure 123. Illustration of channel superexchange near quarter-filling in the two-channel
Kondo lattice for strong coupling. At quarter-filling, singlets on every site are
energetically favoured over doublets on every other site. However, hopping is blocked
for spins on adjacent sites in the same channel, while it is not blocked for spins in
opposite channels. Hence, a channel superexchange of order (t*)Z/J results.

Kondo spin singlets at each site rather than two-channel spin doublets at every other
site. The former gives an energy of - 3J /4 per site, while the latter gives an energy of
- J /2 per site. The addition of on-site interactions between electrons will further
stabilize this state, while the addition of intersite density—density electrons will
presumably help to destabilize the singlets on every site. Neglecting interactions,
we see that, because the spin singlets are of necessity channel doublets, that there
is an intrinsic degeneracy in the problem which the system would like to remove.
Figure 123 illustrates how this can occur via channel superexchange, in which a
channel 1 electron at site a hops to site b to form a trivial local moment spin doublet
at site a and a two-channel screened spin doublet at site b. The original channel 2
electron at b then hops to a. The energy lowering in the process is of order
J ~4P |J. The postivity of this effective exchange indicates that an antiferromag-
netic pattern of channel spin is favoured near quarter-filling.

A priori, there is no reason to anticipate a substantial limitation of the boundaries
of spin and channel ordering as a function of filling #, although experience with other
models (the Hubbard model and Anderson lattice model, for example) suggest that
the boundaries ought to be rather close to half-filling for spin ordering, and quarter-
filling for channel ordering. If this is the case, the third law of thermodynamics
would again bias us to look for some other kind of ordering in the intermediate
fillings. Based upon the outlook of strong odd-frequency pairing correlations from
the impurity model, it is natural to consider an instability to an odd-frequency
superconducting phase.

Most of these above expectations are born out in the calculations of the phase
diagram of the d = 00 two-channel Kondo lattice model as studied by Jarrell ez al.
(1997a, b) with the same QMC method discussed in section 9.3.2 in the work of
Jarrell et al. (1996a,b, 1997a,b). The exception is that no strong evidence for
channel-spin ordering is found in the vicinity of quarter-filling, although it may
represent a possible secondary phase transition at very low temperatures.

To hunt for instabilities of the spin, channel and pairing degrees of freedom, the
corresponding susceptibilities were evaluated by Jarrell ez al. (1996a,b, 1997a,b).
These are shown in figure 124. The resulting phase diagram is shown in figure 125.
The remarkble features resulting from this study are as follows.
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124. Pair field susceptibilities for the spin-singlet—channel-singlet odd-frequency
(even-parity) pairing channel in inifinite dimensions. Susceptibilities for all momenta
in the Brillouin zone go through zero at the same temperature and, as argued in the
text, this gives rise to a first-order transition. [Taken from Jarrell ez al. (1997a), with
kind permission of the American Institute of Physics. ]
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125. Phase diagram of the two-channel Kondo lattice in infinite dimensions. [Taken
from Jarrell er al. (1997a), with kind permission of the American Institute of Physics. ]

The antiferromagnetism persists for a rather large range away from half-
filling and is commensurate except very close to the critical value of the filling
where it becomes incommensurate. The antiferromagnetic transition
temperature is a function of the bare coupling J and, for arbitrary fillings
and coupling strengths, a combination of RKKY and superexchange
couplings determine the overall transition temperature. It was not possible
numerically to go to sufficiently large couplings to detect the 1/J behaviour
anticipated above.

The antiferromagnetism is peculiarly weak on two counts: firstly only a very
small singularity is observed in the total bulk staggered magnetic
susceptiblity (it is quite strong in the local-moment-only contribution to
the bulk susceptibility, and so Jarrell er al. (1997a, b) employed this to
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identify the antiferromagnetic transition and critical behaviour accurately
and secondly, to within numerical accuracy, this singularity is characterized
by a non-universal J-dependent critical exponent Y < 1.

The line of temperatures T* represents a lower bound on a first-order
superconducting transition to an odd-frequency pairing state in which the
conduction electrons pair into spin singlets—channel singlets, and the pair
wavefunction possesses even spatial parity. The specific value of T is
determined by where the pair field susceptibility Ps in this channel changes
sign as a function of temperature. As argued below, this must correspond to a
lower bound for a first-order phase transition.

The pair field susceptibility is computed for pairs with arbitrary centre-of-
mass momentum within the Brillouin zone. To within numerical accuracy,
the temperatures T at which Ps(g) changes sign are identical for all ¢ values.
As argued later in this section, this is an artefact of infinite dimensions which
will probably be removed at finite d in favour of a zone-boundary centre-of-
mass momentum for the pairs.

Quite remarkably, the temperature T™ goes as C(J) T, where Ti' is the
lattice Kondo temperature determined from a fit of the local susceptibility in
the local moment channel to the single-impurity results for each value of n, J.
The pre-factor C(J) ~0.5 is a weakly J-dependent number. Since TH"
signifies the energy scale for formation of local non- Fermi-liquid physics, this
suggests an interpretation of the superconducting instability in terms of
pairs best understood in real space and strongly associated with the
non-Fermi-liquid formation. This point of view is sharpened by the
observation for at least J < ¢ that T™ is close to the temperature at which
Z=1- a{Re Z(a))}/a@|o changes sign, where ¥ is the conduction-electron
self-energy. In the conventional Fermi liquid, Z represents the dynamical
mass enhancement of the quasiparticles. A negative value of Z certainly
indicates a complete breakdown of the quasiparticle concept.

Although an examination of the staggered channel susceptibility with no
coupling to pairing or spin degrees of freedom does indicate a narow region
about quarter-filling where ordering is possible, the transition temperature
for such ordering is very small compared to T*, and so Jarrell ez al. (1997a, b)
focus instead upon the magnetic and superconducting order.

The frequency-dependent form factor of the spin-singlet—channel-singlet pair
field which was found from the maximum eigenvector of the pairing kernel is
singular in w; it goes as 1 fo, in precise agreement with the result of Coleman
et al. (1993, 1994) obtained in a Majorana fermion mean-field theory of the
ordinary Kondo lattice. While this has a finite overlap with a pair field
possessing a regular form factor in frequency (e.g. going as ), the result
suggests that it is necessary to have a singular interaction vertex to induce the
pairing. This further suggests that the physical order parameter, while
possessing an admixture of the time derivative pair field (which produces a
form factor linear in  in the frequency domain), is predominantly composed
of more complicated non-local time operations in the time domain.

To understand the results and motivation behind the numerical study further, it

is convenient to consider the problem from the point of view of GL mean-field
theory, although the numerical findngs of Jarrell ez al. (1997a, b) are more general
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than what is provided by this limited theoretical framework. The following
presentation follows completely the more extensive work of Jarrell and Pruschke
(1996) and Jarrell et al. (1997a, b).

Consider the bulk free-energy functional for a general scalar order paramter
O(T). 1t is given by

(1)
d [O]Nm + b04(T) + 006(T) + (9424)

where X(l) O is the static linear susceptibility corresponding to the order parameter O;
for example, for antiferromagnetism it is the linear response coefficient relating the
induced staggered magnetization to an applied staggered field. Of course, equation
(9.4.24) is simplified in that, if the order parameter is not a scalar, we must generally
add more terms. Also, if the order parameter admits a cubic invariant (such as
volume), we need to include odd powers. However, the above form is suffient for our
purposes. In the study on spin and channel ordering, Jarrell ez al. (1997a, b) found it
sufficient to hunt for divergences in the staggered spin and channel susceptibilities.
As discussed above, just such divergences were found. This common scenario is
represented graphically in figure 126.

Now, in terms of GL theory, the order parameter undergoes a second-order
transmon when the coefficient of the quadratic term vanishes. This clearly implies
that XO ( ) must diverge. GL theory of course admits the possibility of first order
transitions. The customary scenarios require either that the order parameter admit a
third-order invariant as happens for isostructural phase transitions or quadrupolar
ordering or that the fourth-order term changes sign from positive to negative while
the second-order and sixth-order terms remain positive. This is the situation in which
a mean-field theory of tricritical points becomes possible. These scenarios are
represented graphically in figure 127.

Another rather unusual possibility signifies the presence of a first-order transition
(Jarrell and Pruschke 1996, Jarrell et al. 1997a, b), if X(O) (T) itself changes sign at a

F

T>T. T<T,

T=T,

Figure 126. Usual Landau scenario for a second-order transition. Sketched is the free
energy ¥ as a function of the order parameter O. At T > T, there is a quadratic
curvature upwards. For T = T, the free energy is quartic in the order parameter. For
T < T, the free energy has a quadratic curvature downwards. As a result, a stable
minimum at finite O arises continuously from zero-order parameter as the
temperature is lowered.
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F T>T. T=T
- ¢

T<T,

Figure 127. Usual first-order transition scenarios. These are driven either by the presence of
a third-order term (as occurs for liquid crystals, quadrupolar or structural transitions)
or by a change in sign of the fourth-order term in the Landau free energy. In either
case, the transition occurs when a metastable state is lowered through a degneracy
point with the zero-order parameter minimum at a critical temperature Tc. Below T¢
the metastable state becomes fully stable.

T>T*

T<T"

Figure 128. Anomalous first-order transition scenario for odd-frequency pairing in the two-
channel Kondo lattice. Given the finding of a sign change to the pair field
susceptibility at a temperature T*, and noting that the order parameter susceptibility
is the inverse of the free-energy curvature at the origin (O = 0), we see that the low-O
curves ‘pile up’ on approach to T at Wthh point the free energy has infinite
curvature at the origin. Immedlately below T*, the free energy has negative infinite
curvature, and clearly stability requires a mlmmum at a finite value of O. The only
con51stent way to make this happen is for there to be a minimum at finite O above
T*, implying that T™ is a lower bound for the first-order transition temperature.

temperature T~. Clearly, such a sign change represents a thermodynamic instability.
This scenario is displayed in figure 128. As can be seen, above T, a minimum at
O = 0 is clearly present while, below 7™, a minimum at finite O is present. Because
these cannot be smoothl;/ connected, we infer that the transition must be discontin-
uous. Of course, if ¥, passes through zero, the very assumption of a Taylor
expansion in powers of O for ¥ |O | breaks down. One approach to remedy this
problem is to apply a gedanken extérnal field so conjugate to O and work in the
Legendre transformed free energy ﬁl?zo]: F = hoO. By using
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NXO_2 XO_4 Xo_e
ﬁEt] - n 0 6'0 (9.4.25)

where @ is the ith-order nonlinear susceptibility, for 1o — 0, one can systematically
ivert A to obtaln 7. The point is that clear A is the sensible starting-point free
energy when XO —0.

Now, consider first the case XO < 0. This gives the usual situation that the GL
free energy is stabilized bP/ the fourth order terms, as it is strdlghtforward to show
that, for N—0, B ~- /24 *>0. However for XO — 0, this expansion
clearly breaks down. Evaluatron rlght at T™ where the linear susceptibility vanishes
gives

(3)
f[O]N- Xf:—h‘5+hoo+

403

) o (9.4.26)

_2o (6
8 |(2|

which is manifestly negative. Stabilization must occur from the sixth-order and
higher terms in the free energy. Because this energy is already negative at T, we infer
as claimed that a transition to a finite value of O must have occurred at a
temperature above T".

For XO > 0, we cannot give quite so explicit a proof of this fact. However, we
note that, when the nonlinear susceptibility is positive, the fourth-order GL term in
O is negative, which indicates the presence of a free-energy minimum at finite value
of 0. Taken together with the observation that the free energy must be negative for
infinitesimal values of T~ T > 0, then we infer that again a transition to finite O
must have occurred above T~

Finally, we return to the question of 1/d effects upon this phase transition. As
mentioned in item (4) above in the discussion of the results for the phase diagram,
this transition in d = 00 does not distinguish between different centre-of-mass
momenta for the Cooper pairs. We expect this to change when d < 00. The argument
is as follows. The superfluid density or stiffness can be read off as the coefficient of
the diamagnetic term in the electrical conductivity. This results from the anomalous
diagram shown in figure 119(a). In a systematic 1/d expansion, as mentioned in
section 9.3.3, the conductivity itself is of order 1/d. The locality of the self-energy
implies that, correct to this order, one can omit any vertex corrections from the
conductivity. This implies that the conductivity has precisely the bubble form
assumed in the argument of Coleman ef al. (1993, 1994) to infer that the superfluid
density and stiffness at the zone centre is negative for an odd-frequency super-
conductor, while it is positive at the zone boundary. Hence, it appears likely that the
restoration of a superfluid density at finite d will lift the degeneracy between different
¢ (centre-of-mass momentum of Copper pairs) and thus induce a staggered pairing
state. While it cannot be ruled out that vertex corrections will modify this result
(Balatsky et al. 1994. Abrahams et al. 1995), to the extent that the leading order (in
1/d) term determines the sign of the superfluid stiffness, it seems unlikely that the
vertex corrections will modify this conclusion.

In closing this section, it is worth noting that this unusual pairing must be
described by physics which goes beyond the Eliashberg—Migdal theory in local



01:19 22 March 2011

Downl oaded By: [CAS Chi nese Acadeny of Sciences] At:

920 D. L. Cox and A. Zawadowsk i

dynamics (in that the local spin fluctuations mediating the pairing must be self-
consistently adjusted) but not in the intersite dynamics. Hence, it should be possible
to develop a kind of real-space Eliashberg theory (Jarrell e al 1997a,b) to
understand the physics of this model in the superconducting state. It will of course
be important to develop a theory of a finite order parameter to identify properly the
location of the first-order transition and to assess the impact of the antiferro-
magnetism on the superconducting transition.

Jarrell et al. (1997a, b) have noted that the possibility of coexisting super-
conductivity with predominantly commensurate antiferromagnetism along with
the anomalous normal-state properties makes the two-channel model a leading
candidate to explain the heavy-fermion superconductors. It should be noted that the
observed superconducting transition in these materials appears to be second order.
Detailed numerical studies are required to assess whether finite dimensionality effects
induce a second-order transition or whether a sufficiently weak first-order transition
can be found to bring this fascinating state more into alignment with experiment.

9.4.4.2. One-dimensional diluted Kondo lattice. Zachar et al. (1996) have studied a
single-channel Kondo lattice in one dimension with Abelian bosonization
techniques. Dilution requires that the spacing between local moments be
significantly larger than the spacing between atoms yielding the conduction
electrons. The model is soluble in the anisotropic limit analogous to that of
Toulouse for the single-channel impurity model. Specifically, J. = 7wr must be
taken to obtain a soluble model.

In this limit for incommensurate filling of the conduction band, there is an
antlferromagnetlcally ordered ground state in transformed spin variables and a gap to
spin excitations of As~ vr(cJ1/vF) I3 Where ¢ is the local moment density. By
transformed spin variables we mean ¥ () = U'(j)v(j) U(j) where 7(}) is the local
moment spin (x component) at site j and U(j) = exp (— 22 T Qs(rj)lis a string-
like operator that effects a unitary rotation of the system, 6s is a ‘spin-li
momentum variable introduced through the transformations

¢’ bosonic

qf;,ﬁ X) ~ exp [Tc‘/2 )+ Ago(x)) + iAkFx] (9.4.27)

where A = * s the left-moving (+) or right-moving (- ) index and o =T, L s the spin
index. The fields 65 (‘momentum’) and ¢, (‘coordinate’) are canonically conjugate.
The field 6; = (61~ 61) /2!, Note that the physical spin variables are disordered by
virtue of the excitation gap and thus have an exponential decay in real space.
Diluteness of the local moment array is self-consistently determined by requiring that
the spin correlation length ve /A is large compared with the inter-impurity spacing.

The free Fermi gas in one dimension would have spin, charge and pair
correlations which decay as x™2 for large distance x. If it is found that one has
correlation functions decaying as x™ * for ot < 1, one can have an indication from the
one-dimensional model that there is an enhancement of the ordering tendencies.
Zacher et al. found just such enhdncement for 2kr ordering of the conduction charge
and of the composite spin field ‘PL LPRITY, where ¥ are conduction fields either of
left moving (L) or right-moving (R) character and 7" is the local spin operator. They
also find enhanced ordering tendencies for the staggered smglet superconductlng
field (- 1)’ ‘PLT(J)‘PN( /) and the staggered composite field (- 1)’ lPLi(])lPRi(]) (),
which, as argued earlier, should mix linearly with the staggered singlet spin field.
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Because L, R act as channel indices here, the staggered singlet spin field is completely
analogous to that of the two-channel model. Satisfying the Pauli principle requires
odd-frequency pairing. This remarkable folding down of the single-channel model in
one dimension to an effective two-channel model is possible because the spin gap
stabilizes back-scattering terms to zero. It is unclear from the study how generic the
spin gap is away from the soluble points, and this is obviously something to be
explored further.

Subsequent to the work of Zachar er al. (1996), Coleman et al. (1997) have
suggestd that a novel two-channel pairing state can be bootstrapped out of a
superficially single-channel lattice when electrons of different local angular momenta
(but the same parity) couple to a given local-moment site.

10. Conclusions and directions

We have shown in this review that, in order to arrive at exotic Kondo states
which display non-Fermi-liquid fixed points, the minimal generalization of the single
channel Kondo model is via the addition of channel or flavour quantum numbers to
the conduction electrons. The two-channel spin-5 Kondo model obtained in this way
has been shown to describe a great variety of physical phenomena from disparate
areas of condensed matter physics, such as amorphous metals, nanometer scale point
contact devices, certain rare-earth and transition-metal ions in metals (some of which
become exotic superconductors at full concentration of the ions), and quantum dots
in the Coulomb blockade regime. In particular, it is apparent that any time a local
pseudo-spin degree of freedom is non-magnetic, a mapping to a two-channel Kondo
model is possible in which the channel degree of freedom is the magnetic spin or time
reversal index of the conduction electrons, guaranteed to be degenerate in the
absence of magnetic field by Kramers theorem. Given this broad variety of
possibilities, we can only anticipate that new models and experimental systems will
be discovered for which a mapping to a model with a non-Fermi-liquid fixed point
will be on solid ground.

We have stressed that the most likely physical route to a non-Fermi-liquid Kondo
fixed point is through the two-channel spin-3 Kando model. However, other
intriguing possibilities exist for stable fixed points involving a large effective impurity
spin (Zarand 1996, Moustakas and Fisher 1997) or unstable fixed points with a large
effective conduction spin either for TLS Kondo sites or rare earth/actinide ions
(Fabrizio and Gogolin 1994, Fabrizio and Zarand 1996, Kim and Cox 1996,
Sengupta and Kim 1996, Kim et al. 1997).

On theoretical grounds, the two-channel Kondo model itself is very well
understood. On the high-temperature side, the multiplicative renormalization group
(section 3) provides a solid indication of which sectors of parameter space in the
model are needed to describe various physical phenomena (valid for T > Tk, Tk the
Kondo temperature). Knowing the relevant sector of parameter space, one is guided
to the low-temperature regime where a variety of powerful methods is available to
characterize the physics. Asymptotically, at low temperatures, conformal field theory
and Abelian bosonization may be brought to bear (section 6) (valid for T < Tx).
The numerical renormalization group (section 4) and the Bethe-Ansatz method
(section 7) may be employed to characterize fully the crossover from low to high
temperatures provided the model is sufficiently simple (e.g. no excited crystal-field
states) and the temperature range of interest is far from the band edges. With these
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methods it is, however, difficult (though not impossible) to obtain dynamical
properties. The non-crossing approximation provides an excellent way to study
these models in thermodynamic, transport and spectral properties over all tempera-
ture ranges including a variety of interesting physical phenomena (especially realistic
electronic structure inputs and excited multiplet states) while being limited practi-
cally to the rare-earth and actinide ions.

These methods all predict universality in physical properties and are heavily
intertwined in that, for example, the conformal theory must assume a fixed point,
and have that assumption confirmed by matching to finite size spectra from say the
NRG or Bethe-Ansatz approaches. Once such a comparison is made, one may
confidently employ the predictions of the conformal theory for, say a T'/> low-
temperature behaviour in the resistivity. The non-crossing approximation is strictly
controlled only for large spin degeneracy N, and its very successful application to the
problem for N = M = 2, where M is the channel degeneracy, is justified a posteriori
by a comparison of the critical exponents, amplutides (such as the zero temperature
resistivity and entropy), and temperature-dependent thermodynamics to exact results
such as arise from the Bethe-Ansatz and CFT approaches. In this way, one has
confidence in using the NCA to calculate the full temperature dependence of
quantities such as the thermopower, electrical resistivity and van Vleck susceptibility,
which are accessed either not at all or in limited ways by the other methods.

Experimentally, there is growing evidence that the TLS interacting with electrons
in metals can be described by the two-channel Kondo model. However, further
studies are required to answer certain critical questions, such as the following.

(1) How does the TLS form in metallic glasses, mesoscopic devices and
interfaces?

(2) Why are there so many TLS with small asymmetry, for example, in the case
of nanoscale point-contact devices?

(3) What is the role of the complete set of excited states in the TLS?

(4) What is the effect of static impurities in the metallic host on the orbitals and
spherical waves of the conduction electrons and how does that affect the
orbital screening phenomenon about the TLS?

Consideration of the physics of TLS is not only of interest for establishing the
existence and relevance of the two-channel Kondo problem, but also for under-
standing the signals present in many mesoscopic samples, devices and interfaces, and
thus is highly relevant to ongoing technological developments in nanoscale physics.

Concerning the possibility of two-channel Kondo physics for heavy-
fermion-alloy systems, it must be said that an impressive body of evidence argues
for understanding of many systems in terms of the two-channel Kondo effect.
A complete verification of the behaviour has not proven possible for any one
system, however, usually due to: (i) unusual behaviour of transport coefficients
such as the resistivity and thermopower which do not appear reconcilable with the
simple two-channel Kondo model; (ii) unusual thermodynamic scaling in an
applied magnetic field or (iii) history-dependent freezing effects associated with
spin-glass physics. However, the clear observation of single ion scaling phenomena
m Yi- x(Thl-y,Uy)xPCb, Thi- xUxRuzSi2, Thi-xUxPd2Si2, Thi- \U:M2Als,
Thi- xUxBeis, and, partially, in Lai- xCexCuzSiz suggests that further experimental
studies on very well characterized crystals are worthwhile. In the case of the U based
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systems, sincle crystal untrasound and nonlinear susceptibility measurements are
worthwhile for directly probing the non-Kramers ground state. On the theory side,
the effects of excited crystal-field levels and other physics beyond the simplest two-
channel model must be further investigated to assess whether the unusual behaviour
in transport coeffcients may be reconciled with the observations. Also on the
experimental side, the recent discovery of anomalous Pr based systems for possibly
studying the quadrupolar Kondo effect (Yatskar et al. 1996) is worthwhile to
examine further, particularly by doping on the Pr sublattice with La to search for
dilute quadrupolar Kondo systems where a known non-Kramers ground state on the
ion of interest is assured. Another extremely interesting theoretical question inspired
by experiment (Aliev et al. 1995a, b) is to study the situation of extreme mixed
valence between two degenerate configurations (cf. figure 108).

Perhaps the most wide open and exciting opportunities for experimental and
theoretical research on the rare-earth and actinide-based multi-channel Kondo
candidates are in the periodic compounds such as UBei3, CeCu2Si> and PrInAg;.
Two of these are exotic superconductors. Investigations of the two-channel Kondo
lattice in infinite spatial dimensions yield a non-Fermi-liquid normal state and either
superconducting or antiferromagnetic ground states (with possible coexistence)
(Jarrell et al. 1996a, b, Jarrell et al., 1997a, Anders et al. 1997). The normal state
properties have a good correspondence to UBe13, while the superconductivity that is
found is odd in frequency and proceeds via a very novel first-order transition. It is
important to examine further whether this transition is robust upon passing to finite
spatial dimension (where indications are that finite centre-of-mass Cooper pairs will
be favoured ), what the effects of intersite magnetic correlations are upon the normal
state non-Fermi-liquid behaviour, and what the effects are of the inexactness of
channel degeneracy (for the magnetic two-channel lattice) or spin degeneracy (for the
quadrupolar two-channel lattice) of the conduction states. Moreover, complete
studies of the ordered phases are necessary to characterize the degree of coexistence
versus competition for the magnetic and superconducting order.

Studies for a one-dimensional mode of the single-channel Kondo lattice which
effectively maps to the two-channel lattice in certain limits also support enhanced
staggered odd-frequency pair correlations (Zachar et al. 1996). Because this is the
first model Hamiltonian for which odd-frequency pairing is definitively observed, it
is important to develop further the phenomenological consequences of this unusual
theoretical result. For example: ‘“What are the low-temperature excitations and how
do they manifest in thermodynamics and transport?” and ‘What happens to
Josephson tunnelling and Andreev reflection?” Some of these questions have been
partially answered (see for example Coleman 1994, Heid ez al. 1995) but clearly much
work remains.

It is clear that this is a field which has blossomed extensively in recent years, and
for which there remains a promising future for theorists and experimentalists with an
Edisonian spirit.
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Appendix A: Model calculations of A™ and V*

In this appendix, we shall summarize two model calculations of A* and V*
which provide quantitative justification to the simple theory of section 2.1.3. The
examples will follow from exact treatment of the square barrier problem displayed in
figure 129, and the quartic anharmonic potential problem of figure 130, where the
non-orthogonal wavefunctions associated with each well will be taken to be
approximately of harmonic oscillator (Gaussian) form.

The general prescription is as follows. We shall treat only the spatial dependence
along the axis of the TLS, assuming for convenience a symmetric model so that
parity is a good eigenvalue. Denote the lowest two eigenfunctions of the double well
as ¢+(z) where the subscript is the parity level. The parity wavefunctions are
delocalized over the double well. Define orthogonalized combinations of wave-
functions for each side (right R or left L) by

1
¢R,L(X)ﬁ[ﬁ+(X) +¢- (0] (A.L1)
o] 0]
energy
L d
X }VB
Ty Ty

Figure 129. Double-square-well model potential for TLS Kondo effect.
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V(x)

dn2

—_— X
\
N} V2R Vi

Figure 130. Quartic anharmonic well model for TLS Kondo effect.

The spontaneous tunnelling rate A™ is the splitting between the two states of definite
parity, which is equal to the matrix element of the fotal Hamiltonian between the
localized states. That is,

AY=E. - Er = (- |H|- > +|H|[+ Y= - «L|H|R) (A.12)

The assisted tunnelling matrix element may be estimated by directly computing the
matrix element of the electron—ion coupling taking the state L — R, that is

N — —
Ve = = 2k, L|Hu-ion k7, R

s

=- 2U(l?f— I?)J‘dx[exp E(l?- /?/)-)Q]_ cos( (I - kx)g) ]¢L(X)¢R(X).

(A.1.3)

The subtraction procedure is the same as discussed in the section on the TLS
Hamiltonian. We shall use equations (A.1.2) and (A.1.3) in estimating the
parameters.

The above approach is equivalent to the derivation based upon the Feynman-—
Hellman theorem developed by Ngai et al. (1967) for estimating tunnelling matrix
elements.

A.1. Square barrier model
Here the atomic wavefunctions feel an infinite barrier at x = *(d /2 + ro), and a
square barrier of height Vg for - d /2 < x < d /2. Following Ngai ef al. (1967), it is
straightforward to find the wavefunctions ¢+(x) from direct solution of the
Schrédinger equation subject to the boundary conditions

¢i( i( C—2Z+ ro) ) =0, (A.1.4a)

e E N R—

where the superscript indicates whether the limit is taken from the right (+) or left

(=), and . )
im( t( g) ) :d%qsi( i( ‘—;) ) (A140)
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Given the elgenvalues E+ and wavenumbers k+ = (2ME:)'"? /h and g+ =

PM Vg - E+) /E we take the Ansaiz
[ Az exp (ik+x) Zexp (- tk+x), CEZ < x< C—2Z+ ro,
B+ d d
¢+(x) —{ > B (g=x) exp (- in)] -y Sx<7, (A.1.5)
t +A+exp (- tk+x) + exp (ikix), - ( 6_2214' ro) < X< - g
This yields the eigenvalue conditions
k+ro + tan™! [k—+coth( q+c—i) ] = (A.1.6a)
q+ 2
and
k_ro+ tan™! [];—_tanh( q- g) ] =1 (A.1.6h)
the wavefunction coefficients
A+ = —T—exp [- 2iki( ro + g) ] (A.1.7)

and
k= cos ( expr ik+(ro + d/2) ]
g+ exp (q+d/2) Fexp (- g+d [2)°

We are interested in the limit of large barrier height, so that g+ ~(2M VB)I/ *Ih= qo,
and to leading order k+ ~ko = T/ro, and the overall normalization coefficient of the
even and odd-parity wavefunctions is 1/ro. We denote the energy Ey = h*k3 /2 M by
hao, and the Gamow factor A = qod.

Retaining terms only to leading exponential order, we find that the tunnelling
rate A” is given by

B+ = Ri— (A.1.8)

X
Using equation (A.1.3) and performing the expansion for small (kx - k¢)d = Akxd,

we find that to leading exponential order the assisted tunnelling matrix element
is given by

A=F - E mﬁwozr—de—XM (A.1.9)
0

7 __howoexp (- A)i(Ade)z Uk - k)

kjer = 12 ro Vs
A Ulkr - k)
— 2 UWKZ = K)
24 —(Akxd) - (A.1.10)

which agrees with the heuristic derivation given in section 2.1.
A.2. Atom in a potential with quartic anharmonicity
We take the potential energy to have the form
V(x) =-ox’ + Bx* (A.2.1)
with oy 8 > 0. We identify the barrier width ¢ /2 with the potential minima, that is
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4" _a (A.2.2)
2 2p° -
the barrier height Vg with the depth of the two wells
__y fd)’
Vg = 4529 2| (A.2.3)

and the oscillator energy hwo with the natural frequency of harmonic oscillations in
the well minima, so that
12
2_0t)

(A.2.4)

e 2

We assume the wavefunctions ¢%,R (x) to orthogonalization have the Gaussian
form

0 o1 (x+d[2)’
)~ exp( -5 ) , (A25)
where the oscillator length ro is given by
;22
4 _
LRy (A.2.6)
These wavefunctions have the overlap
2
5= I dx 6 ()92 () = exp( - %) = exp (- A) (A.2.7)
0

which defines the Gamow factor A = ¢ /4r} in this model. When we orthogonalize,
we obtain the wavefunctions

S
LR () oL p () = S oRp(v) (A.2.8)

which is correct to leading order in exp (- A).

With these approximately orthogonal orbitals, one can show exactly that in the
expectation value specified by equation (A.1.2), only the quartic potential term and
the kinetic energy of the orthogonalized pieces survives, so that

A" = - XL|H|Ry~Tex exp (- A) [1 + o( %) ] (A.29)

Similar considerations applied to equation (A.1.3) yield the estimate for V'~ that

A UE-B
16 A Ak d) )[1+O( ) (A.2.10)

The use of the orthogonalized orbitals also justifies the use of & () = p(r)-

(d[2) + p(= d[2) |J2. The argument is simple; by substituting p() into equation

A.1.3) and using the orthogonalized orbitals given by equation (A.2.8), one finds
that

VX NAX

(Llp)|RY~ I dx ] (44 (P x) = 3CLIp|L Y+ CRlp| RY] (A.2.11)
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Assuming the oscilators to be well localized on the scale of density variation (~ kp")
so that (L, R|p|L Ry~ p(=d [2), we see that the factor in square brackets is precisely
dp(x).

Hence, in two cases we find results for V* estimated from the formulation of
wavefunctions of orthogonal orbitals which agree to within factors of order unity
with the Scalapino—Marcus formulation of the theory.

Appendix B: Local representation for electrons in the two-level system problem

In the simplest model for the TLS Kondo effect, the electrons are scattered by the
tunnelling atoms in an s-wave channel assuming that the centre of the coordinate
system is the centre of the atom (for a discussion of the more general case, see Vladar
and Zawadowski (1983a)). In the case of the TLS the scattering contributes to
different angular momentum channels if the mean position of the atom is chosen as
the centre of the coordinate system. In this case, the wavefunctions used earlier are
not orthogonal. Therefore it is useful to introduce states which are even (¢) and odd
(0) about the centre of the tunnelling systems has been done earlier in the two-
impurity Kondo problem (Krishna-murthy ez al. 1980) and in the TLS Kondo
problem by Moustakis and Fisher (1995). We shall follow the latter description here.

The non-interacting Hamiltonian used by Moustakis and Fisher (1995) is

N
. . dk .
Hy = Ao(didb + dids) + ZI@M&TC@G, (B.1.1)

where d] creates the tunnelling atom at position 7?5, Ag is the spontaneous hopping
matrix element, and the last term describes the conduction band. The operators are
assumed to obey continuum commutation relations. Turning on an interaction
between electrons and the TLS which does not include assisted tunnelling we have

the coupling

where V is the strength of the s-wave scattering off the atom at either site. Measuring
R and R» from the midpoint of the TLS, we see that Ri = R/2, R = - R/2, where
R is the distance between the impurities.

We now introduce a new representation in which

I(z Je p( R) 2nCi,k,c (B.1.3)

which defines ¢+ x . Note that the operators ¢+ are not orthogonal at this point.
We can properly introduce now odd and even electron operators which are correctly
normalized as

k) R} ceodldi, (B.1.2)

Ceks — 11/2 (C+,k,c7 +c- ,k,cy) (B 1.4 a)
Ne
and
1
Coks = IV — 75 (Crjo ¥ - fo), (B.1.4b)

with
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2k> sin (kR)
+
( 1 A (B.1.5q)

and

_ 2k sin (kR)
= ( 1- R (B.1.5b)

With this definition, and .= e,o,
{Ca,k,c,ff&,k,,c,} =218k = k) Goor - (B.1.6)

With this definition, we can introduce properly orthogonal left and right conduction
operators as

1
clko‘ = 21 /2 (ce,k,G + CO’IC’O') (B17a)
and
1
Coko = 21/2 (Ce,k,c - CO,/C,G)- (B17b)

Note that this definition of conduction basis is completely general for a two-centre
problem and may thus be applied to the two-impurity Kondo model as well.

We now return to rewrite the interaction Hamiltonian of equation (B.1.2). In
terms of the e, o basis we have

dk dk- t t t t
3‘[1 - Z J‘ -~ [Vl (Ce,k,cyce,k’,ﬁ + CO,k,Gcoak’;U) + V2 (CO,/C,GCO;IC’;U - CO’/C,GCQ’k/’(y)]
53

2T 21T

+ 13 (CZ,/C’GCO’/C/’G + Cj;’k,GCe,k,,cy) (d;dl - dz}dz)] (Blg)

where we take df'dl + d;dz = 1 (appropriate to the restricted Hilbert space) and
Vi=mN0)V, (B.1.9)

_ sin (kr R)
V2 = 1N (0) V—kFR . (B.1.10)
and
. 24172
Vs = TtN(O)V[l - ( sin (ke R) ] . (B.1.11)
krR

This completes the derivation of the Moustakas and Fisher (1995) Hamiltonian
displayed in equation (3.5.12) (recall that & = ddi - dydb).

Finally, we mention that in equations (B.1.9) and (B.1.10), an averaged atomic
potential can be subtracted (i.e. a uniform background).

Appendix C: Non-crossing approximation treatment of spin and channel
magnetization in the SU(N)®SU (M) multichannel model
We wish to pull out the singular low-field dependence of the spin magnetization
when Y= 1 and the channel spin magnetization when Y < 1. Our treatment follows
the calculations of susceptibilities by Bickers (1987, section V.B.3). We shall present
a more detailed argument for the spin magnetization; the details for the channel spin
magnetization will be similar. Our notation follows that of section 5.1. The strategy
is to develop and utilize an expression for the ground-state energy as an integral over
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dv» where the integrand contains only factors of gr viewed as depending on d» through
inversion of the constant of integration relation (5.1.16). In an applied field, gr will
carry all the explicit field dependence and an expression for the magnetization may
be obtained. The field is assumed to enter through the Zeeman -energy
Hz = - Y uHyo, where o runs from -J = (N- 1) /2 to J.

First, we extend the NCA differential equations in the applied spin field. Now gr
acquires a o dependence so the equations are

~

dgis _ YV
do 1 ry (C.1.1a)
and
d = - Z (C.1.1b)
7W &fs
subject to the boundary conditions
d(-D)=D, gis(-D) =D+ er- ucHsp. (C.1.2)

it is easy to see that we may write
gio = gy + (J = o)uHsy = gy + misy (C.1.3)

where m = J - o and Hs, = pHsp. In consequence, the integration constant relation
between dy, and gy is

g+ anl

from which we infer that ¢ = - + JHy, by evaluation at - D.

In principle, equation (B.1.4) allows us to solve for grs as a function of db, or vice
versa. This gives a route to integrate the differential equations (B.1.1a) and (B.1.1).
We find that

gy + mHy, T
8L i ’"H re=drLom | 2, (C.1.4)

D

7l
b Si(x)
=—d,+ _—
0= -db J;dxH_Sl(x) (C.1.5)
with
T 1
S. = —_— ~ . C16
) NWZ(ng(XHrnHSp)j ( )

The x in the integrand is expressing the dependence of grs on db. At the threshold
which is also the ground-state energy, db vanishes. Hence

— _Six)
B =- Jj & T (C.1.7)

where the field dependence enters now only through gis in the integrand. Hence, we
need knowledge of Ogis /OHsp. From equation (B.1.4), holding d fixed and
differentiating with respect to Hsp, we see that

ogts _ _J+ St
aﬁsp - I+ Sl ’ (Clg)

where
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~

Sy =— Z+ (C.1.9)

- N1 T (gf.] + mITISp)j.

Putting the above relations together, we obtain the spin magnetization from

Mo = - P60 :J'D g 2[5 + TRsfi + 510 | (C.1.10)
P aﬁsp 0 i o

[1+ Sl(x)]

Our goal is simply to pull out the low-field dependence on Hsp. Hence we may
evaluate the above equation assuming that gr is above the cross-over value, but still
in the low-energy regime to that Hs, < gr < To. This imposes an infrared cut-off on
the integral determined by the relation between gr and dh of xc =~ (T /1) (Hyp / o)/
in view of equation (5.1.17). The upper cut-off is specified by the maximal value of ds
in the low-temperature regime which is I" /7t It is straightforward to show that, for
small Hsp,

~\ 2
r\“1JJ+1
+ - 1+ Rl = = C.1.11
[S207+ 81) - S5(1+ 51)] ( n) e ( )
and since, for Hy, < gr < To, 1 + S1 =T [mgr we see that
w(J+ DA, (7 _dx
My ~——— —=
3F Xr(ijlxp) gf ('x)
_JUH Dy 1 ][ He) ' CL)
3 To Y- 1 To ’ o

For Y- 1, we see then that M, ~ (}NISp/To)lly; for y=1, My, ~ (Hy [To) In (To /Hsp);
for Y < 1, Msp is linear in Hsp at low fields corresponding to the finite value of ¥sp(0).

We may follow analogous reasoning to obtain the channel-spin magnetization
My = - OFo [OHeh in an applied channel field which couples linearly to the channel
states. The result is that, for Y<1, Mn~ (nlo/T)(mHua [T)Y, for y=1,
M, ~ (T /T)(THen [T) In (I [THen) and, for Y > 1, Mg, simply varies linearly in
the applied field corresponding to the finite value for e (0). The pre-factor of
1tlo /I = Wen reflects the need to excite virtually to the channel configuration to
polarize the channel spin.

Appendix D: The Green’s functions in the Abelian bosonization approach to the
two-channel Kondo model

In this appendix we briefly review the derivation of the Green’s functions in the
Abelian bosonization approach to the two-channel Kondo lattice. Of interest are the
Green’s functions for the Majorana b field and for the l/éf field.

Because the effective rgsonant level model of equation (6.2.19) only couples the
combination l#f + lﬂs'f to b, it is convenient to decompose the l#f field into two real
Majorana fields:

A 1 + A 1 -
Lst =ﬁ(¢£f + ), A =i27(lﬂf - ). (D.L.1)

The Ay field decouples from the problem. The remaining resonant level model may
be solved by equation-of-motion methods. Define the Green’s functions
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Gy (1) = _<TT“ )5(0)y (D.1.24)
G (1) = = (Teb(T)A(0) (D.1.2b)
G (1) = = (Teifsi f (1) (O)> (D.1.2¢)
and
Gk (T) = = (Teist o (T)Yst - (0) 3 (D.1.2d)

where st is the Fourier-transformed Majorana field in momentum space.
The equations of motion in Matusubara frequency space are

. v
iw. G, = 1+ WZ Gib, (D.1.3a)
. v*
(ion = )Gy = 1+ WGM;, (D.1.3b)
. 7
i0n G, = _Nl 5 Z Gk (D.1.3¢)
and
. /&
(l(J)n - Gk)Gk/(/ = Ok + _1/2 Gbk/, (D 1.3 d)
Ns

where V = iJ (2 /Tra)ll % is the effective mixing matrix element between bA and )A(Sf, and
e is the energy of the l/éf fermions.

It is now straightforward to solve these equations for the separate Green’s
functions, and we find that

I

G = iw, + 1V sgn (w,)° (D.1.4q)
7 1 7
- - A == Gu D.1.4b
G Nsll2 (icn = Gk)E(Dn + 1V sgn (a)n)] Vv G ( )
and
ke~ V 2 1

. = 22—+ L (D.1.4¢)

o, - Gk N (l(l)n = €k E(l)n +ir sgn (a)n)}lwn - ka)

This completes the derivation.
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