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The partition function for the Anderson Hamiltonian is expanded in a power
series of U, the Coulomb integral between d-electrons at an impurity site, and for
the case in which electron-hole symmetry is maintained it is found that the odd-order
terms vanish and the even-order terms can be described by the imaginary-time integrals
of the fourth power of the Pfaffian constructed from the one-particle Green function.
In the approximation that the Green function is replaced by its asymptotic form,
almost all diagrams are cancelled and only bubble diagrams remain, and so one can-
not avoid instability by this approximation.

1. Intfoduction

Many attempts have been made so far to improve the static Hartree-
Fock approximation originally used in treating the Anderson Hamiltonian®
for dilute alloys. One of them is the Schrieffer-Mattis theory® which dis-
cussed the ground state of the Anderson Hamiltonian by the low-density
approximation. Recent theoretical developments have been made in connection
with the Kondo problem. These are the theory of spin fluctuations or the
random phase approximation,” the method of renormalized RPA®'® and the
functional integral method.® They were partly successful but could not clarify
the whole nature of this Hamiltonian. Particularly, the intermediate case
between two extremes of magnetic and non-magnetic states in the sense of
Hartree-Fock was not treated satisfactorily.

In these situations it might be of some help to investigate the Anderson
Hamiltonian by perturbation theory. This paper describes the direct perturba-
tion expansion of the partition function in a power series in the intra-Coulomb
integral U by starting from the non-magnetic ground state of the unperturbed
Hamiltonian including the s-d mixing term and no correlation. It is shown
for a neutral case that each term of the perturbation expansion can be de-
scribed by the imaginary-time integral of the fourth power of the Pfaffian
constructed from d-electron Green functions. This formulation in terms of
the Pfaffian is checked by applying to a soluble one-particle Hamiltonian, and
then each term of perturbation is calculated by approximating the d-electron
Green function by its asymptotic form. This approximation is found to
correspond to retaining only bubble diagrams and to have the same instability
as RPA. Finally, for large U the perturbation expansion is formulated in
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terms of deviations from the Hartree-Fock solution and its first term is

evaluated.

§2. Expansion of the partition function

Our object is the following Anderson Hamiltonian:

H=S\koerChoCko+ V ke (ChoCao + ChoCrs)

+ SleaChoCas + —21~ US> cloCaoCli-oCao, (1)

where ¢}, and cx are the creation and annihilation operators for the con-
duction electron with wave vector k and spin ¢, and cl, and cs are those
for the localized d-electron on an impurity atom whose energy level is
denoted by e, V represents the transfer integral between the s- and d-states
the k-dependence of which is neglected in this paper and U is the Coulomb
correlation energy between two d-electrons at the impurity atom. Here, we

also assume a single d-orbital.
In the following, we confine our considerations to the symmetric case

with respect to the electrons and holes, namely

€4 _%U. (2)

Then, the Hamiltonian is divided into the unperturbed part F, and the
perturbation H’ as follows:

H=H,+H, (3)
H,= ZkoekCchaCk6+ V>ike (Cltacdu“{" C}ack0‘> “—%U, ( 4 )
Hl= U(C}@Cd/]\“%)(CLq/Cd*‘—-—lz—). (5)

This way of treating the terms including U and e, as perturbation corre-
sponds to taking deviations from the non-magnetic Hartree-Fock solution as

perturbation.
The partition function for the Hamiltonian (1) can be expanded as

follows:

Z=Z,[1+33( 1>"gidf,.82”dr,,_l- : -S;zdn(H’ (e H (zas) - H (2],
(6)

where Z, denotes the partition function for the unperturbed Hamiltonian

Zy=Trlexp(—BHy)], B=1/kT, (7)
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{ > means the following thermal average
CAY="Trlexp(—pH,) A] /Tr [exp(—BH,)] (8)
and H' (z) =e™o H'e o,

For B—oco the expression (6) gives exp(—pBE,) where E, is the ground
state energy. From now on we confine ourselves to the limiting case of
B—oo for simplicity. , v

Inserting (5) into (6), we obtain for the perturbed ground state energy

exp(—BED =1+ 3}(—1)" U"Sfdr,,S:”df,,_l- --S:"dﬁG,,, (9)
| G,= <<CIM (r") car (t4) — —;—) (Ch (tw)Cay (ta) — —é‘) (C:H (ta-r)Cap (Tt) — —é‘)
S CAC N ER A [CHCTHEES )3 (0

where { ) denotes the expectation value for the unperturbed ground state
wave function. This time-dependent type of perturbation expansion has
recently been used for the s-d exchange Hamiltonian by Anderson and
Yuval.”

Noting that the unperturbed Hamiltonian is given by the sum of one-
particle Hamiltonians for up- and down-spin electrons and for this Hamiltonian

the relation

<czg<r>cda<r>>:nw=% (11)

holds, we can rewrite (10) as
G,= [ZP]'( — D Techa (za) can (reen) D Tackp (tacs) Can (oppaeas) Doo
sl Trchp (v cap (rera) D1 % , (12)

where 7T is the time-ordering operator, P[n] is the n-th integer in a per-
mutation of the 7 integers from 1 to n and the summation is taken over all
the permutations in which P[m]2m for all m. The permutations which
satisfy P[m] =m for some members give vanishing contributions to (12)

because of (11).
By introducing d-electron Green function for g—>oo

Gp=—{T:csw ('ﬁ) CI'O‘ (TZ) >

A€ de  _gq-
=——\ 5, € &=z T1>Ts
7w Jo 2+ 4

0
=4l gEpem o< a3)
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where 4 is the resonance width given by =p| V|?, o being the density of
states for the conduction electrons, G, is given by the square of the deter-
minant

Gn: IDnI =10 G12 G13 G14 """""" Gln 2, (14)
G.21 0 G23 G2 ETTTTETTIT G,
Gpoorrerrmrrnnnniennens G, i0

Since the Green function (13) is odd in iis argument, the determinant in
(14) is antisymmetric. Therefore, the odd-order determinants identically

vanish and the even-order determinants are expressed by the square of the
Pfaffian

\Dnl = I Giz Gugeeeeoreeeees G |=2%£GuGre " Gim <15)
Gageevveeeeenes G
Gn—-ln

where the suffixes 1, a, b, ¢,*-*l, m of each term under the summation are a
permutation of the first »n integers, each Green function G, has s>r, all
different terms of this type are included and the total number of terms is
(n—1)(n—3)---5-3-1. The sign attached to each term is positive or negative
according as the permutation is even or odd.® For example, for n=4,

\D4‘ = I G12 G13 Gl4 = (G12G34_ G13624+ G14G23>- (16)
Gza Ga
Gs

Thus, it is shown that (9) becomes
oo B T2 T2
exp(—BE;) =1+ %UanOdTZ"SO ”dfzn—f g 'So df] (\ D2n [ )49 <17>

where \D.,| is the 2n-th order Pfaffian constructed from d-electron Green
functions.

§3. Application to one-body Hamiltonian

In this section, we apply the above result to one-body Hamiltonian
H=ercker+ V X (chea+ cher) + Uckea. (18)
The exact ground state energy is given for this Hamiltonian by

U U 4 Uy
Eg———;r——cot y + 2n10g(1—|—< y ) ) (19)
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By dividing (18) into the unperturbed Hamiltonian H,
Hy= > gerchen+ V3w (cheatcher) + U/2

and the perturbation H’ |
H,= U<C2Cd_‘ %),

for the perturbed ground state energy the following expression is obtained by
the same process as before:

o B Tow T2
eXp( - BED =1 +'§1 Uzngodfznsoz dran_1- .So dry \Dsn |2, (20)

where squared even-order Pfaffians appear instead of the fourth power in

(17).

From (20), the ground state energy E; is given by

E’ _ 1= UZ» B B 8 9
g= —B—EWSOdTZ”SOdTZ”_I. b Sod’h( \D2n l )connect:ed . (21}

Since \D:.,|* gives (22—1)! connected terms which are equivalent to
_G12623G34"‘Gg,,_1,zn,G2,,,1, thlS can be written as

o 2n (B B 8
E.— —%( —D E—gn_godrz,,godfz,_l.--SodﬁGmG%GM---Gz,,l. 22)

The 2n-th order term can be calculated by introducing the Fourier transform
of G(7)

G(o) =%w2e"‘"~’G(w,,), (23)
G(o.) =1/ Gw,+idsigne,), (24)

wnZ—;—@n-l- D,

as
’ _____1_ U2n 2n
Ex,zn— 3 ——’—Zn % [G(wn)]
_1U” 1 3 S°° do
B 2n (1)* 2rJ-- (0+ dsignw)*
—A (__l)n (Q)bz
T 2n(@n—1)\4 /]’ (25)

where the summation over discrete w, is replaced by integration for p—>oo.
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The summation over n combined with the term of 3U included in H, repro-
duces the correct ground state energy given by (19).

§4. Asymptotic approximation

In contrast with the one-particle Hamiltonian (18), the evaluation of
\D,|* for the Anderson Hamiltonian is difficult. So we consider the approxima-
tion in which the d-electron Green function is replaced by its asymptotic
form. In the expression for G(r) given by (13) the function before the
exponential in the integrand may be taken as a slowly varying function
compared with the exponential for r>>1/4. Then, G(xr) may be approximated
by its asymptotic form

G=2L1 1 for <o,
zd |t]

1-1
;—A—*? {Or 0. (26)

This asymptotic form of G(r) is compared with the true function of G(z)
in Fig. 1.
Now, we consider the determinant | D,| or the square of the Pfaffian \D,|?

G(r)

~0.5

I

I
-
|
!

Fig. 1. 7-dependence of G(r) as compared with its asymptotic form (dotted line).
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for 2n=4. From (16), we obtain

I D4 ' = ( \D4 l )2 = %2634 + G§3G§4 + G%4G§3
- 2G12G34G13624 - 2613G24G14Gza + 2614623 G12G34- (27)

It is easy to show that the cross terms in (27) identically vanish in all
together, that is,

G12G34G13 Gau+ G G24G14G23 - G14stG12G34 =( (28)

with (26) for G(¢). This relation holds generally for any order. That is,
the cross terms appearing in the square of the Pfaffian with its elements G;
given by 1/(r;—t;) identically vanish. This can be proved as follows.
The original antisymmetric determinant of even order |D,,| can be ex-
pressed as
2n  2n

!Dan = —2 Z GlqulD:’qa (29>

p=2 ¢==2

where D, is the co-factor of G,, in the determinant |D’| of order of 2n—1
derived from |D| by omitting the first row and column. — sign in (29)
results from the definition of D)}, which is given by

]D/] ZPZGMD;P (30)

(29) is divided into diagonal and off-diagonal parts as

2n an
'D2n' = pzzzG%pD;P'i'pZzGIpquD;q- (31)
o

For the asymptotic form, the relation
GuGi= (G, —Gy,)G,,  for p=q (32)

holds. Therefore, the second terms can be written with this relation as

2n n 21
+251Gu 3G Dy =23 Gy D', (33)
ap

where the relation that Dy, is symmetric with respect to ¢ and p and (30)
are used. Since I’ is an antisymmetric determinant of an odd order, we can
see that (33) identically vanishes.

The diagonal co-factor in the first term of (31), D;, is again an anti-
symmetric determinant of order of 2n—2 and is given by the square of the
Pfaffian, \ D;..:|* and we can apply the same procedure to this new lower-
order antisymmetric determinant. Thus, for \Dg|? we have
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\Ds|?= GL(GuGis+ G3Gis+ GGis)
Gh(GuGis+ GaGis+ GaGis)
+ GLi(GuGis+ GisGae+ GaGis)
Gl (GuGis+ GuGis+ GiGia)
+ Gl (GG + GG+ GGy - (34)

With the use of these results, the ground state energy E, for the system with
the Anderson Hamiltonian is given as

E=-Y - B[ gg dfgg deGht 2L S dug drg--.gfdn<c;§4c%2c;§4c;§3

U B
+ GUGHGLG+ GLGHGAUGH) +2-Z - Sdre Sodn

(GHGL GG (GGt GGl + -} + ] (35)

where only the connected terms in |D,,|* are taken under the integral signs.
Although this result is derived by assuming the asymptotic form for G(), if
one uses here the exact Green function given by (13), (23) and (24), we
obtain the following expression for E,:

__U_ 1
Eg___4_ 73‘%2 - [B‘%:G(w)G(w-l-wn)]
—_———-%—}- Z]og[l U5 (w)], (36)

2o (@) = —%g G(02)G(w+w,)

— 4 lo] (o] +24)
" rlo]| (o] +2A)10g|:1+ Wz :l 37

This result is the same as that derived recently by Hamann® who applied
the method of functional integral to the Anderson Hamiltonian and retained
only harmonic terms with respect to the time dependent potential acting on
d-electrons in the exponent of the partition function before taking functional
average. Our result shows that the asymptotic form for G(r) only leaves
the contributions from bubble diagrams and contributions from other diagrams
are cancelled with one another by this approximation.

The asymptotic form is a good approximation for G(tr) as far as ¢ is
large compared with 1/4. Thus, if the contributions from the region of
(rj—7;21)=1/4 to the total integral are comparatively small (36) will give a
good approximation for the ground state energy. This condition will be
satisfied for lower-order perturbation terms which are important for small U
but for higher-order perturbation terms which will become important for large
U this will not be satisfied. Unfortunately, (36) shows the same instability
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as RPA if U/rd exceeds unity. For such large value of U the present
approximation is no longer valid. In order to avoid this instability a more
accurate treatment will be needed in evaluating each term of perturbation.

§5. Perturbation expansion with respect to deviations
from Hartree-Fock for large U

As we have seen above, the asymptotic approximation for G(z) is invalid
for large U. In the case of very large U, the expansion of the partition
function with respect to the mixing parameter V is usually made. This
expansion is found to be equivalent to the perturbation approach for the
s-d exchange Hamiltonian. As another approach, we attempt to formulate
a perturbation expansion with respect to deviations from the Hartree-Fock
solution which is taken as an unperturbed state.

For this case the Anderson Hamiltonian is divided into the following two
parts:

Hy =3 kotnChoCrot+ Vo (ChoCaot CloCro)

-+ 20(64+ Und_cr> C;acdo-_‘ Undllkndl, ) (38)
H' = U<CE1\CM\—7Z:M>(C}¢Cd¢/_nd¢>> (39)

where 7, represents the average number of d-electrons in the Hartree-Fock
solution obtained self-consistently by unperturbed Hamiltonian H, and is given

by

nan =G (07) = —+—t ~1“U (40)
fay = — L tan"laU
4 2 T A’
GZ%—nN:nM_%- (41)

The unperturbed ground state energy is calculated as

fo ~——(1+4a2)+——10g[1+ (“5) ] , (42)

and d-electron Green functions for f—co are given by

_ 4\ dee™®" ; -
Go(x) = rcgo (e—o0alU)*+ 4’ =0,
A dee™"
a ;S—m (e—oalU)*+ 4’ =0. (43)

These Green functions are no longer odd functions of r and instead sat1sfy
the relation:
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Go(—1) = —Go (o). (44)
Thus the perturbation expansion for exp(—BE,) is obtained as
exp(—ED) =1+ 50\ deder i\ " DLI2 (45)
| Dyl =10  Ghe G'1\13"'G'1\1n , (46)
Gra0 I \
(';M ............... 0
where the relation
]D\pnl:(_l)”lD’Pnl (47}

is used which is easily derived by (44). The determinant D, has no diagonal
elements but not antisymmetric. Therefore, odd-order terms do not vanish.
The second order term of the expansion (45) is then written as

f 1 U(R L (R,
Egz_ 3 2 Sod’hgodszme
__1U (1 :
=5 %}(B%G(wl)G(w%—wl)). (48)

Now, %(w) is calculated as

2 () = —_‘}-zc;(woG(wm)
4
T

1 lo| (Jo| +24)
lo| (lo| +24) 10g<1+ P20 ) (49)

With the use of (49) in (48), E,; is calculated as

r 1 U4 g“ log*(1+4+x) '
n= T (F+2UD" ) 2V 7 ta dzx, (50)
_ & _ 24 \?

a= L+ at U < U) ’ (51)

Using a=1/2 and the integral for =0 which is evaluated as (8z/3) (1 —1log 2),
we obtain

' 16 4 V?
Eom - (-log 2 U(4 ), (52)
and actually see that the perturbed energy vanishes with 4/U. However,
each term of perturbation would have terms with different power of 4/U.
The perturbation H’ disturbs locally the Hartree-Fock solution by increas-
ing localized d-electrons with down spin at the expense of those with up spin.



254 K. Yosida and K. Yamada

However, it would be difficult to obtain the singlet bound state by the present
scheme of perturbation approach. In order to do this such a special technique
as Anderson has used'” for combining the two degenerate solutions of Hartree-

Fock will be needed.

§6. Conclusions

In this paper a simple perturbation theory has been developed for the
Anderson Hamiltonian for the system consisting of the conduction electrons
and one localized d-electron by starting from the non-magnetic state. For
the case in which electron-hole symmetry is maintained, it has been shown
that the odd-order terms vanish and the even-order terms can be described by
the imaginary time integral of the square of the antisymmetric determinant or
the fourth power of the Pfaffian constructed from d-electron Green functions.
This result was checked for one-body Hamiltonian which is exactly soluble.

A next step was to investigate the structure of each term in the perturba-
tion expansion on the basis of this!description in terms of Pfaffians. This
step was, however, not satisfactorily made. What is found :here is that if
one approximates the d-electron Green function by its asymptotic form all
other diagrams cancel one another than bubble diagrams and therefore that
instability inherent to RPA or the Hartree-Fock approximation cannot be
avoided by this approximation. In order to obtain the energy expression
without instability a more accurate treatment should be made. This will be
left to a future study.
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