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Summary

A new result enables direct calculation of thermoelastic damping in vibrating elastic solids.
The mechanism for energy loss is thermal diffusion caused by inhomogeneous deformation,
flexure in thin plates. The genera result is combined with the Kirchhoff assumption to obtain
a new equation for the flexural vibration of thin plates incorporating thermoelastic loss as a
damping term. The thermal relaxation loss is inhomogeneous and depends upon the local
state of vibrating flexure, specificaly, the principal curvatures at a given point on the plate.
Thermal loss is zero at points where the principal curvatures are equal and opposite, that is,
saddle shaped or pure anticlastic deformation. Conversely, loss is maximal at points where the
curvatures are equal, that is, synclastic or spherical flexure. The influence of modal curvature
on the thermoelastic damping is described through a modal participation factor. The effect
of transverse thermal diffusion on plane wave propagation is also examined. It is shown that
transverse diffusion effects are always small provided the plate thicknessis far greater than the
thermal phonon mean free path, a requirement for the validity of the classical theory of heat
transport. These results generalize Zener's theory of thermoelastic loss in beams and are useful
in predicting mode widths in micro- and nano-electromechanics systems oscillators.

1. Introduction

High-Q resonators are central to the devel opment of new devices and applications that include radio
frequency filters, next generation magnetic reasonance imaging systems, and torque magnetometers.
Silicon based micro- and nano-electromechanical systems (MEMS/NEMS) oscillators are the
candidates of choice, and include free-standing planar devices, such as double paddie oscillators
(DPOs), and micro-cantilevers. As the oscillators shrink in size, it has been found that the
Q achieved is orders of magnitude smaller than expected based on classical fundamenta loss
mechanisms. Many mechanisms have been proposed, including surface loss (1 to 3) that increases
with the surface-to-volume ratio. However, under controlled conditions with minimal surface
defects and adsorbates, measurements on silicon DPOs have shown that room temperature losses are
adequately described by thermoelastic relaxation, while unexplained mechanisms operate at lower
temperatures. Interestingly, the mode of vibration of DPOsisdesigned to be primarily torsional with
very little flexure (and hence no thermoelastic coupling). However, as demonstrated by Photiadis
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and his co-workers (4 to 7) it is precisely the small amount of flexural motion that accounts for loss
in these supposedly torsional oscillators.

The purpose of this paper is to provide a consistent theory for predicting intrinsic dissipation
arising from thermoelasticity in elastic structures. Particular attention will be given to flexural
motion of thin plates. This work is a step towards understanding the fundamental limits of
dissipation in small structures such asNEM and MEM devices.

We are concerned with determining the thermomechanical 1oss of elastic modes; for example,
the flexural mode of a rectangular thin plate. A useful point of departure is the classic theory
of Zener (8) for anelastic thermoelastic damping. The key to this approach is the assumption,
implicit in Zener's work, that there is little relative difference between the isentropic (unrelaxed)
and isothermal (relaxed) mechanical responses, and hence the mechanical and thermal problems are
essentially decoupled. Since the thermoelasticity is weak, the transition from the instantaneous or
unrelaxed system to the relaxed state can be viewed as a quasistatic thermal process, governed by
the standard equations for thermal diffusion, although now in the presence of an inhomogeneous
deformation.

Energy loss in a mechanical oscillator is measured in terms of the quality factor, defined as
Q = 2n&o/AE, where & is the mechanical energy of the oscillator and A€ is the energy loss
per cycle. The quality factor for a lightly damped single degree of freedom system with non-
dimensiona damping ¢ « 1is Q = 1/(2¢), and by assumption we only consider systems with
light damping, or Q > 1. The relation between Q and «y, the attenuation per unit length of a
propagating wave of frequency w, is Q = w/(2ugv), where v is the speed of energy propagation,
also equivalent to the group velocity. This identity can be derived by assuming the energy is a
quadratic function of the field variables, so that energy decays with distance d as e a4, The
distance travelled in one period isd = 27v/w, and hence the fractional decrease in energy per
periodis 1 — e 47av/® ~ 4o 4v /w from which the relation for Q follows.

Thermoel astic loss can be most simply viewed as arelaxation mechanism with asingle relaxation
time z. The generic frequency dependent quality factor Q(w) for arelaxation mechanismis

_ AC ot
"~ co 14 w?t?’
where Ac is the (relatively) instantaneous increase in elastic modulus, cg — ¢cg + Ac, caused by
the process under consideration. The change in elasticity iswell known for thermoelasticity, and t
has been estimated for several configurations. Thus, Zener (8) showed for flexure of a beam that
Ea?T wT)

Cp 1 + Cl)zfg ’
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where E is the isothermal Young's modulus, T is the absolute temperature, « is the volume
coefficient of thermal expansion, and Cp, is the heat capacity at constant stress. The characteristic
relaxation timeis g = h2Cp /(2K), where h is the thickness and K the thermal conductivity. In
fact, as Zener first demonstrated (9), the simple expression (1.2) is the leading term in an infinite
series which is well approximated by the single term (see (4.6) and Appendix B). Zener's method
was derived in the context of scalar problems, where the strain, for instance, involves a single
component. An important example is the flexure of a beam or reed, as considered originaly by
Zener, and later by others, for example, (10). The present work generalizes Zener's method to
consider general elastic deformation. This includes the inhomogeneous deformation associated
with modes in thin plates and other structures.
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Since the origina work of Zener numerous papers have appeared on thermal relaxation in
the context of coupled thermoelasticity. In a pair of papers (11,12) Alblas provided a rigorous
formulation using continuum thermomechanics and linear elasticity theory for isotropic materials.
He derived detailed and explicit solutions for the thermoelastic damping in vibrating beams,
including the circular rod and the rectangular beam. The result for the latter was derived separately
by Lifshitz and Roukes (13), although Alblas's solution is the more general of the two. These
analyses are compared with the present formulation later (see Appendix B). Kinra and Milligan
(14) egain derived the coupled isotropic thermoelastic equations and provided a solution for
unidimensional structures, including a discontinuous beam. Perhaps the most thorough analysis of
thermal damping in the context of the coupled equations of thermoelasticity isdueto Chadwick (15).
By considering a modal decomposition of the elastic and thermal fields, an exact relation for the
complex-valued frequency of oscillation of each mode was obtained. This enabled Chadwick to
derive a generalization of Zener's expression for the thermoelastic damping of an arbitrary elastic
body. Chadwick subsequently derived the governing equations of thermoelasticity for thin plates
and beams (16). The equations are in the form of coupled equations, one of which reduces to the
classical equations for the structural mode, for example, flexural waves in thin plates, and the other
the temperature diffusion equation, in the limit of zero coupling. Theanalysisin (15,16) isrestricted
to isotropic solids.

This paper has several objectives. The first is to demonstrate how the Zener model follows from
the full equations for the coupled dynamic system by using a consistent approximation scheme. In
the process we generalize Zener's approach to incorporate general elastic deformation, specifically
the elastic stress and strain tensors. The main applications are to thin plate structures, for which
we obtain a Zener-like result for arbitrary flexural deformation that includes the general curvature
tensor. Our results will also include the possibility of thermal diffusion in the lateral direction in
thin plates, which is explicitly ignored in Zener’s approach, but was considered by Alblas (11,12)
and Chadwick (16). However, it will be shown that circumstances under which lateral thermal flux
becomes important coincide with the limit in which the thin plate theory is no longer applicable.

The paper is arranged as follows. Governing equations of thermoelasticity are presented in
section 2 for anisotropic elastic bodies. General solutions are discussed in section 3 with no
particular type of structure in mind. The theory is applied to thin plates in flexure in section 4
and a non-dimensional modal participation factor (MPF) is introduced which defines the local
contribution to thermoelastic (TE) loss in terms of the plate curvature. An alternative method for
deriving the TE loss of travelling flexural waves is presented in section 5 using generalized plate
equations. The effects of lateral thermal diffusion are discussed in the context of travelling wave
solutions in section 5.

2. Equations of thermoelasticity
2.1 Constitutive relations of thermomechanics

Thethermomechanical variables arethe bulk stressand strain, o and e, the temperature deviation, 9,
from the ambient absolute temperature 6, (16|/6a < 1), and the entropy deviation per unit volume,
s, from the ambient entropy s,. All quantities are defined relative to their ambient values, and would
be zero in the absence of exterior motivating forces. The congtitutive relationsfor strain and entropy
in terms of the independent variables stress and temperature, {o, 6}, are (17t0 19)

e=So+af, s=Cp/a)+a- 0. (2.1
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Table 1 Thermoelastic constitutive equations. The left-most column indicates the dependent
variable. Each subsequent column corresponds to a set of constitutive equations in terms of the
independent variablesin the first row

Dependent o,0 e,0 e,s o,S
variable
Oa
e= So+ af So+—as
Cp
Cp C,
s= —Pp : —o+8-e
o Tare pbFp
Ba
o= Ce— 36 Cse— —0s
Cy
Oa 0a
0= —~(s—-03-e) —=(s—a-
Cv( B-e) Cp( a- o)

Table 1 summarizes the alternative formulations of the same equations based on different choices
of the independent variables:. {e, 6}, {e,s} or {7, S}.

The material constants are as follows. S is the fourth-order tensor of isothermal compliances,
with inverse C, and corresponding adiabatic quantities are Ss and Cs. The symmetric second-order
tensor of thermal expansion coefficients is «, and the related tensor 3 is defined as 3 = Ca,
while the quantities Cp and C, are the heat capacities per unit volume at constant stress and strain
respectively. The following relations can be verified from Table 1.

Cp/a=(Cy/0a) + @ - Ca, S=Ss+ (0a/Cpa®a, C=Cs—(0a/Cy) B®B. (22

A word about notation: « - o = tr (o) isascalar, while « ® « is afourth-order tensor.
The constitutive relations in Table 1 follow from the standard thermodynamic relations

dU = o -de+0,ds, dF =0 -de— s;d0, (2.3

dG = —e-do —5,dd, dH = —e.do + 8,ds, (2.9

whereU, F, G and H are, respectively, internal energy, Helmholtz free energy, Gibbs free energy
and enthalpy, all per unit volume. These are related by the standard connectionsU = F + TS =
H+o-e= G+ TS+ o -e, where here, T and S are the absolute temperature and entropy,
T =62+6, S= s+ S. Theenergy densities can be expressed, in the quadratic approximation that
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isused here, as

2U =e-Ce+ (Cy/fa) 62, 2F =e-Cse— (A2/C,) %, (2.5)

2G = -0 -Ss0 — (0a/Cp)S?, 2H = —0 - So+ (Cp/ba) 62, (2.6)

The constitutive relationsin Table 1 follow from (2.3) and (2.5) combined with the basic definitions
of the thermal expansion coefficients and the heat capacity,

ae
T | o ’ '

2.2 Thermoelastic relaxation governing equations

We first present the exact governing equations and then make appropriate asymptotic approxima-
tions. The mation is assumed to be caused by external forcing with no internal applied body forces
or sources of heat. The heat flow in an elastic body is governed by the energy balance

028+ divg =0, (2.8)
where q isthe heat flux. The equation for sin termsof 6 and o in Table 1 and (2.8) imply
Cpf +divg = —facx- 5. (2.9)

Irreversibility is introduced by requiring the heat flux to satisfy a generalized form of Fourier's
relation (19)

where K is the positive definite thermal conductivity tensor, and t; is the thermal relaxation time
(19). The Cattaneo—Vernotte heat flux equation (2.10) includes the classical and more commonly
used Kirchhoff law in the limit as 7y — 0. The parameter 7, is sometimes introduced to ensure
finite speeds in the theory (20). Our objective is to solve the linear system of partial differential
equations, (2.9) and (2.10), for 6 as afunction of the forcing in the right member of (2.9). The heat
flux can be eliminated to give a single equation for 6,

. o d
Cp (0 + wb) —divKVe =—<1+f,ﬁ)eaa.d. (2.12)

A closed system of equations is obtained by applying the dynamic equilibrium condition
dive — pli =0, (2.12)

where p isthe mass per unit volume and u is the el astic displacement vector, related to the strain via
e= (Vu+ (Vu)T)/2. Itisshownin Appendix A that closed-form solutions of the coupled system
of equations (2.11) and (2.12) are generally feasible only under restricted conditions. These reguire,
essentially, that the material must be elastically isotropic, which istoo limiting for our purposes.
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3. Solution for arbitrary structures
3.1 Asymptotic approximation

The key quantities are the positive definite compliance and stiffness differences AS = S— Ss and
AC = Cg — C. These determine the energy decrement between the final (isothermal) relaxed
and initial unrelaxed (adiabatic) states, and they follow from (2.2) as AS = (Ga/Cp)aaT and
AC = Cs — C = (0a/C,)38". Zener's approach is based on a separation between the mechanics
and the thermodynamics. By assumption, the total difference between the relaxed and unrelaxed
energiesis small. Specificaly A&y/Ey « 1, where the mechanical energy &o = %0'0 - €p is defined
by eg and oo, which are related by the purely mechanical equation o9 = Cep (ignoring temperature
and entropy variations). Thus, & = %ao - Sop and the decrement may be defined as

Ay =00 ASoo = (0a/Cp)(ax - o0)°. (3.1)

Alternatively, A&y ~ ey- ACeg = (ea/Cv)(ﬁ-eo)z, where the approximation is due to the assumed
purely mechanical relation between og and eg. The main point is that the relative change in energy
between the unrelaxed and relaxed states in either case is the same to leading order in €, where the
non-dimensional parameter governing TE damping is

€ = Eaa?/Cp. (3.2)

This definition of € is chosen to equal the relative change in elastic moduli Ac/co for TE relaxation
of athin beam, equation (1.2). It can also be expressed as

€e=1(1-2v)(Cp-Cy)/Cp, (3.3)

where v is the isothermal Poisson’s ratio. Chadwick (15) employed a dightly different non-
dimensional parameter (denoted here by e to distinguish it from )

1 1+U Cp_Cv
—z hd By 34
€ 3(1—\1) C (34

It is clear that the non-dimensional parameters are closely related and, in particular, of the same
order of magnitude.

3.2 Solution by projections for anisotropic systems

The coupled equations (2.11) and (2.12) are solved using a regular perturbation procedure in the
asymptotic parameter ¢ < 1. We will achieve the solution using a projection method, similar to
Zener's approach. A separation of variables reduces the problem to coupled ordinary differential
equations in time. Anisotropy in the elastic material does not permit a modal expansion with a
common set of scalar eigenfunctions, the basis for Zener's method, and the key to a generalization
of his method to the limited but important case of isotropic solids (15); see Appendix A. However,
even in the case of the exact solution obtained by Chadwick (15), the interesting phenomena are
obtained by the leading-order approximation to the complex-valued frequencies. It therefore makes
more sense ultimately to proceed by aregular asymptotic approximation at the stage of the coupled
equations (2.11) and (2.12). In this approach we view them as decoupled to leading order, whereby
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the elasticity problem is solved with no thermal effects. That is, we consider the elasticity as an
uncoupled but vital forcing term in the ‘thermal equation’ (2.11).

Thus, to leading order equation (2.11) gives an uncoupled equation for temperature with the stress
entering on the right-hand side as aforcing term. It isimportant to note that the forcing in (2.11) is
proportional to « - . When the thermal expansion tensor is isotropic, the forcing depends upon the
rate of hydrostatic stress, even when the material is elastically anisotropic. Thus, it isthe hydrostatic
stress, not strain, that governsthe TE loss.

Further progress is made using projections onto a set of eigenfunctions. In fact, thisis similar to
the method first proposed by Zener (8), which treated asimpler decoupled thermoel asticity problem.
We first discuss the generalization of Zener’s method to (2.11) asit allows usto determine the final
answer in aform similar to the familiar and classical result of Zener for an elastic beam in flexure.
We will later compare the general solution with direct solutions for particular configurations.
Assume the temperature can be represented as

0061 =Y On(O)dn (), (35)
n=0

wherex = (X, Y, 2) = (X1, X2, X3) and the eigenvalues t,, and eigenfunctions ¢, satisfy
ColdivKVen + 7,7 ¢n =0, n=0,12 ..., (3.6)

plus appropriate boundary conditions (for example, no flux). The amplitudes solve

. . a\ o
0n+fr9n+fn_19n:_ 1+Tr— 2 <¢n,aa'> (37)
at) C,

where the brackets indicate the inner product ( f, g) = [ dV f (x) g(x).

3.3 Ageneral result for energy loss

Before considering applications of (3.5) to (3.7) to particular structures we first derive a general
result for TE dissipation. A measure of local structural damping may be defined in terms of the
local relative loss in energy per cycle. The rate of change of local mechanical energy per unit
volumeis & = o - &. Weassume periodic oscillation for o and e and determine the loss in the
mechanical energy through the coupling to irreversible thermal process, 6, also periodic. Using the
relation for einterms of o and 6 in Table 1, gives

E=0-So+0-ab. (3.8)

Taking the average over a cycle, and using ff= 0, where the overbar indicates a time average,
impliesthat the local irreversible energy loss rate per unit volumeis

£ =0 Da 6D =Y ¢nX fhOa- X D). (3.9
n=0
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Thetotal power dissipated isthus

—— [ AVEQ = = Y@ Gn. a6
n=0

6a
Z 2 (1— w27 ‘L’n)2 + 0?12 C

(¢n, a-0)2, (3.10)

where we have assumed periodic motion of period 277 /w and used (3.7) to express the time harmonic
temperature field in terms of the stress.

The loss factor is then given by Q1 ~ tans = AE/(27&p), where AE = Tlg 27 /w isthe loss
per cycle and & isthe total energy of oscillation. We find

Ql= % @ 5 (. - 0)2. (3.11)

pg()n O(l w TrTn)2+a)

This provides a general formula for the TE loss in terms of the inhomogeneous stress. The Q of
a particular mode may be straightforwardly obtained by integrating (3.11) over the volume of the
oscillator and dividing by the total energy. This equation may alternatively be expressed in terms of
the inhomogeneous strain; however, we find the stress formulation more convenient.

Equation (3.11) is one of the main results of the paper, as it provides a means to compute TE
dissipation given a solution in terms of the inhomogeneous stress.

We remark on the summation in (3.11). If thefirst term in the infinite sum is dominant, asis often
the case (8), the sum can be truncated after only one term (n = 0). This gives aresult very similar
to (1.1) except that the simple Lorentzian in the latter is replaced by the generalized Lorentzian
amplitude

T
1 — &?1,7)2 + w272’

Alwt) = (312
Of course, thisreducesto the classical Lorentzian when t; = 0, which hasamaximum asafunction
of w when wt = 1. It isworth describing the properties of this generalized Lorentzian, in particular
how 7, influences the maximum. For every ; > 0, A has a single maximum at a unique value of
o = o* defined by

o't =[(1—4r +16r)Y2 — 14+ 2]%/(tv/6), where r =1 /7. (3.13)
Furthermore, w*t > 1 for arestricted range of ;. Specifically, 1 < < J/4/3for0 < & <

27 /3, with w*t equal to unity at the two extremes (r = Oand ¢y = 21/3) and w*t = Wfor
1 = /4. Conversdly, w*t < 1for v > 2t/3. In particular, for relatively large t; > t, the
maximum is a w*(t7;)/2 = 1. The value of A at the maximum, Amax, increases monotonically
from Amax = 3 When there is zero thermal relaxation, 7 = 0, t0 Amax ~ (1 /7)Y2 for 5 > 7.

4. Thermoelastically damped orthotropic thin plates
4.1 Thin plate dynamics

We consider plates that are orthotropic with axes of symmetry coincident with the coordinate
axes. Assume, with no loss in generality, that the thermal expansion tensor is diagonal, o =
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diag (@1, a2, a3). By virtue of the thin plate configuration we can ignore the normal stress o7,
and employing the Kirchhoff approximation for the deformation, we have

o -0 = a10xx + 020y = [(1+ v21) E1a1xxx + (14 vi2) Ex cokyy |, (4.1

1—-vovy
where k is the curvature tensor with components «xx, kyy and «xy. The curvature is related to the
transverse deflection of the centre-plane, w(x, y), by
2w(x, y)
aij = — oY) (42)
0X; 0X;

The quantity vjj isthe Poisson ratio for strain in the j-direction caused by stressin the i -direction,
and the two Poisson’sratios satisfy vo1 E1 = v12E». The instantaneous potential energy density per
unit area of aplatein flexureis

I 1 2 2 2
SPE = E {m(ElKXX + EzKyy + 2V21E1KxxKyy) + 4/LKXy , (43)

where 1 isthe in-plane shear modulusand | = (z, z) = h3/12.

4.2 Asymptotic solution by projections for thin plates

Our purpose here is to obtain a general solution for the TE loss based on the assumption that the
transverse diffusion of heat can be ignored. This assumption is examined in section 5 where it is
shown that provided the assumptions of thin plate theory and classical heat transport are satisfied,
the transverse heat flow givesrise only to small corrections to the TE loss.

The governing equation for the non-equilibrium temperature field is obtained by ignoring the
transverse heat flow termsin (2.11),

Cp (6 +76) Kol 14752 )baar-d (4.4)
— T _ - T .
p r 3822 rat a s

where the dependence of the local temperature on position is governed solely by the x-dependence
of the prescribed stress field o, where now x = (X,y) = (X1, X2). Also, K3 is the through-
thickness element of the thermal conductivity tensor which, in keeping with the general orthotropic
formulation, isK = diag (K1, K2, K3).

The analysis leading to (3.10) for the power dissipated by TE effects can be repeated with
the proviso that the eigenfunctions ¢, of the heat equation are now functions only of z, the
thickness direction, and inner products should in this case be interpreted accordingly as (f, g) =
J dzf (2) g(2). Hence the analogue to (3.10) refers not to the total power lost, but instead to the rate
of energy loss per unit area at position X,

. > a)zfn Ga 2
() =— ; A= P ¥ o2 C, (@ e o, 2)2 (4.5)

The temperature modes of interest are antisymmetric about the mid-plane (8) with

2

z h<C
dn = 2/MY2snen+ DL, m=@En+1)2-=P n=012.... (46
h n2K3
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Temperature modes that are symmetric in z have zero coupling to flexura stress components, since
they are antisymmetric, and also to any membrane stresses, which are constant across the thickness.
It is evident from (4.5) and (4.1) that the thermal loss in flexure depends upon the quantities (8)

fn = (¢n, 22/(z, 2) = 96/[(2n + D= 1™ (4.7)
Combining (4.1), (4.5) and (4.7), we obtain
. _ ] Eea&Z 0 a)zfn
E(X) = — Episs(K(X)) Cp 2 L =4 (4.8)

where E = (E; + E)/2 is the average Young's modulus, @ = (a1 + a2)/2, k is the curvature
tensor, and the ‘ dissipation energy density’ (per unit ared) Episs is given by

(1 + va1) Erz kxx + (14 v12) Eca kyy } 2 (49)

I

Episs(K(X)) = Ea2 |: 1— vigvm
Equation (4.8) is a key result pertaining to TE dissipation in structures which can be modelled as
thin plates. Unlike most previous results, the predicted dissipation is inhomogeneous.

The local TE dissipation depends on position via the dependence on the loca curvature tensor
K (X). This aspect may be explored by defining the quantity p(x) = Episs(k)/Eo(k), which gives a
measure of the local TE energy dissipation relative to the local deformation energy. Expressing the
total energy as twice the average potential energy by virtue of the virial theorem we find

= _ -1 2
[Ea2(1 — viov21) ] [(1+ va1) Ero kxx + (1 + v12) Epaz kyy |
E1k2 + Eaxdy + 2v21 Eakxxicyy + 41 (1 — vi2vp1)kc, '

p(k) = (4.10)

_ The parameter p simplifies for materials of cubic symmetry, such as silicon, with E; = E; =
E =E, a1 = a2 andvio = vp; = v, and hence

2
1 +v (Kxx + Kyy)
= . 411
P() (1 — v) Ky Gy + 2viexxiyy + AETI (1 — v2)igy (41D
For isotropic materias, E = 2u(1+ v), and p(k) becomes
(14 (tr k)2
P(r) = <1— v> (tre)2 —2(1—v)detx’

Inthis case, p(x) depends upon the two principal invariants of the curvature: tr k = kxx + kyy and
det k = kyxkyy — xfy. Let x1 and « be the two principal curvatures, satisfying «1 + x» = trx and
K1ko = det k, then

(4.12)

2
P(k) = G s v) (Kzl + «2) . (4.13)
-V (Kl + Icz) —2(1 —v)x1k2
Thus,
0< p(r) < 2/(L— ), (4.14)

with p(k) = 0 at locations where the plate is locally saddle-shaped, k1 = —«», and p achievesits
maximum value at points whereit islocally spherical, k1 = k2.

The bounds (4.14) aso apply to materials of cubic anisotropy, and occur in the same
circumstances as for the isotropic material, as can be verified from (4.11).
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4.3 TE lossfactors for flexural modes and waves

The loss factor of a particular flexural mode may be predicted via (4.8) once the displacement
field w(x) of the mode is known. The curvature tensor is first evaluated via the standard relation
(4.2). Thetotal energy lost from the mode per cycle is then calculated by integrating (4.8) over the
volume of the plate and time averaging. In the most common situation, the displacement field will
be evaluated in frequency space as acomplex quantity, and the time averageis obtained in the usual
way as f(H)g(t) = 3Re[f(w)§*(w)], where f is the Fourier transform. Thus the TE dissipation
for mode o is given by

o-l— Efaa? i wTn J dA Episs(k)
7 Cp "1- w2t )2 + w?t? Eos ’

(4.15)
n=0

where &g, = [ dA(EkEe + Epe) isthetotal energy of modeo.

The modal energy o, May be computed as either twice the average kinetic energy of the system
or twice the average potential energy of the system, whichever is more convenient. The kinetic
energy is often preferable when using experimental data because the second derivatives appearing
in the curvature tensor can beill-behaved in the presence of noise.

The expression for the TE loss factor given above is closely related to the loss factor given by
Zener for asimple beam in flexure. Zener gave the result (see (1.2))

EQaaz wTQ

-, 4.16
Cp 1+a)27:g ( )

-1

Qzener =
where we have included only the first term in the infinite sum. Our results may thus be interpreted
as

f dA&piss(k)

1 1
oo QZener = Ps QZener’ (4.17)

Q,t=
where the quantity p, was called the modal participation factor in the isotropic case studied in (4).
Clearly the MPF is closely related to the quantity p(«) analysed above.
The MPF simplifies considerably for an isotropic medium. Using manipulations similar to those
employed above, we find

_IE
&1 —v)?

Po / dA (trk)?; (4.18)
aresult which differs from that given in (4) by afactor of (1 — v)~2. The reason for the difference
isthat it was assumed in (4) that flexural energy would be dissipated at the rate predicted by Zener
for a beam. However, a plate undergoes more compressive stress than a beam and thus dissipates
more energy accordingly.
It isnot difficult to show, based on (4.18), that the M PF for travelling flexural wavesin anisotropic
plateis
1
P = F for aflexura wave. (4.19)

This shows the difference between the TE dissipation of a cantilever beam (p, = 1) versus the
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corresponding vibration of a plate. The identity (4.19) may be obtained by explicit substitution of
a flexural waves solution, or more simply, as follows. Integrating by parts and using the governing
plate equation E | (1 — v?)~1V4w — phw?w = 0, gives

- . .2 2
/dA(tm)2=/dAwV4w - %/dAﬂ: (1| E” ) &, (4.20)

The last equality employs the expression for the potential energy, (4.3). Also, it is assumed that the
plate boundary conditions may be ignored in the above integration, which is true for a travelling
wavein aplate of ‘infinite’ extent.

5. Effective thin plate equations and flexural waves

The genera theory is now applied to thin plates in flexure with the goal of deriving general
governing equations similar to the classica Kirchhoff thin plate equations. Our objective is to
provide an alternative means of calculating p, for flexural waves, and also to examine the range of
validity of our approximation in ignoring latera thermal diffusion.

The equation for 6, (2.11), becomes for time harmonic motion (e~'“! assumed)

920 Ki19%0 K020
— + k% =—K0:/Cpa-0 — | o= — + —=— 5.1
02 " (6a/Cplax- o (Kg ax2  Kzay? ]’ (1)
where K = diag (K1, K2, K3) and
k? =iw(l—iwn)Cp/Ks. (5.2)

If the stress term on the right-hand side of (5.1) is weakly dependent on x and y, then we may
argue that 6 inherits the same weak dependence. Provided this dependence on transverse position
is uniform, the case of simple plane wave, the final term may be combined with the k%6 term, and
hence interpreted as modifying the thermal diffusion rate. Here, we ignore this and simplify (5.1) to
%0, )
32 + k0 = —k“(fa/Cpla - 0. (5.3)
The importance of the ssimplification (5.3) at this stage isthat it allows us to derive a set of effective
plate equations in which the TE damping appears directly. This approach follows on that of Alblas
(12) and of Lifshitz and Roukes (13) who derived the effective equation governing the motion of a
thermoelastically damped beam.
Assuming zero flux conditions at z = +h/2, and noting that the right member of (5.3) is
proportional to zin flexure, o = (z, o)l ~1z, wefind that the solution is

_ ba sinkz

Thethermally perturbed stressistherefore, using the expression for entropy in terms of temperature
and strain from Table 1,

_ 04 sinkz
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The stress in the absence of thermal effects, o, is proportional to z. In order to apply (5.5) to the
thin plate the standard plane stress conditions must be enforced. We consider an orthotropic plate
with asymmetry plane coincident with the neutral plane (z = 0), for which the standard stress/strain
relations for plane-stress are

=]

v21Eq

) 0 0)
Oxx 1—vpvy 1—viovy Exx
©) . 0
1—vovyy 1—vovy
©) (0
0;
Xy i 0 0 2n | o

where a§2) , e)(&) , etc. arethe stresses and strains in the absence of the thermoel astic damping. Based

on (5.5) thisimplies that the in-plane TE stresses are

o1 + a2v21)0;E sinkz
—o0 + D0t 10,3 + a20y)) (Z ’

T = O (1 —v12v21)Cpl ~ kcos(kh/2)
_ o (@2t a1v)bakr , ©) O (5 sinkz 57
W= Gyl 2 AP T 20y (27 i) ) 7

This provides the variation of stress through the thickness due to the temperature variation. The
moments are found by taking the first moment of the stresses through the plate thickness, leading to
(a1 + av21)0a E1
(1 —v12121)Cyp
(a2 + a1v12)0a E2

Muoc = MyQ +

f (kh) (21MY + a2M{D),

Myy = M@ + f (kh) (@1MQ + aaM(9), 5.8
yy yy (1-— V12v21)cp ( XX yy ) ( )
Mxy = M)((?,),
0 _ (0) i i
where My = (z, oxx ), €tc., and the function f is
241 ¢ ¢
f(o)=1+ 5|z —tan=|. 5.9
© =1+ %5 -] 59
The standard moment-curvature relations follow from (5.6) and the Kirchhoff assumption as
_ E E -
© ! 2L ©
XX 1—vpvr  1—vpovy Kx
My | =1 vi2Ep E2 o ey (5.10)
1—vov1 1-—viovz
M(O) 0
Xy Lo 0 ou | LY
The governing equation for the thin plateis
3°M 32M 3°M
XX Xy W | phe?w = 0. (5.11)
X2 IXay ay2
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Thus, we obtain the effective thin plate equation for w,

I
—— { Erwxxxx + Ecwyyyy + 2[211«(1 — vigv21) + v El] wxxyy}
1—vov21

f (kh)6;

RN E——Ten {(Oll + @2v21) 2 E2wyxxx + 2(a1 4 a2v21) (@2 + a1v12) E1Exwyxyy
o p

+ (a2 + alulz)ZESwyyyy} + pho?w = 0. (5.12)

For a plate made of material with cubic symmetry, this reducesto

14 v\ Ebaa? 4 v 1 1.2,
\Y — 2 _Z _ —o
|:1 + (1 — l)) Cp f(kh):| w + 4(1 U) (1 + 1)) E 5 Wxxyy —E| ,Oha) w 0

(5.13)

The second term vanishes for isotropic materials, in which case we may combine the damping with
the plate stiffness to get an equation in the standard form,

DV*w — phw?w =0, (5.14)

where the TE loss is now contained in the complex-valued flexural stiffness

El 1+ v\ E6aa?
D=—_11 f(kh) ! . 1
1_U2{ +(1_U) et )} (5.15)

In the more general orthotropic situation, the TE damping is inhomogeneous, as in (5.12), and
cannot be interpreted in terms of a single frequency-dependent complex modulus of elasticity.

Our equation (5.14), a generalization of Zener's results for a beam (9), gives a homogeneous
damping as a result of assuming a uniform plane wave vibration. This provides some guidance as
to the loss factors of vibrating thin plate structures, but finite structures will support resonant modes
that consist of a variety of wavenumbers which can interfere with one another, and thus the actual
loss factor for a particular mode may differ significantly from this value. A particularly salient
example is the case of atwisting mode for which the source field for temperature fluctuations, tr o
(for isotropic &), is very small, and the resulting values of Q—1 may be orders of magnitude smaller
than the result given in (5.14).

Corresponding results for flexural wavesin circular rodsarein Appendix C. In particular we note
that the function f takes on a different form from that for a plate.

5.1 Dispersion relation including in-plane variation

Itisnow relatively straightforward to revise the analysis of section 4 to include in-plane variation in
both the stress and the temperature. We begin by assuming that all field variables possess in-plane
dependence € ¢* with wavenumber ¢. Then (5.1) becomes

320

2t y%0 = —k*@a/Cpa - o, (5.16)
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where y = (K% — ¢?K1/K3)Y? and k is defined in (5.2). Solving as before, we find that the
temperatureis

0a K2 sinyz
b=z a o) -2 (- 32\ 5.17
Ao (Z ycos(yh/2>> 17

and similar generalizations can be obtained for the stresses and moments, (5.5) to (5.10).

We cannot derive a governing equation, similar to (5.14), for example, since now the in-
plane dependence of the stress and hence w has been assumed a priori. However, the in-plane
wavenumber can be obtained in a self-consistent manner from the latter equation by assuming
w = woe %, where wg is constant. Thisyields an equation for ¢,

-1
2 1,2

;4—w2(1—u2)p—h{1+<1+”) Efac k—zf(yh)] =0, (5.18)
14

El 1-v) Cp

the solution of which we discuss next.

5.2 Effects of transverse TE dissipation

The wavenumber of aflexural wave in an undamped thin plateisky, where
k{ = w?(1 —v?)ph/(E). (5.19)

Treating ¢ asan asymptotic seriesin the small parameter ¢, it is clear that the |leading-order solution
to the general dispersion relation of (5.18) is¢ = k¢ 4+ O(e). The next term is given by

2
¢ = ki |:1—S(1+U)%f(yfh)+0(62)i|, (5.20)
f

4\1—v
where y¢ = (k% — k?)%/2. Direct substitution gives
, . 1/2
vt =Ko (1 +ialmep/h — |6075r) ) (5.21)

where kg = (=i @Cp/K3)Y/? and I mip, the mean free path for phonons at temperature T, is

3K3(T)
Imip(T) = < : 5.22
o) = 2o ) (5.22)
The quantity € is the average elastic wave speed, and the order-one constant a is given by
a=[2(1—v)p/Bw]"* (K1/K3)C. (5.23)

Values of the mean free path at room temperature are typically on the order of tens of nanometres
using the value € = (c_ + 2ct)/3, where ct = /iu/p is the transverse wave speed and ¢ =
[2(1 —v)/(1 — 2v)]1¥2 ¢t isthelongitudinal speed. For isotropic conductivity the parameter aisa
function of Poisson’sratio,

_ — 2(1—v)
a= [,/8(1 V) + m} JN27, (5.24)

which is of order unity.
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Equation (5.21) provides an avenue to compute corrections to classical TE dissipation arising
both from transverse diffusion and thermal relaxation. The asymptotic solution (5.20) indicates that
a propagating flexural wave has attenuation equal to Im¢. Using the relation between attenuation
and Q, and noting that the undamped flexural wave has group velocity 2w/ks, we find 1/Q =
Imd4¢ /ks, or

-1_ 1+v l1-iwy iy ' 1/2}
Q= 6(1—1;) Im{l—iwfr+ia|mfp/hf(k0(l it +ialmep/h) ) (5.25)

In order to proceed further in understanding this we replace the function f by its series expansion.
Equations (B.1), (B.2) and (B.3) imply

1
—1+ioml—-ioy + ialmfp/ h)

f (ko(l— iwr +ia|mfp/h)1/2) - n; f [1+ ] (5.26)

wheret,,Nn =0, 1,2, ... aredefined in (4-6),. Thus,

1 & 1+ al h
Ol <1+ v) 34, ot (1+ omn(@mp/ ;) . (5.27)
—V/ 120 (1+wmn@mp/h) — 0?nT)” + w0’

The classical result for the TE lossin avibrating beam is (8)
-1 w10

—c—. 5.28

Q 1+ w2t (528)

This ignores the effect of ¢, and for the purpose of comparison with (5.27) we consider the case
7 = 0inthe latter. We truncate (5.27) at the first term (which is reasonable considering fo/f1 =
81), and for further simplicity, the factor fo = 96/ = 0-9855 is replaced by unity, giving
Q1o (1 + v) w10 (14 wto@mip/h))
1=v/ (1+ oro(@mp/)* + 0t

(5.29)

Comparing (5.28) and (5.29) thefirst differenceisthefactor (1 + v)/(1 — v) which can be attributed
tothefact that it isaplate rather than a beam as discussed in the previous subsection; see (4.17) and
(4.19). The major additional distinction between the present theory and the classical result is the
presence of the termsinvolving I mep resulting from transverse diffusion, which are absent in Zener's
theory and previous analyses. These corrections are aways small, since the domain of validity of
the thermodynamic analysis employed here is restricted to distances far greater than the mean free
path, the domain h > | mgp.

Alternatively, we note that (5.29) contains two characteristic times. the ‘Zener’ relaxation time
70 = h?Cp /m?K3, and anew characteristic time defined by t* = to(almsp/ h). It is easily checked
that wt* = (k¢h/m)2, which must be a small quantity in order for the Kirchhoff assumption to
remain valid, that is, a necessary prerequisite for the validity of the plate theory is that the flexural
wavelength is much longer than the thickness. Also,

™ = hr™2,/12(1 — v2)p/E, (5.30)

which suggests interpreting t* as the travel time of an elastic wave across the thickness. But this
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time must be much less than 1/w, otherwise thickness resonances can occur, again violating the
conditions of the plate theory.

Thus, the restrictions on the use of both the thermal conduction and the thin plate theoriesrequires
that wto(almep/ h) issmall. Nevertheless, small corrections arising from transverse diffusion can be
estimated in this fashion.

The effect of non-zero 7y can be considered by using an estimate for thisrelaxation time. Rudgers
(21) provides the estimates 7y = tmep/3, Where tmip = Imfp/C (Rudgers actually calculates two
approximations for 7, but they are of the same order of magnitude). The term wt, must remain
small in the context of thin plate theory, otherwise the same assumptions as before are violated, for
example, the wavelength is far less than the thickness. However, if the phonon mean free path is
comparable with the plate thickness, then both the transverse diffusion and the Cattaneo-Vernotte
terms can become important.

6. Conclusion

Equation (3.11) is one of the basic results of the paper, as it provides a means to compute TE
dissipation given a solution in terms of the inhomogeneous stress. This computation isin genera a
complicated undertaking becauseit requires the determination of the elgenfunctions and eigenvalues
of the heat equation in the particular geometry of interest. Nevertheless, a clear recipe for an
approximate calculation of the TE dissipation in an arbitrary, anisotropic, elastic medium is given.

The theoretical scope is then narrowed to the case of thin plate structures for which the thermal
heat flow simplifies dramatically. In this case, we are able to obtain an explicit formulafor the TE
loss in an arbitrary, anisotropic elastic system, (4.9). This equation, which shows that TE loss is
in general inhomogeneous, is the other principal result obtained. It should be emphasized that the
A& derived in (4.9) has the property that it is not a global measure of damping but is local, and
can be used to define TE loss at a point in a structure, and then integrated to determine the Q of
an arbitrary vibrational mode. Thisdistinction is particularly important for geometries of interest in
MEMS/NEMS applications, for the TE loss rate of low-order modesin typical geometries may vary
significantly with position. The local result for TE loss predicts that the attenuation of a flexural
wave in a large plate is (1 + v)/(1 — v) times the attenuation of a wave in a beam at the same
frequency.

Finally, we have investigated the effects of transverse diffusion. Transverse diffusion effects
are most easily analysed for plane wave behaviour. For this case we have derived an effective
plate equation including the effects of thermoelasticity to leading order in the TE coupling. The
TE dissipation can be examined fairly smply in the plane wave case because TE losses are
homogeneous, and are therefore contained in a single loss factor. Corrections to TE loss resulting
from transverse diffusion are found to be generally small within the domain of validity of our
theoretical models.

Acknowledgement

The second author gratefully acknowledges the support of the Office of Naval Research.

References

1. D. W. Carr, S. Evoy, L. Sekaric, H. G. Craighead and J. M. Parpia, Parametric amplification in
atorsional microresonator, Appl. Phys. Lett. 77 (2000) 1545-1547.


http://qjmam.oxfordjournals.org/

160 A. N. NORRIS AND D. M. PHOTIADIS

2. P. Mohanty, D. A. Harrington, K. L. Ekinci, Y. T. Yang, M. J. Murphy and M. L. Roukes,
Intrinsic dissipation in high-frequency micromechanical resonators, Phys. Rev. B 66 (2002)
085416.

. J. L. Yang, T. Ono and M. Esashi, Energy dissipation in submicrometer thick single-crystal
silicon cantilevers, J. Microelectromech. Sys. 11 (2002) 775-783.

4. D. M. Photiadis, B. H. Houston, X. Liu, J. A. Bucaro and M. H. Marcus, Thermoelastic loss

observed in ahigh Q mechanica oscillator, Physica B 316 (2002) 408-410.

5. X. Liu, J. F. Vignola, D. M. Photiadis, A. Sarkissian, B. H. Houston, R. D. Merithew and R. O.
Pohl, Low temperature study of loss mechanisms of mechanical oscillators, ibid. 316 (2002)
393-396.

6. —, S. F. Morsg, J. F. Vignola, D. M. Photiadis, A. Sarkissian, M. H. Marcus and B. H.
Houston, On the modes and |0ss mechanisms of a high Q mechanical resonator, Appl. Phys.
Lett. 78 (2001) 1346-1348.

7. B. H. Houston, D. M. Photiadis, M. H. Marcus, J. A. Bucaro, X. Liu and J. F. Vignola,
Thermoelastic loss in microscal e resonators, ibid. 80 (2002) 1300-1302.

w

8. C. Zener, Eladticity and Anelasticity of Metals (University of Chicago Press, Chicago 1948).
9. ——, Theory of interna friction in reeds, Phys. Rev. 52 (1937) 230-235.
10. A. S. Nowick and B. S. Berry, Anelastic Relaxation in Crystalline Solids (Academic Press,
New York 1972).
11. J. B. Alblas, On the general theory of thermo-elastic friction, Appl. Sci. Res. A 10 (1961)
349-362.
12. ——, A note on the theory of thermoelastic damping, J. Thermal Stresses 4 (1981) 333-355.

13. R. Lifshitz and M. L. Roukes, Thermoelastic damping in micro- and nanomechanical systems,
Phys. Rev. B 61 (2000) 5600-5609.

14. V. K. Kinraand K. B. Milligan, A 2nd law analysis of thermoelastic damping, J. Appl. Mech.
61 (1994) 71-76.

15. P. Chadwick, Thermal damping of avibrating elastic body, Mathematika 9 (1962) 38-48.

16. ——, On the propagation of thermoelastic disturbancesin thin plates and rods, J. Mech. Phys.
Solids 10 (1962) 99-109.

17. R. M. Christensen, Mechanics of Composite Materials (Wiley, New York 1979).

18. W. Nowacki, Dynamic Problems in Thermoelasticity (Noordhoff, Leyden 1989).

19. D. S. Chandrasekharaiah, Thermoelasticity with second sound: areview, Appl. Mech. Rev. 39
(1986) 355-376.

20. H.W. Lordand Y. Shulman, A generalized dynamical theory of thermoelasticity, J. Mech. Phys.
Solids 15 (1967) 299-309.

21. A. J. Rudgers, Analysis of thermoacoustic wave propagation in elastic media, J. Acoust. Soc.
Amer. 88 (1990) 1078-1084.

22. C. Zener, General theory of thermoelastic internal friction, Phys. Rev. 53 (1938) 90-99.

APPENDIX A
General solutions of the equations of thermoelasticity
The governing equations (2.11) and (2.12) are more commonly expressed as coupled equations of temperature
and displacement. This can be achieved by first eliminating o explicitly:
divCe — pli — BVO =0, (A.D)

L , N
9+tr9—CU_ldviV9+(1+rrﬁ)c—a[3-ézo. (A.2)
v
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These may be expressed more succinctly as follows for time harmonic motion (e—i“’t is assumed):

where
1/2
_ 4 u
V= = (—iw)~ 1 (Cy/Ba) V% 0 } ’ (A.4)

L=

p~ Q) io(pCy/02) "2 b(V)
, (A5)

iw(pCy/02) Y2 DT (V) (8a/Cy) (Y, )
Qij (V) = Cikjl vkv, b(v) = Bv and & (v, ®) = [fa(zr + (—iw)~1)]71 v Kv. Equation (A.3) represents a
generalized eigenvalue problem for the complex-valued modal frequencies.

Some simplification is possible for isotropic bodies, for which a« = «l and 8 = 3kTal, where k7 =
E/(1 — 2v) isthe isothermal bulk modulus. Assuming the ansatz (15)

Ay

the eigenvalue problem (A.3) becomes

U= { Vv } where V2 + A2y =0, (A.6)

2 2,2 Ia),BA

AN Gt (A7)
__wpA? LY S T
(#Cof6 12 (w Co(ar + (_iw)—l)) r=0, (A.8)

where ¢ is the longitudinal wave speed. Eliminating the constant A gives an equation for w in terms of the
wavenumber A:
K A2 0ap?
2 2,2 . . o0a
—Cl A 0 — | IoA“—— =0. A.9
o )(cv(l—uwm ‘”)+ ey A9
Thus, the problem of determining the eigenfrequencies is reduced to finding solutions to the Helmholtz
equation (A.6)> in the domain of interest. Chadwick (15) discusses this further and provides formulae for
theroots of (A.9) for 7y = 0O, in which caseit reducesto acubicin w.
The separation of variables approach does not work for generally anisotropic bodies. However, it is worth
noting that solutions of the form (A.6) arevalid aslong asthe thermal properties are isotropic and the elasticity

tensor C satisfies Cjj njnkn = conzni for al n, and some constant cg. The most general form of anisotropy
with this property has stiffness (using Voigt notation)

[ < Co—2cgs Co—2055 —2056 O 0
Co — 2Ce6 Co Co—2C44 O  —2C46 0
Co— 2Cs5  Cp — 2C44 Co 0 0 —2C45
[C] = . (A.10)
—2Cs6 0 0 Ca4 C45 C46
0 —2C45 0 C45 Css Cs6
L 0 0 —2C45 Cs6 Cs6 Co6 |
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APPENDIX B
Exact results for the function f
Some exact results are presented for the function f of (5.9) occurring in the TE theory for beams and platesin
flexure. We begin with the representation

f(e)=1+ T (B.1)
=0 29j -1
where fj,j =01, 2, ...,aedefinedin (4.7) and
Qj = 26%/[2) + Dn % (B.2)

The infinite series in (B.1) is a consequence of the fact that the left member is a meromorphic function of &
with simple polesat &€ = +(2j + 1), and residues that are readily determined. Note that

o0
dofj=1 (B.3)
j=0
It follows from (B.1) that for real-valued &,
Imf(Q+n@A-inY%)=-S"f ——1 B.4
mf(@+ia-in%) jgoj(l_mj)ZW? (B.4)
We a so note the identity
ey _E . (1—i),snh& —isng
f(A+i)e) =1 52{|+ : (coercosé)}, (B.5)

which isuseful inthe case of iy = O(r = 0), asit provides a closed form expression for the TE damping in
that casevia (13)

6 {1_51(sinh$+sin$)}. (B.6)

Im f(@+D8) = £2 cosh& + cosé

The exact result for abeam in flexure was derived by Lifshitz and Roukes (13), and corresponds to the use
of the function f of (5.9). The equivalence of their derivation and Zener’s prediction (8) is confirmed by (B.4)
(both Zener, and Lifshitz and Roukes considered the caser = 0). Thus, while the closed form expression of
Lifshitz and Roukes is novel, it is simply a more concise expression of the infinite series of Zener. Both are
based on the same implicit or explicit first-order approximation arising from the small difference between the
adiabatic and isothermal systems.

In fact, the analysis of Lifshitz and Roukes (13) is a specia case of the more general problem solved by
Alblas (12), in which the lateral (third) dimension of the beam is taken into account and the boundary-value
problem for the temperature is more general. However, Alblas considered the situation in which the boundary
condition for the temperature variation is zero, and as a result he obtained a different functional form of the TE
damping.

APPENDIX C
Thermoelasticity theory for a circular rod
In the case of acircular rod of radius a we find that the solution to (5.3) is

_ -1 ) _ Jl(kr)
0 =—(cCp)™ (2, a- o) (r kJi(ka))Cosw’ (C1
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where I¢ = (z, z) = wa%/4, z=r cosy and k is defined in (5.2). The function associated with the moment
of thetemperatureis f (ka), where now

4 31(4“)}
fQO)=1+=|¢— 5| C.2
©=1+ 5 35 €2

Zener (22) analysed the circular rod using the projection method involving a series rather than a closed form
expression. By comparing the results here with those of Zener, we conclude that (22)

8 a’Cp
n= 55 . ™M=5
gn(as — 1) gnK

, Where Jj(gn) =0, n=0,1,2,.... (C.3)
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