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The single-particle spectrum of an interacting electron gas is investigated in an approx- 
imation with electrons coupled to plasmons. Extensive numerical results for the spectral 
weight function, the momentum distribution function and the density of states are presented 
over a range of metallic densities. 

On examine le spectre & une particule d'un gaz d'6lectrons interagissants, dans le cadre 
d'une approximation faisant intervenir le couplage des Blectrons et  des plasmons. On pr6sente 
de nombreux r6sultats nnmhriques concernant la densit6 spectrale, la fonction de distribution 
d'impulsion et  la densite d'6tats dans un certain domaine de densites m6talliques. 

Das Einteilchenspektrum eines wechselwirkenden Elektronengases wird in einer Naherung 
untersucht, welche die Kopplung zwischen Elektronen und Plasmonen beriicksichtigt. Es 
werden fur einen Bereich von metallischen Dichten umfassende numerische Ergebnisse fiir 
die spektrale Gewichtefunktion, die Impulsverteilungsfunktion und die Zustandsdichte an- 
gegeben. 

I. Introduction 

In  a preceding paper [l] i t  was shown that the singular Coulomb potential and 
the plasmon pole of the effective interaction give rise to a characteristic structure 
in the single-particle spectral weight function. For electron momenta smaller than 
a critical value a new pole of the one-electron Green function appears on the real 
axis, representing a new elementary mode. When higher order terms are included, 
this pole will move off the real axis, but a strong resonance is still expected to  
occur. 

In  this paper those conclusions are illustrated in a particular model, in which 
a simple interpolation formula for the dielectric function has been used, and which 
involves the main features of the Random Phase Approximation (RPA). It is 
shown that the new elementary excitation, a coupled mode of plasmon-hole states, 
has an appreciable spectral weight a t  metallic densities. The density of states is 
drastically changed by the interaction. The main parabolic band is reduced, and 
there is a new band below the main band. I n  the bottom of this sideband there is 
a peak due to  the plasmon-hole states. 

An expressioli for the electron self-energy in the lowest order approximation 
is given in Section 11. Numerical results concerning the quasiparticle properties, 
the total energy and the specific heat are compared with earlier calculations in 
Section 111, and in the following section extensive numerical results for the 
spectral weight function, the momentum distribution function and the density of 
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states are presented for a range of electron densities. The paper is finished off 
with some remarks in Section V. 

JI. An Approximation for the Self-enargy 

In  part I the self-energy of an electron in an interacting electron gas has been 
analysed. The main effect studied comes from the coupling between thc  electron 
and the plasmon resonance. Therefore the self-energy may be written as a sum 
of the Hartree-Fock expression and the self-energy due t o  coupling to  the plasmon 
field, 

where iMHF is the Hartree-Fock exchange potential 

The notations are explained in part  I .  The shift, in the chemical potential, 

g o  = p - 8 ( k ~ )  . (3) 70 7 

is given by [2 ]  

80 = AVO ( k F ,  8 (kF) ) 9 (4) 

where 

-Vo ( k ,  8) = M (k, 8 + . (5) 

The elect,ron-plasmon coupling con- 
stant is [3] 

e h w l  1 2 - 0 . ._ - I - & g. (6) 

and the plasmon dispersion law is 
taken as  

0,; = w; + v i q 2 / 3  + (fiq2/2 m)2, ( 7 )  

I---- ~ ~- -~ ~~ 

where w, = I/ n e Z / ( ~ ~ m )  is the plasma 
frequency and cp = tL kF/m the Fermi 0 I 2 3 4 

velocity. Q / ~ F  

The plasmon is assumed t,o be Fig. 1. The dispersion curve (solid) according 
welldefined for momenta. As can '9. (7) cOm~ared to the 

fluctuatiori spcctrum at rs = 4. The dotted 
be seen from Fig' ' 7  the law curve is the H.PA plasnlon energy, and the 
in Eq. ( 7 )  follows rather closely the level curves give the values of ~ ( ~ / & R P A )  

RPA plasmon dispersion law and a t  
short wavelengths the  maximum of the  RPA spectral weight function for the 
density fluctuations, I m  

The coefficient in front of the @-term in Eq. (7) is a factor 519 smaller than 
the RPA coefficient. It is chosen so as t o  give the Thomas-Fermi potential 



in the static long wavelength limit, kTF =)/3wp/uF being the Thomas-Fermi 
screening constant. The resulting self-energy does not depend sensitively upon 
the precise value of the q2-coefficient in the dispersion law. The q4-term in Eq. (7) 
is however very important, determing the contributions from short wavelength 
fluctuations. 

The dielectric function 

&(q ,  a )  = (w; - w~)/(oJ;  - W; - C 0 2 )  (9) 

corresponding to t'he approximation in Eq. (1) fulfils the sum rules 

and 

This approximate dielectric function serves as a convenient interpolation 
formula, which in an  integral expression like Eq. (1) reproduces the main features 
of the full density fluctuation propagator. The main approximation comes from 
the neglect of the particle-hole continuum. Therefore there will be no damping of 
the quasiparticle in the region of small momenta, where damping due to excitation 
of particle-hole pairs is the important mechanism. Equation (1) thus gives a sharp 
quasiparticle peak with windows in the spectrum on both sides for electrons not 
too far from the Fermi surface. This work is mainly concerned with the properties 
a t  frequencies where plasmon excitation is the dominant mechanism, and there 
Eq. (1) gives a good description. 

The w-integration in Eq. (1) is performed by closing the integration contour 
and picking up the contributions from the plasmon and hole poles. Letting dl-+ 0 ,  
the expression becomes 

By performing the p-integrations, Eq. (12) may be expressed as a sum of one- 
dimensional integrals, 

- C(k - g)) - n i @ ( C ( k +  q) - C + hw, )  @ ( C  - hui, - C(ka))] + 
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Thesc integrals have been oonlputed numerically on a CD 3600 conlputer using 
algorithms for adaptive Simpson integration [4] and for zeros of arbitrary function 
151. 

111. Quasiparticle Properties, Total Energy and Spccific Heat 

To check the usefulness of thc interpolation formulation (Eq. (9)) for the 
dielectric function comparisons with earlier results calculated in the same appros- 
imation but with the full Lindhard dielectric function have been made. 

Table 1. The chenlical potentkl p = & ( k ~ )  + 8" for an electron gas with l o  = &fo(k~, b ( k ~ ) )  
nc~ording to Eq. (4 )  comnpared to the RPA-values ( [ 2 ] ) .  Energies are given i n  rydberp 

(1  Ry : 13.6 eV) 

rs b ( k ~ )  80 '8 C ( ~ F )  80 
Eq, (4) RPA Eq. ( 4 )  RPA 

RY d y  RY RY RY RY 

I n  Table 1 it is shown that the chemical potential ,u for a range of r,-values 
agrees within 2.5 percent with the RPA-resultJs (3/4jz(r,ao)3 = electron density). 

8 ,- -07- 
Thti work 

-0.2,  > 

0 2 3 4 5 6 7 8 9 7 0  
rs 

Fig. 2. Total energy of the electron gas according to Eq. (14) compared to the Hartree-Fock 
(HF) and RPA results taken from [2] 



The total energy per particle, , is given by the chemical potential according to 
the formula [ 6 ]  

A comparison with the total RPA energy is made in Fig. 2. 

Table 2 .  The renormalizaiwn constants Z and the energies w of the quusiparticle ( Q )  and of the 
new excitation (pn) in the undamped regions. Energies are expressed in rydbergs and meamred 

from the Fermi level 

The quasiparticle parameters, i. e. the renormalization constant 

a 
Z ( k )  1 /  (1  - = M o ( k ,  8 ( k ) ) )  ( 1 5 )  

and the quasiparticle energy 

E ( k )  8 ( k )  + Qo + 2 ( k )  ( M o  ( k ,  8 ( k ) )  - 80) (16)  

have been computed, and typical results in the regions of no damping are shown 
in Table 2. Except for the absence of damping there is reasonable agreement with 
the corresponding RPA-values [ 2 ] .  I n  Fig. 3 the discontinuity of the momentum 
distribution function a t  the Fermi surface, Z F  = Z ( k F ) ,  is shown for several 
idfferent approximations [ 2 ,  7- 101. The result of this paper is only a few percent 
greater than the RPA-values. 
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rs 
is in Fig. to the of Fig. 3. The renormalization for 
other approximations. The corrections to a quasiparticle on the permi 
the Sommerfeld value Co are smaller than ZF = Z (k,), equal to the discontinuity of 

QUINN [ l l ]  has published data on the range of excited electrons in an electron 
gas. The lifetime of the electron is related to the imaginary part of the self-energy 
at the electron energy [12, 131. For not 
too energetic electrons the renormalization 7 

gives a correction, and the inverse lifetime 
becomes two times the imaginary part 
of the quasiparticle energy, 

E:!(k) ReZ(k) Im Mo(k, b(k))  + (17) 

+ ImZ(k) (ReMo(k, b ( k ) )  - 8 0 )  . 

A comparison with QUINN'S results is made *0 5- 

with the RPA and H U B B ~ R D  dielee- the momentum distribution function.~he 

in Fig. 4. Of course there is no damping due 
to pair excitation in Eq. (17), but in the 
region of plasmon excitation the curves 
show the same behaviour. 

The specific heat calculated according 
to the formula [14] 

L A 

tric functions, However, the values are in this Paper is with the 
RP-4 results according to [2,7-91 and va- 

'lose agreement with HEDIN's I21, lues obtained with the Hubbard dielectric 
which include effects UP to second order in function (+, [lo]) and with exchange tor- 

the effective interaction v* /E .  rections (", [9]) 

o 

Fig. 4 Fig. 5 

(I8) o i  j i i i i i 

Fig. 4. The imaginary part of the quasiparticle energy a t  r, = 2 compared with the results 
of [ll], BF being the kinetic energy a t  the Fermi surface, 8 ( k ~ )  

Fig. 5. The specific heat cumpared with the RPA-results (from [2]) and with the values by 
RICE (+, [lo]) and HEDIN [2], Cg being the Sommerfeld value 



These results have been shown in order to get an idea of the accuracy and 
usefulness of the approximation in Eq. (1) for the self-energy in relation to the 
use of the RPA dielectric function. Because the theory contains lowest order 
effects only and thus can be formally justified. only in the high density limit, 
emphasis should be placed mainly on the qualitative features of the results. For 
an investigation over a range of densities and a large region of momenta and 
energies, as will be presented in the following section, i t  is felt that Eq. (1) forms 
an adequate starting point, with the usual reservation that the results will gradu- 
ally loose their significance, when going far away from the high density region. 

IV. The Spectral Weight Function 

The single-particle properties of a system are completely described by the 
spectral weight function A (k, o ) ,  which is related to the one-electron propagator 
G(k, 8) according to - 

A (k, w )  do 
-- 

-m 

The real and imaginary parts of the self-energy M (k, 8) according to Eqs. (5) 
and (13) have been computed for a range of densities typical for metals, and 
A (k, o) has been calculated from the formula 

The (k, o)-dependence of the spectral weight function is displayed in Figs. 6-8. 

Fig. 
give 

-2 0 2 4 
w/n W ,  

6. Typical behaviour of the spectral weight function A(k,  w). The numbers 
the weights Z of the 6-function peaks. The curves are drawn for r, = 6 (6 wp 

the figure 
0.236 Ry) 
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For positive (negative) energies cu the spectral weight function A (k, s) ex- 
presses the relative probability per energy unit for the system to  be in a state 
with an energy o + p (- w - p) above the ground state just after injection of 
one electron (hole) of momentum k [15]. 

Fig. 7. The spectral weight function A(k,  w) at r, = 2 and 3, the plasma energy Ew, being 
1.225 and 0.667 Ry, respectively. The dispersion eurvcs of the two undamped excitations are 
drawn with heavy lines, and in the rcgions with damped excitations the values of A(k,  w) 

are given by the level curves 

As discussed in paper I the spectral weight function consists typically of three 
components, one singular peak and two sidebands for most values of the mo- 
mentum k as is seen in Fig. 6. Figures 7 and 8 are extensions of the coninlon plot 
of the dispersion law o ;= &(k) - b ( k F )  of the independent-particle model t o  
include the modifications of the  spectrum due t o  the interaction. These figures 
give the level curves for the spectral weight functiorl A (k, o), and the heavy 
lines show the dispersion laws of the eigenvalues t o  the N f 1 electron Hamil- 
t'onian. Excitation energies of the (N - 1)-particle syst,em are measured along 
t,he negative o-axis. 

I n  the electron-plasmon model t'he eigenvalues exist for momenta not too large 
(cf. Table 2). ,4s ~nentioned in Section 11 there is no damping of the quasiparticle 
due to  excitation of particle-hole pairs because of the approximate dielectric 
function in Eq. (9). At momcnta k large enough to  maka 8 ( k )  - &(kF) > 5 w ~ - ~ ,  
the damping due to  plasnlon excitations bets in. The critical momentum for the 
new elementary excitation, which may be called a "plasmaron", is given by the 

15 Fhys. kondens. Materie, Bd. 6 



condition wpn(k) > - kwktk, and increases with increasing r,-value. The shifts 
in the quasiparticle energy from the Hartree value d (k) - d ( k ~ )  are very small, 
and the "plasmaron" peak at  wpn(k) is typically (1.4-1.7) x L o p  to the left of 
the quasiparticle peak on the w-axis. Both the quasiparticle and the "plasmaron" 
have almost quadratic dispersion laws. 

Fig. 8. The spectral weight function A ( k ,  w) at r, = 4 and B (hop = 0.435 and 0.310 Ry, 
respectively) 

In Fig. 6 and in Table 2 the strengths of the peaks of A(k, w) are indicated 
by the values of the corresponding renormalization constants 2. As in previous 
calculations [2, 7-10] there is a considerable reduction in the strength of the 
quasiparticle peak due to the interaction. 

The new and interesting result of this calculation is not only the existence of 
the new excitation but also the appreciable spectral weight, which is associated 
with it. Near the bottom of the Fermi sea the quasiparticle and the "plasmaron" 
have almost all of the available spectral weight attached to them, and a t  metallic 
densities only 5-10 percent falls into the continuous parts of the single-particle 
spectrum. At low metallic densities the contributions form the two eigenvalues 
to the sum rule 

m 

Sdw ~ ( k ,  W) = 1 
-m 

(21) 

are almost equal for small k-values. 
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Even when the "plasmaron" has entered the continuous region, it gives a 
characteristic contribution to the spectrum. Both for momenta below and above 
the Fermi surface a broad peak in the spectral weight function is distinguishable 
from the incoherent contributions to 
the sidebands. The right (left) sideband 
covers a large area for k above (below) 
the Fermi momentum kF. For instance 7 

there is 35 percent probability of exciting 
I 

the system into energies above Awo,rc,, * 
when an electron with momentum k = r= 

1.4 k~ is added to an electron gas with 05 

r, = 4. 
The sum rule in Eq. (21) has been 

numerically fulfilled with an error smaller 
than two percent, which number may 05 7 15 
be taken as a measure of the numerical A/+ 

accuracy in the calculations. Fig. 9. The momentum distribution func- 
tion n(k)  

The momentum distribution function 
0 

n (k) = jdw A (k, w) 
-m 

(22) 

is drawn in Fig. 9 for several r,-values. The curves show that in the ground state 
also electron states with momenta above the Fermi surface are occupied, and that 

Fig. 10. The density of states g(o). The dashed curve is the result of the one-electron theory, 
and the vertical broken line indicates the Fermi level 

even a t  zero temperature a considerable part of the electron states with momenta 
smaller than kF are unoccupied. 

In Fig. 10 the density of states 



is shown for different electron densities. The dotted curve is the parabola of the 
one-electron theory. Compared to it ,  Eq. (23) gives three modifications. The 
reduced quasiparticle weight Z (k) gives a lower density of states in the main band. 
There is further a contribution from the right sideband of A ( k ,  w ) ,  which for 
energies more than h o p  above the Fermi level almost compensates the reduction 
in the density of states. Finally there is a new band a t  energies more than h w p  
below the Fermi surface. The peak in this low-energy band is due to the "plas- 
maron" states. 

V. Concluding Remarks 

Calculations of the self-energy of an electron in an interacting electron gas 
have been presented in a model, where the electron-plasmon coupling has been 
considered. The resulting single-particle spectrum shows a characteristic structure 
with the plasma energy hcop being a natural unit for the energy scale. A new 
elementary excitation, a "plasmaron", undamped in the electron-plasmon model, 
appears for small electron momentum. 

A numerical evaluation of the imaginary part of the self-energy M ( k ,  B) in 
the RPA has been performed recently by B o s ~  et al. [16]. As the aim of that 
calculation was only to provide a tabulation for reference purpose, they did not 
notice the drastic self-energy effects on the single-particle spectrum. If both the 
real and imaginary parts of M ( k ,  8) are computed in RPA and put into Eq. (20), 

Fig. 11. Typical behaviour of the spectral weight function A (k, w )  in RPA (r, 5- 3, k = 0.2 k~). 
Comparison is made with the result of this paper, given as a broken curve and two arrowed 

peaks with weights Z 

the spectral weight function ,4 ( k ,  w )  becomes typically as in Fig. 11. The new 
excitation remains, very weakly damped, and the only important change of the 
spectral 'weight function is as expected the broadening of the quasiparticle peak. 
Thus the main conclusions of this paper are confirmed in the RPA *. 

* A more complete report on results in the RPA will be published separately. 
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1 I n  a second iteration of t h e  Dyson equation, i. e. with t h e  bare propagator  i n  
Eq. (1) replaced b y  t he  electron propagator  computed in this  paper ,  there  appears  
one more peak i n  t he  single-particle spectrum a t  very low momenta  (Fig. 12). 

Fig. 12. Typical behaviour of the spect.ral weight function A(k, o) at  low momenta according 
to a second iteration of the Dyson equation (r, = 4, k = 0.2 kF) 

This th i rd  peak is a reflexion of t h e  second peak of t h e  first iteration. Its energy 
differs with considerably more t h a n  two  t imes t h e  plasma energy f rom t h e  quasi- 
particle peak,  a n d  t h e  spectral weight connected t o  it is much  smaller t h a n  those 
connected t o  t h e  other  peaks. I n  t h e  electron-phonon problem, multiple-phonon 
processes give n o  additional s t ructure i n  t h e  self-energy [17]. However,  multiple- 
plasmon processes d o  show u p  i n  t he  single-particle spectrum. This  difference i n  
behaviour is due  t o  t he  singular electron-plasmon coupling. 
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