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Elastic Bending of Semiconductor Wafer Revisited and
Comments on Stoney’s Equation

S. N. G. Chy*
Bell Laboratories, Lucent Technologies, Murray Hill, New Jersey 07974, USA

ABSTRACT

Since Stoney derived a simple relationship between the stress of a thin film and the eurvature of its substrate for an

' electrolytically deposited metallic film on a thick substrate plate in 1909, the equation has been widely used by electro-
I chemists to calculate stresses in electrolytically deposited films. Although the equation seems to work well for thin films with
- negligible thickness in comparison to the substrate, the underlying assumption in his derivation is found to be questionable.
- Various works have been published which caleulate more precisely the stresses in the bending of a two-layer composite plate,

where a thin layer on a thick substrate is an extreme case. However, there is some confusion in differentiating elastic bend-
ing due to internal stress from the externally applied moments (including our previous work). We re-examine the two bend-
ing conditions and point out that Stoney’s equation was derived based on a neutral axis for zero bending moment which does
not exist in the pure bending of a steel ruler on which his derivation was based. We also show that a single neutral axis for
stresses does not exist in a two-layer system bent by internal stresses. Finally, we rederive the formula for the relationship
between the wafer curvature and the lattice mismatch or differential thermal expansion for a binary composite plate using
the proper bending moment calculation and examine the case of wafer bending of GaAs on Si substrate.

Introduction

Although elastic bending of semiconductor wafers or’
metal plates caused by deposited surface thin films can in
general be treated by the methods of orthotropic elasticity in
bending of laminated composite materials for construction
and structural applications,'” the simple relationship be-
tween the fil;m stress and the bending curvature derived 88
vears ago by Stoney® based on isotropic elasticity is still the
most widely used by the electrochemist for electrolytically
deposited films on a thick substrate and more recently, due
to its simplicity, in the semiconductor industry for thin films
on thick wafers. More refined calculation for wafer bending
by surface layers has been done by many authors.®* In prin-
ciple, a precise expression for film stresses including the
elastic anisotropy of the materials can be derived from the
continuum theory of a laminated medium. However, unlike
the thick plates used in the laminated composite, elastic

anisotropy of most submicron thin films deposited on semi-

conductor substrates has not yet been studied in detail. On
the other hand, the expressions derived based on the isotrop-
ic elasticity seem to work reasonably well. Commercial
equipment is now available for characterizing film stresses

based on the Stoney equation.® Large deviation does appear
E. when the film thickness is non-negligible compared to the
- substrate. In refined calculations of a strained film on a sub-

strate due to lattice mismatch or differential thermal expan-
sion, confusion may arise in the bending moment calculation
as to whether the bending moments of the indivdual beams
are simply additive’ and, in the case of bending by internal
stresses such as due to differential thermal expansion or lat-
tice mismatch, whether the total bending moment of the
composite should be set to zero' under no externally applied
moment. This also applies to the continuum theory of a lam-
inated medium where a correct moment balance condition
must be set in the beginning of the formulation. This study
re-examines the two cases of simple bending of a two-layer
composite beam or plate by an external moment and by
internal siresses. It points out that the bending moments of
individual beams are not additive for a composite beam with
welded interfaces, and that the total bending moment
cannot be zero as long as an elastic bending curvature exists.
We further point out that a single neutral axis for siress

i exists only in the case of bending by an external moment and
k- the Davidenkov’s method' of moment calculation for a com-
| posite beam, which was previously used by us for calculat-

ing wafer bending by misfit stresses," applies only to the

case of bending by an external moment. The proper rela-

tionships between the bending curvature and the mismatch
strain as well as the film stresses are, therefore, rederived
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and compared with the Stoney equation. The differences
with our previous caleulation are addressed. An example of
GaAs on Si is used to demonstrate the effects of relative
thickness and moduli on the bending curvature and stresses.

Bending of a Two-Phase Composite Beam with a
Welded Interface

A classic example of bending of a two-phase composite
elastic medium with a nonslippery or welded interface is
the bending of a bimetatlic strip. The elastic problem was
first treated by Timoshenko in 1925.® However, in his calcu-
lation of the bending moment of the composite stripe, a lin-
ear superposition of the individual moments was used, but
it is shown in the following that for a composite beam with
a welded inferface the bending moments are not additive.

Let us consider a composite beam of length £ and width
w formed by two beams of thickness ¢, and £, respective-
ly. For simplicity, we set w = 1. The two beams are welded
together along the interface as shown in Fig. 1a. Let £, and
E,, v, and v, and o, and o, are the Young’s moduli,
Poisson’s ratio, and thermal expansion coefficients of the
beams, respectively. The simple beam bending formulation
can be converted into a two-dimensional bending of a
square plate by replacing E with K = E/(1-v) for the biax-
ial stress case.

Bending of the Beam

A composite beam can be bent by an externally applied
bending moment M, as shown in Fig. 1b, and/or by a
moment generated from the internal stresses such as differ-
ential thermal expansion of the two beams upon heating as
shown in Fig. 1c. In the latter case, since there is no exter-
nally applied moment to the beam, it tends to improperly
set the total bending moment to zero even though the beam
has a bending curvature. Let us examine the case of bend-
ing of a bimetallic stripe due to differential thermal expan-
sion {TEC) upon heating. Assuming «, > «,, upon heating
from room temperature to a higher temperature, beam 2
expands more than beam 1. Since it is constrained from full
expansion by beam 1, it stretches beam 1 beyond its fully
expanded length. Therefore beam 1 is under tension, and
beam 2 is under compression. The expansion of beam 2 and
the contraction of beam 1 produces a force-couple which
bends the composite heam convexly upward. The confusion
arises from the fact that beam 1 is under compression and
beam 2 is under tension, the corresponding force-couple

“calculated from "the stress fields results in a bending

morient opposite to the curvature of the beam. This is be-
cause in the bending by internal stresses, it is the force of re-
action which constitutes the bending of the structure as
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Fig. 1. Schematic diagrams showing fa) a two-beam compasite,
{b) bending by an external moment M, and (¢} bending by internal
stresses due to differential TEC upon heating.

opposed to the case of bending by external stresses where
the force of action bends the structure. For a composite
beam with three or more phases it is also possible to achieve
a zero net bending moment upon heating. Then the corre-
sponding curvature of bending will also be zero. Therefore
as long as there is an elastic bending curvature, there will be
anet bending moment whether it is due to internal or exter-
nally applied stresses. In a complex bending configuration,
as shown in Fig. 2, where the bending curvature is a func-

tion of position, a neutral axis for bending, AB, is defined at

the position where the bending curvature is zero. Obviously

..r2 )

Fig. 2. Schematic diagram showing a complex elastic bending
with curvature as a function of position in a plate. The dotted line
AB is o neural axis for bending where the local curvature is zero.
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such a neutral axis does not exist ini the simple bending con-
figuration shown in Fig. 1 where the bending curvature is s
ngnzero constant.
Stoney Equation

Stoney considered the case of a thin metal film of thick-
ness ¢t deposited on a thick steel ruler of thickness d where
the metal film was under tension and therefore the compos-
ite bent concave upward as shown in Fig. 3. Since t was
negligible in comparison with d and both ¢ and d were neg-
ligible in comparison with the radius of curvature +, he con-
sidered that the film was under tension only and the steel
ruler was under simple bending with a constant radius of
curvature 7, The first equation in his paper on p. 174, ¥
which is given in the original form here, set the condition
for the position of a neutral axis b from the surface of the
steel ruler by taking the moment for the steel ruler to zero

-r %(b — x)xdax =0 so that b= 2d/3 [1]
d

where E is the Youngs modulus of the steel ruler, and the
width of the ruler is unity. As described previously, such a
neutral axis does not exist in a simple bending with a con-
stant radius of curvature r. (Note that the conventional
definition of neutral axis for bending is the locus of zerg
stress in the plate where the stress field changes from ten-
sile to compressive. Therefore instead of Eq. 1, the position
b should be determined by J§ E/fr(b ~ x)dx = 0 for pure
bending which gives b = d/2. )

By using the value of & = 2d/3 as a neutral axis for stress
in the force balance condition between the film and the
steel ruler, he obtained a relationship between the stress in
the film, P, and the bending curvature 1/7 of the steel ruler
in the second equation of his paper, which is again given in
the original form

Pt = f o - ndx 21
a2 T
_E @)y 1 _d
JM ?}E , 13

where P is the uniaxial tension in the film, and E is the
Young’s modulus of the steel ruler.

Since the bending strain or stress of the film is neglected,
substituting P = EAe, into Eq. 3, where A¢ is the uniaxial
strain in the film and E; is the Young’s modulus of the film
one obtains the frequently used Stoney equation for calcu-
lating bending curvature from differential strain

1_6E
r d&E
where Ae = AoAT, Aa = o, ~ «,, and AT = T - T, for dif-

ferential TEC. For a biaxial stress case, one can simply
replace E by K.

Ae [4]

X | |

Fig, 3. Schematic diagram of a thin elecirolytically deposited film
on o thick steel ruler considered in Stoney’s formulaII)i(On s?'loowing the
“stress distribution with a neutral axis b = 2d/3 for zero moment.
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Not only does the neutral axis set by Eq. 1 not exist for

- tral axis for bending moment as a neutral axis for the
stress in Eq. 2, i.e., E{b-x)/r, is even more confusing. If the
conventional definition of neutral axis for stress in a pure
bending is used, i.e., b = d/2, * Eq. 2 yields Pt = 0. In other
words the Stoney Eq. 3 or 4 would not have been derived.

Neutral Axis of the Bend Beam

In pure bending of a simple beam, the stress component
0, changes continuously from tensile on the convex side of
the beam to compressive on the concave side of the beam.
The crossover point defines the position of the neutral axis.™
In the simple bending of a composite beam, each beam expe-
riences both bending and uniaxial tension or compression. It
is important to know the positions of the neutral axis in each
beam in order to properly calculate the stress field and hence
the bending moment. Davidenkov had treated the problem
of elastic bending of a composite beam' under an applied
moment by assuming a single neutral axis in the bent com-
posite. The method was later used by us to calculate wafer
bending of multilayer structures due to lattice mismatch.'* It
is shown below that a single neutral axis exists only in the
case of bending by an externally applied moment but not for
bending by internal stresses such as those due to misfit
stresses or differential TEC.

ETEEATS R

R
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Bending by externally applied moments—Consider the
case of bending of a composite beam by an applied bending
moment M at the end of the beam as shown in Fig. 1b. The
stress distribution across the thickness of the composite
beam can be caleulated by constructing the composite beam
from two separated beams in two steps as described in
Fig. 4. Specifically, the two individual beams with the same
length ¢ are bent to the same final radius of curvature R by
external bending moments M, and M, applied to the ends of
the bearns, respectively, as shown in Fig. 4a. Since both
beams are under pure bending, the neutral axes are in the
middle of each beam as indicated by the dotted line. Beam 2
is then stretched and beam 1 is compressed to match the
interface at z = t,. The two beams are then welded together
into a composite beam as shown in Fig. 4b and ¢ to produce
the pure bending of a composite beam by an external
moment M as shown in Fig. 1b. Since the final state is a
¥ pure bending, the forces applied to the two beams in Fig. 4b
[z before the welding process should be added to zero. The
%' equal and opposite force couple therefore creates an addi-
tional bending moment to the composite. Note also that the
stretching of beam 1 moves the neutral downward and the
compression of beam 2 moves the neutral axis upward as in-
dicated by the arrows in Fig. 4b. The amount of movement
is determined by the interface matching condition.

The corresponding stress fields in each beam, as shown

e R e ey

...._‘_‘
T
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TR

-
g in Fig. 4c, are given by
& t,
& 2oy
4 R [5]
i
7 and
-ty
oy = B, = + €, [6]

respectively, where the first term on the right is due to
pure bending and the second term is due to uniaxial com-

sion with a strain of €, for beam 2. The shifting of the neu-
tral axes, 8, and 8,, from their pure bending positions in
the middle of each beam can be found by setting o3, =
¢, =0, which gives §; = ¢,R and 3, = &,R. Let s be the sep-
aration between the two neutral axes, then ’ :

J. Electrochem. Soc., Vol. 145, No. 10, October 1998 © The Electrachemical Society, Inc.

2 a simple bending configuration with a constant radius of |
B curvature as illustrated in Fig. 3, but the use of such a neu-

pressiom with a strain of —¢, for beam 1 and uniaxial ten-  _ neytral axes as indicated by the arrows, {c} the corres
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~ Rle, + &) (7]

t, +¢ t, +¢
12 2_(5l+82}= 1 ” 2
If the two neutral axes merge into one, s = 0. The amount
of movement is determined by the uniaxial stresses in each
beam to match the interface. The corresponding strain

matching condition at the interface, eL.(t;) = e..(,), gives

1 .- =—-tL+€ (8]
2R ! 2R

Substituting Eq. & into 7, indeed gives s = 0, which thus
proves the existence of a single neutral axis in a composite

(d)

Fig. 4. Schematic diagrams of a two-step operation for con-
shructing o composite beam bending by an external moment M

. showing (o) pure bending of two separated beams by external

moments M, and M,, respectively, to a final radivs of curvature R
and the positions of neutral axes for stress indicated by the dotted
lines, {b) compressing beam 1 and stretchirig beam Ziy external
forces to match the interface and the directions of shifting oi; the
nding
stress distribulions and the shifting of the neutral axes §, , from the
central axes of the beams by the applied uniaxial tensile and com-
pressive stresses to the lwo beams, and (d) merging of the nevtral
axes intc a single neutral axis after malkching ?he, undary and
welding of the two beams. ) :
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beam bent by an externally applied moment as shown in
Fig. 4d. However, it is shown later that this is not the case
for bending by internal stresses. Furthermore, because of
. the shifting of neutral axes in each of the beams, the bend-
“ing moments of the individual beams are no longer additive
in a composite beam.® .

Nonadditivity of bending moments in ¢ composite beam
with a welded interface—It is clear from Fig. 4b that in
order to make a composite beam, additional stretch and
compression are needed for the bent beams to match their
interface. The force-couple generates an additional bend-
ing moment M, besides the pure bending moments M, and
M, for the individual beams. The total bending moment
needed to achieve a radius of curvature R for a composite
beam with a matching (welded)} interface is therefore

M=M+ M+ M, . [9]

wheré M, = E\I/R, and I, = wt}/12 are the moments of
inertia for the individual simple beams with width w and
thickness ¢, fori =1, 2, and

M, = F(%) [10]

where F is the magnitude of the tensile/compression forces
given by the force balance condition

F = Eet, w0 = Eye,tw (11]

where w = 1 in this calculation. Combining Eq. 11, 10, and
8, M,, becomes

= EIEZtltZ(t'l + t2)2

w (12}
©  4R(Er + Eit)

To test the validity of Eq. 9, we reduce the composite beam
into a simple beam of thickness ¢, + ¢, by setting E, = E, =
E. From Eq. 9 and 12, it is straightforward to show that

_ Bw(t, +t) _ EI

12R R
which is the correct moment for pure bending of a simple
beam. Therefore, for a composite beam with a welded in-

terface, the bending moments of the individual beams are
not additive in simple bending.

N M [13]

Bending by internal stresses.—Since there is no exter-
nally applied moment, it tends to faisely conclude that the
net bending moment on the structure should he zero. The
fact that elastic bending is created by a force-couple in an

elastic medium does not depend on whether the force-cou-

ple is due {o internal or external stresses. As long as there
1is an elastic bending, there is an associated bending mo-
ment. Let us examine in detail the case of bending due to
internal stress. Consider the bending of a bimetallic strip
upon heating as shown in Fig. le. Assuming o, > o, upon
heating from the room temperature T, to a higher temper-
ature T, beam 2 expands more than beam 1 and becomes
longer than beam 1 by an amount AxATY, where Ax = o, —
w, and AT = T — T,. This causes the composite beam to
bend convexly upward. To see how the neutral axes shift,
we construct the bent composite beam again from two sep-
arated beams through a process similar to the case for
external moment. In this case, since beam 2 is longer than
beam 1, we first compress beam 2 and stretch beam 1 to
match their lengths as shown in Fig. 5a, and then weld the
two beams together The applied forces are then removed
so that beam 2 is free to expand and beam 1 is free to con-
tract by the forces of the reaction as shown in Fig. 5b. In
contrast to the previous case of hending by applied mo-
ment, here the force-couple of the reaction creates a bend-
ing moment which bends the composite. Even though the
direction of the bending is the same as in the previous

case, the uniaxial tension and compression states in the
two beams are reversed due to internal stresses, i.e., beam
2 is under compression and beam 1 is under tension in-
stead. As a result, the neutral axes in each beam move

by the arrows, and [c) the stress distribution, the uniaxial tensile,
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away from the other as shown in Fig, 5b. Therefore in a
composite beam bent by internal stresses, a single neutral
axis does not exist. This also applies to . wafer bending by
misfit stresses from lattice mismatched epi lavers. It is
now clear that in our previous treatment for the misfit
stress in InGaAs/InP structures,” we incorrectly used
Davidenkov method to calculate the stress field, which
applies only to the case of bending by externally applied
moment. We now rederive the relationship between the
misfit strain and the wafer curvature helow using two
neutral axes.

Derivation of Relafionship Between Differential
Strain and Bending Curvature of a Two-Layer
Composite Square Plate Due o Lattice Mismatch
or Differential TEC

Although the direction of the bending moment calculat-
ed from the internal stresses is opposite to the bending
curvature, the magnitude of the radius of curvature can be
calculated from the stress field.

The stress fields in this case differs from that of Eq. 5
and 6 in the sign of the last term, they are

t

1

- h
U:rx =K, R2 + g (14}
-F a:l.-2 Ext, 4—-F
Feil @ Et, L F
a>a
2 1

Fig. 5. Schematic diagrams of o two-step operation for con-
structing a composite beam bending by internal stresses due to dif-
ferential TEC showing {a} stretching and compressing of the indi-
vidual beams to match their lengths before well::i-ing, {g} bending of
the composite beam after welging and removal of the externo
forces due to expansion and coniroction of the beams by the forces:
of reaction and the moving apart of the neutral axes as indicated

and compressive strains and the shifting of the neviral axes.
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[14]

and

af, = K,|——= — ¢, [15]

respectively, for the two layers, as shown in Fig. 5c. Here
we have replaced E; by K, for the biaxial stresses, where
i=1and 2.

The corresponding forces on each layer are given by

Ty
B =w I atdz = Kt
(1]
and [16]
f by
F,=uw J ot dz = —K.kt,
3

respectively, where w is the width of the square plate.
The force balance requires, F, + F, = 0, which leads to
Ketow = Eetyw = F, where F is the magnitude of the
forces. Let us consider again the case of differential TEC
upon heating, with e, > a,, and at a fixed temperature the
boundary matching condition at z = ¢, is given by

t
-4 +¢ + AT = —2—;; — ¢, + AT [17]

Substituting €, = F/K,t,w and €, = F/K,t,w into Eq. 17, the
magnitude of force F becomes,
AcAT — B th

_ 2R
F=EKtw ———28 (18]
A

Kt

The bending moment in this case isgenerated by the forces
of reaction F,, which have the same magnitude as Fbut are
in the opposite direction. The magnitude of the bending
moment M is given by

Lt

¢
- AcAT —
+ £, + t,
(_qﬁ : tz) - Katzw(t‘ . tl} |
1+ Ko

K,

M =|F

r

The value of M can also be calculated from the stress fields
given by Eq. 14 and 15. It is straightforward to show that

:I+t’2
M= wJ.(r zdz+wj- dzzL;KZ—lrz

bt g0

- F
where I, = wti/1, 2, fori =1, 2, and —F (t, + £,)/2 is the in-
teraction term.

Combining Eq. 18, 19, and 20, one obtains the following
general relationship between the curvature and the differ-
ential strain Ae

1 Ae [21]

==
[HKI)(HKt]
% K I, Kt +[1+t2]
‘ plafafy s B
K t, t,
where Ae = AaAT for TEC.
Equation 21 in general applies to a two-layer composite

with differential strain Ae of d¢ifferent origin. Therefore, for
wafer bending by a lattice mismatched epi layer, one simply

sets Ae = An/a or Aafa — pby; in the presence of misfit dislo- .

cations, where Aa/a, p, and b, are the lattice misfit strain,
linear density of misfit dislocations, and their Burgers vec-
tor parallel to the interface, respectively, to obtain the wafer
curvature. '
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For most practical cases f,/t, < 0.01, Eq. 21 reduces to
the simple form

(Ae) [22]

Equation 22 differs from our previous formula for 1/R
(Eq. 17 of Ref. 19) by a factor of ~2 K,/K,. Note that in our
previous formula, we set Kp/K, = 1 due to the unavailabil-
ity of the Youngs modulus and the Poisson’s ratio for
InGaAs. It is shown later that such a simplification can
introduce significant deviation in lattice curvature.

Stress Fields

The expressions for the stress fields in each layer can be
obtain by eombining Eq. 14, 15, 18, 21, and ¢, = F/Kt,w
and e, = F/K,t.w. They are given in terms of R or 4 as

e

o, =1(Z—%J+—F_.[ KL, %
121+LE
'tl

and
t(Hg) 1
O'Z—Kz(z_t—éj =
198y 4 ¢
Kltl tl

£.
- K, [z—t,—i]———— [24]
2 12Kt[ ]A
Ke |3,

for the substrate and layer, respectively, where

o0 )
a=1 Ky Bhj [1 + t—ZJ

L
2 t
GKt 1+ !

Kt 4

As shown in Fig. 5¢, there is a discontinuity in the o, at
the interface, which is given by

Ag,(t) = olit) — oL(t)

: [1 + K IZJ
AKltl. 1+ Kztz + KlIi
2 Kt

This discontinuity in Ao, produces a maximum shear
force at the interface. However, it is more realistic to think
that the stress transition at the interface takes over a finite

_ thickness instead of being atomically abrupt, then there

will also be a neutral plane inside this transition region
where the ¢ = 0. In the extreme case where £,/t, << 1, itis
straightforward to show that Ac,, = —K; Ae and all the
mismatch strain are distributed in the film as uniaxial
compressive or tensile strain. -

|
i
i
i
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Discussion

To. illustrate the dependence of bending curvature 1/R
on various factors of the two-layer system described by
Eq. 21, GaAs on Si is chosen because of the availability of
their physical constants. The values used for the physical
constants are Eg,,.. = 85 X 10" dyn/ecm? Eg = 13.0 X
101 dyn/em?, vg. = 0.37, vy = 0.33, 0gas, = 5.9 X 107YEK,
and ag = 2:5 X 107%K. Figure 6 is a plot of the bending

- curvature 1/R vs. the film to substrate thickness ratio £,/t;
. for a GaAs layer on a 100 pm thick Si substrate caused by
differentiated thermal contraction between the GaAs and
Si cooling from a growth temperature of 640°C to room
temperature. Assuming no interfacial relaxation, Ae due to
differential TEC cooling from the growth temperate of 640
to 22°C is calculated to be 0.0021. Since GaAs shrinks
faster than Si, the wafer bends concavely upward. For
t,/t, << 1, all the differential strain is accommodated by the
film. Since the film is too thin to generate enough force to
bend the thick substrdte, the curvature is expected to be
small as shown in Fig. 6. The bending curvature increases
linearly with increasing film thickness, until it reaches a
thickness such that elastically the film becomes the sub-
strate and hence the curvature begins to decrease. This
turn over characteristic in curvature is deseribed by Eq. 21
and is revealed as a peak in Fig. 6 at &/f, ~ 0.45, ie,
~45 pm for GaAs on a 100 um thick Si substrate. Such
turn over characteristics do not appear in the simplified
equation, Eq. 22, which is plotted in Fig. 6 in a dash-dot-
ted line. It can be seen that a significant deviation from the
exact solution oceurs only for £,/t; > 0.1. Therefore for most
practical cases, where £,/t, < 0.1, Eq. 22 is accurate enough
for calculating the lattice curvature. The Stoney equation,
Eq. 4, is also plotted in a dotted line in Fig. 6 for compar-
ison purposes. Since it applies only for small values of
tyft), there is a factor of -2 smaller in the curvature for
ty/t, < 0.03 in comparison with Eq. 21 and 22, Therefore the
corresponding stress value calculated from Stoney’s Eq. 3,
will be a factor of two larger than that from Eq. 22. To fur-
ther examine the effect of relative stiffness of the film to
substrate on the bending, we plot the curvature vs. t,/t, for
K,/K, ratio 0f 0.1, 1, and 10 in Fig. 7. For convenience, we

GaAs on Si I
100

T llllll'
rs
-
.,

Eduation (21)

10

T fllllll

1/R(m™")

. Equaﬁon (4)

(Stoney)
ty = 100 pm
01 3 Ae = 0.0021
- Ka2/Ki=089 "

001 L vvwl v vl v st sy gl

0.001 0.01 0.1 1 10
ta/ty
Fig. 6. Bending curvature vs. 1/, lot for GaAs on a 100 pm

thick i substrate showing the exact dependence, Eq. 21, the sim-
 plified equation Eq. 22, and the Stoney equation. -
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use the same values for Ae and ¢, as in Fig. 6. As expected,
for the same layer thickness, the curvature increases with
increasing K,/K, ratio, ie, the stiffer the film, the more
the bending. Similarly, the turnover thickness of the film
decreases with stiffer films. The dependence of curvature
on K,/K, is further plotted in Fig. § for a 1 pm GaAson a
100 pm Si substrate to show the sensitivity of the curva-
ture on K/K, (the K,/K; value for this system is 0.69). The
dash-dotted line is for the simplified equation Eq. 22. The
slope of the solid curve decreases from ~2 m™ for K,/K, <
1 to~1 m ! for K,/K, = 10. Therefore, considerable error
may result in the calculation of curvature by setting
K,/K, = 1 when the Young's moduli and Poisson’s ratio for
the system are not available. For example, for 1 pm GaAs
on a 100 pm Si, Fig. 8 gives a value of curvature of 1.7 m"™-
for K,/K, = 0.69 ag vs. 2.4 m™! for K,/K, = 1. Note that the
value calculated from our previous formula, Eq. 17 of Ref.
12, is 1.2 m™ for K,/K, = 1. Unfortunately, the Young’s
modudus and the Poisson’s ratio for InGaAs are not avail-
able at this moment to rationalize our previous data. It is
clear, however, that the experimental value for K,/K, is
needed in order to accurately calculate the stress in the
film from the measured curvature, assuming no interfaciat
relaxation.

Finally the stress along the central line 2 = ¢, + £,/2 of
the GaAs layer is plotted vs. t,/¢, in Fig. 9 using Eq. 24. For
t./t, < 0.02, the stress 0., is nearly approaching the value of
K,Ae, which indicates that, within 5% error, the stress in
the film can be considered as uniaxial stress calculated
directly from Ae, this is similar to Stoney’s formulation
P = EAe. Therefore, to calculate the stress in a thin film
on a thick substrate, for example from differential TEC,
Stoney’s approximation works well. However, to calculate
film stress from measured curvature, Stoney’s equation is
expected to deviate from the true stress by a factor of ~2,
as shown in Fig. 6, despite of the fact that his formula was
derived based on a neutral axis for bending moment which

does not exist in the simple bending geometry. Within the

uncertainty of the interfacial relaxation for most practical

. 100

L

10

T IIII!‘

1.0

1R (m™")

K2/Kqy =10

0.1
As-=0.0021
i t1 = 100pum
001 L vovnd o aerpnd veagpnd 4
0.001 0.01 01 . "1 10
t2 /44

- Fig. 7. Bending curvature vs. 5,/ plot for GaAs- on o 100 pm -

thick Si-substrate for three different K,/K, rafios showing increas
ing curvature and decreasing furnover thickness with increasing

stitness of the film.

J. El;

Fig
K.,/ K

casey




ty, Inc.

ected,
i with
more
2 film
ature
;0N &
urva-
). The
!. The
K <
error
tiing
io for
GaAs
Tm!
it the
[ Ref.
ung’s
wvail-
CItis
K, is
n the
‘acial

/2 of
. FOI'
ue of
88 in
lated
ation
film
TEC,
ulate
on is
f~2,
was
‘hich
1 the
tical

pm
2as-
sing

4

- 15
3 B ~
- 7
13 7
L. Vs
12 7,
- s
M - P
10 4
L _/
- 9 .
E [ Y
< 7L
6
51 tof t4= 0.01
4 t1= 100 pm
3 Ae=0.0021
a )
1L _
0 I I U I I I S S
0 1 2 3 4 5 6 7 8 9 10

Ko/ K4

Fig. 8. Dependence of bending curvature on relative stiffness
K,/ K, for a 1 pm GaAs film on @ 100 pm thick $i substrate.

cases, a factor of two in stress is probably tolerable. This
is why Stoney’s equation has been around for many years.

Conclusions

We have revisited the general problem of elastic bending
of a two-layer composite beam or plate. The same problem
applies to the bending of walers due to a lattice mismatched
epitaxial layer or layer with different thermal expansion co-
efficients upon heating or cooling. We pointed out the differ-
g ence between the bending of a two-layer composite by exter-
k. nal moments and by internal stresses and have shown that a
g single neutral axis existed only in the case of bending by ex-
E ternal moments. This finding indicated that our previous
. calculation in which we used a single neutral axis for wafer
E' bending in a system which contained a misfit layer, needed
to be rederived using two neutral axes. We have also shown
that the bending moments in a composite structure with
welded interfaces were nonadditive, an important condition
£ often overseen in the formulation of this elastic problem, and
I thenet bending moment in bending by internal stresses were
. nonzero for nonzero curvature, The improper neutral axis
E' used by Stoney in defiving the Stoney equation was discuss-
- €d in detail. Finally the bending curvature and the stresses
- in a two-layer composite were rederived and an example of
~ waler bending for GaAs on Si due to differential TEC in
g cooling from the growth temperature to room temperature
: was used to demonstrate the effects of the relative thickness
and moduli of the film to the substrate on the bending cur-
vature. The differences between our exact and simplified ex-
pressions for the bending curvature and the Stoney’s equa-
- tions as well as our previous formula were addressed.
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