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Two methods of entropic thresholding proposed by Pun. (Signal Process. 2, 1980, 223-237;
Comput. Graphics Image Process. 16, 1981, 210-239) have been carefully and critically
examined. A new method with a sound theoretical foundation is proposed. Examples are given
on a number of real and artifically generated histograms. © 1985 Academic Press, Inc.

1. INTRODUCTION

In picture processing, the most commonly used method in extracting objects from
a picture is “thresholding.” If the object is clearly distinguishable from the back-
ground, the gray-level histogram will be bimodal and the threshold for segmentation
can be chosen at the bottom of the valley. However, gray-level histograms are not
always bimodal. Methods other than valley-seeking are, thus, required to solve this
problem,

Over the years several techniques have been proposed to overcome this difficulty.
Most of them attempt to reduce the problem to the bimodal case. Weszka et al. [1]
and Weszka and Rosenfeld [2] present methods to overcome the threshold selection
probiem when the peaks vary significantly in size and the valley is relatively wide.
Others try to improve histograms by using second-order gray-level statistics as
described in [3]. Still others attempt to make threshold selection easier to define an
improved image histogram [4]. A method which uses the statistical relation of points
and its neighbourhood is proposed in [5]. Besides these, there are a number of other
methods such as Ostu’s method [6], the iterative method [7], the quadtree method [8],
and the relaxation method [3]. A survey of some of these methods may be found in
{10, 11]. Recently, Pun [12, 13] has proposed two interesting algorithms based on
entropy considerations for picture thresholding. But, while deriving a lower bound
for the a posteriori entropy of the gray-level histogram [12] Pun made a few errors in
algebraic manipulations. In Section 2, we will reformulate his algorithm (hereafter
referred to as Algorithm 1) rectifying his errors. In Section 3, we will describe his
other algorithm [13] (hereafter referred to as Algorithm 2). In both of these sections
-the strength and weakness of the two algorithms will be examined. In Section 4, we
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introduce a new algorithm (referred to as Algorithm 3) and discuss its theoretical
foundations. In Section 5, we give some examples of thresholding using the newly
proposed method. Finally, in Section 6, we extend Algorithm 3 to *multithreshold-

13

ing.
2. REFORMULATION AND ASSESSMENT OF ALGORITHM 1
Let £, fo,--- y f, be the observed gray-level frequencies and let

g
P,‘=%= Zj-;:Ns i=1:21-~-1n1 (l)

where N is the total number of pixels in the picture and » is the number of
gray-levels. The a posteriori entropy is defined by

H!=—PInP, —(1 — P)n(1 - P,), (2)
where
Ps=zp!’ 1_Ps= E Pi (3)
i=1 i=s+1

If we maximize H,, we get
P=1-P =3 {4)

which gives an equal number of white and black pixels. To avoid this apparently
trivial result we proceed as follows: :

Y pinp, < X pin[max(py, py, -, )]

= Psln[maX(Pl, Pas---s px)]‘

Hence

k3

T E P;h'l_P,- = _Psln[max( Pis Pas---s Ps)] .

i=1

This implies
HS
. . = : s
—In[max(py, p2r-- -0 2}

where
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From (5}, we get

HlIn P,
—PInP < ' . (6)
]n[max(pl, DPa.ovy Px)]
Similarly
. H —H)n(l-P
—(1-P)n(1 - P) < (A, = H,)in(1 = 7,) , (7)
]n[max( Psv1: Povzee s pn)]
where

Using (6) and (7) in (2), we obtain

H,<H'[H: __ mp +(1_g) In(1 — P,)
"7 Ha In[max( py, pya-- . )] H, [ in[max(p,.q, pyrar--n )] |
Defining
£05) (H) In P, 4(1 Hs) In(1 — P,)
S) =\ 5 -
Hn ln[max(Pl’PZ""’ pi‘)] H’f ln[max(ps+1’ Psias-- "pn)]

and rewriting the above inequality, we obtain

<10 0

H

The function f(s) is called evaluation function [12]. According to Algorithm 1 the
threshold value is the s which maximizes the evaluation function f(s). Due to an
error in Eq. (18) of [12], Pun mistakenly obtained (8) as

T f(s). %)

n

Hence H, - f(s) gives the upper bound and not the lower bound of H/, as claimed
by Pun {12]. Based on the inequality (8) the following comments are in order.

(a) Let ¢(5)= H//H,, then from (8), we get
o(s) < f(s). (10)

The graph of ¢(s) has a fixed shape since it is related to Shannon’s function through
Eq. (2) whereas the graph of f(s) has no fixed shape. The dotted curves on Fig. 1

- represent three such arbitrary graphs of f(s). By Eq. (4), the maximum of f(s) is
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Fii;. 1. The shape of ¢(s) and some possible shapes of f(s).

always greater than or equal to that of ¢(s). However, there is no relationship
between s (the value of s at which the maximum of f(s) occurs) and £, (the value of
s at which the maximum of ¢(s) occurs). s, always satisfies (4), but as is clear from
Fig. 1, 5, can be less than s,, equal to s,, or even greater than s..

Based on his numerical calculation and using image data, Pun [13] found that s, is
nearly the same as s, and the closeness became pronounced as the smaller blocks of
the picture are taken into account. This result is not altogether unexpected in view of
the observation just made.

(b) The maximization of f(s) thus does not achieve a priori maximization of a
posteriori entropy H.

(c) The reason why H, should be maximized has not been explained.

(d) Since H is majorized by another function, therefore the algorithm does not
always use the statistical properties of the gray-level histogram.

(¢) The function ¢(s) can be majorized by sf(s), s2f(s), or a{s)f(s), where
a(s) is any positive function which is always greater than or equal to 1. But we

cannot take the values of s at which these functions attain maxima as threshold
value.

3. ASSESSMENT OF ALGORITHM 2

We will first describe Algorithm 2 (for the convenience of the readers) and then
critically examine its strength and weakness. Let the anisotropy coefficient &« he
defined by

Z pilnp,
o« =5 —, - (11)
ZPiln Pi

i=1

where m is the smallest integer for which

o if a> 0.5,

Zp,-=,{1 —a if «a=05,
i=1

The 4
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In this algorithm, the lowest integer value » which divides the total frequencies into
two or nearly two equal parts is determined and then the ratio a of the entropy
obtained for that partition is computed. If & < 0.5 we choose s such that P, = 1 — a,
If @« < 0.5, 1 — ais greater than 0.5 and hence from (12), we see that s > m, Again

5 when & > 0.5 the threshold value 5 is chosen such that P, = . When a > 0.5, from

v (12) s must be greater than m. When a = 0.5, 5 is equal to m. Hence by this
algorithm the threshold value is always greater than or equal to m. In general, this
algorithm produces less black than white pixels when “(” denotes the whiteness in
the gray scale and thus introduces unnecessary bias.

This algorithm may give qualitatively sound results, but there is no guarantee that
the results would always be satisfactory. In fact, a similar aniostropic heuristic
algorithm could be obtained by considering the function

) &
i Y plnp,
i=1
from gls) =— - (13)
( > Pi ( > pin P.‘)
s, s =1 i=1
ks of
ew of The threshold can be obtained by finding the value of s (< n) for which g(s) is
nearer to unity.
10fa ‘
4. THE NEW ALGORITHM
s ot In this section, we will propose a new algorithm based also on the entropy
concept. Let py, p;,..., p, be the probability distribution of gray-levels. Now we
h derive from this distribution two probability distributions, one defined for discrete
Nt er: values 1 to s and the other for values from s + 1 to . The two distributions are
i w
shold
AL P2 B (14)
. ps ps p.f
thC]l N p.v+1 Ps+?. pn
« be B AN A a3)
The entropies associated with each distribution are as follows:
(11) S b
b4 = — ¥V L b
(A) ;; 2 In P,
1<
=-—| X plnp, - PP
Ps = 5 K
H .
(12) =InP + Fs (16)
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Similarly
M p P
H(B)= - )} —‘=In-—"
ie T 1-P° 1P
1 2
== Y plop, —(1—-P)a(l - P)
1- PJ' i=5+1 ’ :
H - H
=In(l-P)+ ﬁ (17)

5

Let us define the sum of H{A) and H(B) by ¢(s). Hence from (16) and (17), we
obtain ¥

H.S‘ HH - 5
\[J(S)—]nPs(l—Ps)‘F?s'*'ﬁ);‘. (18)
We maximize J(5) to obtain the maximum information between the object and
background distributions in the picture. The discrete value s which maximizes ¥ (s)
is the threshold value, '
If the distribution A and B are identical or similar, ¥ (s) is maximum. If the
distributions are uniform, then

W) =mi(1-5)+ %Sln%/% REITED ln%/(n )

=Ins(n—s) (19)

and attains the maximum when s = in. If the original gray level distribution
{ P> Pas---» P,) 18 symmetrical in the sense that

Pi=Pui1is i=1,2,3,...,n (20)
then for s = +n (assume n even) by me
. amou
H H - H i
P+ 2 =l - P)+ 5", (21) Nex
s T4 four p
B N . R . . . s camer
i.e., H(A) = H(B). And, in general, (s) for symmetrical distribution will be at its thesc
maximum when s = in. ‘ smoot
5. SOME EXPERIMENTAL RESULTS
First we will discuss the choice of threshold value and then we will present the
threshold values of some real and artificially generated pictures. The graph of §(s)
may have one of the following shapes (Figs. 2a—e): In Fig. 2a s, is the obvious
choice for threshold value. In Fig. 2b there is a choice between s; and s,. In Itshou
practice, we would like to maximize {(s), but we also want to have neither too frequet
many, nor too few, black pixels. If the nuber of black pixels corresponding to the (s
threshold value s, is sufficient, we choose s;, otherwise we choose to have the Algorit

threshold value larger than s,. Similarly in Figs. 2c—e we choose the threshold value
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Fi1G. 2. Some examples of the shape of §(s).

by means of a suitable trade-off between maximizing (s) and having a reasonable
amount of black and white pixels for a good thresholding.

Next we will describe our experimental results on four different pictures. These
four pictures are (a) a cloud cover picture [14], (b) a building picture [12], (¢) a
cameraman picture [12], and (d) pictures of a model, We determine the threshold for
these pictures first without smoothing the gray-level frequency data, and then with
smoothing using the following formula {15]:

F(0) = Fi—2)+2F(i—1)+ BFéi) + 25(:' + 1) + F(i + 2) (@)

It should be mentioned that for the following four efcperiments, the smoothing of the
frequency data has no effect on the threshold value when Algorithm 3 is used.

(a) Cloud cover picture. The data for this picture was taken from [14]. Using

. Algorithm 3 the threshold value was found to be 26 on a 0-63 gray scale. In their
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Fig. 4. Gray level histogram of building picture, The arrow indicates the position of the threshold

value.
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FiG. 3. Original digitized building picture.
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Fi1G. 6. Original digitized picture of cameraman.

F16, 7. Gray level histogram of picture of cameraman. The arrow indicates the position of the
threshold value,

Fi1i. 8. Threshold picture of cameraman.
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el

i F1G. 9. Original digitized “Picture 1.”

F1G. 10. Gray level histogram of “Picturc 1.” The arrow indicates the position of the threshold value. FiG.

FiG. 11. Threshold image of “Picture 1.”
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Fic. 12, Onginal digitized “Picture 2.7

ralue. F16. 13, Gray level histogram of “Picture 2. The arrow indicates the position of the threshold value.

) FiG. 14, Threshold image of “Picture 2.7
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book, Rosenfeld and Kak [14] have mentioned that the good threshold for the cloyg
cover piciure should be 29 on a 063 gray scale. When the data was smooth using
{22), the threshold was found to be again 26.

(b) Building picture. This picture was taken from [12] and was digitized with 4
raster of 411 X 403 and quantized to 256 gray levels. Figures 3 and 4 show the
original digitized image and its gray-level histogram is unimodal. Algorithm 3 ig
applied to this picture, a threshold value of 69 is obtained on a 0-255 gray scale with
*“0”" denoting darkness. The threshold image is shown in Fig. 5.

(c) Cameraman picture. This picture was also taken from [12] and was digitized
with a raster of 415 X 396 and quantized to 256 gray levels. The threshold value is
i, found to be 123 on a 0-255 gray scale. Figures 6—-8 show the original digitized
J image, its gray-level histogram, and the threshold image, respectively.

(d) Pictures of a model. Two different pictures of a Canadian model were tuken
and digitized with a raster of 326 x 322 and 321 x 314, respectively, and quantized
to 256 gray-levels. For the convenience of description the first digitized image of the
model is called Picture 1. The original digitized image of this picture is shown in Fig,
g 9 along with its gray-level histogram in Fig. 10. The other image is referred to as
Picture 2. When Algorithm 3 is applied to Picture 1 and Picture 2 the threshold
values of 96 and 81 are found, respectively. Figure 11 shows the thresholded image
of Picture 1 while Figs. 12-14 show the original digitized image of Picture 2, its
gray-level histogram, and the threshold image. '

On the basis of a preliminary investigation with some real world images we have
come to the conclusion that this new entropic method of thresholding gives a better
threshold value when compared to other automatic global thresholding methods, viz.
Ostu 6], Pun [12], Johansen and Bill {16}, and the mutual information method [17].
The results of this investigation [18] will be reported elsewhere.

: 6. EXTENSION TO MULTITHRESHOLDING
g If two or more ohjects are superimposed on the same background so that the
' gray-level histogram is multimodal, we calculate
. ,a 5 53 n
] $(81,85,-..,8)=h Zp,)ﬂn Y » +---+1n( > P;)
i i=1 ) =g+l i=s5,+1
' Y plnp, 2 plnp,
o i=1 i=s,+1 L
- e (24)
i : Z Pi 2o i
f i=1 f=s5,+1
: where 5, 55,..., 5, are integers and lie in the interval [0, n1], satisfying the condition
i 5,58 < -+ £5,. We choose s, $,,..., 5, to maximize ¢. The number of values
g - i .
3 to be computed is equal to the number of partitions of [0, n] into & + 1 parts. The
partition which maximizes ¢ gives the desired threshold vector.
1

7. CONCLUDING REMARKS

An algorithm (i.e., Algorithm 3) for choosing a threshold from the gray-level
histogram of a picture has been derived by using the entropy concept from
! information theory. The advantage of this algorithm is that it uses a global and
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objective property of the histogram. Because of its general nature, this algorithm can
be used for segmentation purposes. However, one still encounters the following
problems. What happens if two different pictures have the same gray-level histogram
and thus the same threshold? Will it be suitable for both? A second-order statistic or
some local property with our entropic concept of thresholding might give a better
insight into these problems.
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