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中中中文文文摘摘摘要要要

光電積體電路可以提供高速，低損耗，晶片型光子網路，可應用於

通信系統以及晶片間的訊號傳輸。高性能的矽基雷射及光調變器是其

中不可或缺的元件: 雷射用以產生同調性光源，而光調變器用來高速調

變信號。然而，因為矽是間接能隙材料，所以矽的發光效率非常低。

再者，矽的線性電光效應以及電致吸收效應也很低，所以很難利用矽

來達成高速調變。所以在實現高性能矽基雷射及光調變器之前，這種

高速光電積體電路還無法製作出來。本文的主旨即在利用新穎的矽鍺

錫材料系統來實現矽基雷射及光調變器。

矽鍺錫材料矽統是一種用來發展矽光技術的新平台。隨著近年來

低溫成長磊晶技術的進步，高品質的矽鍺錫合金已經可以合成了。本

文首先研究矽鍺錫材料系統的電子特性，光電特性，以及機械特性來

探索這種新材料在光電領域的新應用。

在四族材料之中，鍺是一種可來製作矽基雷射及光調變器的高潛力

材料。鍺是一種準直接能隙半導體材料，意味著將鍺變成直接能隙材

料的可能性。本文提出二個利用矽鍺錫材料系統來達成直接能隙材料

的方法來增強其發光效率，進而發展矽基雷射: (1)具有張應變及n型摻

雜的鍺/矽鍺錫量子井，發光波長在1550奈米附近，以及(2)應力平衡的

鍺錫/矽鍺錫量子井，發光波長在中紅外線範圍。我們發展了一套完整

理論來分析此二種雷射結構，包括電子能帶結構，載子分布，與極化
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有關的光增益，與極化有關的光侷限因子，以及雷射閥值分析。分析

的結果顯示我們所設計的雷射結構可以達成雷射輸出。相對於矽的弱

線性電光效應以及光電致吸收效應，鍺具有強健的弗朗茲-凱爾迪什效

應以及量子史塔克效應，可用來製作電致吸收光調變器。本文提出及

分析二種結構來製作可操作於1550奈米波長的電致吸收量子井光調變

器:張應變鍺/矽鍺錫量子井以及無應力鍺錫/矽鍺錫量子井，分析結果

顯示此二種結構的調變波長落在常用的1550奈米通訊波長。這些結構

對於實現光電積體電路有很大的幫助。

關關關鍵鍵鍵字字字: 矽矽矽光光光技技技術術術，，，鍺鍺鍺錫錫錫合合合金金金，，，矽矽矽鍺鍺鍺錫錫錫合合合金金金，，，應應應力力力量量量子子子井井井雷雷雷

射射射，，，多多多重重重量量量子子子井井井電電電致致致吸吸吸收收收光光光調調調變變變器器器。。。
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Abstract

Compact electronic-photonic integrated circuits are one of the promising

technology to enable on-chip, low-power, high-speed optical networks for

telecommunications and inter/intra-chip interconnections. High-performance

Si-based lasers and modulators are critical to achieve the goal: the former

generate coherent light while the later optically encode light signals at the op-

tical transmitter end. However, the light-emitting efficiency in Si is very low

due to its indirect bandgap in nature, and fast modulation in Si is challenging

because of the lack of efficient linear electro-optical and electroabsorption ef-

fects. Thus, high-performance electronic-photonic integrated circuits are not

possible until the realization of electrically-pumped Si-based lasers and high-

speed modulators. This dissertation focuses on the research of using novel

SiGeSn material system for efficient Si-based electrical-pumped lasers and

electroabsorption modulators.

SiGeSn material system represents a new promising platform to develop

Si photonics. With the significant advances in the growth of SiGeSn ma-

terial system by low-temperature UHV-CVD, high-quality GeSn, SiSn, and

SiGeSn alloys are able to be grown. To explore possible electronic and pho-

tonic devices based on the novel SiGeSn material system, we first study the

fundamental properties of Si, Ge, and α-Sn as well as their compounds, in-
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cluding the electronic, optical, and mechanical properties.

Among the group-IV semiconductors, Ge is a potential material for ef-

ficient electrically-pumped Si-based lasers and high-speed modulators. Ge

is a quasi direct-bandgap semiconductor, suggesting the possibility of trans-

forming it into a direct bandgap semiconductor for photonic active appli-

cations. We propose two approaches to crate direct-bandgap semiconduc-

tors based on the SiGeSn material system for developing Si-based lasers:

tensile-strained, n-type doped Ge/SiGeSn quantum wells, and strain-balanced

GeSn/SiGeSn multiple-quantum-well. We develop a theoretical model for

laser analysis, including the strained electronic band structure, carrier oc-

cupation, polarization-dependent optical gain, polarization-dependent optical

confinement factor, and threshold analysis. Our calculations indicate lasing

action in the two designed lasers is possible.

While Si has no linear electro-optical and very weak electroabsorption

effects for efficient, high-speed modulators, Ge is suitable for Si-based mod-

ulators because it possesses significant Franz-Keldysh and quantum-confined

Stark effects. We propose and analyze two structures for electroabsorption

waveguide modulators operating at 1550 nm wavelength based on the quantum-

confined Stark effect: tensile-strain Ge/SiGeSn quantum wells and strain-

free GeSn/SiGeSn quantum wells. A theoretical model for describing the

quantum-confined Stark effect is present. With adequate design of the quantum-

well materials and waveguide geometry, it is possible to achieve effective

modulation at 1550 nm wavelength using the two designed electroabsorption

modulators for electronic-photonic integrated circuits.
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Keywords: Si photonics, GeSn alloys, SiGeSn alloys, strained QW lasers,

MQW electroabsorption modulators.
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Chapter 1

Introduction

1.1 Overview of silicon microelectronics and its bottle-

neck

Since the invention of transistor and integrated circuit, silicon-based electronics has

achieved a considerable success and significantly changed human’s daily life. In 1965,

Gordon Moore predicted that the number of transistors would double every two years.

With the rapid developments of photolithography and semiconductor fabrication tech-

nologies, the number of transistors in a single chip has grown exponentially from 30

transistors in a device in 1965 to today’s ultra-large scale integration circuit (ULSI) con-

taining more than 1 billion of transistors in a small silicon chip with the size as large

as fingernails, as shown in Fig. 1.1. However, as the device feature size is able to scale

down below 100 nm in recent years, some important issues about the evolution of Si-

microelectronics have been raised. One of the most important concerns is the limitation

of interconnections for the operating speed of microelectronic devices. Figure 1.2 shows

the schematic view of a complementary metal oxide semiconductor (CMOS) chip with its

metal interconnections. The metal wires are used to locally or globally connect the CMOS
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Figure 1.1: Number of transistors in a single CPU as a function of time [1].

Figure 1.2: Schematic structure of the back-end structure for electrical interconnections
[1].

devices at different levels, and their propagation speed is mainly limited by RC delays.

However, as the device feature size scales down, the reduced dimension of metal wires

significantly increases the resistance R as well as the RC delay, and the gain of propaga-

tion speed from size reduction is becoming less and less. Figure 1.3 shows the calculated

gate and wire delays as a function of device feature size for the current Al/SiO2 and

Cu/low-dielectric-material electrical interconnections [1]. Clearly, while the gate delay

decreases with the shorter gate width, the RC delays of the metal interconnections sig-

nificantly increase as the device feature size is below 250 nm. As a result, the theoretical

maximum bandwidth of copper-based interconnections is 8 GHz. In addition, the increas-

ing resistance due to the dimension reduction of metal wires also leads to considerable

heat dissipation. Limited by the two important issues, metal interconnections becomes

not ideal for on-chip, ultrahigh-speed data transportation when the feature size shrinks
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Figure 1.4: (a) Structure of a step index optical fiber. (b) Loss spectrum for silica optical
fibers.

to nanometer-scale. Thus, it is critical to develop new, high-speed, and low power dissi-

pation interconnections for next generation information technology as data-transmission

rates continue to rise.

1.2 Fiber-optic communications

Another important area in modern information technology is the fiber-optic communi-

cation. Since the invention of optical fibers, fiber-optical communications have achieved

a revolutionary success for communication networks. The optical fibers used in optical
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communications are usually made of silica (SiO2) with the core lightly doped. As a re-

sult, the fiber core has a higher refractive index than that of the cladding layer, as shown

in Fig. 1.4. Thus, when light is sent into an optical fiber, the refractive index contrast

between the core and cladding layer can lead a good optical confinement for the incident

light to propagate in a long distance. Figure 1.4(b) shows the loss spectrum of silica opti-

cal fibers. There are two important windows for telecommunications. The first one is near

1300 nm, called the original band (O-band) with the least dispersion, while the second one

is near 1550 nm, called the conventional band (C-band) with the least loss (0.21 dB/km).

Based on the advantages of low-cost, lower power dissipation, and high transmission

rates, the fiber-optic communications has been widely used in mid- and long-range data

transportation. On the other hand, copper based interconnections are still dominant for

short-distance data transportation nowadays. However, owing the limited bandwidth and

heat dissipation issues as mentioned earlier, a new communication technology is needed

to replace the current copper-based interconnections as data-transportation rates continue

to rise, and optical interconnection is one of the most promising candidates.
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Figure 1.6: A silicon electronic-photonic superchip [3] .

1.3 Silicon photonics and its applications

In 1980’s, the concept of integrated photonics has been proposed to develop high per-

formance electronic-photonic integrated circuits. While most photonic devices are dis-

crete components and large in size, the basic idea of integrated photonics is to miniaturize

and integrate various photonic devices, such as lasers, modulators, and photodetectors,

with various electronic devices on a single chip to dramatically enhance the performance

and enrich the functionality of the chip, that is, electronic-photonic integrated circuits

(EPICs). Several material systems have been proposed as potential platforms for de-

veloping electronic-photonic integrated circuits, such as LiNbO3, InP, GaAs, silicon on

insulator (SOI), and silicon (Si). However, except for Si and SOI, other platforms are

too expensive to commercialize and not compatible with the well-developed Si CMOS

technology. As a result, integrated photonics is likely to be Si-based or SOI-based, that is,

Si photonics. Silicon-based photonics is a promising technology to take over the conven-

tional copper-based electrical links. Photons are electrically neutral and massless particles

which can propagate in a long distance with negligible heat dissipation and cross talk. By

using photons instead of electrons as the information carriers, the two important bottle-
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(a) Laser source     (b) Waveguide    (c) Modulator         (d) Photodetector

Figure 1.7: Fundamental building blocks for Si-based on-chip optical networks.

necks in the current electrical interconnections, that is, bandwidth and heat dissipation

issues, can be solved. Besides, using different wavelengths of light to carry different

signals on a single optical fiber allows for multiple-channel data-transportation to dramat-

ically enhance the capacity, that is, wavelength-division multiplexing (WDM) technology.

However, while Si has been widely used in microelectronics, it is very difficult to use

Si for various active photonic devices, such as modulators or lasers. This is due to the lack

of appreciable electro-optic effect owing to its crystal symmetry, and low light-emitting

efficiency owing to its indirect bandgap in nature. The main challenge in silicon photonics

is to use either Si or other materials which can be monolithicly grown on silicon substrates

to develop, miniature, and integrate various photonic devices on an single Si chip. After

the various Si-based photonic devices are developed, Si-photonics can bring us terabit

scale communication networks.

1.4 On-chip optical interconnections

To realize on-chip high-speed optical networks for inter-chip or intra-chip intercon-

nections, high-performance Si-based photonic devices are necessary. Figure 1.7 shows

a typical optical communication system, including four major parts: generation of light,

propagation of light, modulation of light, and detection of light. For the generation of

light, lasers are desirable to generate coherent light. Then, light channels can be optical
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waveguides or optical fibers. Subsequently, modulators are preferred to optically encode

the light signals at the transmitted end. Finally, at the receiver end, photodetectors con-

vert the encoded light signals to electrical signals. Thus, to construct on-chip, high-speed,

and low-power optical networks, high-performance Si-based lasers, modulators, waveg-

uides, and photodetectors have to be demonstrated first. So far, all components have been

realized, except for efficient electrically-pumped Si-based lasers.

1.4.1 Si-based light sources

Silicon-based light sources can be either LEDs or lasers. To be useful for integrated

photonics, a Si-based light source is desirable to at least satisfy the following require-

ments: (1) it can monolithicly grown on silicon substrates, (2) it emits light at wavelength

around 1550 nm or 1300 nm, (3) it is compatible with the Si CMOS processing, and (4)

it is desirable to be electrically pumped. Owing to the indirect bandgap in nature, the

light emitting efficiency in Si is very low, so is Ge. As a result, achieving lasing action in

group-IV semiconductors is very challenging and an efficient Si-based light emitters are

the holy grail in silicon photonics. If a Si-based laser satisfied the above requirements can

be realized, it will immediately produce high-performance electronic-photonic integrated

circuits.

1.4.2 Si-based optical modulators

High-speed Si-based optical modulators are another important component for Si pho-

tonics. Although modulation of light can be achieved by direct modulation on lasers, the

modulation speed is not fast and has significant chirps. As a result, using modulators to

optically encode light signals is preferred because of their high-speed operation and low
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chirps. To achieve effective modulation in semiconductors, typical methods are to change

the refractive indices or absorption coefficients by linear electro-optic and electroabsorp-

tion effects. However, it is challenging to achieve effective and fast modulation in Si

because of the lack of appreciable linear electro-optic (Pockels) and electroabsorption

effects in Si [4], [23]. Although Si modulators based on the free-carrier plasma disper-

sion effect have been recently demonstrated [6], [7], they require long device lengths or

high-quality-factor resonators, and consume significant amounts of power. Thus, small,

high-speed, and low-power optical modulators are still needed for high density electronic-

photonic integrated circuits.

1.5 Outline of this dissertation

This dissertation focuses on the research of using the SiGeSn material system for

new Si-based lasers and electroabsorption modulators. Chapter 2 briefly describes the

fundamental physical properties of Si, Ge, and α-Sn as well as their compounds to seek

their possible applications on electronics and photonics. In chapter 3, we propose to

use tensile-strained, n-type doped Ge/SixGeySn1−x−y quantum wells as a gain medium

to develop an electrically-pumped Si-based laser for C-band applications. We develop a

theoretical model for laser analysis, including the strained electronic band structure, car-

rier occupation, polarization-dependent optical gain, free-carrier absorption, polarization-

dependent optical confinement factors, and threshold analysis. Chapter 4 presents and

analyzes a strain-balanced GezSn1−z/SixGeySnz quantum well laser for mid-infrared ap-

plications. The use of direct-bandgap GeSn alloys can achieve population inversion for

laser applications. In chapter 5, we propose and analyze a polarization-insensitive elec-

troabsorption waveguide modulator using tensile-strained Ge/SixGeySn1−x−y quantum
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wells based on the quantum-confined Stark effect (QCSE) for 1550 nm operation. We

develop a theoretical model to describe the quantum-confined Stark effect in a quantum

well. We will compare our theoretical results for the quantum-confinement Stark effect

in Ge/SiGe QWs with the experimental data. Then, we present our design and analysis of

a polarization-insensitive electroabsorption waveguide modulator using tensile-strained

Ge/SixGeySn1−x−y QWs for 1550 nm operation. Chapter 6 proposes and analyzes an

electroabsorption waveguide modulator employing strain-free GezSn1−z/SixGeySn1−x−y

QWs for 1550 nm operation. Chapter 7 briefly summaries the major results of this disser-

tation and suggests possible future works.
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Chapter 2

Fundamental physical properties of
SiGeSn material system

This chapter describes fundamental physical properties of silicon (Si), germanium

(Ge), and alpha-tin (α-Sn), including their electronic band structures, optical properties,

and mechanical properties.

2.1 Electronic band structure

To explore new possibilities of using SiGeSn material systems for electronic and pho-

tonic applications, it is a good idea to look into the band structures of Si, Ge, and α-Sn

first. Si and Ge crystalize in the diamond cubic structure. Figure 2.1 shows the band

structures of single-crystal Si and Ge calculated by the nonlocal pseduopotential method

[1]. Clearly, both of them are indirect bandgap materials, that is, the conduction band

minimum and the valence band maximin are not at the same point in k-space. For Si, the

valence band maximum is at Γ point with degenerate light-hole (LH) and heavy-hole (HH)

bands. The lowest conduction band is at ∆ point, which is about 0.85π/a along the ⟨100⟩

direction with a being the lattice constant. The energy gap for the ∆ point is 1.1242 EA

at 300 K. Due to the sixth equivalent ⟨100⟩ directions, there are six minima of the ∆-
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Figure 2.1: Band structures for (a) Si and (b) Ge calculated by nonlocal pseudopotential
method (solid line) and local pseudopotential method (dashed line) [1].

14



valley conduction band. The next conduction minima is at L-point (π/a, π/a, π/a) with

a bandgap of 1.65 EA, and the direct Γ-conduction band minimum is situated 4.185 EA

above the valence band maximum.

For Ge, the valence band has its maximum at the Γ+
8 point with degenerate LH and HH

bands. The lowest conduction band edge is located at L-point along the ⟨111⟩ direction

with a bandgap of 0.665 EA at 300 K. Although there are eight equivalent ⟨111⟩ conduc-

tion valleys, but only half of them are located in the first Brillouin zone. Thus, there are

four the equivalent L-conduction valleys. The direct Γ-valley bandgap is 0.7985 EA and

the X-valley bandgap is 1.16 EA, respectively. Ge is attractive for photonic applications

because its direct bandgap is about 0.8 EA at room temperature, correspondingly to the

most popular wavelength of 1550 nm widely used in telecommunications. Although Ge

is still an indirect bandgap semiconductor, which prevents it from being a gain medium

for light sources, significant progresses on passive devices, such as photodetectors, asso-

ciated with its direct bandgap have been achieved [2, 3, 4]. In addition, owing to the small

energy difference between the direct and indirect conduction band edges of Ge, possibili-

ties of transferring Ge into a direct bandgap semiconductor via bandgap engineering have

been proposed, such as GeSn alloys [5] and tensile-strained Ge [6].

For Sn, there are two major allotropes, α-Sn (gray-tin) and β-tin (white-tin). Above

13.2 oC, tin exists in the metallic β-form. Below 13.2 oC, tin exists in the gray α-form,

a semiconductor with diamond cubic crystal structure similar to silicon and germanium.

Figure 2.2 shows the band structure of α-Sn. One unique property of α-Sn is that its S-like

Γ−
7 band edge is situated below the P-like Γ+

8 band edge by 0.413 EA. Thus, if one defines

that the valence band is the Γ+
8 band as those in Si and Ge, the direct bandgap of α-Sn is

negative. Meanwhile, the next conduction band is located at L6 point above the Γ+
8 band
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Figure 2.2: Band structure for α-Sn calculated by the nonlocal pseudopotential method
[1].

edge by 0.094 EA and the bandgap of the X-valley conduction band is 0.9 EA. Thus, by

incorporating α-Sn into Si or Ge, the direct bandgap of Si or Ge decreases very rapidly

and can be possibly smaller than the indirect bandgaps. Thus, direct-bandgap GeSn and

SiSn alloys are possible to achieve for new photonic applications.

2.2 Lattice constant and direct bandgap

A bandgap versus lattice constant diagram in compound semiconductors is very im-

portant and fundamental when one seeks their possible applications. Figure 2.3 depicts

the direct bandgaps of Si, Ge, and α-Sn as well as their possible binary and ternary com-

pounds, compared with those of typical III-V semiconductors. The lattice constants of

Si and Ge at room temperature are 5.4307 Å and 5.6573 Å, respectively. Nevertheless,

the lattice constant of α-Sn is 6.4892 Å, which is much larger than those of Si and Ge.

Thus, the lattice constant of ternary SiGeSn alloys can possibly range from 5.4307 Å to

6.4892 Å, which can almost cover those of all III-V semiconductors. This wide range
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Figure 2.3: Direct bandgaps of Si, Ge, α-Sn, and their compounds as a function of the
lattice constants, compared with those of III-V semiconductors. The energy bowing ef-
fects for SiGe and GeSn alloys are included. Because of insufficient experimental data
for SiSn alloys, a dashed line is shown for illustration.

of lattice constant of ternary SiGeSn alloys are very useful in twofold. (1) It provides

additional flexibility in stain and bandgap engineering for group-IV semiconductors in

contrast to the conventional SiGe material system. Thus, some ideas which cannot be

realized based on the conventional SiGe material system now become possible using the

novel SiGeSn material system, for example, growing tensile-strained Ge quantum wells

on SiGeSn layers. (2) It can serve as a virtual substrate for group-IV or III-V semiconduc-

tors to grow upon silicon substrates for new electronic and photonic devices. Integrating

III-V semiconductors on silicon is also an important research area. As the scaling down of

the minimum feature size in CMOS technology is approaching its physical limitation and

the gain from size reduction is becoming less and less, III-V on silicon is a possible solu-

tion as a means of continuing scaling and reducing power consumption [7]. However, ow-

ing to the huge difference in lattice constant between Si and III-V compounds, as shown

in Fig. 2.3, a compliant buffer layer is required to growing III-V system on silicon. Here
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the novel SiGeSn material system has the potential to serve the purpose [2] and the direct

integration of GaAs on silicon substrates via a GeSn buffer layer [9], and InGaP/InGaAs

layers on a silicon substrate via a SiGeSn buffer layer for high-efficiency, low-cost so-

lar cells have been reported [10]. Thus, the ternary SiGeSn is very promising for a new

buffer technology for electronic and photonic applications. Besides, Fig. 2.3 also sug-

gests that the ternary SiGeSn has a widely tunable direct bandgap. Although so far the

compositions of Sn and Si are still limited in the ternary SiGeSn alloy, Ge-rich SiGeSn

layers have been experimentally shown for its tunable direct bandgap of 0.4−1.4 EA,

covering the two important telecom windows of 1300 nm and 1550 nm. Thus the SiGeSn

material system is promising to replace the current InGaAsP/InGaAlAs material system

for the development of various photonic devices for telecommunications, such as lasers,

modulators, and detectors. Indeed, GeSn photodetectors have been demonstrated for their

advantageous performance for full spectral range telecommunication applications [11]

over the conventional Ge photodetectors.

2.3 Refractive index

Refractive indices are one important and fundamental optical constant for designing

various semiconductor photonic devices, such as waveguides and optical cavities. For

Si, its refractive index n at room temperature can be described by the Herzberger-type

dispersion formula [10]

n = A+BL+ CL2 +Dλ2 + Eλ4, (2.1)
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where L = 1/(λ−0.028) with λ being the wavelength in micrometers. In the wavelength

range of 1.12− 588 µm, those parameters are

A = 3.41906,

B = 1.23172× 10−1,

C = 2.65456× 10−2,

D = −2.66511× 10−8,

E = 5.45852× 10−14. (2.2)

For Ge, its refractive index n at temperature T can be described by the Sellmeier-type

equation [11]

n2 = A+Bλ2/(λ2 − C) +Dλ2/(λ2 − E). (2.3)

In the spectral range of 2− 40 µm, those parameters are given as follows

A = −6.040× 10−3T + 11.05128,

B = 9.295× 10−1T + 4.00536,

C = −5.292× 10−4T + 0.59999034,

D = 4.151× 10−4T + 0.09145,

E = 1.51408T + 3426.5. (2.4)

However, for α-Sn, there is no sufficient experimental data to rule out the refractive index

and only few data are available in the literature [14]. Figure 2.4 shows the refractive index

spectra for Si, Ge, and α-Sn at room temperature. In the near infrared spectral wavelength

of 0.7−5 µm, α-Sn has a large refractive index around 4.5−5, which is higher than those
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Figure 2.4: Refractive indices of Si, Ge, and α-Sn as a function of wavelength. The data
for α-Sn are reproduced from [14].

of Si (∼3.4) and Ge (4.2−4.4). As a result, SiGeSn alloys with a high α-Sn composition

will result in a high refractive index. This is an important issue for SiGeSn-based photonic

devices.

2.4 Mechanical properties

In recent years, strain effects on the band structure of semiconductors have been in-

tensively studied to the improved performance of electronic and photonic devices. By

growing epitaxial layers pseduomorghically on a lattice-mismatched (virtual) substrate,

the in-plane lattice constant of the epitaxial layer will be either expanded or compressed

to equal to that of the (virtual) substrate. In this way, strain due to lattice mismatch

can be introduced into semiconductors. With the rapid development of semiconductor

growth technologies, such as molecular beam epitaxy (MBE) and metal-organic chemical

vapor deposition (MOCVD), growing highly strained epitaxial layers becomes possible

and photonic devices using strained semiconductors exhibits superb performance than

unstrained ones. For example, strained quantum-well lasers have been shown to have a

20



 

r

 

z

 

Figure 2.5: Coordinate systems for a (001)-oriented cubic semiconductor for analyzing
the mechanical properties.

Table 2.1: Stiffness matrix elements for Si, Ge, and α-Sn.

Si Ge α-Sn
C11 (GPa) 165.77 128.53 69.00
C12 (GPa) 63.93 48.26 29.30
C44 (GPa) 79.62 68.30 36.20

lower threshold current density than that of unstrained ones [1]. However, according to

the Matthews and Blakeslee model [16], once the accumulated strain energy density is

greater than the elastic energy of dislocations in a strained semiconductor system, the epi-

taxial layer cannot maintain pseudomorphical and strain-misfit dislocations occur. The

strain-misfit dislocations represent unwanted defects which significantly affect the per-

formance of photonic devices. Thus mechanical properties of semiconductors play a very

important role when one needs to grow strained semiconductor systems.

To be compatible with the well-developed Si CMOS technology, integrated photonic

devices are likely to be fabricated on (001)-oriented silicon substrates. Thus, we investi-

gate the mechanical properties of (001)-oriented Si, Ge, and α-Sn here. Let’s consider a

(001)-oriented cubic semiconductor referring to a Cartesian coordinate system xyz and a
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cylindrical coordinate system rθz, as shown in Fig. 2.5, where the x, y, and z axes point

to the [100], [010], and [001] directions, respectively, and θ is the angle measured from

the x axis to the x′ axis. The stiffness matrix with respect to the xyz coordinate system is

C(001) =



C11 C12 C12 0 0 0

C12 C11 C12 0 0 0

C12 C12 C11 0 0 0

0 0 0 C44 0 0

0 0 0 0 C44 0

0 0 0 0 0 C44



. (2.5)

The stiffness matrix elements for Si, Ge, and α-Sn are given in Table 2.1. Since cu-

bic semiconductors are mechanically anisotropic, it would be interesting to study the

direction-dependent mechanical properties in the (001) plane. The stiffness matrix re-

ferring to the rθz cylindrical coordinate system is obtainable from that referring to the

xyz Cartesian coordinate system using the tensor transformation equation

C ′
ijkl = aimajnakoalpCmnop, (2.6)

where aim is the direction cosine between the new and old coordinate systems, and the

engineering notations have been used

11 → 1, 22 → 2, 33 → 3, 23 → 4, 31 → 5 , 12 → 6. (2.7)
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As a result, the stiffness matrix associated with the rθz cylindrical coordinate system is

C(001,θ) =



C ′
11 C ′

12 C ′
13 0 0 C ′

16

C ′
12 C ′

11 C ′
13 0 0 C ′

26

C ′
13 C ′

13 C ′
33 0 0 0

0 0 0 C ′
44 0 0

0 0 0 0 C ′
44 0

C ′
16 C ′

26 0 0 0 C ′
66



. (2.8)

The non-zero matrix elements are

C ′
12 =

1

4
[C11 + 3C12 − 2C44 − (C11 − C12 − 2C44) cos 4θ] , (2.9)

C ′
13 = C12, (2.10)

C ′
16 = −1

4
(C11 − C12 − 2C44) sin 4θ, (2.11)

C ′
26 =

1

4
(C11 − C12 − 2C44) sin 4θ, (2.12)

C ′
33 = C11, (2.13)

C ′
44 = C44, (2.14)

C ′
66 =

1

4
[C11 − C12 + 2C44 − (C11 − C12 − 2C44) cos 4θ] . (2.15)

Note that the non-zero stiffness matrix elements with respect to the rθz cylindrical coordi-

nate system depend on the θ variable, implying that a (001)-oriented cubic semiconductor

is mechanically anisotropic in the (001) plane. However, the stiffness matrix is not an

intuitive quantity to describe the stiffness of a material, but the elastic and shear mod-

uli. To obtain the directional elastic and shear moduli, we can first find the compliance

matrix associated with the rθz cylindrical coordinate system from the stiffness matrix by
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S = C−1

S(001,θ) = C−1
(001,θ) =



S ′
11 S ′

12 S ′
13 0 0 S ′

16

S ′
12 S ′

11 S ′
13 0 0 S ′

26

S ′
13 S ′

13 S ′
33 0 0 0

0 0 0 S ′
44 0 0

0 0 0 0 S ′
44 0

S ′
16 S ′

26 0 0 0 S ′
66



. (2.16)

The corresponding compliance matrix elements are

S ′
11 =

1

8
[6S11 + 2S12 + S44 + (2S11 − 2S12 − S44) cos 4θ] , (2.17)

S ′
12 =

1

8
[2S11 + 6S12 − S44 − (2S11 − 2S12 − S44) cos 4θ] , (2.18)

S ′
13 = S12, (2.19)

S ′
16 = −1

4
(2S11 − 2S12 − S44) sin 4θ, (2.20)

S ′
26 =

1

4
(2S11 − 2S12 − S44) sin 4θ, (2.21)

S ′
33 = S11, (2.22)

S ′
44 = S44, (2.23)

S ′
66 =

1

2
[2S11 − 2S12 + S44 − (2S11 − 2S12 − S44) cos 4θ] , (2.24)

and the relationships between the stiffness and compliance matrix elements are

S11 =
C11 + C12

(C11 − C12) (C11 + 2C12)
, (2.25)

S12 =
−C12

(C11 − C12) (C11 + 2C12)
, (2.26)

S44 = 1/C44. (2.27)
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Then the in-plane elastic modulus Ein and shear modulus Gin can be obtained from the

compliance matrix elements

Ein(θ) = (S ′
11)

−1 =

[
S11 −

1

4
(1− cos 4θ)

(
S11 − S12 −

S44

2

)]−1

, (2.28)

Gin(θ) = (S ′
66)

−1 =

[
S44 + (1− cos 4θ)

(
S11 − S12 −

S44

2

)]−1

, (2.29)

and the out-of-plane elastic modulus Eout and shear modulus Gout are

Eout(θ) = S−1
11 , (2.30)

Gout(θ) = S−1
44 . (2.31)

Figure 2.6 shows the directional elastic and shear moduli in the (001) plane for Si, Ge,

and α-Sn. First, both the elastic and shear moduli for Si, Ge, and α-Sn are direction-

dependent, indicating that Si, Ge, and α-Sn are mechanically anisotropic in the (001)

plane. Among the three semiconductors, Si has the largest elastic and shear moduli, in-

dicating that Si is the ”stiffest” material among the three semiconductors. Owing to the

high stiffness, silicon has become the most commonly used material for MEMS manu-

facturing. Then, the elastic and shear moduli of Ge are 20.9% and 16.25% smaller than

those of Si. Nevertheless, the elastic and shear moduli of α-Sn are much smaller than

those of Si by 68.21% and 62.5%, respectively, implying that α-Sn is a very ”soft” mate-

rial. Thus, incorporating α-Sn into Si or Ge can effectively reduce their stiffness for strain

engineering.

When a cubic epitaxial layer is pseudomorphically grown on a lattice-mismatched

(001)-oriented substrate and the crystal growth direction is along the z direction, the strain

25



0

60

120

180

0

30

60

90

120

150

180

210

240

270

300

330

0

60

120

180

0

30

60

90

0

30

60

90

120

150

180

210

240

270

300

330

0

30

60

90

 Si
 Ge
 -Sn

 E
la

st
ic

 m
od

ul
us

 (G
Pa

)

 

 Si
 Ge
 -Sn

(a)

(b)

 S
he

ar
 m

od
ul

us
 (G

Pa
)

Figure 2.6: Directional (a) elastic and (b) shear moduli for Si, Ge, and α-Sn in the (001)
plane as a function of θ.
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Table 2.2: Proportional constant for strain energy density of Si, Ge, and α-Sn.

Si Ge α-Sn

C11 + C12 − 2
C2

12

C11

(GPa) 180.39 141.49 73.41

field induced by the lattice mismatch is

εxx = εyy = ε =
a0 − a

a
, (2.32)

εzz = −2
C12

C11

ε, (2.33)

εxy = εyz = εzx = 0, (2.34)

where a and a0 are the lattice constants of the epitaxial layer and the substrate, respec-

tively. The corresponding strain energy density in the epitaxial layer is

v =
1

2
εTCε

=

(
C11 + C12 − 2

C2
12

C11

)
ε2. (2.35)

Clearly, the strain energy density is proportional to the in-plane strain squared. Table 2.2

tabulates the constant C11 + C12 − 2
C2

12

C11
for Si, Ge, and α-Sn. If Si, Ge, and α-Sn layers

are subject to the same amount of in-plane strain, the accumulated strain energy density of

α-Sn is the smallest among the three semiconductors (59.3% smaller than that of Si, and

48.15% smaller than that of Ge). Thus, Sn-containing group-IV semiconductors accumu-

late less strain energy than the conventional SiGe material system if they are subject to

the same amount of strain, leading to a reduction of strain-misfit dislocations. Although

the material quality of epitaxial layers is also highly related to crystal growth conditions

and methods, the analysis from mechanical viewpoint can qualitatively explain the advan-
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tages of ternary SiGeSn alloys. Based on the compliance of α-Sn and the widely tunable

lattice constant of SiGeSn alloys, the SiGeSn material system has the potential to develop

a new buffer technology for the direct growth of strained or unstrained semiconductors on

silicon. Indeed, high quality, low-defect, strain-relaxed GeSn and SiGeSn buffer layers on

silicon have been experimentally demonstrated [2, 17]. Furthermore, due to the reduced

stiffness, the SiGeSn alloys are expected to bear a higher strain than the conventional

SiGe material system, and highly strained SiGeSn and GeSn have been reported [4], [19].

2.5 Summary

This section briefly introduces the fundamental physical properties of Si, Ge, and

α-Sn, including the electronic, optical, and mechanical properties. Based on the under-

standing of those properties, possible applications of the ternary SiGeSn alloys have been

indicated.
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Chapter 3

Tensile-strained, n-type doped
Ge/SiGeSn quantum-well lasers at
1550 nm wavelength

In this chapter, we propose an n-doped, tensile-strained Ge-SixGeySn1−x−y multiple-

quantum-well (MQW) laser at 1550 nm wavelength. First, we will introduce the back-

ground and physics of radiative recombination processes in direct- and indirect-bandgap

semiconductors and point out the reason that Si and Ge are poor light emitters. Then

we present our designed structure of n-type doped, tensile-strained Ge/SixGeySn1−x−y

WAS as a gain medium to develop electrically-pumped Si-based lasers. We suggest the

combination of using tensile strain and n-type doping in Ge WAS to achieve population

inversion. The use of tensile strain can effectively reduce the energy difference between

the direct and indirect conduction band edges of the Ge wells. By employing extrinsic

electrons from n doping to fill the L-valley conduction subbands up to the onset of the

Γ-valley conduction subband, injected electrons via bias current are allowed to populate

the direct Γ-conduction subband to achieve population inversion. We show our theoreti-

cal model for the strained electronic band structure, polarization-dependent optical gain,

free-carrier absorption, and polarization-dependent optical confinement factors. Even in
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Figure 3.1: Radiative recombination processes in (a) direct bandgap and (b) indirect
bandgap semiconductors.

the presence of the free-carrier loss, our calculations show that a significant net gain is

achievable. We also present our waveguide design to calculate the optical confinement

factors of various regions. Threshold analysis indicates that the threshold carrier density

of this MQW laser is in an achievable range compared to those of typical III-V MQW

lasers. The transparency and threshold current densities are also estimated with reason-

able parameters.

3.1 Why cannot Si and Ge emit light?

An efficient silicon-based laser is the missing component for silicon-based integrated

photonics. The main difficulty is that group-IV semiconductors, such as silicon (Si) and

germanium (Ge), are indirect bandgap semiconductors. Figure 3.1 shows the radiative re-

combination processes in direct-bandgap and indirect-bandgap semiconductors. Electron-

hole radiative recombination can only occur if it satisfies the Fermi’s golden rule, that is,

both energy and momentum have to be conserved [1]. In direct bandgap semiconductors

such as GaAS, as shown in Fig 3.1(a), the conduction band minimum and valence band

maximum are at the same point in k-space. Electrons in the conduction band can re-
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combine with holes in the valence band and emit photons. However, for indirect bandgap

semiconductors such as Si and Ge, as shown in Fig. 3.1(b), the conduction band minimum

and valence band maximum are not at the same point in k-space. Injected electrons tend

to populate the indirect-conduction band instead of the direct conduction band under car-

rier injection. As a result, the first-order band-edge electron-hole recombination process

involving a single photon does not conserve momentum, because photons carry negligi-

ble momentum. Therefore, electron-hole radiative recombination can only occur with the

assistance of a phonon to conserve momentum. However, such a three-particle interaction

in group-IV semiconductors is very inefficient compared with direct transitions in III-V

direct-bandgap semiconductors. As a result, group-IV semiconductors are usually poor

light emitters. Thus, improving the light-emitting efficiency in group-IV semiconductors

has become one challenging task in silicon photonics which has stimulated a significant

research effort. Still, a silicon-based laser remains the last unrealized building block of

silicon photonics. To be useful for telecommunications or as intra-chip interconnections,

it is desirable for a silicon-based laser to satisfy the following key ingredients: (1) the

silicon-based laser can be monolithicly grown on silicon substrates, which cost much less

than any other semiconductor material; (2) it is compatible with complementary metal-

oxide-semiconductor (CMOS) processing, which allows for the integration of the laser

with other electronic or optoelectronic components; (3) it emits light around the telecom-

munication wavelengths of 1300 nm or 1550 nm; and (4) it is desirable to be electrically-

pumped, so it requires no additional pump light source. Although lots of efforts have been

made to improve the light radiation efficiency of group-IV semiconductors, for example,

silicon Raman laser [2], porous silicon [3], and erbium-doped silicon [4], no solution was

found that satisfied all the four key ingredients so far.
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3.2 Tensile-strained Ge with a direct bandgap

In recent years, strain effects in semiconductors have been intensively investigated

for electronic and photonic applications [5]. By introducing strain into semiconductors,

bandgaps, effective masses, and carrier mobilities can be engineered to improve perfor-

mances of electronic and photonic devices [6, 7]. Figure 3.2 shows the band structure in

momentum space for a bulk cubic semiconductor under biaxially compressive-stressed,

unstressed, and biaxially tensile-stressed conditions, respectively. In the absence of strain

effects, light-hole (LH) and heavy-hole (HH) band edges are degenerate at the top of

Γ-valence band. When a biaxially tensile stress is introduced into a semiconductor, the

semiconductor is subject to an in-plane biaxial tensile strain of ε and an out-of-plane

strain of −2C12

C11
ε. In this way, the strain effect effectively lowers the conduction band

edge and raises the valence band edge, leading to a reduced bandgap. In addition, the

tensile strain also splits the HH and LH band edges and makes their dispersion relations
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Figure 3.3: Γ- and L-conduction band edges of a biaxially tensile-stressed Ge as a function
of in-plane strain. The indirect-to-direct-bandgap transition occurs at an in-plane tensile
strain of 1.61%.

nonparabolic due to the valence-band-mixing-effect. As a result, the valence nonparabol-

icity implies the possibility of engineering hole effective mass and mobility. On the other

hand, introducing a biaxially compressive stress into semiconductors raises the conduc-

tion band edge and lowers the valence band edge, indicating that the energy bandgap of

semiconductors is increased.

Among the various approaches to improve the light-emitting efficiency in group-IV

semiconductors, one possibility is to engineer the band structure and convert the group-

IV semiconductors into direct-bandgap semiconductors. New idea to crate direct bandgap

semiconductors based on the group-IV semiconductors is to grow tensile-strained Ge lay-

ers [10], [11]. Although Ge is an indirect bandgap semiconductor with its L-conduction

valleys as the lowest conduction band, its direct conduction band edge is situated only

134.5 meV above the bottom of the L-valley conduction band. In addition, the defor-

mation potential of the L-conduction valleys is about five times larger than that of the

Γ-conduction valleys. This means the L-conduction band edge will shift much faster than
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the Γ-conduction band edge under strain effects. Therefore, introducing tensile strain

into Ge can effective reduce the energy difference between the Γ- and L-conduction band

edges to transfer Ge into a direct-bandgap semiconductor. Figure 3.3 shows the Γ- and

L-conduction bandgaps of a biaxially tensile-stressed Ge as a function of in-plane strain.

When the in-plane tensile strain is larger than 1.61%, the Γ-conduction band edge can be

lower than the L-conduction band edge. Thus, tensile-strained Ge can become a direct-

bandgap semiconductor as a gain medium for photonic active applications [11].

3.3 Tensile-strained, n-type doped Ge as a gain medium

Although tensile-strained Ge can become a direct-bandgap material, it is not easy to

grow such highly tensile-strained Ge layers with low defect densities. In addition, the

required tensile strain for transferring Ge into a direct-bandgap semiconductor also sig-

nificantly reduces the direct bandgap. Thus, the emission wavelength will significant red

shift away from the most popular telecommunication wavelength of 1550 nm. To reduce

the required tensile strain for the indirect-to-direct-bandgap transition and maintain proper

emission wavelengthes around 1550 nm simultaneously, another promising approach is

to introduce n-type doping into Ge. It has been experimentally shown that n-doped Ge/Si

superlattices exhibit very strong photoluminescence (PL) and electroluminescence (EL)

signals [12], [13]. Besides, the combination of using tensile strain and n-type doping in

bulk Ge as gain media has been proposed [14]. Our approach is to grow n-type doped,

tensile-strained Ge WAS with SiGeSn barriers as a gain medium to develop electrically-

pumped Si-based lasers.

Figure 3.4 shows the scheme of employing tensile strain and n doping in Ge quantum

wells to achieve population inversion in the Γ-conduction band of the Ge well. Fig-
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Figure 3.4: (a) Schematic subband structure of an unstrained Ge well. The energy differ-
ence between its direct- and indirect-conduction band edges is only 134.5 meV. (b) The
introduction of a tensile strain of 0.514% can effectively reduce the energy difference to
91.5 meV. In the valence band, the light-hole (LH) band is the highest valance band due
to the tensile strain. (c) Extrinsic electrons from n doping are employed to fill into the L-
valley conduction subbands up to the onset of the Γ-valley conduction subband, and make
up the remaining energy difference. (d) The injected electrons via bias current can pop-
ulate the Γ-conduction subband to achieve population inversion and provide significant
optical gain.

ure 3.4(a) shows the band structure of an unstrained Ge well. The energy difference be-

tween the direct- and indirect-conduction band edges of the Ge well is only 134.5 meV at

room temperature. By introducing a tensile strain of 0.514% into the Ge well, the indirect

and direct bandgaps are reduced to 0.6157 eV and 0.7072 eV, respectively, as shown in

Fig. 3.4(b). The energy difference between the two conduction band edges is thus reduced

to 91.5 meV. Then, by building in an electron concentration of 2.14× 1019cm−3 via n dop-

ing into the L-valley conduction subbands, the electron quasi-Fermi level in the conduc-

tion band, Fc, will rise to the bottom of the lowest Γ-valley conduction subband to com-

pensate for the remaining energy difference of 91.5 meV, as shown in Fig. 3.4(c). Since

the states of L-conduction subbands lower than the Γ-conduction subband are mostly oc-

cupied by extrinsic electrons, injected electrons by bias current will begin to populate the

Γ-conduction subband and thus achieve population inversion. Therefore, electron-hole

radiative recombination through the direct transition can bring significant optical gain, as

shown in Fig. 3.3(d). By using quantum wells as a gain medium rather than bulk mate-
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MQW structure. The strain-compensated Ge/Si0.2Ge0.7Sn0.1 MQW structure is grown on
the silicon substrate via the strain-relaxed Si0.24Ge0.66Sn0.1 buffer layer.

rials, there are several advantages: (1) the n doping requirement is moderate in contrast

to that of the bulk counterparts, leading to less free-carrier absorption, (2) although the

tensile strain reduces the direct bandgap of Ge, the transition energy (the sum of the di-

rect bandgap and the quantized energies) can be maintained around 0.8 eV, making the

emission wavelength around the most popular telecom wavelength of 1550 nm, (3) owing

to the improved density of states of quantum-well structures than that of bulk materials,

quantum-well structures can provide high material gain to readily overcome free-carrier

loss due to the n-type doping and produce significant net optical gain.

3.4 Strain-balanced Ge–SiGeSn multiple quantum well

structure

Figure 3.5 shows our proposed n+-Ge/Si0.2Ge0.7Sn0.1 MQW structure. A fully strain-

relaxed Si0.24Ge0.66Sn0.1 layer is grown on a (100)-oriented silicon substrate as the virtual

substrate for the sequent growth of MQW. The buffer is also n-doped as the bottom con-

tact. Then five pairs of n-doped Ge/Si0.2Ge0.7Sn0.1 WAS, that is, five Ge wells and six

Si0.2Ge0.7Sn0.1 barriers, are grown on the n-contact. Finally, the whole structure is capped
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by a p-doped Si0.24Ge0.66Sn0.1 layer. Because the buffer layer is fully strain-relaxed, the

in-plane lattice constants of the Ge wells and the Si0.2Ge0.7Sn0.1 barriers will be forced to

follow that of the buffer layer. The strain field in the ith layer on the buffer layer due to

the lattice-mismatch is

εixx = εiyy = εi =
a0 − ai
ai

(3.1)

εizz = −2
C

(i)
12

C
(i)
11

εi (3.2)

εixy = εiyz = εizx = 0 (3.3)

where ai and a0 are the lattice constants of the ith layer and the buffer layer, respectively;

C
(i)
11 and C(i)

12 are the stiffness matrix elements of the ith layer. The lattice constant of the

Ge wells is smaller than that of the Si0.24Ge0.66Sn0.1 buffer layer, so the Ge wells are sub-

jected to a in-plane tensile strain of 0.514%. On the other hand, since the Si0.2Ge0.7Sn0.1

barriers have a lattice constant larger than that of the buffer layer, they are subjected to

a in-plane compressive strain of 0.154%. In this calculation, we set the width of the Ge

quantum well to 70 Å. In order to balance the strain between the tensile-strained Ge wells

and the compressive-strained Si0.2Ge0.7Sn0.1 barriers, the barrier width is set to 200 Å,

so that the whole structure is approximately strain-balanced. Note that Ge layers with a

tensile strain of 0.43% grown on a GeSn buffer layer on a silicon substrate [15] or a ten-

sile strain of 0.68% grown on a GeSn buffer layer on a virtual germanium substrate have

been experimentally demonstrated [16], so the tensile strain of 0.514% in our proposed

Ge wells should be achievable.
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3.5 Theoretical model for laser analysis

In this section, we develop a theoretical model for the tensile-strained, n-type doped

Ge/SiGeSn quantum well structure, including the strained electronic band structure, car-

rier occupation, polarization-dependent optical gain, free-carrier absorption, polarization-

dependent optical confinement factors, and threshold analysis.

3.5.1 Material parameters

To obtain most parameters for the GezSn1−z and SixGeySn1−x−y material systems,

linear interpolations among those of Si, Ge, and α-Sn are used. The linear interpolation

formulae for any physical parameter P , except for the bandgaps, are given by

P (GezSn1−z) = zP (Ge) + (1− z)P (Sn), (3.4)

P (SixGeySn1−x−y) = xP (Si) + yP (Ge) + (1− x− y)P (Sn). (3.5)

The parameters used for this calculation are listed in table 3.1.

Generally, the linear interpolation formulae do not work well for bandgaps of bi-

nary or ternary compounds due to significant bowing effects. For Ge-rich GezSn1−z and

SixGeySn1−x−y material systems, the unstrained bandgaps can be described by the sug-

gested quadratic polynomials [25, 26, 27]

Eg,η(GezSn1−z) = zEg,η(Ge) + (1− z)Eg,η(Sn)− bGeSn
η z(1− z), (3.6)
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Parameters Silicon Germanium α-Tin
Lattice constants
a (Å) 5.4307a 5.6573a 6.4892a

Effective masses
mc (m0) 0.528b 0.038a 0.058a

mt,L (m0) 0.133d 0.0807a 0.075e

ml,L (m0) 1.659d 1.57a 1.478e

Luttinger’s parameters
γ1 4.22a 13.38a -14.97c

γ2 0.39a 4.24a -10.61c

γ3 1.44a 5.69a -8.52c

Average valence band energies
Ev,av (eV) -0.48f 0 0.69f

Bandgaps
Eg,Γ (eV) 4.185a 0.7985a -0.413a

Eg,L (eV) 1.65a 0.664a 0.092a

∆ (eV) 0.044a 0.29a 0.8a

Deformation potentials
ac (eV) -10.06g -8.24h -6.00g

aL (eV) -0.66h -1.54h -2.14e

av (eV) 2.46h 1.24h 1.58e

bv (eV) -2.1h -2.9h -2.7i

Elastic constants
C11 (GPa) 165.77a 128.53a 69.00a

C12 (GPa) 63.93a 48.26a 29.30a

C44 (GPa) 79.62a 68.30a 36.20a

Permittivities
ϵr 11.9a 16.2a 24.0a

Optical energies
Ep (eV) 21.6a 26.3a 24.0a

a[17],b[18],c[19],d[20], e[21], f[10],g[22], h[23],i[24].

Table 3.1: Parameters of Silicon, Germanium, and α-Tin
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Table 3.2: Bowing Parameters of SiGe, GeSn, and SiSn alloys for Γ- and L-valley
bandgaps.

SiGe GeSn SiSn
bL (eV) 0.169 1.23 0.925
bΓ (eV) 0.21 1.94 13.2

Eg,η(SixGeySn1−x−y) = xEg,η(Si) + yEg,η(Ge) + (1− x− y)Eg,η(Sn)

− bSiGe
η xy − bSiSnη x(1− x− y)− bGeSn

η y(1− x− y), (3.7)

where bSiGe
η , bGeSn

η , and bSiSnη are the bowing parameters for SiGe, GeSn, SiSn alloys, re-

spectively; and η(= Γ,L) refers to different conduction valleys. Those bowing parameters

are listed in table 3.2 [25, 26, 27, 28]. Note that the huge bowing parameter of 13.2 eV for

SiSn alloys is only valid for Ge-like SiGeSn alloys. Owing to the insufficient experiments

of SiSn alloys, the bowing parameter of SiSn alloys for all compositions still remains an

open question. Notably, SiGeSn alloys are capable of independently adjusting their en-

ergy bandgap and lattice constant. It has been shown that SiGeSn alloys lattice-matched

to Ge has a tunable direct-bandgap ranging from 0.8 eV to 1.4 eV [26], which can pro-

vide adequate energy barriers for the Ge wells for the spatial confinement of electrons and

holes in the Ge wells.

3.5.2 Band lineup

Model-solid theory is a commonly used method to estimate various band lineups in

semiconductors [1], [23]. The main idea is to set up an absolute reference energy for all

energy bands. By employing an average energy over the three uppermost valence bands,

that is, heavy-hole (HH), light-hole (LH), and spin-orbit split-off (SO) bands, to refer as

the absolute energy, various bands can be lined up. The model-solid theory can provide a
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Figure 3.6: Band lineups in the model solid theory for unstrained and strained semicon-
ductors.

simple way with adequate accuracy for estimating various band offsets in semiconductor

compounds, especially strained or unstrained heterostructures, quantum wells, and super-

lattices. Let’s consider a cubic-based semiconductor with spin-orbital (SO), light-hole,

heavy-hole, and conduction bands, as shown in Fig 3.6. In the absence of strain effects,

HH and LH band edges are degenerate. If we define the average valence band energy as

E0
v,av, the energy position of the HH and LH band edges is

E0
v = E0

v,av +
∆

3
, (3.8)

where ∆ is the spin-orbit splitting energy. The spin-orbit split-off band edge energy E0
so

is

E0
so = E0

v −∆ = E0
v,av −

2∆

3
. (3.9)
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The conduction band edge is obtained by adding an energy gap of Eg to the valence band

edge

E0
c = E0

v + Eg. (3.10)

If the semiconductor is subject to a strain field (εxx, εyy, εzz). The energy shifts of the

conduction band and the average valence band due to the strain effect are

∆Ev,av = av(εxx + εyy + εzz) ≡ −Pε, (3.11)

∆Ec = ac(εxx + εyy + εzz) ≡ Pc, (3.12)

where ac and av are the deformation potentials for the Γ-conduction and valence bands,

respectively. In addition to the conduction band and average valence band shifts, the

relative positions of SO, HH, and LH bands are also changed by the strain effect. Thus,

the final energy positions of those bands are

Ec = E0
v + Eg + Pc, (3.13)

EHH = E0
v − Pε −Qε, (3.14)

ELH = E0
v − Pε +Qε +∆Q, (3.15)

ESO = E0
v − Pε +Qε +∆Q, (3.16)

Pε = −av(εxx + εyy + εzz), (3.17)

Qε = −bv
2
(εxx + εyy − 2εzz) , (3.18)

∆Q =
1

2

[√
(∆ +Q)2 + 8Q2

ε − (∆ +Qε)

]
, (3.19)

where bv is the deformation potential. In the model-solid theory, the bandgap Eg and the

split-orbit splitting energy ∆ are obtained experimentally.
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3.5.3 Electronic band structure

Various subband energies and wavefunctions in a quantum well are obtainable by

using the effective mass theory under the axial approximation [1]. If a QW is grown on a

(001)-oriented substrate with the growth direction along the z direction, the Γ-conduction

band can be characterized by a single-band effective-mass Hamiltonian of the envelope

function [1]

Hc

(
kt, kz = −ih̄ ∂

∂z

)
= − h̄

2

2

∂

∂z

1

mc

∂

∂z
+
h̄2k2t
2mc

+ Vc(z) + Vc,ε(z), (3.20)

Vc,ε(z) = ac(εxx + εyy + εzz), (3.21)

where kt is magnitude of the wave vector perpendicular to the [001] direction; Vc(z)

is the unstrained potential energy; and Vc,ε(z) is the potential energy shift due to the

strain effect. With the Hamiltonian in Eq. (3.20), the Γ-conduction subband energies and

wavefunctions can be obtained by solving the Schrödinger equation [1], [11]

Hc

(
kt, kz = −i ∂

∂z

)
ϕn(kt, z) = En(kt)ϕn(kt, z), (3.22)

En(kt) ≈ En(kt = 0) +
h̄2k2t
2mn,t

, (3.23)

mn,t =

[∫ ∞

−∞
dz

|ϕn (kt = 0, z)|2

mc

]−1

, (3.24)

where En(kt) is the eigenenergy and ϕn(kt) is the corresponding eigenfunction of the

nth Γ-conduction subband, while mn,t is the transverse electron effective mass of nth

Γ-conduction subband in the plane of WAS. Usually, the eigenfunctions do not change

significantly with the wavevector kt, so that it is a good approximation to use ϕn(kt =
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0, z) instead of ϕn(kt, z) later for the calculation of momentum matrix elements.

For group IV semiconductors, there are eight equivalent L-valley conduction bands,

but only four of them are located in the first Brillouin zone. For a quantum well grown

along the [001] direction, the four valleys are degenerated. Thus, only the band structure

of a particular L-conduction valley is needed to be calculated, say the [111] L-valley con-

duction band. The Hamiltonian of the [111] L-valley conduction band under the effective-

mass approximation can be written as [11]

H
[111]
L (k1, k2, kz = −ih̄ ∂

∂z
) = − h̄

2

2

∂

∂z
(

1

3ml,L

+
2

3mt,L

)
∂

∂z

− i

√
2h̄2k1
6

× [
∂

∂z
(

1

mt,L

− 1

ml,L

) + (
1

mt,L

− 1

ml,L

)
∂

∂z
]

+ (
2

3ml,L

+
1

3mt,L

)
h̄2k21
2

+
h̄2k22
2mt,L

+ V [111](z) + V [111]
ε (z), (3.25)

V [111]
ε = aL(εxx + εyy + εzz), (3.26)

k1 =
1√
2
(kx + ky −

2π

a
), (3.27)

k2 =
1√
2
(−kx + ky), (3.28)

where ml,L and mt,L are the longitude and transverse electron effective masses along the

[111] direction, respectively; V [111](z) is the unstrained potential energy; V [111]
ε is the

energy shift due to the strain effect; k1 and k2 are the magnitudes of the wave vectors

along the [110] and [1̄10] directions relative to the minimum energy point of the [111] L-

valley conduction band, respectively. The detailed derivation of the Hamiltonian for the

[111] L-valley conduction band is described in appendix A. Similarly, the eigenenergy

and eigenfunction of the lth L-valley conduction subband are obtainable by solving the
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Schrödinger equation

H
[111]
L

(
k1, k2, kz = −i ∂

∂z

)
ψl(k1, k2, z) = EL

l (k1, k2)ψl(k1, k2, z), (3.29)

where EL
l (k1, k2) and ψl(k1, k2, z) are the eigenenergy and engenfunction of the lth L-

valley conduction subbannd, respectively.

We adopt the ”J=4” Luttinger-Kohn Hamiltonian under the axial approximation to

calculate the Γ-valence band. The 4× 4 block-diagonal Hamiltonian, including the strain

effect, is

Hv,eff(kt, kz = −i ∂
∂z

) =

 HU 0

0 HL

 , (3.30)

where HU and HL are the upper and lower blocks of the effective Hamiltonian given as

follows

HU =

 Vv(z)− P −Q −R̃

−R̃+ Vv(z)− P +Q+∆Q

 , (3.31)

HL =

 Vv(z)− P +Q+∆Q −R̃+

−R̃ Vv(z)− P −Q

 , (3.32)

P =Pε +
γ1h̄

2k2t
2m0

− h̄2

2m0

∂

∂z
γ1
∂

∂z
, (3.33)

Q =Qε +
γ2h̄

2k2t
2m0

+
h̄2

2m0

∂

∂z
γ2

∂

∂z,
(3.34)

Pε =− av(εxx + εyy + εzz), (3.35)

Qε =− bv
2
(εxx + εyy − 2εzz) , (3.36)
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∆Q =
1

2

[√
(∆ +Q)2 + 8Q2

ε − (∆ +Qε)

]
, (3.37)

R̃ =

√
3h̄2

2m0

[(
γ2 + γ3

2

)
k2t − kt

(
∂

∂z
γ3 + γ3

∂

∂z

)]
, (3.38)

R̃+ =

√
3h̄2

2m0

[(
γ2 + γ3

2

)
k2t + kt

(
∂

∂z
γ3 + γ3

∂

∂z

)]
, (3.39)

where γ1, γ2, and γ3 are the Luttinger’s parameters. Since the effective Hamiltonian Hv,eff

is block-diagonal, the upper and lower Hamiltonians can be solved independently

HU

 g
(1)
m (kt, z)

g
(2)
m (kt, z)

 = EU
m(kt)

 g
(1)
m (kt, z)

g
(2)
m (kt, z)

 , (3.40)

HL

 g
(3)
m (kt, z)

g
(4)
m (kt, z)

 = EU
m(kt)

 g
(3)
m (kt, z)

g
(4)
m (kt, z)

 , (3.41)

where EU
m(kt) and EL

m(kt) are the eigenenergies, and g(1)m (kt, z), g
(2)
m (kt, z), g

(3)
m (kt, z),

and g(4)m (kt, z) are the corresponding eigenfunctions for the mth subband in the valence

band. Those eigenfunctions will be used for the calculation of the moment matrix ele-

ments later. The real eigenfunctions of the ”J=3/2” Luttinger-Kohn Hamiltonian based

on the basis of |3/2, 3/2⟩, |3/2, 1/2⟩, |3/2,−1/2⟩, and |3/2,−3/2⟩ with eigenenergies

EU
m(kt) and EL

m(kt) are also obtainable by the unitary transformation from the eigenfunc-

tions g(1)m (kt, z), g
(2)
m (kt, z), g

(3)
m (kt, z), and g(4)m (kt, z)

χU
m(kt, z) =



ei(3π/4−3ϕ/2)
√
2

g
(1)
m (kt, z)

− ei(π/4−ϕ/2)
√
2

g
(2)
m (kt, z)

0

0



|3/2, 3/2⟩

|3/2, 1/2⟩

|3/2,−1/2⟩

|3/2,−3/2⟩

(3.42)
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χL
m(kt, z) =



0

0

ei(ϕ/2−π/4)
√
2

g
(3)
m (kt, z)

ei(3ϕ/2−3π/4)
√
2

g
(4)
m (kt, z)



|3/2, 3/2⟩

|3/2, 1/2⟩

|3/2,−1/2⟩

|3/2,−3/2⟩

(3.43)

ϕ = arg(kt) (3.44)

where ϕ is the azimuthal angle of the wavevector kt.

3.5.4 Carrier occupation in the conduction and valence bands

The quasi-Fermi levels Fc and Fv can be determined by the electron concentration n

and hole concentration p, which satisfy the charge neutrality condition

p+N+
D = n+N−

A , (3.45)

where N+
D and N−

A are the ionized donor and acceptor concentrations, respectively. Since

the Ge wells are heavily n-doped, we assume N+
D ≫ N−

A . Further, the donors in the

Ge wells are completely ionized at room temperature since the thermal energy kBT =

25.853 meV is much larger the donor binding energy about 6.4 meV [29]. For a given

injected carrier density Ninj, the electron quasi-Fermi level Fc in the conduction band can

be determined by

n = Ninj +N+
D

=
∑
n

kBTmn,t

h̄2πLw

ln

[
exp

(
Fc − En

kBT

)
+ 1

]
+
∑
l

8
1

(2π)2Lw

∫
dktfL,l(kt), (3.46)
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fL,l(kt) =

[
exp

(
EL

l (kt)− Fc

kBT

)
+ 1

]−1

, (3.47)

where T is the temperature; Lw is the well width; fL,l(kt) is the Fermi occupation number

of the l-th subband in a certain L-conduction valley; and EL
l is the subband energy of the

l-th subband in the L-conduction band. Notice that the factor of eight in the summation for

the L conduction subbands in Eq. (3.45) comes from the spin degeneracy of two and four

equivalent L-conduction valleys. Similarly, the quasi-Fermi level in the valence band, Fv,

can be determined by using

p = Ninj =
∑

σ=U,L

∑
m

1

2πLw

∫
dktkt [1− fσ

m(kt)] , (3.48)

fσ
m(kt) =

[
exp

(
Eσ

m(kt)− Fv

kBT

)
+ 1

]−1

, (3.49)

where fσ
m(kt) is the electron Fermi occupation number in the valence band. The two

quasi-Fermi levels help determine the electron and hole distributions in the Γ- and L-

conduction subbands as well as those in the valence subbands. For a given n-type doping

concentration ND and an injected carrier density Ninj, the two quasi-Fermi levels can be

calculated self-consistently.

3.5.5 Momentum matrix elements and transverse electric and trans-

verse magnetic polarized optical gain from direct transition

To calculate the transverse electric (TE) and transverse magnetic (TM) optical gain

spectra, the TE and TM momentum matrix elements have to be determined first. Here

the TE (TM) polarization refers to the case that the transverse electric field is polarized

perpendicular (parallel) to the [001] direction. For quantum wells, the optical momentum
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matrix elements are polarization-dependent. By averaging the TE and TM momentum

matrix elements in the plane of quantum wells, the average squared TE momentum matrix

elements are given by

MU,TE
nm (kt) =

3

2

∣∣∣∣∫ ∞

−∞
dzϕ∗

n(z)Mbg
(1)
m (kt, z)

∣∣∣∣2 + 1

2

∣∣∣∣∫ ∞

−∞
dzϕ∗

n(z)Mbg
(2)
m (kt, z)

∣∣∣∣2 ,
(3.50)

ML,TE
nm (kt) =

3

2

∣∣∣∣∫ ∞

−∞
dzϕ∗

n(z)Mbg
(4)
m (kt, z)

∣∣∣∣2+1

2

∣∣∣∣∫ ∞

−∞
dzϕ∗

n(z)Mbg
(3)
m (kt, z)

∣∣∣∣2 , (3.51)

M2
b =

|⟨S|px|X⟩|2

3
=
m0

6
Ep, (3.52)

where Mb is the bulk momentum matrix element; and Ep is the optical energy parameter.

Here a spin degeneracy of two has been included in the expressions of the average squared

momentum matrix elements. Similarly, the average squared TM momentum matrix ele-

ments can be written as

MU,TM
nm (kt) = 2

∣∣∣∣∫ ∞

−∞
dzϕ∗

n(z)Mbg
(2)
m (kt, z)

∣∣∣∣2 , (3.53)

ML,TM
nm (kt) = 2

∣∣∣∣∫ ∞

−∞
dzϕ∗

n(z)Mbg
(3)
m (kt, z)

∣∣∣∣2 . (3.54)

Note that the TE momentum matrix elements have a stronger dependence on the heavy-

hole (HH) components, g(1)m (kt, z) and g(4)m (kt, z), than the light-hole (LH) components,

g
(2)
m (kt, z) and g(3)m (kt, z), while the TM momentum matrix elements depend on only the
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LH components. Therefore the TE gain will be dominant if the highest valence band is

HH-like, while the TM gain will be dominant if the highest valence band is LH-like. With

the TE and TM momentum matrix elements determined, we can calculate the correspond-

ing TE and TM material gain spectra based on the spontaneous emission transformation

method, taking into account the homogenous broadening by the Lorentzian function with

a full-width-at-half-maximum (FWHM) linewidth, Γ [30], [31]

gTE
w (h̄ω) =

π

nrcε0Lw

(
e

m0

)2 [
1− exp

(
h̄ω −∆F

kBT

)]
×
∑

σ=L,U

∑
n,m

∫ ∞

0

dkt
2π

ktM
σ,TE
nm (kt)

fn(kt) [1− fσ
m(kt)] Γ/(2π)

[En(kt)− Eσ
m(kt)− h̄ω]2 + (Γ/2)2

, (3.55)

gTM
w (h̄ω) =

π

nrcε0Lw

(
e

m0

)2 [
1− exp

(
h̄ω −∆F

kBT

)]
×
∑

σ=L,U

∑
n,m

∫ ∞

0

dkt
2π

ktM
σ,TM
nm (kt)

fn(kt) [1− fσ
m(kt)] Γ/(2π)

[En(kt)− Eσ
m(kt)− h̄ω]2 + (Γ/2)2

,

(3.56)

where e is the elementary charge, c is the speed of light in free space, ε0 is the permittivity

of free space, ∆F = Fc−Fv is the quasi-Fermi level separation, h̄ω is the photon energy,

and nr is the background refractive index.

3.5.6 Free-carrier absorption

Because the Ge wells are heavily n-doped, the free-carrier absorption may be signifi-

cant, and it has to be taken into account to predict the threshold of this MQW laser. The

free-carrier absorption, including the contribution form the L-conduction valleys, can be
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described by the Drude-Lorentz equation [32]

αf =
e3λ2

4π2c3ε0nr

[
nΓ

µΓ (m∗
c)

2 +
nL

µL (m∗
L)

2 +
p

µp (m∗
h)

2

]
, (3.57)

where nΓ and nL are the volume electron densities in the Γ- and L-conduction valleys,

respectively; m∗
c and m∗

L are the electron effective masses of the Γ- and L-conduction

valleys, respectively; m∗
h is the hole effective mass of the valance band; µL and µΓ are

the electron mobilities in the L- and Γ-conduction valleys, respectively; µh is the hole

mobility in the valence band; and λ is the free space wavelength. Notice that the mobility

is carrier-concentration-dependent. The electron mobility in the L-conduction valleys of

Ge at room temperature is given by [33]

µL =
µL0

1 +
√
nL × 10−17

, (3.58)

where µL0 = 3900 cm2V−1s−1 [29] and nL is in the unit of cm−3. The electron mobility

in the Γ-conduction valley of Ge is still unavailable in the literature. However, the carrier

mobility is related to the carrier effective mass m∗ and the scattering time τ by µ =

qτ/m∗. If assuming the scattering times τ for the electrons in the L- and Γ- conduction

valleys are the same, we can simply estimate the electron mobility in the Γ-conduction

valley from that in the L-conduction valleys. For the holes in the valence band, we obtain

the hole mobility of Ge in the range of 1018 − 1020cm−3 at room temperature by fitting

the experimental data [29]

µp =
µp0

1 +
√
p× 2.1× 10−17

, (3.59)
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where µp0 = 1900 cm2V−1s−1 [29] and p is in the unit of cm−3. Based on Eqs. (3.57),

(3.58), and (3.59), several important characteristics for the free-carrier absorption should

be pointed out. First, the free-carrier absorption is proportional to λ2 [34], so it becomes

significant at long wavelengths. Second, at a high doping concentration, the free-carrier

absorption is proportional to n3/2, which agrees well with the experimental results [35].

Last, the free-carrier absorption is inversely proportional to the effective mass squared,

indicating that the free-carrier absorption will be significant if the carriers have a small

effective mass.

3.5.7 Modal gain, optical confinement factor, and threshold lasing

condition

The modal gain and threshold modal gain are two key parameters which characterize

laser performance. The former describes the available optical gain for guided modes in

a laser cavity, while the later stands for the required modal gain to overcome the back-

ground losses and radiation losses for lasing action to take place. We also need to convert

the material gain to the modal gain using the optical confinement factor, since different

modes experience different amount of optical gain. In addition, because optical gain in

semiconductors are highly anisotropic, we need two optical confinement factors for the

modal gain to properly specify the contributions from the TE and TM material gains.

The general expression of the modal gain Gmod for a MQW laser with Nw wells can be

expressed as [36, 37, 38]

Gmod = NwΓ
TE
w gTE

w (h̄ω) +NwΓ
TM
w gTM

w (h̄ω), (3.60)
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where ΓTE
w and ΓTM

w are the TE and TM optical confinement factors per well of guided

modes, respectively; and gTE
w and gTM

w are the TE and TM material gains per well, respec-

tively. If a guided mode propagates in the x direction and the crystal growth direction is

along the z direction, the TE and TM optical confinement factors for the well are

ΓTE
w =

nw

2η0

∫ ∫
w
(|Ex|2 + |Ey|2) dydz

1
2

∫∞
−∞

∫∞
−∞Re[E×H∗] · x̂dydz

, (3.61)

ΓTM
w =

nw

2η0

∫ ∫
w
|Ez|2dydz

1
2

∫∞
−∞

∫∞
−∞Re[E×H∗] · x̂dydz

, (3.62)

where nw is the refractive index; and η0 =
√
µ0/ε0 is the intrinsic impedance. On the

other hand, since the material loss attributed from the free-carrier absorption is isotropic,

we need only one optical confinement factor Γi = ΓTE
i + ΓTM

i , which is the sum of the

TE and TM optical confinement factors, for layer i to calculate the modal loss. If we

assume that the free-carrier absorption due to the total electron density n occurs in the

well region, the modal loss α(n) taking into account the absorption losses in the n- and

p-contacts can be expressed as

α(n) = NwΓwαw(n) + Γpαp + Γnαn, (3.63)

Γi =

ni

2η0

∫ ∫
i
|E|2dydz

1
2

∫∞
−∞

∫∞
−∞ Re[E×H∗] · x̂dydz

, (3.64)

where αw(n) is the absorption loss for one well; αn and αp are the absorption losses for the

n-contact and p-contact regions, respectively; and Γn and Γp are the optical confinement

factors of the n-contact and p-contact regions, respectively.

With the modal loss defined, it is sufficient to determine the threshold modal gain. For

a Fabry-Pérot laser with a cavity length of L, the required modal gain at the threshold
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Figure 3.7: Carrier utilization below threshold in the n-doped, tensile-strained Ge WAS
with SixGeySn1−x−y barriers.

lasing condition is

Gth = α(n) +
1

2L
ln

1

R1R2

, (3.65)

where R1 and R2 are the reflectivities at the two facets of the cavity. Once the modal gain

in Eq. (3.59) reaches the threshold modal gain in Eq. (3.64), lasing action can take place.

Figure 3.7 shows the carrier utilization below threshold for the n-doped, tensile-

strained Ge/SixGeySn1−x−y QW lasers. The L-valley effects are also included. Below

threshold condition, the stimulated emission rate is still too small to be considered and

the relationship between the carrier density and the current density is

Jth =
qNwLw

ηi

[
Anrn+Rsp + (CΓ

eehnΓ + CΓ
ehhp)(nΓp) +Rind + CL

eehn
2
Lp

]
(3.66)

where ηi is the injection quantum efficiency; Anr is the nonradiative recombination rate;

Rsp is the spontaneous rate per unit volume; CΓ
eeh and CΓ

ehh are the Auger recombination

coefficients for electrons in the Γ conduction band and valence band, respectively; CL
eeh

is the Auger recombination coefficient for electrons in the L conduction band, Rind is the
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indirect transition rate per unit volume, and nv is the volume carrier density. The total

spontaneous emission rate per unit volume Rsp (s−1cm−3) can be rigourously calculated

by [31], [39]

Rst =

∫ ∞

0

rspon(h̄ω)dh̄ω (3.67)

rspon =
n2
eω

2

π2h̄c2

(
2gTE

sp + gTM
sp

3

)
(3.68)

gTE
sp (h̄ω) =

2πe2

nrcε0m2
0ωLw

×
∑

σ=L,U

∑
n,m

∫ ∞

0

dkt
2π

ktM
σ,TE
nm (kt)

fn(kt) [1− fσ
m(kt)] Γ/(2π)

[En(kt)− Eσ
m(kt)− h̄ω]2 + (Γ/2)2

, (3.69)

gTM
sp (h̄ω) =

2πe2

nrcε0m2
0ωLw

×
∑

σ=L,U

∑
n,m

∫ ∞

0

dkt
2π

ktM
σ,TM
nm (kt)

fn(kt) [1− fσ
m(kt)] Γ/(2π)

[En(kt)− Eσ
m(kt)− h̄ω]2 + (Γ/2)2

, (3.70)

where rsp(h̄ω) is the total spontaneous rate per unit volume per unit energy interval

(s−1cm−3eV−1)

3.6 Theoretical results and discussions

Figure 3.8 shows the potential profiles of various bands of the n-type doped, tensile-

strained Ge/Si0.2Ge0.7Sn0.1 quantum-well structure. The zero energy is set at the top of

the LH band of the well. Because both the Γ-conduction minimum and valence band

maximum are located in the well region, this Ge/Si0.2Ge0.7Sn0.1 quantum-well has a

type-I alignment. For the Ge well, the band edge of the LH band is shifted upward while
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Figure 3.8: Potential profiles of various bands. In the Ge well region, the 0.514% ten-
sile strain reduces the energy difference between the Γ- and L-conduction band edges to
91.5 meV. In the valence band, the LH band edge is lifted and HH band edge is lowered
due to the tensile strain.

that of the HH band is shifted downward due to the tensile strain. Meanwhile, for the

Si0.2Ge0.7Sn0.1 barriers, the shift directions of the LH and HH bands are opposite to those

of the Ge well due to the compressive strain. As a result, the highest valence subband in

the Ge well is LH-like and there is no bounded HH-like state. This is owing to that the

tensile strain lowers the HH band edge so that the potential profile in the barrier region is

higher than that of the Ge QW.

Figure 3.9(a) shows the dispersion relations of the Γ-conduction subband and va-

lence subbands for the Ge well under the axial approximation. Only one quantized Γ-

conduction subband and one LH subband exist, indicating that there is only one inter-

band transition (CΓ1-LH1 transition) in the Ge well. The dispersion relation of the LH1

subband changes slowly with kt due to the larger in-plane effective mass, leading to a

significant hole accumulation under carrier injection. Figure 3.9(b) shows the dispersion

relation of the first [111] L-conduction subband along the [110] and [110] directions. Be-

cause the energy surface of the L-conduction band is anisotropic, the dispersion relations
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Figure 3.9: (a) Dispersion relations of the Γ-conduction and valence subbands for the
Ge well. Because of the tensile strain, there is only one quantized LH subband in this
Ge/Si0.2Ge0.7Sn0.1 QW. (b) Dispersion relation of the lowest [111] L-conduction subband,
showing that the dispersion relation varies along different directions due to the anisotropic
energy surface.

are different along the different directions. Compared with the dispersion relations of

the Γ-conduction and valence subbands as shown in Fig. 3.9(a), the L-conduction sub-

band shows a slow-varying dispersion relation along the [110] direction, representing a

significant density of states. Together with the four equivalent L-conduction valleys, the

significant density of states of the L-conduction subbands are very important for carrier

occupation under carrier injection.

Figure 3.10 shows the surface carrier densities of the Γ- and L-conduction subbands

as a function of the total injected surface carrier density for the 0.514% tensile-strained

Ge/Si0.2Ge0.7Sn0.1 QW with an n-type doping concentration of 2.14 × 1019cm−3, com-

pared with those of an intrinsic, strain-free Ge QW with Si0.15Ge0.81Sn0.04 barriers. The

well and barrier widths are 70Å and 200Å for both cases. The injected surface carrier

density N s
inj is related to the total injected volume carrier density Ninj by N s

inj = NinjLw.

For the intrinsic, strain-free Ge QW, almost all of the injected carriers leak to the L-

conduction band, and only less than 0.05% injected electrons can populate the direct

Γ-conduction band because the L-conduction band is 134.5 meV lower the Γ-conduction

band. Thus, population inversion is not achievable in strain-free Ge WAS to produce op-
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Figure 3.10: Surface carrier densities of the Γ- and L-conduction valleys as a function of
the total injected surface carrier density N s

inj for an intrinsic, unstrained Ge QW and an
n-type doped, tensile-strained Ge QW.

tical gain. On the other hand, in the tensile-strained, n-type doped Ge QW, about 9%

injected carriers can populate the Γ-conduction subband. Those carriers injected to the Γ-

conduction subband can radiatively recombine with holes via the direction transition and

produce significant optical gain. However, because of the larger electron effective mass

and four equivalent valleys of the L-conduction valleys, the carrier occupation of the L-

conduction valleys outnumbers that of the Γ-conduction valley. Since those carriers in the

L-conduction valleys do not contribute to the optical gain through the direct transition,

the carrier leakage to the L-conduction band becomes important to this MQW laser.

Figure 3.11 shows the TE and TM squared normalized momentum matrix elements

Mσ,TE
nm /M2

b,Ge and Mσ,TM
nm /M2

b,Ge as a function of the wave vector kt, where Mb,Ge is the

bulk momentum matrix element of Ge. Because only one LH subband exists, the TM

magnitude is about four times larger than the TE magnitude. When the wave vector kt

increases, the TM component always decreases due to less wave function overlap. On
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Figure 3.11: TE and TM normalized squared magnitudes of the momentum matrix ele-
ments. Because only one LH subband exists, the TM component is about four times larger
than that of the TE component.

the other hand, the TE magnitude slightly increases at a high wave vector kt due to the

valence-band-mixing effect.

Figure 3.12 shows the TE and TM material gain spectra under varying injected surface

carrier densities N s
inj. The FWHM linewidth of the Lorentzian function is set to 20 meV.

Because the magnitude of the TM momentum matrix element is about four times larger

than that of the TE one, the magnitude of the TM gain is also about four times larger than

that of the TE gain. It means that the TM-polarized light is dominant in this MQW laser.

As the number of injected carriers increases, both the TE and TM gains increase but tend

to saturate. The peak gain is close to 0.8 eV, corresponding to an emission wavelength

of 1.55 µm. In this calculation, the bandgap shrinkage due to the heavily n doping is not

included. However, the amounts of the indirect- and direct-bandgap shrinkages due to n

doping at room temperature are almost the same [40], so it does not qualitatively influence

the calculation results except for the red shift of the gain spectra. However, this red shift

can be compensated by adjusting the well width. By decreasing the well width, the gain
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Figure 3.12: (a) TE and (b) TM material gain spectra at different injected surface carrier
density N s

inj.
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Figure 3.13: TE material gain, TM material gain, and free-carrier absorption per Ge well
as a function of the injected surface carrier density. The transparency carrier densities for
TE and TM polarizations are indicated.

spectra will be blue-shifted to cancel the influence of the bandgap shrinkage effects caused

by the heavy n doping to maintain the peak gain around 0.8 eV for telecommunication

applications.

Figure 3.13 shows the TE and TM material gains per quantum well from the direct

transition and the free-carrier absorption (an n-doped, tensile strained Ge-well structure

with a doping concentration ND = 2.14×1019 cm−3) as a function of the injected surface

carrier density N s
inj at λ = 1550 nm. As mentioned earlier, the free-carrier absorption

is a function of the carrier concentration and the carrier effective mass. In the conduc-

tion band, due to the less electron occupation and the larger electron mobility of the

Γ-conduction subbands than those of the L-conduction subbands, the free-carrier absorp-

tion from electrons in the Γ-conduction subbands is much smaller than that from the L-

conduction subbands. In the valence band, because only one bounded LH state exists, and

its effective mass is very small (mlh = 0.043 m0 for Ge), the free-carrier absorption for
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Figure 3.14: Schematic diagram of our designed silica ridge waveguide structure for index
guidance. The silica ridge structure has a small refractive index and can provide a proper
optical confinement for the active region.

Table 3.3: Doping concentrations, optical confinement factors of the quasi-TM funda-
mental mode, and absorption losses in various regions.

n+-wells n-contact p-contact
Doping concentration (cm−3) 2.14× 1019 5× 1018 1× 1019

Optical confinement factor ΓTE
i (%) 0.0227 0.1.0685 1.4997

Optical confinement factor ΓTM
i (%) 5.8689 51.3845 19.8612

Optical confinement factor Γi (%) 5.8917 52.4430 21.3609
Free-carrier absorption αf (cm

−1) 199.72 14.47 35.62

holes in the valance band becomes significant at a high injected carrier density. The inter-

section between the material gain and the free-carrier absorption gives the transparency

carrier density for the Ge well. The Ge well becomes transparent for TM polarization

at an injected surface carrier density of about 3.19 × 1012 cm−2 (or an injected volume

carrier density of 4.55× 1018 cm−3), while the transparency carrier density for TE polar-

ization is 3.70 × 1012 cm−2 (or a injected volume carrier density of 5.28 × 1018 cm−3).

A net TM material gain of about 6192 cm−1 at λ = 1550 nm is obtainable at an injected

surface carrier density of 8× 1012cm−2.

Another important concern is that the high refractive index of α-Sn (nSn = 4.885)

[22] compared with those of Si (nSi = 3.4784) [10] and Ge (nGe = 4.275) [11] at

λ = 1550 nm. The high composition of α-Sn in SixGeySn1−x−y compounds leads to
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Figure 3.15: Transverse electric field distributions of the quasi-TM fundamental mode.
The dominant transverse electric field is Ez with its peak located at the active region,
leading to a high TM optical confinement factor of 5.8689% in the Ge wells.

the situation that the refractive index of the Ge well is slightly larger than that of the

p-Si0.24Ge0.66Sn0.1 and n-Si0.24Ge0.66Sn0.1 contacts. It means that the n- and p-contacts

cannot provide proper optical confinements for the active region. To confine light prop-

erly, we design a silica ridge waveguide structure, which has a smaller refractive index

nSiO2 = 1.45, for index guidance, as shown in Fig. 3.14. The width of the ridge structure

is set to 2 µm. We use the finite element method (FEM) to calculate the field distributions

of the guided modes. Since the TM-polarized gain is dominant in this MQW laser, this

MQW laser is likely to lase with the TM-like modes. Figure 3.15 shows the transverse

electric field distributions for the quasi-TM fundamental mode. The cap layer thickness

is optimized to 350 nm to maximize the TM optical confinement factor for the wells.
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Figure 3.16: Modal gain, modal loss, and threshold modal gain for the quasi-TM funda-
mental mode as a function of the injected surface carrier densityN s

inj. The modal gain can
reach the threshold modal gain at a reasonable threshold surface carrier density to make
the device lase.

Clearly, the Ez field is the dominant transverse electric field for the quasi-TM fundamen-

tal mode. Besides, the silica ridge structure provides the upper cladding while the silicon

substrate acts as a lower cladding for the waveguide. As a result, Table 3.3 tabulates the

doping concentrations, the optical confinement factors, and the absorption losses of the

n+-well, n-contact, and p-contact regions, respectively. The TM optical confinement fac-

tors are much larger than the TE components for the quasi-TM fundamental mode due

to the weak waveguiding. Meanwhile, because of the proper waveguide design, the TM

optical confinement factor in the Ge wells is as high as 5.89%, leading to an improved

stimulated emission process in the active region. Although the optical confinement fac-

tors of n- and p-contacts are much larger than that of the Ge wells, the absorption-losses

in the n- and p-contacts are much smaller in contrast to the material gain generated by the

Ge wells, resulting in very little modal losses in the n- and p-contact regions.

We then estimate the threshold carrier density, which is one of the most important

parameters for a working device. Figure 3.16 shows the modal gain, the modal loss, and
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the threshold modal gain as a function of the injected surface carrier density N s
inj, where

the reflectivities R1 = R2 = 0.368 are obtained form the waveguide analysis; and the

mirror loss is 19.97 cm−1 if we assume the cavity length is 500 µm. The intersection of

the modal gain and the threshold modal gain defines the threshold injected surface carrier

density N th
inj. The threshold lasing condition is reached at a threshold injected surface

carrier density N th
inj,s = 3.81 × 1012cm−2, corresponding to a volume carrier density of

N th
inj,v = 5.22×1018cm−3. The threshold carrier density is comparable with that of typical

III-V MQW lasers. A further increase in the injected surface density above this threshold

injected surface density can lead to lasing action.

After the transparency and threshold carrier densities are obtained, it is sufficient to

further estimate the threshold current density. The nonradiative rate Anr is set to 108 s−1.

The Auger coefficient for L-conduction electrons is CL
eeh = 3× 10−32 cm6s−1 [44], while

that for holes in the valence band is CΓ
ehh = 7×10−32 cm6s−1 [45]. The Auger coefficient

for electrons in the Γ-conduction band is still not available in the literature, so we set it

identical to that of L-valley electrons. The contribution of the indirection transition to

the current density is neglected here since indirect transition rates are usually 4-5 orders

smaller than direction transition rates. If the injection quantum efficiency ηi is set to

75%, the transparency current densities for TE and TM polarizations are 1.605 kA/cm2

and 1.865 kA/cm2, respectively. Further, the threshold current density of this MQW

laser is 1.922 kA/cm2. The threshold current density is comparable with that of typical

III-V MQW lasers (for example, the MQW laser with 5 pairs of InAsP/InGaAsP WAS

and 480 nm in length has a threshold current density of 1.4 kA/cm2 [46]). In addition,

the threshold current density of this Ge/SiGeSn MQW laser is much smaller than the

predicted threshold current density of 5.8 kA/cm2 for a bulk Ge on Si laser with 0.25%
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tensile-strain at an n-doping concentration of 7.6×1019 cm−3 [14]. It is the quantum-well

structure that significantly reduces the required doping concentration and provides high

material gain to dramatically reduce the threshold current density. Based on those results,

we conclude that lasing action in this n-type doped, tensile-strained Ge/SixGeySn1−x−y

MQW laser is possible.

3.7 Summary

We have developed a theoretical gain model for an n-doped and tensile-strained

Ge/SixGeySn1−x−y multiple-quantum-well laser. The use of tensile strain and n doping

in the Ge wells can effectively achieve population inversion for the direct transition and

provide significant optical gain. Due to the tensile strain, the highest valance band is

LH-like in nature, which leads to a dominant TM-polarized optical gain in this device.

Our calculations show that the n-doped, tensile-strained Ge WAS can produce a high

material gain to overcome the free-carrier loss and provide a significant net gain. We have

also shown our waveguide design and calculated the optical confinement factors of the

various regions to estimate the modal gain and predict the threshold carrier density. The

threshold current density is estimated to be 1.922 kA/cm2 with reasonable parameters.

Based on our results, we conclude that room-temperature lasing action in this n-doped,

tensile-strained Ge/SixGeySn1−x−y MQW laser is possible.
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Chapter 4

Strain-balanced GeSn/SiGeSn
multiple-quantum-well lasers

In this chapter, we propose and analyze a strain-balanced GeSn/SiGeSn multiple-

quantum-well (MQW) laser. Since α-Sn has a negative direct-bandgap, alloying Ge with

α-Sn can effectively reduce the energy difference between the Γ- and L-conduction band

edges to obtain direct-bandgap Gens alloys as a gain medium. In addition, the use of

quasi-two-dimensional GezSn1−z QW with a direct bandgap for the gain medium can

enable more efficient carriers utilization than that of bulk counterparts because of the im-

proved density of states. To ensure that the GezSn1−z QW is the lowest bandgap semicon-

ductor in the system, the GezSn1−z wells are sandwiched by the SixGeySn1−x−y barriers

to provide an important type-I alignment. We first show our designed structure of a strain-

balanced GezSn1−z/SixGeySn1−x−y MQW consisting of tensile-strained SixGeySn1−x−y

barriers and compressive-strained GezSn1−z wells. The thickness and the amount of strain

in the wells and barriers are optimized based on the strain-balanced condition that mini-

mizes the total strain energy to reduce the strain-misfit dislocation density in the MQW

region. We then calculate the electronic band structure and polarization-dependent op-

tical gain. The compressive strain in the GezSn1−z wells makes the topmost valence
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Figure 4.1: Direct and indirect bandgaps of unstrained GezSn1−z alloys as a function of
α-Sn concentration. The indirect-to-direct-bandgap transition occurs at z = 10.55%.

band heavy-hole-like (HH-like), resulting in a dominant transverse-electric (TE) gain in

this MQW laser. In addition, the inclusion of compressive strain in the GezSn1−z wells

can effectively change the valence subband structures to lighten the effective mass of the

top HH state so that the threshold carrier density is reduced. We also design a silica

index-guiding ridge structure to confine the lasing mode properly and enhance the optical

confinement factor in the well region. The modal gain and modal loss are estimated to

predict the threshold carrier density and the threshold current density of this MQW laser.

4.1 Direct-bandgap Gens alloys as a gain medium

Among the group-IV semiconductors, Ge holds promises for efficient light-emitters

because it is a quasi direct-bandgap semiconductor because its direct conduction band

edge lies only 134.5 meV above the bottom of the lowest conduction band. A possible

way to reduce this small energy difference is to alloy Ge with α-Sn [1], [2]. One unique

property of α-Sn is that the S-like Γ−
7 conduction band edge of α-Sn is situated below the
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P-like Γ+
8 valence band edge, effectively leading to a negative direct bandgap of α-Sn.

Figure 4.1 shows the compositional dependence of the direct and indirect bandgaps of

unstrained GezSn1−z alloys at 300 K. As the α-Sn composition increases in the GezSn1−z

alloys, both the direct and indirect bandgaps decrease, but the direct bandgap decreases

more rapidly than the indirect one due to the negative direct-bandgap of α-Sn and the huge

bowing parameter of GezSn1−z alloys. The indirect-to-direct-bandgap transition occurs at

an α-Sn mole fraction of 10.55%, which agrees well with the experimental observations

[2], [3]. Thus, when the mole fraction of α-Sn in Gens alloys is more than 10.55%,

direct-bandgap Gens alloys are obtainable for photonic active applications.

4.2 Strain-balanced GeSn/SiGeSn MQW structure

Figure 4.2(a) schematically shows our proposed design of a strain-balanced Ge0.86Sn0.14-

Si0.09Ge0.8Sn0.11 MQW structure, where the crystal growth direction is along the z direc-

tion. A fully strain-relaxed Ge0.88Sn0.12 buffer layer is grown on a (001)-oriented silicon

substrate to act as the virtual substrate for the subsequent growth of quantum wells. Then

an n-type Si0.08Ge0.78Sn0.14 contact layer (lattice-matched to the Ge0.88Sn0.12 buffer layer)

is grown as the bottom contact. Subsequently, five pairs of Ge0.84Sn0.16/Si0.09Ge0.8Sn0.11

QWs, that is, five Ge0.84Sn0.16 wells and six Si0.09Ge0.8Sn0.11 barriers, are then grown on

the n-contact. Finally, the whole structure is capped by a p-type Si0.08Ge0.78Sn0.14 layer

as the top contact. Since the Ge0.88Sn0.12 buffer layer is fully strain-relaxed, the in-plane

lattice constants of the epitaxial layers grown on the Ge0.88Sn0.12 buffer layer, such as the

Ge0.84Sn0.16 wells and the Si0.09Ge0.8Sn0.11 barriers, will be compressed or extended to

equal that of the Ge0.88Sn0.12 buffer layer, as shown in Fig. 4.2(b). The lattice constant of

the Ge0.84Sn0.16 wells is larger than that of the Ge0.88Sn0.12 buffer layer, inducing a 0.57%
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Figure 4.2: (a) Schematics of the strain-compensated Ge0.86Sn0.14 quantum-well struc-
ture with Si0.09Ge0.8Sn0.11 barriers. The MQW structure sandwiched between the n-
and p-Si0.09Ge0.8Sn0.11 contacts is grown on a silicon substrate via a fully strain-relaxed
Ge0.88Sn0.12 buffer layer. (b) The strain-compensated MQW consists of compressive-
strained Ge0.84Sn0.16 wells and tensile-strained Si0.09Ge0.8Sn0.11 barriers.
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compressive strain in the Ge0.84Sn0.16 wells. On the other hand, the Si0.09Ge0.8Sn0.11 bar-

riers have a smaller lattice constant than that of the Ge0.88Sn0.12 buffer layer, giving rise

to a 0.50% tensile strain for the Si0.09Ge0.8Sn0.11 barriers to compensate for the compres-

sive strain in the Ge0.84Sn0.16 wells. The growth of such highly strained layers with low

defect densities have been demonstrated experimentally [4], [5]. The well width is set to

100 Å. The barrier width is determined to be 90 Å by the strain-balanced condition for a

cubic-based multilayer system grown along the (001) axis [7], [8]

n∑
i=1

AiLiε
i

ai
= 0, (4.1)

Ai = C
(i)
11 + C

(i)
12 − 2C

(i)2
12

C
(i)
11

, (4.2)

where Li is the thickness of the i-th layer. The derivation of the strain-balanced condition

is given in Appendix B. The designed alternating growth of the compressive-strained

wells and tensile-strained barriers satisfying the strain-balanced condition can minimize

the total strain energy and reduce the misfit dislocation density in the MQW region. In

this way, the defect-related nonradiative recombination process can be suppressed and the

nonradiative recombination current density is reduced.

4.3 Theoretical results and discussions

Figure 4.3 shows the potential profiles of various bands for the Ge0.84Sn0.16 QW with

the Si0.09Ge0.8Sn0.11 barriers. The reference energy is set to the top QW HH band edge.

The band lineup shows that both the Γ-conduction band minimum and valence band maxi-

mum are located in the Ge0.84Sn0.16 well, indicating that this Ge0.84Sn0.16/Si0.09Ge0.8Sn0.11
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Figure 4.3: (a) Potential profiles of various bands of the Ge0.84Sn0.16/Si0.09Ge0.8Sn0.11

QW. The band lineup shows an important type-I offset for the spatial confinement of elec-
trons and holes in the well region. (b) In-plane dispersion relations of the Γ-conduction
and valence subbands of the Ge0.84Sn0.16 well. The compressive strain in the Ge0.84Sn0.16

well pushes the HH subbands above the LH subband, so that the highest valence subband
is HH-like. While the Γ-conduction subband exhibits a parabolic dispersion relation, the
valence-band-mixing effect makes the valence subband dispersion nonparabolic.
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QW has a type-I alignment. Thus, electrons and holes can be spatially confined in the

Ge0.84Sn0.16 well, leading to improved electron-hole spatial wavefunction overlaps for the

direct transitions occurring in the Ge0.84Sn0.16 well. In the Ge0.84Sn0.16 well region, al-

though the compressive strain in the well lifts both the Γ- and L-conduction band edges,

the Γ-conduction band edge is 19 meV lower than the L-conduction one, and the lowest

Γ-conduction subband is 3 meV lower than the lowest L-conduction subband. Despite

the lowest Γ- and L-conduction subbands are almost at the same level, population inver-

sion in the Γ-conduction band is achievable to provide significant optical gain through

the direct transitions. In the valence band, the compressive strain pushes the HH band

edge above the LH band edge, so that the topmost valence band is HH-like. Correspond-

ingly, Fig. 4.3(b) shows the dispersion relations of both the Γ-conduction and valence

subbands for the Ge0.84Sn0.16 well under the axial approximation [1]. Owing to the com-

pressive strain in the Ge0.84Sn0.16 well, the HH1 state is at least 34 meV higher than the

other valence subbands near the zone center. While the Γ-conduction subband exhibits a

parabolic dispersion relation, the valence subbands are nonparabolic due to the valence-

band-mixing effect. In addition, the valence-band-mixing effect steepens the HH1 disper-

sion relation, leading to a lighter effective mass and reduced density of states of the HH1

state. With the large energy separation between the HH1 subband and the other valence

subbands near the zone center, the lighter HH1 in-plane effective mass leads to a rapid

accumulation of the injected holes in the HH1 subband under current injection. As a re-

sult, the hole quasi-Fermi level will lower into the valence subbands more rapidly under

increasing carrier injection and reach the population inversion condition at a lower carrier

density. In addition, the valence-band-mixing effect also affects the optical transitions.

The selection rules only allow for the interband transitions from the first Γ-conduction
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Figure 4.4: Comparison of the surface carrier densities of the Γ- and L-conduction sub-
bands as a function of the total injected surface carrier density between the strained
Ge0.84Sn0.16/Si0.09Ge0.8Sn0.11 QW and a strain-free Ge/Si0.15Ge0.81Sn0.04 QW with iden-
tical barrier and well widths. A significant improvement of injected carriers into the
Γ-conduction subband for population inversion is present.

subband to the first HH subband (CΓ1-HH1) and to the first LH subband (CΓ1-LH1) at

the Brillouin zone center. However, the valence-band-mixing effect at the finite transverse

wave vector enables the originally forbidden transition between the first Γ-conduction and

the second HH subbands (CΓ1-HH2) at the zone center, and makes CΓ1-HH2 also con-

tribute to the optical gain.

Figure 4.4 shows the surface carrier densities of the Γ- and L-conduction subbands

as a function of the total surface carrier density for the strained Ge0.84Sn0.16 QW with

Si0.09Ge0.8Sn0.11 barriers, compared with those of a strain-free Ge/Si0.15Ge0.81Sn0.04 QW

with a well width of 100 Å and a barrier width of 90 Å. The injected surface carrier

density is limited to 6 × 1012 cm−2 because further increase of injected carrier density

will raise the electron quasi-Fermi level over the barrier potential of the L-conduction

valleys. For the strain-free Ge QW, the Γ-conduction band edge is 134.5 meV higher

than the L-conduction one at room temperature. As a result, only fewer than 0.05%
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Figure 4.5: (a) TE and (b) TM normalized squared momentum matrix elements for the
possible interband transitions. Near the zone center, the CΓ1-HH1 transition has a larger
TE component while the CΓ1-LH1 transition has a dominant TM component, indicating
that the CΓ1-HH1 and CΓ1-LH1 transitions are dominant for TE and TM optical gains,
respectively.

injected carriers can populate the direct conduction subbands, and the rest of carriers

leaks into the L-conduction subbands. Since those electrons in the L-conduction subbands

cannot radiatively recombine with holes through the direct transitions, the light-emitting

efficiency of the strain-free Ge well is low. On the other hand, for the strained Ge0.84Sn0.16

QW, despite the lowest Γ- and L-conduction subbands are almost at the same level, about

12.5% injected carriers can populate the direct conduction subband to achieve population

inversion. The significant improvement of the injected carriers into the direct conduction

band leads to a considerable optical gain via the direct transitions. Another advantage of

using Gens QWs as the gain medium over Ge QWs is that the electron effective mass of

the Γ-conduction band for α-Sn is 52% larger than that of Ge. Therefore, alloying Ge

with α-Sn can enhance the density of states of the Γ-conduction subband. As a result,

more carriers to populate the Γ-conduction subband under carrier injection and provide

more optical gain through the direct transitions.

Figure 4.5 shows the transverse-electric (TE) and transverse-magnetic (TM) normal-
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ized squared momentum matrix elements Mσ,TE
nm /M2

b and Mσ,TM
nm /M2

b as a function of the

magnitude of the transverse wavevector kt for all possible interband transitions, where n

and m are the subband indices of the Γ-conduction and valence subbands, respectively;

and Mb is the bulk momentum matrix element of Ge0.84Sn0.16. Near the zone center, the

CΓ1-HH1 transition has a dominant magnitude for the TE momentum matrix element,

while the CΓ1-LH1 transition has a stronger TM component than the other transitions.

Thus, the CΓ1-HH1 transition is dominant for the TE gain while the CΓ1-LH1 transition

dominates the TM gain. As the wavevector kt increases, the valence-band-mixing effect

increases the TE momentum matrix element for the CΓ1-HH2 transition, and the TM

momentum matrix elements for the CΓ1-HH1 and CΓ1-HH2 transitions. However, since

the HH1 subband is the topmost valence subband with a large energy separation from

the other valence subbands, the injected holes will populate mostly the HH1 subband.

This means CΓ1-HH1 transition is expected to be dominant in the Ge0.84Sn0.16 well and

contributes mostly to the TE gain.

Figure 4.6 shows the TE and TM material gain spectra at different total injected sur-

face carrier densities. The carrier leakage into the L-conduction valleys, which does not

contribute to the material gain here, has been included. The full-width-at-half-maximum

(FWHM) linewidth is set to 20 meV. Since the CΓ1-HH1 transition has a dominant TE

momentum matrix element, the TE material gain is substantially larger than the TM gain

in this MQW laser. In addition, the fast-increasing TE gain due to the lighter HH1 effec-

tive mass helps reach the threshold lasing condition at a lower carrier density. The TE gain

is peaked around 430 meV, corresponding to an emission wavelength of 2.883 µm, which

is in the mid-infrared spectral range. When the number of surface carriers increases fur-

ther, the probability for injected holes to occupy the LH1 subband increases. In this way,
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Figure 4.6: (a) TE and (b) TM material gain spectra at different total injected surface
carrier densities. Because the top valence subband is HH-like, the dominant CΓ1-HH1
transition contributes mostly the TE gain, while the C1-LH1 transition contributes to a
relatively weaker TM gain due to the less hole occupation in the LH subband.
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n-contact
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Figure 4.7: The designed silica ridge waveguide for index guiding. The silica ridge struc-
ture has a smaller refractive index than those of the semiconductors, and it can provide
better optical confinements for the active region.

the CΓ1-LH1 transition will bring about mostly the TM gain peaked around 475 meV, as

shown in Fig. 4.6(b).

For SiGeSn material system, another important issue is the high refractive index of

α-Sn. At a such long wavelength λ = 2.883 µm, α-Sn has a larger refractive index

(nSn = 5.791 [9]) than those of Si (nSi = 3.434 [10]) and Ge (nGe = 4.051 [11]),

indicating that the ternary SiGeSn compounds with a high α-Sn composition have a high

refractive index. As a result, the n- and p-contacts with refractive indices slightly smaller

than that of the MQW active region may not provide the necessary optical confinement

for the active region. To confine lasing modes better, we employ silica, which has a

smaller refractive index (nSiO2 = 1.4198 [12]) than those of Si, Ge, and α-Sn, as the

ridge waveguide structure for index guiding, as shown in Fig. 4.7 The high contrast in the

refractive indices between the silica ridge structure and the active region can provide a

better optical confinement for the active region. Thus, the enhanced optical confinement

factor of the wells can further reduce the threshold carrier density for this MQW laser.

We use the finite element method to calculate the field distributions of the guided modes

in this waveguide. Since the TE material gain is dominant, this MQW laser is likely to
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Figure 4.8: Transverse electric field distributions for the quasi-TE fundamental mode at
λ = 2.883 µm, showing that Ey is the dominant component. The silica ridge waveguide
structure provides the upper cladding while the silicon substrate acts as the lower cladding
for the active region. The peak of the transverse electrical field is located near the active
region, providing a reasonable QW optical confinement factor of 6.98%.

lase with the quasi-TE modes at λ = 2.883 µm. Meanwhile, we neglect the contribution

from the TM material gain for the modal gain, since the TM material gain has a negligible

magnitude at λ = 2.883 µm in contrast to that of TE material gain.

Correspondingly, Fig. 4.8 shows the transverse electric field distributions for the quasi-

TE fundamental mode at λ = 2.883 µm. The width of the ridge structure is 2 µm and

the thickness of the p-contact is optimized to be 500 nm for maximizing the optical con-

finement factor of the wells. First, the dominant transverse electric field for the quasi-TE

fundamental mode is Ey. From the field distribution, the silica ridge structure acts as

the upper cladding while the silicon substrate plays the role of the lower cladding. The
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Table 4.1: Doping concentrations, absorption losses, optical confinement factors, and
modal losses in various regions

wells n-contact p-contact
Doping concentration (cm−3) N/A 5× 1018 1× 1019

Absorption loss (cm−1) N/A 32.89 185.75
Optical confinement factor (%) 6.98 42.75 25.91
Modal loss (cm−1) 0 14.06 48.12
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Figure 4.9: Modal gain and threshold modal gain as a function of the total injected surface
density for the quasi-TE fundamental mode at λ = 2.883 µm. The intersection of the
modal gain and the threshold modal gain gives the threshold surface carrier density of
this MQW laser nth,s = 4.364× 1012 cm−2.

peak transverse electric field is located near the active region, providing a reasonable QW

optical confinement factor of 6.98%. Table 4.1 tabulates the doping concentrations, the

TE optical confinement factors for the quasi-TE fundamental mode, the absorption losses

due to free-carrier absorption, and the modal losses in various regions. The TE optical

confinement factors in the n- and p-contacts are much larger than that in the wells due to

their relatively large thicknesses. Because of the high electron mobility of Ge, the absorp-

tion loss in the n-contact is insignificant. However, the small hole mobility and the high

doping concentration in the p-contact leads to a significant absorption loss and contributes

to the major modal loss in the waveguide.

To predict the threshold surface carrier density of this MQW laser, Fig. 4.9 shows

the modal gain and the threshold modal gain as a function of the total injected surface
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density for the quasi-TE fundamental mode at λ = 2.883 µm, where the cavity length is

set to 500 µm. The reflectivities at the two facets are estimated to be R1 = R2 = 0.357

by the simple estimation from the effective index of the quasi-TE fundamental mode.

The corresponding mirror loss is 19.98 cm−1. The modal gain increases with the in-

jected surface carrier density, and reaches the transparency condition at a surface car-

rier density of ntr,s = 3.304 × 1012 cm−2, corresponding to a volume carrier density of

ntr,v = 3.304 × 1018 cm−3. Above this transparency carrier density, net optical gain

form the QW is obtainable. For a working laser device, the modal gain has to reach the

threshold modal gain, which is the sum of the modal loss and radiation loss, so that the

stimulated emission can take over the spontaneous emission to dominate the light output.

The intersection of the modal gain and the threshold modal gain defines the threshold

surface carrier density for the quasi-TE fundamental mode nth,s = 4.364 × 1012 cm−2,

corresponding to a volume threshold carrier density of nth,v = 4.364 × 1018 cm−3. This

threshold carrier density is still in a reasonable and achievable range compared to those of

typical III-V MQW lasers. Around this threshold carrier density, the stimulated emission

will take place and lead to lasing action. Based on the transparency carrier density and the

threshold carrier density, it is possible to further estimate the transparency current density

Jtr and the threshold current density Jth. Here the contribution of the indirect transitions

to the current density is neglected because indirect transition rate is usually 4-5 orders

smaller than direct transition rate. The nonradiative rate is set to 108 s−1. Since the Auger

recombination coefficients for the Sn-based alloys are still unavailable yet, we set the

Auger recombination coefficients CL
eeh = CΓ

eeh = CΓ
ehh to 1× 10−28 cm6s−1 according to

those of the GaInAsSb QW at similar emission wavelengths [13]. If the injection quantum

efficiency is set to 75%, we obtain the transparency current density Jtr = 4.46 kA/cm2

89



and the threshold current density Jth = 9.78 kA/cm2. As expected, the Auger nonradia-

tive recombination is the major limiting factor to the transparency and threshold current

densities in this MQW laser. The threshold current density of this MQW laser is compa-

rable with those of typical mid-infrared MQW lasers (for example, 7 kA/cm2 for a GaSb

MQW laser at 3.26 µm [14], and 10 kA/cm2 for a AlGaAsSb/InGaAsSb MQW laser at

2.78 µm [15]). Above this threshold current density, the stimulated emission takes place

and enables the lasing action for important mid-infrared applications, such as gas sensing,

molecular spectroscopy, and chemical process monitoring.

4.4 Summary

We have theoretically analyzed a strain-balanced Ge84Sn16/Si0.09Ge0.8Sn0.11 MQW

laser. The incorporation of α-Sn into Ge layers can effectively reduce the energy differ-

ence between the direct- and indirect-conduction band edges and provide a direct-bandgap

Gens alloy to achieve population inversion. The compressive strain in the Ge84Sn0.16

well makes the top-most valence subband HH-like and the TE-polarized gain dominant.

The lighter HH1 effective mass due to the compressive strain also reduces the threshold

carrier density. The designed silica ridge structure for index guiding shows good opti-

cal confinement for the lasing mode. We estimate the threshold volume carrier density

as nth,v = 4.364 × 1018 cm−3 and the threshold current density of this MQW laser as

Jth = 9.78 kA/cm2 for a cavity length of 500 µm with reasonable parameters. Our cal-

culations indicate that the lasing action in this strain-balanced Ge84Sn16/Si0.09Ge0.8Sn0.11

MQW laser is possible.
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Chapter 5

Polarization-insensitive
electroabsorption waveguide
modulators using tensile-strained
Ge/SiGeSn quantum wells at 1550 nm
wavelength

In this chapter, we propose and analyze a polarization-insensitive electroabsorption

modulator employing tensile-strained Ge/SixGeySn1−x−y quantum wells (QWs) operat-

ing at 1550 nm wavelength. First, we will briefly introduce the background and physics

of electroabsorption effects in semiconductors, including the Franz-Keldysh (FK) effect

in bulk semiconductors and the quantum-confined Stark effect (QCSE) in low dimen-

sional semiconductor structures, such as quantum-well, quantum-wire, and quantum-dot

structures. Then the first observation of strong QCSE in Ge/SiGe QWs will be introduced.

We then develop a theoretical model for a QT electroabsorption modulator, including the

electronic band structure, excitonic absorption, variation method for calculating exciton

binding energies and oscillation strengths, and polarization-dependent optical confine-

ment factor. Our theoretical results for QCSE in Ge/SiGe QWs will be compared with the
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experimental data.

In the second part, we propose and analyze a polarization-insensitive electroabsorp-

tion waveguide modulator using tensile-strained Ge/SixGeySn1−x−y quantum wells based

on the quantum-confined Stark effect for 1550 nm operation. The use of tensile strain

can effectively reduce the direct bandgap of the Ge wells to realize optimal modula-

tion near 1550 nm wavelength, and achieve near degeneracy between the first heavy-

hole and light-hole subbands for polarization-insensitive operation. We calculate the

electronic band structure, polarization-dependent excitonic absorption coefficients, and

polarization-dependent optical confinement factors. We also present our waveguide de-

sign for index guidance and calculate the optical confinement factors of various regions to

determine the extinction ratio and insertion loss. With optimal designs of the MQW mate-

rial and waveguide geometry, it is possible to achieve polarization-insensitive operation at

1550 nm wavelength in this electroabsorption waveguide modulator using tensile-strained

Ge/SixGeySn1−x−y QWs.

5.1 Electroabsorption effects in semiconductors

Electroabsorption effects near semiconductor band edges have been intensively in-

vestigated for many years, including the Franz-Keldysh effect in bulk materials and the

quantum-confined Stark effect in low-dimensional quantum structures. When a photon

passes through a semiconductor with its energy larger than the bandgap of a semiconduc-

tor, it excites an electron in the valence band to the conduction band. This process is called

interband transition which can happen in direct and indirect bandgap semiconductors and

follows the Fermi’s golden rule, that is, the energy and momentum conservation rules have

to be satisfied. Meanwhile, the below-bandgap transitions are prohibited because there is
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Figure 5.1: (a) Franz-Keldysh effects in bulk semiconductors with and without an electric
field. (b) Absorption spectra in a bulk semiconductor with and without an electric field,
showing that below-bandgap transitions become possible in the presence of an electric
field.

no allowed state for such interband transitions. When an electric field is applied on a semi-

conductor, the tilted energy profiles of the semiconductor due to the electric field enable

the originally forbidden below-bandgap transitions. In this way, the absorption spectrum

significantly red shifts and the external electric field can control the near-gap absorption

coefficients in semiconductors to achieve modulation in the semiconductors. Compared

with other modulation mechanisms, such as electrooptic effects, acousticoptic effects, and

free carrier plasma dispersion effects, electroabsorption effects are a very fast mechanism.

Thus, modulators based on electroabsorption effects can achieve a very high-speed mod-

ulation of 40 GHz or higher. In addition, optical modulators based on electroabsorption

effects are attractive for their small size and low-energy consummation, which are very

important for electronic-photonic integrated circuits. Those advantages make electroab-

sorption modulators attractive for high density electronic-photonic integrated circuits.

5.1.1 Franz-Keldysh effect

The Franz-Keldysh effect describes the changes in absorption wavelength and strength

in bulk semiconductors due to near bandgap transitions caused by an electric field. When
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an electric field is applied, the band structure of bulk semiconductors is tilted, as shown

in Fig. 5.1(a). As a result, the electron wavefunction in the direct conduction band and

hole wavefunction in the valence band tail into the bandgap, giving rise to probability of

tunneling. Thus, the originally forbidden below-bandgap transitions become possible in

the presence of an electric field, significantly increasing the below-bandgap absorption

coefficients, as shown in Fig. 5.1(b). In this way, changing the strength of the electric

field can manipulate the below-gap absorption coefficients to achieve modulation of light.

However, a large electric field is usually required to have a sufficient change in absorp-

tion coefficient in bulk semiconductors due to the large thickness. As a result, the driv-

ing voltage in electroabsorption modulators employing bulk semiconductors based on the

Franz-Keldysh effect is usually larger than 5 V.

5.1.2 Quantum-confined Stark effect

The quantum-confined Stark effect (QCSE) is another electroabsorption effect that

describes a strong electric-field-dependent change in optical absorption spectra in low

dimensional structures, such as quantum-well, quantum-wire, and quantum-dot systems.

Figure 5.2 shows the scheme of QCSE in a type-I quantum well structure. In the absence

of an electric field, there are quantized electron and hole states in the QT, as shown in

Fig 5.2(a). Usually, the wavefunction overlap between the ground electron and hole states

can approach to almost unity if the band offsets are large enough. When an electric

field is applied across the QT, the energy potential profiles of the conduction and valence

bands are tilted by the electric field. As a result, the electron and hole wavefunctions

move in opposite directions, leading to a reduced transition energy and wavefunction

overlap, as shown in Fig. 5.2(b). Since the oscillation strength is proportional to the
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Figure 5.2: Electronic band structure and subband wavefunctions in a type-I quantum-
well (a) with and (b) without an electric field. The electric field tilts the band profiles and
pushes the electron and hole wavefunctions apart, reducing the electron-hole wavefunc-
tion overlap and transition energy. (c) Comparison of absorption spectra in a QT with
and without an electric field, showing controllable near-gap absorption coefficients by an
electric field.
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squared wavefunction overlap between the electron and hole states, the whole absorption

spectrum significantly red shifts with a reducing strength due to the tilted band profiles,

as shown in Fig. 5.2(c). As a result, at zero bias, the semiconductor is transparency at

the photon energy of h̄ω0, while the semiconductor can become very absorptive under an

electric field at the same photon energy. In this way, the near-gap absorption coefficients

are controllable by the strength of the electric field to achieve modulation of light. In an

infinite-barrier-high quantum well, the energy reduction of the ground transition due to

an electric field F based on the perturbation theory can be expressed as [1]

∆E =
π2 − 15

24π2
× (me +mh)e

2F 2L4

h̄2
, (5.1)

where me and mh are electron and hole effective masses along the QT growth direction,

respectively, and L is the well width. This simple formula points out that the Stark shift

depends on the carrier effective mass, well width, and strength of electric field. The main

difference between the Franz-Keldysh effect and the quantum-confined Stark effect is that

the excitonic effect in quantum structures is significant compared to that in bulk materi-

als, even at room temperature. The excitonic enhancement on the absorption coefficient

is very strong and can lead to a significant change in absorption coefficient with QCSE.

Thus, the quantum-confined Stark effect is considered the strongest electroabsorption ef-

fect. In addition, semiconductor quantum structures are much thinner in thickness than

the bulk counterparts, so the electroabsorption modulators based on QCSE can have a

driving voltage less than 2 V, much smaller than those based on the Franz-Keldysh effect.

Thus, electroabsorption modulators based on QCSE are preferred for electronic-photonic

integrated circuits.
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(a)                                                                   (b)

Figure 5.3: (a) Schematic structure of a type-I Ge/SiGe MQW system on a silicon sub-
strate via a SiGe buffer layer. (b) Bias-dependent absorption spectra of the Ge/SiGe QWs
[1].

5.1.3 Strong quantum-confined Stark effects in type-I Ge/SiGe

quantum wells

Usually, the quantum-confined Stark effect is observed in direct-bandgap semiconduc-

tors. For indirect bandgap semiconductors, such as Si and Ge, they are indirect bandgap

semiconductors and usually considered to have weak electroabsorption effects. Although

some interest attempts have been made, SiGe/Si quantum well does not exhibit efficient

QCSE due to the small conduction band offsets in type-I structures or small wavefunc-

tion overlaps in type-II structures [3, 4, 5, 6]. Until recently, a strong quantum-confined

Stark effect was observed in type-I Ge/SiGe QWs [1]. The Ge/SiGe QWs consist of

compressive-strained Ge wells and tensile-strained SiGe barriers grown on a silicon sub-

strate via a strain-relaxed SiGe buffer layer, as shown in Fig. 5.3(a). Besides, this Ge/SiGe

QWs have a type-I alignment with sufficiently high conduction and valence band off-

sets. Although the Ge QWs are an indirect bandgap material, they exhibit strong bias-

dependent changes in absorption coefficient and wavelength, that is, quantum-confined

Stark effect, as shown in Fig 5.3(b). The observed strength of the QCSE in the Ge/SiGe

99



QWs is comparable with that in typical III-V direct-bandgap materials. This important

observation of robust QCSE in Ge/SiGe QWs has opened up new possibilities for high-

speed Si-based modulators, and electroabsorption modulators employing Ge/SiGe QWs

have been demonstrated [7].

5.2 Theory of excitonic absorption in a quantum well based

on the quantum-confined Stark effect

In this section, we develop a theoretical model for a QT electroabsorption modula-

tor based on the quantum-confined Stark effect, including the electronic band structure,

excitonic absorption coefficient, variational method for calculating the exciton binding

energies and oscillation strengths, polarization-independent optical confinement factor,

extinction ratio, and insertion loss.

5.2.1 Electronic band structure

If a quantum well is grown along the z direction, the Γ-conduction band with an

uniform electric field across the quantum-well structure can be characterized by a single-

band effective mass Hamiltonian [1]

Hc

(
kt, kz = −ih̄ ∂

∂z
, F

)
= − h̄

2

2

∂

∂z

1

mc

∂

∂z
+
h̄2k2t
2mc

+ Vc(z) + Vc,ε(z) + eFz, (5.2)

where h̄ is the Planck constant, mc is the electron effective mass, kt is the magnitude of

wave vectors in the plane of quantum wells, Vc(z) is the intrinsic potentials, Vc,ε is the

energy shift due to strain effects, e is the elementary charge, and F is the strength of
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electric field. The electron subband energies and wavefunctions can be found by solving

the Schrödinger equation

Hc

(
kt, kz = −i ∂

∂z
, F

)
fn(kt, z, F ) = En(kt, F )fn(kt, z, F ), (5.3)

whereEn and fn are the nth electron subband energy and wavefunction in the Γ-conduction

band, respectively. For the valence band, we adopt the ”J=4” Luttinger-Kohn Hamilto-

nian under the axial approximation to find the hole subband energies and wavefunctions

in the valence band [1]

Hv,eff(kt, kz = −i ∂
∂z
, F ) =

 HU 0

0 HL

 , (5.4)

where HU and HL are upper and lower blocks of the ”J=4” Luttinger-Kohn Hamiltonian

given as follows

HU =

 Vv(z)− P −Q− eFz −R̃

−R̃+ Vv(z)− P +Q+∆Q− eFz

 , (5.5)

HL =

 Vv(z)− P +Q+∆Q− eFz −R̃+

−R̃ Vv(z)− P −Q− eFz

 . (5.6)

Those parameters can be found in chapter 3. Since the ”J=4” Luttinger-Kohn Hamiltonian

is block-diagonal, the upper and lower blocks can be solve independently

HU

 g
(1)
m (kt, z, F )

g
(2)
m (kt, z, F )

 = EU
m(kt, F )

 g
(1)
m (kt, z, F )

g
(2)
m (kt, z, F )

 , (5.7)
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HL

 g
(3)
m (kt, z, F )

g
(4)
m (kt, z, F )

 = EL
m(kt, F )

 g
(3)
m (kt, z, F )

g
(4)
m (kt, z, F )

 , (5.8)

where EU
m and EL

m are the eigenenergies and g(1)m (kt, z, F ), g
(2)
m (kt, z, F ), g

(3)
m (kt, z, F ),

and g(4)m (kt, z, F ) are the corresponding eigenfunctions for the mth hole subband in the

valence band. Those eigenfunctions will be used for the calculation of the moment matrix

elements, the exciton binding energies, and the exciton oscillation strengths.

5.2.2 Excitonic absorption

The absorption coefficient in a quantum well consists of both continuum-state and

discrete-state excitonic contributions. For the continuum-state contribution, the transverse

electric (TE) and transverse magnetic (TM) excitonic absorption coefficients, including

the Sommerfeld enhancement factor, S(kt), and the Lorentzian broadening function with

a full-width-at-half-maximum (FWHM) linewidth, Γ, can be expressed as [1]

αTE
c (h̄ω) =

πe2

nrcε0m2
0ω

1

Lw

∑
σ=U,L

∑
n,m

∫
ktdkt
2π

Mσ,TE
nm (kt)S(kt)

× Γ/(2π)

[En(kt)− Eσ
m(kt)− h̄ω]2 + (Γ/2)2

, (5.9)

αTM
c (h̄ω) =

πe2

nrcε0m2
0ω

1

Lw

∑
σ=U,L

∑
n,m

∫
ktdkt
2π

Mσ,TM
nm (kt)S(kt)

× Γ/(2π)

[En(kt)− Eσ
m(kt)− h̄ω]2 + (Γ/2)2

, (5.10)

S(kt) =
s0

1 + e−2π
√

Ry/Et

, (5.11)

where Et = h̄2k2t /(2m
2
r ) and 1 ≤ s0 ≤ 2 for quasi-two-dimensional QT structures. mr

is the reduced effective mass, m0 is the free electron mass, c is the speed of light in free
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space, ε0 is the permittivity of free space, h̄ω is the photon energy, nr is the background

refractive index, Lw is the well width, and Ry is the exciton Rydberg energy. The average

squared momentum matrix elements for TE polarization are [1], [8]

MU,TE
nm (kt, F ) =

[
3

2
⟨fn|g(1)m ⟩2 + 1

2
⟨fn|g(2)m ⟩2

]
M2

b , (5.12)

ML,TE
nm (kt, F ) =

[
3

2
⟨fn|g(4)m ⟩2 + 1

2
⟨fn|g(3)m ⟩2

]
M2

b , (5.13)

M2
b =

|⟨S|px|X⟩|2

3
=
m0

6
Ep, (5.14)

and those for TM polarization are

MU,TM
nm (kt, F ) = 2

[
⟨fn|g(2)m ⟩2

]
M2

b , (5.15)

ML,TM
nm (kt, F ) = 2

[
⟨fn|g(3)m ⟩2

]
M2

b , (5.16)

whereMb is the bulk momentum matrix element. Notice that a spin degeneracy of two has

been included in the expressions of the TE and TM average squared momentum matrix

elements.

For the contribution from discrete 1s-excitons, the TE and TM excitonic absorption

coefficients with a Lorentzian broadening lineshape are given by [1]

αTE
ex =

πe2

nrcε0m2
0ω

2

Lw

∑
n,m

(
2

π

1

Λ2

)
|ŷ · pcv|2 |Inm|2

Γ/(2π)

(Ex − h̄ω)2 + (Γ/2)2
, (5.17)

αTM
ex =

πe2

nrcε0m2
0ω

2

Lw

∑
n,m

(
2

π

1

Λ2

)
|ẑ · pcv|2 |Inm|2

Γ/(2π)

(Ex − h̄ω)2 + (Γ/2)2
, (5.18)

where Ex = En − Em + Eex is the exciton transition energy with Eex being the exciton
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binding energy, Λ is a variational parameter, and Inm is the wavefunction overlap inte-

gral between the nth electron state in the Γ-conduction band and the mth hole state in

the valence band. The exciton binding energy and the variational parameter can be de-

termined by the variation method [1], [9], [10]. The momentum matrix elements for TE

polarization are [1]

|ŷ · pcv|2 =M2
b

{ 3
2
, HH exciton

1
2
, LH exciton

, (5.19)

and those for TM polarization are

|ẑ · pcv|2 =M2
b

{ 0, HH exciton

2, LH exciton

. (5.20)

After the continuum-state and discrete 1s-state excitonic absorption coefficients are ob-

tained, the total absorption coefficients in a quantum well can be written as

αTE = αTE
ex + αTE

c , (5.21)

αTM = αTM
ex + αTM

c . (5.22)
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5.2.3 Variational method for exciton problems

If a quantum is grown along the z direction, the Hamiltonian for an exciton in a quan-

tum well can be expressed as

H =He +Hh +Heh, (5.23)

He =− h̄2

2me

+ Ve(ze) + eFze, (5.24)

Hh =− h̄2

2mh

+ Vh(zh)− eFzh, (5.25)

Heh =− h̄2

2mr

∇2
r −

e2

4πεr
, (5.26)

where He and Hh are the independent Hamiltonians for the electron and hole, respec-

tively, Heh represents the Coulomb interaction between the electron and hole, me is the

electron effective mass, mh is the hole effective mass, mr is the reduced effective mass,

Ve and Vh are the energy potentials along the QT growth direction for the electron and

hole taking into account the effects of electric field and strain, respectively, ze and zh are

the positions of the electron and hole along the QT growth direction, respectively, and r is

the relative distance between the electron-hole pairs in the plane of quantum well. If there

is no Coulomb interaction between the electron and hole, the electron and hole Hamil-

tonians can be solved independently. The presence of the Coulomb interaction leads to

the binding effects and significantly contributes to the absorption coefficients. With the

Hamiltonian in Eq. (5.23), the exciton energy and wavefunction can be found by solving

the Schrödinger equation

HΨnm(ze, zh, r) = Enm,xΨnm(ze, zh, r), (5.27)
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whereEnm,x = En+Em−Eex
nm is the exciton transition energy withEex

nm being the exciton

binding energy for the transition from the mth valence subband to the nth Γ-valley con-

duction subband, and Ψnm(ze, zh, r) is the corresponding wavefunction. Equation (5.27)

is difficult to solve analytically in a finite-barrier-high quantum well, and we will seek the

solution numerically. The variation method is one of the most commonly used methods to

find exciton binding energies and oscillation strengthes in a quantum well. It is relatively

easy to use with reasonable accuracy when the width of quantum well is around or less

then 10 nm. Since the 1s excitons behave like e−r/(a0) or e−r/(2a0), one can assume the

trial wavefuntion for 1s exciton as [1], [9], [10]

Ψnm(r, ze, zh) = ϕ(r)fn(ze)hm(zh) =

√
2

π

1

Λ
exp

[
− r

Λ

]
fn(ze)hm(zh), (5.28)

where Λ is a variational parameter, fn(ze) is the nth electron subband wavefunction in

the Γ-conduction band, and hm(zh) is the mth hole subband wavefunction in the valence

band. Substituting Eq. (5.28) into Eq. (5.27), multiplying the both sides of the equation

by Ψn′m′ , and integrating the equation over the whole space, the exciton binding energy

can be expressed as [1]

Eex
nm(Λ) =

h̄2

2mrΛ2
− e2

4πε

4

Λ2

∫
dze|fn(ze)|2

∫
dzh|hm(zh)|2

∫ ∞

0

rdr
e−2r/Λ√

r2 + (ze − zh)2
.

(5.29)

Thus, by minimizing the excition binding energy, that is, d
dΛ
Eex

nm(Λ) = 0, one can deter-

mine the variational parameter Λ and obtain the exciton binding energy Eex
nm. In addition,

the exciton oscillation strength is

|ϕ(r = 0)|2 =
(
2

π

1

Λ2

)
, (5.30)
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which will be used for the calculation of absorption coefficients from discrete 1s-state

contribution .

5.2.4 Polarization-dependent optical confinement factor

For MQW EA waveguide modulators, since the quantum wells only occupy partial

volume in the waveguide and different waveguide modes experience different amounts

of optical absorption, the optical confinement factors are necessary to convert the mate-

rial absorption coefficients into the modal absorption coefficients for waveguide modes

of interest. Besides, since the excitonic absorptions due to the direct band-edge excitonic

transitions are anisotropic, two optical confinement factors are necessary to properly de-

fine the contributions from the TE and TM material absorption coefficients to the modal

absorption coefficients for the waveguide modes. If a guided mode propagates along the

x direction and the QT growth direction is along the z direction, the TE and TM optical

confinement factors for the wells can be expressed as [11, 12, 13]

ΓTE
wells =

nw

2η0

∫ ∫
wells

(|Ex|2 + |Ey|2) dydz
1
2

∫∞
−∞

∫∞
−∞Re[E×H∗] · x̂dydz

, (5.31)

ΓTM
wells =

nw

2η0

∫ ∫
wells

|Ez|2dydz
1
2

∫∞
−∞

∫∞
−∞Re[E×H∗] · x̂dydz

, (5.32)

where nw is the refractive index of the wells, and η0 =
√
µ0/ε0 is the intrinsic impedance.

In addition to the excitonic absorptions due to the direct band-edge transitions in the wells,

the material absorption due to free-carrier absorption in the waveguide also contribute to

the modal absorption coefficients. Since free-carrier absorption is isotropic, only one op-

tical confinement factor, which is the sum of the TE and TM optical confinement factors,
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is necessary for layer i

Γi =

ni

2η0

∫ ∫
i
|E|2dydz

1
2

∫∞
−∞

∫∞
−∞ Re[E×H∗] · x̂dydz

, (5.33)

where ni is the refractive index of the ith layer.

5.2.5 Extinction ratio and insertion loss

Extinction ratio and insertion loss are two of the most representative parameters of a

modulator. The former describes the ratio of the transmitted optical powers at the optical

on-state to the optical off-state, while the later stands for the optical power loss due to

material absorption at the optical on-state. If we define the optical on-state and off-state

in an electroabsorption modulator are at a zero bias (Von = 0) and at a reverse bias of Vr

(Voff = Vr), the extinction ratio at wavelength λ in decibels is given by [1], [14]

R(λ, Vr) = 10× log
T (λ, Von = 0)

T (λ, Voff = Vr)

= 4.343
{
ΓTE
wells

[
αTE(λ, Vr)− αTE(λ, 0)

]
+ ΓTM

wells

[
αTM(λ, Vr)− αTM(λ, 0)

] }
L

(5.34)

where T (λ, Voff = Vr) and T (λ, Von = 0) are the transmission coefficients at wavelength

λ at the optical off-state and on-state, respectively; αTE(λ, Vr), αTM(λ, Vr), αTE(λ, 0),

and αTM(λ, 0) are the TE- and TM-polarized absorption coefficients at wavelength λ at

the optical off-state and on-state, respectively; and L is the waveguide length. On the

other hand, the insertion loss at wavelength λ attributed to the direct band-edge excitonic

absorption in the QWs and material absorption due to free carrier absorption in the n- and
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Figure 5.4: Comparison of the experimental absorption spectrum of Ge/SiGe QWs [1]
and our calculated absorption spectra at zero bias. The calculated absorption spectra with
different levels of tensile strain in the Si0.1Ge0.9 buffer layer are also displayed.

p-contacts, in decibels, is given by [1], [14]

Lin(λ) = −10× log [T (λ, Von = 0)]

= 4.343
[
ΓTE
wellsα

TE(λ, 0) + ΓTM
wellsα

TM(λ, 0) + Γnαn(λ) + Γpαp(λ)
]
L, (5.35)

where αn and αp are the material absorptions due to free-carrier absorption in the n- and

p-contact regions, respectively, and Γn and Γp are the optical confinement factors of the

n-contact and p-contact regions, respectively, as defined in Eq. (5.33).
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5.3 Quantum-confined Stark effects in Ge/SiGe quantum

wells

To validate our model, we first compare our theoretical results with the experimental

data for QCSE in Ge/Si0.15Ge0.85 QWs, which consists of ten pairs of 10-nm-thick Ge

wells and 16-nm-thick Si0.15Ge0.85 barriers on a silicon substrate via a Si0.1Ge0.9 buffer

layer [1]. Figure 5.4 shows our calculated absorption spectra compared with the experi-

mental data at zero bias, corresponding to a built-in electric field F0 = 16.3 kV/cm. The

experimental data show that the HH1-CΓ1 and the LH1-CΓ1 exciton peaks are situated

at about 0.881 eV and 0.91 eV, respectively. Clearly, our theoretical results show good

agreements with the experimental data, except for a small blue shift of ∼2 meV. The error

may possibly come from: (1) the error of the deformation potentials used in our calcu-

lation, and (2) the strain condition of the Si0.1Ge0.9 buffer layer. Indeed, the buffer layer

in this device was grown at a low temperature of 400oC and then thermally annealed at

750oC and 850oC before the growth of the QWs. Several papers have indicated that such

a process may induce tensile strain due to the difference in thermal expansion coefficients

between Si and Ge [15], [16], and a tensile-strain as high as 0.25% has been shown by

such a thermally annealing process. Thus, in Fig. 5.4, we also plot the calculated ab-

sorption spectra at different tensile strain levels in the SiGe buffer layer. As the tensile

strain increases, the whole absorption spectra shifts toward lower photon energies. At a

tensile strain of 0.05% in the buffer layer, our calculated CΓ1-HH1 exciton peak shifts

to 0.881 eV and the calculated absorption spectrum agrees with the experimental one.

Thus, we assume that the buffer layer is subject to a 0.05% tensile strain in the following

calculations.
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Figure 5.5: Comparison of the experimental [1] and our calculated absorption spectra
at different reverse biases for the Ge/SiGe QWs. A 0.05% tensile strain in the buffer is
assumed.
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Figure 5.6: Calculated Stark shifts for the HH1-CΓ1 transition compared with those from
experimental data and tunneling resonance calculations [1].

Figure 5.5 shows the comparison between our calculated and the experimental absorp-

tion spectra in the Ge/SiGe QWs at different reverse biases, where the buffer is assumed

to have a 0.05% tensile strain. Here the constant s0 is determined to be 1.2 to obtain best

fitting curves and will be used for the later calculations. The calculated TM-polarized ab-

sorption spectra are also present. Our theoretical results show excellent agreements with

the experimental results from 0 V to 2 V. However, at reverse biases of 3 V and 4 V, the

exciton peaks of the experimental data shifts faster than those of our calculated results.

It is believed thermal effects due to the high-voltage operation that significantly reduces

the bandgaps. Figure 5.6 shows the calculated HH1-CΓ1 exciton shift due to QCSE com-

pared with those form experimental data and tunneling resonance (TR) calculations [1].

Our calculated curve is almost superimposed with the tunneling resonance calculations,

but both the calculated Stark shifts are smaller than the experimental data at high reverse

biases. Based on the excellent agreements between our theoretical results and the experi-

mental data, our developed model is adequate for the description of QCSE in a quantum

well and will be used to design new group-IV MQW EA waveguide modulators.
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5.4 Toward Silicon-based electroabsorption modulators

at 1550 nm wavelength: tensile-strained Ge/SiGeSn

quantum wells for electroabsorption modulators

Although Ga has a direct bandgap of about 0.8 eV at room temperature and the

Ge/SiGe QT systems exhibit a strong quantum-confined Stark effect, the Ge/SiGe QT

modulators can only operate in 1440-1460 nm [1], [7]. This is due to the large difference

in lattice constant between Si and Ge that induces a compressive strain when growing Ge

wells on a silicon substrate via a SiGe buffer layer. The unwanted compressive strain in

the Ge wells, together with the quantum-well confinement energy, significantly increase

the direct transition energy of the Ge wells from its unstrained direct bandgap of 0.8 eV

to 0.88 eV. As a result, the wavelengths of optimal extinction ratio shift to 1440-1460 nm,

which is neither compatible with the most important telecom window of optical fiber

around 1300 nm nor 1550 nm wavelength. Although this unwanted compressive strain

in the Ge wells can be reduced to near zero by decreasing the mole fraction of Si in the

buffer layer, The SiGe barriers will be subject to a large tensile-strain. As a result, a strain-

balanced structure is not possible so that significant strain-misfit dislocations occurs. In

this case, using wide Ge wells operating at a high temperature can red shift the absorption

spectra to achieve C-band operation [17].

To make the Ge QT modulator compatible with the fiber-optic telecommunications,

our approach is to introduce tensile strain into Ge wells, that is, growing tensile-strained

Ge wells. Tensile strain can effectively reduce the direct bandgap of the Ge wells to

compensate the quantum-well confinement energy for 1550 nm operation. We employ

compressive-strained SixGeySn1−x−y barriers to compensate the tensile strain in the Ge
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Figure 5.7: Schematic structure of a strained-balanced Ge/Si0.29Ge0.6Sn0.11 MQW with
alternating growth of tensile-strained Ge wells and compressive-strained Si0.29Ge0.6Sn0.11

barriers. The MQW structure sandwiched by Si0.12Ge0.83Sn0.05 spacers is grown on a
silicon substrate via a fully strain-relaxed Si0.12Ge0.83Sn0.05 buffer layer.

wells, leading to a strain-balanced MQW structure to reduce strain-misfit dislocations.

Thus, a multiple-quantum-well system with many periods is achievable to further enhance

the performance of electroabsorption modulators. Additionally, the tensile strain reduces

the energy difference between the first heavy-hole (HH) and light-hole (LH) subbands to

achieve polarization-insensitive operation, which is one of the most desirable features in

optical modulators for telecommunications. With adequate adjustments of the well width,

the amount of tensile strain in the Ge wells, and the waveguide geometry, polarization-

insensitive operation at 1550 nm wavelength in this MQW EA waveguide modulator is

achievable.

5.4.1 Material design: tensile-strained Ge/SixGeySn1−x−y MQW

Figure 5.7 schematically shows our proposal of a tensile-strained Ge/Si0.29Ge0.6Sn0.11

MQW structure for EA waveguide modulators, where the crystal growth direction is along

the z direction. A fully strain-relaxed Si0.12Ge0.83Sn0.05 buffer layer is grown on a (001)-

oriented silicon substrate as the virtual substrate for the subsequent growth of quantum
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wells. The buffer layer is also n-type doped at a level of 5 × 1018 cm−3 as the bottom

contact. The direct growth of doped, strain-relaxed SiGeSn layers on a Si(001) sub-

strate has been reported recently [2]. Subsequently, a 50-nm spacer layer of intrinsic

Si0.12Ge0.83Sn0.05 is grown on the buffer layer. Then ten pairs of Ge/Si0.29Ge0.6Sn0.11

quantum wells, that is, ten Ge wells and eleven Si0.29Ge0.6Sn0.11 barriers, are grown, fol-

lowed by another 50-nm spacer layer of intrinsic Si0.12Ge0.83Sn0.05. Finally, the entire

structure is capped by a p-type Si0.12Ge0.83Sn0.05 layer with a p-doping concentration of

1 × 1019 cm−3 as the top contact. Because the Si0.12Ge0.83Sn0.05 buffer layer is fully

strain-relaxed, the in-plane lattice constants of the Ge wells and Si0.29Ge0.6Sn0.11 barriers

will be forced to equal to that of the buffer layer. The lattice constant of the Ge wells is

smaller than that of the Si0.12Ge0.83Sn0.05 buffer layer, giving rise to an in-plane biaxial

tensile strain of 0.254% in the Ge wells. On the other hand, the Si0.29Ge0.6Sn0.11 barriers

have a lattice constant larger than that of the buffer layer, so they are subject to a 0.200%

compressive strain to compensate for the tensile strain in the Ge wells. The well width

is set to 100 Å to maintain proper electron-hole wavefunction overlaps for moderate ex-

citonic absorption. The barrier width is determined to be 120 Å by the strain-balanced

condition that minimizes the total strain energy. As the total strain energy is minimized in

the MQW region, the generation of strain-misfit dislocations can be reduced to improve

the material quality.

5.4.2 Theoretical results and discussions

Figure 5.8(a) shows the various band profiles and the squared wavefunctions of the

confined states for the tensile-strained Ge well sandwiched between the compressive-

strained Si0.29Ge0.6Sn0.11 barriers in the absence of an electric field. The zero energy is

115



Figure 5.8: Band structures and squared wavefunctions of the confined states for the
tensile-strained Ge well sandwiched between the compressive-strained Si0.29Ge0.6Sn0.11

barriers at electric fields of (a) 0 MV/m and (b) 5 MV/m applied along the QT growth
direction.

set to the QT LH band edge. Because both the conduction band minimum and the va-

lence band maximum are in the Ge well region, this tensile-strained Ge/Si0.29Ge0.6Sn0.11

quantum-well has a type-I alignment, which is particularly important for QT modulators

because of the improved electron-hole wavefunction overlaps in the well region. There

are two confined electron states in the Γ-conduction band, while two HH states and one

LH state in the valence band. The 0.254% tensile strain in the Ge well reduces the direct

bandgap to 774.4 meV to compensate the quantum-well confinement energy for 1550 nm

operation. In addition, the tensile strain lifts up the LH band edge above the HH band

edge by 17.2 meV. As a result, the first LH subband (LH1) is 2.7 meV higher than the first

HH subband (HH1) in the absence of an electric field. This near degeneracy between the

HH1 and LH1 states due to the tensile strain in the Ge well helps achieve polarization-

insensitive operation in the modulator. Figure 5.8(b), on the other hand, shows the vari-

ous band lineups and the squared wavefunctions of the confined states at an electric field

F = 5 MV/m applied along the QT growth direction. In this case, the CΓ1 and CΓ2
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states are almost completely confined in the Ge well due to the sufficiently high con-

duction band offset. In the valence band, the HH1 and LH1 states are well confined in

the Ge well, while the HH2 state has an nonvanishing wavefunction tailing into the left

barrier. The applied electric field tilts the QT potential profiles and moves the electron

and hole wavefunctions in opposite directions, reducing the transition energies and the

wavefunction overlap integrals of the HH1-CΓ1 and LH1-CΓ1 transitions.

Figure 5.9 shows the TE and TM excitonic absorption spectra due to the direct band-

edge excitonic absorptions under different electric fields at room temperature. Here s0 is

set to 1.2 while the FWHM linewidth Γ is set to 14 meV by the temperature-dependent

analysis of FWHM in Ge/SiGe QWs [3]. At a zero electric field, the HH1-CΓ1 and

LH1-CΓ1 exciton peaks are situated at 829.3 meV and 826.7 meV, respectively. Mean-

while, the TE and TM absorption coefficients at 1550 nm are as low as 792.4 cm−1 and

892.0 cm−1, respectively, which lead to a low insertion loss for this modulator. As the

magnitude of the electric field increases, both the TE and TM absorption spectra shift to-

ward lower photon energies and can sweep the target photon energy of 0.8 eV for 1550 nm

operation. At an electric field of 10 MV/m, the QCSE red shifts the absorption spectra and

significantly increases the TE and TM absorption coefficients at 1550 nm to 2645.9 cm−1

and 2703.5 cm−1, respectively, making the Ge QT more absorptive to achieve effective

modulation at 1550 nm.

The near degeneracy between the HH1 and LH1 states can build the basis for polarization-

insensitive operation in this MQW EA waveguide modulator. However, the near iden-

tity of the electric-field-dependent TE and TM material absorption coefficients at de-

sired wavelengths is more important to achieve polarization-insensitive operation. In-

deed, the excitonic absorption coefficients due to QCSE depend on the carrier effective
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Figure 5.9: Electric-field-dependent (a) TE and (b) TM excitonic absorption spectra for
the tensile-strained Ge/Si0.29Ge0.6Sn0.11 QT. In the absence of an electric filed, the HH1-
CΓ1 and the LH1-CΓ1 exciton peaks are 29.3 meV and 26.7 meV higher than the target
photon energy of 0.8 eV, respectively. When the strength of the applied electric filed
increases, the excitonic peaks shift toward lower photon energies, and both the TE and
TM material absorption coefficients at 1550 nm significantly increase.

118



0 2 4 6 8 10 12
790

800

810

820

830

840

0 2 4 6 8 10 12
0.4

0.5

0.6

0.7

0.8

0.9

1.0

1.1
Tr

an
si

tio
n 

en
er

gy
 (m

eV
)

Electric field F (MV/m)

 HH1-C 1 transition
 LH1-C 1 transition

(a)                                                                                         (b)

 

 

W
av

ef
un

ct
io

n 
ov

er
la

p 
in

te
gr

al

Electric field F (MV/m)

 HH1-C 1 transition
 LH1-C 1 transition

 

 

Figure 5.10: (a) Electric-field-dependent HH1-CΓ1 and LH1-CΓ1 transition energies. (b)
Wavefunction overlap integrals of the HH1-CΓ1 and LH1-CΓ1 transitions as a function
of electric field.

masses, electron-hole wavefunction overlaps, oscillation strengths, and broadening ef-

fects. Those effects have to be adequately engineered to compensate each other to en-

sure the near identity of the TE and TM material absorption coefficients at desired wave-

lengths for polarization-insensitive operation. Figure 5.10(a) shows the HH1-CΓ1 and

LH1-CΓ1 transition energies as a function of electric field. Both the HH1-CΓ1 and LH1-

CΓ1 transitions show quadratic-dependence to the applied electric field. Although the

HH1-CΓ1 transition energy is 2.7 meV larger than the LH1-CΓ1 transition energy in

the absence of an electric field, the HH1-CΓ1 transition energy diminishes more rapidly

than the LH1-CΓ1 transition energy. This is owing to the larger effective mass along

the QT growth direction of the HH1 state (mhh,z = 0.204 m0) than that of the LH1 state

(mlh,z = 0.0457m0). The HH1-CΓ1 exciton peak can shift to 0.8 eV at an electric field of

about 11 MV/m, while the LH1-CΓ1 exciton peak requires a higher electric field of about

12.5 MV/m to sweep this value. Figure 5.10(b) shows the spatial wavefunction overlap

integrals of the HH1-CΓ1 and LH1-CΓ1 transitions as a function of electric field. At zero

electric field, both the LH1-CΓ1 and HH1-CΓ1 transitions have wavefunction overlap in-

tegrals of almost unity due to the sufficiently large band offsets provided by the barriers.
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Figure 5.11: TE and TM absorption contrasts for the Ge QT at 1550 nm as a function
of electric field, showing good polarization-insensitive modulation behavior up to F =
10.5 MV/m.

However, the spatial wavefunction overlap integral of the HH1-CΓ1 transition falls off

faster with the electric field than that of the LH1-CΓ1 transition because of the twofold

reasons: (1) The HH band offset is smaller than the LH band offset due to the strain ef-

fect in the QT. As a result, the HH1 wavefunction penetrates into the barrier region more

deeply with the electric field than the LH1 wavefunction. (2) The HH1 wavefunction

becomes more asymmetric about the center of the QT than the LH1 wavefunction with

the increasing strength of electric field because of mhh,z > mlh,z. In other words, the

HH1-CΓ1 transition has a larger energy shift but its spatial wavefunction overlap integral

also decreases faster with the increasing strength of electric field than those of the LH1-

CΓ1 transition. With the compensation between the two effects (electric-field-dependent

transition energy shifts and wavefunction overlap integrals), nearly identical TE and TM

material absorption coefficients in the QT are achievable.

Figure 5.11 shows the TE- and TM-polarized absorption contrasts, ∆α/α0, at λ =

1550 nm for the tensile-strained Ge/Si0.29Ge0.6Sn0.11 QT, where ∆α = α(F ) − α0 is

the change in absorption coefficient due to QCSE, and α0 is the absorption coefficient
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Figure 5.12: (a) Schematic diagram of our designed silica ridge waveguide structure for
index guidance. The silica ridge structure has a small refractive index compared to those
of the semiconductors and can provide the necessary optical confinement for the guided
modes. (b) Normalized Ey field distribution for the quasi-TE fundamental mode and (c)
normalized Ez field distribution for the quasi-TM fundamental mode at λ = 1550 nm
with H = 400 nm and W = 1.5 µm. With the peak fields located near the MQW region,
the enhanced optical confinement factors for the wells can improve the extinction ratio of
the modulator.

at the optical on-state (zero bias voltage), corresponding to a built-in electric field F0 =

2.18 MV/m estimated by the depletion approximation [20]. With the effective com-

pensation between the various effects, the absorption contrast shows little polarization

dependence up to F = 10.5 MV/m, corresponding to an extinction contrast of about 2.6,

which can produce a high extinction ratio and low insertion loss for the modulator.

Figure 5.12(a) shows our waveguide design, where the width of the ridge structure

is W , the thickness of the Si0.12Ge0.83Sn0.05 cap layer is H , and the device length is L,

respectively. We use silica as the ridge structure for index guidance because the refractive

index of silica at λ = 1550 nm (nsilica = 1.4438 [21]) is much smaller that those of

Si, Ge, and α-Sn (nSi = 3.4784, nGe = 4.275, nSn = 4.885 [21], [22]). The large

contrast in refractive index between the silica ridge structure and the semiconductors can

effectively confine the waveguide modes. We use the finite element method (FEM) to

calculate the waveguide modes and their field distributions. The waveguide width, W , is

set to 1.5 µm and the thickness of the cap layer, H , will be optimized for polarization-
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insensitive operation. Figures 5.12(b) and 5.12(c) show the normalized Ey and Ez field

distributions for the quasi-TE fundamental mode, HE11 mode (the dominant fields are

Ey and Hz), and quasi-TM fundamental mode, EH11 mode (the dominant fields are Ez

and Hy), respectively, with H = 400 nm. It is clear to see that the silica ridge structure

acts as the upper and side cladding layers while the silicon substrate plays the role of

the lower cladding layer, showing a good optical confinement for the waveguide modes.

With the careful design of the waveguide geometry, the peak electric fields are located

around the MQW region, leading to enhanced optical confinement factors for the wells.

As a result, Table 5.1 tabulates the free-carrier absorption calculated by the Drude-Lorentz

equation [23], [24], and the TE and TM optical confinement factors at λ = 1550 nm of

the various regions for the EH11 and HE11 modes with H = 400 nm. For the wells,

the TE optical confinement factor for the EH11 mode is as high as 12.7005% while the

TM optical confinement factor for the HE11 mode is 12.0431%, leading to an improved

extinction ratio for the modulators. On the other hand, the optical confinement factors

of the n- and p-contacts are much larger than those of the wells due to their relatively

larger thicknesses. Nevertheless, the material absorption in the n- and p-contacts due to

free-carrier absorption is small because of the high carrier mobilities in those Ge-rich

semiconductors. As a result, the modal absorption attributed to the material absorptions

in the n- and p-contacts is insignificant.

Near identity of TE and TM material absorption coefficients in QWs alone is not suf-

ficient to achieve polarization-insensitivity in a MQW EA waveguide modulator. The

optical confinement factors of the various regions in the waveguide should be adequately

engineered to ensure the nearly identical modulation behavior at desired wavelengths for

both the TE and TM modes. To find out the optimal value ofH for polarization-insensitive
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Table 5.1: Free-carrier absorption, and TE and TM optical confinement factors at λ =
1550 nm for the HE11 and EH11 modes of the various regions with W = 1.5 µm and
H = 400 nm.

HE11 mode EH11 mode

Free-carrier
ΓTE
i (%) ΓTM

i (%) ΓTE
i (%) ΓTM

i (%)
absorption (cm−1)

wells N/A 12.7005 0.0001 0.0198 12.0431
n-contact 17.03 41.8735 0.0152 0.8221 41.2335
p-contact 20.02 18.3031 0.0011 0.8384 15.2997
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Figure 5.13: (a) Extinction ratios and insertion losses at λ = 1550 nm for the HE11 and
EH11 modes per 100 µm waveguide length as a function of the cap layer thickness at an
electric field of 10.5 MV/m, showing small differences in extinction ratio and insertion
loss. (b) Extinction ratios and insertion losses at λ = 1550 nm for the HE11 and EH11

modes per 100 µm waveguide length as a function of reverse bias.

operation, Fig. 5.13(a) shows the extinction ratios and insertion losses per 100 µm waveg-

uide length at λ = 1550 nm for the HE11 and EH11 modes as a function of the cap layer

thickness at an electric field of 10.5 MV/m. From H = 250 nm to H = 650 nm, the

differences in extinction ratio and insertion loss between the HE11 and EH11 modes are

smaller than 1 dB and 0.4 dB, respectively, indicating good polarization-insensitive mod-

ulation properties. The optimal cap layer thickness is H = 400 nm that maximizes the

extinction ratios for the HE11 and EH11 modes and minimizes the extinction ratio differ-

ence from F0 = 2.18 MV/m to F = 10.5 MV/m. With the waveguide geometry deter-

mined (W = 1.5 µm andH = 400 nm), Fig. 5.13(b) shows the bias-dependent extinction
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Figure 5.14: Modulation characteristics at λ = 1550 nm as a function of the device
length for the MQW EA modulator, showing that high-speed and polarization-insensitive
operation is possible.

ratios per 100 µm waveguide length at λ = 1550 nm for the HE11 and EH11 modes. The

reverse bias Vr is related to the electric field F by Vr = (F −F0)d, where d is the distance

between the p- and n-contact regions (the total thickness of the MQW and the two spac-

ers). The corresponding insertion losses for the HE11 and EH11 modes are 4.92 dB and

5.25 dB, respectively. The TE and TM extinction ratios are almost superimposed with a

difference smaller than 0.85 dB up to Vr = 2.76 V, indicating a near polarization insensi-

tivity at λ = 1550 nm. When the reverse bias increases further, the mutual compensation

between the various effects loses its effectiveness and the TE and TM extinction ratios

begin to diverge. If we fix the reverse bias at Vr = 2.76 V, Fig. 5.14 shows the 3-dB

bandwidth, extinction ratios, and insertion losses of the MQW EA waveguide modulator

as a function of the device length L. The 3-dB bandwidth for an EA modulator f3dB is

mainly limited by the RC time delay and can be calculated by f3dB = (2πRC)−1, where

R is the load resistance and C is the junction capacitance. We set R = 100 Ω and the
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junction capacitance is calculated using the depletion approximation [20]. Although a

longer device length can enhance the extinction ratios, the insertion losses also increase

and the polarization-insensitivity becomes less effective. Besides, as the device length

increases, the 3-dB bandwidth also decreases drastically due to the increasing junction

capacitance. To optimize the tradeoff relationship, the optimal device length should be

around L = 90 µm, corresponding to a high extinction ratio of ∼11 dB, a low insertion

loss of ∼4.5 dB, and a 3-dB bandwidth of 27.6 GHz at a driving voltage of 2.76 V. Those

results indicate that the designed polarization-insensitive EA waveguide modulator using

tensile-strained Ge/Si0.29Ge0.6Sn0.11 MQW has significant potentials for high-speed and

low power electronic-photonic integrated circuits.

5.5 Summary

This chapter has presented a theoretical model to calculate QCSE and excitonic ab-

sorptions in a quantum well structure. Our calculation results for QCSE in Ge/SiGe

QWs show excellent agreements with the experimental data, indicating our developed

model is adequate for describing QCSE in a quantum-well structure. We have presented

a polarization-insensitive electroabsorption waveguide modulator using tensile-strained

Ge/SixGeySn1−x−y multiple-quantum-well based on the quantum-confined Stark effect.

The introduction of tensile strain into the Ge wells effectively reduces the bandgap to com-

pensate the quantum-well confinement energy to realize optimal modulation at 1550 nm.

In addition, the tensile strain brings about the near degeneracy between the lowest HH

and LH states, allowing for polarization-insensitive operation in the modulator. We have

also presented our waveguide design for index guidance, which shows proper optical con-

finements for the waveguide modes. With the optimal designs of the MQW material
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and waveguide geometry, a 90-µm-long waveguide modulator with ten pairs of tensile-

strained Ge/Si0.29Ge0.6Sn0.11 QWs remains polarization-insensitive up to 2.76 V, corre-

sponding to a high extinction ratio of ∼11 dB, a small insertion loss of ∼4.5 dB, and

a high 3-dB bandwidth of 27.6 GHz for high-speed and low-power electronic-photonic

integrated circuits.
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[14] A. Stöhr, O. Humbach, S. Zumkley, G. Wingen, G. David, D. Jäger, B. Bollig, E. C.
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Chapter 6

Strain-free GezSn1−z/SixGeySn1−x−y
multiple-quantum-well modulators at
1550 nm wavelength

This chapter proposes and analyzes an electroabsorption waveguide modulator em-

ploying strain-free GezSn1−z/SixGeySn1−x−y quantum wells operating at 1550 nm. We

suggest a combination of two approaches to achieve optimal modulation at 1550 nm: (1)

alloying Ge with α-Sn reduces the direct bandgap to compensate the quantum-well con-

finement energy, that is, growing GezSn1−z QWs, and (2) sandwiching GezSn1−z wells

by lattice-matched SixGeySnz barriers can eliminate the influence of strain effects on the

direct bandgap and provide an important type-I alignment. We calculate the electronic

band structure and the polarization-dependent excitonic absorption coefficients. We also

present the designed waveguide structure and calculate the optical confinement factors

of various regions. The extinction ratio and insertion loss of the EA modulator are also

estimated. The effects of the well width on the performance of the MQW waveguide

modulator will be discussed.
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Figure 6.1: Schematics of (a) the exiting design of a strain-balanced Ge/SiGe QW struc-
ture [1] and (b) our proposed strain-free GeSn/SiGeSn QW structure for electroabsorption
modulators.

6.1 Strain-free GezSn1−z/SixGeySn1−x−y quantum well

Figure 6.1 schematically shows the existing design of a strain-balanced Ge/SiGe QW

structure [1] and our proposed strain-free GeSn/SiGeSn QW structure for EA modula-

tors. The existing Ge/SiGe QW structure consists a compressive-strained Ge well and

tensile-strained SiGe barriers on a silicon substrate via a strain-relaxed SiGe buffer layer.

However, although the direct bandgap of Ge is about 0.8 eV at room temperature, the

compressive strain, together with the quantum-well confinement energy, significantly in-

creases the direct band-edge transition energies. As a result, the Ge/SiGe QW modulator

can only operate in 1440-1460 nm. On the other hand, Fig. 6.1(b) shows our proposed

strain-free Ge0.996Sn0.004/Si0.26Ge0.665Sn0.075 QW structure for developing electroabsorp-

tion modulators operating at 1550 nm wavelength. The inclusion of α-Sn into Ge, that

is, growing GezSn1−z QWs, provides the opportunity to reduce the direct bandgap of

Ge to compensate the quantum-well confinement energy for the realization of 1550 nm

operation. Then we employ the ternary Si0.26Ge0.665Sn0.075 alloy lattice-matched to the

Ge0.996Sn0.004 wells as the barrier material to eliminate the influence of strain effects
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Figure 6.2: Various potential profiles and subband wavefunctions for the strain-free
Ge0.996Sn0.004/Si0.26Ge0.665Sn0.075 QW at electric fields of (a) 0 kV/cm and (b) 50 kV/cm.
The magnitudes of electron wavefunctions have been scaled to 2 times for clarity.

on the direct bandgap. The recent advances in the direct growth of fully strain-relaxed

SiGeSn layers on silicon substrates can provide a fully strain-relaxed, lattice-matched

buffer layer for this strain-free QW to grow [2]. In this way, the entire QW can be strain-

free and can provide the following advantages: (1) it helps remove the constraint of critical

thickness in strained multi-layer systems, allowing the well width to be flexibly changed

to adjust the transition energies, (2) it avoids the generation of strain-misfit dislocations to

improve the material quality, and (3) it allows for the growth of a multiple-quantum-well

(MQW) system with many periods to further enhance the performance of the modulator,

since no strain energy is accumulated in the MQW region.

6.2 Optical properties of the strain-free GeSn-SiGeSn QW

Figure 6.2(a) shows the various band alignments and the confined electron and hole

wavefunctions for the strain-free Ge0.996Sn0.004/Si0.26Ge0.665Sn0.075 QW. The barrier width

is 100 Å, while the well width is set to 110 Å to maintain proper electron-hole wave-
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Figure 6.3: (a) Bias-dependent HH1-CΓ1 and LH1-CΓ1 transition energies. (b) Wave-
function overlap integrals of the HH1-CΓ1 and LH1-CΓ1 transitions as a function of
electric field.

function overlaps for moderate excitonic absorption. Incorporating α-Sn into Ge reduces

the direct bandgap of the Ge0.996Sn0.004 well to 787.4 meV, which is lower than that of

pure Ge and can compensate for the quantum-well confinement energy. The band offsets

also show that both the Γ-conduction band minimum and valence band maximum

are located in the Ge0.996Sn0.004 well, indicating that this QW has a type-I alignment for

important optical transitions in the well. There are two confined electron states in the

Γ-conduction band, while two confined heavy-hole (HH) states and one light-hole (LH)

state are present in the valence band. Even though the HH and LH band edges remain

degenerate in the strain-free QW, the HH1 state is the topmost valence subband due to its

smaller quantized energy than that of LH1 state. Therefore, the lowest excitonic transi-

tion is the CΓ1-HH1 transition. On the other hand, Fig. 6.2(b) shows the band lineups

and confined states in the presence of an electric field of 50 kV/cm along the QW growth

direction. The applied electric field pushes the electron and hole wavefunctions apart,

indicating that the QCSE takes place.

Figure 6.3(a) shows the HH1-CΓ1 and LH1-CΓ1 transition energies as a function of

electric field. In the absence of an electric field, the HH1-CΓ1 and LH1-CΓ1 transi-
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tion energies are about 827 meV and 842 meV, respectively. When an electric field is

applied along the QW growth direction, both the HH1-CΓ1 and LH1-CΓ1 transition en-

ergies decrease quadratically with the applied electric field. Nevertheless, the HH1-CΓ1

transition energy shifts faster than the LH1-CΓ1 transition energy due to the larger HH

effective mass along the QW growth direction than the LH one. At an electric field of

about 100 kV/cm, the HH1-CΓ1 transition energy significantly shifts to about 800 meV,

while the LH1-CΓ1 transition energy can only shift to about 819 meV at the same elec-

tric field. Since the HH1-CΓ1 transition provides dominantly transverse electric (TE)

absorption in nature, this strain-free QW is expected to achieve TE-polarized modulation

at λ = 1550 nm. Figure 6.3(b) shows the wavefunction overlap integrals of the HH1-

CΓ1 and LH1-CΓ1 transitions as a function of electric field. In the absence of an electric

field, both the HH1-CΓ1 and LH1-CΓ1 transitions have wavefunction overlap integrals

of almost unity due to the sufficiently high conduction and valence band offsets provided

by the Si0.26Ge0.665Sn0.075 barriers. As the strength of the electric field increases, both

the wavefunction overlap integrals of the HH1-CΓ1 and LH1-CΓ1 transitions gradually

diminish. However, the wavefunction overlap integral of the HH1-CΓ1 transition falls off

faster than that of the LH1-CΓ1 transition. This is a reflection that the HH1 wavefunction

becomes more asymmetric about the center of the QW than the LH1 one with the electric

filed due to mhh,z > mlh,z.

Figure 6.4 shows the TE- and TM-polarized absorption spectra due to the direct band-

edge excitonic transitions at different electric fields at room temperature. We set the

FWHM linewidth Γ = 14 meV according to the analysis of the temperature-dependent

FWHM in Ge/SiGe QWs [3]. In the absence of an electric field, the HH1-CΓ1 and LH1-

CΓ1 exciton peaks are situated at about 823.2 meV and 838.8 meV, respectively. Mean-
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Figure 6.4: (a) TE and (b) TM absorption spectra at different applied electric fields for the
strain-free Ge0.996Sn0.004/Si0.26Ge0.665Sn0.075 QW (110 Å Ge0.996Sn0.004 well and 100 Å
Si0.26Ge0.665Sn0.075 barrier).
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Figure 6.5: TE-polarized absorption contrast (∆α/α0) at 1550 nm of the strain-free
Ge0.996Sn0.004/Si0.26Ge0.665Sn0.075 QW with different well widths as a function of elec-
tric field.

while, the TE and TM absorption coefficients at 1550 nm are as low as 762 cm−1 and

419 cm−1, respectively, which produce a low insertion loss. As the strength of the applied

electric field increases, the HH1-CΓ1 and LH1-CΓ1 exciton peaks shift toward longer

wavelengths with a decreasing peak absorption strength due to the reduced electron-hole

wavefunction overlaps. At an electric field of 100 kV/cm, the TE absorption coefficient

at 1550 nm significantly increases to 2560.4 cm−1. This large change in absorption co-

efficient due to QCSE implies that the strain-free QW can achieve effective modulation

with a good extinction ratio and low insertion loss at 1550 nm. On the other hand, the

LH1-CΓ1 exciton peak in the TM mode is more robust than the HH1-CΓ1 exciton peak

in the TE mode due to its better wavefunction overlap integral and larger momentum ma-

trix element. However, it can only shift to about 819 meV at F = 100 kV/cm. Thus,

the wavelengths of optimal extinction ratio in the TM mode for this strain-free QW are

around λ = 1510 nm.

Ideally, optical modulators should be able to achieve a high extinction ratio and low

insertion loss simultaneously. An important parameter is the absorption contrast, ∆α/α0,
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where α0 = α(F = 0) is defined as the absorption coefficient at a zero electric field, and

∆α = α(F )− α0 is the change in absorption coefficient caused by the QCSE. Figure 6.5

shows the TE absorption contrast at 1550 nm for the Ge0.996Sn0.004/Si0.26Ge0.665Sn0.075

QW with different well widths, where the barrier width is kept at 100 Å. For the 110 Å-

wide well, the peak absorption contrast is 2.43 at F = 95 kV/cm, which meets the

requirements of both high extinction ratio and low insertion loss. As the well width de-

creases to 100 Å, the absorption contrast increases to 3.18 due to the improved electron-

hole wavefunction overlap, even though a higher electric field F = 120 kV/cm is re-

quired. If a relatively wide well of 120 Å is used, the maximum absorption contrast occurs

earlier at F = 80 kV/cm because the exciton peaks are more sensitive to shift with the

electric field due to the wider well width. However, the maximum available absorption

contrast decreases to 1.94 due to the reduced electron-hole wavefunction overlap. Based

on those results, the optimal well width should be around 100∼110 Å to achieve a high

contrast ratio of at least 2.43 with a moderate electric field.

6.3 Waveguide design for EA modulator

Figures 6.6 shows schematics of a waveguide EA modulator employing strain-free

Ge0.996Sn0.004/Si0.26Ge0.665Sn0.075 QWs. First, a 500-nm-thick, fully strain-relaxed buffer

layer of n-type Si0.15Ge0.805Sn0.045 is grown on a (001)-oriented silicon substrate for the

subsequent growth of the QWs. The n doping concentration is 5× 1018 cm−3 to serve the

buffer layer as the bottom contact. A 100-nm spacer layer of intrinsic Si0.15Ge0.805Sn0.045

layer is then grown on the buffer layer. Subsequently, five pairs of Ge0.996Sn0.004 QWs

with Si0.26Ge0.665Sn0.075 barriers are grown on the spacer. Following the MQW, another

100-nm spacer layer of intrinsic Si0.15Ge0.805Sn0.045 spacer is grown. Finally, the whole
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Figure 6.6: Diagram of the PIN diode mesa with 5 pairs of strain-free Ge0.996Sn0.004 QWs
with Si0.26Ge0.665Sn0.075 barriers for waveguide modulators.

Table 6.1: Parameters for different devices.

Device A Device B Device C
Well width (Å) 100 110 120
Barrier width (Å) 100 100 100
Built-in field (kV/cm) 23.80 23.43 23.07
Optimal applied field (kV/cm) 120 95 80
Optimal operation bias voltage 2.98 2.25 1.82

structure is capped by a p-doped Si0.15Ge0.805Sn0.045 layer with a p-doping concentration

of 1× 1019cm−3 as the top contact. After the etching mesa is processed, then ridge struc-

ture is cover by a SiO2 layer to form the waveguide structure. The width of the ridge

structure W and the cap layer thickness H will be optimized for maximizing the absorp-

tion contrast of this modulator. For convenience, the devices with well widths of 100 Å,

110 Å, and 120 Å are denoted as devices A, B, and C, respectively, and their parame-

ters are listed in table 6.1. The optimal electric field for optimal absorption contrasts are

obtained according to Fig. 6.5.

Figure 6.7 shows the Ey field distribution of the quasi-TE fundamental mode at λ =

1550 nm with different cap layer thickness, where the width of the ridge structure is

2 µm. Clearly, the silica layer provides the upper and side cladding layers while the
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Figure 6.7: Transverse electric field (Ey) distributions of the quasi-TE fundamental mode
with the p-contact layer thicknesses of (a) 100 nm, (b) 300 nm, and (c) 500nm.
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Figure 6.8: Extinction ratio over insertion loss at 1550 nm with different W and H for the
strain-free Ge0.996Sn0.004/Si0.26Ge0.665Sn0.075 QW waveguide modulator for (a) device A,
(b) device B, and (c) device C .
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Figure 6.9: Insertion loss and extinction ratio spectra for the modulators with different
well width. The waveguide width is 2 µm and the cap layer thickness is 300 nm, respec-
tively.

silicon substrate acts as the bottom cladding layer for the guiding modes. Besides, the

position of peak field changes with the thickness of the cap layer. Thus, adjusting the

cap layer thickness can position the peak field around the well region to maximize the

optical confinement factor for wells. Figure 6.8 shows the ratio of the extinction ratio to

the insertion loss at λ = 1550 nm for devices A, B, and C, respectively, with different W

and H . The optimal cap layer thickness and the optimal waveguide width are determined

to be 300 nm and 2 µm for the three cases to achieve optimal extinction ratio at 1550 nm.

Owing to the absorption losses due to free-carrier absorption in the n- and p-contacts,

the maximum absorption contrast for devices A, B, and C are slightly reduced to 2.58,

2.04, and 1.64, respectively. This is owing to that the material absorption in the n-and

p-contacts contributes to the modal absorptions.

Figure 6.9 shows the normalized insertion loss and extinction ratio spectra for devices

A, B, and C in the spectral range of the telecom C-band. The extinction ratio at 1550 nm

are around 6 dB per 100 µm device length for the three cases. Ideal optical modulators

should have an extinction ratio more than 10 dB to effectively encoding optical signals,
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indicating that the device length should be larger than 200 µm. Thus we set the waveguide

length to 200 µm. Device A has a peak extinction ratio of 13.3 dB at 1547.8 nm with an

insertion loss of 5.2 dB, meeting the basic requirements of high extinction ratio and low

insertion loss for optical modulators. In 1538-1552 nm, the variation of both the extinction

ratio and insertion loss are smaller than 1 dB, indicating a 14-nm-wide operation range.

For device B, the maximum extinction ratio is 13.16 dB at 1547.8 nm with an insertion

loss of 6.64 dB. In the wavelength range of 1543-1553 nm, the variation of the extinction

ratio and the insertion loss are smaller than 1 dB. For device C, the optimal extinction is

12.6 dB at 1547.8 nm with a insertion loss of 8.12 dB. Although the extinction ratio for

device C is still high, the insertion loss is too large to be acceptable for real applications.

6.4 Summary

In this chapter, we have theoretically analyzed an electroabsorption waveguide mod-

ulator employing strain-free GezSn1−z/SixGeySn1−x−y QWs operating at 1550 nm. We

first show our proposal of strain-free GezSn1−z/SixGeySn1−x−y QWs and then analyze

its optical properties, such as the polarization-dependent excitonic absorptions and the

absorption contrast, to find the required electric field which maximizes the absorption

contrast. The optimal waveguide design is also present to determine the optical confine-

ment factors of various regions. The extinction ratio and insertion loss with different well

width are also compared. Those results indicates that a 200-µm-long waveguide modula-

tor employing five pairs of strain-free Ge0.996Sn0.004/Si0.26Ge0.665Sn0.075 QWs can achieve

a high extinction ratio of 13 dB with a low insertion loss of 6.64 dB at 2.25 V reverse bias

for real applications.
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Chapter 7

Conclusions

7.1 Summary

This dissertation described an investigation of fundamental properties of SiGeSn ma-

terial system, and SiGeSn-based quantum-well lasers and electroabsorption modulators.

We began with the investigation of fundamental properties of Si, Ge, and α-Sn as well as

their compounds, including their electronic, optical, and mechanical properties in chapter

2. Understanding those fundamental properties is very helpful to explore new possibil-

ities of group-IV photonic and electronic devices based on the novel SiGeSn material

system. In chapter 3 we proposed and develop a theoretical model for an n-type doped,

tensile-strained Ge/SiGeSn quantum-well laser. With the combination of tensile strain

and n-type doping in Ge QWs, population inversion is achievable to provide significant

optical gain. In addition, using quantum-well structures can dramatically reduce the re-

quired n-type doping concentration and generate high material gain due to the improved

density of states. Our calculations show that lasing action at 1550 nm is possible at an

achievable threshold current density of 1.922 kA/cm2. In chapter 4, we analyzed a strain-

balanced GeSn/SiGeSn multiple-quantum-well laser. Alloying Ge with α-Sn can produce

a direct-bandgap GeSn alloy as a gain medium for laser light sources. The introduce
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of compressive strain into the GeSn active medium can effectively modify the valence

band structure to reduce the threshold current density. The emission wavelength is about

2.88 µm and the threshold current density is 9.78 kA/cm2, comparable to 10 kA/cm2 of

typical III-V mid-infrared MQW lasers.

In chapter 5, we proposed and analyzed a polarization-insensitive electroabsorption

waveguide modulator using tensile-strained Ge/SiGeSn quantum wells for 1550 nm op-

eration. We developed a theoretical model for MQW electroabsorption modulators and

our calculated QCSE in Ge/SiGe QWs showed good agreements with the experimental

data. We then presented our designed structure of a tensile-strained Ge/SiGeSn MQW

electroabsorption waveguide modulator. With optimal designs of MQW material and

waveguide geometry, the designed waveguide modulator can achieve 1550 nm opera-

tion and remain polarization-insensitive up to a reverse bias of 2.76 V, corresponding to

a large extinction ratio of ∼11 dB, a low insertion loss of ∼4.5 dB, and a 3-dB band-

width of 27.6 GHz. In chapter 6, we analyzed a strain-free GeSn/SiGeSn QW modulator

at 1550 nm wavelength. Alloying Ge with α-Sn provides the opportunity for bandgap

engineering to achieve effective modulation at 1550 nm wavelength. The strain-free

GeSn/SiGeSn QWs show a high absorption contrast of at least 2.43, leading to a high

extinction ratio and low insertion loss.

7.2 Future works

7.2.1 Material growth, device fabrications, device characterizations

Absolutely growing the materials is the next step. After the devices are fabricated,

measurements on those devices can give more information and understand more physics
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for the designed devices. Additionally, the experimental input can verify and improve

the developed models. Based on the experimental input and improved models, optimal

designs can be carried out.

7.2.2 Photodetectors

Except for laser light sources and modulators, photodetectors are also an important

component for electronic-photonic integrated circuits. Currently, Ge photodetectors have

achieved a great success. By using the SiGeSn material system, further improvement for

Si-based photodetectors is possible.

7.2.3 GeSn and SiGeSn quantum structures

So far only GeSn and SiGeSn quantum wells have been successfully grown on silicon

substrates. If other quantum structures, such as quantum-wire and -dot systems can be

grown, it will be very interesting to study the physics and design new devices based on

those low-dimensional structures.

7.2.4 Quantum-cascade lasers

SiGeSn-based quantum-cascade lasers are also an interesting topic to investigate.

SiGe-based quantum cascade lasers have been successfully demonstrated. By using the

novel SiGeSn material system, SiGeSn-based quantum cascade lasers may have better

performance than the conventional SiGe counterparts. However, it may require lots of

effort to grow so many SiGeSn quantum wells.

Although there are still many problems we need to solve before bring our designs

to real applications, the fundamental properties and physics of the designed devices are
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sound. The SiGeSn material system is very promising to realize various high-performance

Si-based electronic and photonic devices for electronic-photonic integrated circuits.
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Appendix A

Derivation of Hamiltonian for [111]
L-valley conduction band

In indirect bandgap semiconductors, the lowest conduction band edge is not at Γ point

in k-space, but others such as L point or X (or ∆) point. Figure A1 shows energy surface

for Γ-, X-(∆-), and L-conduction valleys in semiconductors. Unlike the Γ-conduction

valley whose energy surface is isotropic, as shown in Fig. A1(a), the L and X(∆) con-

duction valleys have anisotropic energy surfaces. For Si, the lowest conduction band

edge is at ∆ point and there are six (∆) minima along ⟨100⟩ direction, as shown in Fig.

A1(b). For Ge, the lowest conduction band is at L point. In addition, there are eight

equivalent L-conduction valleys in group IV semiconductors, but only four of them are

independent due to the periodicity of the Brillouin zone, as shown in Fig. A1(c). For

the case of quantum wells grown along the [001] direction, the four L-conduction valleys

are degenerate. Thus, one only needs to calculate a particular L-conduction valley, say

[111] L-conduction valley. To derive the Hamiltonian for the [111] L-conduction valley,

we consider the ellipsoid energy surface of the [111] L-conduction valley with respect

to the coordinate systems (kx, ky, kz) and (k′x, k
′
y, k

′
z), as shown in Fig. A2. The center

of ellipsoid energy surface of the [111] L-conduction valley is located at
(
π
a
, π
a
, π
a

)
. The
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(a)                                    (b)                                 (c)

Figure A.1: Ellipsoids of constant energy in the vicinity of the conduction-band minima
for (a) GaAs-like valley with its isotropic minimum at Γ-point, (b) Si-like valleys with
their minimum at ∆ point, and (c) Ge-like valleys with the minimum at L point [1].
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Figure A.2: Constant energy ellipsoid of the [111] L-conduction valley referring to the
{kx, ky, kz} and {k′x, k′y, k′z} coordinate systems.

relationship between the two coordinate systems is


k′x = kx − π

a

k′y = ky − π
a

k′z = kz − π
a

(A.1)

For any vector k = kuk̂
′
x+kvk̂

′
y+kwk̂

′
z originated form

(
π
a
, π
a
, π
a

)
, one can decompose

it into two vectors along the longitudinal and transverse directions, that is, k = ka + kb,
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Figure A.3: Ellipsoid energy surface of the [111] L-conduction valley and the wavevector.

where

ka =
(
k · k̂[111]

)
k̂[111]

=

{
[ku, kv, kw] ·

[
1√
3
,
1√
3
,
1√
3

]}[
1√
3
,
1√
3
,
1√
3

]
=

[
ku + kv + kw

3
,
ku + kv + kw

3
,
ku + kv + kw

3

]
, (A.2)

kb = k− ka

= [ku, kv, kw]−
[
ku + kv + kw

3
,
ku + kv + kw

3
,
ku + kv + kw

3

]
. (A.3)

Therefore, the energy of an electron in the [111] L-conduction band with a wavevector

of k under the effective-mass approximation can be represented by

EL,[111] (k) =
h̄2

2ml,L

k2
a +

h̄2

2mt,L

k2
b

=
h̄2

2ml,L

[
ku + kv + kw

3
,
ku + kv + kw

3
,
ku + kv + kw

3

]2
+

h̄2

2mt,L

{
[ku, kv, kw]−

[
ku + kv + kw

3
,
ku + kv + kw

3
,
ku + kv + kw

3

]}2

=
h̄2

6

(
1

ml,L

− 1

mt,L

)
(ku + kv + kw)

2 +
h̄2

2mt,L

(
k2u + k2v + k2w

)
, (A.4)
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where ml,L and mt,L are electron effective masses along the longitudinal direction and the

transverse direction, respectively. To simplify the expression, we define two wavevectors

k1 = k1[100] =
1√
2

(
kx + ky −

2π

a

)
[100], (A.5)

k2 = k2[110] =
1√
2
(−kx + ky) [110], (A.6)

where k1 and k2 are the magnitudes of the wavevectors along the [100] and [110] direc-

tions, respectively. Obviously, k1 and k2 are orthogonal to each other. By substituting

Eq. (A1) into Eq. (A5), one can obtain

ku =
1√
2
(k1 − k2) , (A.7)

kv =
1√
2
(k1 + k2) , (A.8)

Then substituting Eqs. (A.7) and (A.8) into Eq. (A.4) gives the dispersion relation of the

ellipsoid energy surface in terms of k1, k2, and kw

EL,[111](k1, k2, kw) =
h̄2

6

(
1

ml,L

− 1

mt,L

)(√
2k1 + kw

)2
+

h̄2

2mt,L

(
k21 + k22 + k2w

)
= k2w

(
1

3ml,L

+
2

3mt,L

)
+

√
2

3
k1

[(
1

ml,L

− 1

mt,L

)]
kw

+

(
1

3ml,L

+
2

3mt,L

)
k21 +

k22
2mt,L

, (A.9)

If the quantum well is grown along the z direction, the Hamiltonian of the [111] L-
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conduction band can be obtained by replacing kw by the operator −i ∂
∂z

HL,[111]

(
k1, k2, kw = −i ∂

∂z

)
= − h̄

2

2

∂2

∂z2

(
1

3ml,L

+
2

3mt,L

)
− i

√
2h̄2

6
k1

[
∂

∂z

(
1

ml,L

− 1

mt,L

)
+

(
1

ml,L

− 1

mt,L

)
∂

∂z

]
+

(
2

3ml,L

+
1

3mt,L

)
h̄2k21
2

+
h̄2k22
2mt,L

, (A.10)

which is the Hamiltonian of the [111] L-conduction valley relative to the minimal point

of the [111] L-valley
(
π
a
, π
a

)
.
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Appendix B

Derivation of strain-balanced condition

With the rapid development of semiconductor epitaxial technology, strained epitaxial

multiple-layer systems are of particular interest for electronic and photonic devices. Strain

effects in semiconductors can effectively modify band structures, bandgaps, carrier effec-

tive masses of semiconductors, such as multiple-quantum-well (MQW) and superlattice

(SL) systems, providing a number of advantages over conventional strain-free systems.

For example, strained II-V quantum-well (QT) lasers have been shown to have a lower

threshold current density than that of conventional strain-free QT lasers [1], and strained

Si on SiGe layer have been applied for high-speed complimentary metal-oxide semicon-

ductor devices [2], [3]. However, introducing strain into semiconductors may produce

strain-misfit dislocations if the accommodated elastic strain energy in the system is larger

than the energy of dislocation formation. Therefore, to ensure pseudomorphic growths of

multiple layers, a careful engineering of composition and thickness for each layer as well

as those of (virtual) substrates is necessary to reduce the unwanted strain-misfit disloca-

tions and other defects [4].

The principle of strain-balanced structures is proposed for reducing strain misfit dis-

locations in strained epitaxial layers. By growing alternating compressive-strained and

tensile-strained layers with careful choices of the amount of strain and thickness for each
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Substrate or buffer  Substrate or buffer  

(a)                                                       (b)

Material A

Material B

Material A

Material B

Compressive 

strain

Tensile

strain

Figure B.1: Schematics of growing lattice-mismatched materials on a substrate. (a) The
material A has a lattice constant smaller than that of substrate (aA < a0) while the material
B has a lattice constant larger than that of the substrate (aB > a0). (b) After the material
A and B are pseudomorphically grown on the substrate, the in-plane lattice constants of
the epitaxial layers will be forced to equal to that of the substrate. Thus, the material A are
tensile-strained and the material B are compressive-strained. In this way, the alternatively
growth of tensile-strain layers and compressive-strained layers is called strain-balancing
technique.

layer, as shown in Fig B.1, strain-misfit dislocations in strained multiple-layer systems can

be reduced. However, common methods to design the strained multiple layer system are

average lattice method [4] and thickness weight method [5], [6]. Although they are rela-

tively easy and simple to use, they cannot account for the material properties. Here we use

the elasticity theory to develop the strain-balanced condition based on the minimization

of total strain energy [7], [8] for designing strained multiple-layer systems. Two material

systems will be considered in the derivation of strain-balanced condition, (001)-oriented

cubic material system and (0001)-oriented wurtzite material system.
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B.1 (001)-oriented cubic system

First, we consider a cubic-based multiple-layer system. If there are N layers pseudo-

morphically grown on a (001)-oriented (virtual) substrate, the strain field in the ith layer

caused by the lattice-mismatch is

εixx = εiyy = εi =
a0 − ai
ai

, (B.1)

εizz = −2
C

(i)
12

C
(i)
11

εi, (B.2)

εixy = εiyx = εizx = εixz = εiyz = εizy = 0, (B.3)

where a0 and ai are the unstrained lattice constants of the substrate and the ith layer, re-

spectively, and C(i)
11 , C(i)

12 , and C(i)
44 are the stiffness matrix elements of the ith layer. Note

that there is no shear strain for a (001)-oriented strained layered system. The correspond-

ing strain energy density in the ith layer is

vicubic =
1

2
εTCε

=
1

2



εixx

εiyy

εizz

εiyz + εizy

εizx + εixz

εixy + εiyx



T 

C
(i)
11 C

(i)
12 C

(i)
12 0 0 0

C
(i)
12 C

(i)
11 C

(i)
12 0 0 0

C
(i)
12 C

(i)
12 C

(i)
11 0 0 0

0 0 0 C
(i)
44 0 0

0 0 0 0 C
(i)
44 0

0 0 0 0 0 C
(i)
44





εixx

εiyy

εizz

εiyz + εizy

εizx + εixz

εixy + εiyx


=

(
C

(i)
11 + C

(i)
12 − 2

C
(i)2
12

C
(i)
11

)
(εi)2, (B.4)
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Thus, the total strain energy stored in the system is

Wcubic =

∫
V

vcubicdV

=
∑
i

vicubicLiA

=
∑
i

(
C

(i)
11 + C

(i)
12 − 2

C
(i)2
12

C
(i)
11

)
(εi)2LiA, (B.5)

whereA is the area of the epitaxial layer, andLi is the thickness of the ith layer. According

to the principle of minimum potential energy, which states that the potential energy has a

local minimum in the equilibrium configuration if all displacements satisfying the given

boundary conditions of an elastic solid, the strain energy of the considered system has a

local minimum since the considered system is at equilibrium [9, 10, 11]. Therefore, the

variation of the strain energy vanishes

δWcubic = 2
∑
i

(
C

(i)
11 + C

(i)
12 − 2

C
(i)2
12

C
(i)
11

)
εiδεiLiA = 0. (B.6)

However, the variation of strain for each layer is interdependent by

(1 + ε1)a1 = (1 + ε2)a2 = . . . = (1 + εi)ai. (B.7)

Thus, substituting Eq. (B7) into Eq. (B6) gives

δWcubic = 2

(
C

(1)
11 + C

(1)
12 − 2

C
(1)2
12

C
(1)
11

)
ε1δε1L1A

+ 2
N∑
i=2

(
C

(i)
11 + C

(i)
12 − 2

C
(i)2
12

C
(i)
11

)
εi
a1δε

1

ai
LiA

= 0. (B.8)
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Dividing a1 on the both sides of Eq. (B8) yields

2A

[
N∑
i=1

(
C

(i)
11 + C

(i)
12 − 2

C
(i)2
12

C
(i)
11

)
Liε

i

ai

]
δεi = 0. (B.9)

Since δεi is arbitrary and A is a constant, we obtain the strain-balanced condition which

minimizes the total strain energy of the system

N∑
i=1

(
C

(i)
11 + C

(i)
12 − 2

C
(i)2
12

C
(i)
11

)
Liε

i

ai
= 0. (B.10)

Several important points for the strain-balanced condition should be pointed out: (1)

the strain-balanced condition relies on not only the amount of strain and the thickness

for each epitaxial layer, but also the stiffness matrix elements of materials. Thus, the

strain-balanced condition based on the minimization of total strain energy is more ad-

equate for designing strained multiple-layer system because it can account for the ma-

terial properties, which are not considered in the average lattice method or thickness

weighted method [4]. (2) Since the lattice constants, the layer thicknesses, and the

constant
(
C

(i)
11 + C

(i)
12 − 2

C
(i)2
12

C
(i)
11

)
are all greater than zero, the strain-balanced condition

only holds when strains in different layers have different signs, that is, some layers are

compressive-strained and the others are tensile-strained. Thus, by engineering the thick-

ness and strain of each layer, the strain balanced condition can be achieved to minimize

the total strain energy in the system. Besides, if the material and thickness of each epi-

taxial layer are predetermined, one can also engineer the lattice constant of the (virtual)

substrate to achieve the strain balancing condition. By substituting Eq.(B1) into Eq.(B10),

after some algebra manipulations one can obtain the required lattice constant of the (vir-
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tual) substrate as

a0 =

∑N
i=1

(
C

(i)
11 + C

(i)
12 − 2

C
(i)2
12

C
(i)
11

)
Li/ai∑N

i=1

(
C

(i)
11 + C

(i)
12 − 2

C
(i)2
12

C
(i)
11

)
Li/a2i

, (B.11)

which is identical with the result in Ref. [8]

B.2 (0001)-oriented wurtzite material system

Similarly, for a wurtzite-based multiple-layer system pseudomorphically grown on

a (0001)-oriented (virtual) substrate with the lattice constants of the ith layer and the

(virtual) substrate being ai and a0, respectively, the strain field due to the lattice mismatch

in the ith layer is

εixx = εiyy = εi =
a0 − ai
ai

, (B.12)

εizz = −2
C

(i)
13

C
(i)
11

εi, (B.13)

εixy = εiyx = εizx = εixz = εiyz = εizy = 0. (B.14)
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The strain energy density in the ith layer is

vihex =
1

2
εTCε

=
1

2



εixx

εiyy

εizz

εiyz + εizy

εizx + εixz

εixy + εiyx



T 

C
(i)
11 C

(i)
12 C

(i)
13 0 0 0

C
(i)
12 C

(i)
11 C

(i)
13 0 0 0

C
(i)
13 C

(i)
13 C

(i)
33 0 0 0

0 0 0 C
(i)
44 0 0

0 0 0 0 C
(i)
44 0

0 0 0 0 0 1
2

(
C

(i)
11 − C

(i)
12

)





εixx

εiyy

εizz

εiyz + εizy

εizx + εixz

εixy + εiyx


=

(
C

(i)
11 + C

(i)
12 − 2

C
(i)2
13

C
(i)
11

)
(εi)2. (B.15)

Thus, the total strain energy stored in the system is

Whex =

∫
V

vhexdV

=
∑
i

vihexLiA

=
∑
i

(
C

(i)
11 + C

(i)
13 − 2

C
(i)2
12

C
(i)
11

)
(εi)2LiA. (B.16)

Similarly, the strain energy stored in this system also has a local minimum because the

system is at equilibrium. Thus the variation of the total strain energy vanishes

δWhex = 2
∑
i

(
C

(i)
11 + C

(i)
13 − 2

C
(i)2
13

C
(i)
11

)
εiδεiLiA = 0. (B.17)

Thus, one can obtain the strain-balanced condition for (0001)-oriented wurtzite-based
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material system as
N∑
i=2

(
C

(i)
11 + C

(i)
13 − 2

C
(i)2
13

C
(i)
11

)
Liε

i

ai
= 0. (B.18)

In addition, if the materials and thicknesses of the epitaxial layers are predetermined, the

lattice constant of the substrate which satisfies the strain-balanced condition is

a0 =

∑N
i=1

(
C

(i)
11 + C

(i)
13 − 2

C
(i)2
13

C
(i)
11

)
Li/ai∑N

i=1

(
C

(i)
11 + C

(i)
13 − 2

C
(i)2
13

C
(i)
11

)
Li/a2i

. (B.19)
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