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INTRODUCTION

This chapter is meant to be a condensed(!) tutorial on the intelligent use
of post-Hartree—Fock (correlated) methods for the determination of molecu-
lar structure and spectra.! The content is directed at users of the ACES I,
GAUSSIAN, CADPAC, HONDO, or GAMESS? type of ab initio program, or
anyone who would appreciate a broader knowledge of the modern treatment of
electron correlation for molecules. The ready availability and applicability of
these programs might be said to be one of the principal contributions of ab
initio quantum chemistry to science, inasmuch as these systems provide a probe
of structural, spectral, and reactivity characteristics frequently unavailable
from experiment or, alternatively, facilitate interpretation of available experi-
mental data. However, the ease of using these programs (and their official-
looking output!) can mask many difficult situations that might not be recog-
nized by users, resulting in misinterpretation of computational results. Theore-
ticians who develop such program systems are aware of the potential shortcom-
ings of each approximation, but many users lack a full understanding of the
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theoretical foundations of the various methods. We try to explain some of these
considerations, and how they affect the choice of method and basis set for a
given application. Clearly, no single chapter can replace several courses in
quantum chemistry and years of hands-on experience in the use of correlated
electronic structure methods, but we think it is possible to provide a guide that
provides much of the essential information required for intelligent application
of the current level of post-Hartree~Fock methods without becoming “too
theoretical.”

At the same time, we must recognize that quantum chemistry is an ongo-
ing research area. Though it is mature enough to provide useful tools for a wide
range of applications, even a year ago many of the tools described here and
recently incorporated into the ACES 1I° program system did not exist. Among -
other things, this means that the useful lifetime of any tutorial is finite, but by
including some recent developments not widely known to the current user
community, we hope that this chapter will have an effective lifetime that is
relatively long. No unique recipe for doing post-Hartree—Fock calculations can
be offered, but many of the considerations pertinent to such calculations can be
identified and emphasized. In the application areas, by following the sequence
from self-consistent field (SCF) to the highest current levels of correlated the-
ory, we hope to show how approaches to different problems have evolved, and
continue to progress, to provide better and more comprehensive results.

After a discussion of the independent particle or Hartree—Fock (SCF)
approximation® to introduce some basic concepts, we discuss the correlation
problem and available methods for its treatment.’ ! We then address several
topics that cover most of the applications of interest to users of quantum
chemical program systems. These include molecular geometries, vibrational
spectra, photoelectron spectra, electronic spectra, first- and second-order prop-
erties, and nuclear magnetic resonance spectra. In each category of application,
we address the range of applicability of SCF methods and the degree of correla-
tion correction required, and we state what can be expected, numerically, from
increasing levels of rigor. Our objective is to provide the reader with both a
conceptual understanding and some appreciation of the approximate uncer-
tainty for a given level of theory. Our intent is not to present the voluminous
results on which these “error bars” are based—that is left to the literature—
but instead to pick a few standard and a few difficult molecules that are
representative of results one should expect. We do not derive equations, but we
do present basic equations to help the reader better appreciate the nature of the
approach. Just as a picture can be worth a thousand words, an equation will
often do the job of hundreds, and only in this way can we attempt to maintain
some brevity while minimizing impreciseness. We assume only that the reader
has some familiarity with Hartree~Fock theory.* On the other hand, nothing
we say should unduly depend on appreciation of mathematical arguments—
more conceptual, complementary explanations are employed whenever
possible. ,

To be most useful, we necessarily address the correlated methods that are
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most readily applicable to the majority of problems of interest to chemists,
thereby imposing several requirements that a method must meet. These include
treating different molecular geometries with effectively equal accuracy; equiva-
lent applications to open- and closed-shell systems; treatment of excited, io-
nized, or electron-attached states as well as ground states; and predictions of
other properties such as moments and polarizabilities. Also the term “post-
Hartree—Fock” implies a single determinant starting point. Consequently, be-
cause of their wide applicability and ease of use, we emphasize methods built
upon a single reference when possible. These include many-body perturbation
theory” (MBPT, also known as MP in some program systems®), and its infinite-
order coupled-cluster (CC) generalization,”' "' [including quadratic configu-
ration interaction (QCI)'’ as a special case] as well as some configuration
interaction (CI) methods.” However, we also mention situations for which
multi (instead of single) determinant references are appropriate,’” such as ex-
cited states and certain transition states, and provide some alternative readily
applicable tools that are no more difficult to understand and use than standard
single reference theory.

To avoid being discouraged by discussions of theory, some readers might
prefer a “results-oriented” sequence. For those readers, a reasonable sequence
would be to start with the section on molecular geometries, continue through
the applications areas, and treat the preceding sections as appendices that
define the various levels of theory. The sections on theory, however, were writ-
ten to be clear and thorough. ,

Most of the results reported here were obtained with the ACES II pro-
gram system.” The program provides CC/MBPT results for molecules, open or
closed shell, using UHF, ROHF, RHF and QRHF reference functions (see later
for acronyms). It offers analytical gradients for most such methods including
MBPT (2), (3) and (4), CCSD, CCSD(T), and analytical Hessians for MBPT(2)
with RHF, UHF or ROHF reference functions. ACES 1I requires only simple
Z-matrix (bond distance and angle) input plus key words that identify basis
sets (most modern basis sets are catalogued), level of correlation, degrees of
freedom to optimize, and other options. The program automatically introduces
the available molecular symmetry and employs the largest Abelian subgroup to
simplify and speed CC/MBPT calculations. ACES I provides CC methods for
excited states (UV-vis spectroscopy), ionized states (photoelectron spectros-
copy), molecular properties (ESR, NMR), and relativistic corrections. The pro-
gram has a number of analysis tools to facilitate interpretation, locate optimum
geometries and transition states, and evaluate vibrational spectra.

INDEPENDENT PARTICLE MODEL

The reference framework for most theoretical descriptions of molecular
electronic structure and spectra is the independent particle or molecular orbital
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(MO) model. In quantum mechanics, the energy of a molecule is based on the
Hamiltonian operator

%zlewm~Z§hy%+124w12@@§ 1]
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(the prime eliminates the i = j and o = B term). The first term is the kinetic
energy, which is given by a sum over one-particle operators corresponding to
each electron r,. The second one-electron term is the Coulombic electron—
nuclear attraction term, where Z, is the atomic number for the nucleus «, and
7 measures the distance of electron 7 from the ath nucleus. The third term is
the two-electron Coulomb repulsion term, where 7, = |r, — rj| is the distance
between the ith and jth electrons. The final term is the nuclear—nuclear repul-
sion, where R,z = [R, — Rg|. In the Born—Oppenheimer “clamped nuclei”
approximation that underlies nearly all molecular calculations, this term is a
constant determined by the nuclear coordinates and is simply added at the end
of a calculation. It introduces the characteristic repulsive wall for a potential
curve and, thus, is important in the solution of the vibrational Schrédinger
equation.

Hence for the electronic Schrodinger equation, our objective is the solu-
tion to #V¥, = E, V¥, for the spectrum of electronic states {¥,}, where

%=ng+3'% 2]

with the two one-electron parts combined into h(i).

The delightful thing about one-electron operators is that we can exactly
solve the Schrodinger equation if the Hamiltonian is approximated by its one-
electron part (¥ = X, h(i) = H,) since a “separable” wavefunction can be
constructed as a product of one-particle functions, d,(r)),

Do(7R) = &y (r1)dy(rs) - - - By(r,) 3]

where the notation ®,(7;R) means a function of all electron coordinates collec-
tively indicated by 7, that through the Born—Oppenheimer approximation is
parametrically dependent on the collective location of the nuclei, R. Using Eq.
[3] we would have [}:;hi/md)i(fz)d’z(fz) e dy(r,) = [blr)dy (rg)]dy(ry) -

$,(r,) + Oy (r)[h(ry)dy(rp)]ds(rs) - - - + - - dy(r)dy(ry) - - - [h(r,)d,(r,)]. Then

by knowing that each one-particle function was an eigenfunction to h(r;) with
energy €,

b(fl)d),‘(f}) = €;¢;(r1} (4]

we would have




Independent Particle Model 69

Hy®y = Eq®, (5]

Ey=2 ¢ (6]

However, we can do even better without sacrificing this convenient sep-
arability. If we are able to approximate the two-particle term as some “aver-
age” one-particle operator, u(r;), where, for example, we might average over the
repulsion of all other electrons in the system toward electron j, then we obtain
the expression

o= 3 thir) + i)l + 3 S+~ 3 ul)

=2 F(,) + V="Hy+V

j=1

If Vis small (and it is clearly smaller than the two-particle term itself), then we
might expect that replacement of % by H, (which is a separable sum of one-
particle Hamiltonians, F(r;)) to be a good approximation. This simplification
allows us to reduce the n-particle problem to a set of one-particle eigenvalue
problems,

@(fﬁ@;(f;) = € (bj(rj> (8]

{
and is the basis of molecular orbital theory. An MO is an eigenfunction of an
effective one-particle Hamiltonian, and the electron in the MO is considered to
have an orbital energy of €. Eigenfunctions to a Hermitian operator {¢,} are
either orthonormal or may be chosen to be orthonormal in degenerate cases, so
(bild) = 3y

Although the basic concept will not change, two additional modifications
must be made to this simple theory to make it consistent with other aspects of
quantum mechanics. First, to fully characterize electrons we need to include
spin. Consequently, this requires that to each spatial one-particle function ¢,(r;)
we attach « (spin-up) or B (spin-down). Hence, each one-particle function
becomes &;(r;)a(w;) or ¢,(r;)B(w,), where w; indicates a coordinate in spin space.
We can use an even shorter notation by specifying ¢;(x;) = &,(r;)a(w;) to be spin
orbitals, where the combined space-spin coordinate is x;. It is still true that
@(x,‘)ﬁ?;(x,‘) = €9,(x)).

Second, suitable solutions to the Schrédinger equation for electrons must
have appropriate permutational symmetry. That is, an interchange of the space-
spin coordinates x; and x; must not alter the probability density | W21 For this
to be true, the interchange operator P has to have the effect, P, ¥ = =W, For




70  Applications of Post-Hartree~Fock. Methods: A Tutorial

electrons and other fermions, the minus applies (the Pauli exclusion principle),
requiring that our wavefunctions be antisymmetrized products that assume the
determinantal form

e1(xy)  @alxz) ... @,lx,)
1 @a(x) e ..
&, = N : : = dApi(xy) . . . @,(x,) (9]
(Prx(xl) oo {pn(xn}

The operator & = (1/Vn!) =, (—=1)PP, where P presents a permutation of
electron labels. sd forms a determinant by permuting all the space-spin labels in -
the simple product multiplied by the parity factor (—1)? and normalizing the
wavefunction.

It is fairly easy to see that each of the n! products introduced by the
determinant will behave in exactly the same way (i.e., H, and &{ commute)
resulting in the same one-particle equations (suppressing the x),

F(De,(1) = €¢;(1) [10]
and in particular

Hyd(g(1) - - - ¢, (n) = Egsd(¢i(1) - - - @,(n))

(11]
Hy®, = Eq®,

In this simple scheme, such other eigenstates of H,, as ®¢ are formed by
replacing one of the molecular orbitals ¢;(j) occupied by electron j by some
orbital unoccupied in the ground state, call it ¢,(j), that is also an eigenfunction
of (i). Thus we would have

Ho®f = Hosl(@i(1) - - @(7) - - - ¢u(n))
= Efsl(@i(1) - - @u(]) - - @4(n)) [12]
= Efd;

where the eigenvalue is written

E;’=(Z ek>+ea

k(7

13
=Eq+e, — ¢ 13

The general independent particle model described above becomes the
Hartree—Fock, self-consistent field (SCF) approximation when @, is the ener-
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getically ‘best” single determinant approximation to ¥. (In some SCF ap-
proaches, @ 1s energetically optimal subject to certain constramts on the
orbitals.) That is, we use the variational principle, E = (®y|#|®,) = E_,., to
vary the form of the n-spin orbitals {¢;} subject to maintaining their orthogo-
nality {¢;j@;) = 8, until we obtain the lowest possible energy, Egcy. In the course
of the energy variation, we find that

F(1) = h(1) + u(l) = h(1) + >, J ¢/ (2) %— (1 = Pyy)e; (2)dr,  [14]
=1 2

which defines the operator, #(1). The volume element in space-spin coordinates
is dr. Self-consistency in the solution of Eq. [10] is necessary because the form
of % is dependent on the form of the spin orbitals, {¢;} via the (1) operator of
Eq. [14].

Furthermore,

ESCF (Do K| Do) = Tr(%p)

= 2 <‘Pilh(1)}@i> + “i Z(‘Pi@;”‘@i%)

= E (i|bliy + % Cifllif) (15]

-Ee-2<vz}>

!\}

= Eq + (@] V|Dy)

s0 Egcp is not a simple sum of orbital energies The double bar means (i ij) =
Gilii) — (Gilji), where Gilipy = T o7 (Der (2)(Uryy)eLe,2)drdr, = (illjj)

These particular spin-orbital equamons are termed the unrestricted
Hartree-Fock (UHF) equations, since variation here does not assume that all
spatial orbitals are doubly occupied. That is, we permit ¢; = b,a and ¢,.; =
&/B, where ¢; # &;. For a closed-shell system, we can insist on getting the best
energy while having &; = ¢/, which defines the restricted Hartree—Fock (RHF)
solution. Hence, UHF is formally the same for open and closed shells, whereas
RHF applies only to the latter. For high spin open shells, we can also insist that
our solutions have maximum double occupancy as shown in Figure 1. These
are referred to as restricted open-shell Hartree—Fock (ROHF) solutions. For
such a case there is a more complicated F(1) operator,” but the orthonormal
orbitals that emerge are degenerate. These different SCF models may be suc-
cinctly compared by inspection of Figure 1. We collectively refer to any of the
foregoing approaches as “SCF” methods.
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Figure 1 Orbital energy level diagrams for UHF, RHF, and ROHF reference
functions.

The result of an SCF calculation is the wavefunction ®, = @, consist-
ing of the MOs {¢}, the density p = ®,®;, from which properties for some
operator 6§ are given by Tr(0p); the total energy Eqp; and in the canonical UHF
or RHF case, the orbital energies €, which provide an (unrelaxed) estimate of
the ionization potential via Koopmans’ theorem, €; = —](i), for an electron in
the ith MO. The approximation of interelectronic repulsion by the effective
one-particle operator, u(1) in Eq. [14], represents the potential one electron-
feels when moving in an average field generated by the remaining electrons.
This follows because in the sum over j in Eq. [15], when j = i, we have (i i)y =
0.

All the SCF methods mentioned above are independent particle models.
Since they serve as the reference for the post-Hartree—Fock methods discussed
in this chapter, we should be aware of their properties. RHF applies only to
closed-shell systems and is a singlet eigenfunction of spin. (Some authors insist
that “restricted” must pertain to spatial symmetry as well as spin symmetry,
but GAUSSIAN, ACES II, and other program systems can in principle converge
to broken spatial symmetry solutions even for closed shells, so we will not insist
that RHF solutions be restricted to spatial symmetry eigenfunctions, too.) As is
well known, and shown in Figure 2 for H,, an RHF solution does not separate
correctly to open-shell fragments on a potential energy curve. (RHF separates
correctly for closed-shell products such as B,H, — 2BH;, or Be, — 2Be, or
HeH* — He + H*.) That is because RHF uses equal orbitals for different spins
at all internuclear separations, which does not allow the orbitals to localize on
the individual atoms. The RHF wavefunction for H, is Ilagaiggﬁi. Yet to get
two H(1s) atoms at separation we must have 1s, = 1 o, + 1o, and 1sy = 1o,
— 1o, where g and u refer to gerade (even) and ungerade (odd). Hence, correct
separation would require the two determinants C,|1o,alo,8| = C,|lo,alo, B,
where C; = C, at separation but C; > C, at R,. This two-determinant wave-
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Figure 2 Potential energy curves for H,.

function is an example of a generalized valence bond (GVB) function. Compare
the GVB result with the two SCF results in Figure 2.

A high spin ROHF wavefunction is also an eigenfunction of spin: that is,
S[ROHF) = S(S + 1)JROHF). The designation “high spin” is meant to elimi-
nate such situations as an open-shell singlet (illustrated in Figure 3), which
cannot be written as a single determinant. We would require two determinants,
that is, (|b ad;BdadsBl — |b ad,Bd,Rd;al), to be a spin eigenfunction. Simi-
lar situations pertain to the low-spin doublets also shown in Figure 3, whereas
the “maximum” double-occupancy doublet is an eigenfunction of spin. Like
RHF, an ROHF wavefunction usually will not separate correctly on a potential
energy surface, as shown for O,(3%.) in Figure 4. (An open-shell example like

— S —

e S

S — —
Tl Tl
Open- Low- Figure 3 Orbital energy level di-
shell spin agrams for the open-shell singlet

singlet doublet and low-spin doublet cases.
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Figure 4 SCF potential curves for O,.

AB" — A" + B, where B is a closed-shell system, will separate correctly in
ROHEFE.)

UHF is a fully unconstrained SCF method and actually represents several
different solutions, depending on what symmetries are broken. First, it allows
the wavefunctions to be impure spin states. Also, because the various kinds of
spatial and spin symmetry are frequently broken in UHF wavefunctions, we
can often obtain correct asymptotic separation on a potential energy curve as in
Figure 2. For example, the UHF solution for H, breaks g and u symmetry to
give localized 1s, and 1sp functions, but, unlike the GVB solution, the UHF
wavefunction does not have the symmetry of the molecule (see Figure §; it is
half of the correct solution!). To construct a proper wavefunction, the UHF
solution must be mixed with its phase-reversed partner. The change in energy
brought about by this process of symmetrization is related to the singlet—triplet
splitting. However, this gap goes to zero in the limit of infinite separation, since
the two UHF wavefunctions are degenerate. As a result, UHF and GVB energies
are asymptotically degenerate. ~

The UHF solutions for O, in Figure 4 illustrate another aspect as the
higher energy UHF only breaks spin symmetry, whereas the lower energy solu-
tion, UHF2, breaks spatial symmetry, too. However, unlike H,, there is no
UHF solution that correctly separates to two UHF O(*P) atoms for O,(3%;).

In making practical SCF calculations we introduce a basic set {X,.}» which
usually consists of contracted Gaussian-type orbitals centered on each atom ¥,
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Figure 5 Solid lines, UHF solution for H, at R = o dashed lines, degenerate UHF
solution.

that is, X,(R,) = Zx n,exp(—&,72), X, (R,) = Zpm, xexp(—E,,73), etc., where
the coefficients m,, and &, are fixed typically from prior atomic Hartree—Fock
calculations, but other prescriptions are possible. Using UHF as an example,
spatial orbitals are associated with each spin via

M
OF = 2 Xuch = e
[16]

M
OF = 2 Xuch = [0)cf

Inserting Eq. [16] into the canonical SCF equation F¢; = €, leads to the
matrix formulation of the UHF equations

X, o o O
F c, »Scpep

1'7
Fﬁcﬁ = cheg [17]

where F = (X|%|%) and S = (X|%), and the «a or B dependence in F arises from the
explicit spin integrated #(1) part of %. For RHF F* = %P, of course. For ROHF
there are two different forms of F to consider, one for the a-spin open-shell
orbitals, and one for the a- or B-spin doubly occupied orbitals.

Because the matrix F* or F® has dimension M X M, we obtain M a-spin
and M B-spin spatial orbitals via diagonalization. But we only use 7, and 7 of
these orbitals to construct the SCF solution. This leaves us with M — n, = N,
and M — ng = Nj spin orbitals unoccupied in the SCF solution. We identify
these orbitals collectively by the letters a, b, ¢, . . ., whereas i, j, k, . . . indicate
orbitals occupied in the SCF solution, and p, ¢, 7, s, . . . indicate any orbital.
The orbitals a, b, ¢, . . . are frequently called “virtual” orbitals because they
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are obtained as a by-product of diagonalizing the F matrix. They are not
determined by the variational principle as are the occupied SCF orbitals. Physi-
cally, an electron in a virtual orbital feels the average field of all # electrons
instead of the # — 1 felt by an electron in an occupied orbital. The virtual
orbitals are, however, a convenient orthogonal set of one-particle functions that
satisfy F(1)¢,(1) = €,0,(1) for all 4 (like the occupied orbitals) and, combined
with the occupied orbitals, span the space represented by the contracted Gaus-
sian functions. The virtual orbitals play a critical role in correlated methods.

CORRELATION PROBLEM

An investigation of the potential curves for N, (Figure 6) and F, (Figure
7) tells us a great deal about the deficiencies of a model of the Hartree—Fock,
independent particle type. The inability of a restricted (RHF or ROHF) solu-
tion to correctly separate to open shells causes the curve to rise too quickly,
leading to a gross overestimate of the dissociation energy. Hence, RHF usually
will underestimate equilibrium bond lengths (R,). For the same reason, the
curvature (force constant) at R, will be larger than it should be, resulting in an
overprediction of the vibrational frequency. UHF does not rectify this problem,
even though it will often separate correctly, as in the N, example. The reason is
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that for closed-shell systems, the UHF solution and the RHF are usually the
same at R, so the RHF deficiencies apply. (For some closed-shell examples a
UHF solution which is necessarily below the RHF solution can be obtained,
but that will not change our conclusion.) Furthermore, even when the UHF
differs from the RHEF, its lack of spin symmetry can affect the shape of the
potential curve. For closed-shell cases in particular, where UHF is being used to
effect correct separation, all triplet, quintet, and higher odd-spin states, which
have higher energies, contaminate the UHF solution, causing the curve to rise
too steeply slightly beyond equilibrium. (Because the UHF solution is not an
eigenfunction of spin, we can resolve the UHF solution into its pure spin
eigenstates, via [UHF) = Z [s,)c,, and ¢

, = (s,/[UHPF). If S, =
shell, then only triplet, quintet, etc., can have S, = 0 components.) Because the

0, as for a closed
UHEF solution is separating correctly in this case, the curve can even show a

slight artificial barrier to separation for some examples (see Figure 6). On the
other hand, at the UHF separated atom limit, the several spin states all become
* 2

degenerate. Hence, even though the spin multiplicity is erroneous, the energy is
correct at the asymptote, as in the H, example (Figure 2)

Another failing of UHF is less frequent but pertinent for some examples
This is demonstrated by the F, UHF curve (Figure 7), which is not bound. That

is, two F atoms are lower in energy than is the F, molecule, causmg UHF not to
predxct the existence of the F, molecule!
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To correct the foregoing deficiencies of a Hartree-Fock reference, we have
to introduce “electron correlation.” What is electron correlation? As discussed
above, in the SCF method we attempt to describe the contribution of the two-
electron part of the Hamiltonian by one electron moving in an average field of
the n — 1 other electrons. Overall, this is not a bad approximation, inasmuch
as the SCF energy is usually more than 99% of the total (nonrelativistic)
electronic energy of an atom or molecule. However, chemists are interested in
much smaller energy differences, such as bond dissociation energies, and we see
from Figures 4, 6, and 7 that these are poorly described by SCF methods. Other
quantities of interest (ionization potentials, electron affinities, electronic excita-
tion energies, vibrational energies, etc.) are sensitive in varying degrees to the
“average” electron interaction approximation of SCF theory. An average field
neglects the fact that electrons, as charged particles, have instantaneous Cou-
lombic interactions that keep them apart. That is, the motion of electrons is
“correlated.” The movement of one affects the movement of all others, so we
have a complicated many-body system to describe. Because the instantaneous
interactions serve to keep electrons apart better than an average interaction, the
interelectronic repulsion is reduced, causing the energy for the molecule to be
lower than the SCF value. The energy difference is called the correlation energy:

Ecorr = Eexact - ESCF [18}

where Eg-p can be any of our independent particle models, RHF, UHF, or
ROHEF. [Some authors use Egyp (or Egpopr) as the reference, so that Eyyp
already includes some degree of electron correlation by relaxing the double-
occupancy restriction on the spatial orbitals. For our purposes, “correlation”
will be the correction for any SCF reference.]

To improve on a single determinant reference we must develop a superior
treatment of the two-electron interaction. Logically, this would involve explicit
use of the two-particle operator 7;; in a trial wavefunction, and such Hylleraas-
type trial wavefunctions have been used to obtain the best results (for, e.g., He,
Li, Be, H,, and LiH)."> Analysis of certain other analytic properties of the
correlation cusp 1/(Jr; — rj})m have also been exploited to develop better de-
scriptions without having to use wavefunctions that are explicitly dependent on
r;» but such methods also have many computational restrictions.

Electron correlation can be introduced solely with one-particle functions
if we construct a wavefunction with the flexibility to allow electrons to stay
away from each other. That means we need functions in regions of space
different from just that sampled by the SCF calculation. As the SCF wavefunc-
tion spans only the occupied space, we can introduce different regions of space
by admitting the “virtual” orbitals that are unoccupied in the SCF into the
wavefunction. We do this by constructing a configuration interaction (CI)
wavefunction
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Ve = @y + 2 CIOF+ 2, COz + - - 191
ia i<j
a<b

which in addition to the SCF solution introduces single, double, and higher
excitations. @, is called the reference state wavefunction. The single excitation
®% = A(py(1) - - - i) - - - ¢,(n)) corresponds to replacing the occupied SCF
orbital ¢; by the unoccupied orbital, ¢,. @?f’ represents the double excitation,
sAlor(1) < - - @.(i) - = @p(i) -+ ¢un)), and so forth through triple @77,
druple @757 1 th -tupl itati abe-2 f
quadruple @757, . . . all the way to n-tuple excitations ®f; 7, for 7 electrons.
The CI coefficients (C7, Cj-’f’, etc.) are then optimized to give the lowest varia-

tional energy,

_ (Yal#H Yo

En =
“ <WCiI?CI>

[20]

Because the CI wavefunction is a much more flexible wavefunction than is @y,
Eq < Escp and we lower the energy in line with the effect of correlating
electron motions. [If we add only single excitations, there can be no improve-
ment of the RHF or UHF energy, since singles do not directly mix with these
solutions (Brillouin’s theorem). Double excitations have to be included to intro-
duce electron correlation. ]

The “full CI” is defined as the wavefunction that includes all possible
excitations through n-fold for # electrons. If the {x,,} basis used to represent the
MOs were complete (which usually means infinite), then the full CI would be
the “complete” CI, which is the exact solution to the nonrelativistic Schré-
dinger equation. In a practical case {x,} is finite, so the full Cl is the best that
can be done in the basis set. Different correlated methods are recommended
according to how closely they approach full CI results.

In the full CI wavefunction we have three (not mutually exclusive) catego-
ries of correlation corrections relative to @, that should be distinguished:

1. Excitations whose individual contributions are small, but because of an
excessive number, their cumulative contributions are quite significant.

2. Excitations required to provide a correct zeroth-order description as dic-
tated by spin-symmetry considerations.

3. Excitations whose coefficients will be comparatively large, as required to
"enable a molecule to separate correctly into fragments, in some excited
states, and for certain other cases.

Category 1 is called dynamic correlation because its function is to enable
the electrons to stay apart. It usually represents the largest part of the total
correlation energy. ‘

Category 2 occurs for the open-shell singlet example discussed earlier. A
single determinant is not an eigenfunction of spin, so such states should always
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be preferentially described using a two-determinant reference. We will refer to
this as symmetry required, or static correlation. When these states are described
by a single UHF determinant |d;a(1)$,B(2)| the wavefunction corresponds to a
50:50 mixture of the |d,a(1)d,B(2) = |b;B(1)d,x(2)] singlet (minus) and
triplet (plus) state. Because the latter state can also be described by the high
spin single determinant |[b,a(1)d,a(2)], the triplet energy can be obtained, and,
aided by that information, approximate methods can be used to subtract the
triplet contamination from the energy for the single UHF determinant,'” but
this is far less desirable than a treatment using the two-determinant reference.

Category 3 is often called nondynamic correlation and is perhaps best
described by considering the simplest possible correlated wavefunction for F,
and N, that can correctly dissociate. In the F, case (Fig. 7) this is a GVB
wavefunction,'® which in the orthogonal orbital form for F, consists of the
two-determinant wavefunction C,|core 2po achrng + Csjcore 2po,a2po Bl

As discussed above for H,, a o, must be mixed with a o, function to
allow the electrons to localize on the two separated atoms in a model that,
unlike UHF, preserves spin and spatial symmetry. Furthermore, the GVB result
requires that the form of the orbitals 2po, and 2po, be determined together
with the configuration coefficients C; and Cz GVB is the simplest example of a
multiconfiguration (MCSCEF) calculation.'®'” The GVB result for F,, shown in
Figure 7 is qualitatively correct as a function of internuclear distance R.

Similarly, in Figure 6 we show results for N, with analogous GVB wavefunc-
tions for the triple bond,*® which requires a product of wavefunctions consisting of
two orbitals for each of the three bonds. This means we mix the 2po, and 2pa,
orbitals and also mix the 2pr., 2pm,,, 2p7,,, and 2pm,,,. This results in a set of
determinants starting with ®, = |core 2po aZpagBZﬂxuawxuBzwyuoc?.,wwBI
through all other symmetry-allowed combinations including the hextuple excitation
core 2po,02po B2, 02w, B2, 021 B If we allow the three two-determinant
products to be singlet coupled (GVB-SO-PP) (8 configurations) only, we do not get
the correct asymptote. Allowing singlet and triplet coupling among the three bonds,
GVB-SO (14 configurations) and xGVB (20 configurations), both of which arise
from singlet and triplet coupled combinations including the open-shell singlets,
correctly separate N, into two 4S N atoms as shown in Figure 6. The complete active
space SCF (CASSCF)'* takes this one step further. It recognizes that N, requires six
orbitals, 3¢, 30, the pair 1w, and the pair 1m,, and distributes the six electrons
among them in all possible ways. This gives the xGVB set plus others (32 configura-
tions) and clearly effects proper separation to two N(*S) atoms. In Fig. 6, the
CASSCEF is nearly indistinguishable from the xGVB result.

This nondynamic correlation does not pertain to keeping electrons apart,
which is a dynamic effect, but instead emphasizes having the appropriate sets of
excitations in the wavefunction that requires a “large coefficient” to permit a
‘more proper zeroth-order description. [“Large” 1s not well defined. In practice
a coefficient for a determinant greater than 0.2 in an intermediately normalized
wavefunction (see later) is frequently cause for concern, while for well-defined
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dynamical correlation effects all determinants have coefficients < 0.1.] Other
examples include O, where the competing resonance structures require at least
rwo determinants in its zeroth-order solution (see section entitled Electronic
Spectra).

These different categories of correlation effects are not mutually exclusive
because the full Cl is the exact result in a basis for any situation. Hence, even
when a single determinant SCF model is a poor approximation to the right
answer (e.g., RHF for N, at a large internuclear separation), the full CI solution
would properly weight the other important configurations to give the right
result. Similarly, even for the open-shell singlet example we could start with just
the |b,ad.B| determinant, and since the double excitation |b,Bd,af is in the
full Cl solution, we will obtain both terms with the same coefficient but oppo-
site sign in the full CI for the singlet solution.

Thus, we have two operational choices:

1. We can take the dynamic correlation route and always start with a single
determinant reference, even when it is a poor approximation, and introduce
higher categories of excitations until we believe our wavefunction is flexible
enough to obtain satisfactory results.

2. We can insist on first introducing the relevant static or nondynamic correla-
tion to have a qualitatively correct zeroth-order solution and then augment
it by dynamic correlation to obtain quantitative results.

The preferable route will depend on the problem, the ease of implementation,
and the computational efficiency. '

The single reference (dynamic correlation) approaches will lead us to CI
approximations such as all single and double excitations from a single determi-
nant (CISD);® or many-body perturbation theory (MBPT)® [also known as
Mgller—Plesset (MP) perturbation theory®]; or coupled-cluster (CC) methods®
for single and double excitations like CCSD*" and its approximation termed
quadratic CI (i.e., QCISD);*? or coupled-cluster single, double, and triple exci-
tations (CCSDT).?* The second operational choice above will introduce multi—
reference (MR) methods like MCSCF,'®'* GVB,'® or CASSCF'* [the latter is
also known as full-optimized reaction space (FORS)*’]. Each of these references
may then be augmented by additional dynamic correlation via CI, as when
single and double excitations from a selection of reference determinants are
included to define a MR-CISD wavefunction.” More specific designations are
GVB-CISD and CASSCF-CISD and so on. Furthermore, there are similar MR-
MBPT?*%¢ and MR-CC methods.”** |

Whereas Cl methods are variational, giving upper bounds to the total
energy, the other discriminating factor in choice of correlated method is
whether a method scales correctly with size, or, equivalently, the number of
electrons. This (size) extensive property,>> which can be quite significant nu-
merically, is satisfied by many-body methods (e.g., MBPT, CC, and QCI
methods) but not by CI methods other than full Cl. “Truncated” CI ap-
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proaches are often subject to semiempirical extensivity corrections® in an
attempt to alleviate this failing. We will further discuss the consequences of
inextensivity in the next section. MR-CC has the attraction of being extensive
while including nondynamic correlation. One particularly useful development
in MR-CC is the recently developed two-determinant reference open-shell sin-
glet (TD-CCSD) method®’. Another is the Fock space MR-CC?”%? for excited,

ionized, and electron-attached states, both in ACES 11.2%-3°

METHODS FOR ELECTRON
CORRELATION

Methods

Given asetof n = n_ + ng molecular spin orbitals 4, 7, &, . . . occupied in
@y, and a set of N = N, + N molecular spin orbitals a, b, c, . . . that are
unoccupied in @y, to allow for electron correlation our objective is to introduce
the excited molecular orbitals 4, b, ¢, . . . that do not appear in @, to make an
improved wavefunction ‘

b b b b
V=@, + D, CI0F+ D, C¥p 4+ Chedpdbe + ...
La 1<f i<j<k
a<<b a<b<lc

. . . [21]
:<1+C1+C2+C3+“'}®0

In the limit of all possible # excitations (since m, is a good quantum number—
we can only excite to orbitals with the same spin), we have the full CI (FCI)
solution. Notice that this CI wavefunction applies equally well for open and
closed shells and, for the latter, permits either ROHF, UHF, or other orbitals.
The full CI solution has several attractive properties:

1. It gives the best solution for the energy and density in the contracted (AO)
basis set for any states. .

2. Itis “extensive” (i.e., it scales properly with molecular size and the number
of electrons).

3. It is invariant to any change in the form of the MOs, so any orbitals are
satisfactory.

4. It provides an upper bound to the exact electronic energy for any state.

The full Cl is impractical except as a reference because the number of determi-
nants is asymptotically ~N”. That means its application is possible only for
small molecules and small basis sets. In practice, calculations using ~25 x 10¢
determinants for H,O in a double zeta plus polarization (DZP) basis have been

made™ and ~108 determinants for CH; in a triple zeta plus polarization (TZP)
basis.>®
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The three most popular methods for introducing electron correlation are
(y_mgcated) ClI such as CISD, MBPT, and CC theory. Other correlated methods
(e.g., propagator methods,>”*® which are related to the last two) have also been
widely used for excitation and ionization energies. All can be viewed as differ-
ent ways of building in some of the excitations that are present in the FCIL. The
comparative merits of the methods depend on how rapidly they converge to the
FCI solutions for energies, densities, and other quantities of interest.

Configuration Interaction

ClI methods are straightforward. Once truncated to some subset of excita-
tions, the coefficients, C?)C?f’, .. . are determined from the variational princi-
ple Ecp = (P A HTDHP | Wep) = Eoyaee to give the lowest energy for the
ground state (or lowest state of a given symmetry). Introducing only double
excitations defines CID, whose wavefunction is Veyp = (1 + C,)®,. The
variational condition is equivalent to the matrix equation

hoo e[ & 1= 18]

[HDO Hppd LCp ) ~ Ley | For (22]
Ecpp = (‘DOQH H’CID} [23]

where D 1n

Heop = <®01HtD> [24]
H,p = (DIHD) :
indicates all double excitations, @?5’. Furthermore, in Cl, each member of a
subset of excitations will improve the energy somewhat, so adding singles,
E(CISD) < E(CID). Similarly, if the most important few triples are added (call
it CISDT') then E(CISDT’) might be a good approximation to the full
E(CISDT). Truncated CI methods also provide upper bounds to all electronic
states. However, in chemistry we are interested in energy differences (dissocia-
tion energies, excitation energies, activation barriers, etc.), and there is seldom
a bound on them. Furthermore, unlike MBPT and CC methods (see below), CI
methods are not “extensive,” and this can cause numerically significant errors.

Because the full CI (FCI) is the ultimate result in a given basis set, we can
partly assess the comparative quality of different correlated methods by com-
paring with the limited number of full CI results available for molecules.>*?
These are available for BH, FH, and H,O at the equilibrium bond length R,,1.5
R., and 2.0 R, in a DZP basis (see later). As discussed earlier, the RHF
reference function separates incorrectly when going to open-shell fragments, so
as bonds are stretched, it offers a particularly poor approximation to the cor-
rect answer. Because the FCI is the best possible answer, this behavior has no
effect on those results, but for a truncated CI, MBPT, or CC calculation, a poor
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reference places extreme demands on the method. The ability of a correlated
method to overcome such a poor reference is a testament to its accuracy and
applicability. The errors in the energy relative to FCI for various truncated CI
methods are shown in Table 1.

The correlation energy error in these examples ranges from 102 to 370
millihartrees, with an average of 213. CID accounts for about 88% of the
correlation.

We can make a few observations. The variational condition guarantees
that the error is above the exact result. Because of incorrect separation of the
RHF reference, the errors are greatest at twice the equilibrium R,. Comparing
the different CI truncations, we see that on average single excitations account
for ~4, triples for ~5, and quadruples for a whopping ~15 millihartrees. The
vast improvement of CISDTQ compared to CISDT emphasizes the numerical
importance of quadruple excitations in Cl. Very accurate methods should in-
clude these effects, and MBPT and CC methods do so in a convenient way.

Many-Body Perturbation Theory

The next method we consider is many-body perturbation theory
(MBPT).*!** This approach exploits the form of the Hamiltonian in Eq. [7]

% =Hy + V [25]

H, = E F(1) [26a]
1< 1 .

V=~2~%;;~§u(z) [26b]

so that we attempt to solve the correlation problem by introducing the pertur-
bation, V. In other words, the exact (FCI) wavefunction can be written as a
perturbation expansion

W= Dy Y+ 27]

instead of the form in Eq. [21]. Similarly, we have the eigenvalue E = E, + E(
+ E@ + - . - Inserting into the Schrédinger equation, with @, = {5, we obtain

(Hoy + V)(Wo + 60 + @ + - - )
B (EO + EM + E@) + - - .)(‘4}0 + d’u)) L. [28]

All the terms in such an expansion are linearly independent, so this
equation must be satisfied for each order m. Therefore,
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0th: (Ey — Hyp)Yy, = 0 [29a]
Lst: (Eq — Ho)y® = (V — EM)y, [29b]
2nd: (Ey — H)b@ = (V = EO)p(d — E@y, 25
3rd: (Eg = HoW®) = (V= EO)3? — E@yM — EGNy,  [29d]

#1

mth: (Eq — Holbt) = (V = EQ)glm=1) — 3 E@§m=8  [29¢]

k=2

By multiplying on the left by {5, and using the zeroth-order equation and
((Wolo) = 1, (Wols™)) = 0), we find that

EMD = (Q&)IW%)

E® = (o] V)
(30]

E0vD = (| V[yo)

In the energy expression we are using intermediate normalization. Remember
that all wavefunctions are determined only up to an arbitrary constant, which
is frequently chosen to make (¥|¥) = 1 to provide a convenient probability
interpretation. In perturbation theory (and in CI as we are doing it here), it is
more convenient to choose the intermediate normalization (U|¥) = 1, which is
equivalent to (gly®) = 0 for all & > 0. The relationship between a fully
normalized wavefunction, (¥|¥) = 1, and an intermediately normalized one is
straightforward. If ¥ = 2,C,®, and (¥|¥) = 1, for {®,} a set of functions
orthogonal to ®,, then ¥’ = ®, + 3,_.,(C,/Cy)P, is intermediately nor-
malized, since (@,[¥’) = 1. This normalization has the effect of simplifying the
energy expression to that in Eq. [30].

Consistent with the intermediate normalization condition, we want all
our perturbed #-particle functions ¥ to be orthogonal to W, Just as in the
case of CI, a natural set to represent these functions is the set of single, double,
etc., excitations. ;

To obtain V) consider its expansion in double excitations,

Y = g og [31]
ab
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where the (1) on the coefficient emphasizes its first-order character. Because
every excitation like d)?f is an eigenfunction of H, (i.e., H{)(I)?f = Ef;’ @?ﬁ»’},

e

Egb: 2 €k+€a+€b

ki
3E0~e£~ej+ed+ebxgo__,€gb
it follows that
(Eq — Ho)®3" = e5" @} [32]

Consequently, inserting $(¥) from Eq. (31] into Eq. [29b] and left-multiplying
by another double excitation ®5¢ and integrating, via orthonormality of the
excitations, we obtain

efd CEN = (@] | V|D,) [33]

or
ab
yo = 3 @520 g 34)
b !

and

E@ = 2 [(@L|V|®)|*/es’ = > [ijllabyres [35]

b b

This second-order correction defines MBPT(2), and it is the simplest correla-
tion correction. It should be clear that triple and higher excitations cannot
contribute to {1 because V includes only a two-particle operator. Following
the same procedure as above for single excitation contributions, &7, the results
depend on (®,| V@) = (Do|H|DF) = (i|Fla) = F;, = 0, which is why no single
excitations can mix with an RHF or UHF ®,. For an ROHF reference MBPT,
however, %,, # 0. This introduces an additional term in E® and various
additional terms in higher order. These have to be included in ROHF-MBPT
applications, but that has been accomplished in our ROHF-MBPT method.

Remembering that the average correlation energy correction for the full
CI examples is 213 millihartrees MBPT(2) typically accounts for 85-95% of
the correlation energy obtainable in a given basis set, as seen in Table 2.
Because MBPT(2) depends only on the relatively small subset of two occupied
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and two virtual orbital two-electron integrals (ij|lab) (most integrals would be
four-virtual (ablcd) type) and the SCF orbital energies, it is computationally
easy to evaluate E?). E@ itself is an ~#2N? procedure but the transformed
integral (ijl|ab) requires an ~Mn2N? step, where M = n + N. Because
MBPT(2) offers such a large percentage of the correlation correction, it typ-
ically provides much better results than SCF alone. We will see that in many
applications. |

Higher orders of perturbation theory are not conceptually too different
from E@). To get third order we have to consider 2, but for RHF and UHF
cases, it depends only on double excitations. We would have to evaluate terms
that depend on integrals like (abllcd), (ia]jb), and (ij||k]) in addition to the
(ij|lab) used in E?). For example, the particle—particle ladder (PPL) part of E)
is

ES = E%?<ﬁHab><abﬁcd><cdﬂﬁ>/8§f8£?

c>d
iz

This term causes MBPT(3) to require an ~»#2N* algorithm, like CID (or CISD).
In fact, the CID coefficients are C# =~ C(1) + C#@ through second order; so
we would expect CID and MBPT(3) to usually give similar results. From Table
2 we see that the average absolute error of MBPT(3) is 22.9 millihartrees,
which is close to the CID error of 25.9.

Some important distinctions emerge in fourth order. First, even for RHF
or UHF E® has contributions from single, triple, and quadruple excitations in
addition to double excitations.

EW = @V = E + B¢ + EP + E§ - EZ Q)

Now we see the consequences of (size)-extensivity for the first time. The last
term, which depends on E2), arises from the second term on the right in Eq.
[29¢] after multiplying on the left by (4] and using the fourth-order energy
formula. This term plays a critical role in distinguishing MBPT from CI. If we
continued approximating the CID coefficients by higher order perturbation
theory, we would have

3 2 b1
Cc;_b . ch?(u + C?i{?(?«) + Cc;{?( )’,_, E( )C‘;‘ )

because E@) arises only from double excitations.

To understand what is wrong with this, it is convenient to consider a
noninteracting system of mH, molecules. For such a system, the exact wave-
function for mH, would be W(mH,) = [W(H,)}”. Furthermore, the exact en-
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ergy E(mH,) = mE(H,). Since the exact energy must be written in terms of
perturbation corrections, it follows that Eqcp(mH,) = mEg~p(H,), EQ/(mH,) =
mECHH,), E®)(mH,) = mEG)(H,), etc. But notice, the negative (renormaliza-
tion) term depends on E@) and (M|} and since E@)(mH,) = mE?)(H,) and
since Y (mH,) = [WO(H,))m, (WO (mH) MW (mH,)) = m{$O(H,)WD(H,)),
the quantity E@X§D[§(V) depends on m2! How can this be, because we must
have E®(mH,) = mE®(H,)? This can happen only if somehow the m2-
dependent part of the E@{yM|s(1)) term cancels another part of E4 to elimi-
nate the m2 dependence. This is exactly what happens. Part of EE{? cancels
EFWV Y)Y, (There are actually two parts to E2{GWD); an m2-dependent
“disjoint part” and an m-dependent “conjoint or EPV part.” The former is
canceled while the latter contributes to Eg.} However, because E? and
WMy depend only on double excitations, the cancellation can occur only
when quadruple excitations are allowed to be in the wavefunction! Hence, CID
is not extensive’ because it does not scale correctly with »2 units because of the
absence of quadruple excitations. Higher orders would similarly require even
higher excitations until the FCI is reached! This failing of CI causes the para-
doxical situation that a finite-order approximation to CID [e.g., MBPT(2) or
MBPT(3)] frequently can be superior to the converged E(CID) result because
the CI retains such nonextensive terms as E@D[(1),

Although illustrated by CID, the inextensivity failing obviously pertains
to any truncated CI, since the cancellations that must occur always involve the
higher excitations that are not included in the truncated CI. The numerical
effects of these nonextensive terms is important even for small molecules; and,
today, most CI calculations include an estimate for these terms that allows their
value to be subtracted from the CI energy (Davidson’s approximation®*).
Many-body methods, instead, make the intelligent decision to eliminate all
such nonphysical terms from the equations before calculation. This makes the
method formally suited to describing many-bodies (i.e., many electrons). The
term many-body perturbation theory emphasizes this cancellation of terms
(also known as unlinked diagrams) that are not in the full CI solution. This
leaves just the appropriate (linked) ones, in the energy and wavefunction: the
so-called linked-diagram theorem.*> Now, by building approximations on that
equation we are already closer to the exact solution. This is a vastly better
approach formally, operationally, and in terms of numerical accuracy for a
given level of computation. Though extensive, MBPT is not variational, how-
ever, as negative corrections in Table 2 show.

The SDQ-MBPT(4) method, which includes all terms except the triple
excitations, requires only an ~#2N#* algorithm compared to ~#3N*N,, (N, =
number of iterations) for CISDT. Allowing for its nonvariational character, it is
generally better than CISDT (Table 2) because it has already incorporated most
of the effects of quadruple excitations. Full MBPT(4) also benefits from the
effect of triple excitations, is a noniterative ~n3N#* procedure, and is considera-
bly closer to the full CI than is CISDT. In fifth order the additional “con-
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nected” effects of quadruple excitations are introduced, but these are compara-
tively small compared to those already in SDQ-MBPT(4). MBPT(5)** is an
~13NS method but shows little numerical improvement over MBPT(4), despite
its much greater expense. CISDTQ, which is also correct through fifth order, is
still better than MBPT(S) because it includes all orders of perturbation theory
among those categories of excitations.

Clearly, extensivity pays important dividends numerically, but it should
be remembered that extensivity is only one possible source of error, and others
can be equally or more important for a given problem. In particular, for some

problems we might prefer the nonextensive multireference CI method instead
of single reference MBPT or CC.

Coupled-Cluster Theory

The failing of MBPT is that it is basically an order-by-order perturbation
approach. For difficult correlation problems it is frequently necessary to go to
high orders. This will be the case particularly when the single determinant
reference function offers a poor approximation for the state of interest, as
illustrated by the foregoing examples at 2.0 R.. A practical solution to this
problem is coupled-cluster (CC) theory.*® In fact, CC theory simplifies the
whole concept of extensive methods and the linked-diagram theorem into one
very simple statement: the exponential wavefunction ansatz,

Vee =exp(T)®y = (1 + T+ 2T~ - 3-,1’3 D, [36]

where

T=T,+T,+Ty+ - +T

i3

Justas in C, in a CI wavefunction, Tp generates p-fold excitations. Hence, CCD
gives

. 1
¢CCD3(1+T2+5TZ “')@0
=@+ 2 tPe v X eftremt v [37)
i<j i<j<k<l
a<b a<lb<<¢<d

Unlike CID, even CCD?? introduces quadruple excitations @“i‘gd and hextuples

@ficfjf,{, etc., up to all n-tuples for n electrons. However, the number of coef-
ficients to determme in CCD (£ b is exactly the same as in CID ( C“’b ), because
the coefficients of the hlgher excitations are products of the same coefﬁcxents
Since they arise from T%/2, T3/31, etc., we call the latter “disconnected” terms
(not unlinked; all terms in the exact wavefuncuon are linked!), which will lead
us to a nonlinear set of equations for the determination of the t"b “Connected”

quadruples come from T,.
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The correct scaling or extensive property is manifestly obvious in CC
methods because for noninteracting H, molecules (described with localized
orbitals),

V(mH,) = [$(Hy)]" [38]
“and in CC theory

Vee = exp(T(1) + T(2) + - - - T(m))Py(mH,)

= exp (mT)[®y(H,)]” (39]
= [lexp(T)Py(H,)]”
This means
Ecc(MHz} = mgcc(Hz) [40}

Note that Eq. [40] is true regardless of the subset of CC excitations (T,)
included (CCD,*? CCSD,** CCSDT,** etc.). Similarly, it is true for such ap-
proximations as CCSD + T(CCSD)*” and CCSD(T)***** (see below), where the
initial contributions of triple excitations are computed noniteratively after a
CCSD calculation, as well as essentially any other approximation based on CC
and MBPT theory. [The CEPA (coupled electron-pair approximations)®® are
approximations to CC theory but do not necessarily retain all the invariance
properties required to ensure rigorous extensivity.]

The use of the noninteracting limit above is pedagogical, but the conse-
quences of the exponential ansatz clearly pertain to the interacting case, since
there are no “unlinked” terms. It is important to recognize that it pertains to a
high density electron gas, too, which mimics a metal. Then the exponential
ansatz guarantees correct scaling with the number of electrons. Extensivity,
whose rigorous definition is the absence of “unlinked diagrams,”’>*? is a very
general and important consistency condition for a correlated method, and it is
absolutely essential for applications of quantum chemistry to extended
systems.

The CC equations are obtained by inserting the wavefunction from Eq.
[36] into the Schrédinger equation projected by the reference function @, and
single, double, and higher excitations. Using

Hy = H — ($o|H|D)
for CCD we have

(Bo|Hy exp (T)|Dy) = AE

(O |Hy exp (T)|g) = AEDY[eT|Do) for all i a,b (41]
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where AE is the correlation energy. The equations projected by excitations

provide equations for the coefficients, {¢2°}. The actual equations are

7

AE = (Do Hy T |®p) = 20 t2(D 2| Hy|@p) = 2, 22 (abllif) [42]

i>j i>j
a>b a>b
AEtS" = (D |Hy|®y) + (P |HyTo|Dp) + (P28 Hy T3 D) [43]

Notice, no higher terms than 72 can contribute to the CC equations because
T3 would generate hextuple excitations, which would have vanishing matrix
; ab . .
elements with ®F’. Therefore, even though the exponential CC wavefunction
consists of all terms up to n-fold excitations, the equations for the coefficients
{7} are lower order.
Explicitly, the canonical orbital CCD equations can be further simplified

to

e212 = (abllij) + %2 (ablledyred + %Z GillkeDes;
c,d kI

+ 2 (aklljeytsd — (bk|jores — (akllicyt + (bkljic)es)
k,c
[44]

1 a fot ac 3 ac
+ ‘4’2 </eliicd>[tk?ff = 2(23 fif + tibjdtkl)
k.1
c,d

b cd d ,ab bd bd ,ac
=205t gty ) At oty )]

Notice the elimination of AE from the CCD equations, unlike those for CID.
Having algebraic instead of eigenvalue equations is a consequence of exten-
sivity. If we include T in addition to T,, we would obtain coupled equations
for ¢ and t‘,-’;’. Including T; and its coefficients tfiic, we have coupled equations
for 17, t‘ff’, tj;zi etc. Given a set of transformed two-electron integrals, the
solution of the nonlinear CC equations is obtained by iteration exploiting
various acceleration techniques. Table 3 compares results for CCD, CCSD,
CCSDT, and CCSDTQ’! to full CI. These are clearly the most accurate results
we have yet considered. Like MBPT, CC results are not variational, and nega-
tive errors compared to full CI are possible.

The low order iterations of the CC equations recover MBPT approxima-
tions. For example, taking the first approximation to Eq. [44] and inserting it
into Eq. [42],
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pabl) (ablij)

g g2t
if
45
E@ = D, %W (abliij) 431
i>;
a>b

- Plugging z‘,} " into the second, third, and fourth summations on the right of
Eq. [44] gwes t"bm and E® = 3 2] bti’f’ 2){abij). Fourth-order quadruple exci-
tations arise from inserting t“b nto the term quadratic in £, along with t"‘f (2)

inserted into the terms Imear in t, because both terms contribute to t"b ) This

order defines the DQ-MBPT(4) approximation, which continuing to conver-
gence must give CCD. Including singles via the CCSD equations gives SDQ-

MBPT(4), which at convergence gives CCSD. Similarly, if we also introduce the

triple excitation T3 equations, we obtain SDTQ-MBPT(4) or just MBPT(4) as

the fourth-order approximation to CCSDT.

* Computationally, CCD and CCSD are ~#2N*N; methods, whereas
CCSDT is ~n3NSN,, and if T, were added to give CCSDTQ, we would require
an ~n*NéN,, algorithm. The corresponding CI methods have the same compu-
tational dependence but do not introduce the higher excitations that are found
in the CC methods.

It is possible to combine some aspects of MBPT with CC theory to retain
much of the infinite-order aspect of CC while saving significantly in the compu-
tational cost for higher cluster operators. This may be done iteratively or
noniteratively. Taking just the most important contributions of T; (as judged by
order in perturbation theory) and coupling to all T; and T, terms, we obtain
CCSDT-1.°% This still requires an ~#3N4N,, algorithm, though. Results are
shown in Table 3.

If we further consider only these T terms in CCSDT-1 noniteratively
(i.e., we do not let the T; coefficients change), we obtain highly accurate but
considerably less expensive methods. This is done as follows. The fourth-order
triple excitation correction may be written as

be(2)42  ab
D, (pabeldny2gabe [46]
i>j>k
a>b>e

where t"bc(z) would consist of several terms derived from T, coefficients of the

form = (bcﬂez)z““’(1 and 3, (mal)jk) 2. The former requires an #n3N* evalua-
tion. If we simply use the converged ¢;; and tb¢ coefficients from CCSD instead
of their first-order approximations (Eq. [45]) in Eq. [46], we would have high-
er than fourth-order terms. In this manner we evaluate the #3N* step just one
time and obtain CCSD + T(CCSD)*. If, in addition, we introduce a term
like £%(bcl|jk) that arises in CCSDT-1 from considering the contribution of T;
to the T, equation, (a fifth-order term), we obtain CCSD(T). *8 Both are
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clearly correct through fourth order and should be an improvement over
MBPT(4). In this manner much of the often important effect of T; can be
introduced without solving the full CCSDT equations, which is a substantial
savings. Similar noniterative methods have been developed that include
the initial T, contributions and are correct through fifth order, CCSD +
TQ*(CCSD) = CCSSD(TQ*),*” whose rate-determining step is a single 73N5
step.

Again recalling that unlike CI, CC methods are not variational, we can
compare various CC methods with full CI and the prior approximations in
Table 4. In terms of the energies, it is apparent that CC methods are closer to
full CI than the corresponding CI or MBPT results, as must be clear from the
theory. For example, CCSDT is closer than even CISDTQ. Even CCSD(T) is
competitive with CISDTQ, yet the latter requires an #*N6N,, computational
dependence, while CCSD(T) is #2N4N,, with a single #3N* step. Also, CISDTQ
is still not extensive. Similarly, the extensive fourth-order MBPT methods,
SDQ-MBPT(4), which is the fourth-order approximation to CCSD, and
MBPT(4), which is the fourth-order approximation to CCSDT or CCSD(T),
differ from the infinite-order methods by ~5 millihartrees. Notice the improve-
ment by a factor of better than 3 by CCSD compared to CISD and factor of
~16 improvement of CCSD(T) compared to CISDT. Whereas triples are impor-
tant in CC theory, their improvement in CISDT is small. Although Table 4 is for
just the energy, the overall relative quality of the various methods tends to

Table 4 Comparison of Mean Absoluie
Errors for Different Correlated Methods
Versus Full CI for BH, FH, and H,0¢

Mean absolute error

Method (millihartrees)
CID 259
CISD 22.0
CISDT 16.7
CISDTQ 1.13
MBPT{2) 27.8
MBPT(3) 22.9
SDQ-MBPT(4) 11.3
MBPT(4) 5.89
MBPT(5) 5.12
CCD 12.8
CCSD 7.06
CCSD(T) 1.15
CCSDT-1 0.96
CCSDT 0.78
CCSSD(TQ*) 0.44
CCSDTQ 0.03

«Summary of data from Tables 1-3.
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follow the errors shown. Hence we expect CCSD(T) > MBPT(4) > CCSD >
SDQ-MBPT(4) > CISD > MBPT(2).

The Brueckner orbital variant of CC should also be mentioned.** CCSD
puts in all single excitation effects via the wavefunction exp(T; + T,)®,. We
can instead change the orbitals {¢;} in ®; in this wavefunction until T; = 0.
These orbitals are called Brueckner orbitals and define a single determinant
reference B instead of @, that has maximum overlap with the correlated wave-
function. Since B-CCD’* (or BD)’” effectively puts in T, it will give results
similar but not identical to those from CCSD (they differ in fifth order). For
BH, the corresponding B-CCD errors are 1.81, 2.88, and 5.55, compared to
1.79, 2.64 and 5.05, for CCSD as a function of R.. See also B-CCD for
symmetry breaking problems.”®

Quadratic configuration interaction (QCISD)" is an approximation to
CCSD methods (it is also the same up to fifth-order terms) and will give similar
results. Generally E(QCISD) < E(CCSD) because the higher order nonlinear
terms in CCSD tend to be positive. For the purposes of the present discussion,
we do not need to consider it separately. The details and numerical results
compared to full CI are presented in the Appendix.

Numerical Results for Potential
Energy Curves

Besides FCI comparisons discussed above, correlated results for the N,
and F, potential energy curves are informative. Because of the importance of
nondynamic correlation in correctly separating the N, potential curve to two
N(#S) atoms, the reference result shown in Figures 8 and 9 is the MR-CI, which
is the same as CASSCF-CISD. Recall from Figure 6 that the CASSCF solution is
qualitatively correct as a function of R, so augmenting it with all the single and
double excitations that can be formed from excitations among the 32 spin-
adapted configurations in the CASSCF should be excellent (even though not an
extensive) approximation to the FCL In this case it consists of 77,558 configu-
rations. For the correctly separating UHF-based correlated methods, all the
purely single reference, purely dynamic correlation methods go to the correct
asymptotic limit except for MBPT(2) (Figure 8). The characteristic spin con-
tamination of the UHF that persists into the correlated calculations is apparent
from the erroneous, too steep, curvature near 1.3 A. The latter is never allevi-
ated by finite-order MBPT results, but is once the CCSD result has been ob-
tained. That is, despite no explicit consideration of nondynamic correlation,
UHF-CCSD offers a perfectly reasonable approximation to the N, curve all the
way to separation. Adding triples either noniteratively, CCSD(T), or com-
pletely, CCSDT, provides results that follow the CASSCE-CISD curve very
accurately. Notice that the CCSD(T) and CCSDT energies (along with
MBPT(4)) are actually lower in the vicinity of equilibrium and, if we had the
full CI result, would be closer to it than the CI. This reflects the remaining
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inextensivity error even in a large CASSCF-CISD calculation. The CI still does

not have all the benefit of triple and quadruple excitations, which is why most

such calculations will still be augmented by a semiempirical estimate of the

extensivity correction. It is clear from the above that whereas CC methods

should be able to describe the curvature accurately, MBPT frequencies will
suffer from spin contamination.

Considering the RHF-based CC and MBPT methods (Figure 9), to obtain
4 reasonable curve, the CC and MBPT methods must overcome a reference that
is incorrectly separating. From Figure 6 that means correcting for about 0.8
hartree (or ~500 kcal/mol!). The fact that CCSD(T) and CCSDT can largely
do that is rather remarkable! In practice that means that CCSD and CCSD(T)
are fairly good to about 1.5 A and CCSDT is nearly superimposable upon the
CASSCF-CISD result until about 1.9 A. Once again near the minimum where
UHF and RHF coincide, the many-body methods with triples have lower ener-
gies. Here, finite-order MBPT shows the characteristic turnover that results
when an energy denominator €, + €, — €, — €, approaches zero where €; + €; =
€, + €, as some orbitals are exactly degenerate at separation. The denominator
is negative, which causes the result to go to negative infinity. Unlike the UHF-
based results, finite-order RHF-MBPT is qualitatively correct near equilibrium,
however.

Figures 10 and 11 show a similar set of curves for F,. Figure 12 shows the
differences in dissociation energies. F, is complicated by its small dissociation
energy and its unbound UHF solution. However, it is simpler than N, in that
only a single bond is being broken. For single bond breaking, CC methods will
not show the turnover observed for the N, RHF-based examples. Comparisons
with the GVB-CISD = CASSCF-CISD demonstrate the general accuracy of
nondynamic CC methods for single bond breaking. In particular, results from
the simplest iterative triples model, CCSDT-1°* (Figure 12) are in good agree-
ment with the GVB-CISD at separation and better than those from its nonitera-
tive counterpart, CCSD(T). As for N,, the many-body results give deeper min-
ima and better dissociation energies for F, than does CASSCF-CISD. Here, of
course, the CAS space consists of only two orbitals and the CI contains only
6620 configurations. The RHF-MBPT curves still turn over (Figure 10), but
farther out on the potential curve than for N,. Because of UHF’s qualitative
failure for F,, UHF-MBPT shows no binding either (Figure 11). However, once
again, CCSD and CCSD(T) provide qualitatively correct potential energy
curves (Figure 12) although the former is too steep near 1.8 A as it is for N,.

To summarize, CC/MBPT methods are usually more accurate near equi-
librium geometries than are nondynamic correlated methods, but less accurate
asymptotically. These two examples are extreme cases chosen to show failures.
Correctly breaking a C—H bond in CH, or C—C bond in ethane is not too
demanding for these methods. Because chemistry is mostly accomplished by
breaking single bonds, most situations involving bond cleavage are amendable
to single-reference CC methods. In particular, there are no particular problems




