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33.1 Introduction

Quantum cascade lasers (QCLs) are high-power, coherent light sources emitting in the mid-infrared (mid-
IR) and terahertz (THz) frequency ranges [1]. QCLs are electronically driven, unipolar devices whose
active core consists of tens to hundreds of repetitions of a carefully designed stage. The QCL active core can
be considered a superlattice (SL) in which each stage is a multiple quantum well (MQW) heterostructure
where con�ned electronic states with speci�c energy levels are formed because of quantum con�nement.
The concept of achieving lasing in semiconductor SLs was �rst introduced by Kazarinov and Suris [2] in
1971. The �rst working QCL was demonstrated by Faist et al. [1] two decades later.

QCLs are typically III-V material systems grown on GaAs or InP substrates. Molecular beam epitaxy
(MBE) [3] and metal-organic chemical vapor deposition (MOCVD) [4] are the techniques that enable
precise growth of thin layers of various III-V alloys. It is also possible to incorporate strain into the structure
as long as the total strain in a stage is balanced. Both the precision and the possibility of introducing strain
bring great �exibility to the design of the QCL active core, so lasing over a wide range of wavelengths (from
3 to 190 μm) has been achieved. The growth techniques produce high-quality interfaces with atomic-level
roughness.

Mid-IR QCLs (wavelength range 3–12 μm) have widespread military and commercial applications.
A practical portable detector requires mid-IR QCLs to operate at room temperature (RT) in continuous
wave (CW) mode and with high (watt-level) output power. Furthermore, these QCLs must also have high
wall-plug e�ciency (WPE) (the ratio of emitted optical power to the electrical power pumped in) and
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long-term reliability under these high-stress operating conditions. As the stress likely stems from excessive
nonuniform heating while lasing [5,6], improving device reliability and lifetime goes hand in hand with
improving the WPE.

33.1.1 Lasing in QCLs

In QCLs, multiple conduction subbands are formed in the active core by means of quantum con�nement.
QCLs are unipolar devices, meaning that lasing is achieved through radiative intersubband transitions
(transitions between two conduction subbands) instead of radiative interband transitions (transitions
between the conduction and valence bands) in traditional quantum well (QW) semiconductor lasers. As a
result, electrons do not combine with holes a�er the radiative transitions and can be used to emit another
photon. In order to reuse electrons, the same MQW heterostructure is repeated many times (25–70) in the
QCL active core (the so-called cascading scheme).

Figure 33.1 depicts a typical conduction band diagram of two adjacent stages in a QCL under an electric
�eld. Each stage consists of an injector region and an active region. The injector region has several thin
wells separated by thin barriers (10–30 Å), so a miniband is formed with multiple subbands that are close
in energy and whose associated wavefunctions have high spatial overlap. Typically, the lowest few energy
levels in the miniband are referred to as the injector levels. The injector levels collect the electrons that
come from the previous stage and inject them into the active region. The active region usually consists of
2–3 wider wells (40–50 Å) separated by thin barriers. Consequently, a minigap forms in the active region
between the upper lasing level (3) and the lower lasing level (2). Another important energy level in the
active region is the ground state (1). There is a thin barrier (usually the thinnest among all layers) between
the injecting region and the active region, called the injection barrier.

By design, the injector levels are close in energy and strongly coupled to the upper lasing level because
of the thin injection barrier. The upper and lower lasing levels have large spatial overlap, which allows
a radiative transition between the two levels; the wavelength of the emitted light is determined by the
energy spacing between these two levels. The lower lasing level overlaps with the ground state for e�cient
electron extraction. Electron emission of longitudinal optical (LO) phonons is the dominant mechanism
for electron extraction, so the energy spacing between the lower lasing level and the ground state is
designed to be close to the LO phonon energy to facilitate extraction. With careful design, the electron
lifetime in the upper lasing level is longer than in the lower lasing level, so population inversion can be
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FIGURE 33.1 A typical conduction band diagram of two adjacent QCL stages under an applied electric �eld. Each
stage consists of an injector region and an active region. A miniband is formed in the injector region while a minigap is
formed in the active region (between the upper and lower lasing levels). Lasing is associated with a radiative transition
from the upper (3) to the lower (2) lasing level. Electrons in the lower lasing level depopulate quickly to the ground
level (1) by emission of longitudinal optical phonons.
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achieved. A�er reaching the ground state, electrons tunnel through the injector into the upper lasing level
of the next stage, and the process is repeated. Of course, the lasing mechanism description above is ideal-
ized. In reality, the e�ciency of the radiative transition between the upper and lower lasing levels is very
low [7,8].

33.1.2 Recent Developments in High-Power QCLs

In recent years, considerable focus has been placed on improving the WPE and output power of QCLs for
RT CW operation. Bai et al. [9] showed 8.4% WPE and 1.3 W output power around 4.6 μm in 2008. Shortly
therea�er, Lyakh et al. [10] reported 12.7% WPE and 3 W power at 4.6 μm. Watt-level power with 6%
WPE at 3.76 μm and then lower power at 3.39 and 3.56 μm are reported by Bandyopadhyay et al. [11,12].
Bai et al. [13] demonstrated 21% WPE and 5.1 W output power around 4.9 μm in 2011. Much higher
WPE and/or output power has been achieved at lower temperatures or at pulsed mode [7,14] near 4.8 μm.
A summary of recent developments can be found in review papers [8,15].

While good output powers and WPEs have been achieved, long-term reliability of these devices under
RT CW operation remains a critical problem [5,6]. These devices are prone to catastrophic breakdown
owing to reasons that are not entirely understood, but are likely related to thermal stress that stems from
prolonged high-power operation [5]. This kind of thermal stress is worst in short-wavelength devices that
have high strain and high thermal-impedance mismatch between layers [11,12,16,17].

In addition to improved device lifetime, we seek better CW temperature performance (higher charac-
teristic temperatures T0 and T1, de�ned next) [6]. The �rst aspect is a weaker temperature dependence
of the threshold current density. Empirically, the threshold current density (the current density at which
the device starts lasing) has an exponential dependence on the operating temperature T: Jth ∝ exp

(

T
T0

)

.
Higher characteristic temperature T0 is preferred in QCL design, as it means less variation in Jth as the
temperature changes.

Another key temperature-dependent parameter is the di�erential quantum e�ciency (also called the
slope e�ciency or external quantum e�ciency), de�ned as the amount of output optical power dP per unit
increase in the pumping current dI: ηd =

dP
dI ∝ exp

(

− T
T1

)

. The di�erential quantum e�ciency is directly
proportional to the WPE (WPE = ηdηf, where ηf is the feeding e�ciency). Therefore, the higher theT1, the
closer the ηd is to unity, and the higher the WPE. Recently, deep-well structures with tapered active regions
have demonstrated signi�cant improvements in T0 and T1 with respect to the conventional 4.6-μm device
[9], underscoring that the suppression of leakage plays a key role in temperature performance [6,18,19].
Still, the microscopic mechanisms and leakage pathways that contribute to these empirical performance
parameters remain unclear.

33.1.3 QCL Modeling: An Overview

Under high-power RT CW operation, both electron and phonon systems in QCLs are far away from equi-
librium. In such nonequilibrium conditions, both electronic and thermal transport modeling are important
for understanding and improving QCL performance.

Electron transport in both mid-IR and THz QCLs has been successfully simulated via semiclassical
(rate equations [20–22] and Monte Carlo [23–26]) and quantum techniques (density matrix [27–33],
nonequilibrium Green’s functions (NEGF) [34–36], and lately Wigner functions [37]). InP-based mid-
IR QCLs have been addressed via semiclassical [38] and quantum transport approaches (8.5-μm [39] and
4.6-μm [35,36] devices). There has been a debate whether electron transport in QCLs can be described
using semiclassical models, in other words, how much of the current in QCLs is coherent. Theoretical work
by Iotti and Rossi [23,40] shows that the steady-state transport in mid-IR QCLs is largely incoherent. Monte
Carlo simulation [41] has also been used to correctly predict transport near threshold. However, short-
wavelength structures [9] have pronounced coherent features, which cannot be addressed semiclassically
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[33]. NEGF simulations accurately and comprehensively capture quantum transport in these devices but
are computationally demanding. Density matrix approaches have considerably lower computational over-
head than NEGF but are still capable of capturing coherent transport features. A comprehensive review of
electron transport modeling was recently written by Jirauschek and Kubis [42].

Electronic simulations that ignore radiative transitions are applicable for modeling QCLs below or near
threshold where the interaction between electrons and the laser electromagnetic �eld can be ignored. Such
simulations are useful for predicting quantities such as threshold current density andT0. However, in order
to accurately model QCLs under lasing operations, the e�ect of the laser �eld on electronic transport would
have to be included. In some cases, the e�ects of the laser �eld can be very strong [39], especially for high-
WPE devices, where the �eld-induced current can be dominant [38]. When included in simulations, the
laser �eld is typically modeled either as an additional scattering mechanism [38,43] or as a time-dependent
sinusoidal electric �eld [39,44]. In this work, we ignore the e�ect of the laser �eld on electron dynamics.

Thermal transport in QCLs is o�en described through the heat di�usion equation, which requires
accurate thermal conductivity in each region, a challenging task for the active core that contains many
interfaces [17,45–48]. It is also very important to include nonequilibrium e�ects, such as the nonuniform
heat generation rate stemming from the nonuniform temperature distribution [47] and the feedback that
the nonequilibrium phonon population has on electron transport [26].

In this chapter, we present a multiphysics (coupled electronic and thermal transport) and multiscale
(bridging between a single stage and device level) simulation framework that enables the description of
QCL performance under far-from-equilibrium conditions [49]. We present the electronic (Section 33.2)
and thermal (Section 33.3) transport models, and then bring them together for electrothermal simulation
of a real device structure (Section 33.4). We strive to cover the basic ideas while pointing readers to the
relevant references for derivation and implementation details.

33.2 Electronic Transport

Depending on the desired accuracy and computational burden, one can model electronic transport in
QCLs with varying degrees of complexity. The goal is to determine the modal gain (proportional to the
population inversion between the upper and lower lasing levels) under various pumping conditions (cur-
rent or voltage) and lasing conditions (pulsed wave or CW). A typical electron transport simulator relies
on accurately calculated quasibound electronic states and associated energies in the direction of con�ne-
ment. Electronic wavefunctions and energies are determined by solving the Schrödinger equation or the
Schrödinger equation combined with the Poisson’s equation in highly doped systems. Section 33.2.3.1
introduces a k ⋅ p Schrödinger solver coupled with a Poisson solver. More information about other solvers
for electronic states can be found in the review paper [42] and references therein.

The simulations of electronic transport fall into two camps depending on how the electron single-
particle density matrix is treated. The diagonal elements of the density matrix represent the occupation of
the corresponding levels and o�-diagonal elements represent the “coherence” between two levels. Trans-
port is semiclassical or incoherent when the o�-diagonal coherences are much smaller than the diagonal
terms and can be approximated as proportional to the diagonal terms times the transition rates between
states [50]. In that case, the explicit calculation of the o�-diagonal terms is avoided and only the diago-
nal elements are tracked, which simpli�es the simulation considerably. However, when the o�-diagonal
terms are appreciable, transport is partially coherent and has to be addressed using quantum transport
techniques.

33.2.1 Semiclassical Techniques

Semiclassical approaches assume that electronic transport between stages is largely incoherent “hopping”
transport. The key quantities are populations of electronic states that are con�ned in the QCL growth
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direction, and electrons transfer between them due to scattering events. The scattering rates can be obtained
empirically or more rigorously via Fermi’s golden rule. Common semiclassical approaches are the rate
equations and ensemble Monte Carlo (EMC), the latter solving a Boltzmann-like transport equation
stochastically.

33.2.1.1 Rate Equations

In the rate equation approach [20–22], scattering between relevant states, i.e., the injector level, the upper
and lower lasing levels, and the ground state, is captured through transition rates. The rates include all
relevant (radiative and nonradiative) scattering mechanisms and can be either empirical parameters or
calculated [51,52]. The computational requirements of rate equation models are low, so they are suitable
for fast numerical design and optimization of di�erent structures [22].

33.2.1.2 Ensemble Monte Carlo

The heterostructure in the QCL active core is a quasi-two-dimensional (quasi-2D) system, where electrons
are free to move in the x–y plane, while con�ned cross-plane in the z direction; the con�nement results in
the formation of quasibound states and discrete energy levels corresponding to the bottoms of 2D energy
subbands. The electron wavefunctions in 3D are plane waves in the x–y plane and con�ned wavefunctions
in z direction. Electronic transport is captured by a Boltzmann-like semiclassical transport equation [23],
which can be solved via the stochastic EMC technique assuming instantaneous hops between states in
3D due to scattering [53]. The simulation explicitly tracks the energy level and in-plane momentum of
each particle in the simulation ensemble (typically ∼105 particles). Tracking in-plane dynamics makes it
more detailed than the rate equation model. The transition rates are generally computed directly from the
appropriate interaction Hamiltonians and therefore depend on the energy levels as well as the wavefunction
overlaps between di�erent electronic states [42,53,54]. EMC allows us to include nonequilibrium e�ect into
transport, which is covered in more detail in Section 33.2.3.

33.2.2 Quantum Techniques

Density matrix and NEGF are the two most widely used techniques to describe quantum transport in
QCLs. Recently, a Wigner function approach was also successfully used to model a SL [37].

33.2.2.1 Density Matrix Approaches

In semiclassical approaches, the central quantity of interest is the distribution function f Ek
n (t), the proba-

bility of an electron occupying an eigenstate n and having an in-plane kinetic energy Ek. The quantum-
mechanical analogue is the single-electron density matrix, ρEk

nm(t), where the diagonal elements ρEk
nn(t) =

f Ek
n (t) are occupations and the o�-diagonal elements ρEk

nm(t) are the spatial coherences between states n
and m at the in-plane energy Ek. When employing semiclassical methods, o�-diagonal matrix elements
are assumed to be much smaller than diagonal elements. This approximation may fail in some cases, e.g.,
when two eigenstates with a large spatial overlap have similar energies. This scenario o�en arises when
modeling THz QCLs [28,32,55], but can also come up in mid-IR QCLs [33]. In these cases, semiclassical
models fail.

The density matrix models that have been employed for QCL modeling can be categorized into two
groups. The �rst includes hybrid methods, where transport is treated semiclassically within a region of the
device (typically a single stage) while the e�ects of tunneling between di�erent regions, separated by barri-
ers, are treated quantum mechanically using a density matrix formalism with phenomenological dephasing
times [28,31,55]. The second group involves completely quantum-mechanical methods that rely on micro-
scopically derived Markovian master equations that guarantee positivity of the density matrix [32,33]. Both
methods are more computationally expensive than their semiclassical counterparts, because the density
matrix contains many more elements than its diagonal semiclassical analogue.
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33.2.2.2 Nonequilibrium Green’s Functions

The NEGF technique (see a good overview in Reference [42]) relies on the relationships between single-
particle time-ordered Green’s functions and correlation functions [34–36]. The correlation function
G<
α,β(k; t1, t2), o�en referred to as the lesser Green’s function [44,56], is one of the central quantities and

can be understood as a two-time generalization of the density matrix, where k refers to the magnitude
of in-plane wave vector. The correlation function contains both spatial correlations (terms with α ≠ β)
as well as temporal correlations between times t1 and t2 (not included in semiclassical or density matrix
models). Typically, the potential pro�le is assumed to be time independent, in which case the correlation
function only depends on the time di�erence G<

α,β(k; t1, t2) = G<
α,β(k; t1 − t2). Fourier transform over the

time di�erence into the energy domain gives the energy-resolved correlation function G<
α,β(k,E), which is

the quantity that is usually solved for numerically [35,44,56]. The main advantages of the NEGF formalism
are that it provides spectral (energy-resolved) information and it includes the e�ects of collisional broad-
ening (the broadening of energy levels due to scattering), which is particularly important when the states
are close in energy. These advantages carry a considerable computational cost, so NEGF calculations are
much more time-consuming than density matrix approaches [39].

33.2.3 EMC with Nonequilibrium Phonons

Here, we focus on presenting semiclassical modeling of electron transport in QCL structures via EMC
[25,26,57]. The solver consists of two parts: a coupled Schrödinger–Poisson solver and a transport ker-
nel. We solve for the electronic states using the coupled Schrödinger–Poisson solver and feed the energy
levels and the wavefunctions of the relevant electronic states to the transport kernel. The transport kernel
keeps track of the electron momentum, energy, and distribution among subbands. If the electron den-
sity inside the device is high, transport kernel will periodically feed the electron distribution back to the
Schrödinger–Poisson solver and update the electronic states. This loop is repeated until the electron distri-
bution converges. By doing so, we solve for both the electron transport and the electronic band structure
self-consistently.

Since the active QCL core consists of repeated stages, the wavefunctions in any stage can be obtained
from the wavefunctions in any other stage by translation in space and energy. This translational symmetry
makes it possible to simulate electron transport in only one generic central stage instead of in the whole
QCL core [53]. Typically, electronic states in nonadjacent stages have negligible overlap, which also means
that the transition rates between them are negligible. As a result, it is su�cient to limit interstage scattering
events to only those between adjacent stages.

Figure 33.2 shows a schematic of three adjacent stages under an applied �eld. We simulate electron
transport in the central stage λ, while nearest-neighbor interstage (λ ⇄ λ ± 1) and intrastage (λ → λ)
scattering is allowed. Periodic boundary conditions (PBCs) are applied in the simulation, i.e., whenever
one electron scatters from the central stage into the next stage (process 2 ), an electron scatters from the
previous stage into the central stage (process 1 ) and vice versa (process 3 and process 4 ). PBCs are
justi�ed by the cascading scheme.

33.2.3.1 Electronic Bandstructure Solver

We employ the k⋅p method to solve the Schrödinger equation and couple it to a Poisson solver [25,53,57].
The k⋅p method is an e�cient way to solve for the electronic band structure near the band edges, where
the transport happens in QCLs. The k⋅p method considers the contribution from the conduction band
(C), light-hole band (LH), and the spin-orbit split-o� band (SO) (the heavy-hole band (HH) decouples
from the other three at the band edge) [58]. The contributions from the LH and SO are especially impor-
tant for narrow-gap materials, such as InP. Moreover, in modern QCLs, strain-balanced structures have
been employed to obtain enhanced performance. In these structures, alternate layers are compressively
or tensilely strained while the whole structure is strain free, with carefully designed thickness of each
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FIGURE33.2 Schematic of the three simulated stages in a QCL active core under an applied �eld. Scattering is limited
to nearest-neighbor stages and periodic boundary conditions are justi�ed by the cascading scheme; therefore, only three
stages are needed in the EMC transport kernel.

layer. The k⋅p method allows for convenient inclusion of the e�ects of strain on the band structure. The
implementation details of the k⋅p solver can be found in Reference [53].

The k⋅p solver can only solve for a �nite structure rather than an in�nite periodic one. As a result, we
need to simulate a �nite number of stages and add arti�cially high barriers to the two ends to con�ne all the
states. If a stage is far enough from the boundaries, the calculated band structure in it should be the same
as if we were to solve for the whole periodic structure. Tests have con�rmed that three stages, which we
also used in EMC, are enough when solving for the electronic states to ensure that the central-stage states
are una�ected by the simulation-domain potential boundaries. The states from the central stage are then
translated in energy and position to the neighboring stages according to the stage length and the applied
electric �eld.

When we need to solve for electron transport and electronic states self-consistently, it is necessary for
the solver to be able to automatically pick out the electronic states belonging to the central stage. One
intuitive criterion is to calculate the “center of mass” for each state (the expectation value of the cross-
plane coordinate, ⟨z⟩) and assign those falling in the central stage to that stage. However, in our three-stage
scheme, this method may pick up the states that are too close to the boundary. One can either extend the
number of stages in the k⋅p solver to �ve, so the three stages in the middle are all far from the boundary, or
use additional criteria such as that there be more than 50% possibility of �nding an electron in the central
stage, based on the probability density distribution, or requiring that the location of the probability density
peak be in the central stage. Additional criteria requiring strong con�nement of states have been explored
in [32].

33.2.3.2 Transport Kernel with Nonequilibrium Phonons

The EMC kernel tracks the hopping transitions of electrons between subbands and stages until conver-
gence and outputs the transport information for us to calculate the experimentally relevant quantities such
as current and modal gain [53]. In the transport kernel, both electron–electron interactions and electron–
LO-phonon interactions are considered. Other scattering processes, such as intervalley scattering, impurity
scattering, and interface roughness scattering can be considered under di�erent circumstances [42]. Pho-
ton emission is not considered, either. Because EMC tracks individual particles, nonequilibrium electron
transport can be automatically captured. (EMC tracks individual simulation particles, each of which might
represent thousands of real electrons.)
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The most important scattering mechanism in QCLs is electron–LO-phonon scattering, which facilitates
the depopulation of the lower lasing level. As shown in Reference [59], phonon con�nement has little e�ect
on the electronic transport; therefore, for simplicity, LO phonons are treated as bulklike dispersionless
phonons with energy ℏω0. The transition rate between an initial state ϕi(z) with energy Ei and a �nal state
ϕf(z) withenergy Ef can be derived from the Fermi’s golden rule as follows:

Γa(−),e(+) =
e2ℏω0m∗

f

8π2ℏ3

(

1
ϵ∞

− 1
ϵ0

)

∫

2π

0
dθ ∫

∞

−∞
dqz ∫

∞

0
dEkfNq

|if(qz)|2

q2
∥ + q2

z
δ(Ef − Ei ∓ ℏω0), (33.1)

where e is the electronic charge while ϵ0 and ϵ∞ are static and high-frequency electronic permittivities of
the material, respectively. The integrals are over the in-plane kinetic energy Ek of the �nal state and the
cross-plane momentum transfer qz . q∥ = k′∥ − k∥ is the in-plane momentum transfer.

|if(qz)|2 =
|

|

|

|

|

∫

d

0
dzϕ∗f (z)ϕi(z)e

−izqz
|

|

|

|

|

2

(33.2)

is de�ned as the overlap integral (OI) between the initial and �nal states, where qz is the cross-plane
momentum transfer. The integration is over the angle between initial and �nal in-plane momenta k∥ and
k′∥ (θ), cross-plane momentum component of the �nal state (kfz), and the kinetic energy of the �nal state
(Ekf). Nq represents the number of LO phonons with momentum q = (q∥, qz). The expression can be fur-
ther simpli�ed in the equilibrium case, where Nq follows the Bose–Einstein distribution [53]. In order to
model nonequilibrium phonon e�ects, we numerically integrated the expression using a phonon number
histogram according to both q∥ and qz [54].

According to the uncertainty principle, position and momentum both cannot be determined simulta-
neously. Since our electrons are all con�ned in the central stage (Δz′ is �nite), the cross-plane momentum
is not exactly conserved during the scattering process (qz ≠ k′z − kz) [60]. This analysis does not
a�ect the momentum conservation in the x–y plane, because we assume in�nite uncertainty in position
there. Previously, the cross-plane momentum conservation has been considered through the momen-
tum conservation approximation (MCA) [61,62] and a broadening of qz according to the well width
[60]. The MCA forbids a phonon emitted between subbands i and f to be reabsorbed by another tran-
sition between i′ and f ′ if i ≠ i′ or f ≠ f ′, and thus might underestimate the electron–LO interaction
strength [54]. The concept of well width is hard to apply in an MQW structure such as the QCL active
core [54]. We observe that the probability of a phonon with cross-plane momentum qz being involved
in an interaction is proportional to the OI in Equation 33.2. Figure 33.3 depicts the typical OIs for both
intersubband (i1 → 3 and 2 → 1) and intrasubband (3 → 3) transitions. As a result, in each electron–LO-
phonon scattering event, we randomly select a qz following the distribution from the OI (Figure 33.3).
Depending on the mechanism (absorption or emission), a phonon with (q∥, qz) is removed or added
to the histogram according to the 2D density of states (DOS) and the e�ective simulation area [54].
Once the phonons with a certain momentum are depleted, transitions involving such phonons become
forbidden.

In order to couple the EMC solver to the thermal transport solver, we need to keep a detailed log
of heat generation during electron transport. In all the relevant scattering events, electron–LO-phonon
scattering is the only inelastic mechanism and therefore is the only mechanism that contributes to heat
generation. As a result, the total energy emitted and absorbed in the form of LO phonons is recorded
during each step of the EMC simulation. The nonequilibrium phonons decay into acoustic longitudinal
acoustic (LA) phonons via a three-phonon anharmonic decay process. The formulation and the param-
eters here follow [63]. The simulation results of EMC including nonequilibrium phonons are shown in
Section 33.4.
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FIGURE 33.3 Normalized overlap integral |if|
2 from Equation 33.2 versus cross-plane phonon wave vector qz for

several transitions (intersubband i1 → 3 and 2 → 1; intrasubband 3 → 3). (Reprinted with permission from Y. B. Shi
and I. Knezevic. Nonequilibrium phonon e�ects in midinfrared quantum cascade lasers. Journal of Applied Physics,
116(12):123105, 2014. Copyright 2014, American Institute of Physics.)

33.3 Thermal Transport

The dominant path of heat transfer in a QCL structure is depicted in Figure 33.4. The operating electric
�eld of a typical QCL is high, which means that considerable energy is pumped into the electronic system.
These energetic, “hot” electrons relax their energy largely by emitting LO phonons. LO phonons have high
energies but �at dispersions, so their group velocities are low and they are poor carriers of heat. An LO
phonon decays into two LA phonons via a three-phonon process referred to as anharmonic decay. LA
phonons have low energy but high group velocity and are the main carriers of heat in semiconductors
[47,63]. If we neglect the di�usion of optical phonons, the �ow of energy in a QCL can be described by the
following equations:

∂WA
∂t

= ∇ ⋅ (κA∇TA) +
∂WLO
∂t

|

|

|

|coll
;
∂WLO
∂t

= ∇ ⋅ (κA∇TA) +
∂We
∂t

|

|

|

|coll
−
∂WLO
∂t

|

|

|

|coll
, (33.3)

where WLO, WA, and We are the LO phonon, acoustic phonon, and electron energy densities, respectively.
κA is the thermal conductivity in the system and TA is the acoustic phonon (lattice) temperature. The term
∇ ⋅ (κA∇TA) describes heat di�usion, governed by acoustic phonons. We have also used the fact that the
rate of increase in the LO-phonon energy density equals the di�erence between the rate of its generation
by electron–LO-phonon scattering and the rate of anharmonic decay into LA phonons.

In a nonequilibrium steady state, both the LO and LA energy densities are constant, so

−∇ ⋅ (κA∇TA) =
∂We
∂t

|

|

|

|coll
. (33.4)

As described in the previous section, the right-hand side of Equation 33.4 is the heat generation rate Q and
can be obtained by recording electron–LO-phonon scattering events in electronic EMC [47,64]:

Q =
∂We
∂t

|

|

|

|coll
=

N3D
Nsimtsim

∑

(ℏωems − ℏωabs), (33.5)

where N3D = Ns∕Dstage is the electron density (Ns is the sheet density and Dstage is the length of a single
stage) while Nsim and tsim are the number of simulation particles and the simulation time, respectively,
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FIGURE 33.4 Flow of energy in a QCL.

and ℏωems and ℏωabs are the energies of the emitted and absorbed LO phonons, respectively. To solve
Equation 33.4, we need information on both the thermal conductivity κA and the heat generation rate Q;
they are discussed in Subsections 33.3.1 and 33.3.2, respectively.

33.3.1 Thermal Conductivity in a QCL Device

33.3.1.1 Active Core: A III-V Superlattice

The QCL active core is an SL: It contains many identical stages, each with several thin layers made from
di�erent materials and separated by heterointerfaces. The thermal conductivity tensor of an SL system
reduces to two values: the in-plane thermal conductivity κ∥ (in-plane heat �ow is assumed isotropic) and
the cross-plane thermal conductivity κ⟂. Experimental results have shown that, in SLs, the thermal con-
ductivity is very anisotropic [65] (κ∥ ≫ κ⟂) while both κ∥ and κ⟂ are smaller than the weighted average
of the constituent bulk materials [66–70]. Both e�ects can be attributed to the interfaces between adjacent
layers [71,72].

Here, we discuss a semiclassical model for describing the thermal conductivity tensor of III-V SL struc-
tures. Note that the model described here is in principle applicable to SLs in other material systems as long
as they have high-quality interface and thermal transport is mostly incoherent [48,73–75]. In particular,
we focus on thermal transport in III-arsenide-based SLs, as they are most commonly used in mid-IR QCL
active cores [48].

Under QCL operation conditions of interest (>77 K, and typically near RT), thermal transport is
dominated by acoustic phonons and is governed by the Boltzmann transport equation (BTE). To obtain
the thermal conductivity, we solve the phonon BTE with full phonon dispersion in the relaxation-time
approximation [48].

33.3.1.2 Twofold Influence of Effective Interface Roughness

To capture both the anisotropic thermal transport and the reduced thermal conductivity in SL systems,
we need to observe the twofold in�uence of the interface. First, it reduces κ∥ by a�ecting the acoustic
phonon population close to the interfaces [76]. Second, it introduces an interface thermal boundary resis-
tance (ITBR), which is still very di�cult to model [65,77]. Common models are the acoustic mismatch
model (AMM) and the di�use mismatch model (DMM) [65,76]; the former assumes a perfectly smooth
interface and only considers the acoustic mismatch between the two materials, while the latter assumes
complete randomization of momentum a�er phonons hit the interface. As most III-V-based QCLs are
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Δ

Δ

FIGURE 33.5 Even between lattice-matched crystalline materials, there exist nonuniform transition layers that
behave as an e�ective atomic-scale interface roughness with some rms roughness Δ. This e�ective interface rough-
ness leads to phonon momentum randomization and to interface resistance in cross-plane transport. (From S. Mei and
I. Knezevic, Journal of Applied Physics, 118, 175101, 2015. With the permission of AIP Publishing.)

grown by MBE or MOCVD, both well-controlled techniques allowing consistent atomic-level precision,
neither AMM nor DMM captures the essence of a III-V SL interface. Figure 33.5 shows a schematic of
interface roughness in a lattice-matched SL. The jagged dashed boundaries depict transition layers of
characteristic thickness Δ between the two materials.

We introduce a simple model that calculates a more realistic ITBR (a key part in calculating κ⟂) by
interpolating between the AMM and DMM transmission rates using a specularity parameter pspec. The
model has a single �tting parameter: the e�ective interface rms roughnessΔ. Since the growth environment
is well controlled, using oneΔ to describe all the interfaces is justi�ed. We useΔ to calculate a momentum-
dependent specularity parameter:

pspec(q⃗) = exp(−4Δ2
|q⃗|2 cos2 θ), (33.6)

where |q⃗| is the magnitude of the phonon wave vector and θ is the angle between q⃗ and the normal direc-
tion to the interface. Consistent with the twofold impact of interface roughness, Δ a�ects the thermal
conductivity through two channels. Apart from calculating the ITBR, an e�ective interface scattering rate
τ−1

interface(q⃗) dependent on the same specularity parameter pspec(q⃗) is added to the internal scattering rate
to calculate modi�ed κ∥ (see detailed derivations in [48]). By adjusting only Δ, typically between 1 and 2
Å, the calculated thermal conductivity using this model �ts a number of di�erent experiments [66,68,69].

33.3.1.3 �∥ and �⟂ of a QCL Active Core

Thermal transport inside the active core of a QCL is usually treated phenomenologically: κ∥ is typically
assumed to be 75% of the weighted average of the bulk thermal conductivities of the constituent materials,
while κ⟂ is treated as a �tting parameter (constant for all temperatures) to best �t the experimentally mea-
sured temperature pro�le [17,78]. We calculated the thermal conductivity tensor of a QCL active core [78]
and showed that the typical assumption is not accurate and that the degree of anisotropy is temperature
dependent (Figure 33.6).

The ratio between κ∥ and the averaged bulk value (inset to Figure 33.6) varies between 45% and 70%
over the temperature range of interest. κ⟂ has a weak dependence on temperature in keeping with the
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FIGURE 33.6 Thermal conductivity of a typical QCL active region [78] as a function of temperature. A single stage
consists of 16 alternating layers of In0.53Ga0.47As and In0.52Al0.48As. The solid curve, dashed curve, and dashed-dotted
curve show the calculated in-plane, cross-plane, and averaged bulk thermal conductivity, respectively. Δ = 1 Å in
the calculations. The inset shows the ratio between the calculated in-plane and the averaged bulk thermal conduc-
tivities. (From S. Mei and I. Knezevic, Journal of Applied Physics, 118, 175101, 2015. With the permission of AIP
Publishing.)

TABLE 33.1 Thermal Conductivity as a Function of
Temperature for Materials in a QCL Structure

Materials Thermal Conductivity (W/mK)

Au 337–600 × 10−4T
Si3N4 30–1.4 × 10−2T
In solder 93.9–6.96 × 10−2T + 9.86 × 10−5T2

common assumption in simpli�ed models; the weak temperature sensitivity means that ITBR dominates
cross-plane thermal transport. These results show that it is important to carefully calculate the thermal
conductivity tensor in QCL thermal simulation, and we use this thermal conductivity model in the device-
level simulation.

33.3.1.4 Other Materials

The active core is not the only region we need to model in a device-level thermal simulation. Figure 33.7
shows a typical schematic (not to scale) of a QCL device in thermal simulation with a substrate-side
mounting con�guration [79]. The active core (in this case, consisting of 36 stages and 1.6-μm thick)
with width Wact is embedded between two cladding layers (4.5-μm-thick GaAs). The waveguide is sup-
ported by a substrate (GaAs) with thickness Dsub. An insulation layer (Si3N4) with thickness Dins is
deposited around the waveguide and then etched away from the top to make the contact. Finally, a con-
tact layer (Au) with thickness Dcont and a thin layer of solder (Dsold) are deposited on top. There is no
heat generation in the regions other than the active core. Further, these layers are typically thick enough
to be treated as bulk materials. Bulk substrate (GaAs or InP) thermal conductivities are readily obtained
for III-V materials from experiment, as well as from relatively simple theoretical models [17,48,78,80]
(Table 33.1).
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FIGURE 33.7 Schematic of a typical GaAs-based mid-IR QCL structure with a substrate (not to scale).

33.3.2 Device-Level Electrothermal Simulation

33.3.2.1 Device Schematic

The length of a QCL device is much greater than its width, therefore we can assume the length is in�nite
and carry out a 2D thermal simulation. The schematic of the simulation domain (not to scale) is shown in
Figure 33.7. The boundary of the simulation region is delineated, and certain boundary conditions (heat
sink at �xed temperature, convective boundary condition, or adiabatic boundary condition) can be applied
(independently) to each boundary. Typically, the bottom boundary of the device is connected to a heat sink
while other boundaries have the convective boundary condition at the environment temperature (single-
device case) or the adiabatic boundary condition (QCL array case). Typical values for the layers thickness
are Wact = 15 μm, Dsub = 50 μm, Dins = 0.3 μm, Dcont = 3 μm, and Dsold = 1.5 μm.

We use the �nite element method to solve for the temperature distribution. The whole device is divided
into di�erent regions according to their materials properties. Each stage of the active region is treated as a
single unit with the heat generation rate tabulated in the device table in order to capture the nonuniform
behavior among stages. The active core is very small but is also the only region with heat generation, small
thermal conductivity, and spatial nonuniformity. To capture the behavior of the active region while saving
computational time, we use a nonuniform mesh in the �nite element solver to emphasize the active core
region. Figure 33.8 shows a mesh generated in the simulation.

33.3.2.2 Simulation Algorithm

It is known that among all the stages in the active core, the temperature Ti and the electric �eld Fi (i
represents the stage index) are not constant [56,78], but we have no a priori knowledge of how they depend
on the stage index. However, we know that the charge–current continuity equation must hold, and in the
steady state∇⋅J = 0; this implies that the current density J must be uniform, as the current �ow is essentially
in one dimension, along z. This insight is key to bridging the single-stage and device-level simulations.

From Section 33.2.3, we can obtain the heat generation rate Q inside the active core by running the
single-stage EMC simulation. Each single-stage EMC is carried out at a speci�c electric �eld F and
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FIGURE 33.8 A typical nonuniform �nite-element mesh of the simulated GaAs-based mid-IR QCL structure.
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FIGURE 33.9 Flowchart of the device-level thermal simulation. We start by assuming a certain current density J and
temperature pro�le Ti across the whole device. Based on the tabulated information from the single-stage simulation
and assumed (J,Ti), we get stage-by-stage pro�les for the electric �eld Fi and the heat generation rate Qi. An accurate
temperature-dependent thermal conductivity model, which includes the boundary resistances of layers, and the tem-
perature pro�le guess are used as input to the heat di�usion equation, which is then iteratively solved (with updated
temperature pro�le in each step) until the thermal boundary conditions are satis�ed.

temperatureT and outputs both the current density J(F,T) and the heat generation rateQ(F,T). By sweep-
ing F and T in range of interest, we obtain a table connecting di�erent �eld and temperature (F,T) to
appropriate current density and heat generation rate (J,Q) [(F,T) → (J,Q)]. However, based on the dis-
cussion above, the input in the thermal simulation needs to be the constant parameter J. Therefore, we
“�ip” the recorded (F,T) → (J,Q) table to a so-called device table (J,T) → (Q, F), suitable for coupled
simulation [49].

Figure 33.9 depicts the �owchart of the device-level electrothermal simulation [49]. Before the
simulation, we obtain the device table [(J,T) → (Q, F)], as discussed above. We also have to calculate
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the thermal conductivities (κ∥ and κ⟂) of the active region as a function of temperature and tabulate them,
based on the model described in Section 33.3.1. We also need the bulk thermal conductivity of other mate-
rials in the device (cladding layer, substrate, insulation, contact, and solder) as a function of temperature.
These material properties are standard and already well characterized.

Each device-level thermal simulation is carried out in a certain environment (i.e., for a given set of
boundary conditions) and with a certain current density J. At the beginning of the simulation, an ini-
tial temperature pro�le is assigned. With the input from the device table and the thermal conductivity
data in each region, we use a �nite element method to iteratively solve the heat di�usion equation until
convergence. At the end of the simulation, we obtain a thermal map of the whole device. Further, from the
temperature Ti in each stage and the injected current density J, we obtain the nonuniform electric �eld dis-
tribution Fi. With the electric �eld in each stage and given the stage thickness, we can accurately calculate
the voltage drop across the device and obtain the current–voltage characteristic. By changing the mounting
con�guration (Wact, Dsub, Dins, Dcont, Dsold) or the boundary conditions, the temperature pro�le can be
changed.

33.4 Device-Level Electrothermal Simulation: An Example

In this section, we present detailed simulation results of a 9-μm GaAs/Al0.45Ga0.55As mid-IR QCL [79]
based on a conventional three-well active region design. The chosen structure has 36 repetitions of the
single stage; each stage has 16 layers. Starting from the injection barrier, the layer thicknesses in one stage
(in Å) are 46/19/11/54/11/48/28/34/17/30/18/28/20/30/26/30. Here, the barriers (Al0.45Ga0.55As) are in
bold while the wells (GaAs) are in normal font; the underlined layers are doped to a sheet density of nSi =
3.8 × 1011 cm−2. The results at 77 K are shown here.

33.4.1 Electronic Simulation Results

33.4.1.1 Band Structure

Figure 33.10 shows the electronic states of the chosen structure under the designed operating �eld of
48 kV/cm, calculated from the coupled k⋅p–Poisson solver (see Section 33.2.3.1). The active region states
of the central stage are represented by dark solid curves 1, 2, and 3 are the ground state and the lower
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FIGURE 33.10 Energy levels and wavefunction moduli squared of Γ-valley subbands in two adjacent stages of the
simulated GaAs/AlGaAs-based structure. The dark solid curves denote the active region states (1, 2, and 3 represent
the ground state and the lower and upper lasing levels, respectively). The lighter solid curves represent injector states,
with i1 and i2 denoting the lowest two. (From Y. B. Shi and I. Knezevic, Journal of Applied Physics, 116, 123105, 2014.
With the permission of AIP Publishing.)
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and upper lasing levels, respectively. Injector states are labeled i1 and i2. Other lightly colored solid curves
denote the states that form the miniband. (When the electron density in the QCL is high, the electronic
bands have to be calculated self-consistently with EMC.)

33.4.1.2 J-F Curve

The current density J versus �eld F curve, one of the key QCL characteristics at a given temperature, is
intuitive to obtain in EMC. A�er calculating the electronic band structure at a certain �eld F, the wave-
functions, energy levels, and e�ective masses of each subband and each stage are fed into the EMC solver.
In the EMC simulation, we include all the scattering mechanisms described in Section 33.2.3. Since we
employ PBCs, the current density J can be extracted from how many electrons cross the stage bound-
aries in a certain amount of time in the steady state. The net �ow nnet of electrons is calculated by
subtracting the �ow between the central stage and the previous stage (nbackward) from the �ow between
the central stage and the next stage (nforward) in each time step. The current density is then calculated as
follows:

J =
ennet
Ae�δt

=
e(nforward − nbackward)

Ae�δt
, (33.7)

where δt is the time interval during which the �ow is recorded. Ae� is the e�ective in-plane area of the
simulated device. Since doping is the main source of electrons, the area is calculated as follows:

Ae� =
Nele
Ns

, (33.8)

where Nele is the number of simulated electrons and Ns is the sheet doping density (in cm−2) in the
fabricated device. In the current simulation, Nele = 50, 000 and Ns = 3.8 × 1011 cm−2.

Because of the stochastic nature of EMC, we need to average the current density over multiple time
steps. In practice, one can record the net cumulative number of electrons per unit area that leave a stage
over time and obtain a linear �t to this quantity in the steady state; the slope yields the steady-state current
density.

From each individual simulation, we extract the current density at a given electric �eld and temperature.
To obtain the J-F curve at that temperature, we sweep the electric �eld. To demonstrate the importance
of including nonequilibrium phonons e�ects, we carry out the simulation with thermal phonons alone
and with both thermal and excess nonequilibrium phonons. Figure 33.11 is the J-F curve for the simulated
structure with (�lled squares) and without (empty squares) nonequilibrium phonons at 77 K. It can be seen
that the current density at a given �eld considerably increases when nonequilibrium phonons are included
and the trend holds up to 60 kV/cm. This di�erence is prominent at low temperatures (<200 K) and goes
away at RT [26].

33.4.1.3 Modal Gain (Gm) and Threshold

We calculate the modal gain as follows [22]:

Gm =
4πe2

⟨z32⟩
2 ΓwΔn

2ε0nγ32Lpλ
, (33.9)

where ε0 is the permittivity of free space. Some constants are obtained from experiment: waveguide con-
�nement factor Γw = 0.31, stage length Lp = 45 nm, optical-mode refractive index n = 3.21, and full
width at half maximum γ32(TL) ≈ 8.68 meV + 0.045 meV/K × TL [26,79]. The dipole matrix element
between the upper and lower lasing levels (⟨z32⟩ = 1.7 nm) and the emission wavelength (λ = 9 μm) are
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FIGURE 33.11 The current density versus electric �eld (J − F) curve of the simulated device with (�lled squares)
and without (empty squares) the nonequilibrium phonon e�ect at 77 K. The inclusion of nonequilibrium phonons
considerably increases the current density at a given �eld up to 60 kV/cm.

also estimated in experiment [79], but we calculate these two terms directly. The dipole matrix element is
calculated as follows:

⟨z32⟩ = ∫

d

0
zφ∗3(z)φ2(z)dz . (33.10)

The value is slightly di�erent at di�erent �elds, as the band structure changes. At 48 kV/cm, the calculated
matrix element is ⟨z32⟩ = 1.997 nm. Similarly, the wavelength of emitted photon also changes at di�erent
�elds. One can calculate the value from the energy di�erence between the upper and lower lasing levels. The
calculated wavelength at 48 kV/cm is 8.964 μm. Δn = nupper − nlower is the population inversion obtained
from EMC. Again, due to the randomness of EMC, the population inversion needs to be averaged over a
period a�er the steady state has been reached.

Figure 33.12 shows the modal gain of the device with nonequilibrium (�lled squares) and thermal
(empty squares) phonons as a function of (1) electric �eld and (2) current density at 77 K. Horizontal
dotted line indicates the total estimated loss in the device, which is used to help �nd the threshold current
density, Jth. Lasing threshold is achieved when the modal gain Gm equals the total loss αtot. We consider
two sources of loss, mirror (αm) and waveguide (αw), so the total loss is αtot = αm + αw. The intercepts
between the total loss line and the Gm versus F (Figure 33.12a) and Gm versus J (Figure 33.12b) curves
give the threshold �eld Fth and threshold current density Jth, respectively. Like the current density, the
modal gain of the device is also considerably higher when nonequilibrium phonons are considered, which
leads to a lower Fth and a lower Jth. The reason for the increased current density and modal gain with
nonequilibrium phonons can be attributed to the enhanced injection selectivity and e�ciency [26].

33.4.1.4 Heat Generation Rate

The way to obtain the heat generation rate Q is similar to how we get the current density J. We record
the cumulative net energy emission as a function of time and �t a straight line to the region where the
simulation has reached a steady state. The slope of the line is used in place of

∑

(ℏωems − ℏωabs)∕tsim.
Figure 33.13 shows the heat generation rate as a function of electric �eld at 77 K. The �lled squares and the
empty squares depict the situation with and without nonequilibrium phonons, respectively.



9781498749565_C033 2017/8/31 12:05 Page 252 #18

252 Handbook of Optoelectronic Device Modeling and Simulation

Electric field (kV/cm)
60

M
od

al 
ga

in
 (c

m
–1

)

0

20

40

60

80

100

120

Current density (kA/cm2)
20

0

20

40

60

80

100

120
Nonequilibrium phonons
Thermal phonons

Nonequilibrium phonons
Thermal phonons

(a) (b)

0 5 10 1530 40 50 70

FIGURE33.12 The modal gain (Gm) of the simulated device with nonequilibrium (�lled squares) and thermal (empty
squares) phonons as a function of (a) applied electric �eld and (b) current density J at 77 K. Horizontal dotted line shows
the total estimated loss of the device.

30

H
ea

t g
en

er
at

io
n 

ra
te

 (1
014

W
/m

3 )

Electric field (kV/cm)
40 50 7060

0

2

4

8

6

14

10

12
Thermal phonons
Nonequilibrium phonons

FIGURE 33.13 The heat generation rate of the simulated device as a function of electric �eld F at 77 K with (�lled
squares) and without (empty squares) nonequilibrium phonons.

33.4.2 Representative Electrothermal Simulation Results

This section serves to illustrate how the described simulation is implemented in practice and what type of
information it provides at the single-stage and device levels.

First, the single-stage-coupled simulation has to be performed at di�erent temperatures, as in
Figure 33.14a. We noted the calculated J-F curves show a negative di�erential conductance region, which
is typical for calculations, but generally not observed in experiment. Instead, a �at J-F dependence is typi-
cally recorded [30]. At every temperature and �eld, we also record the heat generation rate, as depicted in
Figure 33.14b.

Second, the thermal model for the whole structure is developed. Considering that growth techniques
improve over time, structures grown around the same time period should have similar properties. Since
the device studied here was built in 2001 [79], we assume the active core should have similar e�ective
rms roughness Δ to other lattice-matched GaAs/AlAs SLs built around the same time [69,70]. From our
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active core along with the bulk thermal conductivity of the GaAs substrate (dash-dotted line). The e�ective rms
roughness Δ is taken to be 5 Å.

previous simulation work on �tting the SL thermal conductivities [48], we choose an e�ective rms
roughness Δ = 5 Å in this calculation. Figure 33.15 shows the calculated thermal conductivities κ∥ (solid
line) and κ⟂ (dashed line) along with the calculated bulk thermal conductivity (dash-dotted line) for the
substrate GaAs.

The structure we considered operated in pulsed mode at 77 K. Depending on the duty cycle, the tem-
perature distribution in the device can di�er considerably. Figure 33.16 depicts a typical temperature
pro�le across the device, while Figure 33.17 depicts the pro�le across the active core alone at duty cycles
of 100% (essentially CW lasing, if the device achieved it) and 0.01% (as in experiment [79]). Clearly,
CW operation would result in dramatic heating of the active region. Finally, Figure 33.18 shows the
J–V curve of the entire simulated device at 77 K with duty cycles of 0.01%, 100%, and as observed in
experiment [79].
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FIGURE 33.16 A typical temperature pro�le across the structure. At the bottom of the device is a heat sink held at
77 K, while adiabatic boundary conditions are applied elsewhere. The current density is 6 kA/cm2 and the duty cycle
is 100%.
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33.5 Conclusion

We overviewed electronic and thermal transport simulation of QCLs, as well as recent e�orts in device-level
electrothermal modeling of these structures, which is appropriate for transport below threshold, where
the e�ects of the optical �eld are negligible. We speci�cally focused on mid-IR QCLs in which electronic
transport is largely incoherent and can be captured by the EMC technique. The future of QCL modeling,
especially for near-RT CW operation, will likely include improvements on several fronts: (1) further devel-
opment of computationally e�cient yet rigorous quantum transport techniques for electronic transport to
fully account for coherent transport features that are important in short-wavelength mid-IR devices; (2)
a better understanding and better numerical models for describing the role of electron–electron interac-
tion, impurities, and interface roughness on device characteristics; and (3) holistic modeling approaches in
which electrons, phonons, and photons are simultaneously and self-consistently captured within a single
simulation. The goal of QCL simulation should be nothing less than excellent predictive value of device
operation across a range of temperatures and biasing conditions, along with unprecedented insight into
the �ne details of exciting nonequilibrium physics that underscores the operation of these devices.
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34.1 Introduction

The history of vertical-cavity surface-emitting lasers (VCSELs) can be traced back almost as far as that
of semiconductor lasers themselves. In 1965, Melngailis demonstrated coherent emission parallel to the
direction of the current in an n+pp+ InSb diode laser. 1 The polished surface on the emission side of InSb
and the gold current contact on its opposite side provided su�cient optical feedback to enhance laser
emission. In this very early work, a design was proposed for the integration in an array that would provide
coherent emission over a large area, with a small beam angle. Unfortunately, this idea was forgotten and not
rediscovered until 1979 by Soda et al., 2 who demonstrated a surface-emitting InP-based diode laser with
two metallic mirrors. Further development was initiated by Ogura et al., 3 who introduced highly re�ective
distributed Bragg re�ectors (DBRs) in 1983.

Unlike typical edge-emitting lasers, in VCSELs the optical cavity is formed between the mirrors above
and below the active region (Figure 34.1). The laser light resonates in the vertical direction. Inside the
laser structure, the light passes the active region in the vertical direction—i.e., gain is provided over a short
distance only and the ampli�cation per photon round-trip is small. Therefore, the mirrors must be highly
re�ective (over 99% for the emitting mirror and almost 100% for the opposite one) so that the photons
make many round-trips before they are emitted. High re�ectivity is provided by DBRs composed of stacks
of two alternating layers with high refractive index contrast. With quarter-wavelength layer thicknesses,
the re�ected waves from all DBR interfaces add up constructively, allowing for a total DBR re�ectance
of over 99%. Such layers are composed of 50 or more semiconductor layers. The current is injected ver-
tically, similar to edge-emitting devices. However, in VCSELs, optical resonance occurs in the vertical
direction.

261
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FIGURE 34.1 Intersection of a VCSEL structure showing key construction elements. The arrows inside VCSEL
structure illustrate the path of the current �ow and vertical arrow the emitted beam.

Optical resonance and current injection taking place in the same direction is the main weakness of
these devices. Theoretically, preferential injection of the carriers to the active region may be achieved by
placing two electrodes on opposite sides of the laser. However, in such con�guration, the stimulated light
resonates between the mirrors and no emission occurs, since the metal contacts are highly absorptive.
To enable emission, a ring contact is typically used on the top DBR, through which the light is emitted.
However, current �ows through the shortest path, so maximal stimulated emission overlaps with the top
contact, leading to high absorption in the metal and deterioration of the emission beam. To overcome
this problem, the carriers must be forced to �ow through the central part of the active region. This can
be achieved either by selective proton implantation or by selective oxidation of the lateral regions in the
VCSEL. Both of these approaches turn the semiconductor layers into electrical insulators. With selective
processes, the central part of the VCSEL is conductive and radiative recombination takes place within the
central part of the active region. Both methods also allow for cylindrical aperture formation, supporting
cylindrical beam emission that cannot be achieved with typical edge-emitting lasers. Such symmetry of
the aperture, together with the use of ring contacts, favors the choice of cylindrical geometry for numerical
approaches, which are used to simulate the phenomena that take place in VCSELs during laser operation.

34.2 Physical Phenomena

VCSELs are very complex systems due to their multilayered structure (comprising in excess of a hun-
dred layers). O�en with nonplanar or buried-type architectures, they feature many heterojunctions, graded
layers, quantum wells (QWs), quantum dots (QDs) or quantum wires, superlattices, oxide and oxidized lay-
ers, mesa structures, photonic microstructures, and so on. To analyze the operation of VCSELs precisely,
therefore, one needs to consider four main classes of phenomena in the device: electrical, thermal, opti-
cal, and recombination, which together create a nonlinear network of mutual interrelations. Each class of
phenomena is responsible for the following:

1. Optical: Cavity modes, their modal gain and loss; emission wavelengths and optical �eld distribu-
tions within the laser cavity; formation of the output beam

2. Electrical: Current spreading between the top and bottom contacts through the centrally located
active region; injection of carriers of both polarities into the active region and their subsequent radia-
tive or nonradiative recombination a�er radial out-di�usion in the active region; overbarrier carrier
leakage
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3. Thermal: Generation of heat �ux (nonradiative recombination, reabsorption of spontaneous radia-
tion, as well as volume and barrier Joule heating); heat spreading within heat sinks

4. Recombination: Material gain as a result of stimulated recombination (to determine the active region
optical gain spectrum); nonradiative monomolecular and Auger recombinations

The main e�ects induced by nonlinear interaction between the models are thermal focusing and emitted
power rollover. The �rst is related to the dependence of the refractive index on temperature. The heat
induced predominantly in the central part of the active region dissipates in all directions, but mostly toward
the bottom heat sink. This, in turn, induces di�erent temperatures in the laser cavity. Increasing the tem-
perature of semiconductor materials triggers an increase in their refractive index. The most signi�cant
increase of the refractive index is in the central part of the laser, which is heated most intensely. This causes
the waveguiding e�ect, whereby the modes squeeze radially into the central part of the laser. On the one
hand, stronger focusing of the modes in the active region increases their interaction with carriers that
are injected into the central part of the active region, reducing the current necessary for laser operation
(threshold current). On the other hand, if there are more optical modes con�ned and excited within the
central part, this contributes to a broadening of the emission spectrum, since each mode relates to a slightly
di�erent emission wavelength. The quality of the output beam also deteriorates, since interference between
di�erent modes occurs at various emission angles.

The second e�ect—emission power rollover—limits the emitted power of the laser, mostly due to ther-
mal e�ects. The active regions of VCSELs are designed in such a way that the wavelength corresponding to
maximal material gain overlaps with the wavelength of the optical resonance induced by the VCSEL cavity.
A change in the temperature of the device, due to heat dissipation or ambient temperature, may modify
the bandgap and consequently change the wavelength corresponding to the maximum of the material gain.
The optical modes do not follow the maximum of the material gain, as is the case in edge-emitting lasers,
but follow the optical resonance induced by the cavity. The resonance wavelength also changes with tem-
perature, since the refractive indices of the cavity change. The changes in maximal material gain and of
cavity resonance, however, are of di�erent proportions. Typically, the change in the gain spectrum is more
sensitive to temperature changes than in the case of optical resonance. Hence, material gain can be insuf-
�cient at resonant wavelength to sustain laser operation for higher operational temperatures and the laser
ceases to emit stimulated radiation. This e�ect is manifested as a reduction in emitted power as the injected
current increases.

To simulate such complex behaviors, a comprehensive model including electrical, thermal, recombina-
tion, and optical submodels is needed. Three of these submodels can be solved in a very similar manner
to the optoelectronic devices considered previously in this book. However, special attention must be given
to the optical model, since electromagnetic �eld resonance takes place in the vertical direction, which is
orthogonal to the resonance that occurs in typical edge-emitting lasers. In the remainder of this chapter,
we have therefore focused on optical simulation.

34.3 Light Confinement in VCSELs

VCSELs inherently emit in single longitudinal mode due to their very short cavities. Controlling the modes
in the transversal direction is more complicated. In typical VCSELs made from arsenide-based materials,
well-established wet oxidation technology can be used, 4 which produces the waveguide e�ect through a
selectively oxidized Al-rich layer that also plays the role of an electric insulator for improved current fun-
neling to the active region. Another less material dependent technique is proton implantation, 5 which
de�nes highly resistive regions. The waveguide e�ect is produced by thermal focusing induced by ther-
mal increase of the refractive index in regions where nonradiative recombination and Joule heating occur.
Other methods of transverse mode con�nement require more sophisticated and expensive technologies.
Possible solutions include micro-optical structures, such as surface relief, 6 antiresonant patterning, 7 tun-
nel junction patterning, 8 photonic crystals 9 and highcontrast gratings. 10 Each of these methods requires
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a separate analytical approach, since di�erent phenomena are responsible for mode con�nement: the
waveguide e�ect, total interior re�ections, Bragg re�ections or Fano resonance. Since not all those phe-
nomena can be observed in all VCSEL constructions with equal intensity, numerical models should be
properly chosen to provide a balance between generalization and e�ciency.

34.4 Fundamental Equations

Interaction between a VCSEL and the optical �eld is governed by Maxwell’s equations. The boundary con-
ditions correspond to an optical �eld that decays to 0 in in�nity. These boundary conditions mean that
Maxwell’s equations turn into an eigenvalue problem. Its solutions are discrete eigenvalues and the corre-
sponding eigenvectors. Eigenvalues of Maxwell’s equations are vacuum wavevectors (k0), corresponding
angular frequencies (ω), or wavelengths in a vacuum (λ). Eigenvectors are distributions of electric (E) and
magnetic (H) �elds of electromagnetic waves corresponding to particular eigenvalues.

The three-dimensional electric E and magnetic H �eld vectors satisfy the following partial di�erential
equations, 11 which correspond to Faraday’s and Amper’s laws, respectively:

∇ × E = −μμ0
∂H
∂t

, (34.1)

∇ ×H = εε0
∂E
∂t

, (34.2)

where μ and μ0 are the magnetic permittivity of the material and the vacuum, respectively, and ε and ε0
are analogous dielectric constants.

Let us consider a monochromatic wave only, of which the angular frequency is ω. The time dependency
of E and H is given by the following relations:

E = E exp (iωt) , (34.3)

H = H exp (iωt) . (34.4)

Embedment of Equations 34.3 and 34.4 to Equations 34.1 and 34.2 results in a time-independent set of
equations:

∇ × E = −iωμμ0H, (34.5)

∇ ×H = iωεε0E. (34.6)

We assume that μ is uniform and equal to 1, which is always true for the dielectrics and nonferromagnetic
metals typically used in VCSELs. Combining Equations 34.5 and 34.6, we can reduce the set of six equations
for all vector components to a set of three equations for the electric �eld only:

∇ × ∇ × E = k2
0n

2E, (34.7)

where k0 is the wavenumber of the mode in a vacuum and
√

ε = n = nre + inim (34.8)

is the complex refractive index. Its imaginary part accounts for the loss and the gain of the medium in
which the wave propagates. The relation between the imaginary part of n and losses α is given by

nim = − α
2 k0

. (34.9)
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Equation 34.9 can be rewritten in an equivalent form:

∇ (∇ ⋅ E) − ∇2E = ω2μεE,

∇ (∇ ⋅ E) − ∇2E = k2
0n

2E. (34.10)

VCSELs are typically processed to be circular in the epitaxial plane to support symmetric beam emission.
This geometry allows the complexity of Equation 34.7 to be reduced by expressing it in a cylindrical coor-
dinate system where the angular dependence of E can be given in simple analytical terms. However, in
recent years, numerous con�nement approaches based on photonic microstructures have been proposed.
Many of these structures cannot be analyzed using the cylindrical coordinate system and therefore the
three-dimensional Cartesian system must be used. We will therefore now show how Equations 34.5, 34.6,
and 34.10 can be solved using three approaches of incremental complexity. The �rst approach is based on
a one-dimensional analysis of the optical �eld along the optical axis. The second assumes that the VCSEL
has cylindrical geometry and considers both the scalar optical �eld in two dimensions along the optical
axis and the radius of the VCSEL. The third considers the vectorial optical �eld in the three-dimensional
Cartesian coordinate system.

34.5 VCSEL Structure

Figure 34.2 shows the VCSEL structure with construction details listed in Table 34.1. This structure was
used in References 12,13 as a benchmark for comparative analysis of optical numerical models, however
it must be stressed here, the structure is signi�cantly simpli�ed in comparison to real-life VCSELs. The
structure consists of one wavelength-long GaAs cavity with a 5-nm active GaAs layer at the antinode of
the standing wave and a selectively oxidized AlAs layer ∼15 nm in thickness. The cavity is sandwiched
between 24 and 29.5 pairs of GaAs/AlAs DBRs. In comparison to a real-life VCSEL, there is no vertical
carrier con�nement that would capture and support optical recombination of the carriers. There is also no
doping scheme that would allow e�cient injection of the current to the active region.

In what follows, we will be using two coordinate systems: Cartesian and cylindrical (Figure 34.1). These
share a z-axis along the optical axis of the device. The Cartesian plane x− y and cylindrical plane r−φ are
parallel to the epitaxial layers of the VCSEL, and the x-axis relates to φ = 0.

R

24 × GaAs/AlAs DBR

29.5 × GaAs/AlAs DBR

1λ GaAs cavity

Active layer
AlOx layer

x

y

z

r

φ

FIGURE 34.2 Intersection of the VCSEL structure with assigned radius (R) of the oxide aperture and de�nition of
Cartesian (x, y, z) and cylindrical (r,φ, z) coordinate systems. DBR = distributed Bragg re�ectors.
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TABLE 34.1 Refractive Indices and Thicknesses of VCSEL Layers

Refractive Index Thickness (nm) Repetition

1.0 ∞ –
3.53 69.49 24.5
3.08 79.63
3.08 63.71 –
2.95 for r < R 1.6 for r > R 15.93 –
3.53 136.49 –
3.53 (active) 5.00 –
3.53 136.49 –
3.08 79.63 29.5
3.53 69.49
3.53 ∞ –

Note: The two outer layers are assumed to be in�nite.

Vectors E and H are given in the Cartesian system as

E =
⎡

⎢

⎢

⎣

Ex
Ey
Ez

⎤

⎥

⎥

⎦

, H =
⎡

⎢

⎢

⎣

Hx
Hy
Hz

⎤

⎥

⎥

⎦

, (34.11)

and in the cylindrical system as

E =
⎡

⎢

⎢

⎣

Er
Eϕ
Ez

⎤

⎥

⎥

⎦

, H =
⎡

⎢

⎢

⎣

Hr
Hφ
Hz

⎤

⎥

⎥

⎦

. (34.12)

34.6 One-Dimensional Scalar Approach

The simplest approach is to consider the distribution of light within the VCSEL along the z-axis only,
assuming an electromagnetic �eld in the form of a plane wave within the device and that the layers are
uniform in the lateral direction. This extremely simpli�ed approach allows only the longitudinal modes
to be determined. However, it is of tremendous importance in VCSEL wafers designing, as it enables one
to determine the size of the cavity and the number of necessary DBRs, as well as the positions of active or
highly doped layers.

The assumption of uniform layers corresponds to the Gauss’s law relating to electrical �elds:

∇ ⋅ εE = 0. (34.13)

Since ε is constant within any particular layer of the VCSEL, Gauss’s law can be reduced to the following
form:

∇ ⋅ E = 0, (34.14)

which simpli�es Equation 34.10:

∇2E = k2
0n

2E. (34.15)
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The operator ∇2 can be expressed in either coordinate system. However, for the sake of clarity in what
follows, we shall express it in the cylindrical system:

∇2 ≡
⎡

⎢

⎢

⎢

⎣

∂2
r +

1
r ∂r +

1
r2 ∂2

φ + ∂
2
z 0 0

0 ∂2
r +

1
r ∂r +

1
r2 ∂2

φ + ∂
2
z 0

0 0 ∂2
r +

1
r ∂r +

1
r2 ∂2

φ + ∂
2
z

⎤

⎥

⎥

⎥

⎦

. (34.16)

Substituting Equation 34.16 to Equation 34.15, one obtains three independent equations for each �eld
component of E:

(

∂2
r +

1
r
∂r +

1
r2 ∂

2
φ + ∂

2
z

)

Eu = k2
0n

2Eu, (34.17)

where u = r, φ, z. An additional assumption with regard to the plane wave imposes Er = const and
Eφ = const, which simpli�es Equation 34.17 to a one-dimensional expression:

∂2
zEu = k2

0n
2Eu. (34.18)

Each of the equations can be solved separately; although by imposing the assumption of layer uniformity,
we lose information on the relations between the components of the electric �eld. Hence, it is useful to
assume that when linearly polarized light propagates along the z-axis then

Ez = 0

and
Eφ = Er cotφ for x polarization or
Eφ = Er tanφ for y polarization.
To solve Equation 34.18, we used the transfer matrix method (TMM), 14 which assumes that within the

jth layer the solution of Equation 34.18 can be expressed by the function (Figure 34.3):

Ejr = Aj exp
(

ikjz
)

+ Bj exp
(

−ikjz
)

, (34.19)

where kj = k0nj and Er is continuous and smooth at the interfaces between the consecutive layers of the
VCSEL (Figure 34.3). This leads to the following relations:

Aj exp
(

ikjdj
)

+ Bj exp
(

−ikjdj
)

= Aj+1 exp
(

ikj+10
)

+ Bj+1 exp
(

−ikj+10
)

, (34.20)

d
dz

(

Aj exp
(

ikjz
)

+ Bj exp
(

−ikjz
))

|

|

|

|z=dj
= d

dz

(

Aj+1 exp
(

ikj+1z
)

+ Bj+1 exp
(

−ikj+1z
))

|

|

|

|z=0
,

(34.21)

at neighboring layers expressed in local coordinates within layers; k0 is unknown and corresponds to the
vacuum wavevector of the mode.

As a consequence, we can write the relation that transforms Er between the layers as follows:

Aj
kj+1+kj

2kj+1
exp

(

ikjdj
)

+
kj+1−kj

2kj+1
Bj exp

(

−ikjdj
)

= Aj+1

Aj
kj+1−kj

2kj+1
exp

(

ikjdj
)

+
kj+1+kj

2kj+1
Bj exp

(

−ikjdj
)

= Bj+1

, (34.22)
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An = 0

B0 = 0

Zn − 1 = dn − 1
Zn = 0

Er
j + 1 = Aj + 1 exp(ikj + 1z) + Bj + 1 exp(−ikj + 1z)

Er
j + 1 (0) = Er

j (dj )

Er
j = Aj exp(ikj z) + Bj exp(−ikj z)

Zn − 1 = 0
An − 1 Bn − 1

Aj Bj

Aj + 1 Bj + 1
Zj + 1 = dj + 1

Z1 = d1
Z1 = 0
Z0 = 0

Zj − 1 = dj − 1

Zj + 1 = 0

Zj − 1 = 0

Zj = dj
Zj = 0

Aj − 1 Bj − 1

A1 B1

dEr
j + 1

dz
z = 0

dEr
j

dz
z = dj

=

FIGURE 34.3 Schematic view of structure illustrating parameters and variables used in TMM algorithm.

and this can be given in a matrix form:

[

Aj+1
Bj+1

]

=
⎡

⎢

⎢

⎣

kj+1+kj
2kj+1

exp
(

ikjdj
) kj+1−kj

2kj+1
exp

(

−ikjdj
)

kj+1−kj
2kj+1

exp
(

ikjdj
) kj+1+kj

2kj+1
exp

(

−ikjdj
)

⎤

⎥

⎥

⎦

[

Aj
Bj

]

= Mj

[

Aj
Bj

]

. (34.23)

Matrix Mj connects the amplitudes of the electric �eld from layers j and j+ 1. All layers of the VCSEL can
be combined using the recursive relation:

[

An
Bn

]

=
n
∏

j=0
Mj

[

A0
B0

]

= M
[

A0
B0

]

. (34.24)

Boundary conditions impose that the electric �eld decays to in�nity, so the exponential elements respon-
sible for in�nite values of E in +∞ and −∞must be eliminated:

[

0
Bn

]

= M
[

A0
0

]

=
[

m11 m12
m21 m22

] [

A0
0

]

. (34.25)

This relation implies that

m11
(

k0
)

= 0, (34.26)

which is the condition in the numerical algorithm responsible for �nding the longitudinal modes of the
VCSEL. k0, which ful�lls the condition (Equation 34.26), corresponds to the longitudinal mode of the
VCSEL and is interpreted as the wavenumber of the longitudinal mode in the vacuum. Simple relations
give the emitted wavelength as well as the frequency of the mode. The imaginary part of k0 corresponds to
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the total losses or gain of the mode. If im(k0) ≥ 0, the mode reaches the threshold and can be observed in
the emitted spectrum.

The vertical mode distribution for the structure detailed in Table 34.1, calculated using TMM, is given
in Figure 34.4. Mode intensity is de�ned as follows:

I = EuE∗u, (34.27)

where E∗ is a complex conjugate of the electric �eld of an electromagnetic wave. Figure 34.4 shows typical
oscillatory decay of optical �eld intensity within the top and bottom DBRs. In the simpli�ed example con-
sidered here, in which the cavity is uniform, optical intensity is maximal and the amplitude is constant in
the cavity. Typically, VCSELs are designed to ensure the coincidence of optical �eld intensity and the active
region to maximize stimulated emission.

Using this simple approach, one can design the dominant wavelength of the VCSEL wafer by tuning
the length of the cavity. Figure 34.5 illustrates the dependence of the resonant wavelength and modal gain
as functions of detuning the cavity length from its optimal length. The cavity length and DBR stopband
were originally designed for 980 nm. Detuning the cavity length and leaving the parameters of the DBRs
unchanged shi� the emitted wavelength. However, modal gain remains close to its maximal value in the
limited range of detuning. Greater detuning induces signi�cant shi� of the resonant wavelength, which is
more weakly re�ected by the DBRs, and modal gain decreases.
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FIGURE 34.4 Distribution of the longitudinal mode and distribution of the refractive index along the optical axis of
the VCSEL (Table 34.1).
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FIGURE 34.5 Modi�cation of the resonant wavelength and modal gain induced by modi�cation of the cavity length.
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FIGURE 34.6 Power re�ectance of the VCSEL wafer as a function of the incident wavelength for di�erent numbers
of DBR pairs.

Using the same method, but changing the boundary conditions to allow wave propagation toward the
structure, one can calculate the re�ectance or transmittance of the VCSEL wafer. In the case of a struc-
ture with an unpumped active region (in our calculations, absorption of 3000 cm−1 in the active region
was assumed), there is a characteristic dip in the re�ectance spectrum (Figure 34.6). If the dip is narrow
and tends toward 0 re�ectance, this indicates that the structure provides strong resonance for incident
light that is absorbed by the active region. Such calculations can be compared directly with experimental
measurements taken from the re�ectance spectrum of the VCSEL wafer.

34.7 Two-Dimensional Scalar Approach

A more comprehensive approach, allowing lateral mode determination but still requiring moderate usage
of computational memory and time, assumes that the electric �eld can be expressed independently using
three coordinates: r, φ, and z:

Eu = Erad
u (r)Eazim

u (φ)Eaxu (z). (34.28)

If the geometry of the device is cylindrical, one can assume the periodic dependence of

Eazim
u (φ) ∼ sin(mφ) or Eazim

u (φ) ∼ cos(mφ), (34.29)

which in practice reduces the problem to two dimensions (r, z).
Another assumption that makes use of the one-dimensional solution of (Equation 34.18) axial depen-

dence can be expressed as

Eaxu = A exp
(

ikaxz
)

+ B exp
(

−ikaxz
)

, (34.30)

where kax is calculated for each cylinder (Figure 34.7) separately if the lateral distributions of the refractive
indices in each cylinder are uniform in the radial direction. Equation 34.17 can then be transformed into

(

∂2
r +

1
r
∂r + k2

ax − k2
0n

2 − m2

r2

)

Eu = 0, (34.31)
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kax,1kax,2 kax,3 kax,4

FIGURE34.7 Schematic arrangement of cylinders. Wavenumbers kax,i were calculated using one-dimensional TMM.
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FIGURE 34.8 Bessel functions of the �rst (a) and second (b) kinds for n = 0, 1, 2.
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FIGURE 34.9 Modi�ed Bessel function of the �rst (a) and second (b) kinds for n = 0, 1, 2.

which is solved separately for di�erent m. The solutions of these Bessel di�erential equations are combi-
nations of Bessel functions of the �rst Jm(ar) and second kind Ym(ar) (Figure 34.8), where

a = k2
ax − k2

0n
2. (34.32)

When a < 0, it is convenient to use modi�ed Bessel functions of the �rst Im(−ar) and second kindKm(−ar)
(Figure 34.9).



9781498749565_C034 2017/8/31 12:10 Page 272 #12

272 Handbook of Optoelectronic Device Modeling and Simulation

The following sums give the solution for an arbitrary layer:

Erad
u,j = AjJm

(

ajr
)

+ BjYm

(

ajr
)

(34.33)

or

Erad
u,j = AjIm

(

−ajr
)

+ BjKm

(

−ajr
)

. (34.34)

Implementing conditions for continuity of Erad
u and continuity of their derivatives at the interfaces between

cylinders, one can construct a transfer matrix between the electric �elds in separate cylinders. In a similar
manner as in Equation 34.24, one can construct a relation combining the �elds from the �rst and last
cylinders. The boundary conditions correspond to a �nite value for the �eld at the center of the structure
and to a decaying �eld for r → ∞. The �rst condition eliminates Ym(ar) from the solution in the �rst
cylinder and Im(−ar) in the last, which implies a condition similar to Equation 34.26. The set of k0’s that
ful�ll this condition correspond to lateral modes. Algorithms based on these approaches are very e�cient
and can be performed on personal computers.

The intensities of the lateral modes and the corresponding emission wavelengths of the VCSEL
(Table 34.2), calculated using the algorithm detailed in this chapter, are presented in Figure 34.10. The
set of modes illustrated were calculated assuming Eazim

u (φ) ∼ cos(mφ). A corresponding set can be
calculated for Eazim

u (φ) ∼ sin(mφ), for which the emitted wavelengths will be exactly the same as for
∼ cos(mφ). Superposition of these solutions and their complex conjugation leads to the elimination of
angular dependence and only the oval shapes of the modes can be observed. However, in real-life struc-
tures in which perfect cylindrical symmetry can be broken by the geometry of the optical aperture or
by the crystallographic structure of the layers, separate modes corresponding to both solutions can be
observed.

TABLE 34.2 Resonant Wavelengths of Successive
Lateral Modes Calculated Using Two-Dimensional
Scalar Model

Mode Number Wavelength (nm)

LP01 979.3025
LP11 978.8136
LP21 978.175
LP02 977.9555
LP31 977.3976
LP12 976.9519
LP41 976.4901
LP22 975.8181
LP03 975.6216
LP51 975.46
LP32 974.5793
LP61 974.3159
LP13 974.2325
LP42 973.3101
LP71 973.0707
LP81 971.7489
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FIGURE 34.10 De�nition of symbols for a single, uniform layer. Ê0 and Ĥ0 are virtual �elds for the bottom interface
of the layer, Êd and Ĥd are virtual �elds for the upper interface, and dj— is thickness of the layer.

34.8 Three-Dimensional Vectorial Approach

The three-dimensional vectorial approach relies on relations (Equations 34.5 and 34.6). To consider these
in general geometries, we use the Cartesian coordinate system and assume that the medium in which �eld
propagates is nonisotropic. The curl operator∇× in the Cartesian coordinate system is de�ned as follows:

∇× ≡
⎡

⎢

⎢

⎣

0 −∂z ∂y
∂z 0 −∂x
−∂y ∂x 0

⎤

⎥

⎥

⎦

. (34.35)

We can eliminate Ez and Hz :

Hz =
[

− i
ωμzμ0

∂y
i

ωμzμ0
∂x
]

[

Ex
Ey

]

Ez =
[

− i
ωεzε0

∂x
i

ωεzε0
∂y
]

[

Hy
Hx

]

,

(34.36)

which leads to the relations:

∂zĒ =

[

−∂x
i

ωεzε0
∂x − ωμyμ0 ∂x

i
ωεzε0

∂y
−∂y

i
ωεzε0

∂x ∂y
i

ωεzε0
∂y − ωμxμ0

]

H̄ = REH̄

∂zH̄ =

[

−∂y
i

ωμzμ0
∂y − ωεxε0 ∂y

i
ωμzμ0

∂x
−∂x

i
ωμzμ0

∂y ∂x
i

ωμzμ0
∂x − ωεyε0

]

Ē = RHĒ

, (34.37)

where

H̄ =
[

Hx
Hy

]

and Ē =
[

Ex
Ey

]

. (34.38)

Equations 34.37 can be transformed into

∂2
z Ē = RHREĒ
∂2
zH̄ = RERHH̄

. (34.39)
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Both equations can be solved in the base, which simpli�es the matrices RHRE and RERH into diagonal
forms. The following analysis leads to the solution of Equation 34.39 and enables the characteristic value
of the problem to be found. The solution corresponds to the wavenumber of the mode, as well as to the
characteristic vectors, which determine the distribution of the electromagnetic �eld within the structure.

The equation for the electric �eld rewritten in the new virtual base (a�er diagonalization) is

∂2
z Ê = RHREÊ, (34.40)

where Ê stand for electric �eld in the new, virtual base and can be de�ned as

Ê = T−1
E Ē, (34.41)

where the matrix TE diagonalizes RHRE:

T−1
E RHRETE = �2

E. (34.42)

Here �2
E is a diagonal matrix, which allows a solution of Equation 34.39 in the well-known form of a

standing wave:

Ê (z) = A cosh
(

i�Ez
)

+ B sinh
(

i�Ez
)

. (34.43)

For further derivation, we can use values of the electric �eld equal to Ê0 and Êd on the extreme bor-
ders of the uniform region along the z direction. The thickness of the considered uniform layer equals
d (Figure 34.10).

We can therefore relate the solution to the values of the �eld at the opposite borders of the uniform
region:

Ê (z) = Ê0 cosh
(

i�Ez
)

+
(

Êj sinh−1 (i�Ed
)

− Ê0 tanh−1 (i�Ed
)

)

sinh
(

i�Ez
)

. (34.44)

The solution for the magnetic �eld can be found in a similar manner.
Using the solution for Ê and Ĥ and substituting to Equation 34.37, one can �nd the relation connecting

electric and magnetic �elds within the layer:

[

Ĥ0
−Ĥd

]

=
[

y1 y2
y2 y1

] [

Ê0
Êd

]

, (34.45)

where

y1 =
(

T−1
E RHTH

)−1 �E tanh−1 (i�Ed
)

, (34.46)

y2 = −
(

T−1
E RHTH

)−1 �E sinh−1 (i�Ed
)

. (34.47)

The relation between the �elds from the ith and (i − 1)th layers is given in the formulas:

Ê(i)0 =
(

T(i)E
)−1

T(i−1)
E Ê(i−1)

d = t(i)E Ê(i−1)
d , (34.48)

Ĥ(i)0 =
(

T(i)H
)−1

T(i−1)
H Ĥ(i−1)

d = t(i)H Ĥ(i−1)
d . (34.49)
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Using Equations 34.45, 34.48, and 34.49, the relationship between the electric and magnetic �elds, for the
interface separating layers i + 1 and i, takes an iterative formula:

Ĥ(i)d = Y(i)Ê(i)d , (34.50)

Y(i) = −

(

y(i)2

(

t(i)HY(i−1)
(

t(i)E
)−1

− y(i)1

)−1
y(i)2 + y(i)1

)

. (34.51)

Propagating by this procedure from the bottom limit of the simulated structure to the upper limit, the
characteristic equation can be determined. However, from the numerical point of view, it is more e�cient
and precise to perform the procedure starting from the bottom limit to the center, and then to start again
from the upper limit down to the center. The center does not correspond to the geometrical center but
to the plane at which the electromagnetic �eld reaches or it is close to its maximum, which is termed as
the “matching interface.” One can write the relation (Equation 34.50) for the top-down and bottom-up
algorithms as:

Ĥ(m)d = Y(m)up Ê(m)d , (34.52)

Ĥ(l)d = Y(l)downÊ
(l)
d . (34.53)

m counts layers from the bottom and l from the top.
Since the magnetic �eld is continuous in the matching interface in the real base, one can write the relation

H̄(m)d = H̄(l)d . (34.54)

Transforming back Equation 34.54 to the virtual base:

T(m)H Ĥ(m)d = T(m)H Ĥ(l)d , (34.55)

using Equations 34.52 and 34.53:

T(m)H Y(m)up Ê(m)d = T(m)H Y(l)downÊ
(l)
d , (34.56)

and �nally using relation (Equation 34.41) to lead us to an equation that includes the �elds in the real base:

(

T(m)H Y(m)up

(

T(m)E

)−1
− T(m)H Y(l)down

(

T(l)E
)−1

)

Ē = YĒ = 0. (34.57)

Equation 34.57 is also the characteristic value equation. The solution of the equation determines the char-
acteristic values, which correspond to the complex wavenumber. As before, the imaginary part of the
characteristic value relates to the modal gain of the propagating wave. Equation 34.57 has a nontrivial
solution only if matrix Y is singular, which imposes the condition that one of the eigenvalues of Y is 0. This
condition is useful in numerical searches for solutions to Equation 34.57.

The intensity distributions of lateral modes calculated using the vectorial approach are very close to those
depicted in Figure 34.11. The main di�erence between the solutions lies in the di�erent number of modes
(Table 34.3). In the vectorial solution, there are no modes of shorter wavelengths than LP22. This may be
associated with di�raction losses, which are more severe for higher order modes but are not included in
the scalar model.
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LP01 LP02 LP03

LP11 LP12 LP13

LP21 LP22

LP31 LP32

LP41 LP42

LP51 LP61 LP71 LP81

FIGURE 34.11 Distributions of lateral modes in the VCSEL structure detailed in Table 34.1, where R = 4 μm,
calculated using the scalar two-dimensional approach.

TABLE 34.3 Resonant Wavelengths of
Successive Lateral Modes Calculated Using
the Three-Dimensional Vectorial Model

Mode Number Wavelength (nm)

LP01 979.3014

LP11 978.8108

LP21 978.1691

LP02 977.9616

LP31 977.3912

LP12 976.9431

LP41 976.4811

LP22 975.8031
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FIGURE 34.12 Di�erence in resonant wavelengths of successive lateral modes calculated using scalar and vectorial
models.

Figure 34.12 illustrates the di�erence (Δλ) with respect to the wavelength of modes calculated using
scalar and vectorial models. The vectorial model provides solutions with shorter wavelengths. However, the
di�erence is on a scale of picometers. The monotonic increase inΔλ shows that the plane wave assumption
used in the scalar model is more accurate in the case of lower order modes.

34.9 Impact of Oxide Aperture Diameter and Position

Finally, we shall analyze the in�uence of oxide aperture on the emitted wavelength of the VCSEL consid-
ered in this study. Although the structure is a very simpli�ed design, the general tendencies presented in
Figures 34.13 and 34.14 are applicable to real-life oxide-con�ned VCSEL structures.

Reducing the aperture (Figure 34.13) size leads to a characteristic blue shi�, since a narrower aperture
introduces stronger interaction between the mode and the oxide layer, which has a low refractive index.
The wider the aperture diameter, the closer the values for the wavelengths determined using each approach.

The location of the oxide layer has a signi�cant e�ect on the VCSEL parameters (Figure 34.14). If it is
positioned at the antinode of the standing wave, the interaction between the optical �eld and carriers within
the active region is intensi�ed, since the modes are strongly con�ned within the aperture. This con�gu-
ration reduces the threshold current and broadens the spectrum of emission, as numerous lateral modes
are excited. If the oxide layer is in the node position, the number of modes is reduced, which narrows the
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FIGURE 34.13 Dependence of the lateral mode wavelengths on aperture diameter.
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FIGURE 34.14 Dependence of lateral mode wavelengths on aperture shi� from the antinode position relative to the
wavelength of the standing wave.

emitted spectrum. However, interaction between the mode and the oxide layer is weaker and the threshold
current increases. Shi�ing the oxide layer from the antinode position leads to an increase in the wave-
length. This can be explained by weaker interaction between the �eld and the oxidized layer, which leads
to an increase in the e�ective index of the mode and eventually causes redshi�.

34.10 Conclusion

Scalar one- and two-dimensional optical approaches represent very e�cient tools for VCSEL designers.
Their calculation algorithms, requiring short calculation times and minor memory storage, enable one
to perform rapid calculations using even PCs. However, the assumptions that make them so e�cient
introduce simpli�cations, which may produce inaccurate results in more sophisticated structures. Most sig-
ni�cantly, the basic scalar assumption of plane optical wave propagation is violated in the case of aperture
sizes comparable to the radiation wavelength and for higher order modes.

Vectorial methods are much more complicated, since they are based on the solution of six coupled
equations instead of only one (in the simpli�ed scalar approach). They give more exact results at the price of
signi�cantly longer computational time and a considerably more complicated algorithm. Vectorial meth-
ods may not be the optimal approach to modeling a standard VCSEL. However, analysis of VCSELs with
in-built refractive index steps in lateral directions or subwavelength patterning certainly requires the use
of vectorial methods.
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35.1 Introduction

Photodetectors (PDs) convert light energy into electrical energy, which usually manifests as a photocurrent.
They are a kind of transducer. The electrical signal is useful in electronic imaging, providing a means for
viewing images much faster than the earlier photographic imaging. PDs also �nd important applications
in present-day �ber-optic communication systems. In this case, PDs receive the stream of weak optical
pulses at the far end of the optical �ber originally transmitted by the transmitter. The role of the detector
is to convert these optical pulses into electrical pulses, which are then processed for use in a telephone, a
computer, or other terminals at the receiving end (Bhattacharyya 1996; Deen and Basu 2012; Kumar and
Deen 2014).

Other important applications of PDs include automatic door opener, use in remote control elements in
TV, VCR, air conditioners, etc., in CCDs in a video camera, and in astronomy, research, and defense.

This chapter gives an introduction to the working principle of photodetection by semiconductors, the
material properties, di�erent types, and their structures, important parameters pertaining to PDs, and
materials and makes a list of the application areas.

283
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35.2 Basic Working Principle

The conversion of optical energy into electrical energy by a PD involves three basic processes. First, a
bunch of incident photons is absorbed by the semiconducting material to create excess electron–hole pairs
(EHPs). The carriers are then transported across the absorption or transit region. In the third stage, the
transported carriers are collected to generate photocurrent. In this section, we consider the basic principle,
structure, and the process of absorption (Bhattacharyya 1996; Deen and Basu 2012).

35.2.1 Conversion of Light into Current

The process of creation of excess EHPs and their collection is illustrated in Figure 35.1. In Figure 35.1a,
a photon of energy ℏω ≥ Eg, incident on the semiconductor, is absorbed by an electron in the valence
band (VB), which then moves up in the conduction band (CB), leaving a hole in the VB. An excess EHP,
in excess of the thermal equilibrium values, is therefore created. To collect these carriers, a reverse-biased
p-n junction is employed. As shown in Figure 35.1b, the electric �eld in the depletion layer drives the
excess electrons and excess holes in the opposite directions to be collected by the terminals and thus to
produce current. The reverse saturation current in the absence of illumination is called the dark current.
The photogenerated current is proportional to the �ux of incident photons or the power of incident light
(Kaiser 2013; Senior and Jamro 2009).

As shown in Figure 35.1b, absorption may also take place outside the depletion layer. The excess EHPs
generated therein move by the slower process of di�usion and are collected by the terminals. The di�usion
process limits the speed of operation and distorts the electrical pulses.

35.2.2 Absorption in Semiconductors

The process of absorption is now discussed in some detail in Figure 35.2. In Figure 35.2a, a photon of energy
ℏω ≥ Eg is shown incident on the semiconductor. The photon li�s an electron from the VB to a higher lying
state in the CB. The energetic electron then relaxes to the bottom of the CB via phonon emission. A photon
thus creates an excess EHP. The pair ultimately recombines to give rise to emission (luminescence). The
same processes are illustrated in the E-k diagrams of a direct gap semiconductor in Figure 35.2b and of an
indirect gap semiconductor in Figure 35.2c. The photon momentum ℏkphoton is usually negligible and the
momentum (k) conservation can be written as ke = kh+kphoton ≈ kh, where ke(kh) denotes the wave vec-
tor for electron (hole). Accordingly, the absorption in a direct gap semiconductor is indicated by a vertical

EC

EV

EF

EF

Depletion
region 

p n
– +

Eg

h

e

(a) (b)

ћω > Eg

FIGURE 35.1 Conversion of optical energy into electrical energy: (a) absorption of photons and generation of excess
EHPs; (b) collection of carriers by using a reverse-biased p-n junction.
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FIGURE 35.2 (a) Absorption (1), relaxation (2), and recombination (3) processes in semiconductors. CB (VB)
denotes conduction (valence) band edges; (b) absorption (1), relaxation (2), and recombination (3) processes shown
in the E-k diagram of a direct gap semiconductor; (c) the same processes in the E-k diagram of an indirect gap
semiconductor. Dashed lines correspond to phonon scattering processes.

line as shown in Figure 35.2b. However, for indirect gap semiconductor, an extra momentum is needed
to place the electron in the CB, which is provided by, among other agencies, phonons. In Figure 35.2c,
the indirect absorption is indicated by both phonon absorption and emission. The indirect absorption
has a very low probability and orders of magnitude being lower than in direct gap semiconductors
(Basu 1997).

The variation of light intensity inside a semiconductor, I(z), is governed by the following expression
known as the Lambert’s law:

I(z) = I0 exp (−αz) , (35.1)

where I0 is the intensity at the surface (z = 0), and α is the absorption coe�cient of the material, which is
a function of photon energy or wavelength.

The absorption coe�cient for direct gap semiconductors is much higher than for indirect gap semicon-
ductors.

35.2.2.1 Absorption in Direct Gap Semiconductors

As mentioned already, the absorption process in a direct gap semiconductor is indicated by a vertical line
in the E-k diagram. The absorption coe�cient in direct gap semiconductors is calculated by using the
�rst-order time-dependent perturbation theory and the Fermi golden rule. The expression for absorption
coe�cient is of the form (Basu 1997)

α(ℏω) = A
(

ℏω − Eg

)1∕2
(

fc − fv
)

, ℏω ≥ Eg, (35.2)

where the prefactor A contains the fundamental constants, material parameters such as permittivity, etc.,
and fc(v) denotes the Fermi occupation probabilities of electrons in the CB (VB).

35.2.2.2 Absorption in Indirect Gap Semiconductors

Since a photon and a phonon are involved in the absorption process, the second-order perturbation theory
is used to calculate the absorption coe�cient in indirect gap semiconductors. The expression takes the
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FIGURE 35.3 Absorption spectra of some common semiconductors.

following form at 0 K when a single type of phonon of energy ℏωp is involved (Basu 1997):

α(ℏω) = Aa

(

ℏω − Eg + ℏωp

)2
+ Ae

(

ℏω − Eg − ℏωp

)2
, (35.3)

where the �rst and second terms correspond, respectively, to the absorption followed by phonon absorp-
tion and that followed by phonon emission, and the prefactors A’s are distinguished by the corresponding
su�xes. There is, in general, a possibility of involvement of di�erent types of phonons. Figure 35.3 shows
typical absorption coe�cients of some representative semiconductors.

35.2.2.3 Absorption in Quantum Nanostructures

Recent detectors make increasing use of quantum nanostructures such as quantum wells (QWs), quantum
wires (QWRs), and quantum dots (QDs), rather than the bulk semiconductors. In QWs, for example, the
thickness of the layer of interest is comparable to the de Broglie wavelength of the particle. A QW is realized
by sandwiching a thin layer of GaAs between two layers of a higher gap material such as AlxGa1−xAs. The
typical band diagram of the QW is shown in Figure 35.4a. Due to very small thickness d (<de Broglie
wavelength) of GaAs, the motion of electrons and holes is quantized, and assuming that the barrier heights
are in�nite, the quantized energy levels, or subbands as they are called, are expressed as follows:

En =
ℏ2

2me�

(nπ
d

)2
, n = 1, 2, 3,… . (35.4)

The e�ective mass, me�, is to be replaced by the electron e�ective mass, me, heavy hole e�ective mass,
mhh, and light hole e�ective mass, mlh, in order to calculate the respective subband energies (Basu 1997).

The absorption processes in a QW are shown in Figure 35.4b. Here, transitions can occur in several
ways. An electron from a valence subband (both lh and hh) can absorb a photon and can come to one of
the subbands in the CB. This is a typical band-to-band absorption; however, the absorption threshold, that
is, the photon energy marking the sharp rise in the absorption coe�cient, increases from the threshold
in bulk material that equals the bandgap (Equation 35.2). In addition, an electron (or a hole) in a lower
subband (i) can absorb a photon and may move up to a higher subband (j) in the same band. This is a
representative intersubband transition. The absorption processes in QWs are governed by some selection
rules.
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FIGURE 35.4 (a) Band diagram and quantized energy levels or subbands in a QW structure; (b) optical absorption
processes in a QW; both band-to-band and intersubband processes are shown; (c) idealized absorption spectra for
QWs. α and ℏω denote the absorption coe�cient and the photon energy, respectively. kII is the wave vector along the
QW layer plane. CB (VB) denotes conduction (valence) band edges.

The idealized band-to-band absorption coe�cient in the QW of a direct gap semiconductor takes the
following form (Basu 1997):

α(ℏω) = K
∑

n
H
(

ℏω − Enn
)

, (35.5)

where the prefactor K contains fundamental constants, e�ective (reduced) masses of electrons and holes,
and the permittivity of the QW material. In Equation 35.5, H is a Heaviside step function, and Enn is the
energy di�erence between nth hole and nth electron subband.

Typical absorption spectra for QWs obtained from Equation 35.5 are shown in Figure 35.4c, which
indicates that the spectra are staircase like.

The idea can be extended to the cases of QWRs and QDs, in which the motion of the particles is inhibited
along two and three directions, respectively.

The absorption spectra get modi�ed when excitonic e�ects are included. Excitons are complexes formed
by the EHP bound by the mutual Coulomb interaction.

35.3 Important Characteristics

In this section, some of the important characteristics of PDs are discussed.

35.3.1 Wavelength Selectivity

Di�erent materials are used for the detection of photons at di�erent wavelengths. The wavelength range
covered by a particular material is determined by the cuto� wavelength, above which the absorption by it is
negligibly small. The cuto� wavelength is determined by the expression ℏω = Eg, where Eg is the bandgap,
from which it is simple to write

λc =
hc
Eg
= 1.24

Eg(eV)
μm. (35.6)

For a bandgap of 1 eV, the cuto� wavelength is 1.24 μm.
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35.3.2 Quantum Efficiency

Quantum e�ciency (QE), sometimes called the internal quantum e�ciency (IQE), is the ratio of the gen-
erated EHPs and the number of incident photons. The higher the QE is, larger is the sensitivity of the PD
and it is therefore an important �gure of merit.

More practical measure of the sensitivity is the external QE (EQE), which is the ratio of EHPs collected
at the terminals to the number of incident photons. EQE is less than IQE since a part of the incident photon
�ux is re�ected at the surface and some EHPs are lost by recombination at the surface or by nonradiative
processes. EQE is a function of wavelength.

Let Ipc be the photocurrent, Pi be the incident power, and ℏω be the photon energy. By de�nition,

η =
electron generation rate
photon incidence rate

=
Ipc∕e
Pi∕ℏω

=
Ipc

Pi
. ℏω
e
= 1.24
λ (μm)

Ipc

Pi
. (35.7)

Equation 35.7 may also be written as a product of three factors as follows:

η = ζ(1 − e−αd)(1 − R). (35.8)

In Equation 35.8, ζ is the fraction of the photogenerated carriers that reach the outer circuit without
recombination, the second term within parentheses denotes the fraction of light absorbed in the absorption
region of width d, and the last term represents the amount of light transmitted into the semiconductor, R
being the re�ection coe�cient.

35.3.3 Responsivity

Responsivity is de�ned as the ratio of the primary photocurrent without gain, Ipc, and the incident optical
power and is expressed as

ℜ =
Ipc

Pl
= η(λ)

[

e
(hc∕λ)

]

. (35.9)

In PDs, responsivity, or sensitivity as it is alternately called, may be increased by increasing the absorp-
tion region thickness and minimizing re�ection from its surface. The latter can be accomplished by coating
the surface with an antire�ection (AR) coating of refractive index nAR =

√

nairnSC, where the subscripts
refer to AR material, air, and semiconductor, respectively.

35.3.4 Response Time

The speed of response of PDs is limited by three main factors, as discussed next.

35.3.4.1 Diffusion Time of Carriers

The time taken by carriers to di�use a distance d is given by (Streetman and Banerjee 2016)

τdi� =
d2

2D
, (35.10)

where D is the di�usion constant. Di�usion is a slower process than dri�. The carriers that are optically
generated within a di�usion length from the depletion layer of a photodiode move to the depletion layer
by this slow process. The photogenerated current pulse due to a narrow optical pulse shows “tails” due to
the slow di�usion process.
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35.3.4.2 Drift Time through Depletion Region

The dri� velocity of both electrons and holes in a semiconductor attains a saturation value in the presence
of very high �elds (Streetman and Banerjee, 2016). Usually, a high electric �eld exists in the depletion layer
of a reverse-biased junction. The longest transit time of carriers in the depletion layer of width W may
therefore be written as follows:

τdri� =
W
vsat

, (35.11)

where vsat is the saturation velocity of the carrier, which is di�erent for electrons and holes. The maximum
speed of operation in a PD is limited by transit time.

35.3.4.3 Junction Capacitance Effect

The electrical equivalent circuit of a PD using a p-i-n diode as an example is shown in Figure 35.5. It
includes a photogenerated current source (Iph), the depletion layer capacitance (CJ), a series resistance
(RS) due to bulk resistance and ohmic contacts, a parasitic capacitance (CP), and a load resistance (RL).
The electrical 3-dB bandwidth may be expressed as

f3dB =
1

2π(CJ + CP)(RL + RS)
. (35.12)

35.3.5 Noise Equivalent Power and Detectivity

The term noise refers to unwanted electrical signal that masks the signal to be detected. Several noise
sources, such as thermal, shot, dark current, and �icker noise, are present in PDs and associated circuits
and make it di�cult to detect weak signals. The minimum detectable signal corresponds to an rms output
signal equal to that generated by noise. The signal-to-noise ratio (SNR) is then unity. The noise equiva-
lent power (NEP), a measure of the minimum detectable signal, is de�ned as the power of sinusoidally
modulated monochromatic optical signal that generates the same rms output power in the ideal noise-free
detector as the noise signal produced in a real detector.

CP
Iph CJ

RS

RL

FIGURE 35.5 Electrical equivalent circuit of a photodiode. Iph is the photogenerated current, and CJ and Cp are,
respectively, the junction and parasitic capacitances. RS and RL are, respectively, the series and load resistances.
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A unit NEP∗ is de�ned as

NEP∗ = NEP
(AΔf )1∕2

, (35.13)

where Ais the area of the detector and Δf the bandwidth. The commonly used parameter is, however, the
speci�c detectivity D∗, which is the reciprocal of NEP∗.

35.4 Classification of PDs

PDs can be classi�ed in di�erent ways. It may be an intrinsic or an extrinsic type. In the former, the
absorption is band to band and the excess EHPs created produce a photocurrent. In the extrinsic types,
the photon energy is less than the bandgap energy, and an impurity or deep-level defect in the forbidden
gap is involved. An electron from this deep level is li�ed by photon absorption process to the CB. Alter-
nately, an electron in the VB may come to the deep level by photon absorption leaving behind a hole in
the VB. In both the cases, the excess carriers created produce photocurrent. The absorption may also take
place between two con�ned states in the CB or VB in a QW, QWR, or QD. Such processes give rise to the
intersubband transitions.

PDs can be of two types: with or without internal gain. Photoconductors, avalanche PDs (APDs), and
phototransistors show internal gain, that is, the primary photocurrent is multiplied. On the other hand,
p-n or rather p-i-n PDs do not have any gain.

In another classi�cation scheme, PDs may be classi�ed as having either vertically illuminated or hori-
zontally illuminated structures. In the former type, the absorbing layer thickness is low to reduce the transit
time and to be useful for high-speed operation, though sacri�cing the QE. However, a high packing den-
sity of arrays of PDs can be achieved, also facilitating coupling of the PDs with �bers. The low QE may
be increased by enclosing the active layer within a resonant cavity structure, which is realized by using
multilayer dielectrics (Unlu et al. 2001).

The simplest example of a horizontally illuminated PD is an edge-illuminated detector. However, due
to di�raction, light spreads outside the high-�eld region and slow di�usion process leads to tails in the
impulse response. The problem may be solved by using a waveguide structure, con�ning the light into the
high-�eld region covering the optical waveguide. The speed of the devices is limited by the capacitance due
to a thin intrinsic absorbing layer. A traveling wave detector may solve the limitations due to capacitance.

Another way of classifying the PDs is based on the type of absorbing layer. Various possibilities exist
that include (1) bulk semiconductor, (2) QWs/multiple QWs (MQWs), (3) QWRs, (4) QDs, (5) strained
quantum nanostructures, and (6) quantum nanostructures of di�erent band alignments (see Basu 1997)
such as type I, type II, type III, etc., as the active absorbing region.

35.5 Different PD Configurations

In this section, we shall discuss the structure and working principles of photoconductors, p-i-n and APDs,
and PDs involving intersubband transitions. PDs relying on extrinsic processes will not be addressed.
Detailed discussions about di�erent types are given in many text books and reviews (see, for example,
Bhattacharyya 1996; Bowers and Burrus 1987; Bowers and Wey 1995; Deen and Basu 2012; Kaiser 2013;
Senior and Jamro 2009)

35.5.1 Photoconductive Detectors

The simplest form of PD is a photoconductor, in which the conductivity of the semiconductor is changed by
absorption of photons. The changed photoconductivity produces photocurrent proportional to the inci-
dent optical power. In this section, the structure, principle, and noise analysis of such photoconductive
detectors are presented.
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35.5.1.1 Structure and Analysis

Consider a slab of semiconductor of length L, width W, and thickness d as shown in Figure 35.6. A voltage
V is applied across the length and the slab is illuminated by light at the top. The current I �owing through
the photoconductor may be expressed as

I = eWd(nμe + pμh)
(V
L

)

= eWd
(V
L

)

[(n0μe + p0μh) + (Δnμe + Δpμh)] = ID + Iph, (35.14)

where ID is the dark current, Iph is the photocurrent, n0 and p0 are the equilibrium electron and hole
concentrations, respectively,Δn (Δp) is the excess electron (hole) concentration, and μe (μh) is the electron
(hole) mobility.

The average generation rate rg within the photoconductor is expressed as follows:

rg =
ηI0WL
ℏωWLd

=
ηI0
ℏωd

, (35.15)

where η is the e�ciency, I0 the light intensity at the surface, and ℏω the photon energy. Under steady
state, the generation rate equals the recombination rate so that rg = rr = Δn∕τ = Δp∕τ, where τ is the
recombination lifetime. Thus, one obtains

Δn = Δp = rgτ. (35.16)

Substituting Equation 35.16 in Equation 35.14, the photocurrent is obtained as follows:

Iph =
Wd
L

rgτe(μe + μh)V. (35.17)

The photoconductive gain, de�ned as the ratio of the rate of �ow of electrons from the device to the rate
of generation of EHPs within the device, takes the following form:

G =
Iph

e
1

rgWLd
=
τ(μe + μh)V

L2 . (35.18)

Equation 35.17 has been used to arrive at the last equality in Equation 35.18. The variation in gain with
voltage V may be understood if we assume that μe >> μh, which is usually the case. The transit time of
electrons through the device is τtre = L2∕μeV and from Equation 35.18 G = τ∕τtre. At low bias, τ < τtre
and the gain is <1. With larger V , electrons move faster, τ > τtre, and the gain becomes larger than unity.

V

I
L

dW

+–

FIGURE 35.6 Schematic of a photoconductive PD. L, W, and d are the length, width, and depth of the photoconduc-
tor, respectively. V is the applied voltage and I is the current.
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At still larger bias, the velocities of both electrons and holes are saturated. The gain is again reduced below
unity. By following these arguments, it is easily concluded that higher values of gain may be achieved by
increasing V , or by decreasing L, or by increasing the recombination lifetime.

35.5.1.2 Noise in Photoconductors

There are three main sources of noise in a photoconductive detector. The �rst is thermal or Johnson noise
that arises due to random motion of carriers in the device. The mean squared noise current due to a
conductor having �nite resistance R is given as follows:

⟨

i2th
⟩

=
4kBTB

R
, (35.19)

where B is the bandwidth of the device. In developing the noise equivalent circuit, the noisy photoconduc-
tor is replaced by a noiseless photoconductor and an ideal noise current or voltage generator.

Fluctuations in generation and recombination rates give rise to �uctuations in current and hence
generate noise. The mean squared generation-recombination (GR) current is expressed as follows:

⟨

i2GR
⟩

=
4eGI0B

1 + ω2τ2 , (35.20)

where I0 is the steady photogenerated current. GR noise is also termed as shot noise. Since shot noise
decreases as ω−2, the thermal noise is the dominating noise source at high frequencies.

The third kind of noise, the �icker noise, has its origin in the presence of surface and interface defects
and traps in the bulk material, and the mean squared current is expressed as:

⟨

i2f
⟩

∝ 1
f
. (35.21)

Equation 35.21 indicates that �icker noise is of importance at very low frequencies, less than 1 KHz.
In the noise equivalent circuit, the noise current sources appear in parallel. Assuming that the noise

sources are uncorrelated and also that �icker noise is negligible, one may write for the SNR as

S
N
=

i2ph
⟨

i2th
⟩

+
⟨

i2GR
⟩

. (35.22)

Let us assume that the optical signal incident on the detector is sinusoidally modulated by a modulating
signal of angular frequency ωm, and its power variation has the form P1 exp(jωmt). The rms optical power
is P1∕

√

2. The rms photocurrent is expressed as

iph =
eP1η
√

2ℏω
τ
τtr

1
(

1 + ω2
mτ2

)1∕2
. (35.23)

In arriving at Equation 35.23, the expression for responsivity, Equation 35.9, has been used to relate
photocurrent with power and the gain is replaced by the ratio τ∕τtr. The SNR as given by Equation 35.22
may now be written by using Equations 35.21 through 35.23 as

S
N
=

ηP2
1

8BℏωP0

1
1 + kBT

eG

(

1 + ω2
mτ2

) 1
RI0

. (35.24)
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35.5.2 p-n Photodiode

The simplest PD without internal gain is a reverse-biased p-n junction, shown schematically in Figure 35.7
along with the electric �eld pro�le. Both depletion and di�usion regions are shown. Photons are absorbed
in the absorption region (∼ 1∕α(λ)). In case of weak absorption, the absorption region may cover the
whole device, a part of which may contain the depletion region. Note that EHPs are generated in both the
depletion and di�usion regions. While the electric �eld in the depletion region sweeps the photogenerated
carriers quickly, the EHPs created in the di�usion region move slowly and thus limit the response of the
PD. To improve the response, it is to be ensured that all photons are absorbed in the depletion region.
Therefore, its width is made as large as possible by using lower doping.

35.5.3 p-i-n Photodiode

An e�cient way to overcome the limitations of a p-n PD is to use a p-i-n con�guration. Near the absorp-
tion edge, the weak absorption coe�cient makes the absorption region quite long. The depletion region
must match this, and to achieve this, the n region is low-doped to make it intrinsic (i). To make a low-
resistance contact, a heavily doped n layer (n+) is added. The resulting structure, a p-i-n structure, is
shown in Figure 35.8 including the electric �eld pro�le, depletion and absorption regions. As shown, in
this structure, the EHPs created are subject to the depletion layer �eld.

The speed of response of the p-i-n photodiode depends on (1) the transit time of carriers across
the depletion layer as given by Equation 35.11 and (2) the RC time constant, where C is the junction
capacitance.

The junction capacitance may be used either by using a mesa structure or by using a planar geometry
with selective di�usion in the contact region (Bandyopadhyay and Deen 2001). The capacitance may also
be reduced by increasing the width of the i layer. This increases the absorption and hence the QE, but
increases the transit time, thereby decreasing the speed of response. To have high values of both QE and

Depletion

Absorption

p+

n

+

–

F

Diffusion

Diffusion

FIGURE 35.7 p-n PD structure (le�) and electric �eld pro�le across the depth of the device (right). The depletion,
di�usion, and absorption regions are shown.
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i Depletion
and

absorption

p

n+

+

−

F

FIGURE 35.8 The p-i-n photodiode structure (le�) and absorption and depletion regions and electric �eld (F) pro�le
in the device (right).

SiN
AR coating

p contact

p-InP 

i-InGaAs
absorption
region

n-InP

n contact

h
e

FIGURE 35.9 A cross-sectional view of a vertically illuminated p-i-n photodiode using p-InP/i-InGaAs/n-InP and
SiN as antire�ection (AR) coating.

speed (or bandwidth), the usual methods are (1) to employ an edge-illuminated structure or (2) to use a
resonant-cavity-enhanced (RCE) structure.

A typical structure for a vertically illuminated p-i-n PD is shown in Figure 35.9. The n and p layers may
be InP and the i layer is an undoped (or unintentionally doped) InGaAs layer. Since InP is transparent
to 1.3–1.55 μm, the incident light is absorbed in the InGaAs layer, in which the electric �eld appears.
Thus, there is no recombination or di�usion of the carriers. This leads to a fast response. The area of
the absorbing layer must be optimized for giving high-speed operation (Bandyopadhyay and Deen 2001;
Beling and Campbell 2009).

Edge-illuminated and RCE structures are presented in subsections 35.6.1 and 35.6.2, respectively.
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35.5.4 Avalanche Photodiodes

APDs possess internal gain and as such are used to detect very weak optical signals. The working principle
of an APD is discussed �rst and then some of the structures for improved performance are presented. The
noise performance of APDs is discussed next.

35.5.4.1 Principles

The internal gain arises due to impact ionization in the presence of a high electric �eld in the depletion
layer. A primary electron gets enough kinetic energy to break a covalent bond, thereby creating one sec-
ondary EHP. The primary and secondary carriers are accelerated by the depletion �eld and may again
create tertiary EHPs. The multiplication process gives rise to an increased photocurrent. A primary hole
can also initiate the ionization process. By this process, one initial electron or a hole may generate M extra
EHPs, where M is the multiplication gain of the PD. In general, the ionization coe�cients for electrons (α)
and for holes (β) are di�erent. The structure of an APD is shown in Figure 35.10, in which the electric �eld
pro�le is also included.

In order to cause impact ionization, the carriers must possess a minimum energy, called the ionization
threshold, which must exceed the bandgap energy. The ionization thresholds for electrons and holes are dif-
ferent. This leads to di�erent values of ionization coe�cients α and β, for electrons and holes, respectively.
The ionization coe�cient is the reciprocal of the average distance traversed by a carrier in the direction of
the electric �eld to create an EHP. In its motion, a carrier may lose or gain energy via carrier–phonon
interaction, which becomes more dominant with rise in temperature, thereby reducing the ionization
probability. The breakdown voltage in a p-n junction therefore increases with temperature.

Defects in the device can lead to microplasma e�ect, in which breakdown at a lower voltage than in the
remaining part of the junction occurs in a small area. This needs careful device processing and fabrication.

One of the important performance parameters for a PD used in optical communication is the maximum
bit rate of operation. The detector must convert faithfully the incident optical pulses into electrical pulses.
This is governed by how quickly the detector current responds to a pulse of photons. At low bias, carriers
may be generated in the undepleted region and the response of an APD to an optical pulse may produce

M A +

p+ n– n– n+

F

x

–

FIGURE 35.10 Structure of an APD (top) and the electric �eld (F) pro�le within it (bottom). M and A denote the
multiplication and absorption regions, respectively.
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a di�usion tail in the current pulse as in a p-i-n diode. When the bias is high enough to fully deplete the
junction, the following three factors contribute to the response time:

1. Transit time of the carriers across the absorption layer of width W, given by Equation 35.11
2. The time taken by the carriers to create EHPs by avalanche multiplication
3. The RC time constant, where R is the device and load resistance and C is the junction capacitance

For low gain, the response time is determined by the transit time and the RC time constant. These two
limit the value of bandwidth. When the gain is large, avalanche multiplication time becomes dominant and
the bandwidth is reduced. APDs are therefore characterized by a constant gain bandwidth product.

35.5.4.2 Separate Absorption Grading and Multiplication and Separate Absorption,
Grading, Charge Sheet, and Multiplication APDs

PDs for optical communication at a wavelength of 1.55 μm have In0.53Ga0.47As as the absorbing layer.
The usual p-n junction shows a high dark current due to the low bandgap of InGaAs. Furthermore, at
high reverse �eld in the depletion region, the breakdown may be due to tunneling as opposed to the
avalanche process. Therefore, the p-n junction is made using InP. The design involves separate absorption
and multiplication (SAM). In an SAM structure, a su�ciently high electric �eld exists to cause avalanche
multiplication in InP, and at the same time the �eld is low enough to prevent tunneling in the lower
bandgap InGaAs layer in which optical absorption takes place. However, the photogenerated holes in
the InGaAs layer while �owing toward InP layers �nd a band o�set ΔEv at the InGaAs/InP interface.
Holes are thus trapped at the heterointerface, giving rise to a slower response. Incorporation of one or
more layers of intermediate gap InGaAsP in between the absorption and multiplication regions elim-
inates this problem. The structure is called a separate absorption grading and multiplication (SAGM)
structure.

The presence of quaternary and ternary layers in SAGM structures leads to another problem. The ion-
ization rate of holes is higher than that of electrons in InP, but is lower in both the InGaAs and InGaAsP
layers. This may give rise to unwanted multiplication in the ternary and quaternary layers. As the ioniza-
tion ratio k approaches unity there, higher noise and lower speed are expected. The doping and thickness
of the multiplication layer should be accurately controlled in order to have the increased gain–bandwidth
product. A planar SAGM APD that avoids premature edge breakdown employs a partial charge sheet layer
in between the multiplication layer and the grading region. The structure is known as a separate absorp-
tion, grading, charge sheet, and multiplication (SAGCM) structure. The structure consists of a lightly (or
unintentionally) doped wide gap multiplication region where the �eld is high and an adjacent doped charge
layer or a �eld control region. The presence of the charge (C) layer o�ers an extra degree of freedom such
that the electric �eld pro�les in the active region and in the periphery of the device can be controlled
independently.

A cross-sectional view of an SAGCM APD using InP multiplication, InP charge, InGaAsP grading, and
InGaAs absorption layer is shown in Figure 35.11. APDs used in telecommunications are reviewed by
Campbell (2007).

35.5.4.3 Noise in APDs

Three important noise sources are operational in p-i-n PDs and in APDs. They are (1) thermal noise,
(2) dark current noise, and (3) shot noise. In addition, APDs are characterized by an excess noise due to
the random nature of the avalanche multiplication process. The statistical variation of multiplication is
responsible for multiplication excess noise. The excess noise factor F depends on the ratio k = α∕β and is
expressed as

F = kM + (1 − k)
(

2 − 1
M

)

= M
{

1 −
[

(1 − k)
(M − 1

M

)2]}

. (35.25)
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InGaAsP (G)

n– InGaAs (absorption)

n– InP (buffer) 

n InGaAs

FIGURE 35.11 Cross-sectional view of an SAGCM APD. Antire�ection (AR), multiplication (M), charge sheet (C),
and graded (G) regions are shown.

The excess noise factor therefore reduces with large value of k. The total dark current in an APD is
given by

Id = Is + IdmM, (35.26)

where Is is the unmultiplied surface current, and Idm is the unmultiplied dark current. Let Iph0 be the
primary DC photocurrent, Ibk the photo-induced background current, and B the bandwidth. The mean
square shot noise current is then

⟨IM⟩
2 = 2e

[

Is +
(

Idm + Ibk + Iph0
)

M2F
]

B. (35.27)

The SNR of APD is written as

SNR =
M2I2

ph0

⟨IM⟩
2 +

(

4kBTB∕R
)
=

M2I2
ph0

2e
[

Is +
(

Idm + Ibk + Iph0
)

M2F
]

B +
(

4kBTB∕R
) . (35.28)

In the above expression, the thermal noise contribution
(

4kBTB∕R
)

has been included. Note that by
putting M = 1 and F = 1, we may obtain the SNR for p-i-n PD.

It is easy to assess the relative contributions of the shot noise (�rst term in the denominator of
Equation 35.28) and of the thermal noise term (second term in the denominator), by dividing the numer-
ator and denominator by M2. The shot noise increases with M as does F. However, the thermal noise
decreases with M as M−2. It appears therefore that there exists an optimum value of M for which SNR
can be a maximum. The variation of M is e�ected by change of reverse bias and may be expressed by the
following empirical expression:

M ≈ 1
{

1 −
(Va−Iph0R

VB

)n} , (35.29)

where Va is the bias voltage, R the e�ective resistance, VB the breakdown voltage, and n a constant that
depends on the design of the device.
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35.5.5 Schottky Barrier PD

In a Schottky barrier (SB) PD, the rectifying junction is formed between a metal and a semiconductor,
rather than by a p-n junction. A schematic structure of an SB PD is shown in Figure 35.12, which indi-
cates that the active or absorbing layer is quite narrow. This leads to short transit time and hence higher
bandwidth, but to a lower QE.

35.5.6 Metal-Semiconductor-Metal PD

A metal-semiconductor-metal (MSM) PD is shown schematically in Figure 35.13. The schematic layer
structure consists of a thin undoped layer grown on a semi-insulating substrate. Metal electrodes are
then deposited on the active layer as interdigitated �ngers. Each set of �ngers forms a Schottky contact
with the semiconductor and is connected to a large pad for connection to the external circuit. Both con-
tacts in the MSM PD are on the same side of the substrate. Since the active layer thickness is small, the
QE is less than in a p-n PD. Moreover, the re�ections from the metal and semiconductor surfaces lead
to smaller responsivity. However, the small transit time and very low capacitance greatly enhance the
bandwidth.

A contact between a metal and a semiconductor may be either ohmic or rectifying. To obtain a rectifying
contact, a certain combination of metal and a given semiconductor is needed. In such a junction, potential
barrier develops due to the di�erence between the work functions of the metal and semiconductor. Another
di�erence between a p-n junction and an SB diode is that both electrons and holes contribute to the current
in a p-n junction, whereas SB diodes are majority carrier devices. The MSM PD consists of two junctions,

Semi-insulating substrate

n+

n–

Semi transparent
layer

+ –

FIGURE 35.12 Schematic diagram of an SB PD. Shaded regions represent metallic contacts.

Contact
pad

Contact
pad

Finger

Finger

FIGURE 35.13 Top view of an MSM PD showing �ngers and contact pads for connection to external circuits.
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FIGURE 35.14 Band diagram of an MSM PD showing directions of �ow of electrons and holes. Ec and Ev are con-
duction and valence band edges, respectively, Efm is the Fermi level of the metal, ϕBn and ϕBp are the barrier heights at
the n and p sides, respectively, and V is the applied bias between two metallic contacts. The PD is represented by two
rectifying contacts shown at the bottom.

both of which may be rectifying or one junction ohmic and the other rectifying. The band diagram of an
MSM PD is shown in Figure 35.14, in which the potential barrier ϕb is due to the work function di�erence.
The two electrodes are connected serially, back-to-back, and the device contains two diodes as shown in
Figure 35.14.

The dark current in the PD is due to the �ow of thermally generated EHPs and by carriers from the
metal surmounting the potential barrier ϕb. Under illumination, excess EHPs are generated and �ow
of electrons and holes is in opposite directions under the in�uence of the external bias V , as shown in
Figure 35.14.

As stated already in connection with SB PDs, MSM PDs make a compromise between QE and band-
width. The use of multiple �ngers increases the QE. However, to increase the bandwidth, the e�ective
absorption layer thickness needs to be reduced. Introduction of a highly doped layer at a certain depth may
restrict the electric �eld within a certain absorption region and may provide a solution to the bandwidth
problem.

Current improved technology may produce very thin �ngers with narrow spacings between �ngers. This
reduces the transit time, but the speed of response is governed by the RC time constant. The following
simple analytical expression for the capacitance may be used to calculate the time constant (Averine et al.
2001):

C = 0.226NLε0
(

εS + 1
) (

6.5θ2 + 1.08θ + 2.37
)

. (35.30)

In Equation 35.30, L is the length of a �nger, ε0 is the permittivity of free space, εS is the relative per-
mittivity of the semiconductor, and θ = (D + t) ∕t is the �nger-to-period ratio, where D is the width of the
metal �nger and t is the gap spacing between the metal �ngers.

The EQE is given by

η = (1 − R) t
t + D

[

1 − exp (−αd)
]

, (35.31)

where R is the re�ection coe�cient, α the absorption coe�cient, and d the thickness of the absorption
layer of the semiconductor. The QE may be increased by replacing the metal electrodes by transparent
conducting indium tin oxide (ITO), thereby reducing R. It can be increased by reducing the �nger width
at the cost of increased resistance however.
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35.5.7 Phototransistors

Phototransistors may be a bipolar junction transistor (BJT) or metal-oxide-semiconductor �eld-e�ect
transistor (MOSFET). The BJT may be either p-n-p or n-p-n type. It may be used in two-terminal (2T) con-
�guration, with electrical contacts to the emitter and collector with the base �oating, or in three-terminal
(3T) con�guration as in a normal BJT.

We �rst consider the 2T con�guration. The structure is akin to a heterojunction bipolar transistor in
which the emitter region is a higher bandgap material. The emitter is transparent to the incident light
and thus acts as a window layer; the incident light falls directly on the base and is primarily absorbed
in the base, base-collector depletion region, and the collector region. The heterojunction also increases
the current gain. The base-collector junction is reverse biased so that the transistor acts as a reverse-
biased PD.

Under no illumination the usual collector saturation current �ows. However, when light is incident, the
photogenerated electrons cross the depletion region in the base-collector junction and are collected at the
collector terminal. The photogenerated holes travel in the opposite direction to the emitter terminal, thus
reducing the emitter injection e�ciency and the current gain.

The incident light is absorbed in the base and the base-collector depletion layer. The collector current
for the (2T) con�guration is given by (Chand et al. 1985):

Ic = Iph(1 + hfe), (35.32)

where Iph is the photogenerated current and hfe the common emitter current gain of the BJT. A dark current
also contributes to the collector current.

The currently used phototransistors are heterojunction bipolar transistors with larger gap and smaller
gap semiconductors forming the emitter and base layers, respectively [see Basu et al. (2015) and Chang
et al. (2016)] for work on GeSn-based heterojunction phototransistors and references therein for work on
III-V compounds and alloy-based devices).

As stated already, a p-i-n diode is formed by the base, collector, and subcollector of a heterojunction
phototransistor (HPT). Under optical illumination in a 2T-HPT, the photocurrent generated within the
p-i-n diode is injected across the emitter-base junction and then ampli�ed through transistor action. In
this way, both the photocurrent in the p-i-n structure and the dc current gain determine the �nal collector
photocurrent and the optical gain. When the incident optical power is low, the dc current gain is low,
thereby making the optical gain low. This situation is improved in a 3T-HPT, in which a dc bias is applied
to the base. The bias shi�s the operating point to a higher collector current, making the dc current gain
and optical gain higher.

A detailed analysis of the 3T-HPT has been presented by Frimel and Roenker (1997a,b) using a
thermionic emission-di�usion model. The theory is too lengthy to be included here.

Useful references for 3T-HPTs for III–V compound-based materials as well as recently developed GeSn
alloys may be found in Basu et al. (2015) and Chang et al. (2016).

In an MOS phototransistor, light incident at the source-gate region changes the surface potential under
the gate oxide. This change causes a change in the current �owing through the channel.

35.5.8 QWIP and QDIP

It has been mentioned in Section 35.4 that the absorbing layer in a PD may contain quantum nanostruc-
tures. QWs and MQWs, in particular, are incorporated in the intrinsic (i) layer of a p-i-n PD, an APD, or in
the base of a hetero phototransistor. The absorption in MQWs is from a valence subband to a conduction
subband.

Quantum well infrared photodetectors (QWIPs) have QWs as the absorbing region, but the transi-
tion occurs from one subband to another in the same band, as shown in Figure 35.11. The intersubband
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FIGURE 35.15 Intersubband absorption in QWIPs: (a) a bound-to-bound transition and (b) a bound-to-continuum
absorption. The movement of electrons (solid balls) is shown in the �gures.

transition energy is lower than the energy involved in band-to-band transitions in a QW. The QWIPs
therefore work at the mid-infrared range (3–20 μm). Equation 35.4 may be used to calculate the energy
di�erence between two subbands corresponding to the wavelength to be detected (see Equation 35.6). The
width of the QW is then calculated from the value of the energy di�erence.

The types of transitions involved for CB are illustrated in Figure 35.15. The MQWs form the intrinsic
layer of a p-i-n structure, in which the reverse bias causes the band bending. As shown in Figure 35.15a, the
transition takes place from the lowest subband to the upper subband that lies close to the CB edge in the
barrier layer. The electron li�ed to the upper subband tunnels to the continuum states in the barrier and is
dri�ed by the built-in electric �eld. In Figure 35.15b, an electron from the lone lowest subband absorbs the
MIR photon and goes to the continuum states in the barrier and is then transported (see Schneider and
Liu 2007).

Instead of QWs, multiple stacks of QDs can act as the absorbing layer, and the PD is called a quantum
dot infrared photodetector (QDIP) (Barve et al. 2010).

35.5.9 Single-Photon Detectors

Single-photon emitters and detectors are needed for quantum information processing systems.
Semiconductor-based single-photon detectors are APDs that operate with reverse bias exceeding the break-
down voltage. In this regime, the gain is enormously high. An incoming photon creates a charge, the
number of which is multiplied (avalanche process) until it saturates at a current typically limited by an
external circuit. In order that the single-photon APD should respond to a subsequent optical pulse, the
saturated avalanche current must be terminated by lowering the bias voltage below the breakdown voltage
(Eisaman et al. 2011).

35.6 Improved Devices

The PD structures such as p-i-n, APDs, etc., may show improved performances if some structural or
materials modi�cations are introduced, some of which are discussed brie�y in this section.
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35.6.1 Waveguide PDs

In all the earlier discussions, vertically illuminated PD structures have been considered. For good PD
performance, both the QE and speed of operation must be as high as possible. The absorbing layer in
vertically illuminated devices must be very thin in order to reduce transit time; however, the thin layer
cannot absorb the incident photons, thereby reducing the QE. To achieve high QE and high speed, edge-
illuminating devices are used (Beling and Campbell 2014). The advantage of using waveguide structure has
been pointed out in Section 35.4. The waveguide con�nes the otherwise spreading light into the high-�eld
region. (Beling and Campbell 2014).

The waveguide photodetector (WPD) structure employs waveguides with absorbing layers either
embedded in the waveguide or grown adjacent to the waveguide. The edge-coupled structure has been
realized in p-i-n, APD, MSM, or uni traveling wave con�guration.

The simplest type of edge-illuminated WPD structure is shown in Figure 35.16. The incident light falls
directly into the edge of the absorbing layer. Here the direction of propagation of light is normal to the
direction of transit of the photogenerated carriers. Note that the incident light may spread outside the
absorbing region, making the optical con�nement factor low and e�ective absorption less than in the bulk.
However, the absorption length is quite large (~mm) so that responsivity and QE are enhanced. At the same
time, the photogenerated carriers traverse a very short distance equal to the thickness of the absorbing layer
making the transit time low. The increase in the capacitance due to the thin depletion layer may be arrested
by reducing the area of the device. The state-of-the art technology for WPDs is discussed by Beling and
Campbell (2014).

One drawback of the edge-coupled WPD is the misalignment of the optical �eld with the waveguide
region. Use of lensed �ber or additional optics can increase the coupling e�ciency. A useful way to improve
coupling e�ciency or to avoid the misalignment problem is to employ the evanescent waveguide structure
as shown in Figure 35.17. In this con�guration, the absorbing layer is placed adjacent to the waveguide core.
The optical coupling is enhanced by inserting a transition layer between the waveguide and the detector.
Since the waveguide mode has a smaller cross-section than that of a single-mode �ber, the input coupling
e�ciency is increased by using di�erent approaches, for example, using a spot-size converter.

35.6.2 RCE Structure

The performance of a PD can be enhanced by placing the active device structure inside a Fabry–Pérot
cavity. The cavity acts as a resonant structure providing wavelength selectivity and a large enhancement of
the optical �eld, which in turn allows thinner PD layer. The device shows faster response and increased
QE at the resonant wavelength. The wavelength selectivity and high-speed response make the devices the
right candidates for wavelength division multiplexing applications (Unlu et al. 2001).

Photonic crystal structures have been employed to realize nanoscale PDs o�ering ultralow capaci-
tance, thereby increasing the bandwidth and enabling ultralow power operation (Nozaki et al. 2013)
(Figure 35.16).

p+

n+Light

(a) (b)

Absorber guide

FIGURE 35.16 Schematic view of a WPD: (a) side view and (b) front view.
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FIGURE 35.18 Schematic diagram of a RCE PD. MQW, multiple quantum well.

35.6.3 Incorporation of Heterojunctions and Quantum Nanostructures

The active materials for detection are usually grown on a suitable substrate leading to heterojunctions.
However, heterojunctions and MQWs and stacks of QDs are also used in the active regions of PDs. The
heterostructures extend or control the range of wavelength to be detected. For example, in GexSi1−x/Si
heterostructures or MQWs, the absorption takes place in the lower gap alloy material, and the heterobarrier
prevents leakage of carriers, thus reducing the dark current.

35.7 Materials

The wavelength range covered by a PD depends on the active material, the bandgap of which determines
the maximum wavelength (cuto� wavelength). Table 35.1 includes a few important materials and the
corresponding wavelength range.
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TABLE 35.1 Photodetector Materials and the Wavelength Range Covered

Material Bandgap (eV) Wavelength Range (μm) Substrate

GaAs 1.42 <0.87 GaAs
In0.53Ga0.47As 0.81 1.3–1.6 InP
Si 1.12 0.2–1.12 Si
Ge 0.66 <1.8 Si
Si1−xGex 1.12–0.66 <1.8 Si
Si1−xGex/Si QWs 1.12–0.66 2–12 Si
Ge1−xSnx (x > 0.08) 0.58− ∼ 0 1.2–2.2 Si
GaAlAsSb/GaSb 0.60 0.75–1.9 GaSb
InGaAlAs/InGaAs/InP – 0.5–2.1 InP
HgCdTe/CdTe – 0.8–2.0 CdTe
Ga1−xAlxN 0.38–0.22 0.36–<0.2 Sapphire
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36.1 Introduction

Semiconductor p-n junction photodiodes have been available for half a century. By applying an electric
�eld across the p-n junction, the light-generated carriers create an electrical current �ow, thus the p-n
junction photodiodes can convert optical signals into electrical signals (Shi and Li, 2014). Sensing applica-
tions in infrared, visible, and ultraviolet spectral bands promote theoretical research of these photodiodes.
Numerical simulations, containing structural details such as layer thicknesses, doping pro�les, and trap
concentrations, provide key insights into device design and reliability degradation mechanisms, which
could e�ectively reduce costly and time-consuming testing when developing and characterizing a new
semiconductor device or technology. However, simulations of p-n junction photodiodes involve many
important physical models, which play a decisive role in the calculations of accurate results. This chap-
ter covers some basic equations and models used in the simulations of p-n junction photodiodes. Another
key point is the accurate knowledge of device material parameters. Because of the complexity of an actual
device structure, di�erent device and material parameters are needed for various designs and structures.
A number of these characteristic input parameters required for accurate modeling when building a basic
theoretical framework are explained in this chapter.

First, this chapter presents several basic equations and models in detail. Second, principles and char-
acteristics of several common optical generation models are reviewed and compared. Then, a number
of important characteristic input parameters are introduced. Several p-n junction photodiode simulation
examples are listed in the end of this chapter.

Figure 36.1 presents the general process simulation of p-n junction. A�er building the device structure,
the device model could be de�ned by adding mesh generation and doping for di�erent region. Di�erent
physical models are added in the optical/electrical simulation step, and then the desired information could
be achieved. Figure 36.2 examples the results of some of the important characteristics of p-n junction.

307
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36.2 Basic Equations and Models

Physical phenomena in semiconductor devices are very complicated and, for di�erent devices and mate-
rials, models of di�erent levels of complexity are needed in simulations. Di�erent partial di�erential
equations and models determine di�erent microscopic physical mechanisms in a simulation, and can
depend on di�erent materials and device structures. This chapter introduces a number of widely used
basic equations and models.

Depending on the p-n junction photodiodes under investigation and the level of modeling accuracy
required, there are three governing equations for charge transport in semiconductor devices: the Poisson
equation and the electron and hole continuity equations. The Poisson equation is as follows:

∇ε ⋅ ∇ψ = −q
(

p − n + ND+ − NA−
)

(36.1)

where ε is the electrical permittivity, ψ is the electrostatic potential, q is the elementary electronic charge,
n and p are the electron and hole densities, ND+ is the number of ionized donors, and NA− is the number
of ionized acceptors. The electron and hole continuity equations are written as:

1
q
∇⃖⃖⃗Jn +

(

Gopt − R
)

= 0 (36.2)

1
q
∇⃖⃖⃗Jp −

(

Gopt − R
)

= 0 (36.3)

where R is the net electron–hole recombination rate, ⃖⃖⃗Jn the electron current density, and ⃖⃖⃗Jp is the hole
current density.

Otherwise, the dri�-di�usion model is widely used for the simulation of carrier transport in p-n junction
photodiodes and is de�ned by the basic semiconductor equations, where current densities for electrons and
holes are given by

⃖⃖⃗Jn = −nqμn∇ϕn (36.4)

⃖⃖⃗Jp = −pqμp∇ϕp (36.5)

where μn and μp are the electron and hole mobilities, ϕn and ϕp are the electron and hole quasi-Fermi
potentials, respectively.

Additionally, the thermodynamic model, which is de�ned by a basic set of partial di�erential equations,
and the lattice heat �ow equations have been used in the simulations. The relations are generalized to
include the temperature gradient as a driving term:

⃖⃖⃗Jn = −nqμn
(

∇ϕn + Pn∇T
)

(36.6)

⃖⃖⃗Jp = −pqμp

(

∇ϕp + Pp∇T
)

(36.7)

where Pn and Pp are the absolute thermoelectric powers.

36.3 Optical Generation Models

In the numerical simulation of the photoelectric detector, di�erent structures and devices have di�er-
ent requirements for optical absorption models, including photoelectric incident position, power density,
incident angle, re�ection, refraction, and so on. Therefore, it is very important to select suitable optical
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TABLE 36.1 Comparison of Some Common Optical Generation Models

Optical Beam Raytracing Transfer Matrix FDTD Beam Propagation

Layered media ×
√ √ √ √

Anisotropy on horizontal direction ×
√

×
√ √

Geometrical optics ×
√

×
√ √

Di�raction × × ×
√

×
Re�ection ×

√ √ √ √

Oblique incidence light ×
√

×
√ √

Note: FDTD = �nite-di�erence time-domain.

generation models for di�erent devices. The application conditions of some common optical generation
models are listed in Table 36.1, and the characteristics of each model are introduced in this chapter.

Optical beam method is a simple optical absorption simulation method using Beer’s law, and is only
applicable to very simple optical process. Raytracing is capable of simulating a wide variety of optical e�ects
such as re�ection, refraction, and scattering, but its accuracy is severely limited, and cannot handle com-
plex optical problems such as di�raction. Transfer matrix is very suitable for layered media, but requires
media to be transversely isotropic. The FDTD method belongs in the general class of grid-based di�er-
ential numerical modeling methods (�nite di�erence methods). The time-dependent Maxwell’s equations
(in partial di�erential form) are discretized using central-di�erence approximations to the space and time
partial derivatives, and could deal with more complex optical e�ects such as di�raction. Beam propaga-
tion method (BPM) is a quick and easy method of solving for �elds in integrated optical devices, and a
higher accuracy could be achieved. However, the BPM relies on the slowly varying envelope approxima-
tion, and is inaccurate for the modeling of discretely or fastly varying structures. What’s more, BPM has
some problems when dealing with scattering and di�raction problems.

36.3.1 Optical Beam Absorption

The optical beam absorption method supports the simulation of photogeneration using Beer’s law. Multiple
vertical photon beams can be de�ned to represent the incident light. The following equations describe
useful relations for the photogeneration problem:

Eph =
hc
λ

(36.8)

J0 =
P0
Eph

(36.9)

where J0 denotes the optical beam intensity (number of photons that cross an area of 1 cm2 per 1 s) incident
on the semiconductor device, P0 is the incident wave power per area (W/cm2), λ is the wavelength (cm),
h is Planck’s constant (J ⋅ s), c is the speed of light in a vacuum (cm/s), and Eph is the photon energy that is
approximately equal to 1.24

λ (μm) in eV.
The optical beam absorption model computes the optical generation rate along the z-axis taking into

account that the absorption coe�cient varies along the propagation direction of the beam according to

Gopt (z, t) = J0Ft (t) Fxy ⋅ α (λ, z) ⋅ exp
⎛

⎜

⎜

⎝

−
|

|

|

|

|

|

|

z

∫
z0

α (λ, z) dz
|

|

|

|

|

|

|

⎞

⎟

⎟

⎠

(36.10)
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where t is the time, Ft(t) is the beam time behavior function: for a Gaussian pulse, it is equal to 1 for t in
[tmin, tmax] and shows a Gaussian distribution decay outside the interval with the standard deviation σt ; Fxy
is equal to 1 inside the illumination window and zero otherwise; z0 is the coordinate of the semiconductor
surface; and α(λ, z) is the nonuniform absorption coe�cient along the z-axis.

The optical beam absorption method supports a wide range of window shapes as well as arbitrary beam
time behavior functions. It is also not limited to beams propagating along the z-axis.

36.3.2 Raytracing

The optical generation method of raytracing supports the simulation of photogeneration in two dimen-
sions (2Ds) and three dimensions (3Ds) for arbitrarily shaped structures. The calculation of refraction,
transmission, and re�ection follows geometric optics. A plane wave can be partitioned and each partition
is represented by a 1D ray of light. Raytracing can approximate the behavior of a plane wave on a device
by following such rays.

The optical generation along a ray, when the propagation is thought to be in the z-axis for a nonuniform
absorption coe�cient α(λ, x, y, z), can be written as a photon beam generation:

Gopt (z, t) = J
(

x, y, z0
)

α (λ, z) ⋅ exp
⎛

⎜

⎜

⎝

−
|

|

|

|

|

|

|

z

∫
z0

α (λ, z) dz
|

|

|

|

|

|

|

⎞

⎟

⎟

⎠

(36.11)

where J(x, y, z0) is the beam spatial variation of intensity over a window where rays enter the device, and
z0 is the position along the ray where absorption begins.

When a ray passes through a material boundary, the raytracer uses a recursive algorithm: It starts
with a source ray and builds a binary tree that tracks the transmission and re�ection of the ray. A
re�ection/transmission process occurs at interfaces with refractive index di�erences.

An incident ray impinges on the interface of two di�erent refractive index (n1 and n2) regions, resulting
in a re�ected ray and a transmitted ray. The angles involved in raytracing are governed by Snell’s law using

n1 sin
(

θ1
)

= n2 sin
(

θ2
)

(36.12)

Absorption of photons occurs when there is an imaginary component (extinction coe�cient), κ, to the
complex refractive index. To convert the absorption coe�cient to the necessary units, the following formula
is used for power/intensity absorption:

α (λ)
[

cm−1] = 4πκ
λ

(36.13)

In the complex refractive index model, the refractive index is de�ned element wise. In each element, the
intensity of the ray is reduced by an exponential factor de�ned by exp(−αL) where L is the length of the
ray in the element. Therefore, the photon absorption rate in each element is

Gopt (x, y, z, t
)

= I
(

x, y, z
) (

1 − e(−αL)) (36.14)

where I(x, y, z) is the rate intensity of the ray in the element. A�er all of the photon absorptions in the
elements have been computed, the values are interpolated onto the neighboring vertices and are divided by
its sustaining volume to obtain the �nal absorption rate. The absorption of photons occurs in all materials
with a positive extinction coe�cient for raytracing. Depending on the quantum yield, a fraction of this
value is added to the carrier continuity equation as a generation rate so that correct accounting of particles
is maintained.
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36.3.3 Transfer Matrix Method

The propagation of plane waves through layered media could be calculated by using a transfer matrix
approach.

In the underlying model of the optical carrier generation rate, monochromatic plane waves with arbi-
trary angles of incidence and polarization states penetrating a number of planar, parallel layers are assumed.
Each layer must be homogeneous, isotropic, and optically linear. In this case, the amplitudes of forward
and backward running waves A±j and B±j in each layer shown in Figure 36.3 are calculated with the help of
transfer matrices.

These matrices are functions of the complex wave impedances Zj given by Zj = nj ⋅ cosθj in the case of
E polarization (TE) and by Zj = nj∕cosθj in the case of H polarization (TM). Here, nj denotes the complex
index of refraction and θj is the complex counterpart of the angle of refraction (n0 ⋅ sinθ0 = nj ⋅ sinθj).

The transfer matrix of the interface between layers j and j + 1 is de�ned by

Tj,j+1 =
1

2Zj
⋅
[

Zj + Zj+1 Zj − Zj+1
Zj − Zj+1 Zj + Zj+1

]

(36.15)

The propagation of the plane waves through layer j can be described by the transfer matrix:

Tj

(

dj

)

=
⎡

⎢

⎢

⎣

exp
(

2πinjcosθj
dj
λ

)

0

0 exp(−2πinjcosθj
dj
λ )

⎤

⎥

⎥

⎦

(36.16)

with the thickness dj of layer j, and the wavelength λ of the incident light. The transfer matrices connect
the amplitudes shown in Figure 36.3 as follows:

[

B+j
A+j

]

= Tj,j+1

[

A−j+1
B−j+1

]

(36.17)

[

A−j
B−j

]

= Tj

(

dj

)

[

B+j
A+j

]

(36.18)

It is assumed that there is no backward running wave behind the layered medium, and the intensity of the
incident radiation is known. Therefore, the amplitudes A±j and B±j at each interface can be calculated with
appropriate products of transfer matrices.

nj – 1

nj

Aj – 1
+ Bj – 1

+

nj + 1 Aj + 1
– Bj + 1

–

Aj
+ Bj

+

Aj
– Bj

–
Tj – 1, j

Tj, j + 1

Tj

FIGURE 36.3 Wave amplitudes in a layered medium and transfer matrices connecting them.
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For both cases of polarization, the intensity in layer j at a distance d from the upper interface (j, j+ 1) is
given by

IT(E,TM) (d) =
ℜ(Zj)
ℜ(Z0)

⋅
‖

‖

‖

‖

‖

‖

Tj (d) ⋅

(

A−j
B−j

)

‖

‖

‖

‖

‖

‖

2

(36.19)

with the proper wave impedances, ℜ(Zj) means the real part of Zj. If δ is the angle between the vector of
the electric �eld and the plane of incidence, the intensities should be added according to

I (d) = aITM (d) + ITE (d) (36.20)

where ITM = (1 − a)I(d) and ITE = aI(d) with a = cos2δ.

36.3.4 FDTD Method

Light propagation through the sub-wavelength microstructure (such as nanoparticles, nanometal grating,
photonic crystals, photo-trapping structures, and di�ractive microlenses)-enhanced photodetectors is sim-
ulated by FDTD method based on a rigorous vector solution of Maxwell’s equations. The computation area
of the FDTD method is discretized into grid space where the electric �eld vector and the magnetic �eld
vector are respectively arranged in the space and time step by 1/2, and the di�erential form of Maxwell’s
equations is rewritten as the central di�erence form with two-order accuracy.

In the calculation, these correspond to six time varying scalar equations in each Yee’s grid (i.e., corre-
sponding to the three spatial components of the electric and magnetic �elds, as shown in Figure 36.4), along
with the propagation of the electromagnetic �eld, the electromagnetic �eld is constantly updated in the set
period until convergence. At this time, the corresponding electromagnetic �eld (light) has a stable distribu-
tion in the whole calculation area. At this point, the absorbed power density and the distribution of carrier
density are calculated by assuming that each of the photons absorbed could excite an electron–hole pair.

Hz

Hx

(i, j, k + 1)

(i – 1, j, k + 1)

(i – 1, j, k)

(i, j + 1, k)

(i – 1, j + 1, k + 1)

(i – 1, j + 1, k)

(i, j, k)

(i, j + 1, k + 1)

Hy

Ex

Ey

Ez

FIGURE 36.4 Structure of 3D Yee grid showing one cell of primary grid.
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The di�erential forms of Maxwell equations are

∂H
∂t

= − 1
μ
∇ × E −

ρ
μ

H (36.21)

∂E
∂t
= 1
ε
∇ ×H − σ

ε
E (36.22)

Maxwell’s curl equations can be discretized by the central di�erence method to achieve second-order
accuracy. Equations 36.21 and 36.22 could be rewritten as formulas of electromagnetic �eld component:

Hx
|

|

|

n+1∕2
i,j,k +Hx

|

|

|

n−1∕2
i,j,k

Δt
= 1
μi,j,k

⎛

⎜

⎜

⎝

Ey
|

|

|

n
i,j,k+1∕2 − Ey

|

|

|

n
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Δz
−

Ez
|

|

|

n
i,j+1∕2,k − Ez

|

|

|

n
i,j−1∕2,k

Δy
− ρi,j,k ⋅Hx

|

|

|

n
i,j,k

⎞

⎟

⎟

⎠

(36.23)
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|
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|

|

|

n
i−1∕2,j,k

Δx
−

Ex
|

|

|

n
i,j,k+1∕2 − Ex

|

|

|

n
i,j,k−1∕2

Δz
− ρi,j,k ⋅Hy

|

|

|

n
i,j,k

⎞

⎟

⎟

⎠

(36.24)
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(36.25)

Ex
|
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(36.26)
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(36.27)

Ez
|

|
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⎠

(36.28)
Therefore, the electromagnetic �eld component can be solved by the Equations 36.23 through 36.28 for
any given grid node at any moment.

For more detailed introduction of FDTD, see Chapter 52.

36.3.5 Beam Propagation Method

The BPM can be applied to �nd the light propagation and penetration into devices such as photodetectors.
Its e�ciency and relative accuracy are much better than the optical beam absorption method. The BPM
solver is available for both 2D and 3D device geometries, where its computational e�ciency compared with
a full-wave approach becomes particularly apparent in 3Ds.
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The BPM is based on the fast Fourier transform (FFT) and is a variant of the FFT BPM, which was
developed by Feit and Fleck (1978).

The solution of the scalar Helmholtz equation is

[

∇2
t +

∂2

∂z2 + k2
0n2 (x, y, z

)

]

ϕ
(

x, y, z
)

= 0 (36.29)

At z + Δz with ∇2
t =

∂2

∂x2 +
∂2

∂y2 and n(x, y, z) being the complex refractive index can be written as:

∂
∂z
ϕ
(

x, y, z + Δz
)

= ∓i
√

k2
0n2 + ∇2

tϕ
(

x, y, z
)

= ±iξϕ
(

x, y, z
)

(36.30)

In the paraxial approximation, the operator ξ reduces to

ξ =
√

k2
0n2

0 + ∇
2
t + k0δn (36.31)

where n0 is taken as a constant reference refractive index in every transverse plane. By expressing the
�eld ϕ at z as a spatial Fourier decomposition of plane waves, the solution to Equation 36.29 for forward-
propagating waves reads

ϕ
(

x, y, z + Δz
)

= 1
(2π)2

exp
(

ik0δnΔz
)

+∞
∫
−∞

d⃖⃖⃗kt exp
(

i⃖⃖⃗kt ⋅ r⃗
)

exp
(

i
√

k2
0n2

0 → ⃖⃗k2
tΔz

)

ϕ̃
(

⃖⃗kt , z
)

(36.32)

where ϕ̃ denotes the transverse spatial Fourier transform. As can be seen from Equation 36.32, each Fourier
component experiences a phase shi�, which represents the propagation in a medium characterized by the
reference refractive index n0. The phase-shi�ed Fourier wave is then inverse transformed and given an
additional phase shi� to account for the refractive index inhomogeneity at each

(

x, y, z + Δz
)

position.
In the numeric implementation of Equation 36.32, an FFT algorithm is used to compute the forward and
inverse Fourier transform.

For more detailed introduction of BPM, see Chapter Chapter 4.

36.4 Characteristic Input Parameters

The basic physical mechanism involved in numerical simulations of p-n junction photodiodes is very com-
plicated and, depending on devices and use environments, di�erent material parameters should be chosen
for appropriate physical models. Some are related to bandgap such as e�ective mass, and another part
of the parameters contributes to noise such as all of the recombination rate, while the absorption coe�-
cient is dominant for the light absorption properties of device. In addition, the minority carrier lifetime
of each region signi�cantly in�uence the carrier transport. This chapter introduces some typical material
parameters and related physical models (Table 36.2).

36.4.1 Minority Carrier Lifetimes

The minority carrier lifetime refers to the average survival time of minority carriers, and can be calcu-
lated as:

τ = Δn
U

(36.33)

where Δn is the nonequilibrium carrier concentration and U is the carrier recombination rate.
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TABLE 36.2 Parameters That Can Be Speci�ed from
Parameter File

Parameters Units

Room-temperature bandgap, Eg eV
Dielectric constant, εr 1
Density of states in conduction band, NC cm−3

Density of states in valance band, NV cm−3

Electron mobility, μe cm2/V⋅s
Hole mobility, μh cm2/V⋅s
Electron saturation velocity, vSe cm/s
Hole saturation velocity, vSh cm/s
Electron e�ective mass (relative), me 1
Hole e�ective mass (relative), mh 1
Electron Auger coe�cient, RAe cm6/s
Hole Auger coe�cient, RAh cm6/s
Electron SRH lifetime, τSe s
Hole SRH lifetime, τSh s
Radiative coe�cient, RR cm3/s
Absorption spectra, A1 cm−1

Absorption spectra, A2 cm−1

Absorption spectra, E1 eV
Absorption spectra, E2 eV
Absorption spectra, P 1

Note: SRH, Shockley–Read–Hall.

The electron concentration n0 and the hole concentration p0 under the thermal equilibrium state �t the
function:

n0p0 = n2
i (36.34)

where ni is the intrinsic carrier concentration.
The generation-recombination rate of radiative recombination model is given by

UR = r(np − n2
i ) (36.35)

where r is the electron–hole recombination probability and n, p are the electron and hole concentration,
respectively. The minority carrier lifetime is given by

τ = 1
r(n0 + p0 + Δp)

(36.36)

To the SRH recombination model, the generation-recombination rate can be written as

USRH =
Ntrnrp(np − n2

i )

rn
(

n + n1
)

+ rp(p + p1)
(36.37)

with

n1 = n0exp
(

Et − Ef
k0T

)

(36.38)

p1 = p0exp
(

−
Et − Ef

k0T

)

(36.39)
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where rn and rp are the capture coe�cient of electron and hole, Nt is the concentration of recombina-
tion center, Et is the recombination center energy level, Ef is the Fermi energy level, and T is the lattice
temperature. The SRH minority carrier lifetime can be calculated by

τ =
rn
(

n + n1
)

+ rp(p + p1)
Ntrnrp(n0 + p0 + Δp)

(36.40)

When the surface recombination model is considered, a revised formula is used based on the SRH
recombination model:

USurf =
snsp(np − n2

i )

sp
(

n + n1
)

+ sn(p + p1)
(36.41)

where sn and sp are the surface recombination velocity of electron and hole.
The rate of Auger recombination is given by

UA = (γnn + γpp)(np − n2
i ) (36.42)

where γn and γp are the auger recombination coe�cient of electron and hole. The Auger recombination
minority carrier lifetime can be written by

τ = 1
(

n0 + p0 + Δp
) (

γnn + γpp
) (36.43)

36.4.2 Interface Traps and Fixed Charges

The following expressions for trap concentration versus the energy (E) de�ne di�erent types of
distributions:

N0 for E = E0 Single-energy level

N0 for E0 − 0.5Es < E < E0 + 0.5Es Uniform distribution

N0exp
(

−
|

|

|

|

E − E0
ES

|

|

|

|

)

Exponential distribution

N0exp

[

−
(E − E0)2

2E2
S

]

Gaussian distribution

⎧

⎪

⎨

⎪

⎩

N0 for E = E1
N2 for E = E2
⋯ ⋯
Nm for E = Em

User-de�ned table distribution (36.44)

Trapped electron and hole concentrations on one energy level are related to occupation probabilities for
electrons (rn) and holes (rp) as follows:

nDt = NDtrn nt = NEtrn
pAt = NAtrp pt = NHtrp

(36.45)

where nDt is the electron concentration of the donor trap level, pAt is the hole concentration of the acceptor
trap level, nt is the electron concentration of the neutral electron trap level, and pt is the hole concentration
of the neutral hole trap level, NDt is the donor trap concentration, NAt is the acceptor trap concentration,
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NEt is the neutral electron trap concentration, NHt is the neutral hole trap concentration. It’s obvious that
rn = 1 − rp.

In consideration of the presence of traps, the Poisson equation is revised:

∇ε ⋅ ∇ψ = −q

(

p − n + ND+ − NA− +
∑

Et

NDt − nDt −
∑

Et

NAt − pAt +
∑

Et

pt −
∑

Et

nt

)

(36.46)

where Et means trap energy levels.
The balance of the carrier �ow to and from a trap level gives the following expression for the electron

concentration of the trap level:

dnt
dt

= vn
thσnNEt

[

n1
gn

rn − n(1 − rn)
]

+ vp
thσpNEt

[

p1
gp
(1 − rn) − prn

]

(36.47)

where vn
th and vp

th are the electron and hole thermal velocities, σn and σp are the electron and hole capture
cross sections, and gn and gp are the electron and hole degeneracy factors, respectively.

In the steady state, the trap-assisted recombination process can be analyzed by standard SRH recombi-
nation; however, to the transient case, the recombination processes for electrons and holes are di�erent, and
the SRH form cannot be applied. The di�erential equations for the electron-related occupation probability
at each energy level are

drn
dt

+

[

vn
thσn

(

n +
n1
gn

)

+ vp
thσp

(

p +
p1
gp

)]

rn = vn
thσnn + vp

thσp
p1
gp

(36.48)

This equation is solved self-consistently with the transport and Poisson equations.
The trap total recombination term in the continuity equations is the sum for all levels:

Rtrap =
∑

Et

RDt +
∑

Et

REt +
∑

Et

RAt +
∑

Et

RHt (36.49)

At nonheterointerface vertices, bulk traps are considered only from the region with the lowest bandgap. In
cases where the bulk traps from other regions are important, assume appropriate value and solve nonlinear
Poisson equation by changing the numeric damping of the trap charge, which properly considers bulk traps
from all adjacent regions.

36.4.3 Absorption Coefficients

A widely used absorption coe�cient model that �ts all the materials is

α
(

Eph
)

=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

α1exp

[(

Eph−E1

)

E2

]

Eph < E1

α1 + α2exp

[(

Eph−E1

)

E2

]p

Eph ≥ E1

(36.50)

where Eph is the photon energy, and α1, α2,E1,E2, and p could be speci�ed in the parameter �le.
The abovementioned parameters can be obtained by �tting the data acquired in the experiment. A �tting

result (Wang et al., 2015) for GaN and AlGaN are shown in Figures 36.5 and 36.6.
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FIGURE 36.5 Fitting results of absorption spectrum for GaN at room temperature.
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FIGURE 36.6 Fitting results of absorption spectrum for Al0.15Ga0.85N at room temperature.
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An absorption model (Rajkanan et al., 1979) is implemented for silicon and materials with similar
bandgap structure:

α (T) =
2
∑

i=1

2
∑

j=1
CiAj

⎧

⎪

⎨

⎪

⎩

[

hf − Egj (T) + Epi

]2

e−
Epi
kT − 1

+

[

hf − Egj (T) − Epi

]2

1 − e−
Epi
kT

⎫

⎪

⎬

⎪

⎭

+ Ad

[

hf − Egd (T)
]1∕2

(36.51)

where

Eg(T) = Eg(0) −
βT2

T + γ
(36.52)

and T is the temperature. Parameter values used in this formula can be changed for some materials with
bandgap structures similar to silicon or for silicon itself.

Instead, the complex refractive index model is adopted to replace the absorption coe�cient model in
some numerical simulation commercial so�ware. The complex refractive index ñ can be written as

ñ = n + i ⋅ k (36.53)

where n refers to the refractive index, and k to the extinction coe�cient. The numerical conversion of the
extinction coe�cient k and the absorption coe�cient α is

α = 4πk
λ

(36.54)

For speci�c extinction coe�cients of di�erent materials, one can refer to the website http://refractiveindex.
info/.

36.5 Simulation Examples of P-N Junction Photodiodes

In the following section, examples of some widely used p-n junction photodiodes are introduced with
the calculation results and parameters shown graphically. First, examples about visible photodiodes using
di�erent materials and structure are given. Second, photodiodes simulations applied to ultraviolet and
infrared wave band are introduced. Finally, we modeled a two-color heterojunction photodiode, in which
more complex mechanism and structure are included. All the absorption models involved in examples are
based on Equation 36.50.

36.5.1 Physical Mechanism and Performance Parameters

In order to obtain comprehensive understanding of photoresponse (including dark current) mechanisms
of p-n junction photodiodes and improve the device performance, these key parameters, such as elec-
tron �eld (when the e�ect of electric �eld intensity becomes dominant, the dark current will be increased
and the photoresponse starts reducing); di�erent kinds of junction types (see Figure 36.7a and b), which
have a great e�ect on technological requirements, surface leakage current, and so on; dark current (see
Figure 36.7c through f), which will in�uence our device performance; as well as responsivity and quantum
e�ciency (QE) should be taken into consideration. In addition, surface leakage current is another con-
sideration of p-n junction photodiodes. A detailed description of the surface leakage current of HgCdTe
infrared photodiode is shown in Figure 36.8.

http://refractiveindex.info/
http://refractiveindex.info/
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channel current, (c) the main dark current components of the surface-induced p-n junction surface di�usion current,
surface generation-recombination, surface trap-assisted tunneling, and surface direct band-to-band tunneling.
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The responsivity, quantum e�ciency (QE) and cross-talk are index parameters measuring the ability of
the device to acquire the target radiation signal. Responsivity is the light current formed by unit radiation
power. The calculation formula is

R =
I0

Popt
(36.55)

where R is the responsivity, I0 is the optical current under zero bias, and Popt is the power of incident light.
QE means the e�ciency of the device with which the incident photons of light are converted to current:

η =
( Ip

q

)(Popt

hv

)−1

=

(

I0
Popt

)

hv = R 1.24
λ

= 1.24R
λ

(36.56)

where λ is the wavelength of incident light and Ip is the light excitation current when the wavelength is λ
(corresponding to the photon energy hv) and the power of incident light is Popt.

Cross-talk is when the radiation signal in a unit produces a response signal R0, the adjacent unit also
appears in the response signal R1. Cross-talk can be used to measure the image quality detection. The
cross-talk is de�ned by:

C =
R1
R0
× 100% (36.57)

36.5.2 Infrared Photodiodes

36.5.2.1 InP/In0.53Ga0.47As/InP PIN Photodiode

For an InP/In0.53Ga0.47As/InP PIN photodiode (Wang et al., 2008), the thickness of the absorption layer
(Tabs) as a key structural parameter can determine, to a large extent, the magnitude of responsivity. The
following discussion is concentrated on the e�ect of Tabs on the responsivity, and the following simulations
are performed only at room temperature. Figure 36.9 shows the 2D structure of the device. The structure
consists of a 0.5-μm heavily doped n-type InP bu�er layer, a lightly doped n-type InGaAs absorption layer,
and a 0.2-μm heavily doped p-type InP cap layer. The thickness of the InGaAs absorption layer (Tabs) is
set as 1.5, 3.5, and 5.5 μm. Figure 36.10 presents the energy band of InP/InGaAs PIN device structure,
respectively.

Here, the thickness of the InGaAs absorption layer is set as 1.5 μm. Vertical distributions of electric �eld
with varying Tabs from 1.5 to 5.5 μm in 2-μm steps are investigated as shown in Figure 36.11; the dark and

P InP
InGaAsn-pad

p-pad

n-pad
Y (μm)

X (μm)PassivationPassivation 0

N InP

Substrate

λ (μm)

FIGURE 36.9 Schematic cross section of InP/InGaAs PIN photodiode.
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FIGURE 36.11 Vertical distributions of electric �eld with Tabs increasing from 1.5 to 5.5 μm in 2-μm steps.

light current characteristics with the absorption layer (Tabs) increasing from 1.5 to 5.5 μm in 1-μm steps
are shown in Figure 36.12; the responsivity and QE, as a function of Tabs for di�erent incident wavelengths,
are shown in Figure 36.13. For clarity, the �tting parameters used in the simulation are listed in Table 36.3.

36.5.2.2 HgCdTe-Based P-N Junction Photodiode

Another example is the HgCdTe-based p-n junction photodiode infrared detector (Hu et al., 2008, 2010;
Liang et al., 2014; Qiu and Hu, 2015; Yin et al., 2009; Wang et al., 2011a). The thickness of the n-region of
the device has been chosen as a key structural parameter. This section discusses the e�ect of the thickness
of the n-region on responsivity and QE of the device. The following simulations are performed at 77 K.
Figure 36.14 presents a schematic diagram of the device where the white region represents the depletion
region which is a space charge layer of a PN junction with positive charges in the n-type region and negative
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TABLE 36.3 InP/InGaAs/InP PIN Photodiode Simulation Parameter List

Parameters Units In0.53Ga0.47As InP

Room-temperature bandgap, Eg eV 0.78 1.34
Dielectric constant, εr 1 13.9 12.4
Density of states in conduction band, NC cm−3 2.75 × 1017 5.66 × 1017

Density of states in valance band, NV cm−3 7.62 × 1018 2.03 × 1019

Electron mobility, μe cm2/V.⋅s 12,000 4,730
Hole mobility, μh cm2/V.⋅s 450 151
Electron saturation velocity, vSe cm/s 8.9 × 106 2.6 × 107

Hole saturation velocity, vSh cm/s 8.9 × 106 2.6 × 107

Electron e�ective mass (relative), me 1 0.0489 0.08
Hole e�ective mass (relative), mh 1 0.45 0.861
Electron Auger coe�cient, RAe cm6/s 3.2 × 10−28 3.7 × 10−31

Hole Auger coe�cient, RAh cm6/s 3.2 × 10−28 8.7 × 10−30

Electron SRH lifetime, τSe s 1 × 10−6 1 × 10−9

Hole SRH lifetime, τSh s 1 × 10−6 1 × 10−11

Radiative coe�cient, RR cm3/s 1.43 × 10−10 2 × 10−11

Absorption spectra, A1 cm−1 6687.08 6045.319
Absorption spectra, A2 cm−1 618.99 4008.099
Absorption spectra, E1 eV 0.776 1.363
Absorption spectra, E2 eV 0.012 0.013
Absorption spectra, P 1 1.013 0.65

Contact Contact

Depletion region
n-type region

p-type region

FIGURE 36.14 Schematic cross section of HgCdTe p-n junction photodiode.

charges in the p-type region. Figure 36.15 shows the energy band of the device with di�erent thicknesses
(d). Vertical distributions of electric �eld with the thickness of device (d) increasing from 3 to 7 in 2-μm
steps under reverse bias of 200 mV are shown in Figure 36.16. Dark current and photocurrent with varying
d from 3 to 7 μmin 2-μm steps under reverse bias are shown in Figure 36.17. The vertical distributions of
the electric �eld of the device with three di�erent conditions are very close. The responsivity and QE, as a
function of d, for di�erent incident wavelengths are shown in Figure 36.18. The responsivity and QE of the
device with thickness of 5 μm are greater than those devices with thickness of 3 μm, because more photons
can be absorbed by the material as the absorber region becomes thicker. However, the responsivity and QE
of the device with thickness of 7 μm is smaller than that of the device with the thickness of 5 μm, because the
recombination rate of the device with thickness of 7 μm increases, causing that photon-generated carriers
to recombine before they arrive at the contacts. For clarity, the �tting parameters used in the simulations
are listed in Table 36.4.
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TABLE 36.4 List of the Key Parameters Used in the Simulation

Parameters Units HgCdTe

Bandgap eV 0.12
Dielectric constant 1 17.4
E�ective conduction band density of states cm−3 0.64 × 1019

E�ective valence band density of states cm−3 0.70 × 1019

Electron mobility cm2/V.⋅s 6,1367
Hole mobility cm2/V.⋅s 610
Temperature exponent 1 0
Electron e�ective mass (relative) 1 1.09
Hole e�ective mass (relative) 1 1.15
Electron Auger coe�cient cm6/s 2.3 × 10−25

Hole Auger coe�cient cm6/s 4.66 × 10−26

Electron SRH lifetime s 1 × 10−7

Hole SRH lifetime s 1 × 10−7

Radiative recombination coe�cient cm3/s 3.47 × 10−17

36.5.3 Visible Photodiodes

36.5.3.1 Si P-N Junction Photodiode

In the Si p-n junction photodiode, the in�uence of p-region thickness, operating temperature, and dop-
ing is calculated. Figures 36.19 and 36.20 show a schematic diagram and the energy band of a silicon p-n
junction device structure, respectively. Vertical distributions of electric �eld with varying doping concen-
tration are investigated as shown in Figure 36.21. Figure 36.22 shows the light and dark current distribution
as a function of di�erent operating temperatures. The responsivity and QE as a function of incident wave-
lengths for di�erent p-region absorption layer are shown in Figure 36.23. Parameters not described are all
according to those given as (default) in parameter Table 36.5.

36.5.4 Ultraviolet Photodiodes

36.5.4.1 GaN/AlGaN PIN Photodiode

The structure of a visible blind GaN/AlGaN PIN photodiode (Wang et al., 2011b, 2014) consists of three
epitaxial layers grown on a 2-inch-diameter sapphire substrate. The �rst layer is a 0.6-μm n+-doped AlGaN
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FIGURE 36.21 Vertical distributions of electric �eld with temperature increasing from 280 to 320 K in 20-K steps.

layer (n-layer) with a doping concentration of 3 × 1018 cm−3. This layer is followed by a 0.1-μm unin-
tentionally doped GaN absorption layer with an electron concentration of 5 × 1015 cm−3, and a 0.15 μm
p+-doped GaN layer (p-layer) with a doping concentration of 3×1017 cm−3. For simplicity, the thicknesses
of the absorption layer and n-layer are de�ned as dabs and dn, respectively. The schematic cross section of
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FIGURE 36.23 (a) Responsivity and (b) quantum e�ciency for Si PN photodiode with the height of p-region (hp)
under 1.1, 1.2, 1.5, 2, and 3 μm.

GaN/AlGaN PIN photodiode is shown in Figure 36.24. Figure 36.25 shows energy band as a function of
vertical distance at equilibrium state, and the dabs is set as 0.1 μm. Figure 36.26 describes responsivity ver-
sus the absorption layers (dabs)with incident wavelengths of 0.30, 0.32, 0.34, and 0.36 μm, respectively, and
electric �eld pro�le in the vertical direction with the absorption layers (dabs) under 0.05, 0.2, 0.4, 0.6, and
0.8 μm.

The dark and light current characteristics with a bias voltage are shown in Figure 36.27. The absorption
layer (dabs) is set as 0.2 μm. Figure 36.28 shows responsivity and QE for GaN/AlGaN/GaN PIN photodiode
with the absorption layer (dabs) under 0.2, 0.3, 0.4, 0.6, and 1.1 μm. For clarity, the �tting parameters used
in the simulation are listed in Table 36.6.



9781498749565_C036 2017/8/31 15:20 Page 330 #24

330 Handbook of Optoelectronic Device Modeling and Simulation

TABLE 36.5 List of the Key Parameters Used in the Simulation

Parameters Units Silicon

Bandgap eV 1.124
Temperature (default) K 300
Dielectric constant 11.7
p-type doping level (default) cm−3 1015

n-type doping level (default) cm−3 1017

p-type layer thickness (default) μm 8
n-type layer thickness μm 1
Lattice heat capacity J/K.⋅cm3 1.63
Electron a�nity eV 4.05
Electron’s lifetime s 10−5

Hole’s lifetime s 10−6

Electron e�ective mass 1.09
Hole e�ective mass 1.15
Electron mobility cm2/V.⋅s 1.42 × 103

Hole mobility cm2/V.⋅s 4.70 × 102

N+ AlGaN
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FIGURE 36.24 Schematic cross section of GaN/AlGaN/GaN PIN photodiode.
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36.5.5 Two-Color Heterojunction Photodiodes

36.5.5.1 Long-Wavelength/Mid-Wavelength Two-Color HgCdTe

There are two important parameters for the long-wavelength/mid-wavelength (LW/MW) two-color
HgCdTe infrared focal plane array detector (Hu et al., 2009, 2010, 2011, 2012, 2013, 2014; Qiu et al., 2016):
(1) absorption layer thickness and (2) opening dimensions of the groove (the length of the groove top,
Ltop; the length of the groove bottom, Lbot). In the simulation, the electrical cross-talk of both LW to MW
(Cλe-LW-to-MW) and MW to LW (Cλe-MW-to-LW) contributes to the total spectral cross-talk dependent on
thickness and band energy o�set of the barrier layer (as shown in Figure 36.29). Figure 36.30 shows the
spectral photoresponse for the HgCdTe two-color infrared detector with the proposed structure from the
previous numerical simulations. Figure 36.31 shows the QE and cross-talk as a function of the thickness of
the MW layer for the grooved n+1 -p1-P-p2-n+2 HgCdTe two-color infrared detector. It is found that a min-
imum MW-to-LW cross-talk and maximum MW QE can be achieved with an MW layer of approximately
7 μm. To further optimize the groove structure, the QEs with di�erent Ltop and Lbot are calculated at cuto�
wavelengths. It indicates that the MW QE at the MW cuto� wavelength of 4.8 μm increases with Lbot (no
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TABLE 36.6 List of the Key Parameters Used in the Simulation

Parameters Units Al0.3Ga0.7N GaN

Band gap eV 4.29 3.47
Dielectric constant 1 9.2 9.5
E�ective conduction band density of states cm−3 3.09 × 1018 2.65 × 1018

E�ective valence band density of states cm−3 1.03 × 1020 2.5 × 1019

Electron mobility cm2/V.⋅s 800 1010
Hole mobility cm2/V.⋅s 18 20
Saturation velocity cm/s 1.5 × 1017 1.5 × 1017

Temperature exponent 1 0 0
Electron e�ective mass (relative) 1 0.25 0.222
Hole e�ective mass (relative) 1 2.2 1
Electron Auger coe�cient cm6/s 2.1 × 10−29 3.2 × 10−29

Hole Auger coe�cient cm6/s 6.5 × 10−30 8.7 × 10−30

Electron SRH lifetime s 1 × 10−10 1 × 10−9

Hole SRH lifetime s 1 × 10−10 1 × 10−9

Radiative recombination coe�cient cm3/s 2 × 10−10 2 × 10−10
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FIGURE 36.29 (a) Schematic of grooved HgCdTe two-color infrared detector, (b) equilibrium energy band diagram
cut at A-A′, and (c) equilibrium energy band diagram cut at B-B′.
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TABLE 36.7 Material and Structural Parameters of the Two-color HgCdTe Photodiode at 77 K

Parameters Value of LW (Units) Value of MW (Units) Value of Barrier (Units)

Cd molar fraction (x) 0.232 0.309 0.35
Doping density of n-region 1 × 1017 (cm−3) 1 × 1017 (cm−3) –
Doping density of p-region 8 × 1015 (cm−3) 8 × 1015 (cm−3) 8 × 1015 (cm−3)
Thickness of n-region 1.2 (μm) 1.2 (μm) –
Thickness of p-region 9 (μm) 5.8 (μm) 0.8 (μm)

dependence on Ltop). When Lbot ≥ 14 μm, the MW QE saturates at a maximum value as the photogen-
erated carriers with the di�use length of ~10 μm are e�ciently collected by the MW contact. The speci�c
details of the detector are listed in Table 36.7.

36.6 Summary

With the rapid development of computational capabilities and algorithm, numerical simulation becomes a
very important tool in both qualitative and quantitative studies of p-n junction photodiodes. In this chap-
ter, physical equations, models, and parameters that play important roles in the numerical simulation have
been introduced. First, for the construction of basic theoretical framework, the well-known Poisson and
continuity equations are introduced. Meanwhile, the widespread used dri�-di�usion model and thermo-
dynamic model is also described. The results show the e�ects of the important device parameters such as
structure size, doping concentration, and incident wavelength on the device performance such as dark cur-
rent, photoresponsivity, QE, and so on. Second, we introduced and compared the characteristics of several
common optical generation models in detail, which could achieve optoelectronic simulations of di�erent
precision and structural requirements. Third, the characteristic input parameters and widely used mod-
els in the simulations of typical p-n junction photodiodes are discussed and introduced. Di�erent input
parameters and models can be selected according to di�erent optoelectronic materials, device structure,
and microscopic physical mechanism. Finally, we introduced some key parameters and measures of diode
simulation, and simulation examples of some typical p-n junction photodiodes are given. In addition, some
important results are numerically extracted, and the parameter tables used in the simulations are provided.
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37.1 Introduction

Quantum well infrared photodetectors (QWIPs) are based on optical transitions among quantized states
in the conduction band of the quantum wells (QWs). They are widely used in long-wavelength infrared
(LWIR) detection such as in gas sensing (Hinnrichs and Guptab, 2008) and in Earth observation from
space (Jhabvala et al., 2011). The popularity of QWIPs is gained from the advantages in material quality
and uniformity, detector sensitivity and stability, and array availability and cost. Another unique advan-
tage of this technology is its predictable optoelectronic properties. In the absence of the extrinsic e�ects
imposed by impurities and surfaces, the observed photocurrent and dark current of a QWIP are intrinsic
to the detector structure and are well understood from fundamental physics. More speci�cally, its dark cur-
rent is found to agree with the familiar thermionic emission (TE) process, while the photocurrent can be
quantitatively predicted from �rst principle calculations on QW energy levels and electromagnetic (EM)
�eld distributions inside the detector volume. With the known dark and photocurrents, the detection char-
acteristics and performance of a QWIP array placed in the focal plane of an optical lens system can readily
be predicted with very few system parameters. But because of the arbitrariness of the QW materials and
the detector geometries, the associated physical equations can only be solved by numerical means. In this
chapter, we describe the theoretical framework and numerical modeling of QWIPs.

The role of photocurrent Ip and dark current Id in a�ecting the sensitivity of a QWIP focal plane
array (FPA) has been analyzed (Choi et al., 1998). Here, it su�ces to note that while the signal S of a
detector is directly proportional to Ip, the noise N is directly proportional to (Ip + Id)1∕2, which can be

337
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derived from the Poisson statistics of charge collection. The signal-to-noise ratio of a QWIP is therefore
proportional to

( S
N

)

detector
∝

Ip
√

Ip + Id

=

(

Ip
1 + Id∕Ip

)1∕2

=
( Ip

1 + 1∕r

)1∕2

, (37.1)

where r is the photocurrent to dark current ratio (Ip∕Id). From Equation 37.1, it is obvious that the S/N
ratio is large only when Ip and r are large. In this chapter, we focus on the modeling of Ip and Id in QWIP
design and optimization.

37.2 Theoretical Model of QWIPs

A QWIP uses a multiple quantum well (MQW) structure to detect light (Levine et al., 1987). This structure
is realized by growing alternate material layers of di�erent bandgaps on a suitable substrate. The MQW
creates a series of energy subbands, E1, E2,…, in each QW unit. The QWs are doped n-type with a doping
density ND so that there are free electrons in the ground subband E1 with a Fermi energy EF. The band
structure of a typical QWIP made of AlxGa1−xAs/InyGa1−yAs is shown in Figure 37.1. In Figure 37.1, x
is the aluminum mole fraction, y is the indium mole fraction, W is the well width, and B is the barrier
thickness. An inter-subband absorption brings an electron from E1 to En where the conductivity across
the layers is higher. A photocurrent is thus created.

37.2.1 Dark Current

The dark current Id of a QWIP can be qualitatively separated into three main components. They are direct
tunneling (DI) between adjacent ground states, thermally assisted tunneling (TAT) near the top of the
barrier, and TE over the barrier. These processes are indicated in Figure 37.2.

The TAT current originates from the �nite thermal spreading of in-plane electron energy in E1. Upon
a scattering process, the in-plane energy combines with the out-of-plane energy, with which the electron
tunnels more e�ciently through the QW barrier. Therefore, the barrier transmission depends on the total
energy rather than its energy components. Although each current component di�ers in details, such as the
densities of initial and �nal states, the major factor in determining their magnitudes is the impedance of
the QW barrier. By adopting an energy-dependent tunneling probability γ(E,V) for the barrier, the total

H

B WGaAs

E6

E3

E2

EF
E1

AIxGa1–xAs InyGa1–yAs

FIGURE 37.1 A typical energy diagram of an n-type QWIP along the z axis. E1 to E6 are the resonant QW states. The
shaded region is the global conduction band.
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FIGURE 37.2 Di�erent dark current transport processes in a QWIP. (TAT, thermally assisted tunneling.)

dark current can be obtained by summing over all electron energies (Levine et al., 1990):

Jd(V,T) =

∞

∫
E1

eρd(E,T) vd(V)dE,

=

∞

∫
E1

e
[ g2D

L
f (E)γ(E,V)

]

vd(V)dE, (37.2)

=

∞

∫
E1

e m∗

πℏ2L
γ(E,V) vd(V)

1 + exp
(

E−EF−E1
kT

)dE.

In Equation 37.2, Jd(V,T) is the total dark current density under a bias of V per period at an operating
temperature T, E the electron total energy, ρd(E) the three-dimensional (3D) electron density per electron-
volt, vd(V) the dri� velocity, g2D the 2D density of states, L the QW period length, f (E) the Fermi–Dirac
distribution, γ(E,V) the tunneling probability of an electron with E under V , and m∗ the electron e�ec-
tive mass in the well. The value of γ can be obtained from the usual Wentzel–Kramers–Brillouin (WKB)
approximation (Choi, 1997) of a trapezoidal barrier with a barrier height H, a barrier thickness B, and an
electron e�ective mass mb

∗ in the barrier. Speci�cally,

γ(E,V) = exp
{ −4B

3eℏV
(2m∗

b)
[

(H(V) − E)3∕2 − (H(V) − eV − E)3∕2
]}

for E < H(V) − eV ,

= exp
{ −4B

3eℏV
(2m∗

b) (H(V) − E)3∕2
}

for H(V) > E > H(V) − eV,

= 1 for E > H(V), (37.3)

where H is generally a function of V because there is a potential drop across the well as depicted in
Figure 37.2, which depends on the W∕L ratio. The dri� velocity was experimentally found to be linearly
proportional to the electric �eld (V∕L) with a low-�eld mobility μ initially and then becomes saturated at
a constant velocity vsat when the �eld is high. Therefore, vd(V) can be represented as follows (Levine et al.,
1990):

vd(V) =
μV∕L

√

1 +
(

μV
/

Lvsat
)2

. (37.4)

To �t the measured Jd, one can adjust H, μ, and vsat in accounting for uncertainties in the material
composition and quality.



9781498749565_C037 2017/8/31 11:07 Page 340 #4

340 Handbook of Optoelectronic Device Modeling and Simulation

0.01

1×10–3

1×10–4

1×10–5

1×10–6

1×10–7

0.01

1×10–3

1×10–4

1×10–5

1×10–6

1×10–7

52K, FPA

Jp, FPA
60 K

(a)

(b)

55 K

50 K

45 K

40 K

Substrate voltage (V)

5

4

3

CE
 (%

)
Q

E (%)

2

1

0 1211109
Wavelength (µm)

87 13

20

16

12

8

4

0

M
ea

su
re

d 
J d 

(A
/c

m
2 ) Fitted Jd  (A/cm

2)

43210–1–2–3–4–5 5

FIGURE 37.3 (a) The measured Jd (solid curves), �tted Jd (dashed curves), and measured Jp (thick solid curves) of
a test detector are shown. The symbols are measured from a focal plane array (FPA). (b) The predicted and measured
quantum e�ciency (QE) and conversion e�ciency (CE) of the FPA at −3 V based on angled sidewall optical coupling
are shown.

Figure 37.3 shows the typical current–voltage (I–V) characteristics of a QWIP. The substrate voltage
refers to the bias applied on the substrate while the top contact is grounded. They are measured from a
QWIP with a cuto� wavelength λc = 11.2 μm (Choi et al., 2011). The QWIP is made up of 60 periods
of 700 Å Al0.19Ga0.81As and 50 Å GaAs. The wells are doped with ND of 1.7 × 1018 cm−3. By adopting a
constant H = 191 meV, μ = 400 cm2∕V ⋅ s, and vsat = 1 × 107 cm/s, the dark current I–V characteristics
under positive bias can be explained in a large range of temperatures. In this example,H is independent ofV
because theW/L ratio (= 50/750= 0.067) is very small. The adoptedH is consistent with the expected band
o�set from the barrier composition, and the values of μ and vsat are nearly the same for all experimental
LWIR detectors. This consistency shows that Equation 37.2 is a satisfactory dark current model for QWIPs.
According to the symmetrical band structure shown in Figure 37.1, the I–V characteristics of a QWIP
should be symmetric with respect to bias polarity. The higher measured dark current shown in Figure 37.3



9781498749565_C037 2017/8/31 11:07 Page 341 #5

Quantum Well Infrared Photodetectors 341

under the negative bias is attributed to dopant migration during the material growth, which lowers the
barrier height in the barrier region immediately a�er the doping.

37.2.2 Photoconductive Gain

The photocurrent Ip of a QWIP can be expressed as Ip = Aρpevd, where A is the detector area, ρp the
photoelectron density, and vd the electron dri� velocity. The parameter ρp can be further expressed as
Gτ∕(Al), where G is the total photoelectron generation rate in the entire detector volume Al, l the detec-
tor total thickness, and τ the average recombination lifetime of a photoelectron. A�er photoexcitation, a
photoelectron only retains its energy in a period τ before it recombines into one of the QWs. Therefore,
Gτ∕(Al) represents the time averaged photoelectron density. If we de�ne the quantum e�ciency (QE) η as
the fraction of incident photon �ux Φ being absorbed by the detector and converted into photoelectrons,
the generation rate G will be ηΦ. Hence, Ip is given by

Ip = Aρpevd,

= A
(Gτ
Al

)

e
(

l
τtr

)

=
(

ηΦτ
l

)

e
(

l
τtr

)

= ηΦ
(

τ
τtr

)

e, (37.5)

= ηΦge,

where τtr is the time taken by a photoelectron to travel across the entire detector thickness l, and
g = τ∕τtr = τvd/l is de�ned as the photoconductive gain. Equation 37.5 indicates that the measured
number of photoelectrons (Ip∕e) is g times the number of photons absorbed (ηΦ), resulted in a gain. Since
the lifetime τ of a photoelectron is usually shorter than the transit time τtr in a QWIP, g is usually less than
unity. Its photocurrent will then be lower than that of a photodiode with a gain of unity for the same QE.
The value of g is usually deduced from noise measurements and theoretically �tted to the same functional
form of vd with τ as a �tting parameter. Experimentally, we found τ = 25 ps for most LWIR QWIPs.

37.2.3 Photocurrent

Expanding the last line of Equation 37.5, the photocurrent is given by

Ip(V,TB) = eg(V)

λ2

∫
λ1

η(V, λ)Φ(TB, λ)dλ,

= eg(V)

λ2

∫
λ1

η(V, λ)ΩAL(TB, λ)dλ, (37.6)

= π
4F2 + 1

Aeg(V)

λ2

∫
λ1

η(V, λ)L(TB, λ)dλ.

In Equation 37.6, Ω is the solid angle of the light cone sustained at the detector toward the lens. L(TB,
λ) is the photon spectral radiance of the scene, which has a unit of number of photons arrived per unit
time per unit detector area per unit solid angle per unit wavelength. Expressing Ω in terms of the usual
speci�cation for a lens system, the f-number F, which is the ratio between the focal length f and the lens
diameter D, Ω = π sin2(θ) = π(D∕2)2∕[f 2 + (D∕2)2] = π∕(4F2 + 1), where θ is the half-cone angle.
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The parameter g(V) is the photoconductive gain at V , λ1 and λ2 are the lower and upper wavelengths
encompassing the detector absorption spectrum, and η(V , λ) is the detection QE spectrum. η(V, λ) can be
decomposed into ηabs(λ)γ(V), where ηabs is the fraction of incident photons being absorbed and γ(V) is
the tunneling probability of the photoelectron out of the barrier. For the typical QWIP designs, the upper
subbands are above the barrier and thus γ(V) is close to unity. Therefore, we usually assume η(V, λ) ≈
ηabs(λ), and label ηabs(λ) simply as η(λ) unless the e�ect of γ is apparent.

37.2.4 Absorption Coefficient

The magnitude of the photocurrent Ip in Equation 37.6 depends on the QE spectrum η(λ). In QWIPs, the
optical transitions are generated from the transition dipole moment between two envelope eigenfunctions
in the z-direction. The optical electric �eld E of the radiation must be oriented in this direction to drive
the transitions. When the optical �eld is polarized in the x–y plane, the dipole moment is zero due to con-
servation of momentum, and therefore, there is no absorption. Therefore, the optical absorption of the
material depends on the direction of light propagation, and the absorption coe�cient α is anisotropic. The
parameter α is de�ned as (−1∕Φ)(dΦ∕dx), where Φ is the photon �ux and x is the traveling distance. In
general, when the light is traveling at an angle θ relative to the normal of the layer surface, only the vertical
electric component Ez = E ⋅ sin(θ) in the transverse magnetic (TM) mode is able to initiate the transi-
tions. The transverse electric mode, on the other hand, is totally uncoupled. Therefore, for an unpolarized
light, only half of its intensity is being absorbed, and α of the remaining half varies as sin2θ. When θ is
zero under the usual detection orientation, i.e., under normal incidence, α will be zero unless there is an
optical coupling structure to convert the incident electric polarization from horizontal to vertical. Overall,
η(λ) of a QWIP depends on both the material intrinsic absorption properties and the detector physical
structure.

For a parallel propagating light with vertical polarization, the absorption coe�cient α(ℏω) depends on
the oscillator strength between the ground state and one of the upper states and the number of free carriers
in the ground state. Quantitatively, α(ℏω) is given by (Choi, 1997)

α(ℏω) =
Ns
L

π e2 ℏ
2m∗√εr ε0c

∞
∑

n=2
fnρn(ℏω + E1), (37.7)

where Ns = NDW is the 2D doping density per QW period, L the length of a QW period, m∗ the
e�ective electron mass of individual layers, εr the real part of the dielectric constant, fn the oscillator
strength between E1 and En, and ρn the normalized density of states due to the presence of line broadening
mechanisms. The oscillator strength fn is given by

fn =
2ℏ2

m∗
(

En − E1
)

|

|

|

|

⟨ψn
|

|

|

|

∂
∂z
|

|

|

|

ψ1⟩
|

|

|

|

2
, (37.8)

where ψn is the eigenfunction of En. The overall absorption lineshape depends mostly on the energy dis-
tribution of En and the respective fn with a weaker dependence on the individual ρn. We assume a Gaussian
shape for ρn, i.e.,

ρn(E) =
1

√

2πσn

exp

(

−

(

E − En
)2

2σ2
n

)

, (37.9)

where σn is the line broadening parameter. In the next section, we show modeling procedures for α(ℏω).
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37.3 Material Absorption Modeling

The eigenfunction ψn and eigenvalue En of an MQW can be obtained from the transfer matrix method
(TMM) (Choi et al., 2002). In this method,ψj in the jth material layer is written as two counter-propagating
plane wave states:

ψj = Aj e
i kj z + Bj e

− i kj z, (37.10)

where Aj and Bj are two constants to be determined, and kj is the wavevector given by

kj(E) =

√

2m∗
j (E)

ℏ

√

E − ΔEj, (37.11)

where m∗
j (E) is the energy-dependent e�ective mass, E andΔEj are the electron energy and the conduction

band o�set measured from the GaAs conduction band edge, respectively. The constants Aj and Bj relate to
Aj+1 and Bj+1 of the adjacent (j+1)th layer through the boundary conditions that bothψ and (1/m∗)dψ/dz
are continuous across the interface:

[

Aj
Bj

]

= 1
2

[

(1 + γj,j+1) e
i (kj+1−kj) dj,j+1 (1 − γj,j+1) e

− i (kj+1+kj) dj,j+1

(1 − γj,j+1) e
i (kj+1+kj) dj,j+1 (1 + γj,j+1) e

− i (kj+1−kj) dj,j+1

]

[

Aj+1
Bj+1

]

= 1
2
Mj , j+1

[

Aj+1
Bj+1

]

, (37.12)

where γj,j+1 = (mj
∗kj+1)∕(mj+1

∗kj) and dj,j+1 is the spatial coordinate of the interface. The energy level
structure of a multilayer material system can be obtained from the maxima of the global transmission
coe�cient TG of a plane wave through the material. When the incident energy of the wave coincides with
one ofEn’s, strong resonant transmission occurs andTG attains a local maximum. Assuming the plane wave
incident from the le�, the coe�cients A1 and B1 for the �rst material layer on the le� and the coe�cients
Ap and Bp of the last pth layer are connected by

[

A1
B1

]

= 1
2p−1 M1,p

[

Ap
Bp

]

, (37.13)

where M1,p = M1,2M2,3 …Mp−1,p, and Mj,j+1 is de�ned in Equation 37.12. By assuming that there is no
wave traveling to the le� in the last period, one can set Ap = 1 and Bp = 0, with which all the coe�cients
in the layers are determined. The value of TG at a given energy E is then equal to

TG(E) =
1

|

|

A1(E)||
2

vp(E)
v1(E)

= 22p−2

|

|

a11(E)||
2

m∗
1(E)

m∗
p(E)

kp(E)
k1(E)

, (37.14)

where v is the electron group velocity and a11 the �rst diagonal element of M1,p. The local maxima in
TG(E) determine the locations of En. In general, these local maxima are less than unity unless the material
structure is symmetrical. Calculating An(E) and Bn(E) at E = En will yield ψn.

37.3.1 Material Parameters

The TMM calculation can be handled e�ciently by a personal computer. The material parameters required
for the InGaAs/AlGaAs material system had been collected and summarized (Shi and Goldys, 1999).
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To begin with, the unstrained bandgap of the ith layer in the unit of meV is

Eug,j = 1424 + 1186 xj + 370 x2
j − 1499 yj + 429 y2

j , (37.15)

where xj and yj are the Al and In molar ratios in the jth layer, respectively. (In the present calculation, x and y
both cannot be nonzero in a given layer, i.e., AlInGaAs quaternary compound is not considered.) Since the
material layers are under strain, the values of bandgaps are modi�ed. Assuming the strain is accommodated
exclusively in the InGaAs well layers, which are usually much thinner than the GaAs/AlGaAs layers, the
modi�ed bandgap for yj > 0 is

Esg,j = Eug,j + 2 a
(

1 −
c12
c11

)

ε11, (37.16)

where a = −8700 + 2700yj meV is the deformation potential, c12∕c11 = (5.32 − 0.79yj)∕(11.81 − 3.48yj)
is the ratio of the elastic constants, and ε11 = −0.405yj∕(5.6533 − 0.405yj) is the hydrostatic component
of the strain induced by the adjacent GaAs/AlGaAs material layers. Therefore, in the present assumption,
the bandgap of InGaAs is widened while that of GaAs and AlGaAs are unchanged. The band o�set ΔEj is
taken as

ΔEj = βx (Eug,j − 1424) if xj > 0

= βy (Esg,j − 1424) if yj > 0,
(37.17)

where βx is the band o�set parameter for the GaAs/AlGaAs interface and βy is for the InGaAs/GaAs inter-
face. From �tting detectors with di�erent wavelengths, we notice that βx increases from 0.60 to 0.77 when
x decreases from 0.4 to 0.16, and βy is 0.63 when y < 0.34. The e�ective mass at the conduction band edge
is given by

m∗
j = 0.0665 (1 + 1.256 xj − 0.579 yj). (37.18)

Taking the band nonparabolicity into account, the e�ective mass mj
∗(E) can be expressed in the form of

m∗
j (E) = m∗

j

(

1 +
E − ΔEj
Eg,j

)

, (37.19)

where Eg,j is the strain modi�ed bandgap. With all these material parameters, the input parameters in
Equation 37.14 are known. Since m∗ varies from layer to layer, strictly speaking, Equations 37.7 and 37.8
need to be evaluated individually in each layer. For simplicity, we assume m∗ to be the e�ective mass at the
GaAs conduction edge since optical transitions mostly occur in the GaAs layers.

37.3.2 Numerical Examples

In this section, we present some examples and compare them to experiments. To measure the α lineshape,
infrared (IR) light is incident on a 45◦ polished facet at the edge of a substrate (referred to as the edge
coupling method), so that the optical electric �eld pointing at the z-direction is a factor of 1/

√

2 of that of
the TM component. The measured quantity is the responsivity (R) or the conversion e�ciency (CE ≡ ηg).
The values of R and CE are related by

R(λ) =
Ip
P(λ)

=
eηgΦ(λ)
hc
λ Φ(λ)

= λ
hc
e

ηg = λ
1.24 × 10−6 CE(λ)

[ A
W

]

, (37.20)
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where P(λ) is the incident optical power. Since in the weak absorption limit, η is directly proportional to
α (see Section 37.4.4 for details on this coupling scheme), we can compare either the experimental CE(λ)
lineshape to the theoretical α(λ) or R(λ) lineshape to λα(λ). In Figure 37.4, we show the calculated fn(λ) of
a typical QWIP, labeled as Det. A, which is made of 21 periods of 500 Å Al0.27Ga0.73As/46 Å GaAs QWs.
The TMM calculation was performed on a single QW unit. The result will be the same if the calculation is
performed on the entire MQW when E1 of individual wells are not coupled (Choi et al., 2002), and in this
case, the total f is independent of B.

Substituting the f spectrum into Equation 37.7, α(λ) can be obtained. Figure 37.5 shows the calculated
α(λ) for Det. A along with three other GaAs/AlGaAs detectors having di�erent cuto� wavelength λc and
doping density ND. Figure 37.5 also shows the measured CE lineshape of each detector in arbitrary units.
To �t the measurements, the values of βx needs to vary from 0.665 to 0.715 for the nominal x from 0.27

4 5 6 7 8 9 100

0.01

0.02

0.03

Wavelength (μm)

O
sc

. s
tre

ng
th

Det. A

W = 46 Å
x = 0.27
β = 0.665
H = 231 meV
σ = 7 meV

FIGURE 37.4 The calculated oscillator strengths fn of a QWIP with W = 46 Å, B = 500 Å, x = 0.27, and σ = 7 meV.
The curve with circles is the total oscillator strength. The vertical line shows λ at which the �nal state energy = H−E1.
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FIGURE 37.5 The measured CE lineshapes (solid curves) from four materials. The dashed curves are the calculated
α assuming (W, x, βx, σ, ND) shown in the �gure, where ND is in 1018 cm−3. The barrier thickness is 500 Å for all
detectors except 600 Å for Det. D.
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to 0.198. The broadening parameter σ ranges from 5 to 9 meV for the �rst upper state, and it increases
by about 0.5 meV for each successive upper state. With the two �tting parameters, βx and σ, the intrinsic
absorption lineshape can be satisfactorily explained.

The bandwidths shown in Figure 37.5 are rather limited. To broaden the bandwidth, one approach is
to use superlattices (SLs) to create miniband-to-miniband (M–M) transitions. When the barrier thickness
B is small, En states among di�erent wells are coupled to form minibands Mn. Since the degenerate E1
states develop into a range of occupied states in M1, the absorption can cover a wider spectral range. This
bandwidth can further be expanded if the QWs in the SL have di�erent well widths (Choi et al., 2002).

To cover the entire 8- to 14-μm LWIR window, we designed a structure (Li et al., 2006) that con-
tains seven SLs, and they are separated by 600-Å Al0.17Ga0.83As barriers. Each SL contains seven 30-Å
Al0.23Ga0.77As barriers and four 70-Å and four 75-Å wells alternately placed together. The doping is
4 × 1017 cm−3 in the wells while the barriers are undoped. Since the eight miniband ground states within
M1 have di�erent energies, their electron populations are also di�erent. In this example, the �rst state in
M1 is at 39.4 meV and the last state is at 55.7 meV, while the common Fermi energy for the present dop-
ing is at 57.8 meV. Therefore, the electron population in the �rst state is 8.8 times larger than the last state,
resulting in a signi�cant modi�cation of the lineshape from that of MQWs. Calculating Equation 37.7 with
a di�erent e�ective 3D doping density (Ns∕L) for each miniband ground state according to the di�erent
Fermi levels, the spectral lineshape of the SL can be obtained. Figure 37.6 shows the calculated lineshape
for the present SL. It agrees well with the measurement using a constant σ of 7 meV. The spectral respon-
sivity is seen to cover the entire LWIR window. Following this material design approach, a QWIP with any
cut-on and cuto� wavelengths can be designed.

By using InGaAs/AlGaAs QWs to increase the combined barrier height, a mid-wavelength IR QWIP
can be developed (Choi et al., 2002). The illustrated structure contains eight In0.34Ga0.66As/Al0.4Ga0.6As SL
units separated by 500-Å Al0.4Ga0.6As blocking barriers. Each unit consists of �ve wells and four barriers.
The wells are made of 5-Å GaAs/25 Å InGaAs/5Å GaAs layers, and the barriers are made of 30-Å AlGaAs
layers. There are top and bottom GaAs contact layers. All SL layers are doped to 2×1018 cm−3. The modeled
responsivity curve matches the experiment if σ = 27.5 meV as shown in Figure 37.7. This much larger σ
is usually observed in the MWIR regime.
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FIGURE 37.6 The measured responsivity from an SL structure with alternate well widths (solid curves). The �tted
spectral lineshape of λα(λ) with σ = 7 meV is shown as the dashed curve. The curve with σ = 0.1 meV is to reveal the
spectral distribution of individual M-M transitions.
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FIGURE 37.7 The measured normalized responsivity (circles) and the calculated λα(λ) with σ = 27.5 meV (solid
curve) for the combined transitions in the SL with blocking barriers. The curve with σ = 0.5 meV is to reveal the
spectral distribution of individual M-M transitions.

37.4 Detector QE Modeling

Although α(λ) for parallel propagating light can be modeled accurately, the detector QE under normal
incidence is still far from de�nite because it also depends on the optical coupling scheme. The search for
an optimum coupling structure for a given application occupies the bulk of QWIP research to date. To yield
the theoretical QE, one has to know the EM �eld distribution inside the detector volume in the presence of
a polarization-dependent absorption coe�cient. This task can only be solved by employing 3D numerical
EM modeling. Since this capability was not readily available in the past, the common QWIP structures are
not optimized.

With the advent of computer hardware and so�ware technologies, one can now perform realistic and
sophisticated EM modeling using commercial so�ware on a personal computer. These advances have
greatly facilitated the QWIP development. There are many numerical methods in solving EM problems.
The more common ones are �nite element method (FEM), �nite-di�erence time-domain method, �nite
boundary method, and modal transmission-line (MTL) method, etc. In this chapter, we describe using
FEM to model the theoretical QE of QWIPs.

FEM solves Maxwell’s equation,

∇ ×
(

μ−1
r ∇ × E

)

− k2
0εrcE = 0, (37.21)

via trial basis functions under a user-de�ned boundary condition. In Equation 37.21, μr and εrc = εr − jεi
are the relative permeability and relative permittivity, respectively, and k0 = 2π∕λ is the free-space wavevec-
tor. Through variational principles, FEM transforms Equation 37.21 into a large set of linear equations,
which can be solved by matrix multiplications (Sadiku, 2001). To yield a valid solution, it is important to
present a correct boundary condition in the model.

The present modeling is performed in the RF Module of a commercial EM solver, COMSOL Multi-
physics version 3.5 (COMSOL AB, Nov 2008). The modeling procedures involve selecting the EM analysis
mode, building the 2D or 3D detector geometry, de�ning constants, variables, and functions, inputting
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subdomain properties, selecting appropriate boundary conditions, building mesh structures, setting solver
parameters, performing computation, and using postprocessing to yield the required information.

To model the QE of a QWIP, we note that η can be expressed as (Choi et al., 2012, 2013a)

η(λ) = 1
P0 ∫

V

dI(r) = 1
P0 ∫

V

α(λ)I(r, λ)d3r

=
α(λ)

A cε0
2 E2

0
∫
V

n(λ)cε0
2

|

|

Ez(r, λ)||
2 d3r =

n(λ)α(λ)
AE2

0
∫
V

|

|

Ez(r)||
2 d3r, (37.22)

where P0 is the incident optical power, V the detector active volume, I the optical intensity associated with
Ez , α the absorption coe�cient, A the detector area, and n the material refractive index. Equation 37.22
states that the QE of a QWIP can be calculated from the volume integral of |Ez|2 in the presence of a �nite α.
If Ez in Equation 37.22 is replaced by the total E, it will be applicable to detectors with isotropic absorption
as well. Since E0 and Ez are linearly proportional to each other, E0 can be set arbitrarily. Besides E0, the only
free input parameter in Equation 37.22 is the wavelength-dependent α(λ) (if n(λ) of the material is known
accurately). For a known α(λ) from Equation 37.7, there will be no free parameters, and the value of η(λ)
for a given combination of material and geometry can be uniquely and unambiguously determined.

37.4.1 Modeling Validation and Phase Coherence

Since numerical EM modeling involves many steps, assumptions, and idealizations of materials and struc-
tures, it is critical to validate the model through theoretical and experimental means. One important
assumption in the model is the complete phase coherence of radiation. While it is true for radio waves,
it is generally not the case in the IR wavelengths and the rationale for EM modeling needs further explana-
tion. If the optical �eld distribution in a detector indeed depends on the degree of coherence of light, the
present modeling clearly will not be relevant. It follows that a QWIP will not have a de�nite QE, and its
value depends on the light source characteristics. For a blackbody source, it is well known that the radiation
is incoherent and its coherence length lc is only about 0.8λmax, where λmax is the free-space wavelength at
the intensity maximum (Donges, 1998). At a blackbody temperature TB = 300 K, λmax is 10 μm, and lc
is 8 μm in free space and 2.7 μm in GaAs. Such a short lc would suggest phase coherence exists only in a
very small detector volume and coherent EM modeling would not be meaningful.

The abovementioned picture is certainly true when considering all of the radiations from the blackbody.
Consistent with this picture, it also follows that the modeled coherent QE at λmax will not be valid for all the
blackbody radiations, which is also certainly the case. Nonetheless, when all the incoherent wave packets
from the blackbody are Fourier transformed into the plane wave components, which happen to assume the
Planck distribution, each individual wavelength component is in fact phase coherent. (By the de�nition of
a plane wave with a de�nite λ, its coherence length is in�nite.) Since the detector absorbs one photon with a
de�nite λ at a time, not a wave packet with a broad spectrum at a time, the detector is interacting with each
Fourier component individually, and because of this speci�c absorption feature, the spectrally dispersed
radiation appears to be completely coherent to the detector at the individual wavelength component basis.
Following this reasoning, there will only be one QE value for each λ, and it is the value evaluated under
phase coherent condition. The modeled QE is thus an intrinsic property of the detector independent of
the light source. Consequently, the detector maintains the same optical properties when detecting objects
with di�erent coherence lengths caused by, for example, di�erent scene temperatures.

For experimental veri�cation, when one of the Fourier components is separated out from a blackbody
by an instrument, either using a grating or a �lter, its coherence length lc = λ2∕Δλ becomes �nite, where
Δλ is bandwidth of the instrument (Fowles, 1975). It is more convenient to use a light source with a long
lc, i.e., a small Δλ, so that no QE convolution is need. However, even if Δλ is substantial in comparison
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with the variation of modeled η(λ), one can still make comparison by characterizing the spectral power
density P(λ) of the source around the nominal incident wavelength λ0. The weighted theoretical η(λ0) =
∫ η(λ − λ0)P(λ − λ0)dλ∕ ∫ P(λ − λ0)dλ can then be compared to experiment.

It is interesting to mention that when Δλ of the instrument is broader than the detector absorption
bandwidth Γ, the detector can only sense part of each wave packet emitted by the instrument, with which
the coherence length appears to be longer at λ2∕Γ instead of λ2∕Δλ for the original wave packet. Therefore,
a detector with a given Γ will not be able to perceive the true phase coherence of a source if the source lc
is shorter than λ2∕Γ. In the following, we present examples of modeling validation.

37.4.2 Planar Solar Cell

A planar GaAs solar cell provides a simple test for the modeling since it lacks any x–y spatial variations. Its
material structure includes an active GaAs absorbing layer, a front antire�ection coating, and a back metal
re�ector as shown in Figure 37.8 (Grandidier et al., 2012). With the known complex refractive indices of
GaAs, and assuming 100% transmission for the antire�ection (AR)-coating and 100% re�ection for the
re�ector, a simple classical model for QE using ray-tracing technique is represented by the dash curve in
Figure 37.9. On the other hand, using the complex refractive indices from all the constituent materials,
the 2D modeling based on Equation 37.22 with isotropic absorption yields the solid curve. It coincides
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FIGURE 37.8 The modeled layer structure of a planar solar cell.
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FIGURE 37.10 The measured and modeled photocurrent density under 1-sun without �tting parameters. (EM,
electromagnetic.)

with the classical solution when the coatings in the modeling are e�ective. At the same time, the predicted
photocurrent spectrum in Figure 37.10 is very similar to the measured spectrum (Grandidier et al., 2012)
without any �tting parameters. In particular, the model accurately predicts two photocurrent peaks at 430
and 600 nm, which are absent in the simpli�ed classical model. Furthermore, the model predicts the inte-
grated photocurrent to be 16.51 mA/cm2 under 1-sun condition, which is in excellent agreement with the
measured 16.38 mA/cm2. Therefore, without knowing the actual material properties in the experimental
study, the agreement between theory and experiment is satisfactory for this device structure.

37.4.3 InAs/GaInSb IR Photodiode

When the detector material is fabricated into detector pixels, it acquires spatial variations. In this example,
we show an IR photodiode in Figure 37.11 with a linear dimension of 22 μm in a 25-μm pitch array. It con-
sists of a 2-μm thick p-InAs/Ga0.75In0.25Sb strained SL (p-SLS2) layer and a 0.5-μm thick wider bandgap
n-SLS1 layer to form a photodiode. The photodiode is sandwiched between a 0.5-μm thick wider bandgap
p-contact layer (p-SLS3) and a 2-μm thick n-InAs0.9Sb0.1 contact layer. On top of the p-contact, there is a
12-μm wide gold layer for ohmic contact. Light is incident from the n-contact layer. The detector is assumed
to be surrounded by a semi-in�nite epoxy material with n = 1.5 and with negligible IR absorption.

Since there is no AR-coating in this detector, Fabry–Pérot (FP) oscillations arise from optical interfer-
ence between the top and bottom material interfaces. Because of the inhomogeneous phase change along
the top surface, the FP oscillations are irregular. In Figure 37.12, we show the theoretical α spectrum of
the p-SLS2 layer and the deduced α spectrum of n-InAs0.9Sb0.1 contact layer from open literature. The
latter spectrum is obtained by shi�ing the experimental n-InAs spectrum by λ = 0.7 μm in accounting for
the bandgap reduction (Miles et al., 1990). We further assume α of the n-SLS1 and p-SLS3 to be the same
as that of p-SLS2 but at the shorter wavelengths (Dixon et al, 1961). The n(λ) value in Equation 37.22 is
taken to be a constant of 3.5, which is the average between 3.4 for InAs and 3.7 for GaSb at 10 μm. All IR
absorption is assumed to be isotropic. Since the absorption of all the layers except the p-SLS2 layer will be
dissipated as heat and no photocurrents will be generated in these layers, their absorption reduces the QE
of the p-SLS2 layer in IR detection.
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FIGURE 37.11 The material layer structure of a SLS photodiode. The pixel pitch is 25 μm.
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FIGURE 37.12 The theoretical and experimental α of individual layers obtained from open literature.

With these material and detector structures, the detector QE spectrum is modeled and the result is
shown in Figure 37.13. Without adjusting any input parameters, the theoretical prediction matches satis-
factorily with the experiment both in magnitude and in spectral lineshape in the entire spectral range. This
example shows the validity of the modeling in the presence of spatial variations.

37.4.4 Edge Coupling for QWIPs

In Section 37.3.2, we assumed optical coupling e�ciency using a 45◦ facet to be λ-independent in order
to employ this coupling scheme for material characterization. It is worth checking its validity (Choi et al.,
2012). Figure 37.14 shows the detector geometry and the calculated E �elds with E0 = 377 V/m. The
detector has a 3-μm thick active QWIP layer, a 1-μm top contact layer, and a 1-μm gold layer. The detector
is 100-μm wide. The value of α is assumed to be 0.15 μm−1, and it is λ independent.
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The 2D modeling with anisotropic absorption shows that QE at θ = 45◦ as well as other angles are nearly
independent of λ as shown in Figure 37.15, justifying the experimental approach. The small oscillations are
due to FP oscillations established in one of the detector corners shown in Figure 37.14a, but they will not
be noticeable in the presence of edge roughness. In Figure 37.15, we also show the classical QE calculated
from

ηc(θ) =
4n

(1 + n)2
cos θ

2

[

1 − exp
(

−α sin2 θ ⋅ 2l
cos θ

)]

, (37.23)
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classical value at θ = 45◦.

where l = 3 μm is the active layer thickness and θ = 45◦ is the angle of the polished wedge, which is also
the angle of incidence measured from the detector normal. In Equation 37.23, 4n∕(1 + n)2 is the trans-
mission coe�cient of the GaAs substrate. The term cos(θ)∕2 accounts for the smaller projected detector
area in the direction of light and the fact that only the TM mode is coupled. The factor α ⋅ sin2(θ) is the
absorption coe�cient under oblique incidence, and 2l∕ cos(θ) is the total optical path length inside the
detector accounting for the internal re�ection at the top of the detector. In this classical model, if α is
constant respect to the wavelength, ηc will also be wavelength independent. In Figure 37.15, ηc is shown to
agree with the mean value from EM modeling. Therefore, EM modeling indeed supports the edge coupling
approach in material characterization.

37.4.5 Quantum Grid Infrared Photodetector

Equipped with a quantitative model, we can revisit some of the QWIP coupling structures used in the
past. Figure 37.16a shows the cross section of a structure known as the quantum grid infrared photode-
tector (QGIP) (Choi et al., 2004). It uses a metal layer on top of long and linear grid lines to scatter
light incident from the bottom. The width w of the grid line acts as a half-wave dipole antenna and
its dimension determines the detection wavelength. This detector geometry can also be modeled by 2D
MTL method (Tamir and Zhang, 1996). Figure 37.16b compares the MTL solution and the present FEM
solution for the same QGIP structure, assuming the same constant εi of 9.722 + i. The close agree-
ment in the QE spectrum between these two methods and the agreement between the methods and the
experiment (Choi et al., 2004; not shown here) con�rm the validity of both EM models. The Ez �eld
distribution under the individual metal grid lines shows the expected scattering pattern from a dipole
antenna.

37.4.6 Plasmonic-Enhanced QWIP

The structures described earlier were modeled in 2D. In this example, we perform 3D modeling as the
structure cannot be reduced to 2D. The present structure, shown in Figure 37.17, uses surface plasmon to
couple incident light into a QWIP (Wu et al., 2010). Surface plasmon is the resonant oscillation of conduc-
tion electrons at the interface between a metal and a semiconductor under optical excitation. The detector
in this case contains a 400-Å thick gold �lm deposited on a 0.528-μm-thick InGaAs/InP active material.
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FIGURE 37.17 The 3D perspective of a plasmonic-enhanced quantum well infrared photodetectors (QWIP). Light
is shining through the perforated gold layer from the top.

The gold layer is perforated with circular holes in a hexagonal lattice with spacing of 2.9 μm, and the hole
diameter is 1.4 μm. The light incident on the gold layer excites surface plasmons in the opposite side with a
resonant wavelength determined by the hole pattern. The resonant surface plasmons then create an intense
vertical �eld at the gold/semiconductor interface. The active material has a low doping, with which the peak
α is calculated to be 0.05 μm−1. The modeled QE assuming this constant α for Ez is shown in Figure 37.18.
It has a narrow peak at λ = 8.3 μm. Meanwhile, from the measured responsivity spectrum (Wu et al., 2010)
and the estimated gain of 8.5 from a similar detector structure (Eker et al., 2010), the experimental peak QE
is deduced to be 12.6%, which agrees with the modeling to within 10%, and the two spectra have similar
lineshapes.
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FIGURE 37.19 The 3D perspective of the PCS-QWIP. (QWIP, quantum well infrared photodetectors.)

37.4.7 Photonic Crystal Slab QWIP

To show another 3D optical structure, Figure 37.19 shows a photonic crystal slab QWIP (PCS-QWIP) stud-
ied (Kalchmair et al., 2011). The PCS is made of QWIP material, which is �lled with periodic holes. These
holes create a periodic modulation of refractive index in the x- and y-directions. Together with refractive
index di�erence between GaAs and air in the z-direction, the PCS creates a series of characteristic pho-
tonic bands and bandgaps for the parallel propagating light. The normal incident light excites the stationary
photonic eigenstates at the Γ-point of these bands in strong and sharp resonances. The present detector
consists of an array of holes with spacing of 3.1 μm and diameter of 1.24 μm etched through the active and
bottom contact layers. There is no metal layer in the optical path. The active material thickness is 1.5 μm,
and the bottom contact thickness is 0.5 μm. The PCS is suspended in the air at a height tair of 2.0 μm above
the GaAs substrate.
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FIGURE 37.20 The measured photocurrent spectrum in arbitrary unit (solid curve) and the calculated QE spectrum
based on the displayed α spectrum. (EM, electromagnetic.)

The measured photocurrent spectrum is shown in Figure 37.20. Based on the materialα spectrum shown
in Figure 37.20, which is deduced from the edge-coupled detector, the QE spectrum is modeled and it
indeed contains the characteristic sharp peaks. However, the calculated peaks do not align exactly with
the measurement. To obtain a better alignment, the theoretical hole spacing is reduced slightly from 3.1
to 2.9 μm as shown in Figure 37.20. This discrepancy could be due to the assumption of an average GaAs
refractive index n to be 3.239 over a wide range of wavelengths. In reality, the value of n varies from 3.34
at 4 μm to 3.04 at 11 μm. Furthermore, the magnitudes of these peaks depend weakly on tair. To obtain a
larger peak at position B in Figure 37.20, tair is adjusted from 2.0 to 0.9 μm. A di�erent tair could be due
to the sagging of the PCS in the air at the operating temperature. From the modeling, the sharpness of
these peaks is caused by two factors. One is the nearly symmetrical detector structure, both in vertical and
horizontal directions, which induces strong resonances. The second is the weak material absorption at the
peak wavelengths, which introduces only small damping e�ects on the resonances. The close match of the
main peak and some of the side peaks lends support to the present modeling approach.

The large responsivity peaks A to C in the absorption tail illustrate that a large relative photoresponse
can be obtained by using resonance in spite of a small intrinsic material absorption. Besides the examples
presented earlier, we have also modeled other coupling structures, and the agreements between theory and
experiment are similar to those presented (Choi et al., 2013a). They include air resonant cavities, linear and
cross gratings, random-gratings, corrugated-QWIPs (C-QWIPs), etc. A�er studying all these examples, we
found that the present FEM is highly accurate when comparing with other theoretical models. It also agrees
well with experiments in both magnitudes and spectral lineshapes when both modeling and experimental
uncertainties are taken into account.

37.5 EM Design of Resonator-QWIPs

The present FEM solves Maxwell equations numerically and thus should be able to optimize any detectors
mentioned earlier as well as exploring new ideas. Among the many possible mechanisms and geometries,
one structure that can yield a large QE is a photon trap. The function of a photon trap is to capture and
hold incident light inside the detector until it is absorbed by the detector.

37.5.1 Resonator-QWIP Design

One realization of a photon trap is the resonator-QWIP (R-QWIP) as shown in Figure 37.21 (Choi et al.,
2013a). It consists of an active layer, a thin GaAs substrate layer, and a number of di�ractive elements (DEs)
made of the same GaAs material on top. The topmost surface is then covered with a metal layer, and the
detector is encapsulated with a low refractive index material.
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FIGURE 37.21 (a) A 3D perspective of an R-QWIP. Light is incident from the bottom. (b) The cross-section and one
possible optical path.

The function of the DEs is to di�ract incident light such that the subsequent angles of incidence at
all detector boundaries are larger than the critical angle for total internal re�ection (∼18◦ for GaAs/air
interface). If this is the case, the light will be totally con�ned in the detector. To account for interference
e�ects, the size and shape of the detector volume are adjusted such that the scattered optical paths form a
constructive interference pattern inside the detector. Under this condition, the newly incident light will be
able to reinforce the light already under circulation, and the optical energy can be accumulated and stored
in the detector as in a resonator. Therefore, by designing the detector into a resonator with a di�ractive
surface, i.e., an R-QWIP structure, an e�ective photon trap can be obtained.

To demonstrate the light storage capability, we �rst set α to zero so that there is no optical absorption
in the detector. We then adjust the detector dimensions such that the intensity enhancement ratio (rie)
given by

rie =
1

cε0
2 E2

0

ncε0
2

1
V ∫V

|E|2d3r (37.24)

reaches a maximum. The detector dimensions include the shape, size, and spacing of the DEs, the DE
distribution pattern, the material layer thicknesses, the detector areal dimensions, etc. The quantity rie
compares the average intensity built up inside the active volume relative to the incident intensity in the
air. Figure 37.22 shows that rie can attain a value of 20 at 9.6 μm with the optimized structure shown
in Figure 37.21a. For QWIPs, only the vertical intensity initiates absorption. The corresponding rie in
Figure 37.22 for the vertical polarization component is 11. Such a large vertical rie produces a QE of 71%
when α becomes �nite and equals to 0.2 μm−1, despite the very thin active thickness of 1.2 μm is adopted.
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The pixel size is 20 μm, and the pixel pitch is 25 μm. The insert shows the DE pattern used for optical coupling.

37.5.2 R-QWIP Realization

We have conducted experimental research into R-QWIPs, and found QE as high as 70% in materials with
doping larger than 1×1018 cm−3 (Choi et al., 2013b, 2014, 2015). In this section, we present a more recent
R-QWIP to show its advantages. The material consists of 19 QW periods. Each period is made of 50-Å
GaAs/60 Å Al0.22Ga0.78As/50-Å GaAs/500-Å Al0.22Ga0.78As double-barrier (DW) structure and each well
is doped toND = 0.5×1018 cm−3. The adoption of the DW structure is to widen the absorption width, and
the theoretical peak α is 0.08 μm−1 for this ND. The measured α lineshape based on edge coupling is shown
in Figure 37.23. Its bandwidth of 3 μm is about twice that of the single well design. This experimental line-
shape and a theoretical peak value of 0.08 μm−1 is used for QE modeling. A matching resonator structure
for this spectral range is shown in the insert of Figure 37.23. Assuming a λ-independent α of 0.08 μm−1

and n = 3.05, the resonator shows four resonant peaks (A, B, C, and D) in Figure 37.23, and the highest
peak value is 45%.

The measured I–V characteristics of the R-QWIP averaged over 1600 pixels are shown in Figure 37.24a,
and the QE spectral lineshape measured at −1.1 V averaged over 1000 pixels is shown in Figure 37.24b.
Figure 37.24b also shows the calculated spectral lineshape using the material α(λ). It is seen that the relative
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magnitudes of the experimental C and D peaks are as predicted while those of A and B peaks are much
lower. The lower peaks also shi� to longer wavelengths. This wavelength shi� is expected when a constant
n of 3.05 suitable only for 10 μm is used in modeling, while the actual n is known to increase toward shorter
wavelengths. In addition to the less accurate n, the Ez distributions shown in Figure 37.25 at λ for A and
B peaks indicate that they are higher order resonant modes that require higher precisions in the global
structural dimensions. With the presence of processing nonuniformity, these resonances will be reduced.

For the QE magnitude, the main peak at 9.7 μm is measured to be 20% at−2 V and 37% at+2 V. The QE
at positive bias is thus consistent with the modeling in this case. The polarity asymmetry is usually observed
in R-QWIPs and is related to the highly localized optical intensity created in these detector structures as
shown in Figure 37.26. For the two main peaks C and D, Ez is much stronger at the top of the active layer,
where the QW layers are more active under positive bias. Therefore, this polarity produces a larger detec-
tion QE (Choi et al., 2014). In our simple dark current model described in Section 2.1, we assumed a linear
potential drop in the MQW structure. In reality, the potential drop is slightly curved with potential drop
near the cathode larger than the anode (Choi, 1997). This nonlinearity makes γ(V) in ηabs(λ)γ(V) larger
near the top contact region than the substrate under positive bias. While the change of γ(V) along z does
not a�ect the average Id with uniformly excited thermal electrons, it does promote larger Ip under positive
bias when the optical intensity is localized. Therefore, R-QWIPs usually prefer positive bias operation. For
future modeling e�orts, the inclusion of n(λ) and γ(z) are clearly needed.
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The advantages of the R-QWIPs can be seen by comparing the corrugated-QWIP performance
(C-QWIP) in Figure 37.3a and the R-QWIP performance in Figure 37.24a. The C-QWIP uses angled
sidewalls to couple normal incident light (Choi et al., 2011, 2012). The cuto� wavelength λc of these two
materials are similar, which is 11.2 μm for the C-QWIP and 10.6 μm for the R-QWIP. The C-QWIP shows
Jd = 9 × 10−4 A/cm2 at 3 V and 60 K and Jp = 1.5 × 10−4 A/cm2 at 3 V. For the R-QWIP, Jd = 2.5 × 10−5

A/cm2 at 1 V and 60 K and Jp = 1.5 × 10−4 A/cm2 at 1 V. While the di�erence in the dark currents of
the two detectors is a factor of 36, the photocurrents are the same. Accounting for the longer λc for the
C-QWIP, the R-QWIP improves the Ip/Id ratio by approximately a factor of 10. Figure 37.27 shows an IR
image taken by the present R-QWIP FPA, which shows its excellent sensitivity and uniformity. The FPA
operating condition is as follows: temperature = 61 K, applied bias = −1.1 V, F∕# = 2.5, signal integration



9781498749565_C037 2017/8/31 11:07 Page 361 #25

Quantum Well Infrared Photodetectors 361

FIGURE 37.27 This image was taken by the R-QWIP FPA with 1024 × 1024 pixels.

time = 3.06 ms, and signal processing = 1-point background subtraction. Under this operating condition,
the pixel operability is 99.5% and thermal sensitivity is 45 mK. Even higher sensitivity is expected at a lower
temperature or at positive bias.

37.6 Conclusion

In this chapter, we have discussed the theoretical methods in modeling the optoelectronic properties of
QWIPs. We found that analytical methods can be used to explain the detector dark current and photo-
conductive gain. The intrinsic material absorption properties can be calculated from the TMM, and the
detector QE can be solved by performing �nite-element EM modeling. With these methods, all of the rele-
vant optoelectronic properties of a QWIP can be predicted with very few empirical parameters. This ability
greatly facilitates QWIP FPA production, since it allows more consistent and capable products be designed
and manufactured.

Due to limited space, some of the advantages of EM modeling have not been discussed. For example,
EM modeling can be used to design structures that use thinner materials without antire�ection coatings
or optical �lters to reduce manufacturing cost and improve uniformity; structures that are more immune
to fabrication nonuniformity and have less pixel spatial and spectral cross-talk; structures that have spe-
cial functionality such as extremely narrowband detection, two-color detection, broadband detection, and
polarization detection; and structures that are very small in size but are still sensitive so that ultra-high-
density FPAs can be produced. For the last bene�t, the model predicts that a QE of 56% can be obtained
with an absorption coe�cient of 0.2 μm−1 and pixel size of 5 × 5 μm2. Its realization will enable the pro-
duction of very high-resolution FPAs with much smaller system size, weight, power, and cost. Besides their
usefulness to QWIPs, EM modeling and the photon trap concept are also applicable to other sensors and
energy convertors in the IR and other nearby wavelengths. Therefore, one can foresee the increasing vital
role played by EM modeling in advancing di�erent optoelectronic technologies in the future.
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38.1 Introduction

The modulation of an optical signal is a key requirement of modern optical communications. Even when
the transmitter is a laser diode, which can itself be directly modulated, there are advantages of using an
unmodulated laser and an external modulator on the output.

Optical modulators can be constructed using many di�erent physical e�ects. The main ones of interest
are as follows:

1. Linear electro-optic, or Pockel’s e�ect—an electrostatic �eld is used to modulate the refractive index
of certain crystals.

2. The plasma e�ect—the alteration of the free carrier density in a semiconductor can change both the
absorption and the refractive index.

3. The Franz–Keldysh (FK) e�ect and the related quantum-con�ned Stark e�ect (QCSE)—where an
electrostatic �eld changes the band structure of a semiconductor, altering both the absorption
spectrum and the refractive index.

In choosing a modulator, the following factors should be taken into account:

1. Do you want a phase modulator or an absorption modulator?
2. The modulation bandwidth needed.
3. Its energy e�ciency, typically measured in pJ/bit.
4. The optical bandwidth required—some designs are based on resonant structures and can modulate

only a narrow range of wavelengths, others can work over very wide optical bandwidths.
5. Size.

There is no such thing as a pure phase modulator or pure absorption modulator. The Kramers–Kronig
relationship states that the dispersion spectrum (real part of the refractive index) can be known given the

363
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absorption spectrum over all frequencies, and vice versa:

ε′ (ω) = 1 + 2
π

P

∞

∫
0

ω′ε′′
(

ω′
)

ω′2 − ω2 dω′ (38.1)

ε′′ (ω) = −2ω
π

P

∞

∫
0

ε′
(

ω′
)

− 1
ω′2 − ω2

dω′ (38.2)

where the dielectric constant ε = ε′ + i ⋅ ε′′, and P is the Cauchy principal value. The Kramers–Kronig
relationships tell us that the largest change in real index occurs near a change in absorption. Thus the most
e�cient phase modulators are likely to have absorption at nearby wavelengths.

38.2 QCSE-Based Modulators

38.2.1 Figures of Merit

Design of an electroabsorption modulator (EAM) requires accurate computation of its key characteris-
tics. Among most important �gures of merit are (a) on/o� ratio de�ned as the output light power ratio
between on and o� states of the EAM; (b) the change in absorption coe�cient per unit applied voltage; and
(c) maximum data transmission speed. Calculating (a) and (b) is based on accurate modeling of absorp-
tion spectrum as a function of applied voltage, which will be the main focus of this chapter. Computing
(c) involves modeling carrier dynamics. A detailed account of the latter can be found in [1–3].

38.2.2 Structure

Let us consider a typical traveling-wave EAM shown in Figure 38.1. This type of structure is used in this
chapter as an example. Although other con�gurations have been reported as well (e.g., VCSEL-type EAM
[4]), the traveling-wave type is the most common and the general principles of its operation can be extended
to others with some modi�cations.

In a traveling-wave con�guration, the light propagation dimension (z in Figure 38.1) is much greater
than light- and carrier-con�ning dimensions (x and y in Figure 38.1) and, therefore, z can be separated from
the x and y for computational e�ciency. This means that we can split the device along axis z into a �nite

QWs or
bulk

V(t) ~ n

p

y

x

z

FIGURE 38.1 Traveling-wave EAM structure. The light signal propagates in the z-direction. Light con�nement in
the x–y plane can be realized via various con�gurations, the rigde waveguide shown in the �gure being just one exam-
ple. Epitaxial layers are grown in the y-direction. Top and bottom layers are metallic contacts. QWs and barriers
comprise the active region. Next to the metallic contact layers are the substrate (n-doped) and cladding (p-doped).
(QW=quantum well.)
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number of short segments and assume optical properties within each segment to be z-independent, thus
reducing the problem of modeling the optical properties to two transversal dimensions, x and y. Further-
more, in many cases, when the variation of the optical �eld and carrier density in one transversal direction
(e.g., y in Figure 38.1) is much greater than in the other, the problem becomes one-dimensional. Then the
calculated optical properties, namely, material absorption and refractive index, are used as input to an opti-
cal mode solver to compute the e�ective index and modal absorption of a particular waveguide mode that
carries the optical signal. Finally, the result is passed as input to a one-dimensional z-propagation algo-
rithm to obtain the device’s characteristics. The �rst stage of this sequence, modeling material absorption
and refractive index, is the focus of this chapter.

The optical absorption in EAMs is caused by several processes, among which are carrier transitions
between conduction and valence band, free-carrier absorption (FCA), intraband transitions, photon–
phonon interaction, etc. By far, the strongest contribution within the relevant spectral bandwidth is made
by the �rst of these. It can be controlled by electrical bias applied across the epitaxial structure via one of
the two main physical mechanisms: the FK e�ect in bulk layer structures or the QCSE in quantum wells
(QWs). It is the latter one that is used in the majority of EAMs due to its higher e�ciency. However, the
FK e�ect is brie�y examined here for the bene�t of general understanding of these two phenomena.

38.2.3 Franz–Keldysh Effect

The Franz–Keldysh (FK) e�ect is the change in photon absorption spectrum induced by reverse bias
applied to a bulk semiconductor structure (Figure 38.1). In an unbiased bulk layer, the electron and
hole states are represented by space-harmonic functions. The probability of a photon-absorbing transition
between two states is proportional to the overlap integral between their respective wavefunctions. When
electric �eld F is applied across spatial direction y, the electron and hole wavefunctions change their shape
and become Airy functions as shown in Figure 38.2b.

As the overlap integral between them changes, the probability of the photon absorption changes accord-
ingly. Furthermore, the minimum absorption frequency falls below the bandgap, as can be seen from
Figure 38.2b. This enables the control of the transmitted power of the light traveling through the EAM
with applied voltage at a given wavelength (Figure 38.3). However, absorption change per applied voltage
is relatively low and QW structures are preferred due to the higher e�ciency of the QCSE.

38.2.4 Quantum-Confined Stark Effect

The QCSE is a counterpart of the FK e�ect in QW structures. It has, however, an additional feature: the
presence of thin peaks in the absorption spectrum caused by the excitonic transitions. Indeed, unlike
the bulk structures, QWs facilitate strong electron and hole con�nement (see Figure 38.4), which causes

Etr < Eg Ev = eFz – Eg

Ec = eFz

Eg
Eg

(b)(a)

z

FIGURE 38.2 Electron and hole wavefunction in (a) an unbiased bulk semiconductor with bandgap Eg and when
(b) a constant electric �eld F is applied across spatial direction y.
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FIGURE 38.3 Change in absorption spectrum in 70-nm bulk AlGaAs under reverse bias due to the FK e�ect.

(a) (b) (c) (d)

FIGURE 38.4 QW potential, electron and hole wavefunctions (a) without and (b) with a reverse bias. Plots (c) and
(d) are (a) and (b), respectively, zoomed in to demonstrate the redshi� in the energy levels.

the two carrier types to form bound states, excitons, similar to those between a proton and an electron in
a hydrogen atom. These states introduce new discrete energy levels in addition to those of the QWs: but
whereas the contribution to the absorption spectrum from the QW transitions has a staircase-like shape,
the exciton contribution appears as peaks in the absorption spectrum.

Like in bulk layers, applying a reverse bias to the QW potential creates a double e�ect (see Figure 38.4).
First, the electron and hole wavefunctions start “escaping” through the lower potential barrier, which
decreases their overlap and, consequently, the probability of photon absorption. Second, their energy levels
move closer to one another, which results in the redshi� of the respective absorption peaks.

It can be seen from Figure 38.5 that if the absorption is measured at wavelength λ0 near the exciton peak,
the net e�ect of the two phenomena is the increase in absorption. This enables the control of the amount
of light passing through the EAM by varying electric bias applied to the device. The material absorption
change is much higher than in the case of the bulk structure. However, the material absorption is factored
by the optical con�nement factor, which is much smaller in QWs. To overcome this problem, multiple
quantum wells (MQWs) are normally used to increase the e�ciency of the device.
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FIGURE 38.5 Change in material absorption spectrum in a 10-nm single QW AlGaAs EAM under reverse bias due
to the QCSE e�ect. The peaks represent exciton’s positions.

38.2.5 Modeling Absorption Spectrum

Modeling of the absorption spectrum as a function of voltage bias consists of several stages. Two most
important e�ects contributing to the absorption is the carrier transitions between (a) energy levels created
by QW con�nement and (b) exciton binding energy levels. Photon absorption rate is proportional to the
probability of the transition between an occupied state n in the valence band (hole) and an unoccupied
state m in the conduction band (electron) multiplied by the Fermi population level αmn ∝ Pmn(fm − fn).
The total absorption is given by the double sum over all relevant transitions mn, while each probability
Pmn is determined from the overlap between the respective electron and hole wavefunctions. Therefore,
the central part of the modeling is solving the Schrödinger equation in the QW potential and with an
excitonic term added to its Hamiltonian. The QW potential, in its turn, is created by the juxtaposition of
epitaxial layers with di�erent bandgaps and applied electric �eld. It can be calculated using the Poisson-
dri�-di�usion model. In the case of EAMs, the coupling between the Schrödinger and Poisson equations
can be neglected, which signi�cantly reduces computational load.

38.2.6 Poisson-Drift-Diffusion Model

The Poisson-dri�-di�usion model is based on three �rst-order di�erential equations: the carrier continuity
equations for electrons and holes and the Gauss’s law (see Chapter 3.1 in [5]),

∂n
∂t
= Gn − Rn − ∇ ⋅ (μnn∇ϕ − Dn∇n)

(38.3)∂p
∂t
= Gp − Rp − ∇ ⋅ (μpp∇ϕ − Dp∇p)

0 = ∇ ⋅ ε∇ϕ + qe(p − n + ND + NA) (38.4)

where n = n(�xy), p = p(�xy) are the electron and hole densities; �xy = {x, y} is the spatial coordi-
nate; Gn,p(�xy) and Rn,p(�xy) are generation and recombination rates, respectively; μn,p(�xy) is electron and
hole mobilities; Dn,p(�xy) is the electron and hole di�usion coe�cients; φ(�xy) is the static �eld potential;
ε(�xy) is the electric permittivity; ND,A(�xy) is the donor and acceptor doping levels; and qe is the electron
charge.
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Since in most EAMs the carrier density is very low, the generation and recombination terms can be
discarded. With the reverse bias, the currents are also assumed negligible and, therefore, for the steady-state
solution, the time derivatives are set to zero:

∇ ⋅ (μnn∇ϕ − Dn∇n) = 0

∇ ⋅ (μpp∇ϕ − Dp∇p) = 0 (38.5)

∇ ⋅ ε∇ϕ + qe(p − n + ND + NA) = 0

Equation 38.5 is solved with respect to {n, p,φ}, whereas μn,p, Dn,p, ε, and ND,A are usually assumed to
be independent of {n, p,φ} and are precomputed from the epitaxial layer composition. The potential φ is
then used to �nd the spatial pro�le of the band edges:

Ec,v(�xy) = Ec0,v0(�xy) − ϕ(�xy) (38.6)

In addition to static �eld potential, the Poisson-dri�-di�usion model calculates the distribution of carriers
and, consequently, the distribution of charge in the PIN-junction as a function of applied bias. This is
essential for calculating the device’s characteristics in an electric circuit, such as capacitance, resistance,
and, eventually, the modulation response.

38.2.7 Schrödinger Equation for QW States and Excitons

The next step a�er �nding the band edge potentials Ec,v(�xy) is to solve the Schrödinger equation in order to
�nd energy levels and spatial distributions of electron and hole wavefunctions. There exist several methods
to do so, with di�erent tradeo�s between accuracy and computational e�ciency. The general form of the
Schrödinger equation is

ĤΨ = EΨ (38.7)

The Hamiltonian operator Ĥ in the presence of excitonic e�ect is split into electron, hole, and exciton
parts [6]:

Ĥ = Ĥe + Ĥh + Ĥexc

Ĥe = Ĥe
kin + Ec(re)

Ĥh = Ĥh
LK + Ev(rh) (38.8)

where Ĥe
kin ∝ ∇

2
e is the kinetic part of the electron Hamiltonian, Ec,v(re,h) is the QW potentials with applied

bias for conduction and valence bands, respectively, as calculated by solving Equations 38.5 and 38.6. Note
that the spatial coordinates for electrons and holes are di�erent. Ĥh

LK is the Luttinger–Kohn Hamiltonian
for holes. The latter can be a 4 × 4 matrix operator, in case if only heavy and light holes are taken into
account [6]. When highly strained structures are considered, the in�uence of the spin-orbit split-o� band
becomes signi�cant and it needs to be included in Ĥh

LK, increasing its size to a 6×6 matrix operator [29,30].
The exciton part, Ĥexc, is due to the Coulomb interaction between electron and holes. The additional term
in the Hamiltonian of the system is, therefore,

Ĥexc =
qe

4πε0ε
1

|

|

re − rh||
(38.9)
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As the �rst step, the energies and the wavefunctions of the conduction and valence bands without the
exciton contribution are obtained by solving the Schrödinger equation with respective Hamiltonians:

Ĥeψe
m(k, r) = Ee

mψ
e
m(k, r)

(38.10)
Ĥh

LKψ
h
n(k, r) = Eh

nψ
h
n(k, r)

It is assumed that the scale of the spatial variation of parameters in the x- and z-directions is insigni�cant
in comparison to that in y-direction. The solution of these equations is, therefore, obtained by separat-
ing their spatial dependence: the wavefunction is assumed to be harmonic in the x- and z-directions and
(Equation 38.10) is reduced to a one-dimensional eigenvalue problem with a y-dependent Hamiltonian
only (note that in some references quoted here the perpendicular axis is denoted z, not y).

The one-dimensional Schrödinger equation can be solved using a �nite-di�erence method or a so-called
“shooting” method. In the case of the e�ective mass approximation (parabolic dispersion relation E(kxz)),
it only needs to be solved for kxz = 0, where kxz is an in-plane wave vector (see, e.g., [7]).

If nonparabolicity of the dispersion curve needs to be taken into account, Equation 38.10 must be solved
for a range of kxz in the vicinity of zero. This can present a considerable computational challenge. The axial
approximation removes the dependency of Ĥh

LK on azimuthal angle θ and the two-dimensional vector kxzis
replaced with its magnitude k, which signi�cantly reduces computational time (see, e.g., [6]).

A�er the energies and wavefunctions in Equation 38.10 are found, the second step is to compute the
exciton transition energy levels and wavefunctions with the full Hamiltonian:

ĤΨX(re, rh) = EXΨX(re, rh) (38.11)

Here X denotes di�erent exciton states, such as 1s, 2s, 2p, etc., called so by analogy with the atomic
states. Two main methods of solving this problem are the momentum-space method [6] and the variation
method [7].

In the momentum-space method, the exciton function is expanded in terms of conduction and valence
wavefunctions ψe

n(kxz, ye) and ψh
m(kxz, yh) (found by solving Equation 38.10) in the kxz space. As a result,

Equation 38.11 is reduced to an eigenvalue problem with the integral operator on the right-hand side (see
Equations 38.18 and 38.19 in [6]). Similarly to Equation 38.10, the axial approximation can be applied to full
Hamiltonian Ĥ: vector kxz is replaced with its absolute value k, and the dependence of the wavefunctions
on the azimuthal angle is con�ned to the phase term only: φ(kxz) → φ(k)ejθl. As mentioned earlier, the
exciton states with l = 0, ±1, ±2, and ±3, are s, p, d, and f .

The exact mathematical details can be found in [6], but it is important to mention here that the �nal
equation will contain a quadruple integral: over the spatial domain of the electron wavefunctions ye, over
that of the hole wavefunctions yh spatial domain, and over the momentum angle of the in-plane vector
k; and over its magnitude k. The method was demonstrated to be in excellent agreement with the experi-
mental results [6]. However, computing the quadruple integral for large structures (on the order of tens of
nanometers in y-direction) can become prohibitively slow.

The variational method [7] is used to increase computational e�ciency, albeit at the cost of accuracy.
The exciton function in Equation 38.11 is expanded in terms of conduction and valence wavefunctions in
real space ρ, not k. Only the 1s exciton state is taken into account (so that the θ dependence is dropped,
� → ρ):

Ψ1s(ρ, ye, yh) = ϕ1s
mn(ρ)ψ

e
m(ye)ψh

n(yh) (38.12)

where ϕ1s
mn(ρ) is a 1s trial function with variational parameter λ:

ϕ1s
mn(ρ) =

√

2
π

e−ρ∕λ
λ

(38.13)
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38.2.8 Permittivity Spectrum

Equations 38.7 through 38.13 serve to calculate the spectral positions of the exciton and QW transitions.
The next step is to calculate the strength and the shape of the absorption α(ω) as a function of light
frequency ω due to these transitions and the corresponding change in the refractive index nre(ω), both
making part of the complex permittivity ε(ω) = [nre(ω) + iα(ω)c0∕(2ω)]2, where ω is the angular fre-
quency of light and c0 is the speed of light in vacuum. The expression for total complex permittivity can be
written as

ε(ω) = εopt +
∑

m(e)

∑

n(h)
(εQW

mn (ω) + ε
exc
mn(ω)) (38.14)

where εopt is the permittivity for low optical frequencies, εQW
mn (ω) and εexc

mn(ω) is the permittivity change due
to the QW and exciton transition between hole state n and electron state m. Whereas the QW contribution
is a staircase-like function with steps located at energies (Em−En), the exciton transition is a delta function
found at energies (Em − En − EX). The exact formulae for the momentum-space and variational methods
can be found in [6,7], respectively.

Two things must be pointed out. First, as mentioned earlier, the contribution both to the QW “steps”
and exciton peaks is proportional to the overlap integral between the respective hole and electron
functions:

εQW,exc
mn (ω) ∼ ∫ ψ

e
m(y)ψ

h∗
n (y)dy (38.15)

Second, due to the �nite lifetime of the exciton states, these peaks have a spectral width ≃1∕τexc. Simi-
larly, the steps of the staircase-like function of the QW contribution are smoothed out by a QW linewidth
function, whose width is inversely proportional to the lifetime of the QW states. Mathematically, it is
expressed as a convolution integral between εQW,exc

mn (ω) and respective linewidth functions LQW,exc
mn (ω). The

latter are complex-valued functions satisfying Kramers–Kronig relations (Equations 38.1 and 38.2) and
they contribute to both the real and imaginary parts of the complex permittivity. Strictly speaking, each
electron–hole pair should have its own LQW,exc

mn (ω), but o�en in practice the same function is used for all
pairs mn. There have been a few publications dedicated to calculating the shape of LQW,exc(ω) (see, e.g.,
[9]). Still in many cases, a simple Lorenzian shape with an experimentally measured spectral width is used
in calculations with satisfying accuracy [6].

38.2.9 Numerical Results

Below, experimental and modeling results are shown for several structures. Figure 38.6 shows the com-
parison between experimental results obtained for an SiGe modulator [10] and those simulated using the
variational method. The variational method demonstrates excellent agreement in positions and shapes of
the primary excitonic peaks and their dependence on the applied electric bias. It is not as accurate, however,
in modeling higher energy spectra.

Furthermore, experimental results for an AlGaAs EAM, reported in [6], are compared with curves
computed by the variational method and the momentum-space method (Figure 38.7).

It can be seen that the latter captures the general shape of the curve much more accurately, especially at
higher energies. It can be argued, however, that the working frequency of the EAM is below the bandgap
(to the le� of the excitonic peak at zero bias) and it is, therefore, the most important spectral area to model.
Moreover, the behavior in this area is largely dependent on the correct modeling of the exciton shape,
not covered by either of the methods (see [9]). Therefore, in many cases, the variational method is pre-
ferred as a computationally fast alternative of the momentum-space method, especially for large MQW
structures.
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FIGURE 38.6 SiGe modulator. Transverse electric (TE) material absorption spectra for various values of the bias
voltage: (le�) experimental data from [10] (see detailed description of the structure in Section II of [10]) and (right)
variational method by Photon Design Harold EAM.
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FIGURE 38.7 AlGaAs modulator [6] ([9.4 nm AlGaAs]/Al0.3Ga0.7As QW, see detailed description of the structure
in [31]). Absorption spectra for various values of the bias voltage: (a) experimental data from; (b) simulated curves
using variational method for (top) TE polarization and (bottom) TM polarization; and (c) simulated curves using
momentum-space method.

38.3 Electro-Optic Effect Modulators

The linear electro-optic e�ect, otherwise known as the Pockel’s e�ect is present in crystals that do not have
an inversion symmetry. This means they need an anisotropic dielectric tensor. Popular materials exploiting
the Pockel’s e�ect include LiNbO3, LiTaO3,and β-barium borate (BBO). The Pockel’s e�ect is e�ectively
instantaneous, once the electrostatic �eld has been established, making it suitable for exceedingly high-
speed modulators.
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LiNbO3 has been a very popular material for electrorefractive modulators for many years because of
its relatively large electro-optic coe�cient [11,12], i.e., variation of refractive index with an applied elec-
trostatic �eld. The rest of this section focuses on LiNbO3 not because it is the only material available, but
because of its dominant industrial position in photonics.

LiNbO3 is strongly anisotropic implying a nontrivial dielectric tensor εij. Since the tensor is symmetric,
the double indexing conventionally simpli�ed as

⎛

⎜

⎜

⎝

Dx
Dy
Dz

⎞

⎟

⎟

⎠

=
⎛

⎜

⎜

⎝

ε1 ε6 ε5
ε6 ε2 ε4
ε5 ε4 ε3

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

Ex
Ey
Ez

⎞

⎟

⎟

⎠

(38.16)

In addition, the variation of each εij with applied electrostatic �eld depends on the direction of the
electrostatic �eld E, leading to a second-rank tensor:

Δ
(

1
εi

)

= σikEk (38.17)

This implies that di�erent optical polarizations will experience di�erent modulations. In LiNbO3, only a
few of the electro-optic tensor coe�cients are signi�cant:

σ13 = 8.6 pm∕V, σ22 = 3.4 pm∕V, σ33 = 30.8 pm∕V, σ51 = 28 pm∕V (38.18)

Unlike for example, silicon modulators, there is no macroscopic movement of charge except that associated
with the capacitance of the dielectric: C = ϵrϵ0A∕d; d is thickness, A is area. This leads to a very high-
speed modulator capable of working to 30 GHz or more [13]. In fact, the change in refractive index is near
instantaneous once the electric �eld has been established and the speed of an LiNbO3 modulator is limited
almost entirely by it capacitance and the speed of the electrical circuit driving it.

As the electro-optic tensor coe�cients given earlier imply, the e�ect is anisotropic in both the direction
of the applied �eld and in the modulation of the optical dielectric tensor. The crystal must be carefully ori-
ented to obtain the desired e�ect. The two favored orientations are denoted x-cut and z-cut. An x-cut crystal
will create a strong modulation of a TE-like polarized optical mode in response to an electrostatic �eld in
the same transverse axis as the optical one, exploiting the σ33 coe�cient. An x-cut crystal requires a vertical
electrostatic �eld to modulate the same TE-like polarized optical mode and exploits the σ51 coe�cient.

38.3.1 The Mach–Zehnder Modulator

The change in refractive index can be converted to a change in signal amplitude using a Mach–Zehnder
interferometer design (Figure 38.8). With su�cient voltage, a 180°phase shi� between the two optical paths
is created by the time the waveguides combine, causing full cancellation of the signal.

A modulator can be made using a �eld between an electrode placed on top of the LiNb03 chip and
a ground plane underneath. However, since the chip is rather thick, this leads to a low �eld strength, so
typically both electrodes are placed on top of the chip either side of the waveguide, as shown in Figure 38.9.

The design in Figure 38.9 has one big �aw. The electrodes are very close to the optical mode; this causes
substantial optical losses especially in the TM-like polarization. To cure this, a cap layer can be deposited
on the LiNbO3 before the electrodes are deposited. The bu�er has another advantage in that it alters the
velocity of the electrical signal along the modulator, allowing it to better match the velocity of the optical
signal. This substantially improves the modulation bandwidth.

The disadvantage of the bu�er is a reduction in electric �eld strength in the vicinity of the optical mode,
requiring a longer modulator to achieve the same phase change. In Figure 38.10, you can see the voltage
contours of a design with a 100-nm SiO2 bu�er. Notice that a lot of potential is dropped across the bu�er
layer. This typically leads to a ~30% drop in modulator e�ciency.
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FIGURE 38.8 An LiNbO3 modulator based on a Mach–Zehnder interferometer. A 3-dB splitter divides the input
signal between two arms. One arm is given a positive electric �eld and the other arm a negative �eld, creating an
increase in mode e�ective index in one branch and a similar decrease in e�ective index in the other.
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(hashed), three electrodes on top of the structure and electric potential contour lines. Typically, the outer electrodes
are grounded and the central one carries the modulating signal. The opposite electrostatic �eld direction across each
waveguide creates a natural push-pull e�ect for the Mach–Zehnder modulator. Note how the strongest �eld is generated
in the middle of the waveguides.
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FIGURE38.11 Eye diagrams of a traveling-wave LiNbO3 MZI modulator at 40 Gb/s, computed with an optical circuit
simulator PicWave [14] that includes traveling-wave time domain models for both the optical �eld and the electrodes:
(le�) with an unmatched electrode contacted a few millimeters from the end of the 20-mm-long modulator; (middle)
contacted at the end; and (right) with a velocity-matched electrode.

38.3.2 Traveling-Wave Design

Because the change in e�ective index with voltage is typically very small, ~0.0001 per volt, the modulator
has to be very long. This means that both the optical signal and the electrical signal will take a signi�cant
time to travel along the device. In order to maximize the modulation bandwidth, it is advantageous to
match the velocity of the optical and electrical signals by appropriate design of the electrodes. Figure 38.11
shows some simulations of a traveling-wave LiNbO3 Mach–Zehnder modulator under 40 Gb/s NRZ data
stream. The �gures show “eye diagrams” of the modulation response. To create an eye diagram the circuit
is driven by a random bit sequence, and response of each clock period is superimposed. A clear open “eye”
indicates a good signal.

38.4 Plasma-Effect Modulators

The plasma e�ect is the name given to the interaction of free electrons with an optical �eld. A plasma
naturally occurs in a metal, which is why all metals are opaque. In order to make a modulator, one needs
a way to control the carrier density, which is not realistic in a metal. In a semiconductor, the free-carrier
population can be readily controlled by either injecting carriers into a diode (forward bias) or by lightly
doping a region of the semiconductor and using a gate electrode or a reverse-biased junction to create an
electrostatic �eld to deplete the carriers from the lightly doped region.

This section focuses on silicon-based plasma-e�ect modulators. Silicon is becoming a popular platform
for manufacturing photonic components, largely because of the bene�ts of access to the huge electronic sil-
icon manufacturing industry, its mature foundries and tools. Although silicon is not capable of generating
light e�ciently, i.e., making a laser, it is capable of absorbing light or modulating its phase by controlling
the plasma e�ect in the optical path. Silicon optical modulators are now capable of reaching tens of giga-
hertz modulation speed, nearly rivalling the best LiNbO3 modulators and in a much smaller volume, with
much lower power requirements.

38.5 Si Electroabsorption versus Electrorefractive Effect

Silicon can act as an optical modulator either by a variation of the optical absorption in the silicon [15]—an
“electroabsorptive modulator” or more popularly by modulation of the refractive index [16–19]—a so-
called “electrorefractive modulator”. In fact this distinction is somewhat arbitrary, since all changes in the
real part of the refractive index will cause a change in the imaginary part, and vice versa. As discussed
in Introduction, the real and imaginary changes do not generally happen at the same wavelength and the
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relationship is described by the so Kramers–Kronig relationship. At a wavelength of 1.55 µm and for low
doping densities, the real and imaginary changes are given approximately by [17]

Δn = −8.8x10−22ΔN − 8.6x10−18 (ΔP)0.8

Δα = +8.5 × 10−18ΔN + 6 × 10−22ΔP

A big disadvantage of an electrorefractive modulator is that usually we want to modulate the amplitude
of an optical signal and to create an amplitude modulation out of such a modulator generally requires
interference e�ects in for example, a Mach–Zehnder interferometer [18–20] or a ring resonator [16,17,
21,22]. Both of these have a strong wavelength-dependent response, especially the ring resonator. Despite
this, silicon electrorefractive modulators have arguably had the greater impact due to their lower power
and higher modulation bandwidths.

Some of the earliest silicon modulator designs are based on carrier injection in a PIN diode [20–22]. Here
a forward current is injected into the diode and the free charge carriers in the intrinsic region cause a change
in refractive index. Figure 38.12 shows the cross section of a typical carrier-injection PIN diode modulator.
The e�ect is only weakly dependent on wavelength, though once included in a Mach–Zehnder or resonant
cavity structure, this advantage is lost. The e�ect is however only weakly dependent on temperature unlike
QCSE or other bandgap-dependent e�ects.

An alternative Si modulator structure reverse biases a pn (or PIN) junction [18,19,23,24]. The reverse
bias causes carrier depletion in the junction, and an associated alteration of the local refractive index.
Figure 38.13 shows a possible geometry, one with a vertical junction [8]. In general, it is preferable to move
the p-n junction to one side so most modulation is done by p-type carriers. This is because the p-carriers
create less absorption at wavelengths of interest for a given modulation depth, since the absorption peak is
moved further out.

Contact Contact

pn

FIGURE 38.12 A PIN diode type silicon optical modulator. The silicon is etched to form a rib waveguide in the
intrinsic region. Forward current interacts with the optical mode in the rib, changing its velocity or e�ective index.

Contact Contact

n+ p+pn
+
+
+
+
+
+
+

–
–
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FIGURE 38.13 A reverse-bias type Si optical modulator. In these designs, the reverse bias caused electrostatic charge
to build up at the p-n junction. These charges change the local refractive index.
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Geometries similar to the former with asymmetric p-n junction have achieved a Vπ of 10 V in a 1-mm
waveguide and bandwidths in excess of 50 Gb/s for a 1-mm long asymmetric Mach–Zehnder interferom-
eter [19]. An experimentally measured eye diagram from this modulator is shown in Figure 38.14.

Figure 38.15 shows a recent design with a horizontal junction corresponding to a capacitor device [23].
The device is forward biased to cause carrier accumulation across the capacitor. This device achieved a
modulation capability of 10 Gb/s at a length of 625 µm. Because the p and n carriers are close to each other,
this design does not avoid the higher absorption of the n-type carriers.

Although most Si optical modulators are primarily electrorefractive, some electroabsorptive modulators
have been demonstrated. In this case the free carriers are increased to a su�cient density that substantial
FCA occurs. FCA is caused by carriers close to the band edge absorbing a photon and being excited to a state
further up the conduction band (electrons) or down into the valence band (holes). The excited carriers then
rapidly lose their energy by nonradiative transitions. An interesting design was recently proposed based on
a Schottky diode [25]. The structure is predicted to reach a 3-dB bandwidth at 7 GHz for a 500-µm-long
traveling-wave design. This is equivalent to a data rate of over 15 Gb/s using NRZ coding. Other groups
have demonstrated EAMs using SiGe QWs—the QCSE e�ect (see Section 38.2) or by depositing graphene
on the silicon [15,26,27].

Bit.rate(14)
Current Minimum Maximum Total meas Setup

& infoExt.ratio(14)

Measure

50.0 Gb/s 49.7 Gb/s 50.0 Gb/s
2.20 dB 2.20 dB 2.20 dB

43
43

FIGURE 38.14 Experimental measurement of 50 Gb/s data stream in a depletion-type Silicon modulator in an
asymmetric Mach–Zehnder interferometer con�guration.

n+

p+
+ + + + + + +

– – – – – – –

FIGURE 38.15 A capacitor-like structure also works by charge build up at the interface.



9781498749565_C038 2017/8/31 12:13 Page 377 #15

Optical Modulators 377

38.6 Resonant Modulators

In previous paragraphs, we outlined the use of traveling-wave designs such as the Mach–Zehnder inter-
ferometer to implement a modulator. Because the change in refractive index tends to be small for most
modulator e�ects, this leads to long devices—hundreds of microns to tens of millimeter. This is not practi-
cal for many applications and so many have looked into resonant structures to reduce the modulator size.
The principle is simple—in a resonant cavity, the light will remain trapped, bouncing or circulating around
for a time much greater than L/c, where L is some characteristic dimension of the device. In this section,
we focus on a popular structure—the ring resonator [16,17,21,22]—but many other designs are possible,
for example, a photonic crystal cavity [28].

A resonator is popularly characterized by its “Q” factor, which can be de�ned as the photon lifetime
divided by the optical period. A ring resonator has a roundtrip time of

tround =
2πR

c
μ (38.19)

where μ is the characteristic refractive index, R is the ring radius. The photon lifetime of a cavity for
optical frequency f is Q/f . This means that a ring resonator can increase the time spent in the ring by a
factor of

Qλ0
2πRμ

(38.20)

This gives the modulator more time to change the phase of the signal, and allows the modulator to be
shrunk be a corresponding factor. The disadvantage is that the ring resonator optical bandwidth is reduced
to f /Q, making it sensitive to small changes in input wavelength.

A typical resonator con�guration is shown in Figure 38.16 (le�). This design has only one tangential
waveguide and will act as a phase modulator. If a second tangential waveguide is added (Figure 38.16,
right) then the modulator will direct the light into this when in resonance.

The high Q lowers the modulation speed of the device as well as its optical bandwidth. Figure 38.17
shows a PicWave [14] simulation of an eye diagram for a 20-μm-diameter silicon ring resonator modulator
driven in carrier depletion mode with a 20 Gb/s NRZ bit pattern. Notice the overshoot caused by the high
Q of the cavity, in this case over 6000. In practice, this ringing would be �ltered out by a low-pass �lter on
the detector.

p+ p+

n+

n+

V
V

n+

n+

n+

FIGURE38.16 (Le�) A silicon ring resonator modulator. The waveguides in blue (dark) are surrounded by electrodes
imposing a reverse bias on the p-n junction (depletion-mode modulator). This design is a phase modulator. (Right) An
amplitude modulator.
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FIGURE 38.17 Eye diagram of a 20-μm-diameter silicon ring resonator modulator. The overshoot is caused by the
high Q of the cavity.
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39.1 Introduction

Solar cells convert the energy of the sun light to electricity. It is an optical to electrical energy conversion.
In principle, they make use of the photovoltaic (PV) e�ect, i.e., the generation of a potential di�erence
between two electrodes under illumination. It was �rstly observed by A. E. Becquerel (Becquerel, 1839) and
practically implemented in a solar cell at Bell Laboratories in the United States (Chapin et al., 1954). Today
it is believed that PV energy generation will be a part of the world’s base of energy supply established in the
twenty-�rst century. Conservative estimates by the International Energy Agency (IEA) show a share of the
world electrical energy generation of about 1% nowadays to about 16% in 2050 (IEA, 2014). This would
correspond to a yearly energy generation of about 6300 TWh compared to slightly more than 200 TWh
today.

Looking back on the past decades, we can see that the development in solar research and industry was
very fast and economically successful, which enabled such a bright perspective for solar electricity. The
price for solar modules reduced with increasing manufactured PV module capacity following a power-law
relation: the so called PV learning curve could be established which is shown in Figure 39.1.

For example, the price of solar modules decreased by about 80% between the years 2008 and 2015. About
1000 GW module shipments may be reached in 2024 for 10% market growth, or even in 2021 for 30%
market growth, which corresponded to the market development in the past 15 years. Those cost reductions

383
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FIGURE 39.1 PV learning curve (Fraunhofer ISE, 2013; IEA, 2014; pvXchange, 2016) and a �t of a power law model
to the years 1990–2000 and 2012–2015. In between the years 2000–2010, there was a shortage on raw silicon which
slowed down the price reduction.

result largely from economies of scale and technological improvements. In 2015, the limit of 200 GW-
shipped solar modules was exceeded, and the same volume is expected to be the future world production
capacity to maintain the global solar energy supply in the twenty-�rst century starting from 2025 (IEA,
2014).

The current solar cell production is dominated by wafer-based crystalline silicon (c-Si) solar cells, which
make about 90% of the market (ITRPV, 2015) and only 10% are thin-�lm technologies based mainly on
cadmium telluride (CdTe) and copper indium gallium diselenide (CIGS). That is why the author focuses
on the c-Si technology within this chapter.

Looking closely on c-Si, the shares of di�erent wafer technologies that are applied nowadays are shown
in the upper graph of Figure 39.2 (ITRPV, 2015), where mainly boron-doped p-type material is used
(95%). The cast silicon materials multicrystalline (mc) and high-performance multicrystalline (HPmc-Si)
currently make up to over 65%, whereas monocrystalline, mainly Czochralski (Cz), make 35%.

The share of di�erent solar cell technologies is shown in the lower graph of Figure 39.2, where the main
product currently is the full-area back-surface-�eld (BSF) solar cell (Mandelkorn and Lamneck, 1972),
whereas the passivated emitter and rear cell (PERC) technology (Blakers et al., 1989) shows increasing
market shares in the near future (ITRPV, 2015). The passivated emitter and rear totally di�used solar
cell (PERT) (Zhao et al., 1999), the Si-heterojunction (SHJ) solar cell (Tanaka et al., 1992) and the back
contacted solar cells—mainly interdigitated back contact solar cells (IBC) (Lammert and Schwartz, 1977)—
are expected to play a minor role in the coming years but may be candidates for future high-e�ciency
solar cells with higher market shares (ITRPV, 2015). The structure of these di�erent solar cells is shown in
Figure 39.3.

This chapter gives a general overview about the working principle and basic models of solar cells. The
view will be extended to the energy yield delivered by solar cells under real world conditions, i.e., the view
will be extended to solar cells working in solar modules and the corresponding cell demands. Examples will
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FIGURE 39.2 Share of di�erent silicon wafer technologies for solar cell application and share of di�erent solar cell
technologies. [BSF, back-surface-�eld; PERT, passivated emitter and rear totally di�used; PERC, passivated emitter and
rear cell; SHJ, Si-heterojunction. (ITRPV, 2015)]
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FIGURE 39.3 Schematic of typical solar cell structures in their two-dimensional cross section representation where
antire�ection coating (ARC) and transparent conductive oxide (TCO) are used. (BSF, back-surface-�eld; PERC, passi-
vated emitter and rear cell; PERT, passivated emitter and rear totally di�used; SHJ, Si-heterojunction; IBC; interdigitated
back contact solar cell.)

be presented considering only nonconcentrated crystalline silicon-based solar cells for 1-sun application.
For additional information and explanations which are not given in this chapter, the author would like to
refer to the notable literature by Wuerfel (2005), Green (1982), and Goetzberger et al. (1998). Additionally,
the author would like to refer to the free online resources for PV engineers and scientists PVEducation
(PVEDUCATION.ORG, 2016) and PV Lighthouse (PV Lighthouse, 2016).
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39.2 The PV System

The solar cell is only a part, even so the functional device, of a full PV system. Such systems may be grid-
connected as shown in Figure 39.4, or stand-alone systems, which means that all produced electricity is
consumed locally. Those stand-alone PV systems are good options for rural areas of developing countries
and special applications (e.g., parking meter). However, in comparison, grid-connected systems produce
nowadays and will produce in the future a higher share of electricity. A grid-connected system consists of
solar modules, which contain the solar cells. These modules are typically connected in series (called module
string) to an inverter. Those inverters �rst do Maximum Power Point Tracking (MPPT) of the module
strings and secondly convert the direct current produced by solar cells in alternating current. The inverter
is connected to the load and to the electricity grid via an AC isolation switch and via an import/export
electricity meter (compare Figure 39.4).

A current trend for grid-connected systems is the combination with storage systems. It increases energy
self-consumption, as it is expected that during noon an excess of solar energy is produced. This excess
energy can then be stored and used during times without irradiation. The trend will be enhanced, as the
price for electricity is decreasing more and more at noon time when more solar power plants are connected
to the grid. So the storage system will help for grid stabilization as PV electricity is a �uctuating energy chal-
lenging the electricity grid in the future. Those battery PV systems are controlled by an energy management
system (EMS) which regulates production, load, storage, and grid connection (compare Figure 39.4).

Looking in more detail at the structure of a solar module as shown in Figure 39.5, one can see that solar
cells are basically embedded between glass and plastics.

A typical solar module contains 60 solar cells on an area of approximately 1.7 m2. They are connected in
series by tabbing ribbons to strings of 20 cells while bus ribbons interconnect the three cell strings. Those
cell strings are connected in parallel by a bypass diode which accounts for lower power losses during shad-
ing conditions. Finally, the bus ribbons are connected to the junction box, where cables with connectors
go out.

Solar modules are made to produce electricity for at least 20–30 years; hence all used materials have to
withstand changing environmental conditions. Solar glass, that in most cases is low-iron rolled glass or �oat
glass, is situated on the side facing the sky and has to withstand rain, hail and snow. Besides, the front glass
guarantees mechanical stability against wind and snow load. It may be manufactured with an antire�ection
coating (ARC) and/or textured, i.e., with a structured front surface for improved light trapping. The rear
side is typically covered with polyethylene terephthalate (PET) polymer backsheet which features moisture
resistance and electrical isolation. If replaced by another glass to produce a glass-glass module, the solar
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FIGURE 39.4 Schematic of a PV system with solar modules, cables, inverter, battery energy managements system
(EMS), battery, load, AC isolation switch, and import/export electricity meter.
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FIGURE 39.5 Structure of a solar module. EVA, ethylenvinylacetate.

module lifetime increases by about 5–10 years. Finally, the solar cells are embedded between the solar glass
and the backsheet in Ethylenvinylacetate (EVA) as an encapsulant. It is a polymer which cross-links at
about 150◦C during manufacturing. Solar modules are sealed at the edges with silicone and an aluminum
frame.

39.3 The Solar Spectrum

Our sun is basically a fusion power plant which emits electromagnetic radiation from its surface, called
photosphere, into the solar system. It has a spectrum similar to a blackbody with a temperature of 5777 K,
which is shown in Figure 39.6.

The light intensity reaching the planet earth is reduced by a factor of 2.17 × 10−5 due to geometrical
considerations. The factor is the square of the suns radius divided by the square of the distance sun–earth.
The resulting spectrum above the earth’s atmosphere is shown in Figure 39.6 denoted as AM0, where AM
stands for air mass index and the “zero” denotes that the light doesn’t travel through the earth’s atmosphere.
This extraterrestrial solar spectrum AM0 has an irradiance of 1366.1 W/m2 as de�ned within (ASTM
E490-00a, 2014), which is called the solar constant. The latest measured value is 1360.8 W/m2 (Kopp and
Lean, 2011). This spectrum is relevant for solar cell power measurements for space applications.

Light traveling through the atmosphere faces absorption, scattering, and re�ection e�ects which change
the spectrum and the irradiance as shown schematically in Figure 39.7.

Absorption in the earth’s atmosphere takes place in its molecules: ozone, oxygen, water vapor, carbon
dioxide, nitrogen dioxide. Scattering in the atmosphere takes place at particles that are smaller than the
wavelength of the light (Rayleigh scattering, e.g., N2, O2 molecules) and which are larger than the wave-
length of the light (Mie scattering, e.g., aerosol particles, cloud droplets). The third mechanism is re�ection
of the light in the atmosphere, mainly at the clouds, and �nally at the ground. This introduces a direct, a
di�use, and a ground-re�ected component of irradiance on the module plane. The di�use component
describes all light coming from any region of the sky, mainly Rayleigh-scattered light which we see as blue
sky on sunny days.

The standard spectrum AM1.5g is the result of light passing the earth’s atmosphere approximately on a
very sunny day and it is shown in Figure 39.6. The air mass index AM de�nes the direct optical path length
through the atmosphere of the earth. Thus, AM1.5 is one and a half times the path length; “g” stands for
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FIGURE 39.6 Comparison of di�erent spectra: blackbody spectrum with a temperature of 5777 K, extraterrestrial
spectrum AM0 (ASTM E490-00a, 2014), reference spectra AM1.5g and AM1.5d (ASTM G173-03, 2012) for global and
direct solar spectral irradiance at AM1.5, respectively.
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FIGURE 39.7 Schematic of solar radiation traveling through the earth’s atmosphere.

global, i.e., with direct and di�use light. The spectrum AM1.5d, which is also shown in Figure 39.6, is
only the direct component of the AM1.5g and is used to measure solar cells for concentrated PV (CPV)
applications.

39.4 Real Operating Conditions of Non-concentrated Solar Cells
and Modules

The output power of a solar system, typically expressed in “Watt-peak” (WP), and the e�ciency of a solar
system or solar components like solar cells or solar modules are determined by a standardized measure-
ment of the current–voltage (I-V) characteristic under the “Standard Test Conditions” (STCs), i.e., under
a light intensity of 1000 W/m2 (one-sun), an ambient temperature of 25◦C and the standardized spectrum
AM1.5g (ASTM G173-03, 2012) which may altogether correspond approximately to a very sunny summer
day in the morning on a 37◦ sun facing tilted surface with low ambient temperature.



9781498749565_C039 2017/8/31 12:14 Page 389 #7

Solar Cell Fundamentals 389

Unfortunately, those environmental conditions do not occur very o�en. During the year and day-time
deviations from the reference e�ciency under STC are observed and the e�ciency of the solar system
changes due to a severe number of e�ects:

• E�ciency decrease due to module heat generation above 25◦C
• E�ciency decrease due to low light/partial load condition (e.g., cloudy weather)
• Re�ection losses due to incident light under increased angle of incidence (AOI) between the module

and the sun
• Decreased or increased e�ciency due to the change of the spectrum of the incident light
• Mismatch loss due to interconnection of cells in a module and solar modules in a PV system with

di�erent I-V characteristics
• Losses due to soiling and snow
• Losses due to shading
• Losses due to interconnection and (bypass) diode failures
• MPPT failure of the MPP tracker
• Conversion losses and self-consumption of the inverter (stand-by loss)
• Energy yield loss due to di�erences in real, measured and labeled module power
• Degradation, i.e., e�ciency decrease over time due to environmental stress load

The e�ect of e�ciency degradation of solar modules happens mainly due to mechanical stress and moisture
resulting in corrosion, discoloration, delamination, breakage, and cracking cells (Jordan and Kurtz, 2013),
but also due to solar cell degradation resulting from the formation of defects within the silicon wafers under
illumination, e.g., the boron-oxygen-related defect (Schmidt et al., 1997). Another degradation mechanism
may occur in solar modules under high potential (Pingel et al., 2010), which is called potential-induced
degradation (PID). PID results in a low shunt resistance of the module and can decrease the output power
down to zero. Nevertheless, the solar module lifetime exceeds 20–25 years maintaining typically at least
80% of its initial e�ciency or for a glass-glass module even more than 30 years. Thus a solar module is one
of the longest lasting products for electricity generation that does not need maintenance.

A parameter that considers all the real world in�uences on a PV system is the performance ratio PR, as
de�ned by

PR =
real energy yield
ideal energy yield

=
WSP

Hsun × AP × ηSTC
(39.1)

PR is de�ned as the actual energy yield of a PV system WSP related to the incoming sun irradiation Hsun on
the array area AP converted by the solar system e�ciency under STC ηSTC over a time interval of months/
years. Also a wide spread parameter for PV system assessment is the speci�c or �nal system yield Yf in
kWh/kWp, as de�ned by Equation 39.2, which allows to compare the energy production for di�erent
systems at similar locations. Typical values are in the range of 500–2500 kWh/kWp.

Yf =
WSP
Psyst

(39.2)

39.4.1 Irradiation

The frequency with which STC applies in real world is negligible. For a better understanding of which
environmental conditions are more typical for a solar system, exemplarily three geographical locations are
chosen for further visualization within this chapter, which are situated in middle-Europe (Halle, Germany),
southern-Europe (Almeria, Spain) and in tropical climate close to the Equator (Brazzaville, Republic of the
Congo).
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FIGURE 39.8 (a) Comparison of di�erent irradiation conditions (Meteotest, 2008) per month, and lower graph
versus in-plane irradiance level. (b) A histogram in steps of 50 W/m2 per irradiance level bin where the frequency
is multiplied by the mean irradiance of each bin.

An overview about the applying in-plane irradiation conditions, i.e., irradiation on the tilted surface,
are shown in the upper graph of Figure 39.8 per month and in the lower graph versus irradiance level.

The geometric considerations concerning sun light hitting a tilted surface may be found in references
(Du�e and Beckman, 2013; Quaschning, 2005). The yearly solar energy yield, i.e., in-plane irradiation, is
1159 kWh/m2 for Halle, 1961 kWh/m2 for Almeria and 1657 kWh/m2 for Brazzaville for tilted surfaces
having tilted angles of 30◦ for Halle and Almeria, and 10◦ for Brazzaville, respectively.

Meteorological data may be found worldwide at NASA Surface Meteorology and Solar Energy Data Set
(NASA, 2016) and using the so�ware Meteonorm (Meteotest, 2008), for EU at PVGIS EU Joint Research
Centre (JRC, 2016), and for US at National Renewable Energy Laboratory (NREL, 2016).

39.4.2 Temperature

The illumination of solar modules does not only generate electricity, but also heat. The main reasons are the
heat generation of the solar cells due to thermalization of charge carriers and parasitic absorption within
the module of photons with higher wavelength than the bandgap of the semiconductor. A typical solar
cell operating temperature increases linearly with the in-plane irradiance GI above ambient temperature.
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As commercial solar modules have a very similar structure as shown in Figure 39.5, they have comparable
thermal properties and heat in a similar way. The thermal properties are measured in a standardized way
determining the “Nominal Operating Cell Temperature” (NOCT) (IEC 61215, 2005) of the solar module
under 800 W/m2 light intensity, 20◦C ambient temperature, AM1.5g spectrum, and 1 m/s wind velocity,
which results in typical NOCT = 45◦C ± 3◦C.

For a better understanding of the system e�ciency losses due to di�erent operating temperatures deviat-
ing from 25◦C (STC), an annual average operating temperature Tann is calculated from the meteorological
data set shown in Figure 39.8. The solar cell operating temperature TCell is calculated by (Ross and Smokler,
1986)

TCell = Tamb + (NOCT − 20◦C)
GI

800 W
m2

(39.3)

This model represents a standard roof top PV system installation. For an open-rack mounting condition
lower TCell can be expected whereas for building integrated installations higher TCell is expected (Garcia
and Balenzategui, 2004).

Assuming that a PV system only depends on irradiation and di�erent ambient temperatures, the annual
average (irradiance weighted) cell operating temperature Tann is calculated by

Tann =

1a
∫ P (t) × TCell(t)dt

1a
∫ P(t)dt

= 1
WSP

1a
∫ P (t) × TCell(t)dt (39.4)

Exemplarily, the monthly average operating temperature is calculated and shown in Figure 39.9, assuming
a NOCT of 45◦C and applying Equations 39.3 and 39.4 to the meteorological data sets.

The annual average cell operating temperature for the selected locations are those of 32.0◦C for Halle,
42.9◦C for Almeria, and 47.7◦C for Brazzaville, respectively. Hence Almeria and Brazzaville are close to
the NOCT = 45◦C, which con�rms that NOCT is a relevant environmental condition for many locations.
Assuming that the relative temperature coe�cient of the e�ciency of a typical c-Si solar cell is−0.4%rel∕◦C,
an energy yield loss compared to STC may be calculated based on the annual average cell operating
temperatures. For Halle (32.0◦C − 25.0◦C) ×−0.4%rel

◦C = −2.8%rel may be expected, for Almeria −7.2%rel,
and for Brazzaville −9.1%rel, respectively.
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FIGURE 39.9 Monthly average (irradiance weighted) cell operating temperature per month for the locations Halle,
Almeria, and Brazzaville.
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39.5 Solar Cell Optics

In the �eld and under real operating conditions, solar cell’s optical behavior is mainly determined by the
optics of a solar module. In more detail, it strongly depends on the optics of the �rst medium and its surface
structure facing the air (Winter et al., 2014), which is typically the solar glass. During year and day time,
sun light appears under di�erent oblique incidence to the module. An angle of incidence (AOI) θ can be
de�ned, which is the angle between the sun’s rays and the module normal. Light reaching the module’s
surface at an angle is spread out over a larger area, thus reduces the (direct) irradiance on the tilted plane
following a cosine relation, as shown in Figure 39.10, described by:

Gdirect (θ) = Gdirect
(

0◦
)

× cos(θ) (39.5)

The �rst interface air–glass may be simply described by the Fresnel equations and Beer–Lambert–Bouguer
and Snell’s laws (Du�e and Beckman, 2013), which are in general wavelength dependent. The angle of
refraction θr is therefore

θr = arcsin
(

n1
n2

sin (θ)
)

(39.6)

where n1 = 1 and n2 = 1.52 are the refractive indices of air and solar glass, respectively. The angle-
dependent transmission of such system is approximated by Equation 39.7 considering both re�ective losses
at the interface and absorption losses within the glass (Du�e and Beckman, 2013).

(

AoptTopt
)

(θ) = Aopt
(

1 − Ropt
)

= e−(KL∕cos θr)
[

1 − 1
2

(
(

sin
(

θr − θ
))2

(

sin
(

θr + θ
))2 +

(

tan
(

θr − θ
))2

(

tan
(

θr + θ
))2

)]

(39.7)

where K = 4 m−1 may be assumed for the extinction coe�cient and L = 2 mm for the thickness of the
glass (Du�e and Beckman, 2013).

The calculation of the product of optical absorption and transmission through the solar glass (AoptTopt)
approximates here the angle-dependent losses of the solar module, which is de�ned as the incident angle
modi�er (IAM). However, IAM accounts for all angular and spectral losses due to increased absorption
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FIGURE 39.10 Cosine, optical re�ection, and transmission (n1 = 1 for air and n2 = 1.52 for glass), incidence angle
modi�er (IAM), angle-dependent losses of a solar module versus angle of incidence.
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within the EVA and for geometrically di�erent, wavelength-dependent light propagation under oblique
incident, i.e., multiple re�ections at the cell or the backsheet. IAM, also shown in Figure 39.10, is used to
correct the incoming direct irradiance Gdirect on the tilted module plane as derived in Equation 39.8. The
indirect irradiance component may be corrected in a similar approach.

Gdirect (θ) = Gdirect × cos θ × IAM (θ) = Gdirect × cos θ ×

(

AoptTopt
)

(θ)
(

AoptTopt
)

(0◦)
(39.8)

Calculations for the angular-dependent irradiation losses over 1 year using Equations 39.5 through 39.8
and the meteorological data sets, as shown in Figure 39.8, result in−1.3%rel for Halle,−1.3%rel for Almeria,
and −0.9%rel for Brazzaville.

Latest developments of solar glass lead more and more to the introduction of ARCs and partially deeply
structured (textured) glass, which improves the module optics.

The same concepts are also applied for solar cell optic optimization. ARCs for solar cells, as drawn in
Figure 39.11, are typically applied as a single layer of silicon-nitride SiNX �lms of about 75 nm thickness
and a refractive index of about 2, whereas its optimum is slightly lower against air and slightly higher if
optimized for the use in a module.

Those thin �lm layers may be well modeled by the transfer matrix method, which considers oblique inci-
dences, absorbing media, coherent light, and even assemblies of thin �lms (e.g., double ARC) (Macleod,
2010). The second optimization strategy is to apply a texture on the front side of the solar cell, which
increases the chance that re�ected light reaches again the solar cell surface a second or even more times
as shown in Figure 39.11. Most relevant textures for industrial application are random pyramids for
monocrystalline (Cz) cells and isotexture, which forms bowl-like structures, for mc cells. Both are pro-
duced by wet chemical etching. Additional bene�ts of texturing arise because light is coupled into the
silicon under an angle. First, this increases the chance of a photon to be absorbed close to the surface, sec-
ond the path length for absorption is increased within the semiconductor and thirdly such photons may
reach the rear side under the critical angle of total internal re�ection. This internal light trapping may be
even improved further if the rear side has properties of a back re�ector, as re�ected light of wavelengths
close to the bandgap energy gets the chance to be absorbed on the way there and back (at least double
length) within the semiconductor. Those back re�ectors are, e.g., full area Aluminum layers for a BSF solar
cell or dielectric layer stacks for PERC solar cells. Note that semiconductors having a direct bandgap (e.g.,
GaAs, CIGS, CdTe) may be fabricated with much smaller absorber thickness compared to, e.g., silicon with
an indirect bandgap, and are called thin �lm solar cells.

Back
reflector

Wafer thickness

Texture ARC

Path length z

46°

79°
70.5°

35°

FIGURE 39.11 Schematic of light trapping within a solar cell with antire�ection coating (ARC) and a random pyra-
mid texture. Note that the schematic is not to scale, as a typical side length of such pyramid is about 5 μm and a wafer
thickness is about 200μm.
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39.5.1 Photogenerated Current

A way to model light-induced photocurrent of solar cells, as shown in Figure 39.11, is to use ray-tracing,
which is a method to calculate the path of a photon through the solar cell considering its geometry. The
light propagation may be calculated at surfaces and interfaces as necessary, e.g., using Fresnel equations.
Raytracing so�ware for solar cells are, e.g., Sunrays (Brendel, 1994), TCAD Sentaurus Device (Synopsys,
2016) and for solar modules, e.g., Daidalos (Holst et al., 2013). Also wide spread in the PV community is
the usage of the simulation tool PC1D (Rover et al., 1985), which can also analytically calculate solar cell
optics with texture and ARC.

The absorption of photons within the active semiconductor leads to the creation of electron–hole pairs,
i.e., to a current generation. This photogenerated current density jgen is not in�uenced by front contact
shading and recombination losses and hence can be treated as the maximum current potentially extracted
from the solar cell described by

jgen = −q

∞

∫
0

Aopt
(

Eph
)

djph(Eph) (39.9)

where q is the elementary charge, Eph is the photon energy and jph is the photon �ux. Assuming Aopt(Eph ≥
Eg) = 1, Equation 39.9 solves to

jgen = −q

∞

∫
Eg

djph(Eph) (39.10)

The optical absorption in silicon is described by its absorption coe�cient α which is shown in
Figure 39.12.

The maximal achievable photogenerated current density for c-Si is about 46 mA/cm2 for AM1.5g refer-
ence spectrum. Photons with more energy than the bandgap energy Eg quickly loose this “extra” energy to
the lattice atoms in a process called thermalization. Photons with lower energy than Eg are not able to excite
any electron from valence to conduction band and are not absorbed under the creation of an electron–
hole pair.
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FIGURE 39.12 Absorption coe�cient α and absorption length Lα = 1∕α for silicon at 300 K.
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39.6 Conversion into Electrical Energy

The conversion of the optical energy of the sun light into electrical energy can be regarded in general in
terms of particles in a two-level energy system. The particles are excited from their ground state to an
excited state by illumination and carry the energy of the photon in the excited state. In general, the excited
particles need to be extracted from the absorber into an external electrical circuit; otherwise recombination
takes place which is the reverse reaction to excitation, also called generation. This is realized by the usage of
selective contacts which only allow the excited particle to �ow out at one side of the absorber, preventing the
“over�ow” of the absorber, which is the driving force. The excited particles �ow into the external electrical
circuit to perform work and then �ow back into the absorber as relaxed particles through the other contact.

A possible realization for selective contacts is to create oppositely situated highly n- and p-type doped
regions in the absorbing semiconductor for the respective contact, which is shown in the schematic of an
illuminated semiconductor-based solar cell in Figure 39.13. Under illumination-free electrons and holes
(excess charge carriers), introduced as excited particles, are generated in the conduction band and valence
band, respectively. Thus the quasi-Fermi-levels of electrons EFn and holes EFp split in the semiconductor
describing the energy distribution of electrons and holes by Fermi–Dirac statistics within the conduction
and valence band, respectively. The Fermi levels of the majority carriers join at the surfaces at the respec-
tive metal contacts because the surface states exchange electrons very easily with the metal and maintain
the same potential. The opposing doping at each contact results in three main e�ects. First, low minority
carrier densities occur at the contacts due to the law of mass action and hence lead to almost zero contact
recombination (selective contact). In consequence, only one kind of charge carrier is extracted. Second,
it can result in ohmic contact behavior with su�ciently high doping close to the contact, which leads to
low resistive losses at the contacts. Third, the creation of p-type and n-type regions in the semiconductor
leads to the creation of a p-n junction with a SCR and a built-in potential, also called di�usion voltage,
which is typically thought to be a necessity for solar cells, but it is not the “engine” of a solar cell (Wuerfel,
2005). Both carrier types are continuously created under illumination, and, e.g., under short-circuit con-
dition electrons and holes �ow out at their respective selective contacts as the reverse direction is blocked
for them. Thus an excess of charge carriers is produced and the majority of excess charge carriers do not
recombine before they di�use along their concentration gradients. This creates a charge current through
the solar cell. As charge current �ows are the result of potential gradients, the behavior of solar cells is
described below in this section in terms of potentials in more detail. Under an external forward bias, the
di�erence of EFn in the n-type region and EFp in the p-type region correspond to the external voltage V ,
so that

EFn − EFp = qV (39.11)

Metal Metaln-typeE

X

EFn EFp

EC

EV

qV

–qΦ Φm2Φm1

SCR p-type

FIGURE 39.13 Schematic of the band diagram of an illuminated solar cell with two selective contacts with their
respective metal work functionsΦm separated by a p-n junction with a space-charge region (SCR) and the electrostatic
potentialΦ.
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where q is the elementary charge. The forward bias reduces the built-in potential of the p-n junction.
The driving forces of charge currents in a solar cell are the gradients of the quasi-Fermi-levels EFn∕dx
and EFp∕dx, which are the gradients of the electrochemical potentials for electrons and holes, respectively.
The electrochemical potential of electrons, which is constant in thermal equilibrium, is determined by the
chemical potential EC − EFn and the electrostatic potential –qΦ:

ER − EFn =
(

EC − EFn
)

− qϕ (39.12)

where ER is the reference potential. The absolute value of ER is not relevant as only gradients of the poten-
tials are of interest. The chemical potential describes the di�usion aspect of carrier transport due to a
gradient in the carrier concentration whereas the electrostatic potential describes the force acting on charge
carriers due to coulomb interaction and it is the dri� aspect of charge carriers transport due to an electric
�eld. Those two transport mechanisms have to be considered together, because di�using mobile electrons
and holes inherently carry a charge.

39.7 Modeling of Ideal I–V Characteristics

A PV solar cell can in �rst-order approximation be described in an equivalent circuit model as a pho-
tocurrent generator in parallel with a diode. It corresponds to the single diode equation which will be
derived below, in a similar way to the reference (Green, 2003). In order to derive the model, the follow-
ing assumptions are made: in�nite thickness of the absorber, negligible contact resistances, zero contact
recombination, zero surface recombination, low injection condition, i.e., the excess charge carrier density
is much smaller than the doping density (Δn ≪ Ndop). Under open-circuit condition, there is not a charge
carrier �ow (no current) into the external circuit resulting in the recombination of all generated charge
carriers in the solar cell. Thus the diode equation can be determined from the net recombination rate. The
continuity equation for electrons in one dimension under steady-state condition is

q∂n
∂t
= 0 = ∇ ⋅ jn + q

(

Gn − Un
)

= ∇ ⋅ jn + qG − qΔn
τn

(39.13)

where n is the electron carrier density, jn is the electron current density, Gn is the generation rate, Un is the
recombination rate and τn can be interpreted as the average time a�er which an excess minority carrier
recombines. Solving Equation 39.13 for jn leads to

jn = q

Ln

∫
0

[

Gn − qΔn
τn

]

dx = qGnLn + q

Ln

∫
0

Δn
τn

dx (39.14)

where Ln is the di�usion lengths for electrons. The relation between carrier lifetime and di�usion length
for electrons is determined by the electron di�usion coe�cient Dn:

τn =
L2

n
Dn

(39.15)

Respective equations are derived for holes as minority carriers relevant for the n-type region. The excess
charge carrier densityΔn may be derived from the law of mass action at all dopant and injection conditions
from

np =
(

ND + Δn
) (

NA + Δn
)

= n2
i, e�e

(

EFn−EFp
kBT

)

= n2
i, e�e

(

qV
kBT

)

(39.16)
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where p is the hole concentration, ND is the donor concentration, NA is the acceptor concentration, kB is
the Boltzmann constant, T is the temperature and ni,e� is the e�ective intrinsic carrier density (Altermatt
et al., 2003). The latter depends on the intrinsic carrier concentration ni and the bandgap narrowing (BGN)
ΔEg, which is temperature-, doping- and injection-dependent (Schenk, 1998) and is de�ned by

n2
i,e� = n2

i e
(ΔEg

kBT

)

(39.17)

For a p-type semiconductor under low-level injection, i.e., Δn ≪ NA, Equation 39.16 reduces to

Δn ≈
n2

i,e�

NA

(

e
(

qV
kBT

)

− 1
)

(39.18)

Substituting Equations 39.15 and 39.18 in Equation 39.14 for electrons and holes and integrating over x
from Ln to Lp computes to the total current density:

j (V) = jn + jp = qG
(

Ln + Lp
)

+

(

qni,e�Dp

NDLp
+

qni,e�Dn

NALn

)

(

e
(

qV
kBT

)

− 1
)

(39.19)

This can be simpli�ed to the single diode equation

j (V) = jSC +
(

j0e + j0b
)

(

e
(

qV
kBT

)

− 1
)

= jSC + j0

(

e
(

qV
kBT

)

− 1
)

(39.20)

where jSC is the short-circuit current density, which di�ers from the photogenerated current density
jgen, as not all generated charge carriers are collected because of their �nite di�usion lengths. The car-
riers recombine before they reach the p-n junction. The saturation current density j0 can be separated in
the contribution of the n-type region called emitter saturation current density j0e and in the contribution
of the p-type region called base saturation current density j0b. A more realistic saturation current den-
sity of the base for a �nite thickness of the solar cell and a non-zero surface recombination is de�ned by
(Goetzberger et al., 1998)

j0b =
qni,e�Dn

NALn
GFn (39.21)

where GFn is the geometry factor considering the e�ective surface recombination velocity of the electrons
Sn and the thickness of the base (p-type region) Wp:

GFn =
cosh

(

WP
Ln

)

+ Dn
SnLn

sinh
(

WP
Ln

)

Dn
SnLn

cosh
(

WP
Ln

)

+ sinh
(

WP
Ln

) (39.22)

In Figure 39.14, an ideal solar cell I-V and power characteristic are shown, which are calculated using
Equation 39.20 assuming jSC = −40 mA/cm2, j0 = 100 fA/cm2, and T = 25◦C.
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FIGURE39.14 Example of solar cell current–voltage (I–V) and power characteristics. (MPP, maximum power point.)

39.7.1 I–V Parameters and Quantum Efficiency

In Figure 39.14, important output parameters of I–V and P–V characteristics can be extracted as there
are: short-circuit current density jSC(V = 0 V), open-circuit voltage VOC (j(VOC) = 0 mA/cm2) and the
maximum power point (MPP) (PMPP(V) = Pmax) with the current density and voltage at MPP jMPP and
VMPP, respectively.

The short-circuit current density jSC is the part of photogenerated current density jph which is collected
by the p-n junction due to limited carrier di�usion length within the emitter and the base. A measure of
this di�erence is the internal quantum e�ciency (IQE). It is the relation between extracted charge carriers
from the solar cell and generated charge carriers in the solar cell. The wavelength-dependent IQE(λ) can
be derived from the measurable external quantum e�ciency EQE(λ):

IQE (λ) =
extracted charge carriers
generated charge carriers

=
EQE (λ)

(1 − Ropt (λ) − Aopt,par (λ) − Topt(λ))
(39.23)

The EQE also considers optical losses due to re�ection, transmission, and parasitic absorption Aopt,par in,
e.g., dielectric layers at front and rear side. It can be de�ned by the ratio:

EQE (λ) =
extracted charge carriers

incident photons
(39.24)

The �ll factor (FF) and the e�ciency η are derived from the I–V characteristic. The FF is de�ned by

FF =
jMPPVMPP

jSCVOC
=

PMPP
jSCVOC

(39.25)

FF is always below 1 and is introduced to describe nonideal losses in the solar cell arising, e.g., due to series
resistance losses as discussed in Section 39.8. The e�ciency is calculated considering the irradiance GI and
the cell area ACell:

η =
PMPP

GIACell
=

FF jSCVOC
GIACell

(39.26)
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FIGURE 39.15 Dependence of a maximal achievable e�ciency on the bandgap energy under an AM1.5g spec-
trum (1 sun) and a cell operating temperature of 300 K. Optimal bandgap energies of semiconductors are in
the range of 1.0–1.5 eV. Established semiconductor absorber materials for solar cells are silicon (Si), Gallium-
Arsenide (GaAs), Aluminum-Gallium-Arsenide (AlxGa1-xAs), Germanium (Ge), CdTe, Copper-Indium-Diselenide
(CIS), Copper-Indium-Gallium-Diselenide (CIGS).

39.7.2 Maximum Efficiency of Ideal Single Junction Solar Cells

For ideal single-junction solar cells, a maximal reachable e�ciency may be calculated depending on their
bandgap energy Eg following the reference (Wuerfel, 2005) which is very similar to the so-called Shockley–
Queisser limit calculation (Shockley and Queisser, 1961). Two loss mechanisms are solely considered. First,
nonabsorption losses due to photons with energy lower than the bandgap energy of the semiconductor are
considered by Equation 39.10. Second, radiative recombination losses of the semiconductor occur assum-
ing a one-sided emission of only photons of a blackbody spectrum with a temperature of 300 K higher than
the bandgap energy, which is described by

j0,rad = qj 300K
ph,emission = q

∞

∫
Eg

dj 300K
ph (Eph) (39.27)

Equation 39.27 is derived in Wuerfel (2005) assuming a constant distribution of charge carriers over the
absorber thickness, large di�usion lengths, and perfected optics where all photons with the bandgap energy
or lower are reabsorbed. Using the single diode model described by Equation 39.20 and substituting 39.26
and 39.27 computes a bandgap energy-dependent maximal e�ciency η(Eg) for a single p-n junction which
is shown in Figure 39.15 for an AM1.5g reference spectrum.

39.8 Nonideal I–V Characteristics

39.8.1 Series and Parallel Resistance

Solar cells are large diodes. They su�er under real operation from resistance losses. One di�erentiates two
resistances in solar cells: series resistance rS and parallel resistance rP. Note that the small letters indi-
cate area-weighted quantities in Ω ⋅ cm2 similar to the current density j in mA/cm2. Series resistance
losses arise from current transport in the front metal busbars and metal �ngers as well as in front con-
tacts, emitter, base, rear contact, and rear metallization which is visualized by a sketch of a BSF solar cell in
Figure 39.16.
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FIGURE 39.16 Sketch of back-surface-�eld (BSF) solar cell with an indicated random pyramid texture. The screen-
printed front and rear metallization consist mainly of silver and aluminum, respectively. During solar cell fabrication,
the p-type boron-doped wafer is phosphorus-di�used creating a highly n-type doped emitter. The BSF is formed by an
alloying process during a fast �ring step while creating the front and rear contact at the same time.

j, V

jrpjD2jDjSC

rS

rP

FIGURE 39.17 Equivalent circuit diagram of the single diode and double diode (dotted second diode) model of a
solar cell.

As all these parts are included, rs is called lumped series resistance. Parallel resistance losses, also called
shunt resistance losses, arise when the p-n junction is short-circuited, e.g., by grown-in defects of the mate-
rial (Breitenstein et al., 2004). A corresponding single diode equivalent circuit model is set up as shown in
Figure 39.17.

It is described by the implicit Equation 39.28 and examples for analytically calculated I-V characteristics
are shown in Figure 39.18.

j (V) = jSC + jD + jrp = jSC + j0

(

e
( q(V+j(V)rS)

kBT

)

− 1
)

+
V + j (V) rS

rP
(39.28)

39.8.2 Recombination

As rS cannot be zero and rP cannot be in�nite, both reduce the FF and thus also the e�ciency compared
to the ideal case. The consideration of series and parallel resistance is in most cases not su�cient to fully
describe I–V characteristics. Additional in�uences which are the root causes for deviations from the ideal
I–V curve are the following:
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FIGURE 39.18 Solar cell I–V characteristics: ideal, su�ering rS, su�ering rP, su�ering nonidealities modeled by the
double diode model (compare Equation 39.30) and by a voltage-dependent saturation current density j0(V) in the
voltage range from 500 mV to 700 mV, which is the relevant range for maximum power point (MPP). For details on
j0(V) please refer to the text in Section 39.8.2.

• Distributed series resistance losses (Araújo et al., 1986; Fong et al., 2011) leading to a voltage-
dependent change of current �ow pattern in solar cells (Altermatt et al., 1996) which results in a
voltage-dependent series resistance rS(V)

• Injection-dependent lifetimes, i.e., voltage-dependent recombination within the volume, e.g., due to
the boron-oxygen-related defect (Schmidt et al., 2001), or injection-dependent surface recombina-
tion velocities, e.g., at thermal oxides (Aberle et al., 1993)

• Edge recombination (Grove and Fitzgerald, 1966; Kuehn et al., 2000)
• Recombination in the space-charge region (SCR) (Wuerfel, 2005)

An injection-dependent lifetime within the absorber, i.e., voltage-dependent recombination, may be
modeled by a voltage-dependent saturation current density j0 (V) (Müller, 2016) which is typically expe-
rienced for Shockley–Read–Hall (SRH) recombination with a single defect with asymmetric capture cross
sections, as, e.g., for the boron-oxygen-related defect (Schmidt et al., 1997). A j0 (V) may be derived by
Equation 39.29 due to a change of the injection density Δn in the solar cell with voltage as described by
Equation 39.29. Assuming an excess carrier lifetime for a SRH midgap defect with the electron lifetime
parameter τn0 = 100 μs and the hole lifetime parameter τp0 = τn0 × 10 = 1000 μs for the parameters
j0e = 10 fA/cm2, NA = 7.2 × 1015cm−3, WA = 160 μm, a corresponding I–V curve is calculated with the
single diode Equation 39.20 and is shown in Figure 39.18.

j0 (V) = j0 (Δn) = j0e + j0b (Δn) = j0e +
qWAn2

i,e�
(

NA
)

NAτe� (Δn)
(39.29)

Recombination in the SCR can be described by the double diode model which is given by

j (V) = jSC + jD + jD2 + jrp = jSC + j0

(

e
( q(V+jrS)

kBT

)

− 1
)

+ j02

(

e
( q(V+jrS)

2kBT

)

− 1
)

+
V + jrS

rP
(39.30)

Its corresponding equivalent circuit model is also shown in Figure 39.17 and an example for an I–V char-
acteristic is shown in Figure 39.18. The second diode is analytically derived with an ideality factor n = 2
(Wuerfel, 2005) for recombination via defects in the space-charge region, compared to n = 1 for the �rst
diode. However, SCR recombination is typically not the main contribution to nonideal behavior, i.e., the
saturation current density of the second diode j02 is mainly a �t parameter, when applying the double diode
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model to �t dark I-V characteristics of solar cells. For crystalline wafer-based silicon solar cells, the root
cause is typically di�erent and a �tted j02 accounts for all e�ects listed earlier.

Another possibility for the description of nonideal I–V characteristics is the usage of a voltage-
dependent ideality factor n (V) (Rhoderick and Williams, 1988), which can be calculated from dark or
light I–V characteristics by Equation 39.31 if V > 3kBT∕q:

1
n
=

kBT
q

d
(

ln j
)

dV
(39.31)

Exemplarily deriving the voltage-dependent ideality factor n (V), the double diode model is now compared
to the voltage-dependent saturation current density j0 (V) using Equation 39.29, which is shown in in the
upper part of Figure 39.18. The second diode model has as expected an ideality factor of n = 2 for voltages
below 400 mV and it decreases toward n = 1 almost at VOC. At MPP it is in-between at n = 1.33 for the
shown example. For j0 (V) the ideality factor increases in this example from n = 1 to n = 1.1 at MPP to a
maximum of about n = 1.83 and then decreases again toward n = 1 while it is n = 1.25 at VOC.

Thus, in general, nonideal I–V behavior can be expected for any real solar cell and the n (V) evaluation
may give hints for its origin (McIntosh, 2001). When analyzing I–V characteristics, it is necessary to �rstly
derive a voltage-dependent series resistance with preferable a multiple-light-level determination method
(Fong et al., 2011) because current �ow patterns within a solar cell remain similar and injection-dependent
e�ects are reduced when changing the illumination only by 10%–20%. In a second step, a series resistance
free I-V curve is derived for the n (V) evaluation (Steingrube et al., 2011).

As an alternative and quicker approach to analyze I–V characteristics, the FF can be evaluated in terms
of series resistance induced and recombination-induced losses. The FF is compared to the pseudo �ll fac-
tor (pFF) described by Equation 39.32 which accounts only for recombination driven FF changes if rP is
su�ciently high (rP > 10 kΩ ⋅ cm2).

pFF = FF − ΔFFrs = FF −
j2MPPrS(VMPP)

jSCVOC
(39.32)

39.9 Numerical Simulation and Models for Crystalline Silicon
Solar Cells

The diode model-based approaches are very o�en not su�cient to describe solar cells; therefore numer-
ical device simulations are carried out. The advantage of numerical simulations compared to analytical
solutions is an increased accuracy and provides a deeper insight into device physics and solar cell losses.
Analytical solutions are restricted to particular assumptions such as constant photogeneration, constant
doping or low injection conditions, which o�en only approximate real device behavior. Typical problems
that demand numerical solar cell simulation are the following:

• Local line front contacts desire a two-dimensional simulation
• Local point rear contacts desire a three-dimensional simulation
• Inhomogeneous distributed wafer quality in case of mc silicon
• Injection-dependent SRH recombination in the bulk
• Injection-dependent SRH recombination at surfaces
• Consideration of Auger recombination in the emitter or BSF with their doping pro�les

39.9.1 Numerical Simulation

The physics for the numerical simulation of solar cells are implemented in various simulators. Most
developed and widely used simulators are PC1D (Rover et al., 1985), PC1Dmod (Haug et al., 2015)
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for one-dimensional problems and TCAD Sentaurus Device (Synopsys, 2016), Atlas (Silvaco, 2016),
Quokka (Fell, 2013), and AFORS-HET (Varache et al., 2015) for two and three-dimensional simulations.
An in-depth introduction into numerical device simulation of crystalline silicon solar cells can be found in
Altermatt (2011) which is also used as the source of the most important facts and models discussed below
in this section. An update will be given below for the intrinsic recombination model and the incomplete
ionization model.

For numerical solar cell simulation a coupled set of di�erential equations, which are the basic equations
of semiconductor device physics, have to be solved by an iterative procedure. This set consists of the Poisson
Equation 39.33, which describes the relationship between the electrostatic potentialΦ and the charge dis-
tribution, the continuity equations for electrons and holes (Equations 39.13, 39.34, 39.35), which conserve
the quantity charge carrier, and the current density equations in the dri�-di�usion approach for electrons
(Equation 39.36) and holes (Equation 39.37) in one dimension:

∇ ⋅ (ε∇Φ) = −q
(

p − n + N+
don − N−

acc

)

(39.33)

q∂n
∂t
= ∇ ⋅ jn + q (G − U) (39.34)

q
∂p
∂t
= ∇ ⋅ jp + q (G − U) (39.35)

jn = −qμnn∇Φ + qDn∇n (39.36)

jp = −qμpp∇Φ − qDp∇p (39.37)

In Equations 39.33 through 39.37, ε is the permittivity of the material, p is the hole carrier density, N+
D

is the ionized donor concentration and N−
A is the ionized acceptor concentration, μn and μp are the

mobilities for electrons and holes, respectively and Dp is the hole di�usion coe�cient. The mobilities
and di�usion coe�cients are related through the Einstein relationships Dn = kBT

q μn and Dp = kBT
q μp

for a nondegenerated semiconductor. For a degenerated semiconductor (e.g., doping densities higher
than 1 × 1019 cm−3), Fermi–Dirac statistics are valid and the electron transport equation is extended
by the additional term −nkBT∇

(

ln
(

n
NC

e(EC−EFn)∕(kBT)
))

and the hole transport equation is extended

by −pkBT∇
(

ln
(

p
NV

e
(

EFp−EV

)

∕(kBT)
))

, respectively. NC and NV are the e�ective density of states for

electrons in the conduction band and for holes in the valence band, respectively. At those doping densities
higher than 1×1019 cm−3, Boltzmann statistics overestimates the product of electron and hole density and
may lead to a distorted loss analysis between Auger recombination losses in the highly doped region and
surface recombination. Thus Fermi–Dirac statistics should be used, especially as the widely used PC1D
so�ware is updated using Fermi–Dirac statistics nowadays (Haug et al., 2015).

39.9.2 Models for Crystalline Silicon Solar Cells

A doping and carrier concentration-dependent as well as temperature-dependent mobility model
(Klaassen, 1992a,b) is used to calculate Figure 39.19.

For highly doped semiconductors, the bandgap decreases, which is called bandgap narrowing (BGN).
It occurs due to carrier-dopant and carrier–carrier interactions, which may be considered for silicon using
a BGN model (Schenk, 1998) which is used to calculate Figure 39.20.

The e�ective intrinsic carrier concentration ni,e� changes correspondingly with the doping density
(Altermatt et al., 2003) using Equation 39.17 and ni,e� is shown in Figure 39.21.

For medium-doped semiconductors in the range 1× 1018cm−3 to 1× 1019cm−3 the e�ect of incomplete
ionization occurs, which is caused by the Fermi-level approaching the donor or acceptor level, resulting



9781498749565_C039 2017/8/31 12:14 Page 404 #22

404 Handbook of Optoelectronic Device Modeling and Simulation

0

Boron and phosphorus concentration NA, ND (cm–3)
1014 1015 1016 1017 1021102010191018

250

1250

1500

Minority hole

Majority hole
Minority electron
Majority electron

1000

750

500
Ca

rr
ier

 m
ob

ili
ty

 (c
m

2 /V
s)

FIGURE 39.19 Klaassen’s parametrization of the minority and majority carrier mobility in boron- and phosphorus-
doped silicon at 300 K.
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FIGURE 39.20 Bandgap narrowing in p- and n-type silicon calculated with the Schenk model at 300 K.

in the restriction of electrons or holes to localized donor or acceptor states, which prevents free electron
or hole movement, respectively. The consideration of incomplete ionization is recommended for the BSF
solar cell and a parametrization may be found in reference (Steinkemper et al., 2015).

In order to include the geometrical properties of the solar cell and to decrease the simulation time geo-
metrical considerations have to be performed to derive a well-suited geometry of the device for simulations.
Most solar cells have an area of about 15.6×15.6 cm2 and are about 150–200 μm thick. Smallest features are,
e.g., front contacts with a width down to 10 μm. However, it is not necessary to simulate the complete solar
cell because its structure is highly symmetric. The simulation domain can be reduced to a geometrically
irreducible standard domain as shown in Figure 39.22.

This domain is very o�en two-dimensional where its width is half the spacing between the front metal
�ngers. Note that the front surface is typically textured, which it is not accounted for in the �at device
domain due to the fact that, e.g., random pyramids would result in a huge three-dimensional domain. For
simulation, the device domain is discretized on a mesh as shown in Figure 39.22. The mesh should be �ne
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FIGURE 39.21 In�uence of the doping density on the e�ective intrinsic carrier concentration in p- and n-type silicon
at 300 K.

FIGURE 39.22 Geometrically irreducible two-dimensional standard domain for a BSF solar cell. Mesh re�nements
near the front surface, in di�used layers and close to contacts are indicated.

enough where any input or output parameter varies strongly with distance, which is for solar cells close
to the front surface where the blue part of the sunlight is absorbed within nanometers, and where a front
di�usion layer is typically situated. Besides near metal contacts the mesh should be re�ned. The generation
of charge carriers as described in Section 39.4 is typically considered by an one-dimensional generation
pro�le G(x). The reverse process of intrinsic recombination may be included by a combined model for
the radiative recombination and the Auger recombination (Richter et al., 2012), which is used to calculate
Figure 39.23.

At surfaces, surface recombination occurs via surface states within the bandgap and additionally �xed
charges are present which lead to local band bending (Kingston and Neustadter, 1955).

The most interesting result of a simulation is the sweep of an I–V curve which is performed changing
the applied voltage at the contacts as boundary condition. For a full solar cell I–V characteristic, the stan-
dard domain I-V curves can be interconnected in a circuit by ohmic resistances, in, e.g., a SPICE network
simulation, which represent the front metal �ngers. A sketch of such a network is shown in Figure 39.24.
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FIGURE 39.23 In�uence of the doping density on radiative and Auger recombination in silicon (intrinsic recombi-
nation) in p- and n-type silicon at 300 K.

FIGURE 39.24 Sketch of a network of resistances and standard domains which allow simulating a full solar cell I–V
characteristic by device and circuit simulation. Compare Figure 39.16 to the sketch of the same solar cell part.

39.10 Real Working Behavior of Solar Cells

Under real operating conditions, main changes of solar cell performance arise due to its intensity and
temperature behavior.

39.10.1 Light Intensity Behavior

The intensity dependence is mainly governed by the decrease of irradiance G which results in a decrease of
the short-circuit current density jSC. For typical crystalline silicon solar cells under nonconcentrated sun-
light conditions, the output power is mainly determined by the linear relationship G ∝ jSC. Deviations
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may occur for irradiance conditions below 0.2 suns, where injection-dependent e�ects, e.g., injection-
dependent carrier lifetime, become apparent. The general change of the open-circuit voltage VOC with
irradiance G may be derived from the ideal-behavior solving the single diode Equation 39.20 to VOC for
j(VOC) = 0 mA/cm2:

VOC =
kBT

q
ln
(

1 +
jSC
j0

)

(39.38)

The change of FF with irradiance G can be approximated by Equation 39.39 (Green, 1982) for the ideal-
behavior, which depends on VOC, and is called ideal �ll factor FF0.

FF0
(

vOC
)

=
vOC − ln

(

vOC + 0.72
)

vOC + 1
,withvOC =

q
kBT

VOC (39.39)

An example of a calculated I-V characteristic under low illumination using the single diode Equation 39.20
is shown in Figure 39.25, assuming jSC = 20 mA/cm2 and j0 = 100 fA/cm2. The almost halved jSC results
in nearly half of the maximum power.

The so-called low light behavior of a solar cell is shown in Figure 39.26 using the single diode equivalent
circuit model (Equation 39.28) with jSC (STC) = −40 mA/cm2 and j0 = 100 fA/cm2. Additionally, the
relative e�ciency normalized to its STC value is calculated and compared:

ηrel (G,T) =
η (G,T)

η(1000 W
m2 , 25◦C)

(39.40)

For the ideal-behavior (rS = 0 Ω ⋅ cm2) in Figure 39.26, it is deduced that the e�ciency decreases
with decreasing irradiance, which is mainly due to the VOC decrease and only slightly due to the FF
decrease. The variation of the lumped series resistance in Figure 39.26 shows that its in�uence governs
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FIGURE 39.25 Comparison of solar cell I-V and power characteristics under STC, under low illumination of 0.5
suns, and under increased temperature of T = 45◦C. (MPP, maximum power point.)
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FIGURE 39.26 Relative e�ciency versus irradiance for di�erent lumped series resistances rs, where rS = 0 Ω ⋅ cm2

represents the ideal behavior, whereas rS = 0.5 Ω ⋅ cm2 is a typical value for c-Si solar cells and rS between 1 and
2 Ω ⋅ cm2 is typical for solar modules due to the cell interconnection, e.g., the tabbing ribbons cause additional series
resistances.

within the irradiance range from 200 W/m2 to 1000 W/m2. In this range, the current in the solar cell is
su�ciently high and η saturates or even reduces toward STC with increasing rS. This results in an increas-
ing relative e�ciency under low light condition for solar cells and modules with high rS (compare lower
part of Figure 39.26), which seems bene�cial under real operating condition. However, the series resistance
solely limits the STC e�ciency (compare upper part of Figure 39.26) and the solar module will stay behind
its potential. In conclusion, rS should be low for maximum energy yield.

39.10.2 Temperature Behavior

The temperature behavior is determined by several e�ects (Dupré et al., 2015). It increases the e�ec-
tive intrinsic carrier density ni,e� (Misiakos and Tsamakis, 1993), which decreases the quasi-Fermi-level
splitting and thus at higher temperature the voltage at the same injection density is reduced (compare
Equations 39.17 and 39.18). A detrimental e�ect, but smaller, is the increase of the bandgap with increas-
ing temperature, which results in a slight increase in absorbed photon current density. Thus jSC is slightly
increased. The change of FF with temperature depends on a variety of in�uences, e.g., temperature-
dependent conductivity of the front and rear metallization, as well as front and rear contacts. For silicon,
the FF typically decreases with higher temperature. Surprisingly, the temperature behavior of jSC, VOC
and η is typically linearly under relevant operating conditions in the range of 0◦C–75◦C. Therefore, it is
expressed in terms of their absolute temperature coe�cients TCabs(jSC), TCabs(VOC) and TCabs(η) or more
o�en in terms of their relative counterparts TCrel(jSC), TCrel(VOC) and TCrel(η) normalized to STC similar
to Equation 39.40. The relevant temperature coe�cient of the e�ciency TCrel(η) is in the range of−0.5%/K
to−0.25%/K for crystalline silicon solar cells. An example of a calculated I-V curve at 45◦C using the single
diode model is shown in Figure 39.25 assuming a jSC(45◦C) = 40.4 mA/cm2 and j0 (45◦C) = 191 fA/cm2.
This corresponds to a TKrel(jSC) = 0.05%/K, i.e., ΔjSC (ΔT) = jSC (25◦C) × TCrel

(

jSC
)

× ΔT, and a j0

increase which is approximated by the proportionality to T3 × e−
Eg(T)
kBT (Wolf et al., 1977). The increased

temperature leads to decreased VOC and thus to slightly lower PMPP.
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39.10.3 Energy Yield

The real working behavior of solar cells and solar modules, respectively, is regarded in terms of their
delivered energy yield below to complete the information given in this chapter.

The main in�uences on solar cell performance under real operating conditions are changing irradiance,
cell temperature, angle of incidence, and spectral variations compared to the STC condition. The spectral
variation is below 1% for c-Si solar cells (Huld et al., 2011) and hence will not be considered in the further
discussion. For a typical solar module, the energy yield is calculated for the three locations introduced
in Section 39.3 using the Equations 39.3, 39.5 through 39.8, 39.26 and 39.28 assuming c-Si solar module
relevant parameters j0 = 100 fA/cm2, rS = 1Ω ⋅ cm2, rP = ∞, TCrel(η) = 0.4%∕◦C, K = 4 m−1 and L =
2 mm and NOCT = 45◦C. The speci�c yields per month are shown in the lower part of Figure 39.27 using
Equation 39.2 and the speci�c yields over 1 year are Yf = 1120 kWh/kWp for Halle, Yf = 1823 kWh/kWp
for Almeria, and Yf = 1504 kWh/kWp for Brazzaville.

In a �rst-order approximation, the speci�c yield follows the available solar irradiation as shown in
Figure 39.8 which results, e.g., in low Yf for winter months in Halle or similar Yf over the whole year
for Brazzaville near the equator. To separate the irradiation in�uence, the performance ratio has been
introduced in Equation 39.1 and here PR is shown in the upper part of Figure 39.27. It is mostly below
100% due to increased cell operating temperature above 25◦C in summer months for all locations and
due to the warmer climate in Almeria and Brazzaville. Performance ratios over 1 year are PR = 96.6% for
Halle, PR = 92.9% for Almeria and PR = 90.8% for Brazzaville, which are very similar to the estimated
temperature losses derived from the annual average cell operating temperature in Section 39.3.

The calculations are carried out assuming no additional cell-to-module e�ciency changes while module
series resistance and optics under oblique incidence are included. Additional PR losses arise in reality due to
losses in the inverter (up to 5%), due to cell-to-cell and module-to-module mismatches (about 1%), due to
shading (depends on location), thus good PR are in the range of 85%–90% in the �rst years. Additionally,
e�ciency degradation occurs over time of about 0.5%rel/year (Jordan and Kurtz, 2013), which further
decreases the PR of about 6.25% over the system lifetime of about 25 years.
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39.11 Conclusion and Outlook

PV systems became already an integral part of our world in terms of energy supply and also in our land-
scapes. The levelized cost of electricity (LCOE) of PV is approaching that of conventional electricity power
plants (IEA, 2014). Thus, a major share of electricity is expected to be PV electricity in the next decades.
However, it is a �uctuating energy resource and storage is getting more and more important.

Wafer-based silicon solar cells became the market leading technology and at the moment a change is
unlikely to happen. The competitive thin-�lm solar cells on CIGS and CdTe absorber material bene�t
from reduced material consumption, but are still built in solar module with front glass for long lifetime
which nowadays lowers signi�cantly the inherent cost advantage. Organic and dye-sensitized (inorganic)
thin-�lm absorbers are not showing a high e�ciency potential yet (Green et al., 2015).

New solar cell structures have to be designed right away in cost competitive solar modules with a long
lifetime. For example, the recently emerging perovskite-based solar cells (Green et al., 2014) have shown
an incredible e�ciency increases in the past 5 years, but they still lack stability against UV light and will
face similar module cost disadvantage as thin-�lms solar cells do. E�ciency matters, but costs and stability
have to be competitive in order to gain economic success.

Besides the single-junction solar cells for 1 sun illumination, there are several other developing tech-
nologies and approaches. Concentrating photovoltaics (CPV) is close to enter the market. CPV uses optical
elements to increase the irradiance on a smaller solar cell size for increased e�ciency and reduced mate-
rial consumption. However, for higher concentration (>20 suns) the PV system needs to track the sun,
which results in higher complexity and higher maintenance requirements. Increased e�ciency of solar
cells may be reached by so-called third generation PVs (Green, 2003). Examples are multijunction solar
cells which are stacks of semiconductor absorber materials of di�erent bandgap energies reducing ther-
malization losses which have shown great potential (Green et al., 2015), whereas hot carrier solar cells,
multiband solar cells, and photon up- and down-converting materials are still in focus of basic research.
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40.1 Introduction

Multijunction solar cells (MJSCs) currently hold the records for greatest power conversion e�ciency of any
solar cell, under one-sun conditions (Spectrolab, 38.8% [1]) and under concentration (Soitec/Fraunhofer,
46.0% at 508 suns). MJSCs based on III–V materials such as GaAs and GaInP �nd applications in aerospace
applications where size and weight take precedence over cost, and in terrestrial concentrating photovoltaic
(CPV) systems where concentrating optics focus the incident sunlight onto very small (< 5 × 5 mm) cells.
MJSCs based on material systems, such as amorphous silicon/silicon and II-VI compounds, and those
using III–Vs grown on alternative substrates, have potential to combine high e�ciency with lower costs
suitable for nonconcentrating terrestrial applications.

Single-junction solar cells have two major loss mechanisms: thermalization and transmission. Pho-
tons of energy less than the semiconductor bandgap are transmitted through the material without being
absorbed (transmission), while photons of energy in excess of the bandgap convert that excess energy to
heat. Single junctions, then, must be designed to minimize transmission (requiring a low bandgap Eg),
and minimizing thermalization (requiring a large Eg). For typical solar spectra, this leads to an optimal
bandgap of ∼1.3–1.4 eV [2,3].

MJSCs consist of a stack of n-p semiconductor diodes of di�erent materials, each chosen to absorb a dif-
ferent part of the solar spectrum. As light passes through the stack, the short wavelengths are absorbed in
the top junction which has a large Eg, and longer wavelengths are absorbed in each of the subsequent
junctions. This arrangement minimizes the impact of transmission and thermalization losses by pro-
viding materials that are capable of absorbing the vast majority of photons within the solar spectrum,

415
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and by ensuring that each photon is absorbed in a junction with Eg similar to the photon energy.
Typically, the junctions are all grown epitaxially in a monolithic device, with all junctions connected in
series; this implies that the current through all junctions must be the same. Less commonly, some devices
are designed such that separate contacts are made to each junction so that they can each be operated
independently.

Since MJSCs are more expensive to produce than single-junction solar cells, terrestrial applications of
MJSCs typically involve concentrating optics that focus light from a large aperture onto a small area of
solar cell. In these systems, the sun’s intensity is concentrated by a factor of 10 to 2000. Besides the cost
savings from using smaller cells, there is also a signi�cant increase in cell e�ciency under concentration.
We can write the e�ciency η as

η =
Pmax

XE1− sun
=

JSC VOC FF
XE1− sun

, (40.1)

where E1− sun is the incident light intensity under standard 1-sun conditions, X is the concentration fac-
tor, Pmax is the output electrical power density at the optimal voltage bias, JSC is the short-circuit current
density, VOC is the open-circuit voltage, and FF is the �ll factor.

A simple equivalent circuit model for the series-connected triple-junction solar cell is shown in
Figure 40.1b; each junction i is modeled with a current source providing the 1-sun photocurrent for that
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FIGURE 40.1 (a) Layer structure of a triple-junction GaInP/(In)GaAs/Ge solar cell. (b) Simple circuit model for the
triple-junction cell. (c) Two 5 × 5-mm MJSCs mounted on ceramic carriers.
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subcell, Jph,i. A parallel diode provides the exponential diode behavior of each cell, so the device current
density

J = XJph,i − J0,i

(

exp
qVi

nideal,ikT
− 1

)

∀ i, (40.2)

where kT∕q is the thermal voltage, nideal,i is the diode ideality factor of each subcell and J0,i is the saturation
current density. It is useful to model each junction with two parallel diodes with di�erent ideality factors,
and also add parasitic series and shunt resistances. The diodes e�ectively model the Shockley–Read–Hall
(SRH), radiative, and Auger recombination mechanisms, which are active in each junction.

If all three photocurrents Jph,i are equal, then the device’s short-circuit current density JSC = Jph,i and
the current density through the diodes is zero. If they are not equal, then JSC = min(Jph,i), and any excess
photocurrent is dissipated through the diodes.

Under open-circuit conditions, the current at the device terminals, and at the interconnections between
subcells, is zero. Therefore, all photogenerated current recombines via the diodes.

The short-circuit current density JSC increases linearly with concentration, but there is also an increase
in open-circuit voltage VOC, which comes about due to the higher concentration of carriers in the semi-
conductor and larger separation of the quasi-Fermi levels. Under a concentration factorX, the open-circuit
voltage is [4]

VOC =
kT
q

[

∑

i
nideal,i ln

( Jph,i

J0,i

)

+ lnX
∑

i
nideal,i

]

. (40.3)

If we neglect e�ects due to parasitic resistances, the �ll factor also increases with concentration; conse-
quently, MJSCs generally gain in e�ciency as concentration is increased. Of course, this relation does not
extend to in�nitely high concentration; eventually the assumptions used to derive the diode-like behavior
of Equation 40.2 break down, while resistive terms become increasingly important. In such cases, a more
complete physics-based device simulation can be useful to study these limits.

The most common commercially available MJSC is a lattice-matched design with triple junctions con-
sisting of Ga0.49In0.51P, In0.01Ga0.99As, and Ge, respectively [5]. The GaInP and (In)GaAs junctions are
clad with a front surface �eld and a back surface �eld of a larger bandgap, which helps to con�ne minor-
ity carriers within the junction region. The triple n-p junctions (or subcells) are connected in series with
p++/n++ tunnel diodes, which provide an optically transparent, ohmic connection between the p-type
base of one subcell and the n-type emitter of the next subcell. The structure is grown by metal-organic
chemical vapor deposition (MOCVD) on a germanium substrate, with the germanium junction being
formed by di�usion of group V dopants into the top surface of the substrate during the initial growth
of epitaxial material [6,7]. The remaining subcell and tunnel-diode layers are formed by conventional
MOCVD growth, requiring∼4 µm of epitaxial material in∼20 layers. A typical layer structure is shown in
Figure 40.1a, and some typical 5 × 5-mm cells are shown in Figure 40.1c. This basic structure will be used
as an example throughout this chapter.

MJSCs have been simulated with good results using a variety of approaches including lumped-parameter
models [2], distributed parameter models [8], and dri�-di�usion-based simulators in 1D, 2D, and 3D. In
this chapter, we focus primarily on dri�-di�usion-based methods. The simulation results shown here were
generated using the Sentaurus TCAD package from Synopsys, Inc.; example simulation projects for MJSC
devices are available from most of the major simulation so�ware vendors [9–11] and should provide a good
starting point.

One of the greatest challenges in simulating these devices is managing the large number of material
parameters that are required for each of the materials; this is particularly di�cult for ternary and quaternary
materials such as AlGaAs and InGaAs for example, where the material composition may be subject to
optimization and so material parameters are needed for a wide variety of compositions.
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40.2 Device Model and Simulation Workflow

The process of setting up and running a simulation begins by de�ning each of the material regions
(Figure 40.2). In the case of MJSC, this will be a simple structure of uniform layers for the most part;
the layers are de�ned in Figure 40.1a. The exception in our example structure is the germanium subcell,
which is formed by di�usion of dopants rather than by epitaxial growth of the emitter. For the germanium
subcell, we model the p-type substrate as a single region, with a smoothly varying “error function” pro�le
of n-type doping added to the emitter area. The back surface �eld at the bottom of the substrate is also
modeled in the same way.

Each of the regions is discretized with a mesh, material parameters are assigned to each region, and
ohmic contact boundary conditions are de�ned at the cathode and anode.

From this point, the process di�ers for QE or for J–V curve calculations. For a QE calculation, addi-
tional “virtual contacts” are be de�ned between each junction, enabling the current from each junction to
be extracted separately. An optical calculation is done to determine the optical generation rate as a func-
tion of position within the device at the starting wavelength. The Poisson equation is solved to �nd the
potential pro�le at equilibrium, and then the coupled Poisson and electron and hole continuity equations

QE Calculation
type

1. Define layer structure.

2. Create discretized mesh.

3. Assign material parameters
to each mesh region. 

QE1. Insert “virtual contacts” between
each subcell.  Bias all contacts to 0 V. 

QE2. Solve Poisson equation
at equilibrium.

QE3. Solve coupled Poisson,
electron-hole continuity equations.

QE4. Set starting wavelength,
ramp up intensity.

QE5. Optical calculation: find
optical generation versus position.

QE6. Drift-diffusion solver: solve
coupled Poisson, continuity equations. 

QE7. Post processing: plot EQE, IQE versus
wavelength. Integrate to find subcell JSC.  

J-V

JV1. Optical calculation—find optical
generation rate versus position. 

JV3. Solve Poisson equation
at equilibrium.

JV4. Solve coupled Poisson,
electron-hole continuity equations.

JV2. Set zero bias.

JV5. Ramp up generation rate.

JV6. Drift-diffusion solver: solve
coupled Poisson, continuity equations. Ra
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JV7. Post processing: extract VOC, JSC,
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FIGURE 40.2 Typical simulation work�ow for calculation of quantum e�ciency (QE) and current–voltage (J–V)
characteristics of multijunciton solar cells.
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are solved as the incident optical intensity (and the resulting optical generation rate) is ramped up to the
desired value. Finally, the incident wavelength is ramped over the range of interest, with the optical problem
being recalculated at each wavelength, and the coupled Poisson-continuity problem is also solved at each
wavelength to �nd the short-circuit current of each junction. This wavelength and short-circuit current
data are postprocessed to produce plots of QE.

In the case of a J–V curve calculation, the optical problem is only solved once, but with an appropriate
broadband spectrum. The simulation then starts with a Poisson solution at zero bias. Intensity is gradually
ramped up as was the case for the QE calculation, and then the voltage bias is ramped to produce a J–V
curve. Postprocessing is done to identify the maximum power point and extract key parameters, such as
open-circuit voltage (VOC), short-circuit current (JSC), �ll factor (FF), and power conversion e�ciency (η).

40.3 Mesh Discretization

Depending on the physical phenomena which are being studied and the symmetry of the device, the region
of interest can be discretized with a one-dimensional mesh [12], a 2D mesh representing a small symmetry
element such as a half-gridline pitch [13], an entire half of the device, or a 3D model of a portion of the
device [14]. The mesh must resolve steps in potential at material heterointerfaces, so ideally mesh vertices
along the interfaces should be duplicated with a boundary condition relating the solution variables on each
side of the interface (Figure 40.3).

In the direction normal to the interfaces, the minimum required mesh density is typically driven by
a need to resolve potential gradients near the interfaces and p–n junctions. Tunnel diodes in particular
have depletions regions of perhaps 10 nm in thickness, and these must be resolved in order for a nonlocal
tunneling model to work properly. Far from the interfaces and junctions, the minimum mesh density is
driven by the need to resolve standing waves in the optical intensity pro�le. In the lateral direction, mesh
elements can usually be allowed to grow quite large, except at the edges of gridlines and at the device
perimeter.

For many studies, a 1D model or a 2D half-gridline pitch option is su�cient to study the phenomena
of interest; however, certain phenomena will not be accurately represented. Table 40.1 summarizes the
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FIGURE 40.3 (a) A 2D, half-grid pitch mesh for the triple-junction solar cell. The full simulation region extends to
60 × 170 µm. (b) Detail of the area near the top contact gridline.
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TABLE 40.1 Limitations of Reduced Model Geometries.

3D Distributed Parameter Model
1D 2D Half-Grid Pitch 2D Half-Device Calibrated Using 2D Simulations 3D

p-n junctions and tunnel ∙ ∙ ∙ ∙ ∙
diodes
ARC/window interface ∙ ∙ ∙ ∙
Emitter sheet resistance ∙ ∙ ∙ ∙
Shading due to gridlines ∙ ∙ ∙ ∙
Perimeter recombination Partial ∙ ∙
Grid ohmic losses ∙ ∙
Nonuniform bias due ∙ ∙
to grid resistance
Nonuniform illumination ∙ ∙ ∙
Busbar regions Partial ∙ ∙

ARC, anti-re�ection coating

limitations of various reduced-dimensional representations. The full 2D and 3D options may be very com-
putationally intensive and will likely be impractical using standard desktop computer hardware; however
Létay et al. have demonstrated a method of addressing this by modeling small portions of the device rep-
resenting the perimeter and the center of the device, linked through an external circuit simulator [13].
Alternatively, a 2D half-grid pitch model can be used to characterize the illuminated I–V performance of
a small cell element, and that information can be used to calibrate the parameters of a distributed circuit
model [15].

40.4 Optics

Several types of solvers exist which can calculate the carrier generation rate as a function of position within
the device layer stack for a given illumination. Raytracing and �nite-di�erence time domain methods [14]
can be used, but here we focus on the transfer matrix method (TMM), which is widely used in simulating
MJSCs because they have a planar structure and minimal surface texture.

40.4.1 Transfer Matrix Method

In a 2D or 3D simulation including gridlines, we can apply the TMM to calculate the optical generation
rate as a function of depth within the layer stack. The propagation of electromagnetic waves through the
layer stack is represented by a series of matrices. For each layer there is a matrix describing the re�ections
from the top interface, and a second matrix representing the phase change and attenuation through the
thickness of the layer.

For a stack of N layers, we de�ne phasors representing the amplitude and phase of the y-component of
the electric �eld for downward- and upward-propagating waves at the top and bottom of each layer. The
vector

[

E+m,top
E−m,top

]

(40.4)

contains the phasors describing the electric �eld at the top of layer m. The symbol + refers to downward
propagation (into the cell) and − refers to upward propagation (re�ected waves). Layer 0 is the medium
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above the cell, and layer N + 1 is the medium below the cell, which represents the opaque back contact, or
air in the case of a bifacial solar cell.

Note that for a plane wave of wavelength λ0 with an angle of incidence θ0 with respect to the surface nor-
mal, the angle of propagation within any layer m can be found from Snell’s equation, n0 sin θ0 = nm sin θm.
The y-component of the wave vector is then

ky,m =
2π
λ0

nm
n0

cos θm. (40.5)

The phasors at the top and bottom interfaces of a layer are related by a propagation matrix Pm,

[

E+m,top
E−m,top

]

=

[

e−jky,mdm 0
0 ejky,mdm

][

E+m,bot
E−m,bot

]

, (40.6)

where j is
√

−1, and dm is the thickness of layer m.
The phasors at bottom of one layer and the top of the next are are related by

[

E+m−1,bot
E−m−1,bot

]

= 1
tm−1,m

[

1 rm−1,m
rm−1,m 1

]

[

E+m,top
E−m,top

]

, (40.7)

where tm−1,m and rm−1,m are the Fresnel coe�cients for re�ection and transmission at the interface. We
denote this transmission matrix Tm−1,m.

A transfer matrix for the entire layer stack can then be assembled as

M =
N
∏

m=1

(

Tm−1,mPm
)

TN,N+1. (40.8)

And �nally, we set the electric �eld incident on the top of the cell, E+0,bot, to any convenient value and
write

[

E+0,bot
E−0,bot

]

= M

[

E+N+1,top
0

]

. (40.9)

This can be solved for the re�ected �eld, E−0,bot, and from that point the total electric �eld at any point in
the structure can be found straightforwardly by assembling a transfer matrix to relate the �elds at the top
surface with the �elds at the point of interest.

This type of calculation is o�en done assuming that unpolarized light is incident perpendicular to the
device, but is also valid for other angles of incidence. The calculation is done as a 1D problem and the result-
ing carrier generation rate pro�le is applied to all regions that are not shaded by the grid (Figure 40.4b).
Where a broad spectrum illumination is being studied, the TMM is solved repeatedly at each wavelength
and the carrier generation rate is summed, weighted according to the incident spectral irradiance [16].
Similarly, illumination from a wide range of angles can be modeled by summing the optical generation
calculated from many TMM calculations.

40.4.2 Complex Refractive Index

Solar cell simulations require data on the complex refractive index (refractive index n and extinction
coe�cient k) over a wide range of wavelengths. This can be a challenge as published data are o�en lim-
ited to a certain range of wavelengths [17]; it may be necessary to measure properties of some materials
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FIGURE 40.4 (a) Simulated band diagram at maximum power point for the triple-junction solar cell. (b) Pro�le of
optical generation rate through the depth of the triple-junction solar cell, as calculated using the TMM. Illumination is
broadband (AM1.5D spectrum). (ARC, antire�ection coating.)

using ellipsometry or to combine data from several studies to yield a useable dataset. There can be fur-
ther di�culties due to the use of ternary and quaternary alloys where data are only available for speci�c
compositions.

In some cases, research has been done to model the dielectric function of a material in terms of a model
dielectric function (MDF) consisting of a series of Lorentzian oscillators and other terms representing the
various band-to-band transitions [18–20]. If the oscillator parameters are estimated as a function of alloy
composition, this can be an e�ective method to generate n,k data for arbitrary alloy compositions. For use
in simulating solar cells, care must be taken because these MDF formulations usually yield excessively large
k values at photon energies below the bandgap.

40.4.3 Absorption and Quantum Yield

Once the electric �eld and optical intensity as a function of position within the structure is calculated using
the TMM (or any other method), the local absorbed power density is the negative derivative of the optical
intensity, A = −∇( 1

2ϵ|E|
2), where ϵ is the dielectric permittivity. If we assume that the quantum yield is

unity (i.e., all absorbed photons result in generated carriers), then the local carrier generation rate is

G = − λ
hc
∇(1

2
ϵ|E|2). (40.10)

The assumption of unity quantum yield generally works very well in III–V heterostuctures, but in some
materials such as highly doped silicon, free-carrier absorption is signi�cant and will result in a quantum
yield less than unity.
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The resulting optical generation pro�le is plotted in Figure 40.4b, for the case of broadband illumination
with the AM1.5D spectrum as de�ned by ASTM G173-03. We can note that within each subcell, there is
strong carrier generation near the top of the junction, which then decays quickly through the thickness of
the junction. This is to be expected since each subcell is designed to absorb nearly all of the incident light
of energy greater than its bandgap, so the generation decays nearly to zero at the bottom of each junction.

40.5 Drift-Diffusion Calculation

Having determined the optical generation rate as a function of position, we then proceed to simulation
of the electrical device performance. The electrostatic potential within the device follows the Poisson
equation,

∇ ⋅ (ϵ∇ϕ + P⃗) = −q(p − n − NA + ND), (40.11)

where ϕ is the electrostatic potential, P⃗ is the polarization which is zero in semiconductors with a
zincblende crystal structure, p and n are the free hole and electron concentrations respectively, and NA
and ND are the acceptor and donor concentrations. ϵ is the permittivity of the material.

The electron and hole concentrations also follow the continuity equations,

∇ ⋅ J⃗n = qRnet + q∂n
∂t

,

−∇ ⋅ J⃗p = qRnet + q
∂p
∂t

.
(40.12)

J⃗n and J⃗p are the electron and hole current densities; Rnet is the net recombination rate, i.e., the sum of
contributions from all recombination and generation processes. At a minimum this will include SRH
recombination, Auger recombination, and radiative recombination, as well as the optical generation cal-
culated using the TMM. It can also include additional terms such as band-to-band tunneling and coupled
generation, as we discuss below. For studies of solar cells, we are generally interested in steady-state solu-
tions so the time derivaties are zero. The current densities J⃗n and J⃗p can be further expanded into dri�
and di�usion terms, which depend on the gradient of the local electrical potential and the gradients of
the carrier concentrations, the same set of unknowns as in Equation 40.11. Using the Einstein relation, the
current densities are [21]

J⃗n = −nqμn∇EFn,

J⃗p = −pqμp∇EFp,
(40.13)

where μn and μp are the electron and hole mobilities and EFn and EFn are the electron and hole quasi-Fermi
levels. Relating the conduction band energy and valence band energy EC and EV to the material properties
and the electrostatic potential, we have

EC = −χ − q(ϕ − ϕref),

EV = −χ − Eg,e� − q(ϕ − ϕref),
(40.14)

where χ is the electron a�nity of the material, Eg,e� is the e�ective bandgap (including the e�ect of bandgap
narrowing), and ϕref is an arbitrarily chosen reference potential.

Using Fermi–Dirac statistics for the electron and hole concentrations and making the assumptions that
the carrier populations and the crystal are at a constant temperature throughout the device and that the
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conduction and valence bands have parabolic band structures, the electron and hole quasi-Fermi levels
are [21]

EFn = kT−1
1∕2

(

n
NC

)

+ EC,

EFp = −kT−1
1∕2

(

p
NV

)

+ EV,
(40.15)

where k is the Boltzmann constant, T is the device temperature, −1
1∕2 is the inverse Fermi-Dirac integral

of order 1/2, and NC and NV are the e�ective densities of states in the conduction and valence bands,
respectively. By substituting Equations 40.13 through 40.15 into Equation 40.12, we arrive at a formulation
of the three coupled di�erential equations for steady-state problems, stated solely in terms of the material
properties and functions of the three variables n, p, and ϕ:

∇ ⋅ ϵ∇ϕ = −q(p − n − ND − NA), (40.16)

∇ ⋅
[

nμn∇
(

kT−1
1∕2

(

n
NC

)

− χ − q(ϕ − ϕref)
)]

= −Rnet,
(40.17)

∇ ⋅
[

pμp∇
(

kT−1
1∕2

(

p
NV

)

+ χ + Eg,e� + q(ϕ − ϕref)
)]

= −Rnet.

Typically, we need to solve the coupled set of Equations 40.16 and 40.17 to �nd the local potential and
carrier concentrations throughout the device. Once those quantities are known, then the local electron
and hole current densities and the quasi-Fermi levels are also known, and the voltage and current at each
electrode can also be found. We are dealing with heterostructures with abrupt changes in the valence and
conduction band energies and other quantities at each material interface. To handle these discontinuities,
the coupled equations are solved separately in each material region with a set of boundary conditions
relating the solution variables on each side of the interfaces. The boundary conditions allow for thermionic
emission across or tunneling through small potential barriers at the interfaces [22,23].

It can be di�cult to achieve convergence of the coupled Poisson and continuity equations, so we typically
begin �rst with a solution of the Poisson equation under equilibrium conditions (i.e., with all currents and
net recombination/generation equal to zero). This provides an initial guess for the solution of the coupled
Poisson and continuity equations, again under equilibrium. Next, we gradually ramp up the illumination
intensity, leading to a solution at nonequilibrium, and then sweep either the bias at the contacts (to produce
a J–V curve) or the illumination wavelength (to produce a QE plot). In the case of QE, the optical generation
must be recalculated at each wavelength.

In order to provide physically accurate results, the set of physical models and material parameters must
be carefully chosen. Given the wide range of materials and compositions that are present in a single device,
managing this database of material parameters is probably the single most di�cult part of a MJSC device
simulation. Altermatt provides an excellent guide to the parameters needed to do good simulations of
silicon solar cells [24]; similar studies are needed for each of the materials in the MJSC structure. Wherever
possible, it is advisable to validate simulations of single junctions of each material before attempting to
simulate a multijunction device.

40.5.1 Band Structure and Intrinsic Carrier Concentration

While material bandgaps are o�en well known to a high degree of accuracy, Altermatt makes the point
that it is more important to have a self-consistent set of parameters (i.e., bandgap, e�ective masses, and
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doping-induced bandgap narrowing) that lead to an accurate value of the e�ective intrinsic carrier
concentration, than to have any one of these individually correct.

If Fermi–Dirac statistics are being used in the simulation, then the experiments used to determine these
parameters must also have been based on the same statistics. For the III–V materials commonly used in
MJSCs, [25] is a good starting point.

Ternary materials in the (Al,Ga)0.5In0.5P system can have varying degrees of Cu:Pt ordering, where Al
or Ga atoms and In atoms are found on separate planes of the crystal structure [26]. This means that a
range of bandgap values are possible for the same material composition. For example, Ga0.5In0.5P can have
a bandgap in the range between 1.8 and 1.9 eV.

In Tables 40.2 through 40.4, we provide the material parameters used for the dri�-di�usion-based
simulation of the triple-junction solar cell as presented in this chapter. The e�ective bandgap, Eg,e� at a
temperature T is described using a Varshni model [25] for the temperature dependence,

Eg,e� = Eg,ref −
αT2

T + β
+

αT2
ref

Tref + β
− ΔEg, (40.18)

where Eg,ref is the bandgap at a reference temperature Tref, and α and β are the Varshni parameters. ΔEg
is a doping-dependent bandgap narrowing term, which we specify using a table of data points. Similarly,
the electron a�nity χ (di�erence between the vacuum energy level and the conduction band energy) is
described by

χ = χref +
αT2

T + β
−

αT2
ref

Tref + β
+ ΔEg ⋅ (Δχ∕ΔEg), (40.19)

where the ratio Δχ / ΔEg is speci�ed as a constant.
We calculate the conduction band and valence band densities of states, NC and NV, from the electron

and hole e�ective masses mn and mp [21],

NC = 2.5094 × 1019
(

mn
m0

⋅
T

300 K

)3∕2
cm−3, (40.20)

NV = 2.5094 × 1019
(mp

m0
⋅

T
300 K

)3∕2
cm−3. (40.21)

The e�ective intrinsic carrier density is then calculated from the band edge densities of states and the
e�ective bandgap,

ni,e� =
√

NCNV exp
−Eg,e�

2kT
. (40.22)

Carrier mobilities μn and μp are adjusted for temperature- and doping-dependent e�ects. One of two
parameterizations, the “Masetti model” [27] or the “Arora model” [28] are used depending on what data is
available and/or which model provides the best �t to data. The Masetti model takes the form

μ = μmin1 exp
(

−Pc
NA + ND

)

+
μmax(T∕300 K)ζ − μmin2

1 +
[

(NA + ND)∕Cr
]α −

μ1

1 +
[

Cs∕(NA + ND)
]β
, (40.23)

where ND and NA are the concentrations of donors and acceptors respectively. The remaining parameters
are listed in the parameter tables.
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TABLE 40.2 Table of Material Parameters for the GaInP/GaInAs/Ge Solar Cell Example.

Symbol Units Ga0.49In0.51P In0.01Ga0.99As Germanium
ϵ∕ϵ0 12.005 12.91 16.0

[29] [29] [30,31]
n, k [20] [32] [33]

Ba
nd

ga
p

Eg,0 eV 1.88 1.40 0.744
α eV/K 1.82 × 10−4 5.405 × 10−4 4.77 × 10−4

β K 81 204 235
Tref K 300 300 0
χ0 eV 3.924 4.07 3.960
ΔEg eV [29] [34] [29]

Δχ∕ΔEg 0.5 0.5 0.5
[35] [25] [31]

D
en

sit
y

of
st

at
es

mn∕m0 0.08515 0.06553 0.5438
NC, 300 cm−3 6.235 × 1017 4.210 × 1017 1.0063 × 1019

mp∕m0 0.7125 0.5236 0.3406
NV, 300 cm−3 1.5093 × 1019 9.509 × 1018 4.9883 × 1018

[29,35] [25,35] [29,35]

M
ob

ili
ty

(M
as

et
ti

m
od

el
)

μmax cm2/V.s (9400, 491.5)
ζ (2.1, 2.2)

μmin1 cm2/V.s (500.0, 20.0)
μmin2 cm2/V.s (500.0, 20.0)
μ1 cm2/V.s (0, 0)
Pc cm−3 (0, 0)
Cr cm−3 (6 × 1016, 1.48 × 1017)
Cs cm−3 (0, 0)
α (0.394, 0.38)
β (0, 0)

[36]

M
ob

ili
ty

(A
ro

ra
m

od
el

)

Amin cm2/V.s (400.0, 15.0) (850.0, 300.0)
αm (0, 0) (0, 0)
Ad cm2/V.s (3900, 135) (2950, 1500)
αd (0, 0) (0, 0)
AN cm−3 (2 × 1016, 1.5 × 1017) (2.6 × 1017, 1 × 1017)
αN (1.955, 1.47) (0, 0)
Aa (0.7, 0.8) (0.56, 1.0)
αa (0, 0) (0, 0)

[36] [31]

Re
co

m
bi

na
tio

n

Brad cm3/s 1 × 10−10 2 × 10−10 6.4 × 10−14

τmax s (2 × 10−8, 2 × 10−8) (1 × 10−7, 2 × 10−8) (0.001, 0.001)
τmin s (0, 0) (0, 0) (0, 0)
Nref cm−3 (1 × 1019, 1 × 1019) (1 × 1016, 2 × 1018) (1 × 1016, 1 × 1016)
γ (1.0, 1.0) (1.0, 3.0) (1.0, 1.0)
Tα K (0, 0) (0, 0) (0, 0)
Tcoe� (0, 0) (0, 0) (0, 0)
AA cm6s−1 (3 × 10−30, 3 × 10−30) (5 × 10−30, 5 × 10−30) (1 × 10−30, 1 × 10−30)
BA cm6s−1 (0, 0) (0, 0) (0, 0)
CA cm6s−1 (0, 0) (0, 0) (0, 0)
H (0, 0) (0, 0) (0, 0)
N0 cm−3 (1 × 1018, 1 × 1018) (1 × 1018, 1 × 1018) (1 × 1018, 1 × 1018)

[35] [35] [35]

Nonlocal
tunneling

g (0.21, 0.4) (0.21, 0.4)
mt∕m0 (0.24, 0.48) (0.085, 0.34)

[37] [38]

Note: Paired values in parentheses are speci�ed for electrons and for holes, respectively.
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TABLE 40.3 Table of Material Parameters for the GaInP/GaInAs/Ge Solar Cell Example

Symbol Units Al0.5In0.5P Al0.3Ga0.7As Al0.2Ga0.8As
ϵ∕ϵ0 11.355 12.055 12.34

[29] [29] [29]
n, k [20] [19] [19]

Ba
nd

ga
p

Eg,0 eV 2.382 1.7976 1.6726
α eV/K 1.76 × 10−4 4.98 × 10−4 5.12 × 10−4

β K 134.2 142.8 163.2
Tref K 300 300 300
χ0 eV 3.75 3.756 3.877
ΔEg eV [29] [34] [34]

Δχ∕ΔEg 0.5 0.5 0.5
[25] [25,35] [25,35]

D
en

sit
y

of
st

at
es

mn∕m0 0.23 0.0879 0.0796
NC, 300 cm−3 2.768 × 1018 6.540 × 1017 5.636 × 1017

mp∕m0 0.36 0.5842 0.5593
NV, 300 cm−3 5.4203 × 1018 1.1206 × 1019 1.0496 × 1019

[25] [25,35] [25,35]

M
ob

ili
ty

(M
as

et
ti

m
od

el
)

μmax cm2/V.s (150.0, 180.0) (3721.1, 240) (5896.6, 308.21)
ζ (1.0, 1.0) (1.74, 1.83) (1.81, 1.9)

μmin1 cm2/V.s (0, 0) (195.09, 5.0) (313.6, 8.8571)
μmin2 cm2/V.s (0, 0) (195.09, 5.0) (313.6, 8.8571)
μ1 cm2/V.s (0, 0) (0, 0) (0, 0)
Pc cm−3 (0, 0) (0, 0) (0, 0)
Cr cm−3 (5 × 1017, 2.75 × 1017) (1.16 × 1017, 1.00 × 1017) (9.33 × 1016, 1.07 × 1017)
Cs cm−3 (0, 0) (0, 0) (0, 0)
α (0.436, 0.397) (0.5758, 0.324) (0.5152, 0.33425)
β (0, 0) (0, 0) (0, 0)

[36] [36] [36]

M
ob

ili
ty

(A
ro

ra
m

od
el

)

Amin cm2/V.s
αm

Ad cm2/V.s
αd

AN cm−3

αN
Aa

αa

Re
co

m
bi

na
tio

n

Brad cm3/s 1 × 10−10 1 × 10−10 1 × 10−10

τmax s (2.5 × 10−8, 2.5 × 10−8) (1 × 10−6, 1 × 10−8) (1 × 10−6, 1 × 10−8)
τmin s (5 × 10−10, 5 × 10−10) (0, 0) (0, 0)
Nref cm−3 (1 × 1016, 1 × 1016) (1 × 1016, 2 × 1018) (1 × 1016, 2 × 1018)
γ (1.0, 1.0) (1.0, 3.0) (1.0, 3.0)
Tα K (0, 0) (0, 0) (0, 0)
Tcoe� (0, 0) (0, 0) (0, 0)
AA cm6s−1 (3 × 10−30, 3 × 10−30) (1 × 10−30, 1 × 10−30) (1 × 10−30 1 × 10−30)
BA cm6s−1 (0, 0) (0, 0) (0, 0)
CA cm6s−1 (0, 0) (0, 0) (0, 0)
H (0, 0) (0, 0) (0, 0)
N0 cm−3 (1 × 1018, 1 × 1018) (1 × 1018, 1 × 1018) (1 × 1018, 1 × 1018)

[35] [35] [35]

Nonlocal
tunneling

g (0.21, 0.4)
mt∕m0 (0.09, 0.37)

[38]

Note: Paired values in parentheses are speci�ed for electrons and for holes, respectively.
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TABLE 40.4 Table of Material Parameters for the GaInP/GaInAs/Ge Solar Cell Example.

Symbol Units Al0.25Ga0.25In0.5P MgF TiOx
ϵ∕ϵ0 11.84 5.3 6

[29] [39] [40]
n, k [20] [41] [42,43]

Ba
nd

ga
p

Eg,0 eV 1.984
α eV/K 1.76 × 10−4

β K 134.2
Tref K 300
χ0 eV 3.997
ΔEg eV [29]

Δχ∕ΔEg 0.5
[25]

D
en

sit
y

of
st

at
es

mn∕m0 0.1214
NC 300 cm−3 1.061 × 1018

mp∕m0 0.6244
NV 300 cm−3 1.24 × 1019

[29,35]

M
ob

ili
ty

(M
as

et
ti

m
od

el
)

μmax cm2/V.s
ζ

μmin1 cm2/V.s
μmin2 cm2/V.s
μ1 cm2/V.s
Pc cm−3

Cr cm−3

Cs cm−3

α
β

M
ob

ili
ty

(A
ro

ra
m

od
el

)

Amin cm2/V.s (400.0, 15.0)
αm (0, 0)
Ad cm2/V.s (3900, 135)
αd (0, 0)
AN cm−3 (2 × 1016, 1.5 × 1017)
αN (1.955, 1.47)
Aa (0.7, 0.8)
αa (0, 0)

[36]

Re
co

m
bi

na
tio

n

Brad cm3/s 1 × 10−10

τmax s (1 × 10−9, 1 × 10−9)
τmin s (0, 0)
Nref cm−3 (1 × 1019, 1 × 1019)
γ (1.0, 1.0)
Tα K (0, 0)
Tcoe� (0, 0)
AA cm6s−1 (3 × 10−30, 3 × 10−30)
BA cm6s−1 (0, 0)
CA cm6s−1 (0, 0)
H (0, 0)
N0 cm−3 (1 × 1018, 1 × 1018)

[35]

Nonlocal
tunneling

g
mt∕m0

Note: Paired values in parentheses are speci�ed for electrons and for holes, respectively.
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TABLE 40.5 Table of Interface Parameters for the GaInP/GaInAs/Ge Solar Cell Example.

Symbol Units TiOx/AlInP AlInP/GaInP GaAs/AlGaAs GaInP/Ge
Interface

recombination
S0 cm/s 0 (2 × 105, 2 × 105) (200, 200) (1 × 105, 1 × 105)

�tted [44]/�t to data [44] [6]/�t to data

Note: Paired values in parentheses are speci�ed for electrons and for holes respectively.

The Arora model for mobility uses a set of temperature-corrected constants,

N0 = AN

( T
300 K

)αN
;A∗ = Aa

( T
300 K

)αa
(40.24)

μmin = Amin

( T
300 K

)αm
; μd = Ad

( T
300 K

)αd
. (40.25)

Mobility is then calculated with

μ = μmin +
μd

1 +
[

(NA + ND)∕N0
]A∗ . (40.26)

40.5.2 Recombination, Lifetimes, and Surface/Interface Recombination
Velocities

Having de�ned some of the basic material properties, we can now look at the recombination rates, each
of which have their own material parameters. Here we present the rates as they are implemented in the
Sentaurus so�ware [21]; similar formulas can be found in texts on device simulation such as Palankovski
[31]. The radiative recombination rate can be written as

Rrad = Brad(np − γnγpn2
i,e�), (40.27)

where γn and γp are correction factors which are needed for simulations using Fermi–Dirac statistics, and
are de�ned by

γn =
n
NC

exp
EC − EFn

kT
, (40.28)

γp =
p
NV

exp
EFp − EV

kT
. (40.29)

The SRH recombination rate is somewhat more complicated. We begin by �nding the doping-dependent
minority carrier lifetimes for the SRH process,

τSRH = τmin +
τmax − τmin

1 +
(

NA+ND
Nref

)γ . (40.30)

This calculation will be done separately using di�erent parameters for the electron and hole minority
carrier lifetimes. Then we can write the expression for the SRH recombination rate,

RSRH =
np − γnγpn2

i,e�

τSRH,p(n + γnn1) + τSRH,n(p + γpp1)
, (40.31)
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where n1 and p1 are

n1 = ni,e�exp
(Etrap

kT

)

; p1 = ni,e�exp
(−Etrap

kT

)

. (40.32)

Note that we have not included a temperature dependence of the lifetimes, or any enhancement of the
SRH process due to electric �eld, but these could be signi�cant in some devices. Etrap is the position of the
trap level relative to the intrinsic level; we generally take it to be zero.

Finally, we write the Auger recombination rate,

RAuger = (Cnn + Cpp)(np − n2
i,e�). (40.33)

Due to the long nonradiative lifetimes in the bulk of many III–V materials and the relatively thin lay-
ers, interface recombination can be a signi�cant factor in the performance of these devices. The values of
surface recombination velocity can vary widely due to various growing conditions, and so this along with
the SRH lifetime can be treated as a “�tting parameter” rather than a known material property [44]. The
surface recombination rate is treated with an SRH model,

Rsurf =
np − γnγpn2

i,e�

(n + γnn1)∕Sp + (p + γpp1)∕Sn
, (40.34)

where Sn and Sp are the electron and hole surface recombination velocities.

40.5.3 Tunnel Diodes

The tunnel diodes that allow for the �ow of carriers between subcells in MJSCs operate via band-to-band
tunneling across a degenerately doped p++/n++ junction [45]. The depletion width in this case will be
extremely narrow (∼5 nm), with carrier populations at similar energy levels on both sides of the junction
(Figure 40.5a). When a small bias is applied, the free electrons become aligned in energy with holes on the
opposite side, and can tunnel across the junction, creating a net current.

A typical J–V curve of a tunnel diode is shown in Figure 40.5b. Under normal conditions, the tunnel
diode should remain in the ohmic region, where large currents can be conducted with minimal potential
di�erence across the tunnel diode. This requires that the peak tunneling current density should be signif-
icantly greater than the solar cell’s short-circuit current density JSC. If the bias voltage is increased beyond
the ohmic region, the free electrons and holes are no longer aligned in energy and the tunneling current
decreases. Eventually, the diode will be forward biased and will conduct via normal mechanisms.

Many dri�-di�usion-based simulators allow for modeling band-to-band tunneling using approaches
derived from the work of Kane et al. [46] and others [47,48]. These models can reproduce all of the behavior
of a tunnel junction [37,38,49] including the ohmic region, tunneling peak and excess current region of
the tunnel diode J–V curve [30].

Tunnel diodes typically have minimal impact on the performance of MJSCs, except in pathological cases
or where the device is operated at very high current density. For many studies, a simplistic band-to-band
tunneling model based only on local quantities will be su�cient. For example, in Synopsys Sentaurus, there
is a model that adds a band-to-band recombination term to the continuity equation following the work of
Hurkx [47],

Rbb = A
np − n2

i,e�

(n + ni,e�)(p + ni,e�)

(

|F|
1V/cm

)σ
exp

(

−
F0
|F|

)

, (40.35)
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FIGURE 40.5 (a) Detail of the bottom tunnel-diode portion of the cross-sectional band diagram. The tunnel diode
is short circuited. “xx” symbols represent holes and “∗” symbols represent electrons that are available to tunnel across
the junction into the opposite band. (b) J–V curve of a tunnel diode. Contributions from band-to-band tunneling and
the diode di�usion current are shown.

where n and p are the electron and hole concentrations, ni,e� is the e�ective intrinsic carrier concentra-
tion, and F is the local electric �eld strength. σ has a value of 2 for direct transitions and 5/2 for indirect
transitions. A and F0 are material-dependent parameters that must be determined experimentally. This
type of model should be adequate to give good results in cases where tunnel diodes are not dominating
the behavior of an MJSC, but because it does not consider the variation of the band pro�le and material
properties across the tunneling path, it will not be physically accurate.

A more accurate, but also more computationally intensive, approach uses a nonlocal band-to-band tun-
neling model combined with trap-assisted tunneling [50]. A “nonlocal” model is one where the tunneling
current at a given position is calculated based on quantities at other locations, such as the potential pro-
�le across the tunneling path, and carriers are e�ectively removed from one location in the structure and
reinserted at a di�erent location. The use of this type of nonlocal model is described in detail in [38] and
[51]. Implementation in Sentaurus is shown in Reference [52]. Figure 40.5b was simulated using nonlocal
models for band-to-band tunneling as well as SRH recombination enhanced by trap-assisted tunneling.
The individual contributions from each of these two mechanisms is shown in the �gure. Some typical val-
ues of the tunneling masses mt and e�ective Richardson constants g are included in Tables 40.2 and 40.3.
Readers should refer to references [38,50–52] for interpretation of these parameters.

It is our experience that, while it it very possible to �t tunnel-diode parameters to a measured J–V curve,
the resulting model tends not to be predictive for varying tunnel junction designs (i.e., varying doping levels
or material compositions). The peak tunneling current of devices can vary by several orders of magnitude
for relatively small changes in doping or material composition.

40.6 Current–Voltage Calculation

A J–V curve calculation is performed by �rst calculating the optical generation as a function of position
for the appropriate illumination conditions, then solving the dri�-di�usion problem while ramping bias



9781498749565_C040 2017/8/31 12:16 Page 432 #18

432 Handbook of Optoelectronic Device Modeling and Simulation

at the contacts. It can also be useful to generate J–V curves for individual subcells. Additional “virtual”
ohmic contact boundary conditions are de�ned at locations in between the subcells in order to bias a
subcell individually. The current through a given subcell is then the sum of currents at all contacts above it
(Figure 40.6).

It’s very informative to study the subcell dark J–V curves on a log-current axis, as the contributions from
various physical processes can be distinguished [2]. In Figure 40.6c, the dark J–V curve of the (In)GaAs
subcell is plotted along with the recombination currents due to SRH, radiative, and Auger mechanisms.
The recombination currents are calculated as

Ji =
q
A ∫V

Ri dV, (40.36)

where q is the electron charge, R is the recombination rate per unit volume, A is the cell area and i refers to
the recombination process in question. The integral is evaluated over the volume of a subcell. Comparing
simulated dark-current curves against measured single-junction devices can be a good �rst step to validat-
ing multijunction simulations. When plotted on a log axis, the slope of the curve is directly related to the
diode ideality factor. In particular, the SRH mechanism usually produces a region where the ideality factor
nideal ≃ 2; this gives an excellent method to verify that the SRH current is modeled accurately indepen-
dent of other factors. In contrast, �tting the SRH lifetimes based on VOC measured at high intensity (1 sun
or greater) would not be e�ective as the cell is not strongly dominated by the SRH process at that level
of bias.
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FIGURE 40.6 (a) J–V curves of the subcells and the triple-junction device under 500 suns, AM1.5D illumination.
(b) Dark current curves of each of the subcells. (c) Dark J–V curve of (In)GaAs with the contributions from individual
processes.
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40.7 Quantum Efficiency Calculation

Experimentally, QE of multijunction cells is measured by using bias lights to ensure that the subcell of
interest is limiting the overall device current, as described in Reference [53]. In this way, it is possible to
probe each of the subcells individually. This experiment can also be replicated in simulation by adding bias
illumination sources, or simply adding a �xed amount of carrier generation to the non-limiting subcells,
in addition to a monochromatic source, which is scanned in wavelength over the range of interest. The
bias light intensity must be adjusted such that the short-circuit currents of the non-probed junctions are
greater than the current produced by the probed junction at any wavelength; this requires some iteration
to �nd the correct bias intensities.

An alternative approach that can be implemented in simulation is to simply de�ne ohmic “virtual con-
tacts” to the front surface �eld and back surface �eld layers of each subcell. This provides a more direct
control over the voltage bias being applied to each subcell than the light-biasing method, but should gener-
ally yield identical results. It also has advantages over the light-biasing method in that there is no iteration
required to �nd the correct setup, and where the light-biasing method requires a separate sweep over wave-
length for each junction, with the “virtual contact” method the short-circuit currents and QE plots of all
triple junctions can be collected in one wavelength sweep. The simulated QE for the triple-junction solar
cell, calculated using this method, is presented in Figure 40.7. The simulation will output short-circuit cur-
rent density as a function of wavelength λ for subcell i, JSC,i. From the optical calculation, we also know
the re�ectivity from the top of the layer stack, R(λ) and transmissivity through the layer stack, T(λ). The
external quantum e�ciency (EQE) of a given subcell is de�ned as the ratio of short-circuit current density
to incident photon �ux densityΦ(λ),

EQEi(λ) =
JSC,i(λ)
qΦ(λ)

, (40.37)

or in terms of the optical intensity E(λ),

EQEi(λ) =
hc
qλ

JSC,i(λ)
E(λ)

, (40.38)
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FIGURE 40.7 External (solid) and internal (dashed) quantum e�ciency (EQE and IQE) of the triple-junction solar
cell. The normalized AM1.5D solar spectral irradiance is shown �lled in gray.
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where h is Planck’s constant, c is the speed of light and q is the electron charge. Internal quantum e�ciency
(IQE) is given by

IQEi(λ) =
EQEi(λ)

1 − R(λ) − T(λ)
. (40.39)

QE curves as calculated in so�ware o�en show Fabry–Pérot type oscillations at long wavelengths which
do not appear in physical measurements. Frequently these oscillations are physically correct for a perfectly
collimated beam, but in an experimental setup with a �nite beam divergence and monochromator resolu-
tion these �ne details cannot be resolved. In order to make meaningful comparisons between measured and
simulated data, it can therefore be useful to convolve the simulated QE with a spectral function approx-
imating the monochromator lineshape, thus giving a representation of the simulated QE as it would be
measured by an instrument. We can write this e�ective QE as

EQEe�(λ) = ∫

∞

−∞
EQE(λ + l)w(l)dl, (40.40)

where EQE(λ) is the simulated QE, w(λ) is a function approximating the spectral lineshape of the
monochromator which is centered at λ = 0 and integrates to unity, and l is a variable of integration.

Besides calculating the experimentally measurable quantities R, T, EQE, and IQE, simulation also pro-
vides the opportunity for introspection – examining quantities, which would not be measurable. We can
integrate various recombination rates over the volume of the device to quantify each of the loss mecha-
nisms and explain any nonideality in the simulation. For example, integrating the SRH recombination rate
over the volume of subcell i, we �nd a loss component

LSRH,i(λ) =
1

AΦ(λ) ∫Vi

RSRH(λ)dV. (40.41)

Similarly for interface recombination at the interfaces above and below subcell i,

Lsurf,i(λ) =
1

AΦ(λ)

(

∫Aem,i∕fsf,i

RsurfdA + ∫Abase,i∕bsf,i

RsurfdA

)

, (40.42)

where the integrals are evaluated over the area of the front surface �eld/emitter and base/back surface
�eld interfaces of the subcell in question. In general, it is possible to account for all EQE losses in this way,
in which case the sum of all subcell EQEs and all loss components should be unity (Figure 40.8). Just as
the EQE can be integrated with incident spectrum to give JSC of each subcell, the loss components can be
integrated to indicate the amount of photocurrent lost via a particular mechanism.

40.8 Photon Recycling and Luminescent Coupling

Some MJSCs show signi�cant e�ects due to photon recycling, which can enhance the voltage of individual
subcells, and luminescent coupling which can redistribute photocurrent between junctions and reduce
sensitivity to spectrum [54,55].

To understand this, we can modify the circuit model of Figure 40.1b with two diodes per subcell, one of
which represents the nonradiative recombination current and one the radiative current, Jrad,i (Figure 40.9).
A portion of the radiatively emitted current results in generation within other junctions, according to

JLC,i =
∑

j
Ki,jJrad,j, (40.43)
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FIGURE 40.9 Equivalent circuit model of a triple-junction cell, modi�ed to distinguish radiative and nonradiative
diode currents and to include coupled generation.

where Ki,j is a junction-to-junction coupling coe�cient. If any of the photocurrents Jph,i are in excess of
the device current J, that excess current will recombine through the nonradiative and radiative diodes in
Figure 40.9. At su�ciently high bias, GaAs and GaInP junctions have predominantly (>90%) radiative
recombination. These junctions are thick enough that the self-coupling coe�cient Ki,i can also be >90%,
meaning that carriers can cycle repeatedly through the process of radiative recomination, photon emission,
and reabsorption within the same junction. This process is called “photon recycling” and can be responsible
for an increase in carrier concentrations.

A related term, “luminescent coupling,” refers to the coupling between di�erent junctions. If one of the
bottom junctions is current limiting (i.e., it has the samllest Jph of any subcell), then the excess current in
the upper junctions can be radiatively coupled into the bottom junction, allowing a JSC greater than the
photocurrent in the limiting junction.

Luminescent coupling can also be observed in experimental measurements of multijunction cell QE.
When bias lights are applied to the top two subcells, some of that bias light is coupled into the subcell that
is being probed, interfering with the measurement [56].

These e�ects can be modeled in a dri�-di�usion device simulator with the addition of a coupled gen-
eration term to the continuity equation [57,58], or through a process of successive approximations to the
optical generation function [59].
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We discuss the �rst option here, and begin by modifying the process �ow outlined in Figure 40.2 and
insert a step a�er the assignment of material parameters for calculation of the coupling matrix, which gives
the probability that a photon emitted from a position A will be reabsorbed at another position, B (shown
in Figure 40.10). Naturally, photons have a great probability of being reabsorbed near the point where they
are emitted (i.e., along the main diagonal of the matrix), or in layers of smaller bandgap such as a lower
subcell. Indeed, the �gure shows signi�cant absorption in the GaAs junction (J2) due to emissions from J1,
and also absorption in J3 from emissions in J2. This coupled transfer is unidirectional; there is no coupling
of emitted photons from the lower subcells into the upper ones. Also, it should be noted that Figure 40.10
indicates only the e�ciency with which emitted photons are reabsorbed. Some layers may not emit strongly
at all depending on the local carrier concentration and the ratio of radiative and nonradiative lifetimes.

Once the coupling matrix has been calculated, the simulation can proceed as normal with a modi�cation
to the electron and hole continuity equations to add the coupled generation term which is a function of
radiative recombination rates at all positions within the device. While the simulator used here, Synopsys
Sentaurus, does not directly provide a method to add this term, it does provide a facility to de�ne custom
generation/recombination terms through a C++ programming interface. The custom C++ code is executed
at each iteration of the nonlinear equation solver, and has access to quantities such as carrier concentrations
(and by extension, recombination rates) at all mesh vertices within the simulation domain. The technique
is described in detail in the appendix to Reference [58].

The result of this calculation can be seen in Figure 40.11; the “plateau” in QE between 650 and 880 nm
is due to light that is radiatively coupled from the (In)GaAs junction into the germanium junction, and is
an undesirable e�ect as it interferes with measuring the actual germanium photocurrent Jph,3.
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FIGURE 40.11 Calculated quantum e�ciency of the germanium junction including coupled generation from light
emitted by the (In)GaAs junction.

In multijunction phototransducers, which are devices closely related to MJSCs but are designed to oper-
ate under single-wavelength illumination, the luminescent coupling causes a signi�cant broadening of the
wavelength response. This broadening e�ect has also been modeled using this technique[58,60].

In contrast with the circuit-model representation, this treatment of luminescent coupling using a dri�-
di�usion simulation provides some advantages. The radiative emission rate, and the resulting coupled
generation, is calculated as a function of position and re�ects local changes in carrier density. The rates
of emission from the emitter, the space charge region, and the base will each vary depending on the bias
conditions, and the simulation will handle these changes appropriately. Areas that are shaded by grid-
lines and busbars will also be treated correctly. Furthermore, it is straightforward to consider coupling
between all layer combinations in the device structure, not just those layers that comprise the photovoltaic
junctions.

40.9 Summary

MJSCs are relatively complex devices, with typically 25 or more heterointerfaces and a number of photo-
voltaic junctions and tunnel diodes. With su�cient calibration, models can be developed that provide a
very accurate representation of the device performance and can indicate the relative importance of various
loss mechanisms. Once the model is calibrated, a detailed design of experiments can be done to pinpoint
optimal design for a given requirement. In order to do accurate simulations, an extensive set of material
parameters must be collected for each of the semiconductor materials. In particular, the complex refrac-
tive index, the minority carrier lifetimes, and the tunneling parameters tend to be di�cult to �nd in the
literature and need to be found through experiment.

In many cases, lateral current spreading and uneven bias across the surface of the cell have signi�cant
impacts on e�ciency, which cannot be represented in a simple equivalent circuit model. In concentrating
systems that have chromatic aberrations, the illumination of each subcell will have a di�erent, nonuniform
distribution over the the cell aperture. This leads to local mismatch in the subcell current densities and
is an interesting problem to study through device simulation. Simulations based on dri�-di�usion enable
the device to be simulated including transport across all heterojunctions, without any presupposition of
diode-like behavior, and hence this type of model can be used to study the e�ects of extreme operating
conditions or manufacturing errors where the diode model is not applicable.
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41.1 Introduction: Nanostructures in Photovoltaics

The operation of solar cell (SC) devices is governed by a large variety of solid-state properties associated
with the interplay of optical, electronic, and vibrational degrees of freedom of the component materials.
Light-matter interaction provides the elementary optoelectronic processes of photogeneration and radia-
tive recombination, while coupling of charge carriers to lattice vibrations leads to energy conversion losses
due to thermalization, dissipative transport, and nonradiative recombination.

In the presence of spatial inhomogeneities, the optoelectronic material properties change if the char-
acteristic length scale of the spatial variation is reduced below a certain threshold. The critical length
scale depends on the physical degree of freedom (optical, electronic, vibrational) and corresponds to the
wavelength of the associated wave (electromagnetic [EM] wave, de Broglie wave, sound wave). In this sub-
wavelength regime, the physics is governed by the corresponding wave equations (Schrödinger, Maxwell,
harmonic lattice dynamics), with the peculiar features such as interference or nonlocality. Along with the
states, the interaction of di�erent degrees of freedom is strongly modi�ed in the presence of con�nement,
mainly due to the e�ect of localization and symmetry breaking. This tunability of physical properties via
variation of material composition, size and shape of structures below a characteristic length scale—termed
nanostructures (NSs)†—provides the basis for the vast �eld of nanotechnological applications, and the rela-
tion between con�gurational parameters and target NS functionality is a major topic of past and current
research. Almost since the advent of semiconductor NS fabrication technologies, such as molecular beam
epitaxy (MBE) or metal-organic chemical vapor deposition (MOCVD), but also lithographic processes,

† While the term nano is used for all of the above degrees of freedom (nanophotonics, -electronics, -phononics) to distin-
guish the con�nement regime from bulk behavior, the characteristic con�nement length varies strongly (0.1 μm to 1 cm for
photons, 0.5 to 10 nm for electrons, 5 nm to 1 cm for phonons).
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the peculiar physical properties of the NS produced in this way have also been utilized for the design of
novel SC devices with the potential of increased photovoltaic (PV) conversion e�ciency. In later years, new
NS fabrication techniques such as nanoimprinting, catalytic vapor deposition, or solution-based processes
have enlarged the zoo of NSs and NS architectures proposed for SC with either enhanced e�ciency or the
potential for substantial cost reduction.

A common way to characterize NSs is according to the dimensionality: The material without con�ne-
ment, i.e., featuring extended states in all three spatial dimensions, is referred to as bulk. For electronic
con�nement in one, two, and three spatial dimensions, the resulting 2D, 1D, and 0D NSs are called quantum
well (QW), quantum wire (QWR), and quantum dot (QD), respectively. At length scales where only optical
con�nement is present, the corresponding objects are usually called thin �lms, nanowires, and nanopar-
ticles, respectively. On the other hand, the functionalities of nanostructure solar cell (NSSC) components
can be categorized according to the physical degree of freedom that is to be a�ected: Optical function-
alities are used for the purpose of light trapping for absorption enhancement via engineering of the EM
�eld strength inside the absorber; the (opto-)electronic functionalities, which are related to the tuning of
(opto-)electronic properties such as bandgaps, absorption coe�cients, mobilities, and carrier relaxation
rates via electronic structure engineering; and vibrational functionalities, which a�ect the dissipation of
carrier energy due to coupling to lattice vibrations, for instance, via inhibition of suitable phonon modes.
As explained earlier, all of the functionalities emerge as the consequence of the nanoscale dimension of the
structures that leads to quantization and con�nement of the photonic, electronic, and vibrational states
and results in physical properties that can deviate considerably from the bulk behavior.

The main applications of NS in photovoltaics are in the so-called second and third generations of PV
devices [1], where NS are used in the implementation of SC concepts aiming at either lower cost through
strongly reduced material usage and cheap production technology or at increased energy conversion e�-
ciencies through enhanced spectrum utilization and/or reduced thermalization losses. NS with optical
functionality have been instrumental in the realization of thin-�lm SC (second generation) based on
low absorption materials, such as thin-�lm silicon devices [2] or ultrathin absorbers [3]. Relevant rep-
resentatives of such NS applications for light-trapping include plasmonic metal nanoparticles [4] and
nanostructured metal �lms [5], dielectric scatterers [6] and di�raction gratings [7], engineering of the
optical density of states (DOS) via photonic crystals [8], light focusing antenna e�ects in nanowires and
nanorods [9], as well as spectral conversion via QDs [10]. This wide �eld of optical NS for PV applications
is covered by a number of topical reviews [11–14].

The electronic functionality of NS concerns �rst of all the tuning of optical transitions and nonradiative
charge carrier dynamics in high-e�ciency SC architectures for concentrator and space applications (third
generation). Since the early nineties, multi-QW (MQW—multiple decoupled QW) and QW superlattice
(QWSL—periodic and coupled QW) structures have been implemented in di�erent III-V semiconductor
materials and have been investigated for application in single-junction SC [15] and multijunction (MJ)
PV devices [16], and, more recently, also for hot-carrier SC (HCSC) [17]. The practical relevance of these
structures lies mainly in the adjustability of the absorption edge to the wavelength required for e�ciency
optimization, in the case where suitable bulk materials are not available. Similar bandgap engineering
features are provided by multi-QD (MQD) or QD superlattice (QDSL) structures implemented in III-V
semiconductors [18–21] or silicon alloys [22], with the advantage of improved strain relaxation mecha-
nisms. However, while QWSCs based on strain-balanced components have enabled e�ciencies comparable
to the bulk limit [23], severe recombination losses did not allow thus far a similar achievement in QDSC
[24]. On the other hand, QD structures were considered to be particularly useful for the implementation of
a number of speci�c third-generation PV concepts: for intermediate band SC (IBSC) due to the possibility
to obtain an energetically separated intermediate state or band from the ground state of the QD [25]; for
multiple exciton generation (MEG) via impact ionization (providing increased current) due to enhanced
electron–electron interaction as a consequence of wave function localization [26]; and for the extraction of
hot carriers in HCSC (providing increased voltage) due to inhibited electron–phonon scattering resulting
from the low density and spectral sparsity of electronic and vibrational modes [27]. These e�ects have
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been demonstrated in dedicated experimental setups [28–33], but they remain to be shown in working SC
devices.

Besides these highly ordered epitaxial QD structures, there is a whole class of QD materials made as
colloids from solution, such as, e.g., PbSe and PbS [34], which are arranged into di�erent SC architectures,
ranging from QD-sensitized TiO2 electrodes to hybrid organic–inorganic devices and closely packed QD
solids with carrier-selective contacting schemes [35–38]. While present e�ciencies are still low (11.3%),
these approaches promise low-cost manufacturing, and there is still the prospect of MEG exploitation as
observed in the constituent particles [39].

For the sake of completeness, a word is due here on the case of QWRs. Even though they o�er a per-
fect combination of size tunability in transverse dimensions with extended states in transport direction,
there are almost no experimental structures including 1D NS with electronic functionality. The reasons
are twofold. On the one hand, it is very challenging to produce wires with diameters small enough such
as to exhibit electronic con�nement. On the other hand, it is not possible to achieve at the same time
optical and electronic con�nement: At the dimensions suitable for optical con�nement, the absorber is elec-
tronically bulk-like, and no guided optical modes can exist in the tiny dimensions required for electronic
con�nement.

As compared to the optical and electronic features emerging at the nanoscale, the vibrational function-
alities of NSs have received the least attention so far. Most potential applications consider exploitation of
reduced carrier cooling by engineering the phonon modes in NSs such as QWSL [40] and QDSL [22,27].
The issue of con�ned phonons is discussed also in the context of fast relaxation of hot photogenerated
excitons in isolated QD, one of the detrimental factors suppressing MEG, which was thought to be reduced
in QD. Recent experiments and simulations emphasize the in�uence of so�ened surface modes enabling
e�cient multiphonon relaxation [41].

All of the above functionalities might be relevant in a single SC device, for instance a HCSC based on
a III-V QWSL structure (similar to [40]) with absorption enhancement induced by plasmonic nanopar-
ticles or a cavity e�ect. In such a case, deviations from bulk physics need to be considered for photons,
electrons, and phonons at the same time. Furthermore, while the single functionality of an NS compo-
nent (e.g., enhancement of interband absorption due to wave function localization) might be bene�cial
for a certain aspect of device operation (e.g., photogeneration), it may at the same time have a detrimental
impact on another aspect (e.g., recombination and transport). Indeed, in experimental implementations
of advanced PV concepts, NSs are o�en found to introduce electronic and optical losses, e.g., due to high
defect density at NS interfaces and parasitic absorption into localized states with insu�cient carrier extrac-
tion e�ciency. In the idealized models considered for the determination of e�ciency bounds such as the
famous Shockley–Queisser (SQ) limit [42], such losses are usually neglected. This explains to some extent
the large discrepancy between theoretical ideal case predictions and experimentally achieved results. How-
ever, for a realistic assessment of the technological potential of a given NSSC concept, the detrimental
aspects associated with the NS need to be considered and quanti�ed. This underlines the importance
of advanced modeling approaches reaching beyond bulk semiconductor physics for this category of PV
devices, which will be in the focus of the remainder of this chapter.

Space does not permit a detailed discussion of the modeling approaches for all of the NS used in pho-
tovoltaics as outlined above. Since nanophotonic aspects of optoelectronic device modeling are covered
elsewhere in this book, NS with purely optical functionality—including the important case of the nanowire
SC, where the absorber is at the same time its own light-trapping structure—will not be addressed here.
The other important class of NSSC that will not be covered comprises the colloidal QD SC architectures. In
these devices, the PV processes are strongly in�uenced by the surface chemistry, such as, e.g., the proper-
ties associated with di�erent ligand molecules, but also by strong carrier localization, large exciton binding
energies, and the considerable �uctuations in size and position. As a consequence, mobility is usually
limited by thermally activated hopping processes [43], resulting in poor transport properties. The disorder-
induced smearing of the band edge has also unfavorable impact on the achievable open-circuit voltages,
even at the radiative limit and under the assumption of perfect transport [44]. Overall, the situation is
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FIGURE 41.1 Common architectures of NSSC: (a) multi-QW or QD structures, where the con�ned states of dis-
tinct NS are not coupled, and photogenerated carriers therefore need �rst to escape to extended (quasi-)continuum
states in order to contribute to current; (b) superlattices of QW or QD, where miniband formation or sequential tun-
neling enables photocarrier transport and extraction via partially localized NS states; (c) in contrast to (b), the IBSC
con�guration features noncontacted NS states, which, however, can still be delocalized, but, contrary to (a), should be
only radiatively coupled to the contacted continuum states by which carriers are extracted. CB, conduction band; VB,
valence band; IB, intermediate band.

closer to the case of organic and hybrid SC, for which a whole range of dedicated simulation approaches
exist [45].

The main focus of this chapter, however, will be on the modeling of regimented QW and QD archi-
tectures as utilized for the implementation of high-e�ciency SC concepts using inorganic semiconductor
materials. Among these structures, three main categories can be distinguished according to the participa-
tion of the NS states in the transport of charge carriers. The �rst category includes devices where the NS
states are localized in transport direction and need to be coupled to another set of extended (i.e., bulk-like
or uncon�ned) states to enable charge carrier �ow. Typical representatives are the MQW and MQD SC
(Figure 41.1a). The second category consists of architectures where both generation-recombination and
transport processes are mediated by NS states, which requires a �nite degree of wave function delocal-
ization in transport direction related to the coupling of NS, as in QDSL devices with large con�nement
barriers (Figure 41.1b). Finally, there are structures where coupling-induced delocalization exists between
both con�ned and uncon�ned states, but only the continuum states are connected to contacts, as in some
QD-IBSC implementations (Figure 41.1c).

In Section 41.2, the main physical mechanisms governing the PV device operation are discussed for
the di�erent types of NS architectures with regard to their theoretical description and modelization. In
Section 41.3, existing methods are reviewed to obtain the device characteristics of NS-based SCs under
consideration of the modeling requirements resulting from Section 41.2 and the associated implementation
challenges, establishing a simulation hierarchy ranging from global detailed balance approaches for limit-
ing e�ciency calculations to microscopic quantum-kinetic theories for the local charge carrier dynamics
in nonclassical device regions. In Section 41.4, the simulation of a prototypical NSSC in the form of a single
QW photodiode is considered in the light of the approaches discussed in Section 41.3.

41.2 Physical Mechanisms of NSSC Device Operation

In the following, the di�erent stages of the PV energy conversion process in NSSC—from the incident
photon �ux to the extracted charge current—are considered with focus on the modeling requirements
imposed by the presence of NS components.
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41.2.1 Photogeneration of Electron–Hole Pairs

The structures that are of interest in NS PV architectures are small compared to the coherence length of
sunlight. The spectral photon �ux Φγ(r, ℏω) at energy ℏω, with ℏ the reduced Planck constant and ω the
frequency of the light, and position r inside the absorber of the SC under consideration is therefore well
described by the propagation of coherent EM radiation in a dispersive medium, as provided by the solu-
tion of (macroscopic) Maxwell’s equations. In the most general case, the linear response† of the medium to
the transverse electrical �eld t is characterized by the complex microscopic dielectric tensor ⃖⃗ε(r, r′, ℏω),
which considers the electronic excitations in dependence of the energy and polarization of the incident
radiation �eld and of the available electronic states. The corresponding local volume rate  for the gener-
ation of electron–hole pairs by photon absorption is obtained from the dissipated EM energy as follows
[46]:

(r, ℏω) = ηgen(r, ℏω)(2ℏ)−1
∑

μ,ν ∫
d3r′ ℑ

{

ε0εμν(r, r′, ℏω) t∗
μ (r, ℏω)

t
ν(r

′, ℏω)
}

, (41.1)

where ℑ denotes the imaginary part, ε0 is the vacuum permittivity, ηgen is the generation e�ciency
(ηgen = 1 means that each photon that is absorbed generates exactly one electron-hole pair), and  is
the absorbing volume. In the above expression, the time-harmonic monochromatic Ansatz t(r, t) =
ℜ{t(r, ℏω) exp(−iωt)}was used. While the interaction with the light is inherently nonlocal from the elec-
tronic point of view, an averaged local version of the dielectric tensor can be used if the EM �eld varies only
slowly over the length scale of electronic inhomogeneities. For an isotropic medium and unit generation
e�ciency, Equation 41.1 can then be rewritten as

(r, ℏω) =(2ℏ)−1ε0ℑε(r, ℏω)|t(r, ℏω)|2 ≈ α(r, ℏω)Φ(r, ℏω), (41.2)

where

α(r, ℏω) ≡ ω
nrc0

ℑε(r, ℏω) (41.3)

denotes the (locally de�ned) absorption coe�cient that re�ects the decay of the optical intensity due to all
optical excitations possible at a given photon energy, weighted by their respective strength (c0: speed of
light in vacuum, nr: refractive index of the background).

41.2.1.1 Photon Flux

In the general time-harmonic case, the photon �ux is given by the Poynting vector S of the transverse EM
�elds (t,t):

S(r, ℏω) = (2μ0)−1{t(r, ℏω) ×t(r, ℏω)
}

≡ Φ(r, ℏω)ℏω n̂(r, ℏω), (41.4)

where μ0 is the vacuum permeability and n̂ is the unit vector in the direction of propagation. The evolution
of the �ux inside the absorber is related to the EM dissipation due to light-matter coupling via the optical
conservation law:

∇ ⋅ S(r, ℏω) = − 1
2
ωε0 ℑ

{

"(r, ℏω)[t(r, ℏω)]∗ ⋅ t(r, ℏω)
}

, (41.5)

† This is appropriate for standard solar illumination conditions, i.e., the AM1.5g spectrum.
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where the transverse electrical �eld is given by Maxwell’s equations acquiring the form

μ−1
0 ∇ × ∇ × t(r, ℏω) = ω2ε0"(r, ℏω)t(r, ℏω), (41.6)

∇ ⋅ ε0"(r, ℏω)t(r, ℏω) = 0. (41.7)

The absorptance of the absorbing volume is then given by the ratio a ≡ Pabs∕Pin of absorbed and incident
EM power, with Pabs = ∫ d(−∇ ⋅ S) and Pin = ∫ dS ⋅ S, where  is the surface of the absorbing volume.
In the absence of optical con�nement—for instance, in optically thick absorbers—the decay of the �ux can
be written in terms of the absorption coe�cient via the Lambert–Beer (LB) law, e.g., for propagation along
the z-direction:

ΦLB(z, ℏω) = Φ
↙
0 (ℏω) exp

(

− ∫

z

0
dz′ α(z′, ℏω)

)

, (41.8)

with Φ↙
0 denoting the incident photon �ux at z= 0. This de�nes the absorptance aLB(z, ℏω) ≡ 1 −

ΦLB(z, ℏω)∕Φ
↙
0 (ℏω) a�er an optical path of length z. For planar systems featuring optical elements such

as antire�ection coatings (ARC) or a back re�ector, as frequently used in thin-�lm PV devices due to the
requirement of absorption enhancement via light trapping, the required solution of Maxwell’s equations
can be performed using a transfer-matrix method (TMM) [47], which relates the coe�cients of incident,
re�ected, and transmitted plane wave components for piecewise constant dielectric function. In the case of
2-D/3-D nanophotonic or plasmonic light trapping structures, Maxwell’s equations (Equation 41.7) have
to be solved by advanced numerical approaches such as the �nite-di�erence time-domain (FDTD) method
or the �nite element method (FEM).

41.2.1.2 Absorption Coefficient

Equations 41.2 and 41.3 can be used to determine the absorption coe�cient from the complex dielectric
function or the linear susceptibility χ(ω) = ε(ω) − εb (εb ≡ n2

r : background dielectric constant) or, equiv-
alently, from the net absorption rate rabs = ∕ηgen (net means a�er subtraction of the rate for stimulated
emission). For weak perturbation, the net volume rate of uncorrelated direct electronic transitions between
states v and c by absorption of photons of energy Eγ = ℏω is given by Fermi’s Golden Rule (FGR):

rabs
v→c(Eγ) =

2π
ℏ

|⟨c|Ĥeγ|v⟩|2δ(εc − εv − Eγ)(fv − fc), (41.9)

with Ĥeγ the electron–photon interaction Hamiltonian, εc,v the energies of single electron and hole states,
and fc,v the occupation of these states. The electron–photon Hamiltonian has the general form

Ĥeγ(r, t) = e
2m0

{

Â(r, t) ⋅ p̂ + p̂ ⋅ Â(r, t)
}

+
e2[A(r, t)]2

2m0
≈ e

m0
Â(r, t) ⋅ p̂, (41.10)

where Â is the EM vector potential, p̂ = −iℏ∇ is the momentum operator, and for the last expres-
sion (minimal coupling), the assumption of weak vector potential Â was made and Coulomb gauge
(∇ ⋅A = 0) was used. In the standard semiclassical picture of light-matter interaction in semiconductors,
the light is treated as a classical wave. Using for the incident �eld, a monochromatic time-harmonic plane
wave expansion:

A(r, t) =
A0
2
�
{

ei(q⋅r−ωt) + c.c.
}

(41.11)



9781498749565_C041 2017/8/31 15:21 Page 447 #7

Nanostructure Solar Cells 447

of the vector potential, with amplitude A0∕2, wave vector q = ω
c n̂, and polarization �, together with the

minimal coupling form of Heγ in the FGR rate (Equation 41.9) yields

rabs
v→c(Eγ) =

2π
ℏV

e2A2
0

4m2
0
2

cvδ(εcv − Eγ)(fv − fc), (41.12)

cv ≡ |⟨c|eiq⋅r� ⋅ p̂|v⟩|, (41.13)

where εcv ≡ εc − εv. If q ⋅ r ≪ 1 (i.e., the wavelength of the light is much larger than the characteristic
length scale of the absorbing structure), the phase factor eiq⋅r in the matrix element can be neglected,
which corresponds to the dipole approximation, meaning that contributions of higher order electric and
magnetic multipoles are not considered. In this approximation, the coupling via the momentum operator
p̂ can be replaced by a coupling via the dipole operator d̂ = −er̂ (r̂: position operator) due to the relation
(e∕m0)A ⋅ p̂ ≈ −d̂ ⋅ t [48]. The photon �ux associated with Equation 41.11 amounts to

Φ↙
0 (ℏω) =

nrc0ε0ωA2
0

2ℏ
, (41.14)

which, together with Equation 41.12, provides the general FGR absorption coe�cient:

αFGR(Eγ) =
πℏ

nrc0ε0Eγ

( e
m0

)2 ∑

v,c
2

cvδ(εcv − Eγ)(fv − fc), (41.15)

where the sum is over all initial and �nal states.
In Equation 41.15, the occupation of the initial and �nal states is assumed to be known, and in the case

of interband transitions, fv = 1 and fc = 0 are o�en assumed. However, this is no longer appropriate in the
case of transitions between partially �lled subbands, as for instance in the case ot the IBSC concept. Thus, in
general, the occupation needs to be determined by a microscopic treatment of the charge carrier dynamics
under illumination in the framework of the semiconductor Bloch equations [48–50] or nonequilibrium
Green’s functions [51].

The main quantities determining the generation of electron-hole pairs are, thus, the local value of the
transverse EM �eld on the one hand, and the local value of the dipole or momentum matrix elements
(MMEs) and of the density of occupied initial and empty �nal states of the optical transitions, respec-
tively, on the other hand. While the spatial variation of the transverse EM �elds is small over the extent of
semiconductor NS in the range of few nanometers, the electronic quantities re�ect the impact of symme-
try breaking, wave function localization, and energy quantization associated with reduced dimensionality.
A prominent example is silicon QDs, where the contribution of direct transitions—absent in bulk—and
an increase in oscillator strength due to larger overlap of electron and hole wave functions (in this case
equivalent to larger MME) result in a strongly increased absorption [52,53].

Considering Equation 41.12, evaluation of the absorption in semiconductor NSs starts with the com-
putation of the wave functions ψc,v and energies εc,v of the single-particle states {|v⟩, |c⟩} participating in
the optical transitions. There is a vast amount of literature on that topic, which is also covered by a num-
ber of chapters in this volume, and will thus not be treated explicitly here. With the electronic structure
information, idealized absorption spectra can be obtained from Equation 41.12. However, for a realistic
assessment of the PV response, the experimental spectra should be reproduced as closely as possible, which
requires consideration of the actual e�ects that have an impact on the line shape, such as �nite �elds, exci-
tonic contributions, lifetime broadening due to coupling to phonons and hybridization with continuum
states, compositional disorder, and �nite-size distributions. Various approaches with increasing degree of
sophistication can be found in the literature.
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For QW, excitons and �eld e�ects (i.e., electroabsorption) were included in [54] using a variational
ansatz for the exciton wave functions. The consistent consideration of the bound-to-bound state and the
bound-to-quasibound state transitions including excitonic and �eld e�ects was achieved using an exciton
Green’s function approach [55]. To describe lineshape broadening beyond phenomenological approaches,
microscopic quantum-kinetic theories such as the density matrix formalism, including the di�erent scat-
tering mechanisms (electron–phonon, electron-electron, etc.) can be used [48–50]. Recently, excitonic
absorption enhancement for QWs under consideration of the electron–phonon interaction was formulated
in a general nonequilibrium Green’s function framework [56]. In practice, however, some degree of �tting
is used to reproduce the experimental spectra. For QWSC, a semiempirical approach was introduced by
Paxman et al. [57], based on earlier work on QW optical modulators [58,59], in which the �eld-dependent
absorption coe�cient is expressed as

α(Eγ, z) =
∑

c,v
αcvMcv(z)

[

∑

l
rl

cv[Eγ, εcv(z) − Bl
cv] + ∫

∞

εcv(z)
dE′(Eγ,E′)

]

, (41.16)

where z is the longitudinal electric �eld in growth direction, Mcv = ∫L dzψ∗c (z, 
z)ψv(z, z) (L: normal-

ization length) is the overlap matrix element of the �eld-dependent single-particle electron and hole wave
functions, rl

cv (in units of energy) and Bl
cv are the relative oscillator strength and binding energy of the

lth exciton, respectively, and (Eγ,E′) = Γ∕(2π[(Eγ − E′)2 + Γ2∕4]) is a Lorenzian lineshape function to
include homogeneous broadening characterized by Γ. The parameter αcv corresponds to the absorption
coe�cient at the onset of the continuum absorption, and, in practice, is used together with B and r to �t
the experimental spectra. For the absorption at photon energies above the bulk bandgap of the barrier
material, the bulk absorption coe�cient of the well material is used, neglecting any �eld e�ects. A similar
semiempirical approach was used in [60], based on [61].

For QD, the single-particle absorption spectra can be obtained using similar density matrix formalisms
for the linear susceptibility [62] or the equivalent FGR, with straightforward extension from single QD to
QDSL [63,64]; in the case of signi�cant excitonic e�ects, the latter can be treated by means of the con�g-
uration interaction (CI) method [65]. While lineshape broadening due to dephasing via electron–phonon
interactions can in principle be included in quantum-kinetic approaches, the �nite-size distribution of QD
ensembles requires additional convolution with some distribution function representing inhomogeneous
broadening, commonly of the Gaussian type [66]. In self-assembled QD formed on a wetting layer (WL),
the WL states may also contribute to the subgap absorption [67]. For practical device simulation, a common
approach is the use of an e�ective medium absorption coe�cient [68]:

ᾱe� = wQDᾱQD + wWLᾱWL + wbulk(QD)ᾱbulk(QD) + wbarrierᾱbarrier, (41.17)

which contains the contribution of the con�ned states in the QD, the WL, the bulk absorption of the QD
material for continuum states, and the barrier absorption, weighted according to the relative volume frac-
tions and a given distribution function re�ecting the variations in size and shape. The general expression
for the absorption of an ensemble of QD con�gurations C with distribution f using these simple approaches
reads:

ᾱQD(Eγ) = ∫ dCf (C)αC(Eγ), (41.18)

αC(Eγ) =
πℏ

nrc0ε0EγQD

(

e
m0

)2
∑

c,v
p̄2

cv(C)
Γ

(

εcv(C) − Eγ
)2 + Γ2∕4

(fv − fc), (41.19)

where p̄cv is the polarization-averaged MME and Γ is the homogeneous broadening. The WL absorp-
tion is given by the expression for QW (usually neglecting excitonic absorption), where consideration of
thickness �uctuations results in an additional absorption tail. Since the absorbing volume of a QD is not
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always well de�ned, especially in the case of quasibound states, it is common to write the QD contribu-
tion absorption in terms of an absorption cross-section σQD per QD and of the QD concentration NQD via
αQD = NQDσQD.

41.2.2 Charge Separation and Extraction

In general, the extraction of photogenerated charge carriers represents one of the most critical aspects in
NS-based PV devices. Indeed, while in some devices based on QW or QD, the tailoring of the absorp-
tion via band structure engineering could be successfully demonstrated [69,70], the e�ciency of carrier
collection has until now remained below the values found for the bulk counterparts, in some cases on a
dramatically poor level, especially in devices where transport proceeds via states with increased degree
of localization. There are several reasons for the observed performance issue, which are associated with
di�erent stages in the extraction process, such as exciton dissociation, carrier escape and capture between
localized and extended states, mobility issues associated with scattering, and the virtual absence of true
miniband formation in realistic situations, which shall be discussed below.

41.2.2.1 Exciton Dissociation

Since electrons and holes have to be extracted via separate contacts, the dissociation of the photogener-
ated excitons and the subsequent charge separation need to occur at some point in the device. In bipolar
bulk SC, exciton binding energies are usually in the range of a few meV, resulting in thermal dissociation
immediately a�er generation, and the generation can thus safely be described via (Equation 41.2) in terms
of noninteracting electron-hole pairs. In isolated NS on the other hand, spatial con�nement enhances the
electron-hole interaction, and exciton binding energies can amount to multiples of the thermal energy
kBT (kB: Boltzmann constant, T: temperature), in which case rapid thermal dissociation is no longer pos-
sible, and the dissociation process needs to be considered explicitly [53]. Ine�cient exciton dissociation
can result in a transport behavior dominated by exciton di�usion, similar to the situation in organic SC
devices, where a specially designed bulk–heterojunction interface is required for exciton dissociation. As
a SC based on exciton di�usion is not likely to reach very high e�ciencies, the description of excitons
in the simulation of e�cient NSSC devices is primarily focused on the excitonic enhancement of optical
transitions close to the e�ective band edge, as described above in the treatment of the absorption coe�cient.

41.2.2.2 Charge Carrier Escape and Capture

Charge carriers that are generated in localized states of electronically decoupled NS need to be transferred
to extended states in order to contribute to current, which normally amounts to a sequence of scatter-
ing events involving con�ned (2D—QW/0D—QD) subband states followed by scattering from a bound
or quasibound state to a (3D) continuum state. While this escape process constitutes a loss mechanism
in light-emitting devices, which is sought to be suppressed in optimized designs, the opposite applies in
NSSC architectures. Hence, understanding the escape process via identi�cation of dominant and limiting
mechanisms and design of corresponding models has been an important focus in NSSC research from
the beginning. On the other hand, any escape channel enables its inverse capture process, which removes
photocarriers from contacted states and increases dark current �ow.

In general, while the microscopic processes underlying the carrier dynamics are always related to the
fundamental coupling between the electronic, vibrational, and optical degrees of freedom, there are sev-
eral mechanisms by which photogenerated charge carriers can escape from con�ned NS states, which
are commonly characterized by respective time constants τi

esc, with total escape rate proportional to
τ−1

esc =
∑

i(τi
esc)

−1. For QW at room temperature—the relevant temperature regime for terrestrial SC
operation—and with shallow con�nement, the dominant escape mechanism was identi�ed as thermionic
emission [71], which describes the current due to charge carriers that occupy the part of the energy distribu-
tion located above the barrier edge. In the presence of a rectifying built-in �eld, the escape process is a�ected
by the latter through the modi�ed height (with respect to the center of the QW) and triangular shape of the
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barrier, giving rise to escape enhancement due to tunneling. For the common assumption of a constant �eld,
the e�ective barrier for escape in direction of and against the �eld is given by VB∓(z) = ΔEb ∓ qzLw∕2,
whereΔEb is the o�set of bulk band edges and Lw is the QW width. A general phenomenological expression
for the corresponding escape time is then given by [71]

τ−1
esc =

1
Lw ∫

∞

0
ñ(E) (E)v(E)dE, ñ(E) =

n(E)
∫∞0 n(E)dE

, (41.20)

where  (E) is the probability function for transmission through the barriers, v(E) is the carrier velocity,
and n(E) = g(E)f (E) is the spectral carrier density at an energy E measured from the center of the bottom
and assuming a given distribution function f (E) for charge carriers in the QW. The actual form of Equation
41.20 depends on the speci�c description of the spectral quantities ( , v, g, f ). The simplest assumption for
 is a step function with unit transmission above the e�ective barrier edge and zero below, which neglects
tunneling contributions. Tunneling can be included on the level of the Wentzel–Kramers–Brillouin (WKB)
theory via [72]

WKB(E) = exp
(

− 2
ℏ ∫

LB

0
dz
√

2m∗
B[VB(z) − E]

)

, (41.21)

where m∗
B is the e�ective mass of carriers in the barrier material, LB is the width of the barrier, and VB(z) is

the spatial pro�le of the barrier potential. More accurate approaches for determination of the transmission
function are based on analytical or numerical solution of the Schrödinger equation using the exact barrier
potential, e.g., by means of an electronic transfer matrix formalism [71]. For free carriers, the velocity is
related to the (kinetic) carrier energy via the momentum, e.g., vz = ℏkz∕m∗

w =
√

2Ez∕m∗
w for propagation

in the z-direction. In basic approximation, the thermal velocity vth is used, corresponding to Ez = kBT.
The exact form of the DOS g re�ects the transition of dimensionality from 2D to 3D at energies close to the
barrier edge and can be captured in advanced descriptions based on scattering states in a real space basis
representation, which do not discriminate between bound, quasibound, and continuum states, such as the
Green’s function approaches [73,74]. In most implementations, however, a combination of 2D square well
DOS and 3D bulk DOS is used [71]. Finally, the occupation function f needs to encode the nonequilib-
rium steady-state carrier distribution under illumination and bias voltage. In general, this is achieved by
using Fermi or Boltzmann statistics together with a quasi-Fermi level (QFL) for the carriers in the QW.
In the case of Boltzmann statistics, the QFL drops out of the expression for the escape time due to the
normalization to the total carrier density [75]. The advantage of the above approach is that it covers any
combination of thermionic, direct tunneling, and thermally assisted tunneling escape. The drawback is
that it requires assumptions on the carrier distribution in the QW and it does not contain any information
on the microscopic mechanisms that lead to the carrier population at a certain energy. Such mechanisms
include, e.g., the very fast electron-electron scattering that establishes a hot-carrier quasi-equilibrium at a fs
timescale. But even the slower scattering of electrons with longitudinal optical (LO) phonons was shown to
produce a hot-carrier population via subband scattering that enables fast thermally assisted carrier escape
[76–78]. This latter result, while based on simple application of FGR to electron-LO-phonon scattering
between electronic subbands, was con�rmed by the state-of-the-art quantum-kinetic simulation of the
phonon-assisted tunneling escape [79].

InQD devices, in addition to continuum (3D) and con�ned (0D) QD states, the 2D states of the WL play
an important role in the dynamics of carrier transitions. Experimentally, similar thermionic and tunnel-
ing escape processes were identi�ed [80–82]. However, thermal escape is much less e�cient than in QW,
and larger �elds are required to enable tunneling escape. In terms of microscopic mechanisms, evidence for
both Auger scattering [83] and (multi)phonon absorption [84] was found. While the carrier-carrier scatter-
ing depends strongly on carrier density and decreases quickly with QD size due to shrinking Coulomb (Cb)
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matrix elements—and is, therefore, less prominent in QW—the phonon processes depend critically on the
energetic spacing of the states involved in the transitions, which produces strong resonances in the size
dependence of the scattering mechanism. However, the lifetime broadening of QD states due to dynami-
cal processes and delocalization increasing with energy alleviate the impact of the discrete DOS. Finally,
in addition to the nonradiative escape processes, QDs o�er the possibility of photon-assisted or purely
radiative escape via subband transitions as described in Section 41.2.1. In QW, the subband absorption
is strongly suppressed for in-plane polarization; hence, special photon management is required to scatter
light into large angles, preferentially with coupling to guided modes.

The inverse process to escape is carrier capture. In SCs, this process is relevant in MQW and MQD
devices, where photogenerated carriers that escaped to the current-carrying continuum states are recap-
tured into con�ned states on their way to the contacts. Since on the other hand, this process is instrumental
for light-emitting devices, its theoretical description and numerical simulation have received considerable
attention and are extensively covered in the literature. For QW, traditional models consider the FGR rate
for transitions from 3D bulk states to con�ned states via the emission of LO-phonons [85–95] or carrier-
carrier scattering [96,97], in combination with population dynamics from rate equations [98,99] or Monte
Carlo simulations [100–104], while more recent approaches are based on quantum-kinetic theory [105]. At
the relatively low densities of injected carriers at the operating point of a SC (which is below the bias regime
of LED operation), relaxation due to emission of phonons was found to dominate over the e�ects of carrier-
carrier scattering. In the case of QD devices, capture from the WL and subband relaxation were evaluated
in the FGR framework for Auger processes [106,107], including the e�ects of line broadening induced by
the carrier dynamics [108], and for the emission of single phonons [109,110] and multiple phonons [111],
with extension to a polaron picture with �nite phonon lifetime [112] indicated due to the strong coupling
of QD states to phonons. The mechanisms were also combined in uni�ed theories on semiclassical [113]
and quantum-kinetic [114] levels.

41.2.2.3 Transport to and Extraction at Carrier-Selective Contacts

The choice of the picture for charge transport is primarily dictated by the kind of NS device architecture
under consideration. In the second and third types of NSSC devices displayed in Figure 41.1, the NS states
are involved not only in the absorption, but also in the carrier transport. These states thus need to be to
some degree extended, which amounts to the requirement of coupling between individual NS. Indeed,
most of the concepts of this kind are based on the formation of minibands in superlattices of QWs or QDs.
For that situation, transport may be described as band-like, with a low-�eld Bloch-type electron mobility
μ = σ∕(ρe) de�ned in terms of the conductivity tensor σ, and in the di�usive limit is obtained from the
linearized Boltzmann transport equation (BTE) [115]:

μαβ = e
⎡

⎢

⎢

⎣

∑

n,K
τnKvα

nKvβ
nK

(

−
∂f 0

nK
εnK

)

⎤

⎥

⎥

⎦

/

∑

n,K
f 0
nK. (41.22)

In Equation 41.22, n is the band index, K the superlattice wave vector, τnK is the relaxation time, εnK
is the miniband dispersion, f 0

nK is the equilibrium Fermi-Dirac electron distribution function, and vα
nK =

ℏ−1∂KαεnK is the band velocity. The relaxation time depends on the scattering processes that are present in
the device and can be computed—in some approximation—from the corresponding FGR formalism [116]:

τ−1
nK =

∑

n′K′

⎛

⎜

⎜

⎝

1 − f 0
n′K′

1 − f 0
nK

⎞

⎟

⎟

⎠

{

1 − cos(θKK′ )
}

Pnn′

KK′ (41.23)
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where cos(θKK′ ) = (vnK ⋅ vn′K′ )∕(|vnK||vn′K′ |) and Pnn′

KK′ is the FGR rate for scattering from the
occupied state |nK⟩ to the empty state |n′K′⟩. However, even in the ideal case of a perfect miniband,
the associated Bloch mobility may be critically low, as in the case of silicon QDs in a dielectric matrix
material [117]. In realistic situations, due to the presence of built-in �elds and any kind of spatial, con-
�gurational and compositional disorder, the NS states usually show a high degree of localization such
that tunneling between NS is restricted to nearest neighbors. In addition to inducing localization, these
e�ects lead to a misalignment of energy levels in adjacent NS, with the formation of Wannier-Stark
ladders in the extreme case of very strong �elds [118], in which situation transport is only possi-
ble via an inelastic scattering process and is best described by hopping between localized states. In
coupled QD systems, due to the sparsity of the DOS, the presence of charge on the NS can lead to
pronounced shi�s in the energy level structure [53], inhibiting transport (Coulomb blockade regime).
In devices where charge transport acquires molecular character, such as in colloidal QD solids, the
hopping process involves even a change in con�guration and may be phenomenologically described
by the Marcus theory [44]. The bulk picture of charge carrier transport in band states does thus in
general not provide a proper description of the real situation, which in addition to the remaining
coherence and nonlocality e�ects should include all the localization e�ects and scattering mechanisms
required to overcome energetic misalignment. The modi�cation of the electronic structure due to the
presence of NS also a�ects the scattering processes responsible for the limitation of mobility and for car-
rier relaxation, such as electron–phonon interaction, which becomes especially relevant in devices where
this form of energy dissipation is sought to be suppressed, as in the hot-carrier concept, and in the case
where extraction distances are on the order of the mean free path and transport approaches the ballistic
regime.

The �nal step of the PV energy conversion consists in the extraction of the charge carriers at carrier-
selective contacts. Carrier selectivity—which is an essential requirement on any PV device architecture
[119]—can be described on a phenomenological level via the surface recombination velocities for majority
and minority carriers used in the boundary conditions for carrier density/current in macroscopic transport
equations. Microscopically, transport across the boundary to the contact depends again on the electronic
structure of the interface and on the prevailing scattering processes. Since those can be largely engineered
using NS, the latter also play an important role in the implementation of energy-selective [22] and carrier-
selective [120] contacts.

41.2.3 Recombination

On the way to or from the contacts, the interaction of optically or electronically injected charge carriers
with the EM and vibrational �elds can induce di�erent types of recombination (the mutual annihilation of
an electron and a hole), which are usually classi�ed in radiative, Auger, and defect-mediated processes. Like
for the generation process, a proper consideration of NS e�ects on the recombination processes requires a
careful consideration of the wave functions and local DOS together with the occupation of these states in
general nonequilibrium conditions.

41.2.3.1 Radiative

Even in ideal, defect-free absorber materials, the principle of detailed balance dictates the presence of
radiative recombination by spontaneous and stimulated photon emission as the inverse process to car-
rier generation by photon absorption. Conventionally, the local volume rate of radiative recombination is
related to the charge carrier densities and the local optical material constants (α, nr) as follows [121]:

rem(r) = (r)
{

ρe(r)ρh(r) − ρ0
e (r)ρ

0
h(r)

}

, (41.24)

(r) = ρ−2
i ∫ dEγ α(r,Eγ)Φ̄bb(Eγ), (41.25)
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where ρ0 and ρi denote equilibrium and intrinsic carrier densities, respectively, and Φ̄bb = 4πΦbb is the
angle-integrated blackbody radiation �ux, with

Φbb(Eγ) =
E2
γn2

r

4π3ℏ3c2
0

{

exp
( Eγ

kBT

)

− 1
}−1

. (41.26)

In Equation 41.25, the assumption of emission in an optically homogeneous medium is made, with
isotropic photon DOS. In thin-�lm SCs with nanophotonic light trapping, this is o�en not appropriate,
and the radiative recombination should be modeled starting from the FGR for spontaneous emission under
consideration of the actual density of �nal photon states. For NS, the emission is enhanced as compared
to the bulk, due to carrier localization [122] resulting in maximized density product in Equation 41.25
and to larger overlap of electron and hole wave functions in Equation 41.13. A further point to note in the
case of NSSC is the dependence of the absorption coe�cient on the operating conditions, mainly the bias
voltage via the e�ect of the built-in �eld on the local electronic structure, which should be re�ected in the
quantities used in Equation 41.25.

41.2.3.2 Auger

In the regime of large optical injection, relevant for the operation under high optical concentration, the
PV performance of a defect-free absorber is limited by the interband Auger recombination mechanism
[123], which as an intrinsic e�ect is unavoidable and needs thus to be considered for a realistic estimate of
the limiting energy conversion e�ciency. In this process originating in carrier-carrier scattering, electrons
recombine with holes by giving up the excess energy to excite either another electron or another hole. In
the semiclassical bulk continuum formulation, this rate takes the form [124]

rAug(r) =
[

Ce(r)ρe(r) + Ch(r)ρh(r)
]{

ρe(r)ρh(r) − ρ0
e (r)ρ

0
h(r)

}

, (41.27)

where Ce∕h are the Auger coe�cients for electron/hole excitation. For NS, some or all of the band indices are
replaced by the labels of subbands (QW) or discrete levels (QD). The Auger coe�cients can be computed
microscopically by application of perturbation theory for the carrier-carrier interaction under considera-
tion of the appropriate dimensionality of the (screened) Cb potential. For QW, FGR-type approaches were
used to assess direct [125–129] and phonon-assisted [130] Auger processes, and the latter was also investi-
gated using a Green’s function technique [131]. For QD, similar FGR models were developed for colloidal
QD [132] and applied to self-assembled III-V single QD [133] and QD arrays [134]. Recently, the com-
plete dynamics of excitons in colloidal QD was also simulated on an ab initio level using a combination
of density functional theory and molecular dynamics [135]. While in QW, the magnitude of the Auger
recombination rate was found to be similar to bulk, it is strongly enhanced in QD due to the e�ects of wave
function localization and associated relaxation of momentum selection rules.

41.2.3.3 Defect Mediated

While radiative and Auger losses are unavoidable and thus present even in structures without imperfec-
tions, recombination in real-world devices is usually dominated by defect-mediated processes where the
carrier energy is dissipated as heat and is lost for the conversion process. Indeed, there is an inherent
increase in surface area associated with the presence of NS, which are thus likely to act as centers of nonra-
diative recombination. In some cases, it is possible to reduce the NS-related defects via specially engineered
strain-balancing techniques [136] or via passivation [137], but in general, the insertion of NS leads to losses
in the open-circuit voltage of the SC. With regard to the modeling, the role of lower dimensional NS in
the context of defect-mediated recombination has received little attention so far, and models are usually
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based on the conventional bulk Shockley–Read–Hall (SRH) theory [138,139], with modi�cation to relate
the recombination to interface or surface defects rather than volume defects, e.g., for QW [60]

rSRH(r) =
ρe(r)ρh(r) − ρ0

e (r)ρ
0
h(r)

(ρe(r) + ρt
e(r))τe + (ρh(r) + ρt

h(r))τh
, (41.28)

where τ−1
s = σsvthNS∕Lw (s = e, h) with σs the carrier capture cross-section, vth the thermal velocity, NS

the sheet density of interface defects, Lw the QW width, and ρt the carrier density for a Fermi level at the
trap energy. The capture cross-sections depend on the local electronic structure of the NS and defect states,
as well as on the phonon modes coupling to those states in the multiphonon relaxation mechanism [124],
and can be obtained based on microscopic theories on phenomenological [140] and fully ab initio [141]
levels.

41.3 Modeling of NSSC Device Characteristics

The basic function of a SC consists in the conversion of the solar energy �ux impinging on its surface into
electrical power. A central requirement on any theory suitable for the modeling of SC device operation is
thus the ability to predict the PV energy conversion e�ciency as de�ned via the ratio ηPV ≡ P↗

el ∕P↙
γ of

generated electrical power to the incident radiative power, with

P↗
el =maxV{I(V) ⋅ V}|TC

, (41.29)

P↙
γ = ∫ dEγ ∫ ∫Ω

d
 ⋅ d Φ↙
γ (r ,Ω,Eγ)Eγ, (41.30)

where V is the terminal voltage (i.e., related to the separation of chemical potentials at the contacts), I(V)
is the charge current extracted from the device at this voltage, TC is the temperature of the SC, Eγ is the
photon energy, andΦ↙

γ denotes the incident spectral photon �ux impinging on a cell of (outer) surface 
under a solid angle of incidence Ω = (θ,φ). Hence, any PV model needs to provide I as a function of V
andΦ↙

γ at given TC.
As outlined in Sections 41.1 and 41.2, depending on the functionality of the NS within the SC device,

some or all of the fundamental PV processes are a�ected by the peculiar physical properties of the NS
component, with major implications for the requirements on a suitable simulation approach. The general
approach re�ects the multiscale and multiphysics scheme depicted in Figure 41.2: Starting from the NS
states, the dynamics giving the occupation of these states is evaluated and the resulting generation and
recombination rates are used to obtain the device characteristics. Three levels of sophistication that can be
identi�ed in the hierarchy of theoretical descriptions of SC device operation providing the current–voltage
characteristics I(V,Φ↙

γ ), depending on the explicity of consideration of the various physical mechanisms,
are: detailed balance theories providing e�ciency limits of idealized systems, semiclassical transport models
with detailed balance generation-recombination rates, and quantum-kinetic theories with consistent and
fully microscopic treatment of charge carrier dynamics and transport [142]. These three approaches shall
now be discussed in some more detail.

41.3.1 Global Detailed Balance Theories for Ideal Systems

On the most basic level, NS properties are considered only in generation and recombination at the radia-
tive limit, while transport is assumed to be ideal. This means that from a device point of view, the system
is treated as a black box, and there is no information on geometry or any spatial inhomogeneity in the
electronic system that would depart from e�ective bulk properties. The most prominent examples of this
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FIGURE 41.2 Schematic representation of the multiscale and multiphysics approach to the simulation of
nanostructure-based solar cell devices.

category are the detailed balance models [143] used to obtain an upper bound to the energy conversion
e�ciency, such as the SQ limit. In this approach, the current–voltage characteristics are obtained by equat-
ing the terminal current with the di�erence of the number of photons per unit time entering and leaving
the absorber volume at given terminal bias voltage [143,144]:

I(V,Φ↙
γ )|TC

= −q ∫ dEγ ∫ ∫Ω
d
 ⋅ d

{

Φabs(r ,Ω,Eγ) − Φem(r ,Ω,Eγ)
}

|V,Φ↙
γ ,TC

. (41.31)

At the radiative limit, where the recombination is determined by the emission, and assuming unit gener-
ation e�ciency, the electronic equivalent to the above balance relation is obtained from the integration of
the charge continuity equation over the absorber volume  (e/h: electrons/holes):

I(V,Φ↙
γ )|TC

= ∓q ∫
d3r

{

e∕h(r) −e∕h(r)
}

|V,Φ↙
γ ,TC

. (41.32)

The absorbed photon �ux is derived in terms of the absorptance—or, synonymously, the absorptivity—a
of the device, and of the re�ection coe�cient r for incident light, via

Φabs(r ,Ω,Eγ) = [1 − r(r ,Ω,Eγ)]a(r ,Ω′,Eγ)
{

Φ↙
γ (r ,Ω,Eγ) + Φγ0(Eγ,Ω,TC)

}

, (41.33)
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where Ω′ is the solid angle a�er refraction, related to the former by Fresnel’s law [145]. The second term
in the curly brackets is the isotropic thermal equilibrium �ux and is given by

Φγ0(Eγ,Ω,TC) = Φbb(Eγ,TC) cos θ, (41.34)

where Φbb is the blackbody radiation �ux (Equation 41.26) introduced in Section 41.2.3. The generation
rate in terms of local photon �ux and absorption coe�cient is given in Equation 41.2. However, for equiv-
alence with the above result, photon recycling needs to be considered in the evaluation of the local photon
�ux. At unit generation e�ciency and in the absence of nonradiative recombination, the product in front
of the incident �ux in Equation 41.33 is identi�ed as the external quantum e�ciency (EQE). Under the
assumption of perfect transport, i.e., in�nite mobility, which amounts to �at QFLs split by the terminal
voltage, i.e., Δμ = qV , and of an optically isotropic medium, detailed balance then provides the emitted
photon �ux as a function of the absorptance [144,146]:

Φem(r ,Ω,Eγ)|V =[1 − r(r ,Ω,Eγ)]a(r ,Ω′,Eγ)Φ̃bb(Ω,Eγ,TC,V) (41.35)

≡ EQE(r ,Ω,Eγ)Φ̃bb(Ω,Eγ,V), (41.36)

where:

Φ̃bb(Ω,Eγ,TC,V) =Φbb(Eγ − qV,TC) cos θ (41.37)

≈Φγ0(Eγ,Ω,TC)eqV∕(kBTC) (Eγ ≫ qV). (41.38)

The approximation in Equation 41.38 permits a compact formulation of the current–voltage characteris-
tics:

I(V,Φ↙
γ )|TC

≈ − q ∫ dEγ ∫ ∫Ω
d
 ⋅ d EQE(r ,Ω,Eγ)

×
{

Φ↙
γ (r ,Ω,Eγ) − Φγ0(Eγ,Ω,TC)

[

eqV∕(kBTC) − 1
]}

. (41.39)

Finally, the local recombination rate for the determination of the radiative dark current via Equation 41.32
is given by Equation 41.25.

In the SQ limit, the absorptance is a unit step function with threshold energy at the value of the bandgap
Eg , which is then the only electronic parameter entering the calculation of the current–voltage characteris-
tics. This simpli�es the expressions for the absorbed and emitted photon �uxes considerably. In a �rst step
beyond the SQ analysis, the e�ect of incomplete absorption with non–abrupt onset as well as the impact
of light-trapping structures can be considered by using in Equations 41.33 and 41.35 the proper absorp-
tance computed by optical models for the light propagation as outlined in Section 41.2. It is common to
neglect the bias dependence of the photocurrent also in situations where a realistic absorptance is con-
sidered, which results in current–voltage characteristics given by the superposition of photocurrent Iγ and
dark current Id:

I(V,Φ↙
γ ) = Iγ(Φ↙

γ ) + Id(V). (41.40)

However, this tends to be inappropriate in nanoscale absorbers due to the strong impact of built-in �elds
and �nite state �lling on the local absorption coe�cient [147,148].
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Due to its formal simplicity, the detailed balance analysis of the radiative limit is applied to most novel
NS PV devices in a �rst assessment of the performance potential. On the other hand, the restrictive assump-
tions made are seldom met in realistic devices, and the upper e�ciency bound obtained in this way may
therefore be far from a realistic estimate.

Within the above setting of idealized conditions, an alternative starting point for the device character-
istics is a modi�cation of the ideal diode equation [149]:

I(V,Φ↙
γ ) =I0

(

eqV∕(kBTC) − 1
)

− IG(Φ↙
γ ) + IR(V), (41.41)

which is formally equivalent to Equation 41.39, but where the generation and recombination currents IG
and IR are composed of the contributions of the bulk “baseline” cell and of the NS components. The NS
contributions are related to those of the baseline using correction factors for quantities such as geometry
(fraction of NS material), oscillator strength, and DOS (for radiative transitions). It needs to be noted,
however, that such modi�cations still have to comply with the detailed balance relations between absorp-
tion and emission as given above. Furthermore, even in its original formulation devised for the radiative
limit, the theory goes beyond that limit in considering in the reverse saturation current I0 the standard
nonradiative minority carrier di�usion contribution of an ideal p-(i-)n diode.

41.3.1.1 Application to QWSC

Soon a�er the proposal of the QWSC concept, the detailed balance approach was used to show that under
the idealized conditions of that theory, the QWSC could not provide an e�ciency in excess of that of an
ideal gap bulk cell, since both photocurrent generation and radiative recombination are based on the same
modi�ed absorptivity [150,151]. An SQ-type detailed balance model was then used to demonstrate that
QWSC e�ciency could still exceed the bulk limit if variations of the quasi-Fermi level splitting (QFLS)
between bulk and QW material were allowed for [152]. This was shown to be equivalent to the detailed
balance picture of the intermediate band concept, with the di�culty of the QW featuring suppressed sub-
band absorption and fast population equilibration due the continuous electronic DOS [153]. Indeed, the
issue of QFLS variation in QWSC is still a matter of debate and ongoing research. In more recent QWSC
developments, the detailed balance approach was used to model tandem con�gurations and the impact of
directional emission in strained QW [23]. Following the original work on the ideal diode QWSC model
[149], a number of variations and re�nements of this semianalytical approach were devised for MQWSC
[154–161] and QWSLSC [159,162–164].

41.3.1.2 Application to QDSC

For QD intermediate band SC (QDIBSC), the original detailed balance IBSC model [165] was adapted
to account for the speci�c absorption characteristics of QD structures [166,167] and was implemented
for speci�c material systems using a Kronig-Penney model for supracrystals of InAsN/GaAsSb QD [168],
InGaN/GaN QD [169], and InGaN/InN [170], as well as a k ⋅ p model for isolated InAs/GaAs QD [171].
The ideal diode theory was applied to theoretically investigate an InAs/GaAs MQD concept with AlGaAs
fences to prevent capture of photogenerated carriers [172].

41.3.2 Hybrid Models: Semiclassical Transport with Detailed Balance Rates

The main shortcoming of global detailed balance approaches and ideal diode theories is the lack of a real-
istic consideration of photocarrier transport, i.e., the assumption of unit collection e�ciency, which is
o�en inappropriate in NSSC devices. In order to account for the e�ects of �nite mobility, actual trans-
port equations have to be solved for the charge carriers. The main di�culty in that undertaking resides in
the consideration of the contribution of NS states with a higher degree of localization. To obtain the self-
consistent occupation of con�ned NS states (c) and bulk host states (b), separate but coupled rate equations
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need to be formulated for the densities of carriers occupying di�erent types of states. Under the standard
assumption of continuum (i.e., no atomistic information) and complete thermalization (i.e., occupation
is characterized by a local QFL), the current–voltage characteristics are obtained from the dri�-di�usion
(DD) charge current for carrier species s ∈ {e, h}:

Js,i(r) = −q
{

μs,i(r)ρs,i(r)∇ϕ(r) ∓ Ds,i(r)∇ρs,i(r)
}

, i = b, c (41.42)

where μ denotes the mobility, ρe∕h denotes the charge carrier densities, D is the di�usion coe�cient, ϕ is
the electrostatic potential, q is the elementary charge, and the upper (lower) sign is for electrons (holes).
In this general formulation, no restriction is made on the charge transport in NS states, which allows for
application to all three NS architectures introduced in Section 41.1. The charge carrier densities and the
electrostatic potential that determine the charge currents in Equation 41.42 are obtained from the coupled
solution of the steady-state continuity equations:

∓1
q
∇ ⋅ Js,i(r) =

∑

j≠i

{

s,j→i(r) −s,i→j(r)
}

, (41.43)

where ∕ is the carrier (volume) generation/recombination rate due to transitions between (sub)bands
and the upper (lower) sign applies again to electrons (holes), and Poisson’s equation for the total charge
density:

ϵ0∇ ⋅
{

ε(r)∇ϕ(r)
}

= − q
{

∑

i
ρh,i(r) −

∑

j
ρe,j(r) + Ndop(r)

}

, (41.44)

where ε is the static dielectric function and q ⋅ Ndop is the net charge density due to ionized dopants.
The boundary conditions used in the solution of the coupled equations are the same as in the bulk case,
re�ecting the nature of the physical contact in terms of (Schottky-)barriers and surface recombination.
In Equation 41.43, the generation rate s,j→i = s,j→i[Φγ(r), αj→i(r,Eγ)] (i = b, c) is a functional of the
local photon �ux and the local absorption coe�cient as given by Equation 41.2 and the recombination
rate s,i→j = s,i→j[ρe,i, ρh,j,…] depends on the carrier densities and on recombination mechanism
(radiative, Auger, defect-mediated)–speci�c parameters. In the case where, due to strong localization as
for isolated QW or QD absorbers, direct transport between NS states can be neglected, the current term in
Equation 41.43 is absent for these states, and exchange of carriers between localized states always proceeds
via scattering to and from extended states. The coupling of the equations for localized and extended states
is then provided on the level of a pure rate equation, where the rates are subject to the detailed balance con-
dition and are commonly expressed via the density in the initial state and an associated lifetime depending
on the scattering process, e.g.,

x
e,i→j =

ρe,i

τx
e,i→j

, x: scattering mechanism. (41.45)

The lifetimes τ (which are local quantities) are either used as �tting parameters to reproduce experimental
characteristics, or derived from an appropriate description for the microscopic mechanisms of the scatter-
ing process responsible for the coupling as reviewed in Section 41.2, e.g., via FGR, based on the solution of
the Schrödinger-Poisson problem for the NS states and energies. For consistency, the macroscopic mate-
rial parameters based on microscopic information, such as absorption coe�cients and mobilities used
in the generation term and the current expressions, should be computed on the basis of the same solu-
tions of the microscopic equations for the electronic structure. It needs to be emphasized at this point that
the lifetimes themselves still depend on the occupation of the states, e.g., for the radiative recombination,
τem

e (r) ≈
[

(r)ρh(r)
]−1, where the very small equilibrium term in (Equation 41.24) is neglected.
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In the above formulation of the charge current, the local electronic structure does not appear as a param-
eter that could be determined microscopically. If the Einstein relation between mobility and di�usion
coe�cient, i.e., D = μkBT∕q, and the Boltzmann approximation for the carrier distribution function are
valid, an equivalent formulation of the charge carrier densities and currents in terms of e�ective DOS 
and QFL EF can be used:

ρs,i(r) = ∫ dE s,i(r,E)fs,i(E) ≈s,i exp

(

±EFs,i
(r) ∓ εs,i(r)

kBT

)

, (41.46)

e,i ≡ ∫

∞

εe,i

dE e,i(r,E) exp
(εe,i(r) − E

kBT

)

, (41.47)

h,i ≡ ∫

εh,i

−∞
dE h,i(r,E) exp

(E − εh,i(r)
kBT

)

, (41.48)

Js,i(r) = ± μs,i(r)ρs,i(r)∇EFs,i
(r), (41.49)

with upper (lower) sign applying to electrons (holes) and  denoting the DOS for carrier species s and
band i, with εs,i the minimum (maximum) energy associated (“band edge”). This approach, in addition
to the implicit consideration of the microscopic DOS for NS states, provides the possibility to study the
emergence of distinct QFL for the NS populations, which is instrumental in PV concepts such as the IBSC.

The hybrid (macroscopic-microscopic) approach outlined above can be used to reproduce experimen-
tal device characteristics with remarkable accuracy. However, being a macroscopic and local model, any
situation requiring energy resolution, nonlocality, or coherence cannot be described properly, e.g., nonther-
malized carrier distributions or resonant tunneling. To include such processes in a consistent description,
transition to a truly microscopic picture of carrier transport is indicated.

41.3.2.1 Applications to QWSC

Semiclassical DD Poisson models with detailed balance rates for generation and recombination were
applied to III-V MQWSC [60,173,174] and to Si-SiOx QWSLSC [175]. Simpli�cations include rate
equations with semianalytical solutions for current contributions [176,177] and the analytical solution of
di�usion equation for excess minority carriers in neutral layers [57,154,178].

41.3.2.2 Applications to QDSC

The above mentioned DD Poisson approach with local rates was implemented in a comprehensive fashion
for MQDSC [68,179,180] and QD-IBSC [181–183]. Again, there are also approximations in the form of
analytical solutions of the di�usion equation [184–186], of simple rate equations for the population of bulk
and NS states [187], or a combination of the two [188].

41.3.3 Fully Microscopic Quantum-Kinetic Models

In situations where the NSs are also involved in transport and the latter is not entirely band-like or purely
di�usive, a consistent microscopic picture of the PV processes can be formulated by means of nonequilib-
rium quantum statistical mechanics using the nonequilibrium Green’s function formalism (NEGF) [189].
In the NEGF picture, the device current density J = Jn + Jp is given in terms of the charge carrier Green’s
function components as follows:

Jn∕p(r) = ± lim
r′→r

eℏ
m0

(

∇r − ∇r′
)

∫
dE
2π

G≶(r, r′;E). (41.50)
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The Green’s functions in Equation 41.50 are determined by the steady-state Keldysh equation:

G≶(r, r′;E) = ∫ dr1 ∫ dr2GR(r, r1;E)Σ≶(r1, r2;E)GA(r2, r
′;E), (41.51)

with retarded and advanced components resulting from the Dyson equation:

∫ dr1

[

{

GR∕A
0

}−1(r, r1;E) − ΣR∕A(r, r1;E)
]

GR∕A(r1, r
′;E) = δ(r − r′). (41.52)

While the retarded and advanced Green’s functions GR∕A are related to the charge carrier DOS, the correla-
tion functions G≶ additionally contain information on the (nonequilibrium) occupation of these states. The
noninteracting system is described by G0. The self-energies Σ, on the other hand, are scattering functions
describing the renormalization of the Green’s functions due to coupling to the environment in the form of
interactions with photons (mediating photogeneration and radiative recombination), phonons (mediating
relaxation and indirect transitions), and other carriers (relevant for excitonic and Auger processes). An
additional self-energy term describes injection and extraction of carriers as contacts with arbitrary chem-
ical potential, enabling the treatment of an open nonequilibrium system. The computation of the NEGF is
self-consistently coupled to the Poisson equation (Equation 41.44) for the mean-�eld electrostatic potential
ϕ—entering the equation for G0—via the charge carrier density:

ρe∕h(r) = ∓ i ∫
dE
2π

G≶(r, r;E). (41.53)

For an in-depth review of the general NEGF formalism and its application to NS PV, the reader is referred
to [189] and references therein.

In contrast to the semiclassical models presented in Section 41.3.2, the microscopic approach provides
insight into the physical mechanisms underlying the PV device operation, as those are properly captured
by the formalism. On the downside, the method is extremely demanding from a computational point of
view and applications are therefore limited to functional NSSC components of mesoscopic extension. An
important direction of future research will thus consist in the combination of quantum-kinetic models for
local carrier dynamics in NS regions with semiclassical models for the global characteristics of the extended
device.

41.3.3.1 Applications to Nanowire SCs

As discussed in Section 41.1, QWRs are not in the focus of e�cient solar energy harvesting systems. How-
ever, the low dimensionality allows for an e�cient numerical treatment of the system. Indeed, the earliest
application of NEGF for PV energy conversion considered quasi-1D carbon nanotube systems with tight-
binding (TB) band structure [190–192]. More recently, a k ⋅ p-NEGF approach was formulated to study
photocurrents in GaAs nanowires [193].

41.3.3.2 Applications to QWSC

Single and double QW structures in III-V material systems were studied in [194,195] using a simple
TB band structure and in [79,196] within an e�ective mass approach, with focus on the modi�cation
of absorption and emission spectra by the complex potential pro�le and on the escape of carriers from
con�ned to extended, current-carrying states. Photocarrier transport regimes from ballistic extraction
to phonon-mediated sequential tunneling in SL absorbers were investigated for Si-SiOx [197] (including
phonon-mediated indirect transitions) and InAlGaAs-InGaAs [198].
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41.3.3.3 Applications to QDSC

The main challenge for the implementation of NEGF models for QDSC is the complexity of the elec-
tronic structure with respect to 3D spatial variation, which prevents the use of the slab models conveniently
applied to planar NSs. A simple approach is to use a coarse-grained model with a basis of localized QD
orbitals—e.g., the Wannier functions of a regular QDSL—in the spirit of the TB approximation in atomic
systems. This method was used to formulate a NEGF model for Si QDSL absorbers embedded in the
SiOx-SiC matrix material [199], and to study the impact of inter-QD and QD-contact coupling on the
PV performance of generic QD arrays [200]. Within such an approach, however, it is not possible to study
on a microscopic level, similar to that achieved in MQWSC, the carrier escape and capture processes that
are instrumental in the operation of MQDSC.

41.4 Case Study: Single Quantum Well p-i-n SC

In this section, the di�erent elements and levels of sophistication in the simulation of NSSC shall be illus-
trated by consideration of a prototypical device architecture, for which a single quantum well (SQW) p-i-n
photodiode is chosen. The device as displayed in Figure 41.3 consists of a 100-nm thin bulk GaAs baseline
SC with heavily doped emitter and base components (NA = ND = 1018 cm−3) of 20-nm extension. In
the center of the intrinsic region, a slab of 10-nm InGaAs is inserted, which forms a type-I QW. For the
band o�sets, ΔEC∕V = 0.15∕0.10 eV is chosen. The contacts are designed to be perfectly carrier selective,
which corresponds to the assumption of ohmic boundary conditions for majorities and in�nite barriers
for minorities. The light is assumed to be incident from the p-side, whereas a gold re�ector is applied to
the n-side, which, however, is not considered in the electronic simulation.
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FIGURE 41.3 Single GaAs-InGaAs quantum well p-i-n solar cell architecture used as a test case for the simulation.
The contacts are designed to be perfectly selective, i.e., with ohmic boundary conditions for majorities and in�nite
barriers for minorities. The gold re�ector is used only in the optical simulation.
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41.4.1 States

In the �rst step of the simulation, the electronic and optical device states need to be determined. For the
description of the electronic structure of the component semiconductor bulk materials, a basic combina-
tion of two decoupled single-band e�ective mass approximation (EMA) models is used, with m∗GaAs

e∕h =
0.067∕0.1 m0 and m∗InGaAs

e∕h = 0.055∕0.22 m0. Under the standard thin-�lm assumption of a transverse
continuum due to very large spatial extension perpendicular to the growth direction, the wave functions
(WF) can be written as the decomposition

Ψnαk∥ (r) =
eik∥r∥
√


ψnαk∥ (z)un0(r), (41.54)

where n is the bulk Bloch band index, ||denotes transverse quantities, is the transverse cross-section area,
ψ is the envelope function in the growth direction, and un0 is the periodic part of the Bloch function at theΓ
point. The 1D EMA Schrödinger equation for the envelope functions of the QW states is solved numerically
for closed-system (Dirichlet) boundary conditions and at vanishing �eld. The wave functions ψc∕v(z) (z:
depth) and eigenenergies εc∕v of the resulting NS states at k∥ = 0 are displayed in Figure 41.4a. There are
two electron and three hole states with energies below the band edge of the host material, exhibiting the
expected symmetry properties and increasing barrier penetration as a function of energy. For comparison,
the local density of states (LDOS) at k∥ = 0 is computed using the NEGF formalism for identical EMA
Hamiltonian and at �at potential (Figure 41.4b), but with open boundary conditions, which, however, does
not a�ect either shape or energies of the con�ned states. While the solutions of the square well potential
are readily available, the situation in the device at operating conditions is quite di�erent, as demonstrated
by Figure 41.4c, where the LDOS is shown for a realistic band pro�le at an operating forward bias voltage
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FIGURE 41.4 (a) Wave functions and energies of the eigenstates in the 10-nm InGaAs QW embedded in a GaAs
host as obtained by the solution of the 1D single band e�ective mass Schrödinger equation along the growth direction.
(b) One dimensional 1D LDOS (k∥ = 0) obtained using the NEGF formalism with the same e�ective mass Hamiltonian
and at �at band conditions. (c) 1D LDOS of the same SQW, but in the p-i-n device con�guration close to operating
conditions at an applied forward bias voltage V = 0.8 V. The most remarkable feature is the unbinding of the higher
lying QW states.
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of V = 0.8 V. Most remarkably, the higher lying QW states lose their con�nement in the large built-in �eld
and turn into quasibound resonances.

The optical modes of the device are computed under consideration of the absorbing components and of
the re�ector using an in-house developed wave propagation solver based on the TMM. As will be shown,
this is more appropriate than simple consideration of LB law, since both slab and re�ector form an optical
cavity, which can lead to nontrivial spatial variation of the optical intensity inside the absorber. Since the
states of the quasicontinuum in the QW material are not well described by the chosen approach with closed
boundaries, the optical response will be computed only for energies below the host gap. The determination
of the optical absorption strength based on the computed electronic states thus forms the next step in the
simulation procedure.

41.4.2 Dynamics

The absorption coe�cient is evaluated following the FGR procedure outlined in Section 41.2, using the
states computed in Section 41.4.1. For energies below the host gap, assuming fully occupied valence
bands and empty conduction bands, and neglecting the variation of states and energies with transverse
momentum, the absorption coe�cient of a square well (SW) potential of width Lw reads

αSW(Eγ) = f ⋅ E−1
γ

∑

i,j
|Mcivj

|

2Θ
(

Eγ − εcivj

)

, (41.55)

with Θ the unit step function and

f =
e2m∗

r P2
cv

m2
0ℏnrc0ε0Lw

, (41.56)

where m∗
r is the reduced e�ective mass, Pcv =

√

EPm0∕6 is the bulk MME for Kane energy EP = 26.9 eV,
nr = 3.7 is the refractive index of the bulk material, and c0 and ε0 are speed of light and permittivity in
vacuum, respectively. The overlap matrix elements are

Mcivj
= ∫

L

dz ψ∗ci
(z)ψvj

(z), (41.57)

where L (> Lw) is the normalization length of the wave functions, introduce the optical selection rules
according to the WF symmetry. As can be veri�ed in Figure 41.5, displaying the above FGR absorption
coe�cient (full line), only two of the six transitions between the three hole and two electron levels are
not suppressed by symmetry. The validity of the selection rules in the absorption coe�cient computed
via NEGF (dotted line), while evident, is a nontrivial result, which requires careful consideration of the
nonlocality in the Green’s function picture of electron-photon interaction. In the absence of a symmetric
potential, which is not found in the real operating device, the selection rules are strongly relaxed, and the
absorption coe�cient exhibits a shape that interpolates between 2D and 3D DOS (dashed line).

Based on this absorption coe�cient, the emission coe�cient of the radiative recombination rate intro-
duced in Section 41.2 is determined using the Van Roosbroeck–Shockley (VRS) relation (Equation 41.25).
These two quantities are the main ingredients for the assessment of the device characteristics at the radiative
limit.
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FIGURE 41.5 Absorption coe�cient as computed within the Fermi’s golden rule approach based on the solution of
the single-band e�ective mass Schrödinger equation for the square well potential (SW FGR, full line), together with
the NEGF absorption coe�cients (spatially averaged over the QW region) for �at band (dotted) and the real potential
at V = 0.8 V (dashed). While the selection rules are properly re�ected in the NEGF approach, the real spectra feature
subband tails and deviate from purely 2-D character due to transitions between quasibound states as a consequence of
the large built-in �elds present in the intrinsic region of the p-i-n diode.

41.4.3 Characteristics

First, the current–voltage characteristics are evaluated on the level of a detailed balance analysis, i.e., pho-
tocurrent and radiative dark current are computed from the absorptance as explained in Section 41.3. To
this end, the absorptance is determined both from the LB law (aLB) and from TMM (aTMM) using the
previously computed absorption coe�cient αSW. The photocurrent density can be evaluated at normal
incidence. Dark current, on the other hand, should in principle be evaluated under consideration of the
�nite opening angle of the loss cone, as determined by the condition of total internal re�ection. In the case
of emission from high to low refractive index medium, which applies in the situation under consideration
here (nGaAs

r = 3.6 to nair
r = 1), the angular dependence may be dropped, i.e., a(Ω,Eγ) ≡ a(θ,Eγ) ≈ a(Eγ),

where the �rst equality is due to the planar geometry. The angular integration in Equation 41.39 thus
provides just a factor of π, and the current–voltage characteristics can be written as

J(V) = JSC − J0r
(

eqV∕(kBT) − 1
)

, (41.58)

with

JSC = − q ∫ dEγa(Eγ)Φ↙
γ (Eγ), (41.59)

J0r = − q ∫ dEγa(Eγ)πΦbb(Eγ). (41.60)

For simplicity, a monochromatic incident photon �ux at Eγ = 1.3 eV and intensity of Iγ ≡ Φ
↙
γ (Eγ)Eγ = 0.1

kW/cm2 is used for the evaluation of the characteristics. Figure 41.6 displays the JV curves obtained in
this way using the absorptances aLB and aTMM based on αSW, which shows that in this unoptimized
situation, the re�ector does not increase the absorptance of the QW signi�cantly. Comparison with a
1D numerical DD-Poisson-TMM solver (ASA-TU Del�) using the same absorption coe�cient αSW and
corresponding VRS emission coe�cient, but otherwise the transport properties of bulk GaAs (μn∕p =
400∕40 cm2/Vs, C∕V = 4.35∕7.93 × 1017 cm−3, εr = 13.18, Smin∕maj = 0∕108 m/s), reveals—as to be
expected—coincidence of the photocurrent with that from aTMM, but also a signi�cant underestimation
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FIGURE 41.6 Current–voltage characteristics as provided by di�erent simulation approaches: detailed balance (DB)
currents based on the absorptance from Lambert–Beer’s (LB) law or the TMM method, both using the square well
potential (SW) absorption coe�cient; the semiclassical dri�-di�usion-Poisson-TMM model (DD-TMM) for the SW
absorption coe�cient; the fully microscopic NEGF formalism, revealing a bias-dependent structure in the level of
photogeneration. The NEGF characteristics can be reproduced by using in the DD-TMM model the optical data as
computed by NEGF, which hints at close to ideal transport in terms of carrier escape from the QW.

of the recombination due to the neglectance of the proper loss cone. The insensitivity to transport is a
consequence of the high mobility of GaAs in combination with the short extraction distance and the
absence of fast recombination, which results in the �at Fermi levels assumed in the global detailed bal-
ance approach. In the full NEGF simulation, on the other hand, both photocurrent and dark current are
increased as compared to the characteristics based on the SW absorptance. Remarkably, the NEGF char-
acteristics can be recovered almost completely in the DD-TMM model if local absorption and emission
coe�cients are extracted from NEGF. This hints at almost perfect transport in terms of unit carrier escape
probability (implicitly assumed in the semiclassical model), in consistency with experimental observation
for QW structures of similar depth and operated at room temperature. Deviations between the results
of the two models are expected in the case of deep wells with presence of fast recombination processes
competing with the slow carrier escape: While the NEGF picture considers that a fraction of the photo-
generated carriers recombines in the QW prior to escape to the continuum, the semiclassical bulk model
assumes the whole generation in bulk states, in which the carriers di�use quickly from the highly absorb-
ing and—due to detailed balance—emitting QW locations to regions with lower optical coupling strength.
That regime, however, is currently not accessible due to the lack of a suitable NEGF picture of nonradiative
recombination.

41.5 Summary

The use of NSs in photovoltaics is manifold, and many applications require dedicated models to assess
their impact on the PV device performance. There is, however, a common rationale in the consideration
of NS in PV device models, according to the device architecture and the NS functionality, which in general
amounts to the application of a multiscale and multiphysics scheme. Hence, NS device simulation generally
involves many di�erent levels of modeling and simulation, from the determination of NS states to their
consideration in the dynamics of carrier generation, transport, and recombination and the �nal synthesis
in the propagation of NS properties to features in the global device characteristics. Reliable consideration
of NS e�ects hence demands a derivation of the key PV material parameters (α, μ, τ) based on a consistent
microscopic picture. In the case of ideal transport, an assessment in terms of the optical properties and
detailed balance relations between absorption and emission gives already a good estimate of the device
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performance. For less ideal systems, the individual loss mechanisms need to be considered in more detail,
as provided by semiclassical models on device level, down to the microscopic picture of the fundamental
physical mechanisms as delivered by quantum-kinetic approaches in the case where nonclassical e�ects
are relevant, such as transport away from di�usive and band-like regimes.
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42.1 Introduction

Nanowire arrays show unique optical and electronic features for photovoltaic applications. It has been
demonstrated that they exhibit intrinsic optical antire�ection properties [1,2]. Moreover, they also can act
as optical microconcentrators [3] that focus light to an active region. Nanowires have a large aspect ratio,
improving the electronic properties by combining a long optical absorption path along the wire axis and
a short lateral carrier extraction [4]. Short carrier extraction paths are bene�cial for the carrier collection
e�ciency. These mechanisms are illustrated in Figure 42.1. On the le�, a conventional bulk solar cell col-
lects light in the vertical direction, and the photogenerated carriers move to the respective contacts causing
the photo current. A nanostructured solar cell (Figure 42.1a) can act as an optical concentrator in order
to focus the incoming light to a small area. Moreover, the carrier extraction path length to the contacts is
reduced, which minimizes the probability of carrier loss by unwanted recombination.

Finally, multijunction cells can be realized with strain-relaxed axial heterointerfaces. This allows opti-
mum bandgap combinations [5] and low-defect densities at the same time. As a potential drawback, the
large surface to volume ratio can lead to enhanced surface recombination. Epitaxial passivation techniques
have been developed in order to suppress surface recombination [6].

In this chapter, a detailed simulation study of the electro-optical characteristics of nanowire array solar
cells is presented. An e�ciency analysis is derived that treats solar cells with nanostructures on a broader
basis using the Shockley–Queisser framework [7]. As addition, the modi�cation of optical density of states
(DOS) and wave optics e�ects are included. Using this framework, the numerical simulation of nanos-
tructured solar cells is discussed. The simulation model consists of the three-dimensional solution of
the vectorial Helmholtz equation for solar illumination and a dri�-di�usion/Poisson equation system for

475
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FIGURE 42.1 (a) Bulk solar cell with p-n junction. (b) Solar cell structured as a nanowire.

carrier extraction. In the results section, it is �rst shown how a nanowire array can act as an electromag-
netic broadband absorber. Second, the choice of material composition and dopant placement is discussed
with respect to e�ciency in single-junction designs. Surface recombination is discussed for both radial and
axial p-n junction arrangement.

42.2 Efficiency of Nanostructured Solar Cells

In this section, the e�ciency of solar cells that contain nanostructures is discussed. Nanostructures can
modify the optical or the electronic properties. As a basic theory, the established derivation by Shockley and
Queisser [7] is used, which assumes detailed balance in the radiative limit, i.e., nonradiative recombination
processes are not included. The main extension of Shockley and Queisser’s classical model is to include the
fact that light is viewed as electromagnetic waves and their modes in resonant structures. This leads to a
modal dispersion and a strong local variation of the electromagnetic power. Moreover, resonant structures
modify the optical DOS, and those enter the absorption as well as the emission properties of a cell, which
is based on the Purcell e�ect [8].

The focus will be put on semiconductor materials, although the derivation can be transferred to other
materials in a straightforward manner.

42.2.1 Solar Cell Current Density

The electronic current density of the solar cell can be easily obtained from current continuity in the steady
state. It is derived from Maxwell’s equations and builds on the mass conservation principle of charged
particles:

∇J⃗ = q(G − R), (42.1)

with J⃗ being the local current density, G and R representing generation and recombination rates, respec-
tively, and q being the elementary charge. In the integral form, the continuity equation reads

∫ J⃗dA⃗ = q ∫ (G − R) dV. (42.2)

The surface area integration on the le� hand side is carried out over the contacts (where carriers can leave
or enter the solar cell), and the right hand side integration includes the solar cell volume.
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42.2.2 Thermal Equilibrium

In thermal equilibrium, all of the emission and absorption processes of the solar cell can be equated, as
there is no net current at the contacts. The le� hand side of Equation 42.2 is zero, therefore

∫ GdV = ∫ RdV = ∫ G0dV = ∫ R0dV. (42.3)

The local generation rate per volume is

G0 = ∫ αdjphot, (42.4)

withα being the absorption coe�cient (a material property) and jphot is the photon current density (in units
1∕m2s), which in thermal equilibrium is basically a blackbody radiation at the given reservoir temperature
T0. In order to relate the photon current density to the blackbody radiation (which is an energy density per
spectral width), the following relation is used:

djphot = dEphot
c
n

1
ℏω

(42.5)

and

dEphot = Doptfphotℏωdℏω. (42.6)

The optical DOS Dopt depends on the dielectric surrounding of the solar cell and fphot is the photon distri-
bution function. Within an electromagnetic theory, Dopt can be calculated as the electromagnetic response
of a local dipole excitation [9]:

Dopt(ω, x⃗) = 1
2π

∑

m ∫
k⃗

dk⃗δ(ω − ωm)|e⃗dE⃗m,k⃗(r⃗|
2, (42.7)

where E⃗ is the electric �eld as obtained from the solution of Maxwell’s equations, e⃗d is the dipole unit
source, and ωm the eigenfrequencies of the system.

The photon distribution function in equilibrium is

fphot =
1

exp
(

ℏω
kBT0

)

− 1
. (42.8)

The generation rate, therefore, can be expressed as

G0(x⃗) = R0(x⃗) = ∫ α(x⃗, ℏω)
c

nr
Dsc

opt(x⃗, ℏω)fphot(T0)dℏω, (42.9)

which is equal to the recombination in equilibrium.

42.2.3 Nonequilibrium

In the nonequilibrium case, the solar cell is illuminated by solar radiation power, which in our case is
represented by an external blackbody source at the temperature Ts. This leads to an energy density outside
of the solar cell of

dEs
phot = Dvac

optfphot(Ts)ℏωdℏω. (42.10)
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The optical DOS here is the vacuum DOS, and the solar temperature Ts enters the Bose–Einstein photon
distribution function. In principle, other illumination sources can be used, which then enter the calcula-
tion, e.g., as tabulated energy density. The external photon source generates additional electron–hole pairs
ΔG inside the solar cell, and therefore

Gs = ∫ αa c
nvac

r
Dvac

optfphot(Ts)dℏω. (42.11)

Here, a is the relative absorptivity, the amount of electromagnetic solar power entering the solar cell. It can
be calculated using electromagnetic theory by

a(x⃗) =
⟨∫ Re

{

∇S⃗
}

dV⟩

∫ Re
{

S⃗
}

dA⃗
, (42.12)

where S⃗ is the Poynting vector, and the integration in the denominator is performed over a closed sur-
face around the solar cell. This is especially important for nonplanar devices where the solar energy is
captured not only from the surface, but from an angle of incidence larger than the half space π. The ⟨⟩

symbol in the numerator denotes an averaging over a volume that contains several optical wavelengths so
that an inclusion into a dri�-di�usion carrier transport framework is possible. The absorptivity a(x⃗) is the
local relative electromagnetic energy entering in the solar cell, and in the ray optics approximation o�en
is expressed as (1 − r)exp(−αx), where the �rst factor is the back-re�ected power from the air–top sur-
face interface, and the second factor is the diminishing optical intensity inside the device due to internal
absorption (Beer–Lambert law).

In the nonequilibrium case, the generation in the cell is increased, which in turn leads to an increased
radiative recombination rate. Assuming that the radiative recombination is proportional to the product of
electron and hole density, one gets

Rs = R0 np
n2

i
=

NcNv

n2
i

exp
(

ηcηv
kBT0

)

G0 = G0exp
(

ΔEF
kBT0

)

, (42.13)

with the following nomenclature: The intrinsic density is ni, the e�ective state densities are Nc or Nv, the
reduced Fermi energies are ηc = En

F − Ec and ηv = −Ep
F + Ev, and ΔEF is the quasi-Fermi level separation.

With these quantities, the current densities of the solar cell can be calculated. Using the current
continuity equation, one gets

∫ J⃗dA⃗ = q ∫ (G
s − Rs)dV = q ∫

(

Gs − G0exp(
ΔEF
kBT0

)
)

dV = Igen − Irec. (42.14)

The quasi-Fermi level separation can be approximated by the voltage at the contacts, and a�er integration
of the le� hand side, the current of the solar cell becomes

I = Igen − Isatexp
(

qV
kBT0

)

. (42.15)

The currents introduced here are the total generation and recombination currents Igen and Irec, and the
reverse saturation current Isat. They can be evaluated from

Isat = q ∫ ∫ α
c

nsc
r

Dsc
optfphot(T0) dℏωdV (42.16)
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and

Igen = q ∫ ∫ αa c
nvac

r
Dvac

optfphot(Ts)dℏωdV. (42.17)

The short-circuit current of a solar cell is the current under illumination with zero voltage at the contacts,
and therefore accounts to

Isc = Igen − Isat. (42.18)

With this de�nition, the current–voltage relationship can be written in the more conventional Shockley
form by replacing Igen in Equation 42.15:

I = Isat

(

1 − exp(
qV

kBT0
)
)

+ Isc. (42.19)

The open-circuit voltage is the voltage where the net current �ow at the contacts is zero, and it can be
evaluated from the relations obtained here as

Voc =
kBT0

q
log

( Igen

Isat

)

=
kBT0

q
log

(

1 +
Isc
Isat

)

. (42.20)

42.2.4 Efficiency Evaluation

From the current versus voltage characteristics, the electro-optical e�ciency of a solar cell can be obtained
from

ηsc = max
(

IV
Pinc

)

, (42.21)

where the denominator is the total, spectrally integrated incident solar power. Obtaining a high e�ciency
translates into maximizing the open-circuit voltage Voc and the short-circuit current Isc as de�ned in
Section 42.2.3, which maximizes the product IV . A maximum short-circuit current is achieved by cap-
turing the incident broadband solar radiation and absorbing the photons in the solar cell. According to
Equation 42.17, this requires a large absorption coe�cient α, which is a material property, and a good
absorptivity a, which is the ability to capture light into the solar cell, an electromagnetic property. In bulk
solar cells, the absorptivity a can be maximized by broadband antire�ection coatings. If the solar cell thick-
ness is in the order of a few optical wavelengths, waveguiding or even evanescent wave e�ects can help
maximize a. It will be shown in Section 42.2.4.2 how this is applied to nanowire solar cells.

The evaluation of the open-circuit voltage involves a maximum optical generation current Igen and a
minimum reverse saturation current Isat, which is a challenge to ful�ll. As can be seen from Equation 42.16,
the major ingredient to Isat is the optical DOS of the solar cell.

42.2.4.1 Bulk Solar Cell

First, the e�ciency evaluation is shown for a bulk solar cell. In principle, all current commercial tech-
nologies fall into this category, also the thin-�lm designs. For a homogeneous medium, the optical DOS
is

Dhom
opt =

(nr
c

)3 1
4πℏ3 (ℏω)

2Ω, (42.22)

where Ω is the solid angle of the radiation emission and absorption, respectively.
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For the bulk solar cell, the solid angle of illumination is Ω = π, and therefore

Dvac
opt =

(1
c

)3 1
4ℏ3 (ℏω)

2. (42.23)

The solid angle of emission at any location inside the solar cell is Ω = 4π, leading to

Dsc
opt =

(nr
c

)3 1
ℏ3 (ℏω)

2. (42.24)

For the absorptivity a, a simple ray optics model can be applied, which leads to

a = (1 − r)(1 − exp(−αd)) ≈ 1, (42.25)

with r being the re�ectivity at the air-semiconductor interface, and d the cell thickness. By design, one
can realize a good antire�ective coating and su�cient cell thickness, leading to the relation a ≈ 1. The
short-circuit current can therefore be maximized by engineering the cell.

The open-circuit voltage contains the ratio of
Igen
Isat

, which is approximately proportional to the ratio
Dvac

optn
sc
r

Dsc
optn

vac
r

. This results in a factor 1
4n2

r
in the short-circuit current calculation. The physics behind this factor

is the light intensity concentration. The factor of 4 in the denominator can be reduced by e�cient light
management, as it comes from the photon collection from the angle π but photon emission into an angle of
4π [10]. Introducing a dielectric environment that allows emission into an angle π only (by, e.g., photonic
crystals or conventional mirrors) increases the open-circuit voltage. Therefore, light management is an
important physical mechanism for advanced solar cell design [10,11].

42.2.4.2 Optical Microconcentrators

Waveguides, resonators, or optical antennas can in�uence the optical absorption behavior of a solar cell.
As �rst case, an optical concentrator that acts as absorber is taken that focuses the incoming solar radiation
to the absorber area A1, whereas the illuminated (large) area is A0 (for illustration, see Figure 42.1). This
leads to an absorptivity a ∝ A0

A1
= f , as the absorber concentrates the energy �ux density to the area A1. As

a consequence, the short-circuit current is obtained with a much smaller volume of absorption compared
to a nonconcentrated case (see integral in Equation 42.18). At the same time, the reverse saturation current
(Equation 42.16) is also integrated over a smaller volume compared to a bulk solar cell. The ratio of

Igen
Isat

,
and therefore the open circuit voltage, increases. However, two assumptions need to be made: First, the
reverse saturation current density needs to be independent of the local carrier density, which is, within
the Shockley theory, a valid assumption. Second, the optical concentrator modi�es the optical DOS of
the absorber. This needs to be taken into account in the open-circuit voltage calculation. Therefore, the
open-circuit voltage is only increased if the following relation holds:

Dvac
opt

Dmc
opt

f >
Dvac

opt

Dbulk
opt

, (42.26)

or

Dbulk
opt

Dmc
opt

f > 1, (42.27)

where Dbulk
opt is the optical DOS for the bulk cell and Dmc

opt is the optical DOS for the micro concentrated
cell, respectively; their ratio can be interpreted as the Purcell factor. This result shows an interesting design
opportunity for high-e�ciency nanostructured solar cells: If optical elements are introduced that focus the
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solar electromagnetic energy to a small volume, the open-circuit voltage, and therefore the e�ciency, can
be increased compared to a bulk or thin-�lm solar cell. However, the Purcell factor, or the ratio of optical
DOS, should not be increased at the same rate, as it compensates the concentration e�ect.

42.2.4.3 Electronic Nanostructures

In the �eld of lasers and light-emitting diodes, electronic nanostructures such as quantum wells and quan-
tum dots have increased the performance considerably [12]. In solar cells, the application of electronic
nanostructures has not been used as a standard feature to improve the cell e�ciency. In general, the intro-
duction of nanostructures alters the electronic band structure. It leads to the following consequences:

• The e�ective bandgap, i.e., the absorption edge, is shi�ed to the lowest subband energy di�erence.
• The absorption coe�cient increases, as the electronic DOS is higher at the band edge compared to

a bulk material, and in addition, the overlap of the envelope wave functions enters the absorption
coe�cient.

• The absorption coe�cient becomes anisotropic due to the anisotropy of the underlying carrier wave
functions and DOS.

As a drawback, electronic nanostructures typically have dimensions around 10 nm, which is much
smaller than the optical wavelength or a typical absorption path length. Therefore, in order to obtain e�-
cient absorption, multiple nanometer-sized regions need to be stacked in the direction of the light path
or e�cient focusing of the light onto the absorbing nanostructure needs to be done. Fundamentally, the
anisotropy of the absorption and emission can be used to restrict the absorptivity α to the solid angles of
the solar radiation, and to reduce the reverse saturation current by a maximum theoretical factor of 4 (see
explanation in Section 42.2.4.1) [13]. In addition, the increase of the absorption coe�cient leads to smaller
active regions, which increases the ratio of short-circuit current to reverse saturation current as outlined
in Section 42.2.4.2.

Finally, some advanced concepts have been pursued with electronic nanostructures such as intermediate
band solar cells [14] or hot-carrier contacts [15]. The basic idea is to introduce additional energy levels with
nanostructures in order to overcome the single bandgap limitation of the semiconductor. Such structures
require nonequilibrium carrier transport models and are not discussed here.

42.3 Computational Models

In the previous sections, some fundamental properties of nanostructured solar cells have been described
within the semianalytical framework of the Shockley–Queisser model. In general, the incoming light gen-
erates electron–hole pairs by absorption in the semiconductor. In Section 42.2, it has been shown that the
e�ciency of a solar cell depends on the solar optical generation Gs(x⃗), the generation in equilibrium G0(x⃗),
and the recombination under illumination Rs(x⃗) (see Equation 42.14). In principle, those are all local quan-
tities. In nanostructured solar cells, both light intensity and carrier density can be controlled on the scale
of tens of nanometers by optical waveguides, plasmonic subwavelength structures, or quantum wells or
dots. This introduces a strong local variation of the physical quantities contributing to the cell e�ciency.
Computational models can capture the local variations, and a correct determination of the e�ciency is
feasible.

42.3.1 Optical Models

The governing optical equations for solar cells with structures similar or smaller than the optical wave-
length are Maxwell’s equations. The solar illumination is modeled as a broadband current source, and
the resulting electromagnetic �eld contributes to the local carrier generation rate. There is a multitude of
models to solve Maxwell’s equations either analytically, semianalytically, or numerically.
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A popular analytical solution is the plane wave ansatz, which a�er some simpli�cations leads to the
transfer matrix method (TMM). Using TMM, light propagation in multilayer structures can be evaluated
or the even simpler Beer–Lambert law can be obtained:

I(x) = I0e−αx, (42.28)

with the intensity I.
Most semianalytical methods expand the solution of Maxwell’s equations in modes. For nanowire solar

cells, which are essentially cylinders, the modes of a cylindrical optical �ber can be used, and the solution
is then represented as superposition of the �ber modes [16].

Numerical methods essentially discretize the simulation domain and solve the respective equations only
on parts of the domain, e.g., vertices or edges. The �nite-di�erence time-domain (FDTD) method [17] is
a popular method that discretizes space and time using explicit �nite di�erences. With sources placed in
the simulation domain, the propagation of electromagnetic waves can be computed iteratively in space
and time. The FDTD method is straightforward to implement and can be adapted for parallel computing
in a natural manner. The original FDTD kernels [17] require rectangular tensor product meshes, which
can be restrictive for complex geometries. Moreover, the solutions are only second-order accurate in space
and time, which requires many grid points per wavelength for accurate solutions, in particular for optical
frequencies. A rather elegant approach to overcome these limitations is the discontinuous Galerkin time-
domain method [18]. It combines explicit time stepping with a local �nite-element space discretization,
and therefore powerful high-order accuracy and �exible meshes can be used. The local elements are con-
nected with constraints for the numerical �ux in order to ensure consistency and convergence to the exact
solution. For solar cell simulations, which use the broadband solar spectrum as source, the time-domain
methods allow the use of spectral broadband sources, with only one simulation run for the entire spectrum.
Dispersive materials need special treatment in the time domain, and therefore additional computational
resources.

A second class of numerical methods solve Maxwell’s equations in the frequency domain. Here,
monochromatic harmonic waves replace the time derivatives with an imaginary frequency factor, and any
multifrequency solution can be built as superposition in the linear case. Maxwell’s equations can be reduced
to the Helmholtz equation, which for the electric �eld E⃗ reads

(

Δ − ω2μϵ
)

E⃗ = −jμJ⃗, (42.29)

where μ and ϵ are the respective permeability and permittivity, ω is the frequency, and J⃗ is a current source.
This equation is valid for homogeneous isotropic materials, and the permittivity is in general a dispersive
complex quantity in optics. This equation can be solved by a �nite-element method in three dimensions,
with sophisticated meshes, and an approximation to the exact solution. In its homogeneous form (without
current sources), it yields an eigenvalue problem that give the eigenfrequencies and eigenvectors of a given
geometry. For complex permittivities, the eigenvalue problem becomes complex as well, and the imaginary
part of the eigenfrequency gives the quality factor of the eigenmode [19,20].

In order to evaluate the e�ciency of a solar cell beyond the analytical Shockley–Queisser limit, the
framework presented in Section 42.2 as e�ciency analysis for nanostructured solar cells requires evaluation
of the classical electromagnetic �eld for the solar cell geometry in the presence of a complex refractive
index. This enters both the absorptivity a (see Equation 42.12) and the optical DOS Dopt (Equation 42.7).

42.3.2 Electronic Models

Any electronic model describes the dynamics of the charge carriers inside the solar cell, i.e., the photogener-
ated carriers and the intrinsic carriers under applied bias. In a generalized description, solar cell operation
means that the photogenerated carriers thermally relax to the band edges and are subsequently driven to
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the contacts creating the photocurrent. In the radiative (i.e., Shockley–Queisser) limit, the carriers can
recombine radiatively on their way to the contacts, and of course, the resulting photons can be reabsorbed.
This gives an upper limit to the photocurrent. However, carriers can be lost by nonradiative recombina-
tion, which decreases the e�ciency further. An excellent description of such an e�ciency analysis can be
found in [21]. In order to understand local features of the carrier transport, such as surface recombination
e�ects, or defect recombination related to speci�c doping species or materials, a space-resolved carrier
transport model is needed. In nanostructures, additional physical properties are potentially relevant, e.g.,
the thermal relaxation process is di�erent from bulk processes, which can lead to ballistic or semiballistic
carrier transport. If these heated carriers can be detected by a contact without thermal relaxation, a higher
e�ciency is achieved as the thermalization energy loss can be avoided [22].

Therefore, electronic properties of nanostructures require simulations by quantum transport models in
order to include e�ects such as carrier tunneling, phase coherence (and carrier localization), and ballistic
transport. These models have been successfully applied to nanowire devices by several groups [23] and
established methods are the nonequilibrium Green’s functions (NEGF) method or the Wigner function
formalism [24]. The NEGF method has been applied to quantum solar cells [25,26]; however, these meth-
ods in general are computationally demanding, as they discretize both real and phase space. Therefore,
simulation domains of only a few nanometers can be accounted for. In the future, the so called multi-
scale approaches might be feasible that combine computationally intense quantum transport methods with
e�cient semiclassical methods; several approaches have been made, with still many open questions [27].

In the following sections, the carrier transport in nanowire solar cells is analyzed. It will turn out that
these solar cells have dimensions with diameters larger than 50 nm and lengths more than 1000 nm. In
this regime, semiclassical models still have a decent validity, therefore the established and e�cient dri�-
di�usion model will be used. It comprises the self-consistent solution of the current continuity equations
for electrons and holes with the Poisson equation for the electrostatic potential.

42.4 Light Capture and Emission

Figure 42.2 shows the arrangement of the nanowire array for a solar cell. The wire diameter is d, the
lattice constant is a, and the wire height is L. The �rst question is how such an array can incouple and
absorb light. Solar radiation spans from the ultraviolet to the infrared wavelength range, and the solar
cell therefore needs to be a broadband absorber. It has been reported in the literature that an array of
nanowires can act as a good broadband absorber [16,28]. For highest e�ciency with a single bandgap mate-
rial, the classical Shockley–Queisser analysis predicts a band gap of the semiconductor material between
Eg ≈ 1.3 eV and 1.4 eV [11].This bandgap optimum can be explained by the balance of having minimum
carrier thermalization losses from high-energy photons on the one hand and minimizing the losses due
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FIGURE 42.2 Illustration of an ordered nanowire array solar cell. The p-n junction can be arranged in a radial (le�)
or axial (right) manner. The periodicity can be hexagonal or cubic.



9781498749565_C042 2017/8/31 12:27 Page 484 #10

484 Handbook of Optoelectronic Device Modeling and Simulation

to the optical transparency of the semiconductor for low-energy photons. Indium phosphide (InP) with
Eg = 1.34eV matches this range very well; therefore, the following analysis will use this material. The
�ndings are applicable to any other material as well.

42.4.1 Absorptivity

Using a three-dimensional �nite-element solution of the complex vectorial Maxwell equations, the wire
arrangement as shown in Figure 42.2 is illuminated from the top side with a linearly polarized sheet source.
The source matches the power spectrum of AM1.5D solar power and is placed at a distance above the wires,
which is beyond the evanescent mode decay length. The space between the wires is vacuum, and both the
wire and the substrate material is InP, with the complex refractive indices following the dispersion relation
given in [12]. The simulation is carried out for a quarter of the wire only, with periodic boundary conditions
on the cut planes in order to represent an in�nite periodicity of the array . Perfectly matched layer absorbing
boundary conditions are placed at the top and the bottom of the simulation domain.

From the electromagnetic �elds, the relative local absorptivity a(x⃗, λ) is calculated according to
Equation 42.12, which becomes, a�er integration of the wire volume, the spectral absorptivity of the entire
wire ã(λ). The optical absorption in the substrate is not included in the integration and does not contribute
to the e�ciency of the cell. Figure 42.3 shows the spectral absorptivity for di�erent wire periodicity and
diameters; the wire height is constant at L = 2 μm. A geometric �ll factor is de�ned that describes the
volume of active material in a nanostructured cell relative to a bulk material volume. This �ll factor can be
expressed as

fnw =
πd2

4a2 . (42.30)

The highest �ll factor can be achieved with d = a and a �ll factor of fnw ≈ 0.79, i.e., when the nanowires
touch. For the simulations shown in Figure 42.3, combinations of periodicity and diameter have been
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FIGURE 42.3 Spectral relative absorptivity of an InP nanowire array. The wire diameter is labeled d, and the wire
distance is a.
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chosen so that the material volume �ll factor is identical at fnw = 0.196. The arrangement with the smallest
wire diameter of d = 40 nm and distance of a = 80 nm shows a substantial reduction of absorptivity
above a wavelength of 500 nm. Nanowires with larger diameter and larger array pitch show a better long
wavelength absorptivity, and the case of d = 180 nm and a = 360 nm has an absorptivity of more than
90% up to the bandgap wavelength of InP. The dashed curve shown in Figure 42.3 is the absorptivity of a
homogeneous InP �lm with a thickness of 2μm×0.196 = 392 nm, which is the same material volume as the
nanowire array. This thin �lm, however, is covered by an ideal antire�ective coating in order to eliminate
re�ections (which is not added to the wire array case). The decrease of absorptivity at wavelengths larger
than 600 nm comes from the insu�cient thickness of the InP layer.

42.4.2 Modal Analysis

In order to understand the �ndings of Section 42.4.1, the spectral behavior of the absorptivity of the
nanowire array can be analyzed by a modal description of the electromagnetic �eld distribution. In [16], it
has been shown that the absorptivity obtained from the three-dimensional calculation can be constructed
from a separation of the power absorptivity parallel to the nanowire axis according to the Beer–Lambert
law. The e�ective attenuation coe�cient is obtained from the two-dimensional mode calculation of a cross-
section of the wire array perpendicular to the wire axis. This assumes an in�nite extension of the wires along
their axes, and the calculation gives the eigenmodes with their complex eigenvalues ne�

m = n′m + in′′m, with
m as the mode index. The real part of the eigenvalue describes the coupling e�ciency of the electromag-
netic incident TEM wave to the wire array and is inserted in the separation ansatz for the calculation of the
re�ected power. The imaginary part is the e�ective absorptivity that enters the Beer–Lambert expression.
For an illustration, see Figure 42.4. The optical power at the interface between vacuum and the nanowire
array top can be expressed as

Pm(z = 0) = P0
4n0n′m

(n0 + n′m)2
Γm
∑

i
Γi
, (42.31)

with n0 being the vacuum refractive index, P0 the source power, andΓm is the overlap integral of the electric
�eld of the incoming TEM mode with the mth mode of the wire array cross-section. The absorbed power
in the nanowire material is then

Pabs(λ) =
∑

i
Pi(z = 0)

(

1 − exp(4π
λ

n′′i L)
)

. (42.32)

z

Pabs

P0

FIGURE 42.4 Illustration of the electromagnetic separation approach for a nanowire array. The incoming plane wave
power P0 is separated into two-dimensional cross-sectional modes and an exponential power decay in z-direction
following a Beer–Lambert law.
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Using this separation ansatz, the spectral absorptivity curves of the three-dimensional calculation can
be reproduced with excellent accuracy, as shown in [28].

This procedure identi�es the type of modes that couple the linearly polarized free-space electromagnetic
�eld to the nanowire array. The unit cell of the array consists of the wire itself (which resembles a cylindrical
�ber) and the periodic boundary to the neighboring wires that can be viewed as the Neumann boundary
condition at the border of the unit cell.

The broadband absorptivity for the nanowire array can be described by only very few modes. For the
case of d = 180 nm and a = 360 nm, only two modes are necessary to create the absorptivity character-
istic as shown in Figure 42.3. These modes are plotted in Figure 42.5 with their electric �eld mode pro�le
and their relative incoupling e�ciency. The latter describes the ability of the wire array to act as an antire-
�ective structure.The e�ect of relative incoupling in Figure 42.5 (bottom �gure) is a combination of the
con�nement factor Γ and the real part of the e�ective index of the in-plane mode in the nanowire array n′
(see Equation 42.31). For incoupling of 90%, the e�ective index therefore is close to 1 (i.e., the surrounding
air), which for a �ber mode, is the regime of weak con�nement. Still, most of the electromagnetic power
couples into the wire array, and the �eld distribution as shown in in Figure 42.5 (e.g., mode A at 500 nm)
shows a strong �eld between the wires, which is also absorbed according to the Beer–Lambert law. Between
300 nm and 700 nm, mode A couples close to 90% into the wire, and the electric �eld analysis shows that
the electric �eld distribution resembles an �ber mode. Finally, the electric �eld distribution between the
wires resembles a fundamental TEM mode, meaning parallel arrangement of the electric �eld vector. At
750 nm, mode A reaches its cuto� wavelength, and most of the light couples into mode B, which is of
type HE11. For further detail, the reader is referred to the optical �ber standard dispersion relations and
eigenmodes, which are similar to the case of the sparse wire array.

It is surprising that only two modes are responsible for the broadband absorptivity of the electromagnetic
power. This modal description helps understand the characteristics: If the wire spacing is increased from
the ideal distance, the overlap integral of the wire modes decreases, and therefore the absorptivity decreases.
If the wire spacing is decreased, the e�ective index of the wire array n′ increases, and therefore the rela-
tive incoupling decreases. If, at the same distance, the wire diameter is modi�ed, similar e�ects occur; an
increase of the wire diameter moves the �ber mode dispersion relation to the multimode regime, where the
e�ective indices are larger (a standard optical �ber dispersion relation illustrates this). A decrease of the
wire diameter will decrease the mode number to a point where only the fundamental mode can be used.
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FIGURE42.5 Top: Electric �eld distribution in the nanowire array for mode A and mode B, for di�erent wavelengths.
Bottom: Relative incoupling PA∕P0 and PB∕P0 (see Equation 42.31 ). (Reprinted from J. Kupec et al., Optics Express,
18, 27589–27605, 2010. With permission.)
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As a rule of thumb, therefore, the wire distance and diameters should be chosen so that in the dispersion
relation of the cross-sectional eigenvalue problem, the bandwidth of operation can span the fundamental
and a few higher order modes. Moreover, the wire length should be chosen so that the imaginary part of
the eigenvalue ensures full absorption of the optical power according to the Beer–Lambert law.

The modal analysis of the wire array can also be applied for solar radiation under an incident angle
di�erent from vertical illumination. For moderate incident angles (below 15◦), the results do not change
signi�cantly.

42.4.3 Shockley–Queisser Efficiency of a Nanowire Array

Having calculated the relative absorptivity from electromagnetics, the Shockley–Queisser e�ciency can
subsequently be evaluated from Equation 42.21. Carrier transport e�ects are not included at this level of
description and will be described later. Also, as approximation, the optical DOS in the semiconductor Dsc

opt
is taken to be a bulk DOS, for simplicity. This neglects the Purcell e�ect for the radiative emission, and
therefore we get an upper limit for the solar cell e�ciency. The impact of the modi�ed optical DOS will be
discussed in Section 42.4.4.

Figure 42.6 shows the calculated e�ciency of the InP nanowire array with a square wire arrangement and
a wire length of L = 2 μm. The e�ciency is plotted versus the volumetric �ll factor. For small wire diameters
of below 100 nm, the e�ciency is highest for high �ll factors and decreases for larger wire distances. Here,
mostly the fundamental HE11 mode is responsible for the absorptivity; however, the overlap with the wire
is too small for e�cient absorption. For larger wire distance, the electromagnetic energy therefore is lost in
the substrate. For thicker wires with diameters larger than 100 nm, the most dense array with highest �ll
factor shows the same e�ciency as the thinner wires; however, with increasing wire distance, the e�ciency
increases up to values of 30% for the diameter of d = 180 nm. This increase can be explained by a reduced
e�ective index of the wire array with lower �ll factor, and therefore less back re�ection from the vacuum–
wire array interface. The electromagnetic energy is concentrated to the wires by the modal light capture,
and the decrease of e�ciency below �ll factors of 10% is due to the decreasing coupling factor. As a result,
a maximum e�ciency of 30% can be reached with a �ll factor of approximately 20%, a wire diameter of
d = 180 nm, and a wire separation of a = 360 nm, without an additional anti-re�ective coating. Hence,
the wire array acts as a microconcentrator element as well as an active absorber at the same time. An InP
bulk cell with ideal broadband antire�ective coating gives a detailed balance e�ciency of ηideal = 31% for
comparison.
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FIGURE 42.6 E�ciency of an InP nanowire array based on the Shockley–Queisser analysis in the radiative limit for
di�erent wire diameters d. An in�nitely thick, perfect antire�ective InP bulk cell has an e�ciency of approximately 32%.
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42.4.4 Purcell Effect

The nanowire array acts as a microconcentrator, and therefore, as discussed in Section 42.2.4.2, the open-
circuit voltage can be increased compared to a bulk solar cell, if the concentration factor outweighs the
increase in optical DOS. The reciprocity theorem states that any lens or concentrator not only increases
the collection angle of the solar cell, but also the emission angle. In addition, the spontaneous emission rate
(which in the bulk case is a material property) can be altered if the dielectric surrounding of the emission
volume is modi�ed, which changes the recombination rates. For the InP nanowire model array, the question
is now how large the Purcell factor is and if it substantially alters the e�ciency considerations described
up to now.

In order to calculate the optical DOS, dipole sources were placed in the nanowire array, with vertical
(z-) and horizontal (xy-) polarization. As position, the cross-section of the nanowire was sampled at a
height of z0 = 1.9 μm, where the absorptivity is large. A wavelength sample of λ = 700, 800, and 900 nm
was used, which is close to the spontaneous emission maximum in InP. A description similar to Equation
42.7 has been used in order to calculate the local optical density of states (LDOS) (for a detailed proce-
dure, please see [19]). In Figure 42.7, the LDOS is plotted, normalized to the free-spaced DOS. It basically
describes the enhancement or suppression factor for the spontaneous emission rate; a number larger than
1 would mean that spontaneous emission is enhanced. From the calculation, the z-polarized normalized
LDOS reaches values around 2–3, close to the wire surface, where the maximum absorption takes place
(see Figure 42.5 for comparison). This is a photonic crystal e�ect, as the z-polarized dipole emits predom-
inantly in the horizontal direction. The xy-LDOS is 0.5–0.8, close to unity. As a consequence, the averaged
LDOS over all directions leads to a normalized LDOS very close to unity, which according to Equation
42.27 allows the full bene�t of the optical microconcentration e�ect to enter the open-circuit voltage
calculation.
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42.5 Electronic Properties

42.5.1 Radial versus Axial Junction Arrangement

The nanowire geometry by nature has a high aspect ratio of length to diameter, and the p-n junction can be
arranged in radial (i.e., vertical) or axial (i.e., horizontal) manner generating large or small quasi-neutral
regions. Both implementations are shown in Figure 42.2 schematically and also have been demonstrated
experimentally by epitaxial growth techniques. This p-n junction placement introduces another important
aspect to nanostructured solar cell design. Assuming an abrupt junction, and the depletion approximation,
the p-n junction can be separated into three distinct regions: the depleted region, and the quasi-neutral p-
and n-regions. Photogenerated carriers in the depleted region are separated by the electric �eld and consti-
tute a local photo current. In the quasi-neutral regions, the carriers di�use, ideally to the contacts, if a local
gradient is present. The cell current at the contacts is reduced if photogenerated carriers recombine on
their way to the contact. This can be internal radiative or nonradiative recombination, consisting of spon-
taneous emission, Auger recombination, and Shockley–Read–Hall recombination. As a general guideline
for minimizing the in�uence of nonradiative mechanisms, the recombination limited carrier lifetime needs
to be much larger than the transit time of the carriers to the contacts. This principle is used in the thin-�lm
solar cell technology.

In the analysis in Section 42.2.3, only the radiative recombination was included in the detailed balance
limit. The analysis here is also done in the detailed balance limit as well, as it gives an upper boundary for
the e�ciency.

As example, the InP nanowire geometry is used, with a diameter of d = 180 nm and a wire height of
2 μm. The top n-region has a thickness of 100 nm, and the core diameter of the core-shell implementation
is d = 120 nm. As p-doping, an active concentration of p = 1×1018cm−3 and n-doping of n = 5×1018cm−3

is used. The junction arrangement of the respective axial and core-shell structure is shown in Figure 42.2.
The space and frequency resolved absorptivity pro�le has been calculated solving the vectorial Helmholtz
equation under AM1.5D illumination; an illustration can be seen in Figure 42.8 a�er integration over
frequency.

The wire array �ll factor is 20%, which gives a maximum Shockley–Queisser e�ciency. A�er spectral
integration of the absorptivity, a local optical generation rate can be evaluated. The electronic simulation
has been carried out only for a single wire by solving the continuity equations for holes and electrons cou-
pled to the Poisson equation for the electrostatic potential. This means that any interaction between the
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FIGURE 42.8 Current density versus voltage characteristics of axial and radial junction nanowire array solar cells
made of InP, illuminated with the AM15.D solar spectrum. (ax, axial; rad, radial.)
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FIGURE 42.9 Optical generation rate pro�le in a nanowire array (only single nanowire shown) with a solar AM1.5D
illumination spectrum (in units 1/s).

wires has been neglected for the carrier transport. Figure 42.9 shows the current versus voltage character-
istics for the two designs. The axial p-n junction has a lower short-circuit current than the radial junction;
however, it also shows a larger open-circuit voltage. The resulting maximum e�ciencies are therefore close:
22% for the axial cell and 21% for the radial cell. In the axial wire, the photocurrent is generated from two
e�ects. For one, the electric �eld in the depletion zone leads to dri� current of the photogenerated carriers.
This dri� current removes carriers from the depletion zone, and in turn results in a di�usion current of the
photogenerated carriers as excess minority carriers toward the junction. For the doping values in this wire,
the depletion region is less than 15-nm thick at zero voltage, which would yield almost no photocurrent
from direct dri�. However, the simulations show that 600 nm of the quasi-neutral p-region contributes to
the electron photocurrent by di�usion, and the entire quasi-neutral top n-region of 100 nm contributes
to the hole photocurrent. The thickness of these di�usion regions depends critically on the minority car-
rier lifetime, and therefore impurity densities in the quasi-neutral regions need to be minimized. A more
detailed analysis of this e�ect has been shown in [4]. In our simulation of the axial structure (with only
radiative recombination present), a total of 700 nm of the wire height therefore can be viewed as the active
region for photocurrent generation [29], which is 35% of the total length of the wire. In contrast, the radial
junction contains a depletion region along the entire wire, and the charge separation due to dri� and dif-
fusion currents takes place in the entire wire volume. This leads to a higher photocurrent compared to the
axial wire. The di�erence is not as large as the active volume ratio though, as the optical generation rate
decreases exponentially from top to bottom, and the high generation top region is an active region for both
structures. In [4], it has been found that the e�ciency of a radial nanowire solar cell is much less prone
to degradation if the minority carrier lifetime decreases, which can be directly explained by the increased
depleted volume in the radial cell. It should be noted that the n-doped shell thickness of 30 nm for the
radial wire has been chosen since it is larger than the depletion region so that a vertical photocurrent to
the n-contact can be established.

The active region analysis explains the increased photocurrent for the radial structure, but it also can
explain the reduction in open-circuit voltage compared to the axial device. The open-circuit voltage is given
by Equation 42.20, with the fraction

Igen
Isat

as contribution. Including the above described carrier transport
e�ects, the volume integration for the calculation of the optical generation current Igen and the reverse
saturation current Isat should only be done for the active volume. In the case of the axial junction, it is the
depletion volume plus the di�usion zones in the quasi-neutral regions, which, in our speci�c case, account
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to the top third of the wire. The radial junction wire collects photocarriers in the entire wire volume, and
therefore the integration volume is the entire wire. As stated, this maximizes the optical generation current,
and at the same time, also increases the reverse saturation current. Toward the bottom of the radial junction
wire, the integration adds the same amount of reverse saturation current as in the upper region; however,
the optical generation contribution decreases to a negligible amount. This is due to the exponential decay
of the relative absorptivity a (see Equation 42.12). As result, the open-circuit voltage decreases if the wire
is too long. This is plotted in Figure 42.10, where the wire array e�ciency of a radial junction cell has been
calculated for di�erent wire lengths. For wire lengths below 2 μm, the solar spectrum is not fully absorbed
within the wire (especially the long wavelengths), which limits the short-circuit current. For lengths above
2 μm, the reverse saturation current increases more strongly than the photocurrent, which decreases the
open-circuit voltage. It should be noted that the values for the wire length and resulting e�ciencies are
speci�c to the material, dimensions, and doping concentrations that have been chosen for this example;
however, the physical principles are valid for the general case of nanowire solar cells. For silicon nanowires,
the optical absorption coe�cient is smaller, and therefore the optimum wire length would be larger.

42.5.2 Surface Recombination

Up to now, all the calculations have been presented with radiative recombination only, excluding any non-
radiative processes. In this section, the impact of surface recombination is analyzed. Nanostructures show a
large surface to volume ratio, and any surface e�ect has a pronounced impact on the characteristic behavior
of a device. For solar cells, surface recombination contributes to the nonradiative recombination mecha-
nisms and decreases the cell e�ciency, as discussed in the previous section. Here, the goal is to study
the impact of surface recombination in the cell e�ciency within the framework of the carrier continuity
equation and the Poisson equation. The surface recombination rate is calculated via a Shockley–Read–Hall
recombination with 2D trap densities [30]:

Rs =
nsps − n2

i
1∕vp(ns + n1) + 1∕vn(ps + p1)

, (42.33)

where ni is the intrinsic carrier concentration, vn and vp represent the surface recombination velocities,
and n1 and p1 represent the surface trap densities. This model is used in the simulation procedure. The
surface carrier densities are ns and ps, respectively.

The radial and axial structures have been simulated with constant surface recombination velocity of
vs = 104 cm/s, which is a realistic value for InP [31], and surface trap densities n1 and p1 set to a value for
midgap states . Figure 42.11 shows the current–voltage characteristics with (dashed lines) and without
surface recombination (solid lines). Turning on surface recombination, the maximum e�ciency drops
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FIGURE 42.10 Cell e�ciency of a radial junction nanowire array versus nanowire length.
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FIGURE 42.11 Current versus voltage relationship of a radial (rad) and axial (ax) junction nanowire array with and
without surface recombination (sr).

from 21% to 15.5% for the radial structure and from 22% to 3.5% for the axial structure. It can be shown
that the maximum surface recombination rate is achieved for the condition vnns = vpps [32]. Assuming
similar recombination velocities for electrons and holes for simplicity, the maximum surface recombination
is hence located where electron and hole densities are both high at the same location. For a p-n junction,
this occurs in the depletion region. It explains why the axial junction solar cell shows a substantial decrease
in e�ciency; in this geometry, the depletion region is exposed to the surface. This can be avoided by adding
a passivation layer to the surface. For the radial junction, the depletion region thickness is smaller than the
outer n-doped shell thickness, which makes the surface a quasi-neutral region. In that respect, the radial
junction arrangement is vastly superior and much less prone to degradation from surface recombination
e�ects.

42.6 Summary

Photovoltaic cells have become a fast growing technology for electrical power generation. Conversion e�-
ciency and cost have been major drivers for the development. In that context, the use of nanostructures
in solar cells has not lead to a major performance advantage up to now, and most implementations rely
on classical p-n junction electronics and classical ray optics. In this chapter, the use of periodic nanowire
arrays and their impact on solar cell e�ciency has been analyzed. An e�ciency analysis is presented that
includes the nature of wave optics based on electromagnetic propagation and the optical DOS. The former
leads to resonance and interference e�ects, which in turn causes localization of the electromagnetic energy
and spectral dispersion. As main result, the e�ciency of a bulk cell with ideal antire�ective coating can
be achieved with wires of only 20% of material without antire�ective coating. In addition, e�cient light
management improves the solar cell e�ciency via a modi�cation of the optical DOS. This leads to a higher
open-circuit voltage compared to a classical solar cell.
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Appendix 42.A: Material Parameters
The InP material parameters used in the simulations are listed here. The refractive index dispersion is
shown in Figure 42A.1.
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FIGURE 42A.1 InP refractive index n and extinction k versus wavelength (From S. L. Chuang, Physics of Photonic
Devices. Wiley Series in Pure and Applied Optics, 2009. Copyright Wiley-VCH Verlag GmbH & Co. KGaA).

As mobility model for the electronic simulations, the Arora model has been used:

μ = μmin +
μD

1 + (Ni∕N0)A
, (42A.1)

with Ni being the impurity density, and the remaining parameters have been chosen as [33].

μmin(m2∕V ⋅ s) μD(m2∕V ⋅ s) N0(m−3) A

el 0.040 0.520 3.00e23 0.47
hl 0.001 0.017 4.87e23 0.62

The intrinsic carrier density is ni = 1.2 × 10 m14m−3, the bandgap energy is EG = 1.34 eV, and the
radiative recombination coe�cient is 1.2 × 10 m−16m3∕s.
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