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The behavior of the spectrum of fluctuations E,, of refraction index n in tur-
bulent sea water when the fluctuations of n are controlled by fluctuations 7" of
the temperature and .S” of the salinity is analyzed. The spectrum of E,, is found for
homogeneous and isotropic turbulence as a function of the rate of dissipation
(equalization) of temperature and salinity fluctuations which, together with the
dissipation rate of the energy of turbulence, control the statistical behavior of
fluctuations of n. These rates were parametrized by employing the gradient
hypothesis. It was found that, depending on the contributions of temperature and
salinity fluctuations to fluctuations of n, one may observe domains of anomal
behavior which may include appearance of local extrema.
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1. Introduction

Propagation of light in a medium with random inhomogeneities involves changes in the wave
amplitude, phase and arrival angle. These perturbations are random. One of the reasons for their
appearance is turbulence which in stratified atmosphere, for example, is responsible for the exist-
ence of random temperature and humidity fluctuations which control the fluctuations of the refrac-
tion index. This highly distorts the optical wave fields. The investigation of fluctuations of optical
waves in the turbulent atmosphere is important as a part of obtaining exact quantitative data on the
characteristics of visible and infrared radiation, in interpreting data of radiation observations from
artificial satellites, in obtaining data of astrophysical observations free of the effect of the terrestrial
atmosphere, etc. The particular interest in such studies is associated with the use of lasers in com-
munications, data-transmission, telemetering, location and similar systems. In fact, the information
capacity of optical communication lines, the space-time resolution of laser locators, the precision of
geodetic laser optical instruments and other technical parameters of optical systems can be assessed
only with allowance for fluctuations of optical fields [1, 2].

The theoretical principles of investigating the properties of a light wave traveling through a tur-
bulent atmosphere have been developed by a number of investigators [3—-6]. They showed that the
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statistical behavior of fluctuations of light-wave parameters (phase, arrival angle, amplitude) are a
function of temperature fluctuations. As a rule, they employed a model of the spectrum of tempera-
ture fluctuations [4] which, for large scales, corresponds to the Obukhov-Corrsin E = k=53 law
(the inertia interval), whereas for small scales the spectrum damps out exponentially (dissipation
interval); here k is the wave number. Comparison with data of full-scale measurements points to
rather satisfactory agreement of results [1-4].

Similar aspects of the propagation of light in the turbulent water medium, in particular, in sea
water, have been much less explored. The refraction index n for sea water is determined under
actual conditions basically by the temperature T" and salinity S. In the inertia-convective spectral
range the temperature fluctuations E, and salinity fluctuations Eg are, as in the atmosphere,
described by the Obukhov-Corrsin law, i.e., E~ k=53 and Eg ~ k=53 [4]. For small scales (large k)
the situation becomes much more complicated as compared with the case of atmosphere. It is spe-
cific to the water medium that the kinematic viscosity v is much higher than the molecular thermal
diffusivity x,and the more so than the molecular salinity transport coefficient xg: v > x> xg. As
a result, at small scales, where viscosity has a marked effect on velocity fluctuations, the effect of
thermal diffusivity and diffusion of salinity on temperature and salinity fluctuations is still insignif-
icant. The spectra of temperature and salinity fluctuations in this viscous-convective spectral inter-
val (Batchelor interval) are proportional to k~': E;~ k-1 and Eg~ k-1 [4], whereas the spectrum of
velocity fluctuations decays exponentially. Accordingly, the spectrum of fluctuations of tempera-
ture and of other impurities in the water medium differs significantly from that in the atmosphere.
An analysis of the statistical properties of a light wave traveling in a turbulent water medium when
the index of refraction n is controlled by a single component (temperature 7" or salinity S) was per-
formed by Hill [7]. The dependence of the fluctuations n” on temperature fluctuations 7" and salin-
ity fluctuations S” causes the spectrum of E, to behave in a rather specific manner.

This paper is concerned with the spectral characteristics of turbulent temperature and salinity
fluctuations. A new approximating formula describing the spectrum of fluctuations of the index of
refraction n for the case when the fluctuations of the latter are controlled by those the salinity and
temperature is obtained and the mutual effect of these fluctuations is analyzed. The relationship
between the statistical characteristics of fluctuations of n and of those of the averaged temperature
and salinity distributions is examined. The coefficients of turbulent transfer are parametrized on the
basis of the gradient hypothesis. Results of calculations of the spectrum on the basis of oceano-
graphic observations are presented.

2. Spectrum of Turbulent Fluctuations of the Temperature (Salinity)

Turbulence is a complex vortical flow with a large number of scales of motion. It is the result
of instability of the flow of liquid relative to inevitable flow perturbations. At high Reynolds num-
bers Re = U,Ly/v, which defines the intensity level of turbulent flows, the effect of free-stream vari-
ables such as anisotropy, inhomogeneity and unsteadiness weaken with reduction in the scales of
the vortices as a result of the chaotic nature of energy transfer from large- to small-scale vortices by
fragmentation. Here Uy and L, are the characteristic velocities and dimension of the domain occu-
pied by the fluid. As a result, the statistical mode of small-scale velocity fluctuations becomes
homogeneous, isotropic and steady and also independent of the specifics of the free stream. It is
controlled only by the flow of energy from large to small vortices (cascade energy transfer). Viscos-
ity primarily affects very small vortices. Kinetic energy is converted into heat precisely in this
small-scale motion. Here the quantity of energy transmitted from the free stream to locally homo-
geneous and isotropic motions which are not yet perceptibly affected by viscosity is equal to the
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quantity of energy that is dissipated in small-scale vortices. The magnitude of the cascade energy
flux corresponds to the rate of dissipation of the energy of turbulence. This means that the mean
flow affects the mode of small-scale fluctuations only indirectly, by way of the magnitude of the
energy flux which is transmitted in cascade manner and in the end is dissipated into heat.

We shall examine the temperature fluctuations on the assumption that the temperature inhomo-
geneity does not perceptibly affect the behavior of the turbulent flow. It is natural to expect that in
this case also the mode of temperature fluctuations caused by the translation of liquid lumps at dif-
ferent temperatures will be locally homogeneous and isotropic. Note that actually inhomogeneities
in the temperature (and salinity) distributions may perceptibly affect the motion of liquid in the
gravity field. It is known [4, 8] that this effect is felt primarily by the large-scale motion. As a result,
the buoyancy of sea water does not prevent the existence of regions with developed turbulence, in
particular, inertia and inertia-convective intervals of velocity and temperature fluctuation spectra
were actually recorded [8].

The breakup of large vortices is accompanied by fragmentation of the macrostructure of tem-
perature inhomogeneities into increasingly smaller units. The mean temperature (T') in small-scale
regions can be regarded as virtually constant for which reason the inhomogeneity in such regions is
represented by the temperature fluctuation T” = T — (T'). Following Obukhov [9], we shall take as
the measure of the temperature inhomogeneity of a liquid volume the quantity

_1 ’
b=l /V«T 2)dv

where p is the density of the fluid, i.e., we shall assume that the degree of temperature inhomogeneity
is represented by the quantity (I7)%2. It is known that the mode of turbulent temperature fluctuations
is not determined solely by the dynamic parameters of the fluid (¢ and v), but also by the rate of reduc-
tion of the measure of temperature inhomogeneity (17)?/2, i.e., by the rate of dissipation (equalization)
of fluctuations e of the temperature field, and also by the molecular thermal diffusivity .

In analyzing the spectral characteristics of turbulent temperature fluctuations we introduce the
following characteristic designations of wave numbers & (of the spectral variable): kg — the Kol-
mogorov wave number representing the effect of viscosity; k5 = ¢/vx% and kg = €/vx% —the
Batchelor wave numbers representing the effect of thermal diffusivity and diffusion of salinity,
respectively; k; is the wave number of energy conveying vortices, i.e., of large-scale vortices which
contain the bulk of the flow energy.

We write the equation of heat transfer in a viscous, thermally conducting incompressible fluid
in the form [3]

or | om_ T 1
ot " "oz X og? @

%

where ¢ is the time; v; (i = 1, 2, 3) are components of the velocity vector and T'is the temperature.
Introducing the averaged values of velocity (v;) and temperature (') which in this section are
regarded as constant, we will write v; = (v;) + vi’, T=(T") + T' where v,” and T" are respectively the
fluctuating parts of the velocity and temperature. Then we obtain from Eq. (1)

3_T,+<v.>a_T,+v/£I.-— @ 2
ot o T Vom X o2 @
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Analyzing this equation in points A and B we obtain, on the assumption of statistical homoge-
neity and isotropy, for the correlation function of temperature fluctuations

\II’I‘T (t» 61) = (T,/; T;)
the equation

0 0 0?
é?w:r“r(t’ éz) - 2a_€1:QTi,T(t; €1,) = 2XT a_gg\IlTT (t’ 5,) (3)

where the variable §; = (x;)5—(z;) 4.
We introduce the scalar

0

Q;T = 28_£;QT1‘,T

Since functions ¥ and Q. 7 depend only on the distance between points A and B, we convert to
variables t and r. As a result, we obtain an expression describing the variation in the correlations of
fluctuations of the temperature field [4]:

0 102 2 0
or

G (6 7) = 0, 6 7) = 2, [P e )| @

We now subject this equation to a three-dimensional Fourier transformation with respect to space
variables. With reference to the isotropic nature of the temperature fluctuations and, having evalu-
ated the integrals over the angular variables, we find the spectral analog of Eq. (4):

%ET (t, k) — W, (t, k) = —2x, k*E_(t, k) (5)

where E(t, k) = 4nk?E(t, k) is the three-dimensional spectral density. Equation (5) describes
the variation in time of the spectral distribution of the intensity of temperature fluctuations. Func-
tion Wi.(2, k) describes the redistribution of the perturbations of the temperature field over the spec-
trum of wave numbers brought about by eddy mixing. Integrating of Eq. (5) over the entire spec-
trum of wave numbers we obtain

0

= / E.(t, k)dk = —2x / K2E,.(t, k)dk (6)
ot Jo T Jo

The left-hand side of this equation is the rate of change of the total energy of fluctuations, i.e., the
rate of dissipation of energy e, of temperature fluctuations. From this follows the condition of
norming of the spectrum of turbulence [4]

2x,, /0 K’E,(t,k)dk = ¢, @)
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It is known that the set equations that describe turbulent flow is not closed. Closure of this set
of equations is attained by resorting to various hypotheses, many of which are described in the book
[4]. One of the ways for attaining closure is the use of spectral equations and working out suitable
approaches to solving this problem. This applies in equal measure to equations describing the
behavior of turbulent fluctuations of the temperature field. Equation (5) is the principal spectral
equation employed for this purpose. An analysis of hypotheses which may be employed for attain-
ing closure of Egs. (5) is presented in the book [4]. One of the fruitful ways of doing so is by intro-
ducing the scalar spectral flow function Fi:

_OF,(t,k)

Walt, k) = ——%-

®

and establishing the relationship between Fi. (¢, k) and E (t, k).

One of such models suggested for the steady-state case is the Corrsin-Pao model [10, 11]
which involves the assumption that the spectral element represented initially by wave number k and
time 7 is shifted over time drto the higher wave number & + dk. Here 7(k) is the time scale obtained
from dimensional analysis. Corrsin and Pao introduce the velocity B(k) at which the spectral ele-
ment is transported through wave number k, B(k) = dk/dT = k/7(k). Then

F,(k) = B(k)E(k) ©

This model is based on the assumption of local nature of energy transport over the spectrum. The
model was validated by the results of modeling of energy transfer in homogeneous isotropic turbu-
lence by numerically solving the Navier-Stokes equation, written in the wave-number space, on the
basis of triadic interactions between spectral components. These interactions, which satisfy the con-
dition k, = k, + k3, where k; (i = 1, 2, 3) are the wave numbers of spectral components, are the
principal process of energy transfer over the spectrum [14]. It was shown [12, 15] that the main
contribution to energy transfer in the inertia range is made by local interactions, whereas in the
dissipation interval it is nonlocal interactions that make a significant contribution. However, in all
cases transport is predominantly local. The situation when nonlocal interactions induce local energy
transfer comes about because energy transfer occurs primarily between two spectral components
with high wave numbers (the pattern of such an interaction was described by Frisch [17]), whereas
the contribution of the low-wave number component is small [14]. Similar conclusions were drawn
also by others [13, 15]. We hence see that numerical modeling confirms the principal assumption
underling the Corrsin-Pao model of local energy transfer over the spectrum.

In the inertia-convective spectral interval k; < k < kg (the Obukhov-Corrsin interval) we have
from dimensional considerations 7= g-1/3k-%/3, then by solving Eq. (5) we obtain E,= k53 — the
Obukhov-Corrsin law. In the viscous-convective interval kx < k < kT (Batchelor’s interval)

T = 71, where ~ is the deformation rate, v = (¢/v)!2, which yields E; = k7!, i.e., the Batchelor
spectrum. A generalized model was worked out by Hill [20], who rote the above rate as

Cok
T1+ T2

B(k) = (10)

Here C; is the Obukhov-Corrsin constant, 7, = e-1/3k-2/3, 7, = C;v!; the free parameter C, is
determined from comparison with experimental data. Upon substitution of Egs. (8)-(10), Eq. (5) for
the steady case can be written as
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1 4d

L i E.(y)| = —2y*E,y (11)
T dk T T

1+y2/3

where y = C¥/2, Ay = CyCr2Pr! and Pr = v/xy. The solution must satisfy norming condition
(7). As aresult, we obtain the following expression for the spectrum [20]:

CoCr e, _ 3
B, (y) = 22y (147 exp [—AT (5y4/ ? +y2>] (12)
K

Returning to variable k, we write
(k) = Coe™ 53 [L+ Oy (ln*] exp {4, | 5030m) + Cen? |} 1

It was shown by comparison with a large volume of experimental data [20] that this expression
describes rather well the spectrum of fluctuations of the temperature field; here C; = 2.35. In addition,
it is known [4, 7] that C;, = 0.72. Note that the spectrum of salinity fluctuations is described by a simi-
lar formula. The only difference consists in replacing e by egand Ap—by Ag = CyCi2xg/v . Since
Xs < xp» molecular effect affect turbulent temperature fluctuations at larger spatial scales than is the
case for salinity fluctuations. This brings about perceptible differences between these spectra at high
wave numbers.

As an illustration Fig. 1 shows plots of function f{(kn) = ez'e!/3k53E (k) (Fig. la) and
fs(kn) = eglel/8k58Ey(k) (Fig. 1b), where E (k) and E (k) are the spectra of temperature and
salinity fluctuations.

It is seen that in the inertia-convective interval where E(k) = k=5/3 and Eg4(k) = k-5/3 func-
tions f.(kn) and f¢(kn) are close to horizontal lines and tend to the Obukhov-Corrsin constant C;, =
0.72. At high values of k7 the spectrum of temperature and salinity fluctuations has viscous-con-

(a)

15 |

fr(kn) fs(km)

1073 1072 107! 100 10! 10 1072 100 102
K7 Kkn

Fig. 1. Spectra of temperature and salinity fluctuations.
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vective (Batchelor) intervals where the spectra are proportional to k-1, i.e., f{kn) = (kn)?/3 and
Fs(kn) = (kn)?/3 and the figures show a rise in the curves. When & is increased further, the expo-
nent in Eq. (13) starts exerting its effect and the curves tend rapidly to zero. These parts correspond
to viscous-diffusion spectral intervals. Note that there is no viscous-convective interval in the atmo-
sphere. As a result, the graphs of spectra do not show rising curves and the inertia-convective inter-
val is followed by a rapid exponential drop of the curves.

3. Spectrum of Turbulent Fluctuations of the Refraction Index

Unlike the atmosphere, where changes in the refraction index are in many cases caused solely
by temperature fluctuations, in sea water these changes are additionally caused by fluctuations of
salinity. The familiar expressions for n as a function of T” and S’ are described by high-power
polynomials and are rather cumbersome [21]. Limiting ourselves to the linear approximation, we
write for the fluctuating part of the refraction index

n=—aT + 35’ (14)

where a = 2.6-10~ liter/deg and § = 1.75-10~* liter/gram. We shall now derive an expression that
describes the spectrum of turbulent fluctuations of the refractive index for sea water. We shall ana-
lyze the spectrum of fluctuations of the field of some quantity J, which is a function of scalar quan-
tities Pand Q which have the respective molecular transfer coefficients x p and Xo-

Note that the statistical behavior of a multicomponent mixture in locally homogeneous and iso-
tropic turbulence was investigated rather extensively in applications to combustion, operation of
chemical reactors, etc. Thus Pao [18] obtained expressions for the spectra of fluctuations of the
concentration of a mixture in the presence chemical reactions of the first kind. The behavior of the
concentrations spectrum at high wave numbers for the case when the molecular coefficients of dif-
fusion of the mixture’s component were equal was investigated. Such a case was also analyzed by
Patel [23] who investigated the spectrum of concentration fluctuations of a two-component mix-
ture. Komori et al. [19] employed the Lagrange stochastic model for computing the correlation
between two initially segregated components with identical molecular diffusion coefficients. A
direct numerical simulation of the diffusion of passive scalar quantities with different molecular
diffusion coefficients in steady isotropic turbulence was performed by Yeung and Pope [12]; this
was followed by Yeung’s study [16] who included the effect of the mean gradients of scalar quanti-
ties. These studies focused upon the role of different classes of triadic interactions in the cascade
process of energy transfer. As a rule, the Schmidt numbers pertaining to individual mixture compo-
nents did not exceed unity in these studies and differed from one another not more than fourfold. It
was demonstrated that initially identical scalar fields gradually lose their correlation because of dif-
fusion; the effect of difference in diffusion coefficients here first manifests itself at small scales and
then extends to the domain of large scales. In other words, what is observed is a peculiar reverse
cascade process. It was shown that a statistically steady mode gradually sets on in the liquid in the
presence of a mean gradient of the scalar quantities.

Returning to derivation of an expression for the spectrum of E,, we shall assume that J= P+
Q. Then the correlation function of fluctuations of J can be written as

(JoJn) = (PLP) +(Q, Q) +2(P,Q.) (15)
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since in locally homogeneous and isotropic turbulence Wpy = (P,'Qp") = (Pp’Q 4"). Repeating
the procedure employed in the previous section, one can easily obtain expressions describing the
behavior of correlations (P,"Py") and (Q /@ 5". Applying then Fourier transformations, we can find
expressions for Ep (k) and E, (k).

Let us now determine the reciprocal spectrum Ep, (k) following the procedure described in the
previous section in finding E (k). By analogy with Eq. (2) we write the equation of transport of
fluctuations of scalar quantity P’ in point A and multiply it by the value of )" in point B. Then the
equation for P’ written in point B is multiplied by Q 4". A similar procedure is performed for fluctu-
ations of scalar quantity Q). Then we add the four equations and average them; this yields

- () = 0 PA@i) + 5 () — (0] P12

) e A

oe2 Xope2 —2(P, Q%) (16)

where §; = (z;)5 - (x;) 4. Transforming further with reference to the fact that

() P, Q%) = —((v) A P, Q)

we find
0 52
T, (i p i) = (X, + XQ)B_g\I]PQ amn
Introducing the scalars
. 9 . d
Q o = 6&9”‘0 Qop = B_QQQ"’P (18)

and making use of the fact that functions ¥ pg, Qpy and Qfpp depend solely on the distance
between these two points, we convert in Eq. (17) to the variable r. As previously, we apply the
three-dimensional Fourier transformation of the spatial variables to the resulting equation, then con-
vert to spherical variables and evaluate the integrals with respect to angular variables; all this yields
the spectral analog of Eq. (17)

Wi, + Wi = (X, + X )k Epg (19)

Converting to three-dimensional spectral densny Epg = 47Tk2EPQ , we introduce the analog of
function Wy (k): Wpq = 87Tk2(WPQ + WQ p) and then Eq. (19) becomes

o= (X, + xQ)szPQ (20)

Please note that when P= Q) Eq. (20) becomes Eq. (5) (the steady-state case). By analogy with Eq.
(8) we introduce now the scalar spectral stream function Fpy:
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oo =~ @

which, on the basis of the Hill model, is written as
Fpoo(k) = B(k)Epq (k) (22)

where B(k) is the conditional rate of transport of perturbations through spectral point k, written as
(10). Substituting Egs. (21) and (22) into Eq. (20) and making use of Eq. (10), we obtain

1 d [ y5/3

_ 2
rody TWEPQ@)] = —2"Epq (k) 23)

where y = C}¥/2k/ky and Apy = 0.5C,Cr%(xp+ Xq)v*. Solving this equation with reference
to the norming condition

(e +Xg) /0 K E,,(k)dk = ¢, (24)

which is an analog of Eq. (7) (Eq. (24) becomes identical to Eq. (7) at P= @), we find
Epq(y) = Repqu (1 + /%) exp(—A,,Y) (25)

where R = CyC7%2kz8v! and Y = 1.5 - y¥/3 + y2. In the final analysis, making use of Eq. (15),
we obtain an expression for the spectrum of temperature fluctuations of J

E, = Ry=31+y*?)(G, + G, +2G,,) (26)
where
G, = epexp(—A,Y) G, =eoexp(—A,Y)
Gro = €pgexp(—A4,,Y) A, =CoCy?
A, = CoCr%x, vt A, = CoCr%x v}

We shall now examine certain limiting cases.

Ly<1, Ap, Ay, Apy < 1. This corresponds to the inertia-convective interval k; < k < kg
(the Obukhov Corrsin interval). Expanding the exponents in Eq. (26) in a series and retaining the
first term of each of the expansions, and utilizing the fact that y is a small quantity, we obtain

E, =Coe™ /3 (e, +eq +2,0) k%3 @7

which is the Obukhov-Corrsin law. Here €; = ep+ € + 2€pq is the rate of dissipation (equaliza-
tion) of fluctuations of the field of a quantity [22].
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ILy>1, Ap, Ag, Apg < 1. Here kg < k, i.e., we are in the viscous-convective interval (the
Batchelor interval). After pertinent expansions we find

E, = CoC1y (ep + g +2610) k1 (28)

which is the Batchelor spectrum).

IL Ap > 1, Ag > 1, Apy > 1. As expected, the spectrum damps out exponentially. This is the
viscous-diffusion interval.

Returning to the variable k, we write an expression for the spectrum of fluctuations of the
refraction index. In the final analysis, making use of Eq. (14), we have

En(k) = Cos™ k™2 [1+ C1(kn)*/?| (G (k) + G5 (k) — 2G5 (k)] 29)

where

Gy(k) = aPe,exp(~Ay0)
Gs(k) = [ exp(~A )
Grs(k) = ofe;sexp(—A;s6)
A, = CoCI_ZXTV_l A = C()C’1_2)<SI/_1

A = 050073 (x, +x vt

3
6 = FCH(kn)*®+ CP(kn)?

When the molecular transport coefficients are equal, i.e., x;= X Eq. (29) becomes the expression
for the spectrum found by Patel [23].

The local structure of fields of scalar quantities (density, refraction index, etc.) determined by
fluctuations of two other scalar fields with different molecular transport coefficients, in
locally-homogeneous and isotropic turbulence in the inertia-convective and viscous-convective
intervals was analyzed by the one of the present authors with his coworkers [31, 32]. They showed
that the rate of dissipation (equalization) of the field of such a scale quantity can be written as

en = o?e, + (%5 — 200e,5 (30)

4. Relationship with the Parameters of Averaged Fields

The above expression that described the spectrum of locally-homogeneous and isotropic tem-
perature fluctuations of the refraction index contains quantities representing dissipation of the tem-
perature and salinity fluctuations, i.e., &1, €5 and e1g. We shall now examine their relationship with
the outer parameters of the medium, in particular with the averaged temperature and salinity distri-
butions. First we consider the temperature distribution. Fluctuations of temperature arise in the tur-
bulent water medium when the mean temperature is a function of position, most frequently of the
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vertical coordinate. Turbulent mixing causes particles to move through some distance where the
ambient liquid temperature differs from the intrinsic temperature of the particles, i.e., there arises a
temperature fluctuation. When a mean-temperature gradient exists, a statistically steady condition
can be maintained only in the presence of external heat sources U that would sustain this distribu-
tion. Then the transport equation for temperature, with correction for incompressibility can be writ-
ten as (compare with Eq. (1))

oT oT 8T
Bt +vi6—$i = XTa_CL‘% + U, () (31

We are assuming here that (v;) and T'= (T') + T”, however, now (T') = Ty(x;). We average Eq. (31)
and then subtract the resultant expression from Eq. (31):

oT’
ot

T

F o (oo + ol — (iT))

We multiply this equation by T” and average. For steady conditions, which is under consideration
here, we obtain

0 0 o) 0
r Y 0 Y i\ L N
<T axiv,T0> + <T 6xivlT> <T s ax,.> 0 (33)

After some transformations, we can write this equation as

0T T\ ? 8 0T’ 1/, a2\]
(Tvi)gx—i-l-XT<(3—%> >—5;;i [<(XTT awi>>_§<vi(T) >] =0 (34

In locally homogeneous and isotropic turbulence the correlation of v, of the solenoidal field and
(T')? of the scalar field is equal to zero [3, 4] and, by virtue of homogeneity of temperature fluctua-
tions, {(T"')%) = const. It follows from this that the last term (the divergence of the random field) is
equal to zero. This, in spite of the fact that the temperature distribution in our case is not homoge-
neous, since T}, is a function of position. However, when grad T, = const, in the case of local isotro-
pic turbulence everything remains valid [3]. Then Eq. (34) becomes

T\ ? 0T,
er = <xT ( axi> > = —(T"vi) 52 (35)

where e is the rate of dissipation of the fluctuations of the temperature field [4]. Equation (35) can
also be obtained from physical considerations on the assumption that the production of temperature
fluctuations by the turbulent flow is balanced by molecular dissipation of these fluctuations [8]. A
similar equation can also be written for the rate of dissipation of salinity fluctuations. Let us now
analyze the relationship between eg and the gradients of average values of temperature and salinity.
First we write for salinity an equation similar to Eq. (31):
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oS oS 325
ot 37 a 2 +Us (.’L‘,,) (36)

We average it, subtract from the original equation and then multiply the result by T”. We proceed
similarly with Eq. (31), i.e., we subtract from the latter the averaged equation, multiply the result by
S’ and then add the resulting equations. Regrouping, we obtain

__Q_ ! Q/ ! a / i/ 8 / !’ a e all ! a Xl
_ 8 eald ! a rQl /82TI_ /625[ _
S 5 ) T g =3 g —xs T =0

We average this equation with reference to the fact that we are dealing with the steady case. As a
result we have

8931 c')a:, 83:@
o 0T o ,,08 o1’ 98'\ _
'<%<am5aw>‘X<axTa >+( )<aaaa>—° 37

We note that in the case of T'= S Eq. (37) reduces to Eq. (34). Regrouping again, we obtain the
following expression for constant gradients of the mean temperature an mean salinity

0So
a.’t,;

(T'v;) (38)

_ Xt Xg [OTTOSTN g nOTh
Ts T 2 Ba:i 8-”%’ axz
To parametrize the turbulent fluxes of heat (T"v;") and salt (S’v,"), one usually introduces into

expressions for €, €5 and &g coefficients of eddy thermal diffusivity K and diffusion of the salt
Kg[4]:

8Ty s B
82?13 (S v’i) =-K

(T'vj)) = —K, e

(39)

i.e., these fluxes are respectively proportional to the gradients of the mean values of temperature and
salinity fields and are directed oppositely to these gradients. Note that the aforementioned diffusion
coefficients highly exceed their molecular analogs, i.e., K; > xand Kg > xg. Employing Egs.
(39) we can express the dissipation rates as

(0T, (85,
K(%) K(MJ
e = K.+ K, (0T 9850

TS 2 89:,5 833i
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These expressions are convenient for estimating the above rates because the terms making them up
can be found by analyzing hydrological data. In the ocean usually all the average parameters of
temperature and salinity fields are a function of the vertical coordinate. Then

dTy\ 2 dSp 2
e = Ko <d_0> e = Ks <T)
_ K+ K (dlo) (dSo
frs = T dz )\ dz
(40)

5. Analysis of the Spectra of Fluctuations of the Refraction Index

Using Egs. (40) and (30), we shall write Eq. (29) for the spectrum of fluctuations of the refrac-
tion index distribution as

E,(k) = Coene/3k5/3 [1 + C’lkn2/3] ®(k,w) (41)
where
Wi, + 2y —w(l+0)e,,
(kw) = w2 +1—w(l+6)
&, = exp(—A,6) e, = exp(—A 6)
K
®ps = exp(—Ars0) 6= —I—{i—

Y = a(dTy/dz)

~ B(dSp/dz

For constant gradients of the mean temperature and salinity we can write w = (aAT)/(BAS;), where
AT, and AS,, are respectively the differences in temperature and salinity between the top and bottom
boundaries of the domain under study. Quantity w defines the contributions of the temperature and
salinity distributions to the distribution of the refraction index. A similar quantity, known as the
density rate, which represents the contributions of the temperature and salinity to the density field,
is one of the principal parameters in investigating differential-diffusion convection [24]. Note that as
w — 0 Eq. (41) takes the form of Eq. (13), i.e., it becomes identical to the expression describing the
spectrum of fluctuations of the temperature field, whereas at w = 0 it becomes the spectrum of fluc-
tuations of the salinity field.

The spectra of fluctuations of the refractive index distribution were calculated from Eq. (41) by
employing actual oceanographic data. The bulk of the calculations was performed for the case of
stable vertical temperature and salinity distributions, i.e., reduction in temperature with depth and
rise in salinity. This situation is entirely typical for the ocean. Thus, detailed measurements of gra-
dients of the mean temperature and salinity performed in the North Pacific showed [25] that such an
absolutely stable state prevailed in 35% of the cases. It follows from data on temperature and salin-

94



ity distributions presented by Fedorov [26] and Karlin et al. [27] that the value of w lies between 0
and -5. These values are n satisfactory agreement with data of Gargett [25].

The previously introduced eddy coefficients of thermal diffusivity and diffusion of salt depend
in general on the rate of dissipation of the energy of turbulence and on the vertical density distribu-
tion. Monin showed [28] that, at stable stratification, the eddy momentum transfer coefficient (ana-
log of the molecular kinematic viscosity) can be regarded as constant. By virtue of similarity of the
physical mechanism of heat ad salt transfer, which occurs only by means of mixture of water
masses, the eddy coefficient of thermal diffusivity and diffusion of salt can also be treated as con-
stant quantities and, moreover, should be equal to one another, i.e., § = 1. However, analysis of data
on the mixing of liquids that are inhomogeneous with respect to temperature and salinity shows that
the rates of entrainment) meaning also the eddy heat and salt streams) of nonturbulent liquid into
the domain with turbulent motions depends on the kind of stratification, i.e., entrainment is differ-
ent for the temperature and salinity stratifications. In other words, turbulent fluxes are also a func-
tion of the molecular diffusion coefficient, the effect of which manifests itself primarily at small

(b)

flsm) 1 f, (k)

0.5

0
104 102 100 102 104 10-2 100 102
Kn Kn
4
(c)
f(kn) f,(kn)
0 1 1 1 1 1
104 1072 100 102 104 102 100 102
KN K1

Fig. 2. Spectra of E,, for different w. w: a) -2; b) -1; ¢) -0.5; d) -0.2.
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scales. Questions of parametrization of the effect of molecular processes on turbulent heat and salt
fluxes requires further study [29, 30].

The calculated spectra of fluctuations of the refraction index distribution are plotted in Fig. 2.
The vertical coordinate represents the values of the normed spectrum of f,(kn) =
e;lel/3k52F (k), whereas the horizontal axis is the wave number k7, nondimensionalized accord-
ing to the Kolmogorov scale. It is seen that the shape of the spectra differ significantly from the
spectrum of fluctuations of the temperature distribution shown in Fig. 1a or the salinity spectrum
shown in Fig. 1b. The spectrum of E, acquires a double local peak, the location of which shifts
depending on the contributions of temperature and salinity, i.e., on the value of w. The suggestion
that there may exist an anomal form of the spectrum of fluctuations of the refractive index was first
put forward by Hill [7].

Note that in the case of w > 0 the contributions of temperature and salinity mutually compen-
sate. This causes an abrupt drop in the spectrum of E,, at high k, i.e., at small space scales. It is
known [24] that molecular effects manifest themselves primarily in the fact that the rate of entrain-
ment, meaning also the magnitude of the eddy thermal diffusivity, becomes higher than the eddy
diffusivity of salt. Then the spectrum of E,, will not contain the above drops which are explained by
the assumed approximation of turbulent fluxes. Moreover, at w > 0 conditions arise for the incep-
tion of differential-diffusion convection and the question of parameterization of the fluxes becomes
highly complicated; this case is not considered here.

It is clear that the appearance of these local extrema in the spectrum should have a correspond-
ing effect on the statistical parameter of a light wave that travels through a turbulent water medium.

6. Conclusion

This paper is concerned with the statistical parameters of fluctuations of the refraction index.
In the ocean medium, these fluctuations are controlled fluctuations of temperature and salinity.
Unlike the atmosphere, the molecular thermal diffusivity in water is markedly lower than the kine-
matic viscosity. This causes the appearance of a new viscous-diffusion interval, in which the spec-
trum of temperature fluctuations is proportional to k7, i.e., Ep= k-1. The spectrum of salinity
fluctuations has the same form. The mutual effect of temperature and salinity fluctuations may
cause the spectrum of fluctuations of the refraction index to behave anomally, with causes corre-
sponding changes in the statistical characteristics of the traveling light waves. This assertion was
first put forward by Hill [7].

In this paper we analyzed the behavior of the spectrum of fluctuations E,, of the distribution of
the index of refraction n in turbulent water medium in the case when the fluctuations of this index
are controlled by those of temperature and salinity. For local homogeneous and isotropic turbulence
a new expression was found for the spectrum which is a function of the rates of dissipation (equal-
ization) of temperature and salinity fluctuations which, together with the rate of dissipation of the
energy of turbulence, control the statistical mode of fluctuations of . The above rates of dissipation
were parametrized which made it possible to express these rates in terms of the gradients of aver-
aged temperature and salinity distributions and the corresponding eddy diffusivities. Specific calcu-
lations were performed using oceanographic measurements of temperature and salinity
distributions in different parts of the ocean; all these distributions were stable. It was shown that
depending on parameter w, which represents the contributions of fluctuations T of the temperature
and S’ of the salinity, a double local extremum arises in the spectrum of E,. Its appearance is
caused by differences in the contributions of 7" and .S’ to n and differences in the molecular ther-
mal and salinity diffusivities. Note that the expression for the spectrum of E,, given by Hill [20] for

96



the case when the fluctuations are controlled either by fluctuations in 7 or in S’ follows from that
obtained by us as a particular case.
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