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Supervisor’s Foreword

I am very honored that Springer is publishing Olivier Spitz’s thesis.
Olivier’s Ph.D. investigated non-linear dynamics of quantum cascade lasers

(QCLs) operating under external optical feedback (EOF) and the applications thereof
such as private communications and neuromorphic computing. QCLs are a new class
of unipolar semiconductor lasers based on inter-conduction-band quantumwell tran-
sitions and that emit light from the mid-infrared (IR) to the THz region. The topic of
QCLs is very current and under rapid development. The first QCL was demonstrated
in 1994 at Bell Labs, in the mid-IR spectral range, at cryogenic temperatures. Since
then, mid-IR-emitting QCLs have matured over the last 15 years hence providing
nowadays room-temperature continuous-wave operation across the entire 3-15-μm
range, and watts of continuous-wave (CW) output power over the 4–11-μm range.
Due to the large number of wavelengths they can achieve, QCLs contribute to many
industrial applications such as spectroscopy, optical countermeasures, and free-space
communications.

Overall, I have been extremely impressed by the amount of work done by Olivier
throughout his Ph.D. and the level of understanding he has achieved. His thesis
contains solid theoretic analysis and many pioneer experiments. Many experimental
parameters like temperature, external cavity length and bias patterns were investi-
gated, which allowed studying chaos-based phenomena in QCLs under EOF and
to precisely control the non-linear dynamics. Also, the influence of the linewidth
enhancement factor was carried out in order to understand why QCLs can, exper-
imentally, generate peculiar non-linear dynamics under EOF. His analysis further
confirmed that the linewidth enhancement factor (i.e., α-factor) is not as small as
previously thought in QCLs. In other words, although the first-order value of the
QCL’s α-factor is near-zero, any additional perturbation (e.g., thermal effects, spec-
tral hole burning, etc.) produces an increase of the effective α-factor which becomes
most likely driven by the second-order terms, a situation well different than that in
bipolar lasers.

Olivier’s dissertation showed the first proof of concept concerning free-space
private communication using a chaotic carrier generated from a mid-IR QCL source.
Also, he proved the first chaos synchronization between two mid-IR QCLs across
a classical communication channel. The advantages of such method compared to
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vi Supervisor’s Foreword

quantum key distribution as well as the potential to improve the performances of the
system were described, both in terms of chaos bandwidth and transmission quality.
This work constitutes a smart pathway for private optical communication that relies
on using the fractal dimension and the complexity of the strange attractor originated
from mid-IR QCL sources.

Olivier also investigated the entrainment phenomenon in QCLs under EOF and
external periodic bias forcing. The entrainment phenomenon corresponds to the
occurrence of a deterministic chaotic pattern composed of frequencies which are
linked to the one of the forcing. Results also showed that both the amplitude and the
frequency of the forcing play a key role in the number of retrieved spikes per modula-
tion period. In particular, he discovered the birth of extreme events leading to bursts of
extra optical power and analyzed them with a thorough statistical analysis. The giant
pulses that characterize these extreme events can contribute to sudden, sharp bursts
which are key elements for communication in neuromorphic systems. With mid-IR
QCLs, Olivier developed a basic optical neuron system operating 10,000 times faster
than biological neurons. Fine tuning of modulation and frequency allows control of
time intervals between spikes.

Last but not least, the behavior of a QCL subject to cross-polarization feedback
and the potential of the emitted all-optical square pattern were discussed. The period
and duty cycle of that pattern can be tuned by varying the feedback strength and the
polarization of the reinjected beam. He demonstrated an all-optical square modula-
tion, paving the way for integrated photonic memories and direct modulation of light
at mid-infrared wavelength.

To summarize, Olivier’s thesis provides significant advances toward improving
the understanding of QCL dynamics. In particular, initial efforts about free-space
transmission were carried out during his Ph.D. thesis. Eventually, the triggering of
extreme events in QCLs is of paramount importance for applications such as optical
neuron-like systems, which require optical bursts to be triggered in response to a
perturbation.

This Ph.D. work unlocks the non-linear dynamics of QCLs and extends the poten-
tial applications of this kind of semiconductor lasers in molecular spectroscopy,
optical countermeasure systems, and for communication systems inspired by the
brain’s powerful computational abilities. This excellent work impacts on the large
community of chaos-based applications where research is pushed forward to direc-
tions with new wavelengths for the realization of private communication systems.
Last but not the least, I am sure that this Springer thesis will be of international
appeal.

Palaiseau, France
April 2021

Prof. Frédéric Grillot



Abstract

The mid-infrared domain is a promising optical domain because it holds two
transparency atmospheric windows, as well as the fingerprint of many chemical
compounds. Quantum cascade lasers (QCLs) are one of the available sources in this
domain and have already been proven useful for spectroscopic applications and free-
space communications. The purpose of that dissertation is to go one step further
by implementing a secure free-space communication relying on optical chaos and
consequently, to give an accurate cartography of non-linear phenomena in quantum
cascade lasers.

Initial efforts about free-space secure chaotic transmission have been carried out
during this Ph.D. thesis with two chaos-synchronizedQCLs, which is a pioneer result
paving the way for mid-infrared private communications. In order to have a global
picture about the non-linear dynamics in QCLs under external optical feedback, we
tunedmany experimental parameters and this allowed us studying new phenomena in
QCLs. We thus found similarities between QCLs and laser diodes when the chaotic
dropouts are synchronized with an external modulation, known as the entrainment
phenomenon.A cross-polarization reinjection technique led to square-wave emission
in the output of the QCL. Eventually, we studied the triggering of rogue waves
in QCLs. Rogue waves are a quite common phenomenon in optics (among other
domains in science) but they have never been triggered on-demand in semiconductor
lasers under external optical feedback before. Further studies will try to avoid such
phenomenon in the output of a QCL under external optical feedback since it can
disturb the message to be transmitted in a secure communication.

All these experimental results allowed a better understanding of the non-linear
dynamics of QCLs and will extend the potential applications of this kind of semicon-
ductor lasers, which have currently been restricted to molecular spectroscopy and
optical countermeasure systems.
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Chapter 1
Introduction

This introduction chapter will present the general context of this study, as mid-
infrared quantum cascade lasers (QCLs) can be relevant formany applications requir-
ing powerful and versatile mid-infrared optical sources. Extensive details will be
given about the QCL opportunities for free-space communications in the follow-
ing chapters so this introduction will mainly focus on three other aspects: optical
countermeasure systems, absorption spectroscopy and lasers for surgery. As QCLs
are not the only available sources in the mid-infrared, I will briefly digress on the
other options and what their main differences with QCLs are. The organization of
the dissertation will furthermore be described.

1.1 The Mid-Infrared Domain

1.1.1 Electromagnetics

An elctromagnetic wave can be described by its wavelength if it is considered as
a wave and it can be described by its energy if it is considered as a particle flux
[1]. The period of such wave can vary from a few dozens of nanometers for X-rays
to several centimeters in the case of radiowaves. The infrared domain ranges from
800nm, above the visible spectrum, to 20 µm which corresponds to the limit with
the terahertz regime. The infrared domain is of prime interest because it corresponds
to the wavelength emitted by room-temperature bodies and because it holds two
transparency atmospheric windows. Furthermore, mid-infraredwavelength is related
to the vibrational absorption of molecules, which means that chemical compounds
are able to absorb the energy transmitted by infrared photons.
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The blackbody emission, also called Planck’s law, provides the relationship
between the temperature of that body and the emitted wavelength. It is given by [1]:

ρ(λ, T ) = 2 hc2

λ5

1

e
hc

λkB T − 1
(1.1)

where h is the Planck constant, λ the wavelength, c the speed of light, kB the Boltz-
mann constant and T the temperature. From this formula, we can derive that an
airplane motor will have a maximum emission around 3 µm and a human body will
have a maximum emission around 10 µm.

1.1.2 Atmosphere Absorption

The mid-infrared domain holds two transparency windows, one between 3 and 5
µm and another between 8 and14 µm. Consequently, mid-infrared optical sources

Fig. 1.1 Atmosphere absorption AL with respect to the wavelength λ. The top line corresponds
to fog conditions, the middle line corresponds to regular weather conditions and the bottom line
corresponds to high-visibility conditions
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Fig. 1.2 Simulated beam intensity profile in decibel units after a 20km propagation through atmo-

sphere for 1.55 µm (left chart) and 10.6 µm (right chart) for C2
n = 5 ×10−14 m− 2

3 . Solid lines show
beam size due to diffraction only. Courtesy of [6]

are candidates of choice for transmission applications, especially in the case of fog
or drizzle where they strongly surpass near-infrared and visible-light sources [2], as
shown in Fig. 1.1. More details about communications at mid-infrared wavelength
will be given in the section dedicated to secure chaotic communications. However,
it is relevant to note that not only the absorption but also the signal distortion is
lower at higher wavelength. Indeed, it is known that turbulence on the propagation
path significantly deteriorates the optical signal causing e.g. beam spreading, beam
wandering, scintillation or loss of spatial coherence [3]. In this case, the scintillation
will be the predominant phenomenon, corresponding to intensity fluctuations of the
propagating beam. This effect evolves as a function of λ−7/6 [4], andwill therefore be
less significant at higher wavelength hence the advantage of mid-infrared waves for
free-space optical communications. Numerical studies with simulated scintillation
data and turbulent strength (also known as C2

n [5]) have recently investigated the
superiority of mid-infrared wavelength over near-infrared wavelength for long-haul
free-space transmissions [6]. Details about the evolution of the beam after a propa-
gation of 20km for a wavelength of 1.55 µm and for a wavelength of 10.6 µm can
be seen in Fig. 1.2.

1.2 Applications at Mid-Infrared Wavelength

1.2.1 Molecular Spectroscopy

The first application in the mid-infrared domain is molecular spectroscopy [7]. Due
to their vibrations in the medium, many molecules will absorb light at one specific
wavelength, which is considered a fingerprint of the molecule [8]. The presence of
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Fig. 1.3 Absorption wavelength of common molecules as well as hazardous molecules such as
trinitrotoluene (TNT) and triacetone triperoxide (TATP). Courtesy of [8]

a given molecule can therefore be assessed by illuminating the medium and detect-
ing either directly the optical transmission spectrum, showing absorption peaks at
the molecule vibrational frequencies, or through photo-acoustic detection [9, 10],
consisting in measuring with microphones the vibration frequency of the molecule,
which will be modified due to heating in case of absorption of optical light. The
efficiency of this technique can sometimes be improved by the addition of a quartz
tuning fork [11, 12], which is known in the literature as quartz enhanced photo-
acoustic spectroscopy (QEPAS). The amplitude of the absorption peak or of the
acoustic signal is directly related to the amount of the targeted molecule in the stud-
ied medium, and molecular spectroscopy can be used to monitor toxic or polluting
gases for industrial control. It has also been proven useful in order to detect explo-
sives, drugs or weapons for safety applications [13]. The fundamental vibrational
mode of most of these molecules of interest is located in the mid-infrared domain,
as shown in Fig. 1.3. It is therefore strategic to illuminate the medium in this range
of wavelengths, instead of using the harmonics that can be found in the near-infrared
domain, where the spectroscopy would be 2 or 3 orders of magnitude less efficient.

1.2.2 Optical Countermeasure Systems

Optical countermeasure systems [13] is one of the most promising fields of appli-
cations for high-power QCLs. They are also known as directed infrared counter-
measures (DIRCM) and are designed to protect aircraft from heat-seeking missiles,
for example those launched from manportable air defense systems, as illustrated in
Fig. 1.4. Depending on the technology, these missiles will operate in the 0.5–2.5 µm
range to follow very hot sources such as airplane nozzles, in the 3–5 µm range, in
order to follow targets emitting between 300 and 1000K, or in the 8–14 µm range,
to follow cold sources such as naval ships. If they are jammed by a modulated high-
power mid-infrared beam, these missiles can be deflected so that they miss their
target. This technique is more efficient than the widespread countermeasure flares
used by current airplanes. Indeed, the mid-infrared beacon can be used for many
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Fig. 1.4 DIRCM system
with conventional solid state
laser. Courtesy of [13]

times if the aircraft is targeted by several missiles on a raw and the size of packaged
QCLs is way smaller than that of a container filled with lures. However, this military
application requires state-of-the-art beamquality and robustnesswhich are not acces-
sible to every kind of lasers. For instance, CO and CO2 lasers were not considered
for DIRCM because they do not fully comply with the aforementioned requirements
[14]. This is the reason why the first optical sources for countermeasures were opti-
cal parametric oscillators (OPO) but the bulkiness of such lasers makes them not as
versatile as QCLs [15]. DIRCM require mid-infrared room-temperature lasers with
optical power above 1W and with a beam divergence of less than 5 mrad.

1.2.3 Mid-Infrared Sources for Medical Applications

Many molecules and chemical compounds strongly absorb at mid-infrared wave-
length. Thus, mid-infrared lasers are more efficient than their near-infrared counter-
parts for ablation of biological soft tissues. QCLs emitting around 6 µm have been
proven to be of paramount interest for soft tissues coagulation [16], selective removal
of atherosclerotic plaque [17], less-invasive laser angioplasty [18] and corneal tissue
ablation [19] because they emit in the amide I band and the amide II band of proteins
[20].Moreover, they aremore compact than other lasers able to emit at the samewave-
length, such as free electron lasers [21] and difference-frequency generation lasers
[22]. One of the key parameters that could broaden the use ofQCLs for surgerywould
be an increase of the peak power because medical applications usually require high
intensities. Recent achievements with QCLs at 4.8 µm emitting more than 200W
[23] could widespread the technology among the medical domain. Last but not least,
QCLs are promisingmid-infrared sources for non-invasive determination of glucose,
lactate and triglycerides in blood serum [24], which is an improvement compared to
conventional methods requiring blood sampling.
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1.3 The Mid-Infrared Landscape

1.3.1 Semiconductor Mid-Infrared Sources

Many sources exist in the mid-infrared domain [25], as summarized in Fig. 1.5.
Among them, conventional diode lasers are challenged by cascade structures such as
quantum cascade lasers (QCLs), for which next chapter is dedicated, and interband
cascade lasers (ICLs). Interband cascade lasers are semiconductor lasers exploiting
a cascade scheme similar to that of QCLs, but in which the radiative transition occurs
between the conduction and valence bands. ICLs are constituted of a succession of
interband active areas in order to increase the wall-plug efficiency of the device. The
first ICL was proposed in 1995 [26] and then fabricated in 1997 [27]. Since then, the
performances of ICLs improved significantly and they have become suitable sources
for spectroscopic applications [28]. ICLs can now be operated room-temperature
for wavelengths between 2–7 µm and with an output power up to 1W [29–32].
Implementation of ICLs on silicon [33] could further broaden the applications of such
mid-infrared lasers. We will briefly give a definition of type-I and type-II structures
as well as their performances.

1.3.2 Type-I Lasers

In type-I quantum well (QW) geometry, electrons and holes are confined within the
same material layer [34]. The emission energy is therefore principally determined
by the band gap of the quantum well material and the electron and hole confinement
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Fig. 1.5 Threshold current density and wavelength of emission for several sources emitting in the
mid-infrared domain at room temperature. The white background represents the wavelength ranges
where the atmosphere is characterized by a high transparency. The solid lines are for the visual
guidance of the reader. Courtesy of [25]
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energies. The short wavelength region of the mid-infrared is accessible with con-
ventional type-I quantum well structures. Type-I mid-infrared lasers have achieved
room temperature emission in the mid-infrared from 2.0 to 3.73 µm with watt-level
output powers out to 2.5 µm [35] and milli-watts at wavelengths beyond 3 µm [36].
The type-I active region has also been incorporated within a cascading scheme [37].
Type-I interband cascade lasers can overcomemany of the challenges of conventional
lasers offering reduced series resistance, uniform carrier injection and large band off-
sets. This has enabled lower threshold currents, especially at longer wavelengths, but
often at the expense of higher operating voltages [38].

1.3.3 Type-II Lasers

Beyond 3 µm, type-II QW-lasers begin to surpass the performance of the type-I
lasers. One approach for such configuration is the type-II superlattice, where the
carrier wavefunctions are extended across successive layers. The coupling of the
wavefunction between multiple quantum wells forms a miniband and consequently
a broad emission spectrum. In the type-II alignment, electrons and holes are confined
within separate quantumwell layers [39]. This allows for energy transitions less than
the bandgap of the constituentmaterials, extending the accessiblewavelengthswithin
a given material system. In addition, the separation of carriers permits independent
engineering of the electron and hole quantum wells. On the other hand, the spatial
separation of electrons and holes reduces the wavefunction overlap. Type-II ICLs
have demonstrated room temperature operation with threshold current densities less
than 500A.cm−2 between 2.8 and 5.2 µm [40]. Moving outside this wavelength
range, the threshold current density increases rapidly towards both shorter and longer
wavelengths. This has been attributed to the efforts that have focused on optimising
the active core and waveguide in this region.

1.3.4 CO2, CO and Lead-Salt Lasers

We will end this section with a short review of the first sources that were consid-
ered for mid-infrared applications because they were the first available sources in
that domain [41, 42]. Because of their bulkiness and lack of versatility, many of
these optical sources are nowadays less commonplace compared to semiconductor
mid-infrared lasers, except for very specific applications, like laser cutting of met-
als [43] or welding of polymers [44]. Among these sources are the CO2 and CO
molecular lasers, which were of prime interest because of their output wavelength
in the atmospheric transmission windows near 10 and 5 microns, respectively. CO2

lasers with efficiencies of more than 30% have been realized [45], while the out-
put power of such lasers can exceed several kW [46]. However, diatomic molecular
lasers such as CO offer significant advantages for obtaining operation at even higher



8 1 Introduction

efficiencies. Indeed, in the latter case, only one ladder of energy levels is accessible,
corresponding to a single vibrational mode (in contrast to CO2, which has three dif-
ferentmodes). The consequence is that it is possible to have a (nearly) 100%quantum
efficiency because the lower laser level of a given transition can serve as the upper
level of a subsequent transition. This advantage is in contrast to the CO2 system,
for which the energy of the lower laser level is rapidly dissipated as heat energy
through vibration-translation collisional relaxations and that prevents high quantum
efficiencies. Optical power up to 70W was achieved with a CO laser at cryogenic
temperature [47], with the view of using it for spectroscopic applications [48].

The last mid-infrared laser sources to be introduced are lead-salt lasers. These
semiconductor lasers based on PbSe, PbTe or PnS have a direct bandgap, but the
transition does not occur at the � point (i.e. at the center of the Brillouin zone),
but at one of the points corresponding to off-centered band minima. Moreover, the
effective mass of the electrons and holes are similar, and consequently, there are
only few Auger recombinations, leading to a possible population inversion and laser
effect. The achievable wavelength ranges from 3 to 30µmdepending on the addition
of Cd, Sn, Eu or Yb [49, 50]. These lasers emit typically a few hundreds of µW, but
they are limited in their applications because of their restricted reliability and need
for cryogenic operation. Furthermore, the performances of such devices are strongly
unstable with a small temperature fluctuation.

1.4 Organization of the Dissertation

The principle of operation ofQCLswill be explained in the next chapter. A theoretical
analysis will provide details about the specificity of this kind of semiconductor lasers.
This will emphasize the differences existing betweenQCLs and the widespread near-
infrared laser diodes. In particular, the influence of the linewidth enhancement factor
will be detailed in order to understand why QCLs can, experimentally, generate
non-linear dynamics under external optical feedback.

External optical feedback will be thoroughly described in the third chapter, after
a general introduction about chaos, the phase portraits and bifurcation diagrams.
External optical feedback consists in reinjecting part of the emitted light back into
the laser. Optical feedback has been widely studied in interband laser diodes, where
it can either improve or deteriorate the laser properties depending on the two main
parameters that are the external-cavity length, or feedback delay, and the feedback
strength, defined as the ratio between reinjected and emitted powers. Examples of
the external optical feedback’s positive and negative effects will be given in the
specific case of the newly investigated QCLs non-linear dynamics. The dissertation
will then focus on several experimental parameters such as temperature, external-
cavity length and bias patterns in order to precisely control the chaotic dynamics
found in the output of the lasers. The entrainment phenomenon will be introduced
and the influence of the amplitude and frequency of the modulation will be detailed.
The behavior of a QCL subject to cross-polarization feedback will be discussed and
the potential of the emitted all-optical square-wave pattern will be explained.



1.4 Organization of the Dissertation 9

The fourth chapter will focus on the chaos synchronization between two semicon-
ductor lasers. A simple theoretical example will be given, associated with a review
of the first successful chaos synchronizations in various domains. The usefulness of
synchronization will then be characterized through the prism of secure communi-
cation that was achieved for the first time more than 20years ago. Yet, this type of
transmissions remains limited to optical fiber systems. We will show initial experi-
ments concerning free-space secure communication in the mid-infrared and will give
the advantages of such method compared to quantum key distribution. Eventually,
we will describe what are the potential levers in order to improve the performances of
our current system, both in terms of chaos bandwidth and transmission quality. The
concept of optical injection will be introduced and the non-linear dynamics obtained
with that scheme will be compared with those retrieved with conventional opti-
cal feedback. Opportunities about mixing optical injection and conventional optical
feedback will also be presented.

As a new non-linear phenomenon in QCLs with external optical feedback, rogue
waves and extreme events will be the cornerstone of chapter five. The conditions
that favor such events will be described and a thorough statistical analysis will be
performed in order to confirm the existence of rogue waves. As extreme events
represent bursts of extra optical power, a method will be given in order to trigger
them precisely and that is compatible with sensing applications. Tools to predict
such events will also be introduced with the view of hindering rogue waves in the
cases where they could be hazardous. Eventually, peculiarities of extreme events
such as dragon kings will also be briefly discussed and comparison with other fields
of physics will be drawn.

Finally, the last chapterwill highlight themain discoveries of thiswork and discuss
some perspectives for future experimental and numerical studies.
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Chapter 2
Quantum Cascade Lasers: Mid-Infrared
Sources with Outstanding Features

This chapter aims at describing the properties and conditions of operation of quantum
cascade lasers. A short review of the technology progress will be presented with
examples for both mid-infrared QCLs and Terahertz QCLs. A specific focus will be
dedicated to the linewidth enhancement factor, that is a key parameter for the analysis
of non-linear dynamics in semiconductor lasers. Two methods will be underlined
to retrieve the linewidth enhancement factor above threshold and below threshold,
respectively. This chapter will end with two examples of external optical feedback
application other than laser output destabilization. These two cases concern beam
steering of multi transverse-modes QCLs and the Talbot coupling QCL arrays.

2.1 From Theory to The Device

2.1.1 Mid-Infrared Quantum Cascade Lasers

QCLs are optical sources exploiting radiative intersubband transitions within the
conduction band of semiconductor heterostructures which are called superlattices
(Fig. 2.1). A superlattice is an artificial semiconductor material consisting of a large
number of periods, and each period holds two layers of dissimilar materials pre-
senting different gap energies but similar lattice constants. Roughly ten years after
the laser discovery, Kazarinov and Suris were the first ones to introduce a popula-
tion inversion based on semiconductor intersubband transitions in order to generate
a stimulated emission [1]. Following this discovery, tunnelling in superlattices [2],
resonant tunnelling in semiconductor double barriers [3] and other transport proper-
ties of superlattices [4] were extensively studied, leading to the experimental proof
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Fig. 2.1 Example of superlattice modelling with several heterostructure widths leading to optical
emission in the mid-infrared. Wave-functions of interest are stressed with colors and the emission
process will be explained in the following

of discretization in quantum wells [5], though QCLs had not been produced yet. One
of the cornerstones of the experimental fabrication of QCLs was the development
of growing techniques such as molecular beam epitaxy (MBE) [6] and band-gap
engineering [7]. This led to the first QCL in 1994 [8], within the Bell Labs facilities
after nearly one decade of unfruitful trials. As we already saw that QCLs are an
optical source of choice in the mid-infrared domain, they were quickly envisioned
for many applications hence drawing attention on practical improvements. The first
QCL was indeed pumped at a maximum temperature of 88 K and could only be
operated in pulsed mode. A few months after the first experimental demonstration,
new discoveries brought QCLs operated in CW mode at cryogenic temperatures
[9] and in pulsed mode up to room temperature [10], as well as new geometries.
One can cite, for instance, distributed feedback (DFB) QCLs [11], providing con-
tinuously tunable single-mode laser output, quantum cascade disk lasers [12] and
quantum cascade “bow-tie” lasers [13]. Simultaneously, the quest for higher power
and longer-wavelength devices led to the invention of the superlattice active region
[14]. Rather than providing population inversion between subbands through appro-
priate design, minibands in active region superlattices allow achieving an intrinsic
inversion and this authorizes large injection currents. The latter is intrinsically related
to large optical power, which is typically obtained for large pump currents, and long
wavelengths, where the larger losses require an active region able to sustain a large
threshold current. Further improvements have then been performed by several groups
[15–18], leading to powerful and versatile optical sources between 2.75 and 10.6µm.
Examples of outstanding QCLs working in CW mode are displayed in Table 2.1,
for a selected number of wavelengths. Recent insights allowed envisioning further
improvements of the QCL technology and its potential for large-scale adoption with
the development of QCLs on silicon [19, 20] and quantum dot cascade lasers [21]
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Table 2.1 Experimental parameters of outstanding QCLs as estimated or measured and published
in the literature

References [23] [24] [25] [26] [27] [28]

Wavelength (µm) 3.4 4 4.6 7.1 9 10.6

Output power (W) 0.4 2 5.1 1.2 2 0.1

with the purpose of taking advantage of slowing of the relaxation processes between
confined state in quantum dot (QD) lasers [22].

2.1.2 Terahertz Quantum Cascade Lasers

The emitting wavelength of QCLs has been pushed up to 24 µm [29] in the case
of surface-plasmon interactions, and this corresponds to the upper limit for mid-
infrared QCLs. Indeed, the wavelength range from 28 to 45 µm corresponds to the
Reststrahlen band, where the III–V materials are absorbant due to optical phonon
absorption and consequently, no QCLs based on these materials can emit in this
domain. However, it is possible to produce QCLs emitting above 45 µm or, equiv-
alently, below 6 THz. These lasers are called terahertz (THz) QCLs [30] and until
now, the maximum temperature for CW operation is 129 K [31], because of the
appearance of thermal relaxation mechanisms between upper and lower laser levels
through optical phonons, preventing from population inversion when increasing the
temperature. In order to increase the temperature of operation of such QCLs, inge-
nious schemes have been developed, such as the application of a strong magnetic
field above 16 T, in order to suppress the inter-Landau-level non-radiative scattering
[32]. Another scheme based on difference frequency generation in a mid-IR QCL
to obtain monolithic THz devices has been proposed [33] and has led to THz room-
temperature sourceswith high output power. QCLs emitting in the THz domain are of
prime interest for spectroscopy of explosives and drugs [34] as well as for real-time
imaging [35]. Figure 2.2 presents the QCL performances reported in the literature
[36], over the mid-infrared and THz ranges from 2.75 to 320µm for three conditions
of operation: CW operation, pulsed operation and magnetic-field assisted operation.

2.1.3 Charge Transport in QCLs

The emitting process of QCLs relies on electron relaxation from a conduction sub-
band toward another subband from the same conduction band. The mid-infrared
wavelength is thus not fixed by the semiconductor bandgap, contrary to what hap-
pens with interband lasers. Intersubband transitions require a complex engineering
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Fig. 2.2 Operating temperature plot as a function of the emission wavelength/frequency for mid-
infrared and terahertz quantum cascade lasers. Lasers are gathered according to their principle of
operation (continuous-wave, pulsed or magnetic-field assisted). Courtesy of [36]

of the energy levels in the quantum wells of the superlattice. The only limitation
in wavelength is the thickness of the quantum well where the laser transition takes
place, which rules the spacing between the subbands. On the one hand, if the upper
subband is too close to the continuum, the electron will no longer be confined and no
photon will be emitted if the quantum well is too narrow. On the other hand, the sub-
bands will be very close from one another and thermal relaxation will compete with
the radiative transitions if the quantum well is too wide. This is the reason why the
aforementioned THzQCLs are limited to temperatures below 225K, in pulsedmode.
Figure 2.3 shows the typical structure of a QCL as well as details of the active area.
The latter is composed of several periods and each period is made of an alternation of
wells (white lines) and barriers (black lines). This combination of wells and barriers
gives rise to an emission area where stimulated emission occurs [37], followed by
an injection area which links period N-1 with period N by emptying the injection
level of period N-1, as summarized in Fig. 2.4. A basic way to model the behavior
of one period is to consider a simple-level analysis of the emission area. This area is
assumed to consist of three states with level |3〉 the upper level of the emission area,
level |2〉 the lower one and level |1〉 the injection level from period N-1 towards level
|3〉 from period N. Level |1〉 is assumed to have a constant population ng , aligned
with the upper level and the next period. Electrons are injected at level |3〉 at a rate
equal to J

q . Electrons may scatter from this level to the aforementioned lower levels.
The lifetime of level |3〉, called τc or carrier lifetime, can be approximated by [38]:

1

τc
≈ 1

τ31
+ 1

τ32
(2.1)
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one period of the heterostructure 

Fig. 2.3 Photograph of a laser bar with four QCL ridges (top left) and scanning electronmicroscopy
(SEM) image of the front facet of one of the QCLs (top right). High-resolution close-up of the
front facet achieved with a transmission electron microscope (bottom right). One period of the
heterostructure is emphasized with the alternation of wells (white lines) and barriers (black lines).
Courtesy of [37]

Fig. 2.4 Simplified
schematic of the conduction
band structure for a QCL,
where the laser transition is
between sub-bands 3 and 2

if we get rid of the carrier escape into the continuum. The set of rate equations
describing the change of the populations is [39]:

dn3
dt

= η
J

q
− n3

τc
− Sg(n3 − n2) (2.2)
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dn2
dt

= (1 − η)
J

q

n3
τ32

+ Sg(n3 − n2) − n2 − nth
τ2

(2.3)

dS

dt
= c

nef f

(
(Sg(n3 − n2) − Sαtot ) + βn3

τsp

)
(2.4)

with S the photon flux within the cavity, g the gain, c
nef f

the speed of photon in
the material, J the injection current density, q the electron charge, αtot the sum of
waveguide and mirror losses, β the fraction of the spontaneous emission coupled
in the laser mode, τsp the spontaneous emission lifetime, η the injection efficiency
from |1〉 in a given emission area to |3〉 in the following emission area (symbolized
by a blue arrow in Fig. 2.4) and nth the equilibrium population at level |2〉 which
scales nth = nge

−�
kB T with ng the sheet doping density of the injector and� the energy

difference between the Fermi level of the injector and level |2〉 of the laser transition.

2.1.4 Laser Properties

From the previous three equations, it is possible to derive the threshold current of
the QCL, which is the bias current required so that the gain compensate the losses:

Jth = q(αtot
g + nth)

ητe f f − τ2(1 − η)
(2.5)

with τe f f = τc(1 − τ2
τ32

) the relationship between the population inversion and the
electrical pumping. In order to reach threshold, the injection current must overcome
the losses of the cavity and the losses due to thermal backfilling. The threshold current
can also be expressed as a function of the temperature of the active area Ta:

Jth = J0e
Ta
T0 (2.6)

where J0 and T0 are the characteristic current and temperature of the QCL and are
experimentally derived in a pulsed bias scheme in order to avoid overheating of the
active area. T0 is a relevant indicator of the performances of the QCL under study
and evaluates the stability of the threshold current when varying the temperature.
Values between 150 and 300 K are commonplace for T0 [40], and T0 = ∞ would
mean that the laser is totally insensitive to temperature changes. It is also possible to
write the photon flux as a function of the injection current:

S = (J − Jth)
(
τe f f η − τ2(1 − η)

)

qαtot (τ2 + τe f f )
(2.7)

which leads to the slope efficiency for the whole stack:
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dP

d I
= 1

2

�ω

q
Np

αM

αtot

τe f f η − τ2(1 − η)

τ2 + τe f f
= 1

2

�ω

q
Np

αM

αtot
ηint (2.8)

withαM the front mirror loss, Np the number of periods and ηint the internal quantum
efficiency. αM can be written:

αM = ln(R1R2)

2L
(2.9)

where R1 and R2 are the facet reflectivities and L is the length of the waveguide.
Throughout the process, losses can be explained by either the interaction between
electrons and photons, i.e. free-carriers absorption, or by scattering because of mate-
rials defects or waveguide sidewall roughness [41].

Two main kinds of structure exist in QCL manufacturing. The first realisations
relied on double-channel ridge waveguides in which the active area is split in three
parts, separated by isolating trenches. A metal deposition on top allows biasing the
structure [42]. The main advantage of this process is that leak currents are almost
non-existent but the efficiency of the heat sink is not optimized and it is tricky to
achieve CW operation in that case. The other option is called buried heterostructure,
as illustrated in Fig. 2.5. The active area is etched on an InP substrate and then,
an Iron doped Indium Phosphide regrowth is realized in order to maximize thermal
dissipation [43]. In the following, details will be given about the QCLs which were
used in our EOF experiments. All the QCLs we used had a DFB structure and came
from the same batch, which means that small changes can be found between two
lasers but their overall properties remain the same. This is the reason why only some
of the lasers can be operated under CW bias at room temperature. A DFB structure

Fig. 2.5 a Scanning electron microscope picture of a buried heterostructure QCL. b Schematic of
the emission facet of a QCL epi-side down mounted with mounting base (1), substrate (2), cladding
(3), active region (4), dielectric region (5) and gold metalization (6). The substrate is one hundred
times wider than shown on the schematic and the mounting base can be a few millimeters wide and
several centimeters large
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allows emitting single-mode, contrary to FP-lasers which have a multi-mode optical
spectrum.

The DFB-QCLs were manufactured by mirSense. They emit single-mode radia-
tion around 5.6µm with 30 dB side-mode suppression and have a wavelength shift
of 20 nm.A−1, in average. The lasers are tunable mode-hop free by actuating on the
operation temperature and current, with a maximum output power up to 180mW at
room temperature. Figures 2.6 and 2.7 show the optical spectrum and the LIV curves
of one of the QCLs of interest. The devices under study were grown by molecu-
lar beam epitaxy on an InP cladding and incorporate 30 periods of AlInAs/GaInAs
layers [16]. The upper InP cladding is n-doped at a value of 1017 cm−3 in order to
get electrical injection but without introducing any plasmonic effects. The design
for the DFB-lasers uses index coupling and metal grating, as reported in Refs. [44,
45]. This enables single-mode emission using a top metal grating with a coupling
efficiency of κ ≈ 4 cm−1. The QCLs emit a continuous wave thanks to a standard
double-trench (DT) configuration without Iron doped Indium Phosphide regrowth.
The combination of the top metal grating approach and the DT configuration ensures
a stable and reproducible process. The back-facet of the QCLs has a high-reflectivity
coating (>95%) while the front facet is left as-cleaved.

Fig. 2.6 Typical spectral characteristics of one of the free-running DFB-QCLs under study. The
laser is operated at 77 K and under a continuous bias 5 mA below threshold (a) and 5 mA above
threshold (b)
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Fig. 2.7 Typical light-current curve and voltage-current curve of one of the DFB-QCLs under
study when running CW. The threshold current is 530 mA while the threshold voltage is 6.35 V.
The maximum output power is 180 mW and it is possible to observe an absorption dip due to water
vapour in the red curve

2.2 Linewidth Enhancement Factor

2.2.1 Definitions

The linewidth enhancement factor (LEF) is a parameter of paramount importance
for studying the non-linear dynamics of QCLs that we will develop in the coming
chapters. The LEF quantifies the coupling between the gain and the refractive index
of the QCL or, in a similar manner, the coupling between the phase and the amplitude
of the electrical field [46]. This parameter quantifying the dynamics of semiconductor
lasers can also be described as the ratio of the derivatives of the real and imaginary
parts of the susceptibility χ with respect to the carrier density n [47]:

α = −
∂χr

∂n
∂χi

∂n

(2.10)

Prior efforts focused on experimental studies of the LEF for pump currents above
threshold but without exceeding 12% of the threshold current at 283 K [48] and 56%
of the threshold current at 82 K [49], as shown in Fig. 2.8. Consequently, a broader
study was required in order to retrieve the LEF for injection currents below threshold
and up to themaximum injection current the QCL can endure. Depending onwhether
the injection current is above or below threshold, two different methods were consid-
ered: the amplified spontaneous emission (ASE) method [50] to retrieve the LEF for
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Fig. 2.8 Prior experimental measurements of QCLs’ LEF with the self-mixing interferometry
technique; a is performed at cryogenic temperature and b is performed at room temperature but
both measurements only focus on the LEF above current threshold. Courtesy of [48, 51]

current biases below threshold, and the self-mixing interferometry technique [51] to
obtain LEFs for current biases up to more than twice the threshold current.

The LEF can also be found in the literature under the designation linewidth broad-
ening factor or α-factor, since it is responsible for the linewidth broadening in the
optical domain, resulting in a linewidth enhanced by a factor (1 + α2) compared to
the Shawlow-Townes limit [52]. The linewidth of a semiconductor laser thus is [53]:

δν = v2
g h ν αtot αM nsp

4π P0

(
1 + α2

)
(2.11)

where vg , nsp, αtot , αM and P0 are the group velocity, the spontaneous emission
factor (or population inversion parameter), the total cavity losses, the mirror losses
and the output power, respectively. If we define the FWHM of the cavity resonance
as δνc = vg αtot

2π and if we assume a lorentzian lineshape with a FWHM equal to 2γ
for the intersubband transition, then the linewidth enhancement factor of a QCL can
be expressed as a function of the center frequency of the gain spectrum ν0 [39]:

α(ν) = ν0 − ν

γ
(2.12)

and is thus close to zero because of an homogeneous gain medium. In laser diodes,
experiments with several techniques, such as ASEmethod (sometimes called Hakki-
Paoli method) [54], radio-frequency measurements [55], analysis of the locking
regimes induced by optical injection from a master laser [56], or optical feedback
self-mixing effects [57], have proved that the LEF can take values between 1 and 8.
This is known to be caused by the symmetry breaking in the two bands involved in
the laser transition, resulting in a spectrally asymmetric differential gain. In contrast,
both laser subbands of a QCL are within the conduction band and exhibit the same



2.2 Linewidth Enhancement Factor 23

Fig. 2.9 a Transition mechanism from conduction to valence band in an interband semiconductor
laser. b Transition mechanism between two subbands in an intersubband semiconductor laser, e.g.
a QCL. Courtesy of [51]

reciprocal space curvature. The difference between these two configurations can be
visualized in Fig. 2.9. This should lead to a zero LEF in the case of QCLs, because
of a symmetric differential gain. However, experimental efforts in the terahertz [58]
and the mid-infrared domain [59], showed that QCLs may exhibit a non-zero LEF.

2.2.2 Self-mixing Interferometry

In the case of self-mixing interferometry, the feedback strengthmust be in the order of
10−6 at maximum [60] because otherwise, the self-mixing pattern is combined with
non-linear dynamicswhichwill be thoroughly described hereafter.Another condition
of paramount importance is that the laser must be a mono-mode laser. Therefore,
this method can be applied to DFB-QCLs but not to FP-QCLs. A schematic of the
experimental setup allowing retrieving the LEF with this technique can be found in
Fig. 2.10. The QCL’s beam is split with a non-polarizing beam-splitter and one part
is retrieved with a MCT-detector. The other part passes the beam-splitter and is fed
back to the laser via a mirror, which is mounted on a linear piezo-translation stage.
A neutral-density filter (NDF) in the feedback arm allows controlling the feedback
strength and remaining in the weak-feedback regime. The translation stage is driven
with a sine modulation of 137Hz.

The self-mixing interferometry method is a well known technique to obtain the
LEF in the case of single-mode semiconductor lasers and has been successfully
adapted for DFB-QCLs in the past. The method is based on the dependence of the
intracavity mixing signal on the phase difference φ between the emitted and the
back-reflected light. The so-called feedback phase φ can be, for example, varied by
modulating the external-cavity length. An interferogram, the so-called selfmixing
signal P (φ), is then obtained as a function of φ. Consequently, the optical output
power of the laser is given by:
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Fig. 2.10 Schematic of the self-mixing interferometry setup with oscilloscope (OSCI), MCT
(Mercury-Cadmium-Telluride) detector, non-polarizing beam-splitter (NPBS), low-noise current
source, linear piezo-translation stage, piezo controller and connected sine generator, as well as a
neutral density filter (NDF) to control the feedback strength

P (φ) = P0
(
1 + mF (φ)

)
, (2.13)

where P0 represents the laser power without optical feedback and m is a modulation
index. The interferometric function F (φ) depends on the LEF and the feedback
parameter C given by:

C = εmm
L
√
1 + α2

l · n
√
Rext · 1 − R1√

R1
, (2.14)

where εmm represents the mode-mismatch parameter, L the length of the external
cavity and l the length of the internal cavity. The variable n is the internal cavity
refractive index, while Rext represents the reflectivity of the feedback mirror and R1

the reflectivity of the output facet. In the case of weak feedback [61] (i.e. 0 < C < 1),
it is possible to express the LEF as:

α = TM − 0.5

TC − 0.5
(2.15)

where TM and TC are time-intervals [49], which are defined as:

TM ≡ Tmax − Tmin

T
(2.16)

TC ≡ TC2 − TC1
T

. (2.17)

The time-points TC2 and TC1 represent the positions of the consecutive zeros,
Tmax and Tmin the positions of the consecutive extrema and the interval T is the
period of the interferogram. In Fig. 2.11a, a cutout of the normalized waveform
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Fig. 2.11 a Cutout of the experimentally obtained normalized waveform from the weak-feedback
selfmixing signal of the QCL driven with an injection current of J0 = 560mA. The time-intervals
TM , TC and T required for the determination of the LEF are materialized. The resulting LEF
amounts to α = 2.67 ± 0.45. b LEF as a function of the injection current

Pnorm (t) =
(
P(t)−P0

)

Pmax
for an injection current of J0 = 560mA is exhibited, where

Pmax = max
(
P (t) − P0

)
. In that cutout, the mirror moves linearly towards the laser,

thus decreasing the feedback phase φ linearly. By determining the required time-
intervals TM, TC and T , which are highlighted in dark green, together with using
Eqs. 2.15–2.17, it is possible to obtain the LEF. The result in the case of an injection
current of 560mA amounts to 2.67 ± 0.45. We do not show LEFs for currents lower
than 560mA, because the self-mixing signal was too noisy in this region, resulting
in a very high uncertainty of the LEF value. Figure 2.11b depicts the influence of
the injection current on the LEF. For that purpose, 100 waveforms were acquired
at each injection current in order to derive the LEF. The orange dots represent the
mean values of the determined LEFs, and the blue error-bars depict the standard-
deviation of all determinations. It can be seen that for all injection currents, the
LEF value remains positive. For low injection currents the LEF is around 2, while it
becomes close to 0 for injection currents between 650mA and 700mA. For higher
injection currents, the LEF increases to values around 4. Such large values could
be explained by the pumping far above threshold current but could also result from
the DFB grating which alters the structure of the initial FP-laser. This modification
can be responsible for spatial non-linearities such as spatial hole-burning (SHB) and
can have an influence on the LEF of the QCL [62]. These values high above zero
are compatible with what will be described in terms of bifurcation diagrams, both
numerically and experimentally. On the one hand, if the LEF is too close to zero,
the non-linear dynamics cannot be exhibited, even for large feedback strengths [63]
but on the other hand, the intersubband structure prevents LEF values as large as the
ones found in laser diodes [64].
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2.2.3 ASE Method

When pumped below threshold, the QCL only emits very few output power due to
the spontaneous emission. Thus, the self-mixing interferometry technique cannot be
applied to retrieve the LEF in this range of injection currents. Moreover, as the laser
is powered below threshold, it does not emit single-mode anymore and the optical
spectrum is that of a FP-laser. This allows using theAmplified Spontaneous Emission
(ASE)method [54], to retrieve the LEF. The aforementioned setup is no longer useful
in this section and the output of the QCL is directly analyzedwith a Fourier transform
infrared (FTIR) spectrometer. Figure 2.12a shows the Fabry-Perot spectra retrieved
from 255 to 325 mA. 255 mA is the minimum current value for which a signal can be
detected and 325mA corresponds to the current value just below threshold. The ASE
method relies on the evolution of the Fabry-Perot spectra when varying the pump
current, and more precisely the shifting of the modes. Figure 2.12b shows a close-up
on the modes we will focus on to derive the LEF below threshold. The modal gain
G, expressed for a pumping current, is given by [65]:

G = 1

l
ln

(√
�I − 1√
�I + 1

)
+ 1

2l
ln

( 1

R1R2

)
, (2.18)

with l the length of the laser’s cavity, �I = Imax/Imin the ratio of the maximum and
the minimum of the Fabry-Perot spectrum and R1 and R2 the reflectivities of the
laser’s facets.

The change in refractive index �n is then obtained from the peak-wavelength
shift �λ when increasing the pumping current [65]:

�n = λ

2l
× �λ

λFP
, (2.19)

Fig. 2.12 Experimental optical spectra below threshold for a pumping current varying from 255
to 325 mA in steps of 5 mA (a) and close-up around 5.39 µm (b) for pumping currents shown in
Fig. 2.13a
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Fig. 2.13 Net modal gain with respect to the wavelength for several pumping current below thresh-
old (a) and calculated LEF when comparing the data at 290 and 305 mA (b)

with λFP the mode spacing in the Fabry-Perot spectrum. When increasing the pump-
ing current, the change in the modal gain and the variation of the refractive index are
used to extract the LEF [66]:

α = −4π

λ
× �n

�G
, (2.20)

For the calculation of the LEF,we focus on the optical spectra at 290mAand 305mA,
whosemaxima aremarked with green circles and purple circles in Fig. 2.12b, respec-
tively. The experimental data selected for the derivation are those around 5390 nm
because themodal gain ismore homogeneous in this spectral window (see Fig. 2.12a)
than close to the maximum output of the laser, which is fixed at 5450 nm by the DFB
grating. The extracted gain spectra are represented in Fig. 2.13a for various pumping
current conditions. Since the measurement is done under CW conditions, the wave-
length red-shift caused by thermal effects must be fully eliminated so that we only
account for the net carrier induced effects [67]. In such purpose, the wavelength shift
below threshold is estimated from the wavelength red-shift due to thermal effects
above threshold, the latter being 0.49 Å.mA−1 between 360 and 500 mA. The spec-
tral dependence of the LEF is plotted in Fig. 2.13b. The retrieved LEF is around−0.4
and differs from the value foundwith the self-mixing interferometry technique above
threshold. The latter is however retrieved for current values high above threshold and
cannot be compared with the value found close to and below threshold. Furthermore,
numerical simulations have already demonstrated a LEF increasing from negative
values to positive values in the case of QCLs [68].
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2.3 Beam Shaping and Talbot Coupling

2.3.1 Beam Steering

We briefly digress in this subsection to introduce methods to shape the beam of large
QCLs or arrays of QCLs aimed at generating very high output power. Indeed, we
already talked about the necessity of powerful mid-infrared sources for countermea-
sure systems and selective surgery. The two options that can be envisioned in order
to increase the optical power of QCLs are an increase of the doping of the active
area or a wider semiconductor ridge. First option could be realized because the max-
imum injection current a QCL can endure is proportional to the number of carriers
[69]. However, an increase of the doping would lead to a detrimental increase of the
absorption losses and thermal backfilling. The second option deals with broad-area
(BA) QCLs. They are envisioned to emit more than 20 W of optical power when
running CW [70] but they are concerned with both thermal and optical issues affect-
ing overall beam quality performances. Indeed, even though the thermal resistance
decreases with the ridge width, the thermal load becomes too important to be dis-
sipated efficiently. This means that the only option not to detrimentally degrade the
performances of the BA-QCL, is to operate it with very short pulses, but this shrinks
themean optical power. Even if the BA-QCL is optimized in terms of thermal proper-
ties, thanks to diamond substrate for instance [71], the main phenomenon degrading
the beam quality is the beam steering effect. It originates from the large third-order
susceptibility χ(3) in QCLs [72], which leads to a non-linear coupling between the
transverse modes and hence, to four-wave mixing interaction and phase-coherence
[73]. The electric field in the cavity can be expressed as a combination of the fields
of all the transverse modes, resulting in a deteriorated far-field [74]. This beam steer-
ing effect appears as soon as more than one transverse mode co-exist in the cavity,
i.e. for active regions typically broader than 12 µm for a QCL emitting around 5
µm . In order to address the beam quality of BA-QCLs, several solutions have been
proposed. QCLs with photonic crystals etched on top of the active region [75, 76]
or with a tilted facet [77] have led to an improved diffraction-limited single-lobe
far-field. Also, even if they present a smaller gain region compared to BA-QCLs,
tapered QCLs are a relevant compromise between large effective active region, high
output power and upper beam quality [78]. Another approach to solve both thermal
and optical drawbacks of BA-QCLs is to split the ridge into an array of micro-stripes
optically coupled to each other to achieve a stable optical supermode. The far-field is
typically two-lobed in the case of evanescent coupling [79], but single-lobe emission
has been achieved in the case where the stripes are coupled by antiguiding [80].

All the aforementioned processes rely onmonolithic integration and consequently
depend on the fabrication steps repeatability and quality. Other methods have been
explored in order to shape the multi-mode beacon of BA-lasers or arrays of lasers,
as well as for reducing filamentation [81]. Filamentation corresponds to fast spatio-
temporal oscillations due to diffractionof light, self-focusing and spatial hole-burning
[82], whose position along the laser cavity fluctuates with time. Even though the ori-
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gin of filamentation is not fully understood yet, it leads to the excitation of higher
spatial modes, with different phase velocities, hence deteriorating significantly the
laser coherence and the beam quality. Moreover, the appearance of filamentation in
a BA-laser is related to the linewidth enhancement factor (LEF) value of the device
[83]. The higher the LEF, the more the laser beam quality will be impacted by fila-
mentation. Optical feedback can be used to counter the filamentation-induced draw-
backs, without altering other performances of the laser. Most of the non-integrated
techniques tackling filamentation and beam steering take advantage of reinjection
[84–86]. The impact of optical feedback on the near-field profile of a BA semi-
conductor laser is ruled by three main parameters. The first one is the sign of the
population-inversion induced index change, i.e. whether the laser design is based on
gain-guiding (positive index variation) or index-guiding (negative index variation).
Studies have shown that total stabilization of the emission pattern, where optical
feedback forces the laser to operate on the fundamental transverse mode, can only
be achieved in the case of negative population-induced index change [87]. Further-
more, the two other key parameters are the feedback conditions: depending on the
feedback ratio and the external-cavity length, higher spatial modes will be either
excited or suppressed [85]. Feedback ratio defines the ratio between reinjected and
emitted powers. Spatially-filtered optical feedback can further improve the near-field
profile of the laser emission. Reinjecting only the central part of the emitted beam
will indeed favor the lower order modes, leading to a high-quality beam profile close
to the single-transverse mode behavior [85]. In the case of a 14 µm-wide and 3 mm-
long QCL emitting around 4.6 µm, simulations showed that two transverse modes
exist in the cavity, as illustrated in Fig. 2.14. Jumpertz and co-workers were able to
obtain a gaussian near-field profile with a centered optical feedback [88], contrasting
with the initial flat-topped pattern shown in Fig. 2.14b. The method was proven effi-
cient for even wider QCLs [89]. In the case of a 40 µm-wide and 3 mm-long QCL
emitting around 4.7µm, 9modes can be observed in the near-field of Fig. 2.15a with-
out back-injection, although the intensity of each antimode varies and the furthest
to the right is quite dim. Applying optical feedback, as shown in Fig. 2.15b, favors
one dominant peak in the near-field. Though it is not the fundamental mode of the
BA-QCL, it shows that distinct modes can be enhanced with optical feedback. The
light-current curves in Fig. 2.15c show that the feedback increases the total power
emitted at the facet, for a given bias current. So not only the beam divergence is
reduced, but also the output power is optimized, even if it is not possible to totally
suppress the side-modes, as explained in the case of the 14 µm-wide QCL.

2.3.2 Talbot Coupling in a Laser Array

Anothermethod to combine lowdivergence and high power relies onTalbot coupling.
It is not possible to apply it on a BA-laser but it was proven useful in the case of
an array of semiconductor lasers emitting on both facets. Talbot effect is a well-
known lensless optical phenomenon that the intensity pattern of an array of coherent
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Fig. 2.14 a Simulation of the two transverse modes which can exist in the cavity for a 14 µm-wide
QCL emitting at 4.6 µm. b Near-field profiles of the same QCL without feedback (left) and under
centered optical feedback (right). Courtesy of [88]

Fig. 2.15 a Line scan from near-field profile of a free-running 40 µm-wide QCL, b same QCL
under optical feedback, forcing single-peak mode. c Light-current curves for the free-running and
the single-peak feedback case. Courtesy of [89]

emitters reproduces itself after a specific distance of propagation [90, 91]. This
effect has been exploited to phase-lock lasers in the near-infrared, which is called
diffraction-coupling scheme phase-locked array [92]. If the Talbot effect is applied
to QCLs, the setup consists in an array of N QCLs with the same ridge length and
placed side by side with a center-to-center distance d. The facets of the QCLs are
cleaved on both sides so that emission occurs on both sides. On one side, the global
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Fig. 2.16 Schematic of the experimental Talbot setup when an array of N lasers is considered. In
that case, the length of the Talbot cavity is set to Zt

8 and therefore the image at Zt
4 is sent back to

the array

emission properties of the array can be studied with that specific configuration. On
the other side, a mirror is placed at an integer multiple of Zt

8 , with Zt being the Talbot

distance and scaling as 2nd2

λ
; λ is the emission wavelength of the QCL and n is the

refractive index of the medium between the QCLs array and the mirror. For instance,
if the mirror is set at a distance equal to Zt

8 as shown in Fig. 2.16, the pattern derived
from the Talbot effect that is found at a distance Zt

4 is back reflected to the array.
This induces a coupling which can improve the emission properties of the linear
QCL array, in particular for creating a bright infrared source with Watt-level power.
Experimental efforts have assessed the efficiency of integrated Talbot cavities in the
case of an array of QCLs [93–95]. As shown in Fig. 2.17a, it was possible to achieve
a powerful beam with a narrow central mode when studying the far-field of an array
of 6 QCLs with a 11.5 µm center-to-center spacing. The central mode is almost
suppressed in the far-field of a BA-QCL, as illustrated in Fig. 2.17b, so the Talbot
coupling allows keeping optical power within a low-divergence cone. Furthermore,
the Talbot-cavity QCL emits an optical power that scales almost linearly with the
number of devices of the array, as can be seen in Fig. 2.18.

A numerical non-linear analysis of the Talbot effect was recently performed and
showed that the array of QCLs can also be prone to non-linear phenomena due to
the strong optical feedback induced by the external-Talbot cavity. These non-linear
dynamics arise from tiny differences in the size of the lasers’ ridge and may be
caused by an uneven heat transfer throughout the array. This leads to the possibility
that all the lasers will not operate on the same frequency, thus introducing detuning
to the array. The consequence is that the QCLsmay oscillate at a small frequency, but
the numerical calculation indicates that the frequencies of the lasers are not locked
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Fig. 2.17 a Far-field distribution of the six-laser Talbot-cavity QCL at several pumping levels,
showing that part of the output power is gathered in a centered cone. b Far-field profile of a 40
µm-QCL with most of the output power in high-divergence side-lobes. Courtesy of [89, 94]

Fig. 2.18 Light-current
curves for the six-laser
Talbot-cavity QCL and a
reference FP-QCL at 300 K.
The upper inset shows the
light-current curve and the
voltage-current curve for the
same devices, plotted on a
current-density scale. The
lower inset shows the optical
spectrum of the six-laser
Talbot-cavity QCL at a
pumping current of 5 A.
Courtesy of [94]

and not related to each other. The same conclusion is true for the amplitudes of the
lasers. However, the behavior changes with the global feedback strength, and stable
emission as well as mode-locked fluctuations have also been observed, specifically
for high feedback strengths. This could be of particular interest in mode-locking
applications, especially when the number of lasers in a bar becomes rather large.
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2.3.3 Conclusion

We described the state-of-the-art of QCLs which are versatile optical sources able to
emit in the mid-infrared domain or in the terahertz domain. Thanks to improvements
in the growing process and the heat dissipation process,QCLs can be pumpedCWand
generate up to several Watts of optical power. Recent insights about QCLs on silicon
could widespread this technology in integrated photonics systems. The next parts of
the dissertation will focus on DFB-QCLs from mirSense emitting around 5.6 µm
and with only one transverse mode thanks to the narrow width of the semiconductor
ridge.

QCLs with broader ridges were shown to exhibit distorted near-field and far-field
profiles even though they are renown for emittingmore optical power. An appropriate
optical feedback can gather most of the output light into a low-divergence cone
while improving the output power of the BA-QCL. In order to achieve powerful
mid-infrared beams, it is also possible to build an array of QCLs emitting on both
facets. One side is fed back to the array in order to create a Talbot cavity that allows
combining the beams in a narrower cone. We consequently saw two advantages of
optical feedback in QCLs but this only concerned the laser’s intensity at a very long
timescale. The next chapters will focus on the dynamical behavior of QCLs subject
to external optical feedback, that occurring at a faster timescale.
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Chapter 3
Chaos in Quantum Cascade Lasers

This chapter will start with a simple theoretical model to introduce chaos in a global
manner. Fluctuations observed since the early days of lasers will then be related to
chaotic fluctuations and techniques to assess the chaotic nature of the observed fluctu-
ationswill be described.As recent experiments inQCLs have shown the basic compo-
nents of chaotic dynamics, these results will highlight the diversity of such non-linear
phenomenon. Parameters having a strong influence on the observed dynamics will
be explored, and more precisely the temperature, the carrier-to-photon lifetime and
the level of injection current. We will see that QCLs are more prone to chaos at low
temperature and that a quasi-continuous bias is more appropriate to generate com-
plex dynamics. In order to explore all the degrees of freedom offered by the external
feedback configuration, the current bias will be modulated and this will lead to a
synchronization of the chaotic fluctuations with the modulation wave. The evolution
of the frequency and phase-shift of the spiking pattern will be reviewed and will give
first indications about the use of chaos for communication purposes. The end of the
chapter will be dedicated to two other reinjection methods, namely phase-conjugate
feedback and cross-polarization reinjection. The latter methods is able to trigger all-
optical square-wave patterns whose characteristics will be analyzed, albeit not yet
understood with a numerical analysis.

3.1 Chaos Theory

3.1.1 Instabilities in Lasers: From Noise to Chaos

The first instabilities observed in the light generated by lasers [1] were not considered
as a chaotic behavior. Pulses with an amplitude varying erratically, as the ones seen
in Fig. 3.1, were reported in the output of a ruby solid-state laser and then found in
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Fig. 3.1 Irregular pulsing
from a ruby laser, considered
as the first experimental
proof of chaotic dynamics in
the light emitted by such
optical source, even if the
concept of chaos was not
applied to lasers yet.
Courtesy of [1]

numerical simulations [2]. A phase-diffusion model was introduced soon after the
laser discovery [3] to explain the broadening of the optical linewidth of lasers. In this
model, the absence of spontaneous emission implies that the laser has a negligible
linewidth and the related equation is a Langevin equation, which has been thoroughly
used in the study of the Brownian motion. In the case of laser dynamics, the set of
equations is written [4]:

dE(t)

dt
= aE(t) − b|E(t)|2E(t) + f (t) (3.1)

〈 f (t)∗ f (t ′)〉 = 2Dδ(t − t ′) (3.2)

with E(t) the complex electric field. The parameter a represents the net gain, while b
represents the saturation. The dynamic properties of the field also include a random
noise f (t) related to the spontaneous emission fluctuations, with D the strength of
that noise. With this set of equations, the amplitude and the phase of the laser can
fluctuate with time while the laser is on a steady-state mode. However, some lasers
were quickly found to exhibit dynamics which were much more complex than those
described with this set of equations, but the first explanations for such behavior were
attributed to external-noise sources. The idea that chaos could be involved in the
process was then investigated in parallel with the theory used by Lorenz for weather
forecast [5]. This model consists of three equations with a few non-linear terms
and with no stochastic term. This model has just enough nonlinearity and coupled
degrees of freedom to generate chaotic dynamical behaviors. Indeed, the Poincaré
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-Bendixson theorem states that at least three degrees of freedom are required to
observe deterministic chaos in continuous-time dynamical systems and this was not
possible with a Langevin equation [6]. Another peculiarity of the Lorenz model is
that it includes a strong sensitivity to initial conditions for the variables and this
leads to trajectories diverging exponentially from each other in the phase space. This
typical signature of deterministic chaos remains as one of the most acknowledged
characteristics of this kind of dynamics. The first model linking the laser behavior
with this new dynamics was established in 1975 [7]. The equations of this model
were derived from theMaxwell-Bloch equations describing the time evolution of the
atoms and the electric field of the laser. An extensive demonstration of this derivation
can be found in Ref. [8]. These three equations, called the Lorenz-Haken equations
[9], are written:

dx(t)

dt
= σ

(
y(t) − x(t)

)
(3.3)

dy(t)

dt
= −x(t)z(t) + r x(t) − (1 − iδ)y(t) (3.4)

dz(t)

dt
= Re

(
x∗(t)y(t)

) − bz(t) (3.5)

In these equations, x(t) is the time evolution of the scaled electric field, y(t) is the
induced dipole moment (atomic polarization) and z(t) is the population inversion.
The parameter σ is the decay rate of the population inversion and of the photons
in the laser cavity. The parameters r and δ are the pump rate and the detuning of
the atomic resonance frequency from the optical frequency. The parameter b is the
inversed decay rate of the induced dipole moment. In some configurations of the
parameters leading to chaos, the three-dimensional representation of x(t), y(t) and
z(t) is composed of attractors along which the trajectories wrap [10]. An example
with two attractors is shown in Fig. 3.2.

When the time constants of the relaxations are of the same order of magnitude,
the three Lorenz–Haken differential equations must be taken into account. The lasers
fulfilling these conditions are called Class C lasers [11]. For instance, gas lasers
such as NH3 lasers and Ne-Xe lasers are Class C lasers. Only Class C lasers can
produce instabilities under free-running operation. Lorenz–Haken chaos in a free-
running laser was achieved in an 81.5µm NH3 laser, in which low pressure and
long wavelength combine to achieve chaotic conditions [12]. When there is a large
discrepancy in the decay rates, it is possible to adiabatically eliminate some of the
aforementioned equations while always keeping that for the electric field. When this
elimination leads to two coupled equations for the dynamics of the electric field and
that of the population inversion, thismeans that the laser under study is aClassB laser.
Free-running Class B lasers are not prone to chaotic dynamics because they require
one extra degree of freedom to exhibit deterministic chaos. However, they are easily
destabilized by the introduction of external perturbations. If the equations for the
field amplitude and the phase couple with each other through a perturbation, the laser
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Fig. 3.2 Lorenz attractor when taking into account the Lorenz-Haken equations with parameter
values of: σ = 10, r = 28 and b = 8

3 . The butterfly shape of this strange attractor may be one of
the reasons Lorenz talked about this animal in order to illustrate the sensitivity to initial conditions
when it comes to study chaotic meteorological phenomena [17]: “Does the flap of a butterfly’s
wings in Brazil set off a tornado in Texas?”. Courtesy of [10]

must be described by the rate equations coupled with three variables. A laser coupled
with three variables becomes a chaotic system and shows instabilities. Examples of
external perturbations [13] are modulation of the laser parameters, external optical
injection and various schemes of external optical or electro-optical feedback that will
be described afterwards. One extra degree of freedom can also be achieved via Q-
switching [14]. CO2 lasers and laser diodes are examples of Class B lasers. Thorough
experimental and numerical details of laser chaos have been reported in a CO2 laser
where loss modulation provides the additional degree of freedom to achieve chaotic
trajectories [15]. Another typical feature of Class B lasers is a relaxation oscillation
of the laser output that is observed for a step-time response when the population
inversion does not follow the photon decay rate. This property explains why all the
semiconductor lasers cannot be considered as Class B lasers. Indeed, some of them,
such as QCLs, do not exhibit relaxation oscillations [16]. The last class of lasers
requires two extra degrees of freedom in order to be destabilized and they are called
Class A lasers. In other words, the differential equations for the polarization ofmatter
and for the population inversion can be eliminated because the lifetime of photons
in such laser medium is large enough compared with the other time constants of
the relaxations. Examples of Class A lasers include, but are not limited to, visible
He-Ne lasers and dye lasers. It is relevant to note that chaos is obviously not limited
to optoelectronics or atmospheric phenomena [17]. Domains as varied as chemistry
[18], predator-prey systems [19] or stock inventories [20] share the same peculiarities
related to chaotic dynamics.
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3.1.2 Chaotic Logistic Maps and Bifurcation Diagrams

In the case of a discrete system, we introduce a relationship with an event that
becomes the new input of the system and causes the next events. This relationship is
called discrete difference equations. We assume a non-linear response of the discrete
system and write its output as x(n) [8]:

x(n + 1) = f
(
x(n);μ

)
(3.6)

In this equation, n is the step of the occurrence, f (x) is the non-linear function, and μ
is the system parameter. Generally, x(n) is a vector and the parameter μ is a vector as
well. Logistic mapping is the name of the mathematical relation for a discrete chaotic
system. Using a quadratic function, we consider the logistic map, with a variable x
and a parameter μ, given by:

xn+1 = μxn(xn − 1) (3.7)

The important parameter in order to determine the behavior of x is μ. Stability and
convergence to a fixed point are achieved for any initial value of x as long as the
parameter μ is roughly less than 3. Oscillations can be retrieved when the parameter
μ is larger than 3. With a further increase of μ, the system shows period-doubling
oscillatory solutions and, finally, reaches irregular chaotic oscillations. Figure 3.3a
(top chart) shows the chaotic output obtained when μ = 3.8. These fluctuations are
totally different from that observed in stochastic processes. The irregularity is simply
derived from the deterministic difference equation in Eq. 3.7 and the irregularity is
called chaos.One of the unique features of chaos is the sensitivity to initial conditions.

Fig. 3.3 a Chaotic fluctuations obtained with a logistic map for μ = 3.8 and chaos sensitivity to
the initial conditions after a few cycles; the blue curve corresponds to x0 = 0.12000 and the red
curve corresponds to x0 = 0.12001. b Related bifurcation diagram gathering the extrema of the
dynamics when varying parameter μ. Courtesy of [8]
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A small discrepancy in the initial conditions leads to two different chaotic patterns
after a few cycles, as shown in Fig. 3.3a (bottom chart) when x0 = 0.12000 (blue)
and x0 = 0.12001 (red).

From the plot of the extrema of the variable x for the evolution of step n, we obtain
a map for the parameter μ as shown in Fig. 3.3b. This map is defined as a bifurcation
diagram. From this diagram, it is possible to see the evolution of the parameter x ,
starting with a stable behavior followed by periodic fluctuations for μ larger than
3, corresponding to the first bifurcation. Then, period-doubling oscillations occur
for the increase of the parameter μ, and this corresponds to a new bifurcation in
the diagram. Eventually, the output x displays completely irregular fluctuations at
high values of the parameter μ, and this corresponds to the chaotic bubble in the
diagram. This type of bifurcation is called a period-doubling bifurcation but is not
the only route to chaos. Other routes for chaotic evolution exist depending on the
configuration of systems and chaos parameters. For instance, quasi-period-doubling
bifurcations and intermittent chaotic bifurcations [10] have already been exhibited.
A bifurcation diagram is a key concept to understand how the dynamics of a system
change with the parameters.

3.1.3 Characterization of Chaos

At first sight, a chaotic waveform can hardly be distinguished from a stochastic noisy
timetrace and consequently, it is mandatory to have tools, such as the Lyapunov
exponents (LEs), in order to characterize the observed dynamics [21]. The basic idea
of the Lyapunov exponent λ is to measure the rate at which two originally nearby
trajectories diverge in time, as we previously mentioned that two close trajectories
are supposed to exponentially diverge in the case of chaos. As the direction of the
maximum divergence or convergence locally changes on the attractor, the motion
must be monitored at each point along the trajectory. The LE related to Eq. 3.6 can
be defined from the absolute value of the slope of the logistic map | f ′(xk)| as:

λ = lim
n→∞

1

n

∑

0<k<n−1

ln| f ′(xk)| (3.8)

The slope of the map determines the degree of dependence on initial conditions. On
the one hand, at least one of the LEs must be positive to comply with the aforemen-
tioned sensitive dependence on the initial conditions for chaotic systems [22]. On the
other hand, constant and periodic signals are linked to zero or negative LEs, because
this means that nearby points converge.

We have described characteristics of chaotic dynamics through a simple discrete
model, but these elements (bifurcation diagrams, LEs...) can be extended to a con-
tinuous media. The latter configuration is more appropriate to study the non-linear
dynamics of lasers, as we saw that the Lorenz-Haken equations is not a set of discrete
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Fig. 3.4 Spectrum of the 50 largest Lyapunov exponents when varying the bias current of a semi-
conductor laser subject to optical feedback. Even if the largest Lyapunov exponent alone can give
indications about the chaotic nature of a signal, a larger number of Lyapunov exponents are required
to derive theKolmogorov-Sinaï entropy and theKaplan-Yorke dimension, which give further details
about the chaos complexity of a signal. Courtesy of [21]

equations. Details about the transition from a discrete system to a continuous-time
system can be found in Ref. [13]. Several methods for the calculation of the LEs
from experimental time series have been developed [23–27]. In general, the number
of LEs that can be retrieved corresponds to the number of system variables, and only
the largest exponents are derived in order to determine if the system is chaotic, as
shown in Fig. 3.4. However, a full computation of the Lyapunov spectrum (that is to
say, all the LEs) allows a quantitative evaluation of the complexity of the dynamics.
This evaluation is performed through the Kolmogorov-Sinaï entropy (KSE) [28] and
the Kaplan-Yorke dimension (KYD) [29]. KSE is an estimation of the average loss of
information rate. This means that KSE is inversely proportional to the time-interval
over which the future evolution can be predicted. From the ordered Lyapunov spec-
trum, an upper bound of KSE is derived by taking the sum of all the LEs above
zero:

K SE ≤
∑

k|λk>0

λk (3.9)

This formula is called Pesin inequality [30]. KSE either takes a finite positive value
for chaotic dynamics or an infinite value for perfectly stochastic systems. A larger
value of KSE implies more unpredictability for the system under study or, in other
words, the larger the entropy, the larger the unpredictability of the system, which is a
highly desired property to ensure security in chaos secure communicationswhichwill
be developed hereafter. Another tool to evaluate the degree of chaos is KYD, which
is a measure of complexity of chaotic attractors and which describes the amount of
information required to locate the system in the phase space. If we assume that we
have access to the ordered Lyapunov spectrum, and if we set j the number of degrees
of freedom that satisfies the condition:
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∑

1≤k≤ j+1

λk < 0 <
∑

1≤k≤ j

λk (3.10)

then KYD is defined by:

KY D = j +
∑

1≤k≤ j λk

|λ j+1| (3.11)

Other dynamical characterizations of chaotic fluctuations exist butwill not be detailed
here. We can cite for instance the correlation dimension [31], which is implemented
through the Grassberger-Procaccia algorithm [32].

3.2 Chaos in Optoelectronics

3.2.1 Theoretical Model for External Optical Feedback

As we already briefly mentioned, several methods exist to trigger chaos in the output
of a laser. In this section, we will focus on chaos obtained with external optical
feedback (EOF), as illustrated in Fig. 3.5, because it was the scheme that was mainly
studied in our experimental work about non-linear dynamics in QCLs. This section
will be illustrated with recent findings in the dynamics of QCLs under EOF. All these
phenomena were previously encountered in other semiconductor lasers with EOF,
especially laser diodes, sometimes several decades ago.

The formalism of a semiconductor laser under optical feedback was originally
proposed byLang andKobayashi [33]. In this case, only one round-trip in the external
cavity is considered, which suggests a relatively small amount of feedback. In our
experiments, we suggest that several round-trips can occur, as mentioned afterwards.
If E is the slowly varying envelop of the complex electric field and N the carrier
density of the upper laser state, the rate equations of the laser subject to optical
feedback are expressed as:

Fig. 3.5 Scheme illustrating the external optical feedback principle in the case of a semiconductor
laser (here a QCL). The external cavity is set by the mirror and the emitting facet of QCL and the
related frequency is fext = 2c

L , with c the speed of light and L the external-cavity length
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dN

dt
= I

q
− N

τc
− G(N )|E |2 (3.12)

dE

dt
= 1 + iα

2

(
G(N ) − 1

τp

)
E + k

τin
E(t − τext )e

−iω0τext (3.13)

where I is the bias current, q the electron charge, τc the carrier lifetime, τp the photon
lifetime, G(N ) the gain per unit time, α the linewidth enhancement factor, ω0 the
free-running laser angular frequency and τin the internal-cavity round-trip time. The
feedback appears in the last term of Eq. 3.13, with τext the external-cavity round-trip
time and k the feedback coefficient:

k = 1

τin
2Cl

√
fext (3.14)

where Cl is an external coupling coefficient that can be expressed for a FP-laser as:

Cl = 1 − R2

2
√
R2

(3.15)

with R2 the reflection coefficient of the laser front facet subjected to the reinjection.
In the case of a DFB-laser, the expression of Cl becomes much more complex and
depends on the complex reflectivity at both laser facets [34]:

Cl = 2(1 − |ρl |2)e−iϕl (q2 + κ2)L2

iκL(1 + ρ2l ) − 2ρlqL

1

2qL −
∑

k=l,r

(1 − ρ2k)κL

2iqLρk + κL(1 + ρ2k)

(3.16)

In this equation,ρk = |ρk |eiϕk with k = l, r , the complex reflectivity at the left or right
facet, respectively (the right facet being the one towards the external cavity). L is the
laser length, κ the coupling coefficient of the DFB grating and q can be expressed as
q = αtot + iδ0 with αtot the total internal losses and δ0 the Bragg detuning, defined
as the deviation between the lasing and the Bragg wavenumbers.

By writing E = √
Seiφ, two rate equations can be deduced from Eq. 3.13 for the

amplitude and phase of the electric field:

dS

dt
=

(
G(N ) − 1

τp

)
S + 2

k

τ in

√
S(t − τext )

√
S(t) cos(ω0τext + φ(t) − φ(t − τext ))

(3.17)

dφ

dt
= α

2

(
G(N ) − 1

τp

)
− k

τin

√
S(t − τext )

S(t)
sin(ω0τext + φ(t) − φ(t − τext ))

(3.18)
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3.2.2 Consequences on the QCL’s Macroscopic Parameters

Under steady state, the photon density Ss is constant Ss = Ss(t) = Ss(t − τext ).
Therefore, the term in the cosine, ω0τext + φs(t) − φs(t − τext ), must be time insen-
sitive and the steady-state phase φs can be written, without loss of generality, as
φs = (ωs − ω0)t .

Equation 3.18 under steady-state gives [35]:

ωs − ω0 = − k

τin
[α cos(ωsτext ) + sin(ωsτext )] (3.19)

This leads to several solutions forωs , those are the angular frequencies of the external-
cavity modes, or fixed points. Among these frequencies, the laser will tend to operate
on the mode with minimum linewidth, corresponding to the best phase stability [36].

The steady-state equation resulting from Eq. 3.17 gives:

G(N ) − 1

τp
+ 2

k

τin
cos(ωsτext ) = 0 (3.20)

where ωs is the solution of Eq. 3.19 that has the minimum linewidth.
Therefore, optical feedback has an influence on the threshold gain and hence on

the threshold current of the laser, compared to free-running operation. The higher
the feedback strength, the lower the threshold current of the laser, as can be seen in
Fig. 3.6a.

As shown is Fig. 3.6b, some undulations appear in the light-current characteristic
curve of a laser under EOF, aswell as hysteresis. This phenomenon, explained in [37],
is due to a competition between the internal-cavitymodes (or to the laser frequency in

Fig. 3.6 a L-I curves for several feedback rates at constant external-cavity length in the case of a
QCL under EOF. The inset shows the corresponding threshold current as a function of the feedback
rate (the dashed line is for visual guidance for the reader). b L-I curves at constant external-cavity
length showing the hysteresis for a fixed feedback rate, when the bias current is first increased, then
decreased. Courtesy of [54]
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the case of a DFB-laser) and the external-cavity modes. The heating of the active area
further strengthens the hysteresis that appears between an increase and a decrease of
the bias current.

3.2.3 Dimensionless Rate Equations with Optical Feedback

The dynamics of a laser diode subject to optical feedback is usually studied using
dimensionless parameters [38], that can be extracted from the complex rate Eqs. 3.12
and 3.13.

In these equations, the above threshold gain per unit time can be expressed as:

G(N ) = 1

τp
+ GN (ns − n0) (3.21)

where n0 is the carrier density at threshold and GN is the differential gain.
A normalization of the rate equations is performed by taking into account the

photon lifetime τp and s = t /τp the normalized time constant. It is thus possible to
define a new set of variables (Y ,Z ), with Y the normalized complex electric field and
Z the normalized carrier density, by:

Y =
√

τcGN

2
E (3.22)

Z =
(

τpGN

2

)
(N − Nth) (3.23)

The normalized rate equations can hence be written as:

dY

ds
= (1 + iα)ZY + ηe−i�θY (s − θ) (3.24)

T
dZ

ds
= P − Z − (1 + 2Z)|Y |2 (3.25)

with η = kτp the normalized feedback ratio, � = ω0τp the normalized free-running
frequency, θ = τext/τp the normalized external-cavity round-trip time, T = τc/τp
the carrier-to-photon lifetime ratio and P the pump parameter, defined as:

P = τpGN Nth

2

(
J

Jth
− 1

)
(3.26)

In Eq. 3.26, the threshold current Jth and the carrier density at threshold Nth are
linked by Jth = Nthq/τc with q the electron charge.
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3.2.4 Influence of the α-factor

We used the Lang and Kobayashi model for a numerical analysis of the bifurcation
diagrams when varying the value of the LEF. This model has initially been designed
for diode lasers, but the conventional set of rate equations for QCLs can be approx-
imated with good accuracy by the aforementioned model [39]. The parameters are
set as described in Table 3.1 and are very close to the experimental parameters, so
the simulations can be appropriately compared with the experimental results below.
Figure 3.7 shows the bifurcation diagram for this set of parameters and a LEF of 0.5,
1.5 and 2.5, respectively. Bifurcation diagrams gather the intensity-output extrema
with respect to the feedback strength, and allow analyzing the dynamics of the laser’s
output.

When the LEF equals 0.5 (Fig. 3.7a), the output of the laser remains constant even,
for a feedback strength as high as 35%. Consequently, no dynamics are observed in
this configuration which corresponds to values of LEF commonly found in QCLs
[40, 41]. However, the lack of bifurcation is not compatible with the non-linear
dynamics results we will unveil throughout this dissertation. Figure 3.7b shows the
bifurcation diagram when the LEF is 1.5 and the other parameters remain constant.
The output of the laser is constant until the feedback strength reaches 29%. Then,
the Hopf bifurcation appears, meaning that the output enters an oscillatory state and
eventually, the chaotic bubble is reached for a feedback strength of 30%. This bubble
corresponds to the dense area in the diagram and means that the output exhibits
several maxima and minima. This is related to a chaotic behavior. If the value of the
LEF is increased to 2.5, the bifurcation diagram also displays a Hopf bifurcation,
as shown in Fig. 3.7c, but for a lower feedback strength (19%). Then, the chaotic
behavior is slightly different because not only one large chaotic bubble appears, like

Table 3.1 Physical and structural parameters used in the calculations

Parameter Value

Laser length, l 2mm

Reflectivity of the output facet, R1 0.3

Reflectivity of the back facet, R2 0.95

Internal cavity refractive index, n 3.2

Normalized cavity roundtrip time, θ 500

Coupling strength coefficient, Cl 0.64

Photon lifetime, τp 4.7 ps

Carrier lifetime, τc 4.7 ps

Carrier-to-photon lifetime, T 1

Differential gain, GN 3.6 × 105 s−1

Normalized pump parameter, P 4

Current pumping difference, (J − Jth) 160 mA
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Fig. 3.7 Bifurcation diagrams for the parameters included in Table 3.1 and for various values of
LEF. a α = 0.5, b α = 1.5 and c α = 2.5

in the α = 1.5 case, but several thin islands are retrieved. Each of them are separated
by oscillatory states where the bifurcation diagram is composed of branches. The thin
chaotic islands can for instance be found around a feedback strength of 20%, 28%
and 33%. A comparison between the simulations and the results shown in the next
subsections tends to confirm a LEF value high above zero since experimentally, the
destabilization occurs for feedback ratios in the order of 1%. This is counterintuitive
in a sense that the reciprocal space curvature of the subbands in a QCL should give
a LEF very close to zero [42].

3.2.5 Dynamical Regimes

Following the discoveries of Lang and Kobayashi, several dynamics have been
observed in semiconductor lasers under EOF: instability, bistability, self-pulsations,
and coherence collapse states [43, 44]. In semiconductor lasers, EOF effects are
frequently used for the control of oscillation frequency, selection of mode, and sup-
pression of side-modes. For instance, it is possible to tune and stabilize the linewidth
of lasers by applying a strong optical feedback [45–47]. Chirping of oscillation fre-
quency can also be compensated by optical feedback. However, EOF can also have
some downside effects, especially when the semiconductor laser shows unstable
oscillations for a certain range of optical feedback levels. These effects may disturb
a transmission in the case where the external cavity is defined by the emitting facet of
the laser diode and the input of the fiber. In this case, an isolation of 40 dB is usually
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required to avoid reflection-sensitivity effects. This is the reason why the dynamics
of semiconductor lasers induced by EOF are very interesting not only from the point
of view of fundamental physics, but also for practical applications [48].

Cleaved facets are often used as a laser resonator in semiconductor lasers. Since
the light is reflected perpendicularly to the laser facet in the cavity, the internal
amplitude reflectivity r0 is given by:

r0 = η − 1

η + 1
(3.27)

where η is the refractive index of the laser material. For instance, the refractive index
η of an AlGaAs semiconductor laser without any optical coating is about 3.6, and the
amplitude reflectivity of the facet is calculated to be r0 = 0.565. The corresponding
intensity reflectivity is thus 32%, which means that 32% of the light generated by
the stimulated emission is reinjected into the laser cavity, and the remaining light
dissipates from the laser cavity [49]. In order to achieve high output power, the
laser facets are coated appropriately by dielectric films. Then, the rear facet of the
cavity usually has a high reflectivity of more than 90% and the front facet has a
low reflectivity of less than 10%. This is quite different from other lasers where
both facets have high reflectivities close to 100%. Despite such a dissipative laser
structure, laser oscillations are still possible in semiconductor lasers because of the
high efficiency of the conversion from pump to light.

There are many parameters to characterize instabilities and chaos in semicon-
ductor lasers, such as the linewidth enhancement factor, the external-cavity length,
the injection current above threshold, etc. Reference [50] extensively describes, with
numerical simulations, the evolution of the bifurcation diagram of a QCL under EOF
when varying these parameters. One of the most important and most useful parame-
ters to figure out the characteristics is the feedback strength. The first investigation of
semiconductor lasers with optical feedback was performed by Tkach and Chraplyvy
[51], as can be seen in Fig. 3.8a. The instabilities of semiconductor lasers with optical
feedback are categorized into the following five regimes, depending on the feedback
fraction (which is not straightforward to evaluate experimentally):

• Regime I. Very small feedback and small effects. The feedback strength of electric-
field amplitude is less than 0.01%. The linewidth of the laser oscillation becomes
broad or narrow, depending on the feedback fraction [45].

• Regime II. Small, but not negligible effects. The feedback strength is less than
0.1%.Generation of the externalmodes gives rise tomode-hopping among internal
and external modes [52].

• Regime III. This is a quite narrow region when the feedback strength is around
0.1%. Themode-hopping noise is suppressed and the laser restabilizes on themode
with the narrowest linewidth [51].

• Regime IV. This regime corresponds to moderate feedback strength around 1%.
The relaxation oscillation becomes undamped and the laser linewidth is broadened
greatly. The laser shows chaotic behavior and sometimes evolves into unstable
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Fig. 3.8 a First cartography of regimes of optical feedback as a function of the external-cavity
length and the feedback ratio in a 1.55µm distributed feedback QW-laser. b Cartography of the
same regimes but in the case of a 5.6µmQCL under EOF. Both semiconductor lasers show similar
characteristics under EOF, even if their material structure is different. Courtesy of [51, 54]

oscillations in a coherence collapse state. The fluctuation level is enhanced greatly
under this condition [44].

• Regime V. This is the strong feedback regime where the feedback strength is
higher than 10% and that can be achieved only if the emitting facet of the laser is
adequately coated. The internal and external cavities behave like a single cavity
and the laser oscillates in a single mode. The linewidth of the laser is narrowed
greatly [53].

This cartography remains valid for all single-mode semiconductor lasers so far, for
which the influence of optical feedback has been studied, as can be seen in Figs. 3.8b
and 3.9 for the case of QCLs. The feedback ratios at which the transitions between
regimes occur remain of the same order of magnitude in terms of feedback strength
[54], even if the third regime can sometimes become very narrow and difficult to
locate, especially in the case of quantum dot lasers [55]. Over the years, this cartog-
raphy has been complemented, especially to describe sub-regimes of the coherence
collapse [56] or to address the small-cavity regime [57], defined when frτext < 1,
with fr the relaxation oscillation frequency and τext the external-cavity round-trip
time.

3.2.6 Coherence Collapse and Chaos

The term “coherence collapse” was introduced by Lenstra and co-workers in 1985
[44]. By considering the inter-dependence of amplitude and phase, a strong linewidth
broadening as well as a huge decrease of the coherence length compared to the free-
running case were obtained numerically, when the laser under study entered the
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Fig. 3.9 Optical spectrum signatures of the five regimes in the case of a QCL under EOF. a
Free-running case. b Regime I, fext = 9.1 × 10−4. c Regime II, fext = 5.1 × 10−3. d Regime III,
fext = 3.2 × 10−2. e Regime IV, fext = 0.13. f Regime V, fext = 0.25. Courtesy of [54]

aforementioned regime IV. These findings were in good agreement with the experi-
mental results. The first indication of the appearance of chaos within the coherence
collapse regime originated from the analysis of the experimental electrical spectra
of a laser, which was shown to match the power spectral density derived from the
numerical time traces [58]. The two predicted routes to chaos, quasi-periodic or
through period-doubling, were observed experimentally, the occurrence of one sce-
nario or the other depending on the laser intrinsic characteristics and on the initial
conditions.

3.2.7 Low Frequency Fluctuations

Low-frequency fluctuations (LFFs) is a type of chaotic fluctuations known as inter-
mittent chaos and observed in lasers with optical feedback. LFFs were initially
observed near the solitary laser threshold for high feedback ratios, but it was later
proved that LFFs occur everywhere along the boundary between the optical feed-
back regimes IV and V discussed in the previous subsection. Indeed, due to the low
internal reflectivity of the front facet of semiconductor lasers, LFFs are observed
not only for low injection currents close to the laser threshold, but also for higher
injection currents [59], as shown in Fig. 3.10. As a general trend, the frequency of
LFFs linearly increases with the increase of the bias injection current [60], as can be
seen in Fig. 3.11. The study of LFFs is very important from the viewpoint of prac-
tical applications, since LFFs induce more fluctuations in the laser output power. A
typical feature of LFFs is a sudden power dropout with a following gradual power
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Fig. 3.10 Dynamical behavior of a semiconductor laser subject to optical feedback in feedback-
current space showing that LFFs are not restrained to near-threshold cases. The LFF regime is
depicted in light gray. The dark-gray region embedded in the LFF regime corresponds to the region
of coexistence of the stable emission state and the LFF state. The white region encompassed by
the dashed line corresponds to the continuous transition between the LFF regime and the fully
developed coherence collapse regime. Courtesy of [59]

Fig. 3.11 Time series of LFFs showing the influence of bias currents on the frequency of the LFF
pattern in the case of a semiconductor laser under external optical feedback. The laser is pumped
at a J = 1.20 × Jth , b J = 1.34 × Jth , c J = 1.48 × Jth , d J = 1.66 × Jth , e J = 2.08 × Jth ,
respectively. Courtesy of [60]

recovery, or sometimes reciprocally as illustrated in Fig. 3.12 in the case of a QCL
under EOF. LFFs occur irregularly in time, depending on the system parameters,
and the main frequency of LFFs is usually of the order of MHz to a few dozens of
MHz. Since the main frequency of LFFs is much lower than that of ordinary chaotic
fluctuations, these phenomena are called low-frequency fluctuations. Indeed, regular
chaotic fluctuations are related to the relaxation oscillations of the laser (if any),
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Fig. 3.12 First experimental observation of LFFs in the case of a QCL under external optical
feedback. Courtesy of [74]

and the frequency of these oscillations is often at several GHz [61]. When tempo-
ral waveforms of LFFs are observed by a fast digital oscilloscope, they seem to be
continuous signals. However, it is proved that LFFs bind very fast time structures
within the waveform, consisting of series of fast pulses in the order of subnanosec-
onds. Indeed, this fast pulsation has been experimentally observed by using a streak
camera [62]. To summarize, LFFs, which are first recognized as fluctuations of the
laser output power with a low frequency, are made of three components of different
time-scales. One is a component of a low-frequency fluctuation with a period around
MHz, the second one is a component related to the external-cavity length, the third
one is a high frequency component with a subnanosecond period.

Various models for the origin of LFFs have been proposed since the 80ies [63].
One of them describes LFFs as the instabilities driven by noise in the non-linear
laser system [64–66]. Other ones are explained by competitions between modes
in a multimode model of the laser [67], and the crisis between two attractors [68].
However, LFFs have been experimentally observed in single-mode laserswith optical
feedback, and they have also been proved to appear in a single-mode model by
numerical simulations without noise effects.

Phenomena of LFFs are generally explained by employing themodel that the laser
output power hops around external- and anti-modes of the laser oscillations due to
saddle node instabilities generated by the optical feedback [69]. We derive a set of
two equations in the case of external- and anti-modes when taking into account the
phase space of the oscillation frequency and the carrier density. In semiconductor
lasers with optical feedback, we obtain the steady-state solutions from Eqs. 3.19,
3.20 to 3.21 as:

�ωτext = −κτext

τin

√
1 + α2sin

(
ωsτext + tan−1(α)

)
(3.28)

�n = − 2κ

τinGn
cos

(
ωsτext

)
(3.29)
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where �ω = ωs − ω0 and �n = ns − n0. Figure 3.13a shows the ellipsoid of the
distribution of the modes in the phase space, which were calculated from the two
previous equations. This corresponds to the case of a long external-cavity length
with a high level of external feedback. Therefore, the modes are densely distributed.
For the case of short external-cavity length with a low external feedback, the mode
distribution would be sparse. The black dot at the center of the ellipsoid is the mode
of the solitary oscillation. During LFF, the build-up process is based on a mode-
switching towards themodewithmaximumgain, located at the lower extremity of the
ellipsoid. However, a so-called crisis [69] occurs during the process, corresponding
to a collision between a quasi-attractor, that is to say an external-cavity mode that
temporarily looses its stability due to the advent of chaos, and the associated anti-
mode. Because of this crisis, the �n value will increase, and in order to restabilize,
the laser frequency will shift until it meets the ellipsoid again on an anti-mode, and
the stabilization then occurs on the corresponding low-power external-mode of the
cavity.

As already mentioned, LFFs have three time-scales of fluctuations. The first one
is a fast pulse-like oscillation of the order of subnanoseconds. When the laser is
switching close to one of the external-modes, the carrier density fluctuates with large
amplitude and it reaches the associated anti-mode, while the phase stays almost
constant. This corresponds to a series of fast pulsations. The time-scale depends
on the fluctuations of the carrier number in the active layer. The second one is the
transition time between the successive external modes in the stepwise time recovery
process. This time-scale is related to the external-cavity length and, for example,
it is of the order of nanoseconds for an external-cavity length of several dozens of
centimeters. The third time-scale is the time constant for power dropouts. This time-
scale is usually of the order ofmicroseconds, but the period is not fixed, as has already
been discussed. The whole process, with its relation to the LFF waveform, is detailed
inFig. 3.13b.The authors assumed the steady-state condition to calculate the external-
and anti-modes in Fig. 3.13a. However, the occurrence of LFFs is of dynamic nature,
so that the discussion developed here may not be applicable for such dynamic states
in the strict sense. Nonetheless, the approach can explain the overall features of
the LFF dynamics, because chaos itself is generated from small perturbations to the
initial state of the laser oscillations. This explanation allows understanding the origin
of LFFs, and also concluding that the presence of LFFs in the dynamics of a laser
under EOF is a manifestation of deterministic chaos. Many different phenomena
can lead to slow fluctuations in a laser diode under optical feedback, such as a
misaligned optical cavity [70]. In order to distinguish LFFs amid these fluctuations,
it is possible to derive the largest Lyapunov exponents and see if they have a positive
value, as already mentioned. Another method exists to characterize this kind of
deterministic chaos and it is based on the study of the statistics of the period between
two consecutive drop-outs [71–74]. As shown in Fig. 3.14 in the case of a QCL
under EOF, the statistics of the LFF is characterized by a death area, standing for
a minimum period of typically 10 × τext below which no events occur. Moreover,
it has the shape of a decaying exponential at low injection current, and a second
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Fig. 3.13 a External- and anti-modes in the phase space of frequency and carrier density according
to Sano’s model [69]. Only the lower half of the ellipsoid of the mode distribution is shown in the
graph. b Timetrace corresponding to the whole LFF process presented in (a). Courtesy of [8]

Fig. 3.14 Statistics of the time-interval between LFF dropouts in the case of a QCL under EOF.
a corresponds to a feedback strength of 2.7% while b corresponds to a feedback strength of 11%.
The solid vertical line indicates the average value. Courtesy of [74]

maximum pops up for stronger injection currents. Such statistical distribution is one
of the characteristics of LFFs and allows deducing the presence of chaotic behavior
in a laser under EOF.

3.2.8 Applications of Semiconductor Laser Chaos

In the following chapter, the advantages of chaos for secure communications will be
thoroughly studied. However, other applications exist and will be briefly described
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in this subsection, as they could be promising in future broadband technologies such
as autonomous vehicles [75]. Chaos can indeed be used in order to improve the
efficiency of LIDAR (light detection and ranging). LIDAR is similar to RADAR
(radio detection and ranging) in the detection process but offers increased resolution
and better field of view due to shorter wavelengths. This is of paramount importance
in order to ensure a reliable detection in an autonomous car driving on a road with
a large incline, for example. Another advantage of LIDARs, compared to video
cameras, is that LIDAR gives access to parameters of first importance such as the
distance of the detected targets, as well as their speed thanks to Doppler effect. There
are two categories of LIDARs: one based on lasers with ultra-short pulses and the
second one based on frequency chirp. For the latter, the information about the target
are recovered from the correlation between the back-reflected signal on the target and
the delayed emitted signal. Several methods can be implemented in order to generate
a signal with no repetition of the delayed outcome, because a repetition could lead to
themeasurement of awrong target’s distance. Lin andLiu developed chaotic LIDARs
[76] and chaotic RADARs [77], taking advantage of the chaos properties of laser
diodes in order to create a signal at high frequency, which means high resolution, and
with no dependence on any previous outcome. The detection step can be of the order
of the centimeter and the range can be extended to several meters, as visualized in
Fig. 3.15. Furthermore, the use of chaotic signals instead of modulated waves leads
to detection systems resistant to noise and jamming [78].

Another application strongly supported by optical chaos is physical random num-
ber generation (RNG) [79]. Random numbers are vital ingredients in many applica-
tions ranging, in a non-exhaustive list, from computational methods such as Monte
Carlo simulations and programming [80], to the large field of cryptography for the
generation of enciphered messages, as far as to commercial applications like lot-
tery games and one-arm bandits [81]. Even though different by nature, chaos and
randomness share a common feature in that they produce entropy, as we saw it in
the case of chaos with KSE. Chaos in semiconductor lasers thus provides an ideal
physical source of random bits, as it combines outcome-unpredictability with no
dependence on any previous outcome. These two requirements are of paramount
importance for RNG [82]. Also, chaotic semiconductor lasers may produce a large
number of positive LEs, whose magnitudes relate to the bandwidth of the retrieved
chaotic frequencies [83]. Using chaos from a laser diode, random bits can therefore
be produced at very high bit-rates [84], exceeding those obtained with other phys-
ical sources of entropy, including quantum random number generators, which are
currently limited at approximately one Gbits/s [85] and may achieve a few dozens
of Gbits/s in the coming years [86, 87]. After the first successful demonstration in
2008 [88], the field of RNG using chaotic laser diodes has benefited from several
developments, in terms of sampling rates and number of generated bits, as shown in
Fig. 3.16. Recent experiments have confirmed the possibility to excess a sampling
rate of one Tbits/s [89, 90].
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Fig. 3.15 a Picture of several letters placed at more than 3 meters from the detection system (with
semiconductor laser and detector) and b its corresponding 3D image obtained by the pulsed-chaos
LIDAR. The colorbar shows the relative range from the LIDAR. Courtesy of [78]

Fig. 3.16 Evolution of the performances of physical random number generation with semiconduc-
tor laser chaos, between 2008 and 2014. Courtesy of [79]

3.3 Chaos in QCLs

After the discoveries related to deterministic chaos for several semiconductor lasers
in the 80ies and the 90ies, it was relevant to extend these notions to QCLs because
their emission wavelength in the mid-infrared make them useful for several applica-
tions which cannot be addressed with near-infrared and visible-light semiconductor
lasers. However, QCLs do not exhibit relaxation oscillations and they are renown
for their low α-factor compared to other semiconductor lasers which, overall, brings
stability to QCLs subject to external perturbations. It was thus not straightforward
to experimentally retrieve chaotic dynamics with such configuration [91].
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Fig. 3.17 a Pioneering
experimental results
regarding chaos in QCLs
under EOF. b Focus on one
of the LFF dropouts
revealing the contribution of
the external-cavity
frequency. Courtesy of [74]

The first experimental proof of LFFs in QCLs was given by Jumpertz and co-
workers in 2016 [74]. At both near-threshold pump current and high feedback
strength, they were able to follow the evolution of the non-linear dynamics, with
the advent of oscillations at the frequency of the external cavity and then, at higher
feedback strength, LFFs containing both the frequency of the external cavity and the
dropout signature, as can be seen in Fig. 3.17. Not only they exhibited the temporal
chaotic waveforms, but also they performed thorough numerical simulations based
on the Lang and Kobayashi equations already mentioned. When taking into account
the peculiarities of QCLs, namely a low α-factor and a very low carrier-to-photon
lifetime, the simulations showed a Hopf bifurcation followed by a chaotic bubble,
and were compatible with the experimental results, as can be seen in Fig. 3.18.
Although of prime importance because it was the first proof-of-concept of chaos in
mid-infrared QCLs, these preliminary results left many questions unanswered. The
non-linear dynamics were observed only close to the current threshold for a quasi-
continuous bias and at room temperature. In order to have a comprehensive overview
of the phenomenon and to take advantage of it for applications, it was necessary to
determine if chaos wasmore developed at high or low temperature, with a continuous
bias or a quasi-continuous bias and for a bias current close to threshold or far from
threshold.
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Fig. 3.18 Numerical bifurcation diagram obtained for a QCL under EOF when using the Lang and
Kobayashi equations, and associated time series. a Numerical bifurcation diagram. b Time trace
for fext = 0.11%, showing stable signal. c Time trace for fext = 2.14%, showing oscillations at
the external-cavity frequency. d Time trace for fext = 2.59%, showing both LFF and oscillations
at the external-cavity frequency. Courtesy of [74]

3.3.1 Experimental Apparatus

As previously mentioned in order to illustrate EOF phenomenon, Fig. 3.19 shows
the experimental setup we worked with in order to provide the experimental results
contained in this chapter and the next two. The experimental apparatus is made
of two branches. On the one hand, there is a feedback path with a mid-infrared
polarizer and a gold-plated mirror placed on an accurately-moving cart. This mirror,
together with the emitting facet of the QCL, defines the external-cavity length which
is one of the main parameters of EOF. The polarizer is the cornerstone device for
tuning the amount of optical feedback knowing that the QCL wave is TM polarized:
the angle of the polarizer defines the feedback strength. On the other hand, in the
detection path, we use a high bandwidth mid-infrared detector (Vigo PEMMercury-
Cadmium-Telluride;MCT) operating at room temperature. The signal retrieved from

Fig. 3.19 Experimental
setup used to study a QCL
under EOF. NPBS:
non-polarizing beam-splitter,
MCT: Mercury-Cadmium-
Telluride, OSCI: digital
oscilloscope, RSA: electric
spectrum analyzer
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the MCT detector is amplified with a wide-bandwidth low-noise amplifier, in order
to overcome the background noise. The signal is then subsequently analyzed with
a real-time digital oscilloscope and an electric spectrum analyzer. For an external-
cavity length between 30-60cm, the related external-cavity frequency is theoretically
between 250-500MHz. A 60/40 mid-infrared beam-splitter then splits the focused
laser beam into both paths. Focusing is achieved with a lens in front of the laser. Two
different setups are implemented, based on the measurement temperature. When the
laser is studied at room temperature, theQCLpackage is horizontally clampedover an
indium foil and a copper mount with a Peltier module for temperature control. In that
configuration, the wave hitting the beam-splitter is P-polarized and the transmission
of the beam-splitter at thiswavelength is about 60%. Low-temperaturemeasurements
down to 77K are implemented in a cryostat. The QCL is vertically clamped over a
copper mount, the latter being placed inside a vacuum chamber in order to insulate
from the outside. A heater and a temperature controller inside the vacuum chamber
allow a better control of this key parameter. The cryostat has an output covered with a
ZnSe windowmade for mid-infrared light, and a focusing lens is placed between this
window and the beam-splitter. The wave hitting the beam-splitter is S-polarized and
the maximum achievable transmission is 35% because the QCL is vertically inserted
inside the vacuum chamber. In order to minimize the environmental perturbations
such as acoustic and mechanical noises, the laser is mounted on a suspended optic
table. Consequently, the feedback mirror remains immobile and the observed pattern
cannot be related to self-mixing effects. Furthermore, the feedback ratios applied
to the QCL are well above the ones required for self-mixing interferometry [92].
The current source in this experiment is a low-noise source and the continuous bias
delivered by the source can be modulated with an external signal from a waveform
generator. It is relevant to note that the low-noise source has a modulation bandwidth
of 3MHz. Hence, the measurements carried out above this value lead to a forcing
with an amplitude that is smaller than that expected because of the low-pass filter
embedded in the current source.

3.3.2 Quasi-continuous Wave

Our first efforts to fill the gaps in chaos mapping in QCLs drove us to the study of
non-linear dynamics at high injection currents, because if mid-infrared chaos is to be
used for long-range secure communications, then it is mandatory to drive the laser
at a point where it is more likely to generate a high output power. Moreover, LFFs
have already been observed far from threshold in other semiconductor lasers and this
further motivated our studies.

Figure 3.20 shows the evolution of the waveforms with the feedback strength,
as well as the associated bifurcation diagram for a quasi-continuous bias (pulses
of 2µs every 10µs) at 290K. The first µs of each time trace is removed because it
corresponds to a transient state.Whenvarying the amount of external optical feedback
by means of the mid-infrared polarizer, several regimes such as stable operation
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Fig. 3.20 Experimental time traces when the laser is pumped in the quasi-continuous mode a for
several values of the feedback strength and related bifurcation diagram b when the temperature
is 290K. a 0.05%, b 1.1%, c 3.3%, d 24.6%; For low feedback strengths, the signal is nearly
continuous and then, with increasing feedback strength, evolves towards non-linear patterns such
as oscillations and LFFs

and LFFs appear. Studying these non-linear phenomena is essential for practical
applications of such lasers into a communication system. However, it requires the
optical path to be very stable, thus giving the advantage to room-temperature setups
compared with cryostat setups, which are never really stable because of the working
vacuum pump. It can be assured that feedback is at its maximumwhen the amplitude
of the spikes, described in the next section, is also at its maximum. It is important
to emphasize that the symmetry of the pattern needs to be carefully retrieved when
varying the feedback strength. Indeed, restabilization can occur in semiconductor
laser with EOF [74], meaning that a high feedback strength can lead to a case where
the signal is constant and the RF spectrum is flat. We actually never observed such
a behavior in the case of a quasi-continuous bias. Being able to precisely assess the
golden mirror tilt giving the maximum feedback strength leads to phenomena which
are highly reproducible.

In Fig. 3.20a, the lowest value of feedback strength displays a stable signal corre-
sponding to free-running operation. Oscillations start appearing for feedback ratios
above 1.1%, and the transition between oscillations and the LFF regime can be
observed for a feedback ratio of 3.3%. The deterministic pattern becomes then more
complex until the maximum feedback ratio of 24.6% is obtained. The related bifur-
cation diagram is plotted in Fig. 3.20b and displays the extrema of the experimental
time traces for a selection of feedback strengths. Increasing the feedback ratio leads
to changes in the dynamics observed in the time traces. The dashed lines correspond
to the feedback strengths at the far-right of the solid lines, but are placed in themiddle
of the solid lines for visual guidance for the reader and represent the analysis of the
time traces of Fig. 3.20a.

The bifurcation diagram plotted in Fig. 3.20b shows a Hopf bifurcation for a
feedback strength of 3.3%. The corresponding time-periodic oscillations for higher
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Fig. 3.21 RF spectra related to Fig. 3.20a, b, d and obtained with a fast Fourier transform (colors
remain the same). a Analysis of the whole bandwidth. Only the purple curve (corresponding to a
high feedback strength) shows the contribution of the external-cavity frequency around 330MHz.
A small discrepancy between the theoretical cavity frequency and the experimental one has already
been pointed out [74]. b Close-up on low frequencies, the green curve (low feedback strength) is
characterized by small bumps around 42 and 86MHz, contrary to the orange curve (zero feedback
strength). This supports the claim that the frequency of the pattern seen in Fig. 3.20b may be related
to multiple reflections in the external cavity

feedback ratios have a frequency of nearly 50MHz, which is ten times lower than
the theoretical frequency of the external cavity ( fext ≈ 430 MHz for an external
cavity of 35cm) when oscillations are expected to occur [74]. This behavior may
be due to multiple reflections since the laser is operated at J = 2.2 × Jth , which
corresponds to the current leading to the maximum output power. Figure 3.21 shows
that the external-cavity frequency is missing for a configuration close to the Hopf
bifurcation. Yet, this figure demonstrates that the frequency of the external cavity
can be found in the LFF pattern for high feedback ratios. When increasing the feed-
back strength above 3.3%, the intensity extrema spread over a wide range of values
corresponding to the onset of a chaotic pulsing output combined with fast pulses,
which is represented by solid lines around the zero intensity value in the bifurcation
diagram. In that experimental configuration, the transition between the oscillations
and the LFF regime is characterized by the coexistence of the two regimes as shown
in Fig. 3.20a, plot c). Another relevant conclusion that can be drawn is that the fre-
quency of the LFF dropouts is higher in the case where the laser is biased at 2.2 times
the threshold current compared to the case described in Ref. [74] and correspond-
ing to an injection current close to threshold. Indeed, this frequency is comprised
between 1 and 10MHz according to Fig. 3.17 whereas this frequency is in the order
of 30-50MHz in Fig. 3.20a, plot d). That is in good agreement with similar findings
in other semiconductor lasers, as already described in Fig. 3.11. In our experiment,
the frequency of the external cavity is 430MHz but the frequency of the fast oscilla-
tions is 330MHz, as can be seen in Fig. 3.21a for the purple curve. This discrepancy
between the two values has already been observed previously [50] and in both cases,
the retrieved frequency is always lower than the expected frequency, as shown in
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Fig. 3.22 Experimental electrical spectrum for a feedback strength of 3% and for several external-
cavity lengths (Lext ), showing both the external-cavity frequency and a low frequency component
corresponding to LFFs. a Lext = 25cm. b Lext = 35cm. c Lext = 45cm. The external-cavity
frequency is always a bit lower than expected. For instance, Lext = 25cm should lead to a frequency
of 600MHz while the experimental result displays a peak at 520MHz. Courtesy of [50]

Fig. 3.22. Eventually, we also performed the first analysis of LEs in the case of a
QCL in order to assess the chaotic nature of the dropouts we observed. Figure 3.23
shows the phase portrait of the time trace corresponding to the highest level of feed-
back (Fig. 3.20a, plot d)), with and without noise filtering. The phase portrait of the
temporal waveform shows a rich attractor structure. This figure also depicts the four
largest LEs and it is possible to see that two LEs are positive, thus ensuring that the
fluctuations are chaotic. This confirms the claims of the first observation of chaos in
QCLs under EOF, where the chaotic nature was tested with a statistical analysis of
the time-intervals between the dropouts in place of a LEs analysis.

In order to get a global picture of the chaos phenomenon in a QCL with external
optical feedback, we also studied the influence of temperature in the case of a quasi-
continuous bias. We decided to focus on the minimum feedback strength leading
to LFFs so that we can see if a low temperature is more prone to chaos dynamics.
Figure 3.24 shows our results (in light blue) for three temperatures. The trend is that
the lower the temperature, the lower the feedback strength giving rise to LFFs, so it
would be relevant to operate the laser at cryogenic temperature in order to improve
applications relying on chaos with QCLs. However, the bulkiness of cryogenic sys-
tems may not be compatible with versatile applications, and the vibrations of the
cryostat will always remain an issue, as already noticed. The best option seems to
be a trade-off between cryogenic temperature (better for chaos) and room tempera-
ture (better for the stability of the beam) and therefore, Peltier cooling will be used
in the following experiments as often as possible. Such a difference in the chaotic
behavior between cryogenic temperature and room temperature can be attributed to
the increase of the carrier-to-photon lifetime ratio. At room temperature, the latter
is typically in the order of 0.1 in a QCL whereas it is four orders of magnitude
larger in interband lasers [93]. As we already saw in 2.1.3, the carrier lifetime can
be approximated via the upper-state lifetime τc, defined as follows:

1

τc
≈ 1

τ31
+ 1

τ32
(3.30)
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Fig. 3.23 System dynamics analysis through LEs for the maximum feedback strength at 290K.
The upper diagram is the phase portrait and the lower diagram is the Lyapunov spectrum for the
four largest LEs calculated. As the time evolves, curves in the lower panel converge to the values
of such exponents. For the calculated spectrum, the curves converge to values λ1 = 0.485µs−1,
λ2 = 0.284µs−1, λ3 = −0.021µs−1 and λ4 = −0.656µs−1. Blue dots on the upper diagram are
the retrieved values of the derivative of the laser’s intensity I’ as a function of the laser’s intensity
I, and the red curve represents the phase diagram after noise filtering

Fig. 3.24 Simulation of the upper state lifetime evolution with temperature for the QCL under
study (red) as well as the required critical feedback (light blue) leading to LFF emergence for three
temperatures: 290, 170 and 77K; the dashed blue line is for the visual guidance of the reader
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with τ32 the time constant related to the carrier scattering into the lower laser level
and τ31 the one into the bottom level with a time constant through longitudinal-
optical phonon emissions. The upper-state lifetime is investigated with a custom
heterostructure simulation software, named METIS, based on semi-classical Boltz-
mann equations with thermalized subbands [94]. Figure 3.24 shows the evolution
of τc from 373K down to 73K with steps of 20K. Other numerical studies using
a density matrix transport model showed similar results for the carrier lifetime of
mid-infrared QCLs [95]. For each temperature, the upper bound represents the value
of τc just above threshold and the lower bound represents the value of τc close to the
current value leading to the maximum output power. Numerical simulations show
that the mean upper state lifetime increases from 0.47 ps to 1.26 ps when cooling
down the device, which corresponds to a total variation of about 170%. The lat-
ter directly transforms into a larger carrier-to-photon lifetime ratio. Assuming the
photon lifetime is slowly varying compared to the upper state lifetime between 290
and 77K [96], the carrier-to-photon lifetime is thus expected to increase from 0.13
to 0.26 on average. This partly explains the increased sensitivity to external optical
feedback of the QCL, as already underlined in the Lang and Kobayashi model for
semiconductor lasers under EOF in which the carrier-to-photon lifetime ratio plays
a predominant role. However, in comparison with diode lasers in which the thresh-
old leading to instabilities usually decreases at higher temperature due to a reduced
output power and a larger linewidth enhancement factor [97], this result shows that
the QCL becomes more sensitive to optical feedback at low temperature, despite a
larger output power. As a consequence of that, other parameters such as the damping
rate which was not studied in that experiment, may also vary with temperature and
further influence the QCL sensitivity to optical feedback.

3.3.3 Continuous Wave

For the experiments with a pure continuous bias, a QCL from the same batch as
the one used for the quasi-continuous wave experiments was utilized. This means
that the two lasers are made with the same epitaxial stacks, but tiny defects in the
growing process make them slightly different: the previous one can only be pumped
with a 60% duty cycle at room temperature whereas the laser we are going to focus
on now can be pumped with a continuous bias. Figures 3.25a and 3.26a show the
evolution of the time traces when increasing the feedback strength at two different
Peltier-cooled temperatures, namely 249 and 263K, respectively, where several non-
linear patterns can be experimentally observed. The LFF pattern is better visualized
in Fig. 3.25a while Fig. 3.26a displays a restabilization. The changes in the retrieved
waveforms might be due to the intrinsic definition of chaotic behavior for which a
tiny change in the initial conditions can lead to very different results. For instance, the
transition between oscillations and the LFF pattern can be clearly seen in Fig. 3.25a:
some dropouts start appearing for a feedback ratio of 6.27% and then become the
preponderant pattern above 6.50% (compare Fig. 3.25a plot b with plot c). In the case
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Fig. 3.25 Experimental time traces in continuousmode a for several values of the feedback strength
in % and related bifurcation diagram b when the temperature is 249K. (a) 5.81%, (b) 6.27%, (c)
6.50%, (d) 6.72%; The signal is primarily steady and then evolves to non-linear patterns such as
oscillations and LFFs. Traces b and c show the transition between an oscillatory state and the LFF
regime, when the periodic pattern starts displaying dropouts with high amplitude. For feedback
strength below 5%, the QCL’s signal is stable

Fig. 3.26 Experimental time traces for continuous operation a for several values of the feedback
strength in% and related bifurcation diagram bwhen the temperature is 263K. a 3.14%, b 3.56%, c
3.99%, d 6.72%; values above 7.16% lead to a stable signal and this corresponds to a restabilization,
which is never seen in the case of a quasi-continuous bias. Traces (a) and (b) exhibit several extrema
and could be of prime interest in the case of secure communications through chaos synchronization

of Fig. 3.26a, the transition does not look the same. The amplitude of the oscillations
increases to give a chaotic pattern with several maxima andminima (Fig. 3.26a, plots
c) and d)) before an homogenization of the extrema and the advent of a pattern similar
to the LFF dynamics already studied. It is also worth noting that the LFF pattern in
the case of Fig. 3.26a has the same curvature than the LFF pattern studied in the early
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experiments of chaos with QCLs (see for instance Fig. 3.17), which is not the case
of the LFF pattern of Fig. 3.25a. Indeed, the latter exhibits a slow increase before
a sudden drop related to the competition between modes. Albeit different in shape,
the two observed patterns were retrieved for an identical configuration, except the
temperature of the heat sink. Further investigations are needed to determine which
parameters could change the curvature of the LFF.

The bifurcation diagrams (Figs. 3.25b and 3.26b) are also quite different from the
ones obtained in the quasi-continuous case. Both show a Hopf bifurcation point but
then, the route to chaos only displays a limited number of extrema, except for the
transition between the oscillatory and the LFF state. In the continuous bias case, we
have never observed fast oscillations at the frequency of the external cavity even if
the injection current is highly above threshold (J = 1.7 × Jth for the continuous bias
experiments). For one of the two configurations, we were able to see a restabilization
for feedback ratios larger than 7.2%, until the maximum achievable feedback ratio
of 10.5%. Depicted time traces in Fig. 3.26a also display, in the middle of each
LFF pattern, a singular dip for the highest values of feedback ratio (see Fig. 3.26a,
plot d)). This leads to another splitting in the bifurcation diagram because in that
case, not only one minimum and one maximum exist. For feedback ratios between
3.99 and 6.72%, the global pattern is very similar and the repetition frequency of
this pattern decreases from 4MHz to 1.5MHz, before the signal becomes stable
again with the restabilization shown in Fig. 3.26b. In addition, the pattern with the
lowest repetition frequency tends to become periodic and might not be considered
as a LFF pattern though it has a similar shape. This kind of regular patterns has
already been observed in QD-lasers under optical injection [98], with a similar long-
timescale. Another difference between the quasi-continuous and the continuous case
is the characteristic time of the non-linear dynamics. For the continuous case (which
is equivalent to a quasi-continuous bias with an infinite period), the characteristic
time is around 1µs and it goes down below 0.1µs when the laser is pumped with a
quasi-continuous bias with a pulse width of 2µs. For pulse widths below 1µs, the
QCL remains in a transient state and it is difficult to study the non-linear dynamics.
This discrepancy may be due to a sum of non-linear, electrical and thermal effects in
the quasi-continuous case. We will elaborate this hypothesis in section 5.2.7 dealing
with extreme events in QCLs

3.4 The Entrainment Phenomenon

3.4.1 Pioneers

Because two different behaviors were exhibited when studying QCLs with continu-
ous bias and quasi-continuous bias, it was relevant to further tune the bias current of
the QCL to see how the non-linear dynamics evolve. We decided to focus on a sine-
wavemodulation and a square-wavemodulation because these schemes have already
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been extensively studied in the case of laser diodes and provide a framework in order
to draw comparisons. However, fancier modulation schemes have been tested with
other semiconductor lasers [99, 100] but will not be described in this dissertation. As
the LFF dynamics is highly excitable, prior works have reported on the impact of cur-
rent modulation and periodic forcing on the chaotic patterns, as shown in Fig. 3.27.
That can be meaningful for manipulating the phase-space dynamics with a view
toward an increased control of the spiking dynamics related to LFFs, as discussed in
the next section. For instance, several numerical [101–103] and experimental [104,
105] efforts have widely described the entrainment phenomenon when periodically
modulating the laser current and with various schemes of optical feedback, such as
strong reinjection [106] or phase-conjugate feedback [107]. However, most of them
focus on modulation frequencies of several dozens or hundreds of MHz in order
to have a forcing frequency close to the external-cavity frequency. Consequently,
a limited number of papers deals with low-modulation frequencies below 5MHz
[108–110]. Entrainment phenomenon corresponds to a shift of the frequency of an
oscillator in order to synchronize to that of a periodic forcing. Such work has been
widely described in electrical, mechanical and biological systems [111]. Indeed, in
the latter, triggered spikes are the main means of communication between firing neu-

Fig. 3.27 One of the first experimental proofs of the entrainment phenomenon in a laser diode
with EOF and bias current modulation. a LFFs in the already described case where no modulation
is applied, b and c synchronization of the LFF dropouts with a 19MHz current modulation. The
time-interval between the dropouts is mostly constant, but depends on the amplitude of the sine
forcing, which is 8% of the continuous bias current in (b) and 13.8% in (c). Courtesy of [116]
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Fig. 3.28 Experimental map of the evolution of the q : p criterion for a low-frequency modulation
of the pump current in the case of a laser diode. The modulation is characterized by its voltage
amplitude and its period. Courtesy of [114]

rons in the neuronal network [112, 113], and semiconductor lasers operating under
the LFF regime and a periodic forcing are relevant candidates to mimic neuronal
activities. When describing the entrainment phenomenon in semiconductor lasers,
one of the key parameters is the q : p criterion [114] where q represents the number
of dropouts occurring in the time-series every p periods of the forcing. This criterion
profoundly varies when modifying the frequency of the periodic forcing, whereas
the amplitude of the forcing seems to have less influence on this criterion in laser
diodes [115], unless it is widely increased [116]. Figures 3.28 and 3.29 give details
about the evolution of the spiking period when varying parameters of interest in a
semiconductor laser. On the one hand for Figure 3.28, there is at least one period
of modulation between two LFF bursts, even for a modulation frequency as low as
1MHz. On the other hand for Figure 3.29, the behavior is a bit different and for a
modulation frequency below 10MHz, there are multiple LFF bursts for each period
of the sine modulation. These latter findings are compatible with our experimental
results in QCLs, as explained hereafter.

3.4.2 The Entrainment Phenomenon in QCLs

We showed that QCLs could output LFFs when subjected to EOF, either with a
continuous or a quasi-continuous bias. If the laser is pumped with a continuous bias,
the time-interval between the LFF spikes is mostly unpredictable, even though recent
efforts have used a symbolic method of time-series analysis in order to better predict
when LFF dropouts occur [117, 118]. When, in a second step, periodic forcing is
added, the time-interval between LFF spikes seems to remain constant, as can be
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Fig. 3.29 Evolution of the mean time-interval (�T ) between LFF spikes (left) and evolution of
the ratio between the mean time-interval and the modulation frequency ( �T

Tmod
) for several forcing

frequencies and amplitudes of modulation (right). The latter are given in percentage and are related
to the bias current of the laser diode, set at 29 mA. Courtesy of [115]

seen in Fig. 3.30 when a continuous bias of 430 mA and a peak-to-peak sine forcing
of 120 mA at 2MHz are applied. To confirm the chaotic behavior of the waveforms
with EOF and external periodic forcing, we carried out a LEs analysis from the
experimental time traces. Figure 3.32a, b show the phase diagram corresponding to
Fig. 3.31a, b, respectively, and reveal an attractor behavior in the casewhere bothEOF
and external periodic forcing are applied. Furthermore, Fig. 3.32c emphasizes that
the largest LE converges towards a strictly positive value when the EOF is applied,
contrary to what happens without feedback.

In the case of the entrainment phenomenon, applying a periodic electrical forc-
ing favors specific frequencies. As can be seen in Fig. 3.33 from the RF spectrum
analysis for various continuous biases, these frequencies are mostly integral multi-
ples of the modulation frequency, even if this relationship seems to slowly vanish
when increasing the modulation frequency above 3MHz. This may be due to the
cut-off frequency of the current source which is optimized for a sine modulation
up to 3MHz. Figure 3.33a gathers all the frequencies which can be found in the RF
spectrum analysis of the QCL under EOF and periodic forcing when the frequency
of this periodic forcing takes values between 1.6 and 3.4MHz in steps of 0.2MHz.
Each marker represents a frequency with a retrieved intensity above -70 dB in the
case where the QCL is pumped with a continuous bias of 430 mA and a modulation
amplitude of 120 mA.Most of the markers appear on one of the solid lines represent-
ing integermultiples of themodulation frequency, whichmeans that the time-interval
between successive LFF spikes strongly depends on the forcing frequency. The same
conclusion can be drawn for Fig. 3.33b, c. This relationship between the modulation
frequency and the shape of the RF spectrum had already been revealed in the case
of laser diodes, for higher frequency modulations [105]. Figure 3.34 shows the time
series, phase diagrams and electric spectra in the case of a modulation frequency of
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Fig. 3.30 Experimental time trace close-up (a) and RF spectrum (b) of the QCL’s emitted wave
when a periodic forcing at 2MHz is applied with external optical feedback; vertical dashed lines
represent the dropout occurrences in the time trace and same figure without these lines can be found
in Fig. 3.31c; the interval between two spikes in the RF spectrum is exactly the value of modulation
frequency fm = 2MHz and the horizontal dashed line represents the intensity threshold taken into
account for Fig. 3.33

500MHz for two levels of modulation strength. The aforementioned phenomenon
is more significant in the case of a high-amplitude sine modulation and Fig. 3.34f
can be accordingly compared with Figure 3.30b. Even if the RF spectrum seems to
globally show the same behavior whatever the modulation frequency, the time traces
are quite different in terms of the distribution of the spikes, as shown in Fig. 3.31.
This behavior can be studied using the aforementioned q : p criterion. In our case,
the repetition frequency of the spikes is always higher than or equal to the frequency
of the forcing, so we set p to 1. Tables 3.2 and 3.3 gather the q values for several
continuous biases and modulation amplitudes when the frequency of the forcing is
1.5MHz and 2MHz. These tables show that, on the one hand, q slowly varies when
increasing the value of the continuous bias. On the other hand, q depends on the
variations of the amplitude. To summarize: not only the frequency of the periodic
forcing, but also the amplitude of the periodic forcing has a preponderant influence
on the time-interval between spikes. Figure 3.31 shows that the q parameter deeply
varies for the range of frequencies under study. For instance, q equals 1 for a modu-
lation frequency of 3.4MHz, and 6 for a modulation frequency of 2MHz when the
QCL is pumped with a 430 mA bias and when the amplitude of the modulation is
120 mA. From 1.5 to 2.7MHz, each period of the sine wave gathers multiple LFF
spikes and it is difficult to forecast a specific organization of the LFF dropoffs. When
the modulation frequency is above 2.7MHz, only two LFF patterns occur per wave
period and the dropoffs always occur for a fixed phase of the periodic forcing, which
is when the extrema of the sine wave are reached. Eventually, for frequencies above
3.4MHz, the repetition frequency of the spikes is exactly the same as the forcing
frequency (Fig. 3.31f) or, in other words, q equals 1. However, as mentioned in the
section describing the experimental setup, the low-noise current source has a cut-off
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Fig. 3.31 Experimental time traces when EOF is applied to the QCL and with a sine forcing of
the continuous wave of: 1.6MHz (b), 2MHz (c), 2.7MHz (d), 3.3MHz (e), 3.4MHz (f); trace a
corresponds to the case when no EOF is applied and the modulation frequency is 2MHz. All traces
were retrieved for a continuous bias of 430 mA and a modulation amplitude of 120 mA

frequency around 3MHz and even if the sine modulation is still visible in the time
traces with no EOF, the amplitude of the forcing is less important compared to the
modulations with frequency below 3MHz. It is worth noting that in the case where
the period of the dropoffs and the period of the sine forcing are the same, or q equals
1, the spikes appear for a given phase, as previously described. Nevertheless, the
value of this phase can vary for two different configurations. For instance, Fig. 3.35
shows that the phase-shift is π between the two configurations, even though the value
of q remains 1. Further investigation is needed to determine what can make spikes
occur simultaneously with maxima or minima of the sine forcing.
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Fig. 3.32 Dynamics analysis of the experimental waveforms. Phase portrait corresponding a to
Figs. 3.31a, b to 3.31b. Blue dots are the measured raw data and the solid red curves represent the
noise-reduced orbital trajectories. c gives the calculated largest LE related to Fig. 3.31a (blue curve)
and to Fig. 3.31b (red curve)

Fig. 3.33 a RF spectrum of the chaotic signal when applying a 120 mA peak-to-peak sine periodic
forcing to the QCL under a continuous bias of 430mA; blue markers correspond to the RF spectrum
frequencies above −70 dB, when EOF is applied for modulation frequencies shown on the x axis
while the blackmarker represents the RF spectrum of the signal when a 2MHzmodulation is applied
without EOF; solid lines are for visual guidance for the reader and represent integral multiples of the
modulation frequency: fs = k × fm with k displayed on the diagram. Figure b and c correspond
to the same configuration but for a continuous bias of 350 and 530 mA, respectively
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Fig. 3.34 Experimental results in the case of a laser diode subject to the entrainment phenomenon
at high frequencies. a Experimental output power time-series, b phase portrait and c frequency
spectrum for a modulation amplitude of 0.4V. d, e and f same plots but for a modulation amplitude
of 1.25V. Courtesy of [105]

Table 3.2 q value with related uncertainties when the frequency of the sine forcing is 1.5MHz. For
high q values, the significance is due to the irregular spiking pattern that resembles LFF phenomenon

Modulation
amplitude\
Continuous bias

350 mA 430 mA 530 mA

40 mA 3 4 4

80 mA 7 ± 1 8 ± 1 8 ± 1

120 mA 10 ± 2 10 ± 1 12 ± 1

160 mA 14 ± 2 14 ± 2 15 ± 1

Most of the studies focus on a sine-wave modulation that is applied to the laser,
the latter being moreover pumped with a continuous current above threshold. Here,
we also study the case of a square-wave modulation. A square-wave modulation
is not identical to a quasi-continuous wave in the sense that a continuous bias is
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Table 3.3 q value with related uncertainties when the frequency of the sine forcing is 2MHz; the
value with the dagger corresponds to the time trace and RF spectrum of Fig. 3.30 and the value with
the asterisk corresponds to the time trace of Fig. 3.35a. For high q values, the significance is due to
the irregular spiking pattern that resembles LFF phenomenon

Modulation
amplitude\continuous
bias

350 mA 430 mA 530 mA

40 mA 1∗ 2 2

80 mA 3 5 5 ± 1

120 mA 6 ± 1 6 ± 1† 8 ± 1

160 mA 8 ± 1 9 ± 1 9 ± 1

Fig. 3.35 Experimental time traces for a continuous bias of 350 mA and a modulation amplitude
of 40 mA (a) and for a continuous bias of 430 mA and a modulation amplitude of 120 mA (b); both
experimental waveforms illustrate the condition q equals 1

applied prior to the addition of the square-wave modulation. A quasi-continuous
bias starts well below threshold and goes up to the required value of bias current.
Most of the time, the starting point is at a few dozens of mA because when remaining
too close to 0 mA, the voltage is quite unstable and this can also lead to a voltage
slope that is beyond the specifications of the current source, especially in a cryogenic
environment where LIV characteristics are highly sensitive to temperature [119]. If
the periodic forcing is not a sine wave but a square wave, like shown in Fig. 3.36a,
the conclusions remain similar for the RF spectrum analysis. Figure 3.36b shows
that the frequency interval is 0.5MHz when the bias forcing is a square wave with
a frequency of 0.5MHz and a duty cycle of 90%. The time trace also displays a
synchronization of the LFF dropouts as seen in Fig. 3.36a. Dropouts always appear
for a given phase-shift of the square signal, especially along the slopes of the square.
But contrary to the case with a sine-wave modulation, the time-interval between the
dropouts is not constant anymore. Dropouts are mainly gathered at the upper edge
of the square and are quite rare in the plateau region corresponding to the constant
value of the upper part of the square. It is worth noting that despite the similarities of
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Fig. 3.36 Experimental time trace (a) and RF spectrum (b) when EOF and a square-wave modu-
lation at 0.5MHz with an amplitude of 28% are applied

Fig. 3.37 Average repetition
frequency of LFFs for high
modulation frequencies of
the pump current in the case
of a laser diode. For a
forcing frequency matching
that of the external cavity
(455MHz), the LFF
phenomenon is totally
suppressed. Courtesy of
[120]

the RF spectra in both modulation cases, the dropouts synchronize with the forcing
in several ways. This observation could lead to a very precise triggering of such
dropouts and can be highly relevant for secure communications.

Further investigation will determine the influence of the shape of the modulation
(square signal, asymmetric triangular pulses or sine forcing) as well as the evolution
of the q : p ratio when increasing the modulation frequency. The external-cavity
frequency is actually set to be of a few hundreds of MHz. Experimental studies with
laser diodes which achieved to match the frequency of the forcing with the frequency
of the external cavity showed the absence of LFF dropouts for a narrow range of
modulations [120], as exposed in Fig. 3.37. It is also relevant to note that the studied
range of modulation frequencies did not allow us exhibiting ghost frequencies [121]
in the RF spectrum analysis. Indeed, all the retrieved frequencies, which include the
frequencies of the LFF spikes, were at least equal to that of the forcing.
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3.5 Other Feedback Techniques

3.5.1 Phase-Conjugate Feedback

In the case where the semiconductor laser is pumped with a continuous bias, another
method to expand the observed dynamics is to modify the feedback light when it is
travelling in the external cavity. Several studies relied on phase-conjugate feedback
instead of conventional feedback. After the first experimental work on a laser diode
with feedback from a phase-conjugate mirror was reported in 1985 [122], this tech-
nique was used to improve the emission properties of semiconductor lasers, with
applications similar to those described in a further chapter, in the case of optical
injection. Phase- and mode-locking [123], frequency stabilization [124], spectral
linewidth [125] and intensity noise improvements [126] were demonstrated.

On the one hand, the main advantage of phase-conjugate feedback compared to
conventional feedback is that the reinjected beam is self-correcting, self-aligning and
aberrations are corrected through the optical components [127]. On the other hand,
this method is far more complex to implement, as detailed below. Self-correcting
describes the principle that any phase-shift and spreading that the laser beam could
undergo in its path from the emitting facet of the semiconductor laser to the mirror
due to propagation in the air or through distorting media is compensated in the
backward trip. This means that, when fed back into the laser cavity, the photons
have exactly the same phase as at the moment they were emitted out of it. Actually,
phase conjugation is an equivalent of the time-reversal phenomenon [128], which is
not limited to the optoelectronics domain [129, 130]. Once the beam has reached
the phase-conjugate mirror, it travels back in time until the instant when it was
emitted. This time-reversal feedback leads to peculiar non-linear dynamics which
are not always found in a semiconductor lasers with conventional optical feedback
[131] because of the characteristic timescales of the crystals used to achieve phase-
conjugate feedback [8]. Indeed, the order of magnitude can range frommicroseconds
(in tellurium-doped tin hypothiodiphosphate) to several seconds (in barium titanate
crystals) whereas the typical carrier response in semiconductor lasers with optical
feedback is of the order of one nanosecond, defined by the laser relaxation oscillation
frequency. Therefore, typical effects of phase-conjugate feedback occur when the
phase-conjugate mirrors respond as fast as this timescale. The principle of phase
conjugation with a photorefractive crystal is based on four-wave mixing [132]. The
interferences between two pump beams result in the generation of a refractive index
grating within the crystal. The beam from the semiconductor laser is sent towards
this grating and the resulting scattering on the grating creates a fourth beam which
properties are to be counter-propagating and phase-conjugate with respect to the
initial beam.

In terms of self-pulsing dynamics, the bifurcation mechanism may be different
in the case of EOF compared to the case of phase-conjugate feedback. A pioneering
theoretical analysis of the laser dynamics and bifurcations with phase-conjugate
feedback has been performed by Krauskopf and co-workers in 1998 [133] who
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depicted an in-depth account of the evolution of the bifurcation diagram and the route
to chaos.WithEOF, the bifurcation process is aHopf bifurcation on an external-cavity
mode, which is a steady-state solution of the system, with a competition between
the external-cavity modes and the laser cavity modes. The self-pulsing dynamics
thus corresponds to a bridge of periodic solutions connecting two Hopf bifurcations
related to the aforementioned modes [134]. However, one of the bridging modes is
actually an unstable solution, or anti-mode, so this is the reason why the observed
non-linear dynamics are easily destabilized to deterministic chaos when increasing
the feedback strength. This makes the observation of the beat mode and the Hopf
bridge quite difficult. In the phase-conjugate feedback case, the laser has only one
stable steady state solution that is destabilized through a Hopf bifurcation to a stable
self-pulsing solution. The frequency of this solution is close to that of the external
cavity, that solution has been called external-cavity mode but by contrast to EOF, an
external-cavity mode of the phase-conjugate feedback system is a rotating solution
with time-periodic intensity and not a time-constant intensity. When the feedback
strength increases, the laser creates new external-cavitymode solutionswith the same
origin for all of them i.e. a single steady state branch. This is not the case for the
EOF, because a possible beating or Hopf bridge on external-cavity modes can occur.
The stability of the external-cavity self-pulsing dynamics in the phase-conjugate
feedback case is determined by the interplay between a saddle-node bifurcation and
a torus bifurcation. Consequently, it is possible to observe a robust and fully stable
self-pulsing also when increasing the feedback rate or the external-cavity length,
which is not compatible with the several non-linear regimes studied in Sect. 3.2.5.
Phase-conjugate feedback has also been recently investigated in laser diodes in order
to trigger chaos with a bandwidth larger than that set by the relaxation frequency
[135, 136].

3.5.2 Rotated Polarization Feedback

Semiconductor lasers usually emit linearly polarized light due to the symmetry of
their gainmedium and their inherentmaterial anisotropy. This is typically the case for
optical sources relying on intersubband transitions [137] because only the component
of the electric field normal to the quantum wells can optically couple to the quantum
oscillators, which results from quantization of the allowed displacement. The parallel
components are left to interact weakly with a free two-dimensional electron gas. For
a symmetric quantum well, the ratio r between the two orthogonal components is
given by [138]:

r = ζ
(En′ − En)�0

(En + Eg + �0)(En′ + Eg)
(3.31)

with ζ < 1 a constant coefficient depending on the subband index difference parity,
(En′ − En) the energy separation between bands, �0 the spin-orbit splitting and Eg

the fundamental energy gap of the material. Typical theoretical values are around
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1% and are in good agreement with experimental studies [139]. For instance, QCLs
emit a wave which is mostly TM polarized, even if recent efforts showed it is not per-
fectly linearly polarized, and more specifically for the DFB-QCL case [140]. Among
semiconductor lasers, VCSELs stand as an exception. Because of the cylindrical
symmetry of their resonator, the isotropy of their gain and the polarization indepen-
dent reflectivity of their Bragg mirrors, they have a priori no preferred polarization
[141], and several methods have been developed in order to switch the polarization
on demand [142, 143]. Other configurations, such as pumped Er3+-doped-fiber-ring
laser (EDFRL) can also exhibit TMandTE polarizations andwere studied as testbeds
for polarization switching dynamics, both experimentally and numerically [144], as
shown in Fig. 3.38. At first sight, polarization switching can be detrimental in optical
communications but when thoroughly controlled, it is of prime interest in optical
routing [145], clock recovery [146] and random number generation [147]. When not
controlled, the switching between polarization can be triggered by noise or inherent
to chaotic dynamics [148]. On the other hand, periodic switching can be achieved
through optical pulse pumping [149], optical injection [150] and with rotated polar-
ization feedback [151]. The latter configuration is of paramount importance when
it comes to study the possibility of polarization switching in QCLs, because these
experiments were carried out with laser diodes. Contrary to VCSELs, laser diodes
exhibit single TE mode emission with high TM mode suppression when lasing as a
solitary laser without EOF, and this is similar to what can be found in QCLs (with
the TM polarization being greatly favored in the case of QCLs). In order to rotate the
polarization of a wave before feeding it back to the laser, there are three possibilities.
The first one is to insert a quarter-wave plate (QWP) within the external cavity. If
the light is perfectly TM polarized (as it is almost the case in QCLs), the polariza-

Fig. 3.38 Experimentally measured polarization intensity (left) and numerical simulations (right)
of a self-pulsing in the x-polarization direction from an EDFRL with 10% output coupling, b self-
pulsing in the y-polarization direction. The EDFRLwas pumped at 4 times threshold. c, dAntiphase
square pulses in the x- and y-polarization directions, respectively, from an EDFRL with 3% output
coupling. The EDFRL was pumped at 3.3 times the threshold current. Courtesy of [144]



3.5 Other Feedback Techniques 83

tion of the wave will become circular after the first travel through the QWP. Then,
the wave is reflected by the mirror, so the polarization remains circular but in the
opposite direction. On its way back to the laser, this circularly polarized wave travels
once again through the QWP, which converts it into a TE wave. Consequently, this
methods allows turning a linearly polarized wave into a linear orthogonal wave, as
illustrated in Fig. 3.42. However, if the initial wave is not purely linear, the feedback
wave will have a polarization more complex than the one previously described, and
it is difficult to control what is the exact amount of TM/TE polarization traveling
back to the laser. Two other methods have been described in order to select only one
linear polarization for the reinjected wave. The first one is a loop-injection with an
optical isolator, a half-wave plate and a polarizer [152]. The second one replaces the
QWP by a Faraday rotator and a polarizer, so that the initial wave is first rotated by
45◦, then polarized along the direction given by the polarizer before being reflected
by the mirror of the external cavity and eventually, rotated again when coming back
through the Faraday rotator [153]. Both of these methods are designed to avoid
multiple round-trip reflections and allow only unidirectional coupling between the
natural horizontal polarization mode and the unsupported orthogonal mode. Yet, the
latter method is the most studied because Faraday rotators in the near-infrared are
commonplace.

With polarization rotated feedback, it is possible to observe chaos and square-wave
polarization switching, even in the case of laser diodes where the TM polarization is
almost suppressed. This square-wave pattern appears for high feedback ratios, and
the frequency of the pattern is set by the frequency of the external cavity [151], as
visualized in Fig. 3.39. It was also shown that the duty cycle of the square can be
other than 50%. In a scheme with two laser diodes shown in Fig. 3.40, Sukow and
co-workers successfully tuned the duty cycle by varying the bias current of one of
the two lasers while the other one was kept constant [154]. Even when the duty
cycle is not 50%, the switching between the TE mode and the TM mode occurs,
which means that as soon as the wave is suppressed in the TE mode, the TM mode

Fig. 3.39 Experimental time series of the square-wave self-modulated oscillations which were
obtained in the case of a laser diode subject to cross-polarization external feedback. Top and bottom,
TE and TMmode intensities, respectively. The left panel corresponds to the case where the external-
cavity round-trip time is 2.60 ns, and the right panel corresponds to the casewhere the external-cavity
round-trip time is 6.92 ns. Courtesy of [151]
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Fig. 3.40 Experimental time series of the square-wave self-modulated oscillations which were
obtained in the case of a laser diode subject to cross-polarization external feedback. The duty cycle
of the square pattern varies as a function of pump current. Only the TE mode of the laser diode is
illustrated for clarity, and the TM mode is the symmetry of the TE mode, as shown in Fig. 3.39.
Courtesy of [154]

is triggered, and vice versa. More complex dynamics can be found, depending on
the feedback strength, while the switching between the TM polarization and the TE
polarization remains [155]. In VCSELs, similar phenomena can be observed, which
is not surprising due to the existence of both polarizations. Recent experiments and
simulations showed that the square-wave switching was only possible for high cross-
polarization feedback strength [156]. For values below 30%, the VCSEL emits first
undamped relaxation oscillations and then chaos. For feedback strengths above 30%,
the VCSEL outputs the aforementioned square pattern with a period equal to that
of the cavity round-trip time. Nevertheless, an undamped oscillation is displayed on
top of the square pattern with a frequency higher than the relaxation frequency of the
laser under study. Further increase of the feedback strength makes these oscillations
disappear while maintaining the square pattern at the external-cavity frequency and
eventually, a very large feedback strength gives birth to more complex dynamics,
similar to the ones observed in laser diodes [155]. Figure 3.41 details the non-linear
dynamics observed for the aforementioned feedback strength.

3.5.3 Effects of Cross-Polarization Feedback in QCLs

Following these results about polarization switching in several semiconductor lasers,
we experimented a similar scheme with QCLs, as illustrated in Fig. 3.43. As we did
not possess a Faraday rotator nor a half-wave plate for mid-infrared wavelength, we
worked with a QWP in the configuration where the feedback light is not filtered to
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Fig. 3.41 Experimental results for a VCSEL subject to strong rotated polarization feedback. Time
traces of the TM mode for a 20%, b 23%, c 26%, d 30%, e–f 37% feedback ratio. The feedback
delay time is fixed at 8 ns. (a.1), (d.1) and (e.1) are the RF spectra corresponding to the time traces
in (a), (d) and (e) respectively. Courtesy of [159]

Fig. 3.42 characterization
of the TE light (red) and the
TM light (blue) that is
reinjected into the QCL after
one roundtrip in the external
cavity with the QWP

ensure a linearly polarized wave. This means that the polarization of the light coming
back to the laser depends on the polarization of the emitted light in a previous
outcome. We did not perform an accurate measurement of the polarization of the
continuous wave generated by the QCL under study, but a recent paper using a QCL
from the same manufacturer as ours, showed that there is not only a contribution
of the TM mode, especially for the DFB case [140]. An analysis of the normalized
Stokes parameters [157] showed that parameter S3 is non-zero with a mean value
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Fig. 3.43 Setup for the rotated polarization feedback experiment with a quarter-wave plate (QWP);
MCT1 acts as a reference signal for phase-shift measurements, andMCT2, preceded by an analyzer
polarizer, detect either the TE or the TM radiation. NPBS: non-polarizing beam-splitter, MCT:
Mercury-Cadmium-Telluride

of 0.17, as visualized in Fig. 3.44. This means that the polarization is not purely
linear because in this case S2 = S3 = 0. The existence of a circular polarization in
the output beam can be attributed to some introduced strain [158], in the vicinity of
the laser facet, by technology and processing, as mounting and soldering.

Another drawback of our system with the QWP was that we owned no variable
attenuator working in the mid-infrared. The attenuator we usually consider for the
EOF experiments is a polarizer, but this is not suitable for our cross-polarization
scheme in a straight external cavity. It would have however been possible to use a
polarizer to adjust the TE feedback strength if we had got a second QWP and if
we had implemented a loop-cavity resembling that of Ref. [152]. Consequently, we
have a high feedback strength with a fixed value of nearly 35% and we observe the
wave emitted by the QCL, both in the TM and the TE mode. Results are shown in
Fig. 3.45. When the QWP is set to 45◦, we observe a square pattern for the TM
mode and for the TE mode, with a phase-shift between the two, which means that
when the TM mode is on, the TE mode is off, and reciprocally (Fig. 3.45a). This
is very similar to what was reported for VCSELs and laser diodes. However in our
case, the period of the square pattern is not related to that of the external cavity,
which is surprising because this feature was usually observed whatever the type of
semiconductor laser under study. In our case, the external-cavity round-trip time is
2 ns whereas the period of the square pattern is roughly 400 ns. Because we are not
in the configuration with the Faraday rotator, multiple beam reflections can occur
and this would lead to non-linear dynamics with periods longer than that of a single
round-trip time. Yet, this possibility is very unlikely in our case because this would
imply that what we observe is a pattern linked to roughly 200 round-trips within
the external cavity. Furthermore, it is difficult to predict the frequency of the square
pattern when changing the length of the external cavity. Changing the angle of the
QWP canmodify the ratio between the TEmode and the TMmodewhilemaintaining
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Fig. 3.44 Normalized Stokes parameters (S1, S2, S3) and degree of polarization (DOP) of a DFB-
QCL as a function of the injection current for three temperatures. The red dashed line indicates the
corresponding threshold current. Courtesy of [140]

Fig. 3.45 a Experimental time traces of the wave emitted by the QCL under study when cross-
polarization feedback is applied and the quarter-wave plate is set to 45 ◦. The blue waveform
corresponds to the TM wave, the red waveform corresponds to the TE wave and the duty cycle in
both cases is close to 50%. b Same configuration but for a quarter-wave plate set to 35 ◦. In this
case, the TM wave has a duty cycle of 65% while the TE wave has a duty cycle of 35%. For these
two charts, the amplitude of the TE mode is magnified to be comparable with that of the TMmode.
c Response of the detector when θ = 10 ◦, showing both modulated modes with similar amplitude
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the square pattern. When the QWP is set to 35◦, the square pattern is split between
the TM mode for 65% and the TE mode for 35%, the two modes remaining phase-
shifted as shown in Fig. 3.45b. Even though the length of the external cavity was
not changed, the period of the pattern is different. It is relevant to note that in the
two aforementioned cases (angle of 45◦ and 35◦ for the QWP), no oscillations were
spotted on top of the square pattern, as reported in some recent experiments with
VCSELs [159]. Nonetheless, even in the VCSEL configuration, these oscillations,
which are faster than the relaxation frequency, are not always present and strongly
depend on the feedback strength. The lack of such oscillations in our experiment
with QCLs can be explained either by the non-existence of relaxation frequency in
QCLs or by the limited bandwidth of the MCT detector we used (estimated 3-dB
bandwidth of 850MHz per manufacturer’s specifications) or by the fixed value of
the feedback strength. In order to measure the ratio between the modulated TE mode
and the modulated TM mode, we tilt θ, the angle of the analyzer polarizer, so that
both signals are displayed in the same time trace and with the same amplitude, as
illustrated in Fig. 3.45c. By comparing their amplitude, it is possible to derive the
following relationship:

AE

AM
= cos2(90 − θ)

cos2(θ)
= 0.03 ± 0.01 (3.32)

where AE
AM

is the ratio between the modulated TE mode and the modulated TM
mode. In the case where θ = 10◦, both squares have nearly the same amplitude.
Consequently, AE

AM
= 0.03 ± 0.01. It is worth noting that the average output power

of the TE mode is less than 0.5 % of the average output power of the TMmode when
measured with a powermeter. Hence, the amplitude of the modulated signal in both
modes cannot be related to the mean output power.

3.6 Conclusion and Perspectives

This chapter allowed us broadening the conditions of operation of QCLs subject to
EOF. A numerical analysis of the effect of temperature on the QCL’s carrier lifetime
gave indications about the increased sensitivity of QCLs at low temperature. This
sensitivity to perturbations was also exhibited in the case of a QCW instead of a CW.
However, the purpose of all these studies remains to achieve a secure transmission
with chaotic QCLs and in this context, the QCLwill have to be biased in CWmode in
order to enable the message implementation. Moreover, a Peltier-cooled temperature
will also be required to avoid the bulkiness of a vacuum cryostat even if chaos is
more developed at cryogenic temperature. As QCW and CW operation are not the
only options when it comes to bias a laser diode, we decided to apply a periodic
modulation of the injection current.
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We experimentally reported on the observation of chaos synchronization-induced
optical bursts in a mid-infrared QCL. Using external optical feedback and periodic
sine forcing of several MHz, the QCL operating in the LFF regime displays frequen-
cies which are integer multiples of the forcing frequency. This differs from what
was observed with only external optical feedback. This means that the distribution
of the dropouts is significantly modified by the modulation of the current bias. We
furthermore found that the spikes observed in the waveforms related to the LFF phe-
nomenon occur for a given phase-shift. This phase-shift depends on the amplitude
of the periodic forcing, the value of the continuous bias applied to the QCL and the
frequency of the sine forcing. It also appears that the dynamics of the system aremore
affected by variations in the modulation amplitude than by changes in the continuous
pumping bias. We thus derived that the two parameters of prime importance in order
to control the number of spikes per period are the frequency and the amplitude of the
modulation while the value of the continuous bias is kept constant. One particular
source of applications of such experimental results concerns the field of neuronal
activities and the communication between neurons due to sudden bursts, as well as
other physiological processes relying on non-linear phenomena [160, 161].

We also gave, in this chapter, the first proof of a non-linear pattern in the TE
mode of a QCL with rotated polarization feedback. Indeed, we previously carefully
checked that absolutely no TE dynamics can be observed in a QCL with EOF. How-
ever, we need further studies to fully understand the relationship between the period
of the square pattern and the polarization of the feedback light. This conclusion also
concerns the duty cycle of the square pattern. With this knowledge, one can consider
using QCLs in all-optical square modulation schemes, aiming at reproducing neu-
ronal clusters. To realize such complex systems, essential building blocks, such as
logic elements and modulators [162], are required for information processing. The
advantage of photonic memories is to be both high-speed and energy-efficient [163].
Such experiments have already been carried out with visible and near-infrared light
but the data transmission can still be increased by wavelength multiplexing, thus
pushing the all-optical modulators efforts towards higher wavelengths. Concerning
the low square-pattern frequency value we encountered, one indication could be
found in another kind of highly-damped semiconductor lasers. Indeed, studies about
optical injection in quantum dot lasers proved it was possible to trigger a square-
wave pattern with a period in the order of 1µs [164]. Both the experiments and the
numerical analysis showed that only a precisewavelength detuning between the drive
laser and the response laser could create a regular periodic pattern, as illustrated in
Fig. 3.46. Otherwise, it is possible to trigger a square pattern but it randomly occurs
and then, it is not possible to take advantage of it for applications.
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Fig. 3.46 Influence of the wavelength detuning in the case of an injected quantum dot laser. a and
d randomly separated pulses at−6.4GHz detuning. b and e periodic squares at−4.8GHz detuning
and c and f square dropouts appearing randomly at −3.4GHz detuning. An appropriate detuning
is thus able to generate a square pattern with a period close to 1µs. Courtesy of [164]
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Chapter 4
Chaos Synchronization and Its
Application to Secure Communications

Since the beginning of the 90ies, chaos has been viewed as a powerful tool for several
applications. The complexity of the chaotic pattern is promising for the generation
of true random numbers. Because of its unpredictability, chaos also shed the light
on secure communications, especially in the optoelectronics field. Several methods
of encryption were studied with a particular focus on the chaos being the carrier
among which the message is hidden. This method relies on synchronization (or anti-
synchronization) of chaos and implies one emitter and one receiver. This technique is
well masteredwhen it comes to fiber optics, with the latest efforts achieving high data
rates and low bit-error rates (BER). At the opposite, there are only a few theoretical
reports for free-space chaos synchronization and communications, and experiments
are never mentioned, though they could be very relevant.

The beginning of this chapter will introduce the techniques that were first envi-
sioned for chaos communication. Then, I will describe the state-of-the-art chaos syn-
chronization in laser diodes and how to use this synchronization for fibered secure
communications. The QCLs chaos previously detailed will be used to extend the
known properties of fibered secure communications to free-space secure communi-
cations. Further options will be discussed in order to improve the data rate of the
encrypted transmission, that will focus on optical injection. A summary of the chaotic
secure transmission process can be found in Fig. 4.1.
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Fig. 4.1 Schematic of optical chaos synchronization and secure communication between a drive
laser and a response laser. The drive is made chaotic with external feedback and/or injection. The
chaotic light of the drive is then injected into the response through an optical isolator so that the
light from the response does not interfere with the drive. Most of the experimental setups are more
complex than this one because they include, for instance, optical fibers, EDFA amplifiers, etc.
Details for each configurations can be found in the papers cited below

4.1 Taking Advantage of Chaos

4.1.1 Towards Experimental Synchronization

The first intuition of chaos application was unveiled in 1990 with the experimental
synchronization of two chaotic electronic circuits [1] and followed many efforts
carried out in the 80ies about the implementation of chaos in electronics circuits,
such as the Chua’s circuit [2, 3] detailed in Fig. 4.2. Pecora and Carroll showed that
it was possible to have a temporal reproducible behavior between two electronic
circuits even if there was a mismatch between the circuits, as shown in Fig. 4.3.
Synchronization describes how a receiver is capable of following the dynamical
properties of an emitter,when the emitter and the receiver are coupled, as illustrated in
Fig. 4.4. The synchronization of periodic oscillations was first described by Christian
Huygens in the seventeenth century. Two pendulum clocks sharing the same support
had their oscillations coincided perfectly [4]. The concept has then been extended to
several domains and for instance, optical injection-locking between two lasers can
be viewed as synchronization of periodic optical-carrier frequency.

In a similar fashion to what was proposed to describe chaos, we restrain ourselves
to a discrete model and explain the general idea of chaos synchronization with a
simple differential system. The chaotic system under study is composed of vector
variables �u and �v. The transmitter system is divided into two subsystems and describe
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Fig. 4.2 Chua’s circuit (a) and the 5-segment v� − i� characteristic (b) for the non-linear resistor
�. For computer simulations, chaos can be observed with only the 3 inner negative slope segments,
as visualized in the characteristic. c Typical chaotic waveform that can be displayed with Chua’s
circuit and d the related phase-space diagram retrieved with an oscilloscope and showing two
attractors. Courtesy of [2, 3]

the nonlinearities for the respective subsystems as f (�u, �v) and g(�u, �v). Then, the
transmitter system is characterized with the set of equations:

d �u
dt

= f (�u, �v) (4.1)

d �v
dt

= g(�u, �v) (4.2)

The subsystems are mutually coupled and the outputs of �u and �v are assumed to
be chaotic. We prepare the receiver system for chaos synchronization. The receiver
system is composed of only one of the subsystems and it is written in a similar
manner than the two previous equations. That is to say:

d �w
dt

= f ( �w, �v) (4.3)
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Fig. 4.3 a Correlation
diagram in the case where
the parameters of the
response exactly match that
of the drive and b correlation
diagram when the circuit
parameters are different by
50%. In the second case,
synchronization is not
perfect but the response is
still influenced by the drive.
Courtesy of [1]

Without coupling between drive and response, variable �v is treated as a certain
constant vector. Consequently, the output �w may be either a chaotic or a stable
oscillation when the response receives no transmitted signal. Even if the drive output
is chaotic, the response output �w would never show the same chaotic oscillations
because chaos has strict sensitivity for initial conditions. However, the response
output �w exhibits the same chaotic oscillations as the drive output �u as soon as a
fraction of the drive output is sent to the receiver under appropriate conditions. From
a mathematical point of view, there is a condition for having a negative value for the
largest Lyapunov exponent concerning the difference in the outputs �u and �w.

If we take for instance a Lorenz system similar to the one we used to describe
chaos, the differential equations are expressed with the variables x , y and z and the
drive system is divided into two parts, namely:

{ dy
dt = −xz + r x − y
dz
dt = xy − bz

(4.4)

and
dx

dt
= σ(y − x) (4.5)
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Fig. 4.4 Scheme illustrating the coupling between a drive system and a response system that leads
to a synchronization of the response with the drive’s properties

The response system evolves as the drive system, except that the variable x ′ is
treated as a constant without the coupling from the drive:

{ dy′
dt = −x ′z′ + r x ′ − y′
dz′
dt = x ′y′ − bz′ (4.6)

We focus on an example fromRef. [5] where the outputs x , y, and z of the drive are
chaotic at the parameter values of σ = 16, b = 4 and r = 45.92. Because initially, the
coupling is not effective, the maximum Lyapunov exponent of the response system
is negative. Therefore, the response exhibits stable outputs without receiving any
chaotic signal from the drive. Then, the response is coupled with the drive and we
follow the evolution of the trajectories in the (y, z) plane and the (y′, z′) plane.
Figure4.5 shows that, starting from the coupling instant, the distance between the
two trajectories is decreased and the trajectories eventually overlap each other. Chaos
synchronization is therefore achieved. It is possible to reach chaos synchronization
only for a limited set of parameters. One of the key elements is that the response
systemmust be very similar to the drive systemwhen one ormore of the drive outputs
are sent to the response.

In laser systems, however, the method is not straightforwardly applicable, since
it is not possible to divide the dynamics of laser variables into subsystems. What is
actually done is that two similar laser systems are prepared as drive and response,
and a small portion of the drive output is injected into the response. Even if the
synchronization of periodicwaveforms can be clearly understoodwith the example of
the coupled pendula, it is more difficult to apprehend the synchronization of chaotic
waveforms. Indeed, chaos is very sensitive to initial conditions and a very small
deviation between two chaotic systems leads to exponentially divergent behaviors. In
the case of experimental optoelectronics where all the parameters cannot be exactly
reproduced from one laser to another, it thus seems nearly impossible to obtain a
synchronization inwhich the drive and the response systems exactly behave the same.
Against all odds, it is possible to synchronize their chaotic dynamics starting from
arbitrary initial conditions, provided the two setups are sufficiently similar and the
coupling between the two lasers is strong enough. If there is a parameter mismatch,
the quality of the synchronization degrades until it is not possible to link the response
output with the drive output. This conclusion about the possibility of synchronization
of optical chaos was pushed on by the first numerical study of that kind [6], also in
1990. Winful and Rahman showed that an array of injection-coupled semiconductor
lasers were able to have the same chaotic output. These efforts paved the way for the
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Fig. 4.5 Schematic of chaos
synchronization in the case
where the initial conditions
for the response and the
drive are different.
Nevertheless, the response
follows the chaotic path of
the drive because the
coupling between the two is
strong. Courtesy of [5]

first experimental proof of chaos synchronization in an optical system. In 1994, three
different groups showed an experimental chaos synchronization with three different
setups. Roy and Thornburg used mutually coupled Nd:YAG solid-state lasers [7].
One or both lasers are driven chaotic by periodic modulation of their pump laser
and the synchronization occurs when the lasers are strongly coupled. A Japanese
team carried out a similar experiment with unidirectionally coupled CO2 lasers [8].
The chaotic behavior observed in the drive and the response laser is caused by a
saturable absorber inducing self-sustained pulsations. Synchronization occurs when
the output of the drive laser is unidirectionally injected into the saturable absorber
of the response laser, provided that the intensity of the drive is strong enough. With
a very similar setup, Liu and co-workers showed that the quality of synchronization
in two gas lasers with an intracavity saturable absorber was largely dependent on
the optical frequency detuning between the drive laser (also called master laser) and
the response laser (also called slave laser) [9]. One of their optical synchronization
results can be found in Fig. 4.6. It is indeed relevant to note that in optical chaos, there
are two types of frequencies involved in the electric field of the laser output. One of
these two frequencies is related to the wavelength of the optical emission. As already
mentioned, in the case of mid-infrared QCLs, this frequency ranges between 30 and
75 THz because thewavelength ranges between 4 and 10µm. This fast frequency can
be considered as the carrier and the dynamics frequency observed in the waveforms
can be considered as the envelope. In QCLs, this slow frequency ranges between
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Fig. 4.6 One of the pioneering experimental demonstrations of chaos synchronization in an optical
system. a Before coupling, the two lasers are pulsing but there is no sign of synchronization in
the correlation diagram. b Intensities’ correlation of uncoupled lasers. After coupling c the chaotic
lasers become synchronized and their intensities show d a positive degree of correlation. Courtesy
of [9]

0.1 and 100 MHz, as we saw in the subsection dealing with the LFF phenomenon,
and in other semiconductor lasers, this frequency rarely exceeds 10GHz, mainly
because of relaxation frequency concerns. Even if it is only possible to observe the
slow frequency with real-time detectors (MCT detectors or QWIPs in the case of
QCLs), both the slow frequency and the fast frequency must be synchronized. The
first one is usually observed in the timetrace and the related synchronization can be
easily assessed with a correlation diagram. The correlation diagram represents the
output power of the slave laser as function of the master laser output. The second
one can be evaluated with a FTIR and, when synchronization occurs, the optical
frequencies match due to frequency-pulling effect [10]. This is called injection-
locking between two coupled lasers. The synchronization of the slow frequency can
only be possible if the master and the slave laser are in the injection-locking range.
After being analyzed in the mechanical, electrical and optical domains, the concept
of chaos synchronization was extended to the biological domain with the study
of coupled bursting neurons [11, 12]. This is another example of the interactions
between optical networks and biological clusters and this gives credit to the many
efforts aiming at reproducing a system as intricate as the brain with the help of
complex photonics [13].

It is relevant to note that chaos anti-synchronization can also occur when injecting
the chaotic fluctuations of the drive into the response laser, as already shown in
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Fig. 4.7 Chaos synchronization (top row) and anti-synchronization (bottom row) in coupled
VCSELs. The left column shows the photon intensities for the two polarizations of the laser and the
right column shows the correlation diagram. In the case of synchronization, the correlation diagram
shows a positive correlation and in the case of anti-synchronization, the correlation diagram shows
a negative correlation. Courtesy of [14]

Fig. 4.8 Switching between
synchronization and
anti-synchronization by
changing the pump current
of the master laser. The red
signal is that of the master
laser and the blue signal is
that of the slave laser. This
emphasizes that the
boundaries between
synchronization and
anti-synchronization can be
thin. Courtesy of [15]

VCSELs and laser diodes [14, 15] and illustrated in Fig. 4.7. Switching between
both types of synchronization is possible, for example, by changing slightly the pump
current of the drive system, as visualized in Fig. 4.8. In this way, such a configuration
can be used for chaos communications without synchronization, as explained below,
in addition to themethods related to the entrainment phenomenon and the on-demand
extreme eventswhich can also be useful to control spiking dynamics.Mathematically,
it is possible to give more details about different kinds of synchronizations which can
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be found in coupled lasers. Several configurations such as complete synchronization
[16], generalized synchronization [17], anticipating synchronization [18] and phase
synchronization [19] exist.

4.1.2 Towards Secure Communications

Even if chaos synchronization is a mind-blowing concept, it has no direct applica-
tion. However, the earliest papers about chaos synchronization already envisioned a
glimpse of the potential of this phenomenon, especially for secure communications
[20]. The main idea was to hide a message with a small amplitude within the chaotic
signal of the transmitter so that the message does not disturb the larger chaotic fluc-
tuations and remains well concealed from an eavesdropper. Indeed, synchronization
is robust to small changes in the coupling strength and consequently, the response
laser will still synchronize to the chaos of the drive laser, even in the presence of
a perturbation that is due to message encoding. This mixed signal is then sent to
the receiver and a detector. As shown previously, in the case of optical chaos, the
receiver must be very similar to the transmitter so that the synchronization occurs
with a correlation diagram looking like a straight line at 45◦. As the receiver synchro-
nizes only with the chaotic fluctuations, subtracting the signal of the receiver from
that of the detector allows recovering the hidden message. The first demonstration
of such transmission in electronics circuit is presented in Fig. 4.9 and showed it was

Fig. 4.9 First example of
secure communication
achieved through chaos
synchronization. a is the
message to be transmitted, b
is the recovered signal after
the subtraction and c is the
deciphered message after
low-pass filtering. Courtesy
of [21]
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Fig. 4.10 In order to properly encipher the message within the chaotic fluctuations, the amplitude
of the message must be small compared to the amplitude of the chaos. The same argument is true
for the maximum frequency of the message, otherwise it can be detected. The speech spectrum to be
concealed meets these requirements regarding the properties of the chaotic signal. Courtesy of [21]

possible to recover a speech message, in 1993 [21]. This experimental effort also
exposed that the message to be transmitted must be small in terms of amplitude and
frequency bandwidth compared to themasking chaos, as shown in Fig. 4.10. The idea
was extended to the optical domain one year later, with the first numerical proposal of
optical secure communication [22]. In a similar scheme, a chaotic spiking solid-state
laser was used as the drive and the message was recovered through synchronization
and subtraction. These first numerical studies achieved a secure data transmission at
a few kbits/s and there was a growing demand for transmission at higher bit-rates.
This was compatible with the use of optical chaos because the latter had already
exhibited bandwidth in the order of a few hundreds of MHz [23, 24], which paved
the way for secure transmissions at several dozens ofMbits/s. In 1996, two numerical
models with realistic operational characteristics showed a secure transmission with
synchronized chaotic semiconductor lasers at a data rate of 5 Mbits/s [25] and 300
Mbits/s [26]. As these simulations were carried out with near-infrared semiconduc-
tor lasers, the transmission occurs through a fiber and this means that long-distance
secure communications can be envisioned. Mirasso and co-workers implemented a
50km fiber transmission with amplification in order to compensate the losses in the
fiber. This numerical analysis, as well as the following efforts from the same group
(see for instance Fig. 4.11), paved the way for the first experimental proof of optical
secure communication, because it proved the high potential of synchronized chaotic
semiconductor lasers for long-range high-speed encrypted data transmissions. This
demonstration occurred two years later and, as always in the history of chaos secure
communications, two different groups reported an experimental secure transmission
the same year. The first one transmitted a message at 10MHz with erbium-doped
fiber-ring lasers [27].As it has been explainednumerically, themessagehiddenwithin
the chaotic carrier could be retrieved because the message is small enough and does
not mainly perturb the chaotic fluctuations. The master laser thus synchronizes with
the slave laser on the one hand, and a detector retrieves the signal of the master laser
with the message concealed within the chaos on the other hand. A subtraction of
the detector’s signal and slave’s signal allows recovering the message. A filtering is
often needed in order to improve the quality of the transmission. The second one
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took advantage of the chaotic fluctuations generated by a semiconductor laser with
an optoelectronic feedback loop [28]. The message to be transmitted is introduced
in the feedback loop which also provides the time-delayed signal driving the master
laser chaotic. The slave laser (which is not fed back) receives the signal from the
master laser and synchronizes with the chaotic signal only. The first experiment with
semiconductor lasers was unveiled in 1999. Sivaprakasam and Shore demonstrated
a secure communication with diode lasers under EOF but the data rate was limited
to a few kbits/s [29]. The maximum speed transmission was then experimentally
increased in chaotic diode lasers to a few Gbits/s corresponding to a limit set by
the relaxation frequency for this kind of lasers [30]. Even if the possibility of high-
speed secure transmissions was demonstrated, the question about the evolution of
the BER in a long-scale scheme remained open. Simulations had shown a degra-
dation of the performances, such as the correlation diagram and the eye diagram,
when increasing the fiber length from 50 to 200km [31], as shown in Fig. 4.12. In
the real-world conditions of the fiber-optics network of Athens, the performance of
all-optical fiber secure communications systems has been investigated with chaotic
semiconductor lasers under EOF [32]. Through the whole length of the 120km fiber
system, Argyris and co-workers were able to achieve a secure transmission at 2.4
Gbits/s with a BER of 10−3 and at 1 Gbits/s with a BER of 10−7. Figure4.13 gathers
the BER performances of this field experiment. These findings allowed the creation
of a company called Eulambia and dedicated to the implementation of fibered secure
communications and RNG. Simultaneously, an Italian group experimented a com-
posite video signal transmission over 1.2km [33]. The carrier frequency of the signal
is at 2.4GHz and a compromise has to be found between a sufficient masking of the
signal within the chaotic carrier and a decent video quality after recovery and sub-
traction, as shown in Fig. 4.14. Consequently, there is a 4-dB discrepancy between
the signal of the enciphered message and that of the chaotic carrier.

Another key parameter is the technique used to encipher the message within the
chaotic carrier. Three methods have been currently explored and they have a tremen-
dous influence on the BER that can be achieved with a given laser configuration [34],
as can be seen in Fig. 4.15. An overview of the performances of the three methods
can also be found in Fig. 4.16.

The first method is called chaos masking (CMa). It consists in embedding a small
messagem(t) into a chaotic carrier x(t) at the drive level and then, sending the signal
x(t) + m(t) to the response. The response system share similarities with the drive
and the two systems are operating at the same parameter values. Only the chaotic
signal x(t) is reproduced in the response system if the amplitude of the message
is small enough. Then, the message m(t) is deciphered by subtracting the response
output x(t) from the transmission signal x(t) + m(t). The success of the message
secure concealing into a chaotic carrier and of the decoding of the message relies on
a message amplitude sufficiently small compared with the averaged chaotic carrier
signal. Usually, the fraction is less than 1% of the average chaotic power.

The secondmethod is called chaosmodulation (CMo) andwas introduced in 1993
[35]. In this method, a message is inserted within a chaotic carrier in the non-linear
oscillator and the two signals conform a new chaotic state different from the original
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Fig. 4.11 Simulation of the dynamical evolution of the master diode laser and the slave diode laser
linked by a fiber of 50km. a chaotic output from the master laser. b message to be transmitted at a
bit-rate of 4 Gbit/s. c Master laser output after the encoding of the message. d Output of the slave
laser synchronized with the master laser. e Decoded message by subtraction. f Decoded message
after subtraction and filtering. Courtesy of [31]

one. In CMo, a delayed feedback system is usually used as a chaotic generator.
This new signal together with the message is sent to the response. Since the drive
and the response are the same non-linear systems, the chaotic oscillation is exactly
reproduced in the response system thanks to chaos synchronization. By subtracting
the synchronized chaotic signal from the transmitted signal, it is possible to decode
the message. Sometimes, the message is decoded by dividing the transmitted signal
by the synchronized chaotic signal in the response. Contrary to the previous method,
CMo has no restriction on the magnitude of the message as a secure communication,
since both the chaotic carrier and the message conform new chaotic states in the
non-linear systems. However, the degree of security for data transmissions becomes
worse when the signal level of a message is large. Therefore, the amplitude of a
message in CMo should also be small.

The last method is called chaos shift keying (CSK) andwas also first demonstrated
in 1993 [36]. The signal shift keying technique, which is frequently used in ordinary
communication systems, is also applicable to chaotic data transmissions. In CSK,
two chaotic states x1(t) and x2(t) are generated in a drive system. The switching itself
to send either chaotic state is a messagem(t). In the response system, each state x1(t)
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Fig. 4.12 Numerical analysis of a long-distance secure transmission through an optical fiber. Left
column, correlation diagram. Center column, eye diagram of the recovered message after decoding
and filtering. Right column, encoded and recovered message. The first row corresponds to a 50-
km fiber transmission, the second row a 100-km fiber transmission, the third row a 150-km fiber
transmission and the fourth row a 200-km fiber transmission. The message has been modulated
at a bit-rate of 2 Gbit/s and the right column shows a degradation of the recovery process when
increasing the fiber length. Courtesy of [31]

Fig. 4.13 Performances of chaos synchronization secure transmission using the metropolitan fiber
network of Athens. Long-distance corresponds to a transmission over 120km. BER of the encoded
signal (squares), back-to-back decoded message (circles) and decoded message after transmission
for two different code lengths (triangles). Courtesy of [32]
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Fig. 4.14 Secure transmission of a composite video signal. a is a picture of the signal to be
transmitted. b is what an eavesdropper retrieves by intercepting the encoded data stream and c is
the decoded picture after subtraction. The deciphered picture is a little bit blurred compared to the
initial one and a compromise has to be found between a high-quality transmission and a potential
deciphering by an eavesdropper. Courtesy of [33]

Fig. 4.15 Schematic diagram of the three encoding processes in the case of chaos communications
in semiconductor lasers with optical feedback

or x2(t) is detected thanks to chaos synchronization. Thus, two chaotic options are
offered for the drive and the response. However, the difference between two chaotic
states with CSK method must be tiny, because otherwise, the message can be easily
estimated from the attractors when the difference of chaotic fluctuations between
the two states is too large. In non-linear systems, chaos synchronization is achieved
through a finite delay time, which has an influence on the switching of chaotic states.
Therefore, one must take into account the transient and finite response of signals for
practical use of the systems.
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Fig. 4.16 Performance of
BER for several chaotic
configurations and several
encoding processes. a BERs
for optical injection system
(marked as circles), optical
feedback system (marked as
squares), and optoelectronic
feedback system (marked as
triangles) of three different
encryption schemes. The
solid symbols mark the BER
after the filtering, and the
open symbols mark the BER
before the filtering. b BER
versus data transmission rate
for the three previous
configurations under CMo.
Courtesy of [34]

4.1.3 Other Schemes to Communicate with Chaos

Other methods of communication relying on chaos have been successfully tested
through an accurate control over the emitted chaotic fluctuations [37], as can be
seen in Fig. 4.17. Control can be utilized to tune the signal emitted by the chaotic
system so that it follows a prescribed symbol sequence, and this allows encoding
any desired message from a chaotic oscillator. Most of the time, the phase diagram
of such oscillators gathers multiple orbit attractors which are paired with a gram-
mar [38]. The purpose is to choose a code whereby any message to be transmitted
can be encoded with a sequence included in the grammar. This sequence must sat-
isfy suitable constraints imposed by the dynamics in the presence of the control,
which could be, for example, a periodic modulation. Therefore, it is of prime impor-
tance to control the spiking with thoroughness for reproducibility reasons and this
can be achieved with drive-current modulation, external-cavity phase modulation or
cavity-loss modulation [39], the perturbation being small compared to the chaotic
fluctuations [40]. The previous chapter gave indications about control possibilities
offered by the entrainment phenomenon. However, as the phase space breaks up into
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Fig. 4.17 Example of enciphering with chaos without involving synchronization. The word chaos
is masked within the chaotic fluctuations. Each letter is shown at the top of the figure, along with its
numerical position in the alphabet. Shown at the bottom are the corresponding binary code words.
Extra bits (indicated by commas) are added to satisfy the constraints imposed by the grammar.
Courtesy of [37]

distinct partitions [41], each of them corresponding to a distinct symbol, this solution
is not necessarily the best in terms of privacy, even if efforts have already shownways
to improve it [42].

4.2 Secure Chaos Communications with Mid-Infrared
QCLs

4.2.1 Free-Space Communications in the Mid-Infrared

Free-space communications haveknowna renewed interest in several optical domains
where the atmosphere has a high transmission, as illustrated in Fig. 4.18 showing the
solar and background radiations for a bunch ofwavelengths. Experiments in the ultra-
viole have recently achieved a transmission at 1 Gbits/s with III-nitride micro-LEDs
[43]. In the mid-infrared, several apparatus have emerged in order to produce high-
bandwidth sources emitting in the transparency window around 4µm. Communica-
tions up to 70Mbits/s were demonstrated with interband cascade lasers (ICLs) [44]
and transmissions at several Gbits/s were achieved with frequency down-conversion
and up-conversion between 1550nm and 3594nm, respectively [45]. With QCLs,
transmissions at similar high-speeds have been reported (Fig. 4.19b), both at room
[46] and cryogenic temperatures with a free-space television link application [47]. In
terms of secure communications, quantum cryptography systems with quantum key
distribution (QKD) have been a candidate of choice with free-space sources emitting
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Fig. 4.18 Background and solar radiations from long-wave infrared to ultra-violet light. a back-
ground from upward solar radiation and from downward thermal radiation. b Solar radiation spec-
trum from visible to near-infrared light. Courtesy of [52, 58]

Fig. 4.19 a Evolution of the transmission losses when varying the humidity of the atmosphere and
thus, the visibility, for three wavelengths (8.1 µm, 1.558 µm and 1.345 µm). b Eye diagram of a
state-of-the-art transmission with a mid-infrared QCL at room temperature. With a 8-level intensity
modulation (PAM-8), the maximum data rate is 3 Gbits/s. Courtesy of [46, 57]

in the visible spectrum [48]. Yet, many efforts have tried to use these systems to
communicate with satellites [49] but the background noise from the scattered sun-
light, which is typically five orders of magnitude greater than the background noise
during the night, complicates the process during daytime [50]. Therefore, many trials
were done during the night [51] but this is not suitable for global applications where
secure communications have to be required anytime. This is the reason why recent
attempts have considered using near-infrared light to get rid of the perturbations
without restraining to nighttime communications [52]. Overall, this technology is
not versatile for every kind of secure communication applications and before QKD
can be widely adopted, it faces a number of important challenges such as data trans-
mission rate, distance, size, cost and ratio between the number of photons generated
and the number of intricate photons finally available [53]. Nevertheless, it remains
one of the best options in terms of privacy.
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Despite the substantial investments into development of longer wavelengths sys-
tems back in the 70ies, these systems were bulky, inefficient and expensive [54]. The
recent accelerated advances in QCLs [55] as well as progress in MCT photo-diodes
[56] enable low size, low weight, energy efficient and therefore affordable optical
systems operating at room temperature in the mid-infrared. The advantage of wave-
lengths between 3–5 µm and 8–11.5 µm compared to near-infrared wavelengths
is that their transmission in the atmosphere remains high even though there is fog
or haze [57], as shown in Fig. 4.19a. Moreover, a transmission between 8–11.5 µm
implies stealth because the thermal black-body radiation shows a strong background
at these wavelengths [58]. So it would be even more difficult to detect a secure trans-
mission in this mid-infrared window and for the moment, only QCLs and CO2 lasers
can output powerful beams at such wavelengths.

4.2.2 Secure Communications with QCLs

The apparatus, described in Fig. 4.20, that we used for the synchronization of chaos
is composed of a DFB master laser driven chaotic by external optical feedback and
a DFB slave laser. Contrary to some schemes found in laser diodes (see [15] for
instance), when the master and the slave laser are not coupled, the slave laser is not
chaotic because there is no mirror in front of it. The output of the master is sent
towards the slave laser through an optical isolator to avoid back-reflections, and the
signal of the drive and the response are detected with a MCT detector. The signal
from the MCT detectors are analyzed with a fast oscilloscope and a RF spectrum
analyzer. Apart from the chaotic features observed with the RF spectrum analyzer
and the digital oscilloscope, it is possible to confirm that the master signal is well
injected into the slave by observing the behavior of the optical spectrumwith a FTIR.
Indeed, under free-running operation, the slave laser is mono-mode and it turns to
be multi-mode when the synchronization is effective, as can be seen in Fig. 4.21.

For secure communications, the purpose is to have chaotic fluctuations with the
broadest RF spectrum possible because this means that the maximum frequency of
the message to be transmitted, as well as the privacy of the process, can be increased.
Following the conclusions from the previous chapter, the first idea would be to try
to synchronize chaos obtained when the QCL is pumped with a quasi-continuous
wave because it gave the best results in terms of chaos complexity. However, this
configuration may not be suitable because it can be difficult to include the message
to be transmitted while the laser is already pumped with a QCW and furthermore,
the transmission tentative can become easier to detect for an eavesdropper, thus
destroying the benefit of the stealth. Also, slight changes in temperature occur when
operating the laser in QCW mode. If, on the one hand, the master laser is driven
chaotic in this configuration and, on the other hand, the slave laser is pumped with
a continuous bias, it is not possible to synchronize the chaotic fluctuations of the
master for the entire time period of the QCW, as shown in Fig. 4.22. This is due
to the wavelength detuning because temperature shifts and this is a fundamental
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Fig. 4.20 Setup for chaotic secure communicationswithQCLs. The apparatus is split into twoparts:
one is dedicated to chaos masking and transmission and the other is dedicated to synchronization
and recovery. NPBS: non-polarizing beam-splitter, MCT: Mercury-Cadmium-Telluride

Fig. 4.21 a Optical spectrum of the free-running slave laser when biased at 512.4 mA. b Optical
spectrum of the slave laser after injection of the output of the master laser when the slave laser is
biased at 512.4 mA

result for QCLs which are proved to be highly temperature dependent. Indeed, we
experimentally observed that the master laser and the slave laser can be synchronized
only if they have the samewavelength, with an uncertainty of a few hundreds ofMHz.
The synchronization is also effective when the master QCL has the same wavelength
than one of the side-modes of the slave QCL, and vice versa. However, it seems
that the best case for synchronization occurs when the DFB peak of the master
coincides with that of the slave. Consequently, it is not possible to take advantage of
the chaos studied with a quasi-continuous bias because it detrimentally degrades the
synchronization. It is interesting to note that we did not try to apply a QCW on both
the slave and the master QCL to see if this could improve the overall quality of the
chaos synchronization. As it is possible to have islands of chaos with a CWpumping,
we investigated the possibility of chaos synchronization and secure communication
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Fig. 4.22 Synchronization trial when the master QCL is pumped with a QCW bias and driven
chaotic. a Output of the chaotic master laser pumped with a QCW before low-frequency filtering.
b–d Slave QCL is pumped with several continuous biases. In each figures, the green dashed lines
indicates the step limits of the 80 % duty cycle QCW, which are filtered by the detector. Depending
on the pump current of the slave laser, only parts of the slave output is synchronized with the
chaotic fluctuations of the master. The synchronization in the slave output is characterized by red
spikes which are less numerous than blue spikes. This shows that a total synchronization cannot be
achieved with a continuous bias for the slave laser if the master is pumped with a QCW bias

with this configuration. Also, this allows comparisons with the pioneering studies
dealing with other semiconductor lasers.

So far, only numerical efforts have proven the possibility of a secure free-space
communications but in the near-infrared, with laser diodes [59]. When the opti-
cal frequency of the master and the slave are matched, synchronization occurs.
Modifying some of the parameters can also lead to anti-synchronization, as afore-
mentioned, though it was not clear in our case what are the parameters leading to
anti-synchronization in lieu of synchronization. As the best results in terms of mid-
infrared secure transmission were achieved with anti-synchronization, we focus on
this specific case (see in Fig. 4.23). As previously explained, several techniques can
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Fig. 4.23 Timetraces of the intensity of the chaotic master laser (red), the slave laser (blue) and
the encoded message (green) which is magnified by a factor 30 to be clearly observed. The slave
laser is anti-synchronized with the master laser and the message is well hidden within the chaotic
carrier. The binary translation is given for a piece of the encoded message. A ‘1’ is coded with a
half-sine then a blank, while a ‘0’ is coded with two consecutive blanks

be used to hide a message within a chaotic carrier. Because we performed the com-
munications with two QCLs, the message has to be included directly in the bias
current. The voltage amplitude of the enciphered bit code is thirty times lower than
that of the largest chaotic fluctuations. The frequency coding and pattern was chosen
accordingly with the cut-off frequency of the modulated current source (low-pass
filter below 2MHz) and that of the MCT detector (high-pass filter above 1MHz).
This is the reason why a square pattern could not be selected, because many fre-
quencies included in the pattern would have been suppressed, either by the current
source or by the detector. In order to comply best with these constraints, a half-sine
pulse pattern at 1MHz was chosen because it is composed of very few frequencies
outside the frequency range 1–2MHz. Nonetheless, this was not enough to ensure
that the bit is not distorted or creates an undershoot, so a blank always follows a
‘1’-bit. To sum up, a ‘1’ is encoded with a half-sine and a subsequent blank, while a
‘0’ is encoded with two consecutive blanks, and an example of coding is shown in
Fig. 4.23 (green curve).

Once the message is hidden and the anti-synchronization is achieved, the quality
of the transfer is evaluated with correlation diagrams (Fig. 4.24). Then, the recon-
struction of the message M (t) is realized by computationally evaluating the dif-
ference intensity of the chaos transmitter Ict = |Emaster (t) + M (t)|2 and the inten-
sity of the chaos-synchronized slave Islave = |Eslave (t)|2 � |Emaster (t)|2 resulting in
I1 − I2 = 2� (Emaster · M (t)) + |M (t)|2. Since the dynamics of the chaotic field
Emaster is much faster than the message M (t), a low pass filter is applied to the dif-
ference and finally, M (t) is obtained. The experimental result of the recovery can be
found in Fig. 4.25, as well as the eye diagram for each component in Fig. 4.26. The
eye diagram is a tool to evaluate the quality of the transmission, and a successful
communication is assessed by an open eye. As already explained with the example of



120 4 Chaos Synchronization and Its Application to Secure Communications

Fig. 4.24 1D (a) and 2D (b) correlation diagrams for the intensity of the slave and the master
QCL. The signal of the slave laser was flipped so that the 1D correlation diagram has a maximum
value of 1 and the 2D correlation diagram shows a positive correlation (instead of –1 and negative
correlation, respectively)

Fig. 4.25 Recovery process to decode the enciphered message. The blue curve is the filtered
intensity of the slave QCL. It is also flipped so that it can be easily compared with the filtered
intensity of the master laser (in red). The violet curve represents the subtraction between the red
curve and the blue curve and the dashed line corresponds to the threshold used to detect a ‘1’-bit.
The yellow curve is themagnified initial message, subsequently hiddenwithin the red curve. Among
the 9 ‘1’-bits present in the yellow timetrace, 8 are successfully recovered
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Fig. 4.26 Experimental eye diagrams for the 4 components of the previous figure. From these
diagrams, one can see that it is impossible to recover the message only from the signal of the master
QCL but it becomes possible for most of the bits from the difference signal. The eye diagram of
the initial message shows some undershooting, hence justifying why a ‘1’-bit must be followed by
a blank. Bits deciphered as ‘0’ are drawn with a light color while bits deciphered as ‘1’ are drawn
with a stressed color (particularly visible in the difference eye diagram where the ‘1’ and ‘0’ are
well separated)

the fiber secure transmission, a compromise has to be found between a transmission
with a low BER and an impossible recovery for a potential eavesdropper. The best
BER we were able to achieve, while ensuring a camouflaged message, is 6% (12
errors out of 191 bits in Fig. 4.27). It was possible to achieve lower values of BER
but themessage started to become obvious among the eye diagram of themaster laser
and consequently, the privacy of the transmission was threatened. Indeed, Fig. 4.28
shows that the red diagram displays a repeated pattern and, even if the message was
not clearly visible in the chaotic timetrace, this singularity in the eye diagram could
give indications to a potential eavesdropper.

Several opportunities can be envisioned in order to enhance the performances
of this experimental proof-of-concept. The first one will be to increase the distance
between the master and the slave laser because it is currently only one meter long. If
a distance of several kilometers can be achieved, secure communications can be well
adapted for transmissions between ground stations or vehicles and various aircrafts.
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Fig. 4.27 Number of errors and associated bit values when deciphering themessage by comparison
with the initial message with 191 bits (in yellow). The secure mid-infrared transmission achieves a
BER of 6%

Examples of transmissions are sketched in Fig. 4.29. To perform such long-distance
communications, it is mandatory to switch from the current 5.7 µm wavelength
towards wavelengths that are more suitable for optimal transmissions through the
atmosphere, for instance 4 µm and 10 µm. While the latter can almost solely be
achieved with QCLs, the former can be output in other semiconductor lasers like
ICLs. The best option between these two lasers could be the one that is able to
generate chaos with the largest bandwidth. The data rate of the hidden message
is also relevant and even if we have recently achieved a 600MHz modulation in
a QCL by using a bias-tee, we may force the laser at a higher frequency in the
case of ICLs. However, a transmission rate of dozens of Gbits/s can sometimes be
required and this does not seem realistic with the aforementioned semiconductor
lasers. The best option in this case would be to transmit only a secret key with the
chaos secure communication and then use another means to achieve the very high-
speed transmission. As the key can be as small as a few dozens of kbits [60], the data
rate is not an issue because we showed it was possible to reach nearly 1 Mbits/s but
in this case, chaotic secure communication is challenged by QKD. In the following,
we will show promising methods based on optical injection to increase the chaotic
bandwidth of a QCL.
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Fig. 4.28 Experimental eye diagrams for a case where the amplitude of the hidden message is too
large and thus the message starts to be detectable within the chaotic carrier. A recurrent pattern
appears in the eye diagram of the master laser, which was not the case in the previous configuration.
In this case, the BER is 2% after recovery and subtraction

4.3 Improving Chaos Maximum Frequency in QCLs with
Optical Injection

4.3.1 Benefits of Optical Injection

Similarly to what has been described for chaos synchronization, optical injection
consists in injecting the light of a master laser into a slave laser. However in this
case, the master laser is not driven chaotic. In the optical injection experimental
setup described in Fig. 4.30, an optical isolator between the master and slave laser
is a key element to avoid optical feedback of the master after reflection on the slave
facet, or optical injection of the slave inside themaster.Without isolator, the two lasers
impact each other, it corresponds to mutually coupled lasers, which also experience
complex dynamics [61]. We tested a mutual coupling scheme in the case of QCL
chaos synchronization and saw that, even when the coupling between the two lasers
is weak, the slave QCL can really disturb the non-linear pattern of the master QCL,
hence justifying the necessity of an optical isolator between the two lasers. This is
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Fig. 4.29 Sketch of the several possibilities for secure free-space communications, from ground
to space level. UAV: unmanned aerial vehicle, HAPS: high-altitude platform station, LEO: low
earth-orbit, GEO: geostationary orbit

Fig. 4.30 Setup for the injection experiment. The apparatus is similar to that used for chaos synchro-
nization, except that themaster laser is not driven chaotic here. NPBS: non-polarizing beam-splitter,
MCT: Mercury-Cadmium-Telluride, Osci: digital oscilloscope, RSA: electric spectrum analyzer

illustrated by Fig. 4.31. Optical injection can improve the emission properties of the
slave laser with a significant impact. The case of injection-locking has already been
mentioned and, under these conditions, the emission properties of the slave laser
are improved. For instance, the side-modes of a FP-slave laser can be suppressed
[62] while the spectral linewidth of the slave laser can be reduced by one order
of magnitude [63]. Other improvements have been studied, both numerically and
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Fig. 4.31 a The master laser (in blue) is driven chaotic and is weakly coupled into the slave laser
(in red) which weakly synchronizes with the chaotic fluctuations of the master. There is no optical
isolator between them, so the slave laser influences in turns the master output. b When hiding the
path between the two lasers, the synchronization is (obviously) lost but the frequencies of the master
chaos are also modified. This stresses that an optical isolator is required between the two lasers,
otherwise the slave can disturb the master laser, even if they are weakly coupled

experimentally, in terms of intensity, frequency noise and bandwidth. If the master
laser has low intensity and phase noise, then the slave laser tends to reproduce the
intensity and frequency noise of the master [64]. For the RF bandwidth, it was shown
that a high injection rate (up to 45%) drastically enhances the bandwidth of the slave
laser [65], as illustrated in Fig. 4.32. This paves the way for communications with
faster data transmissions, without being limited by the frequency of the relaxation
oscillations of the laser [66]. In laser diodes, optical injection was also found useful
in enhancing the chaos bandwidth of a slave laser subject to external optical feedback
[67]. If the master is strongly injected (via an optical isolator) towards the slave laser
already driven chaotic because of EOF, the non-linear dynamics is not changed.
For instance, the chaotic fluctuations do not turn into period-1 oscillations, but the
bandwidth of the observed chaos is strongly increased. This technique, explained
in Fig. 4.33, is also very relevant in terms of secure communications if a third laser
is used for the synchronization of the enhanced chaos [68]. We did not intend to
reproduce that scheme with QCLs even if it seems very promising for lasers in
which the chaos maximum frequency is below the relaxation oscillation frequency.

Taubman and co-workers [69] were the first to report injection-locking of a DFB-
QCL into a second DFB-QCL. By gradually increasing the master laser power, they
observed an increase of the locking range, up to± 500MHz for themaximum achiev-
able injection ratio of 3%. By studying the heterodyne beating between the slave and
master lasers, a clear reduction of the slave linewidthwas also observed. Finally, opti-
cal injection-locking was used to suppress residual amplitude modulation (RAM).
Direct modulation of the bias current of a QCL indeed produces both frequency (FM)
and amplitude modulations (AM), the latter being a source of noise in the case of FM
spectroscopy. Under optical injection-locking, the RAM was reduced by 49 dB and
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Fig. 4.32 Numerical result of bandwidth enhancement by a strong optical injection in laser diodes.
The bias currents for the master and slave laser are the same, and the stronger the injection, the
larger the bandwidth of the slave laser. Courtesy of [65]

Fig. 4.33 Numerical study of the influence of strong injection on the chaos bandwidth in a laser
diode. a and c with optical injection, b and d without optical injection. The bandwidth is increased
with optical injection, thus paving the way for using it as a chaos generator. Courtesy of [67]

could even be totally suppressed by applying an additional modulation on the slave
bias current, out of phasewith the one applied on themaster laser. TheRAMreduction
using optical injection was also studied numerically [70]. Optical injection-locking
can also be exploited to reduce the noise of a QCL. By injecting a DFB-QCL into
another one, the relative intensity noise (RIN) at low frequency can be reduced by
20 dB/Hz [71]. Experimentally, under the same conditions, amaximumRINdecrease
of around 10 dB/Hz was observed [72]. When tuning the master laser frequency over
the whole slave laser range, the otherwise well-suppressed side-modes of the slave
QCL will lock successively, inducing RIN reduction and output power increase. By
injecting a frequency comb into a FP-QCL, the low-frequency frequency noise was
also significantly reduced [73]. Up to 100 kHz, the slave QCL will reproduce the
behavior of the master, and therefore decrease its frequency noise by 3–4 orders of
magnitude. As a consequence, the linewidth of the laser is also reduced from a few
MHz down to 20 kHz. A few theoretical studies, based on the QCL rate equations,



4.3 Improving Chaos Maximum Frequency in QCLs with Optical Injection 127

also focused on the improved modulation properties of a QCL under optical injec-
tion [74–76]. All these studies concluded that no unstable locking region would exist
in QCLs, due to the ultra-fast carrier lifetime. However, no experimental studies on
the modulation of a QCL under optical injection-locking have been performed so far
to verify these predictions, although themodulation bandwidth has been significantly
improved up to 14GHz in a QCL under radio-frequency (RF) injection-locking [77].

4.3.2 Rate Equations Under Optical Injection and Analytical
Model

Similarly to the case of optical feedback, when neglecting spontaneous emission, if
the slave QCL is under an electric field E = √

SeiφeiωSL t and Einj = √
Sinj eiωML t is

the electric field of the master laser, the rate equations of the QCL subject to optical
injection can be written as:
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where N j is the carrier density of level j , with �N = N3 − N2, η is the conversion
efficiency, I is the bias current. τi j corresponds to the carrier lifetime from level i to
level j , τout is the characteristic time for the electron to tunnel into the injector, τp
is the photon lifetime inside the laser cavity. G0 corresponds to the net modal gain
for one period, Npd to the number of periods and α to the linewidth enhancement
factor. �ω is the frequency detuning, defined as �ω = ωML − ωSL . Finally, k is the
injection coefficient, defined as:

k = 1

τin
2Cl (4.12)

where τin is the internal-cavity round-trip time and Cl is the external coupling coef-
ficient as defined in Eq.3.15 or 3.16.

From Eqs. 4.7–4.11, the analytical model for a QCL under optical injection has
been developed by Erneux and co-workers [78]. The rate equations are normalized
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with respect to the photon lifetime τp, with s = t /τp the normalized time, and defining
the new set of variables (Y , Yinj , Z , V ), with Y and Yinj the normalized amplitude
of the slave and master laser electric fields, respectively, Z the normalized carrier
density difference, and V the normalized carrier density of level |2〉, by:

Y = G0τ32S

Yinj = G0τ32Sinj

�N = 1 + 2Z

NpdG0τp

N2 = 1

NpdG0τp

1 + V
τ32
τ21

− 1

Other parameters, such as the normalized lifetimes γ1, γ2, γ3 and γ4, the normal-
ized bias current P , the normalized injected power γ and the normalized detuning
� are expressed as:

γ1 = τp

τ32

γ2 =
(

τ32

τ21
− 1

)
τp

τ32

γ3 =
(

τ32

2τ21
− 1 − τ32

2τ31

)
1

τ32
τ21

− 1

γ4 = 2

(
1 + τ32

2τ31

)

P = NpdG0τpτ32

2

η(J − Jth)

q

γ = kτp
√
Yinj

� = �ωτp

4.3.3 Experimental Results with QCLs

Thismodel for QCLs under optical injection has been thoroughly studied in a chapter
of Ref. [79]. This subsection only focuses on the numerical conclusions resulting
from this work and which can be compared with the experimental data retrieved
when improving the maximum frequency of mid-infrared chaos. Depending on the
injection rate and the detuning between the master QCL and the slave QCL, the latter
exhibits damped oscillations, undamped oscillations or a pattern looking like the one
found in LFF, but with amore periodic repetition rate. It also seems like the repetition
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Fig. 4.34 Numerical time traces of the photon density for a FP-QCL subject to optical injection.
The waveforms evolve with the frequency detuning and the feedback strength. First row: � f =
+1.05 GHz with a k = −14 dB, b k = −13 dB, c k = −6 dB. Second row: � f = +0.2 GHz with
d k = −30 dB, e k = −27 dB, f k = −15 dB. Third row: � f = −0.2 GHz with g k = −29 dB,
h k = −26 dB, i k = −12 dB. Fourth row: � f = −1.2 GHz with j k = −15 dB, k k = −8 dB, l
k = −2 dB. Courtesy of [79]

rate of the oscillations (if any) is dependent on the injection rate and its frequency is,
at maximum, the value of the detuning. All these results are aggregated in Fig. 4.34.

Contrary to the numerical study, the experiments only focused on one injection
strength. The non-linear phenomenon observed in Fig. 4.35 looks similar to the one
retrieved with the numerical study for a negative detuning. That is to say, a LFF-
like pattern with the main frequency centered around the value of the detuning. But
even if this value is centered around the frequency detuning, the RF spectrum is
quite large, with a bandwidth of roughly 50MHz. So it is not easy to determine if
what we observed was a periodic pattern as the one derived from the simulations or a
deterministic formof chaos similar towhat alreadydescribed regardingLFFs. Further
investigation is needed to derive the Lyapunov exponents of the retrieved signal and
analyze if it is possible to synchronize this signal in a scheme with a third QCL.
However, a recent study pointed out that it could be difficult to generate chaos solely
with optical injection in QCLs [80]. In other semiconductor lasers, the behavior of
the laser under injection varies a lot depending if it is considered as a highly-damped
semiconductor laser [81] or not. In the case it is not, it is possible to observe several
dynamical behaviors [82] from chaos to period-1 and period-2 oscillations, with
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Fig. 4.35 a Experimental time traces of the output of the slave QCL when the bias current of the
slave QCL is at 485.8 mA (red), showing a non-linear phenomenon close to the one observed in the
simulation of Fig. 4.34 and at 485.5 mA (blue), showing only noise. b Experimental time traces of
the output of the slave QCL when the pump current of the slave QCL is at 486.5 mA, after low-pass
filtering (red) and before (blue). Even if the detuning is negative, the non-linear phenomenon does
not seem reversed compared to the positive detuning case

Fig. 4.36 a Injection map of a QD-laser, with only two areas depending on the injection strength
and the frequency detuning. b Experimental mapping of the observed non-linear phenomena for
a laser diode subject to injection. P1: period-1 oscillations, P2: period-2 oscillations, P4: period-4
oscillations, SR: stable regime. The behavior between the two types of lasers (highly-damped for
the QD-laser contrary to the laser diode) is totally different. Courtesy of [81, 82]

sometimes stability islands, as shown in Fig. 4.36. It is worth noting that we did not
experimentally observed an inversion of the pattern when switching from a negative
detuning to a positive detuning. The pattern is visible from a near-zero detuning
up to a detuning of 600MHz, as can be seen in Fig. 4.37. The influence of the drive
laser is strong for detuning values below 100MHz and around 400MHz. Further
investigation is needed to understand why some frequencies are likely to have a
stronger influence on the receiver laser. However it seems possible to increase the
maximum frequency of chaos in QCLs up to a frequency of 400MHz, provided that
the observed phenomenon is deterministic chaos. The drawback is that the frequency
of the pattern is very sensitive to the emission properties of the slave QCL or the
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Fig. 4.37 RF spectrum of the slaveQCLwhen varying the pump current of the slaveQCL. The peak
frequency for each case corresponds to the frequency detuning between the master laser and the
slave laser. The influence of the master is visible up to a detuning of 600MHz. Negative frequencies
are only for convenience for the reader, and correspond to their positive frequency counterparts.
The noise level is arbitrarily fixed at 0 dB

master QCL. For instance, if the bias current undergoes a 100 µA variation, this
corresponds to a frequency detuning of 75MHz and this modifies the frequency
of the observed pattern. Even if not carefully assessed, a change in the heat sink
temperature would lead to the same conclusion. A thorough experimental mapping
is required to determine what are the most suitable regions in order to use injection
as a chaos driver. Then, a third QCL would be required in order to synchronize the
chaos previously generated and realize a secure communication, as described in the
previous subsection.

4.4 Conclusion

By taking support on the previous experiments about optical chaos synchroniza-
tion, we demonstrated a free-space synchronization and anti-synchronization at mid-
infrared wavelength. This anti-synchronization was combined with message enci-
phering in order to realize a proof-of-concept of secure transmission, with a bit-rate
of 0.5Mbits/s and aBERof 6%. Even if themid-infraredwavelength of this transmis-
sion makes it very relevant for further applications, improvements must be realized
in order to comply with communications standards. Indeed, a transmission is con-
sidered error-free if the BER is lower than 4.7 × 10−3 with forward error correction
(FEC) [83] and this is the value we are targeting. Even though CMo gave the best
results in terms of BER with other semiconductor lasers, it would be interesting to
compare this method with CMa and CSK, since BER is a parameter of prime interest
in order to achieve a reliable communication.

Improvements of the bit-rate will also be possible by introducing the message
through a bias-tee and not directly through the current source, as we did in the
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experimental proof-of-concept with the CMo scheme. Another option would be to
optically modulate the QCL with a near-infrared laser [84]. Indeed, it is possible
to quench the output of a QCL with a transient time of less than 0.1 ns in the
case of strong injection [85]. Other schemes can also be envisioned, with a chaos
generator not only composed by a feedback mirror, but also by an injector laser, as it
was proven useful in chaos bandwidth enhancement in other semiconductor lasers.
Another configuration also consists in injecting the chaos of a first laser (called the
generator) into two different lasers, namely the master and the slave. The master will
be electrically modulated in order to code the message that is subsequently masked
by the chaos created by the synchronization of the master with the generator. The
slave laser will also synchronize with the generator (not with the master) in order
to generate chaos. Because the chaos created in the slave and the chaos created in
the master come from the same injection process, it usually displays an improved
correlation diagram and consequently leads to a better recovery of the message [86].
The combination of this method with the combined feedback/injection technique
means that up to four similar QCLs may be necessary in order to reach the Graal
of free-space chaotic secure communications which are suitable for every weather
conditions thanks to their emitted wavelength in one of the transparency windows of
the atmosphere. Overall, the privacy of the transmission will be assessed, not only
with eye diagrams as we already showed, but also with state-of-the-art techniques
relying on machine learning [87] and reservoir computing [88].
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Chapter 5
Rogue Waves and Extreme Events

Rogue waves describe a phenomenon which was first observed in hydrodynamics,
but whose denomination has been extended to many domains, from biology to optics
as far as to finance. The particularity of rogue waves is to describe events with
a tremendous characteristic (the height of the swell, the price of a market share,
optical bursts...) occurring more often than they should. Another particularity of
rogue waves is that they are unpredictable and for this reason, they are potentially
hazardous.Consequently, theyhavebeen initially called rogueor freakwaves because
they were feared by sailors even if they were not officially reported and analyzed
before the 20th century. Since then, rogue waves have raised interest because the
analysis tools can be applied whatever the field of study. All that matters is to define,
in each context, the quantity to compare to the threshold value.

After a brief reviewof the roguewavephenomenon in contrasted areas, this chapter
will focus on the optical rogue waves, and more specifically in semiconductor lasers.
Several methods to observe rogue waves will be discussed with an emphasis on the
external optical feedback method. This method gave rise to two different statistics of
extreme events which will be thoroughly analyzed. Methods to trigger these events
on-demand will also be explained, as optical rogue waves can be useful in sensing
applications but are mostly found to be unpredictable.

5.1 Rogue Waves in Several Contexts

Roguewaves have longbeen considered amaritime legend amongothers likeKrakens
or Scylla and Charybdis. But following pictures taken by sailors in the 20th century,
as the one shown in Fig. 5.1, they are now closely monitored because not only they
exist but they can be harmful even for the largest tankers [1] and for deep-sea oil
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Fig. 5.1 Pictures of the rarely observed rogue waves in the ocean. Courtesy of [1]

Fig. 5.2 Map of the confirmed oceanic rogue waves (stars) and other abnormally large waves
observed in 2005. Courtesy of [3]

platforms [2]. Extensivemaps, like the one in Fig. 5.2, are drawn every year and some
areas, like the North Sea and the western part of the Atlantic Ocean, seem to be more
prone to these gigantic waves [3]. The careful study of these maritime events started
in the middle of the 20th century with the first records of the heights of the swell
[4, 5]. Thorough efforts have then allowed to draw a global picture of the rogue wave
phenomenon in the ocean [6], with recent papers still debating about their origin and
occurrence rate [7, 8]. Before 2007 and the first observation of optical rogue waves,
this term was exclusively utilized to describe water waves as the one monitored in
Fig. 5.3. Following the discovery of events with similar properties but sometimes
different mechanisms, the term ‘rogue waves’ has now been extended to a wide range
of domains such as economics [9], acoustics [10], astrophysics [11] and biology [12],
as illustrated in Fig. 5.4. The similarity with the oceanographic concept resides in the
threshold criterion to take into account in order to consider an event as a rogue wave.
Several criteria are thus generally applied to the data and the strictest one, leading to
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Fig. 5.3 Example of a rogue wave in the context of oceanography. This water wave was observed
off Yura Harbor, Japan, in 1988. Courtesy of [6]

Fig. 5.4 Example of rogue waves in the context of biology. The diagram on the left displays no
extreme event because it corresponds to a regular rat brain activity. The diagram on the right displays
extreme events related to an epileptic crisis. The dashed line represents the threshold for extreme
events. Courtesy of [12]

the identification of the lowest number of rogue waves, should be used. In order to
detect rogue waves from experimental data, the probability density function (PDF)
of an appropriate attribute of the data needs to be analyzed, and crest or wave heights
are commonly used [13]. Once extracted from the data, heights are compared to a
threshold value above which events can be considered as rogue. This term is applied
for single waves that are extremely unlikely as judged by the Rayleigh distribution
of wave heights [14]. In practice, this means that when one studies wave dataset of a
finite length, a wave is considered to be a rogue wave if the wave height is higher than
2 times the significant height Hs of the dataset [3], or sometimes 2.2 times Hs [15],
which represents the average of the higher third of heights. Another threshold widely
used relies on the standard deviation (σ) and the mean value (μ) of the data and an
event is considered as extreme if it exceedsμ + 8 × σ [16]. However, a criterion with
a lower threshold (μ + 6 × σ or even μ + 4 × σ) is also commonly used without loss
of generality [17, 18]. This threshold alone is however not sufficient to identify rare
events and it is necessary to verify that the PDFs represent long-tailed distributions.
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5.2 Optical Rogue Waves

5.2.1 Pioneering Works

Following the efforts aboutwater roguewaves, the concept of optical roguewaveswas
first introduced in 2007 in the context of super-continuum generation in optical fibers
at a near-infrared wavelength [19]. The experiments presented in Fig. 5.5 allowed
observing pulses with extreme intensities and narrow timescales occurring rarely,
yet much more frequently than expected based on the relatively narrow distribution
of typical events. The statistical distribution of the events was indeed characterized
by a L-shape showing a distortion of the regular gaussian distribution. Experimental
findings were backed by numerical simulations relying on the generalized Non-
Linear Schrödinger Equation (NLSE). The model was a powerful tool to confirm the
soliton behaviour of the observed extreme events and it paved theway for the study of
rogue events, not only in optical systems, but also in several physical systems because
it was the first demonstration of such phenomenon apart from hydrodynamics.

The concept of rogue waves has then been extended to several optical domain,
such as non-linear driven cavities [20], Raman fiber amplifiers and lasers [21, 22],
pump-modulated fiber lasers [23], Kerr lens mode-locked Ti:Sapphire lasers [18],
fiber ring lasers [24] and optically injected semiconductor lasers [16]. For the latter,

Fig. 5.5 a Experimental
setup for observation of the
first optical rogue waves.
b–d, Time traces containing
roughly 15,000 pulses each
and associated histograms
showing the specific L-shape
for average power levels 0.8
mW (red), 3.2 mW (blue)
and 12.8 mW (green),
respectively. Only a few
extreme events called rogue
events reach intensities of at
least 30–40 times the average
value. These distributions are
very different from those
encountered in most
stochastic processes.
Courtesy of [19]
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Fig. 5.6 First experimental
proof of the rogue wave
concept in a semiconductor
laser under injection. a
Experimental bifurcation
diagram displaying the
optical spectra of the slave
laser versus the bias current.
The dashed line denotes the
zero detuning condition
between the master and the
slave lasers. b Typical time
series of the slave laser
intensity, where rare large
pulses can be observed.
Courtesy of [16]

the laser under study was a VCSEL biased below the limit of single transverse mode
emission and its output wavelength was around 980 nm. Another similar laser was
used for the injection process. Close to the zero detuning condition, the slave laser
can generate giant intensity pulses, as illustrated in Fig. 5.6. A careful analysis of the
probability density function confirmed a long-tailed distribution of these extreme
pulses (Fig. 5.7), which can therefore be accounted as rogue waves. Simulations
based on a simple noise-free rate equation model gave results in good qualitative
agreement with the experiments, allowing for the interpretation of the sporadic high
amplitude pulses as the result of a deterministic non-linear process.

5.2.2 Extreme Pulses in Semiconductor Lasers with
Feedback or Injection

Most of the experimental and numerical works studying rogue waves and extreme
events in semiconductor lasers focus on an injection scheme [16, 17, 25–31].
VCSELs and laser diodes are themost common devices in these experiments because
they are renowned for their sensitivity to perturbations giving birth to non-linear phe-
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Fig. 5.7 Experimental histograms of the first optical rogue waves in a semiconductor laser, without
rogue waves (a) and with rogue waves (b). N is the number of pulses detected in the time traces
of the slave laser intensity. The vertical dashed lines denote the mean value plus eight times the
standard deviation and thus set the limit for a pulse to be considered a rogue wave. Courtesy of [16]

nomena. A very limited number of papers deals with the study of extreme events
in the case of optical feedback [32–34] and, among these papers, the conventional
optical feedback is sometimes replaced by phase-conjugate feedback [35, 36] or
filtered optical feedback [37]. As rogue waves pop up randomly, they are not very
reliable for applications. Extensive studies have been carried out in order to take
advantage of these sudden bursts for high precision remote-sensing [38] or optoelec-
tronic reservoir computing [39]. Rogue waves can indeed be predicted in the case
of the injection scheme because precursors are displayed in the time trace, as shown
in Fig. 5.8. A few nanoseconds before a rogue event occurs, oscillations at a lower
amplitude can be seen [26, 31], both in the photon intensity and in the optical phase.
Similar numerical efforts were carried out in the case where rogue waves are gen-
erated with external optical feedback, and once again, a specific patterns occurring
a few nanoseconds before the rogue events allows predicting them [32], as visual-
ized in Fig. 5.9. These studies support a qualitative comparison of the behavior with
feedback and with injection and, despite the differences in both systems, suggest that
extreme intensity pulses in the optical feedback case could occur through a similar
mechanism as in the optical injection case. It is also relevant to note that in both
cases, the higher the threshold, the more pregnant the precursor before the advent of
the rogue pulse.

As rogue waves can also be hazardous due to the sudden extra power they carry,
several methods to suppress them have emerged. In the case of a laser diode subject
to injection, oscillations are displayed during a few nanoseconds before the burst of
the rogue wave during less than one nanosecond. In the case of feedback, another
pattern is very likely to occur before an extreme event and the electrical signal can
thus be anti-synchronized in advance [40] even if the timescales of the order of the
nanosecond are quite challenging in the case of laser diodes. Similarly, an external
modulation with an adequate range of frequency and amplitude parameters [17] or
a high level of noise [26] can suppress extreme events in configurations which were
supposed to be prone to extreme events.
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Fig. 5.8 Illustration of the fluctuations preceding an optical rogue wave in the case of injection.
The left column shows the superposition of 500 experimental time traces centered on rogue events
(a) as well as a deterministic (b) and a stochastic simulation (c) with the μ + 8 × σ threshold; d
is the same configuration as (b) but with the μ + 4 × σ threshold. The right column also shows a
deterministic simulation and proves that the precursor can also be observed in the optical phase.
Courtesy of [26, 31]

Fig. 5.9 Superposition time traces from a deterministic numerical model studying extreme pulses
in the case of EOF. Time traces are centered at the peak of the pulse. The threshold for defining
extreme pulses, indicated by the horizontal solid line, is equal to μ + 5 × σ in (a) and is equal to
μ + 3 × σ in (b). In both panels the number of pulses is 52. Courtesy of [32]
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5.2.3 Rogue Waves in QCLs

As we will expose in the following, extreme events can be triggered in a QCL under
EOF, and more specifically when a modulation or a pulse-up pattern is applied to
the electrical bias of the laser. Hence, it is of first importance to study and map
this phenomenon because it can really disturb the message encoded via the electrical
current of the QCLwhen it comes to realize a secure transmission. The succession of
bits can be considered as a pulse-up and if extreme events pop up, they can magnify
the hidden bits and reveal them in the viewpoint of an eavesdropper.

The setup we used in this experimental work is the same than the EOF setup
described in the previous chapters. Apart from the sine-wave modulation, an asym-
metric square-wave modulation is also used in the following. This modulation has
a duty cycle of 20%, meaning that the upper part of the square signal only lasts
for one fifth of the total period. We will see that extreme events are more likely to
appear when the amplitude of the modulation is weak. Except for the next figure
where extreme events are not displayed, the amplitude of the modulation will be
limited to 5 mA, corresponding to less than 2% of the threshold current of the 5.6
µm QCL under study. In the following, we will focus on a rogue wave threshold
corresponding to 2 times the significant height Hs of the dataset, which is equivalent
to an abnormality index of 2.

As emphasized by the previous chapters, QCLs were proven to exhibit several
non-linear dynamics usually found in other semiconductor lasers with external opti-
cal feedback. Further tuning of the spiking dynamics is possible through a sine-wave
modulation of the pumping current. In this case, the chaotic dropouts synchronize
with the periodic modulation and the number of spikes per period can vary through a
modification of the amplitude of the modulation or the frequency of the modulation
as we already saw. Analyzing the spiking dynamics showed that some configurations
led to spikes with a magnified amplitude. The amplitude of these spikes is very sen-
sitive to any change of the parameters, as shown in Fig. 5.10b where a modulation
frequency of 2 MHz leads to spikes with an amplitude comparable with that of the
sine modulation. A slight change in the frequency of the modulation annihilates the
magnified spikes, as can be seen in Fig. 5.10a and c for a modulation frequency of
1.8 MHz and 2.2 MHz, respectively. In this configuration, the amplitude of the mod-
ulation corresponds to 28% of the pumping current. Even in the case of Fig. 5.10b,
the spikes with a large amplitude cannot be considered as extreme because they do
not meet the requirements of the aforementioned criterion. As extreme events are
compared with the mean value and the standard deviation of the signal, decreasing
the amplitude of the modulation or even suppressing the external modulation is one
of the key features to trigger events with a large amplitude compared to the common
values of the signal. Figure 5.11a shows a time trace with rogue waves when no
external modulation is applied. This case differs from the usual configuration where
EOF gives rise to deterministic chaos because the external cavity is asymmetric, or in
other words, the feedback mirror is a bit tilted. The back-reflected light consequently
hits the emission facet of the QCL in an uneven manner. Though this method is
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Fig. 5.10 Experimental time traces of the QCL output when external optical feedback is applied to
the QCL and with a sine modulation of the continuous bias of: 1.8 MHz (a), 2 MHz (b), 2.2 MHz
(c); All the waveforms were retrieved for a continuous bias of 430 mA and a modulation amplitude
of 120 mA, but only the one in the middle exhibits dropouts with a magnified amplitude, which is
however not enough to categorize them as extreme events

difficult to assess precisely, it seems to be mandatory in order to trigger events with a
large amplitude without any external modulation. It is relevant to note that variations
of the non-linear dynamics in diode lasers due to a mirror tilt were already studied
more than thirty years ago. The authors had also envisioned new types of dynamics
and potential applications [41].

Figure 5.11b shows that the time-interval between the events we observed is not
easily foreseen, which is one of the characteristics of rogue waves. Other studies
have shown that the separation time (S) between rogue events follows a Poissonian
distribution [42] when the time elapsed between these events (numbered k − 1 and
k) is written in log scale: S = log(Tk) − log(Tk−1). A deviation of the statistics
is sometimes found for high feedback ratios [35], and in this case, the curve is
characterized by two slopes instead of one, as can be seen in Fig. 5.12a. In our
case, Fig. 5.12b shows the evolution of the separation count in log scale with S
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Fig. 5.11 a Experimental time trace with events meeting the rogue wave criterion. b Histogram
of the time-intervals between extreme events. c Histogram of the retrieved maxima and the related
threshold corresponding to 2 times the significant height Hs . Red bars gather the extreme events of
the displayed time trace

Fig. 5.12 a Experimental study of extreme events in a diode laser with phase-conjugate feedback.
The ratio between the phase-conjugate feedback and the incident beam power can be tuned and
lead to rogue waves for the higher values (above 3%). Statistical distribution of the time between
extreme events for R = 4.4% (blue) and R = 7% (red). Courtesy of [35]. b Statistical distribution
of the time-intervals between rogue events in log scale and the associated linear regression when
aggregating 419 rogue waves intervals from several different time traces in the QCL configuration
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when taking into account 419 rogue waves intervals obtained from many different
time traces but with the same experimental conditions. The evolution is linear as
encountered in other semiconductor lasers. Even if we are in a configuration with a
very high feedback strength, a linear regression with one slope is in good agreement
with our data, contrary to the result given in Ref. [35] for a high feedback strength.

The configuration without modulation of the pump current is thus not optimized
for the triggering of extreme events. Indeed, it is not possible to predict when theywill
pop up and this prevents any possible utilization of these sudden bursts. Figure 5.11c
gathers the statistic of the spikes found in the time trace for the aforementioned
criterion. The duration of the record was chosen as a trade-off between the number
of displayed rogue waves and a sufficient resolution to ensure that the retrieved
events were not artifacts. There is a clear long-tail distribution in the statistics which
is incompatible with a regular distribution of maxima and this means that events with
a large amplitude appear more frequently than expected. This configuration is very
similar towhat happenswhen studyingdeterministic chaos inQCLs. Indeed,EOFcan
lead to low-frequency fluctuations but they are mostly unpredictable, which is not the
casewhen aperiodic externalmodulation allows synchronizing the spikingdynamics.
Consequently, applying a periodic modulation with a low amplitude are one of the
levers to display huge pulses while maintaining the entrainment phenomenon.

5.2.4 Dragon-King Events

The notion of dragon-king events was first introduced in 2009 [43] even if corre-
sponding events have long been spotted [44]. Dragon-king have been observed in
many different contexts, ranging from avalanches [45] to chaotic electronic oscil-
lators [46] as far as to bursting neurons [47]. They are also characterized by giant
events, but in this case, these events follow a power law except the occasional very
large events which have a higher probability of occurrence, as illustrated in Fig. 5.13.
Onemain characteristic of rogue waves distributions is that they are scale free, which
means that events of arbitrarily large sizes are caused by the same dynamical mech-
anisms governing the occurrence of small and giant events. In contrast, giant pulses
related to dragon-king events cannot be explained by a scale free distribution. This
means that dragon-king events possess a distinct formation mechanism which may
ease the prediction of these giant pulses [48].

As it is a sub-category of rogue waves, no study of the dragon-king events in
optical systems have been reported so far. This does not mean that some of the
aforementioned efforts on optical rogue waves do not partially contain dragon-kings
among conventional rogue waves. In our study of rogue waves in QCLs, we have
observed a quite rare configuration where giant pulses do not follow the conventional
PDF (like the one in Fig. 5.11). In this configuration, giant pulses all have more or
less the same amplitude and consequently, there is a gap in the PDF. As this case
rarely occurred, we were not able to compute enough data to draw a PDF showing a
local minimum and then a local maximum for a very large value of the amplitude.
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Fig. 5.13 Example of dragon-king events in the field of fluid mechanics. Distribution of the
avalanches size for three different χ

α parameters. For χ
α = 10, the probability density function

exhibit a peak for very high values of flux at border. This distortion of the PDF is typical from
dragon-king events (even though this name was not yet given in 1996). Courtesy of [44]

Figure 5.14 shows the timetrace with the potential dragon-king events and the related
peak-to-peak histogram and PDF. The waveform looks very similar to the one in
Fig. 5.11, except that no pulses with intermediate size occur.

5.2.5 Predicting Rogue Waves in QCLs

Some applications, such as improved remote-sensing or optical neuron-like systems,
require extreme events to be predicted in order to take advantage of the extra optical
power.Within other scientific areas, many efforts have also tried to forecast abnormal
and striking events, for instance in medicine [49], finance [50], road traffic [51] or
climate science [52]. Rogue waves and extreme events are also to be suppressed
in cases where the surge can lead to the destruction of a component or when it
can disrupt the transmission of a secure message. This inhibition process is also of
prime interest for neuromorphic schemes in order to interrupt regular trains of bursts
[53]. Methods to prevent extreme events to occur have been numerically tested for
both the configuration with injection [26] and the configuration with EOF [32]. For
instance, extreme events can be anticipated by studying precursors in the time traces.
Figure 5.15a shows the temporal superposition for the 37 extreme events retrieved
in Fig. 5.11. Two main indications can be seen in this figure when focusing on
the average of the time traces: a dip occurs approximately 300 ns before the rogue
event and this event is followed by an oscillation lasting a few microseconds with a
decreasing amplitude. To drawa comprehensive comparisonwith the aforementioned
numerical studies [26, 32], we also displayed the same superposition diagram but for
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Fig. 5.14 a Experimental time trace with dragon-king events meeting the rogue wave criterion.
b Histogram of the time-intervals between extreme events. c Histogram of the retrieved maxima
and the related threshold corresponding to 2 times the significant height Hs . Red bars gather the
extreme events of the displayed time trace

a higher threshold (abnormality A = 2.4) in Fig. 5.15b, taking into account 13 rogue
peaks instead of 37. Contrary to the simulations of Figs. 5.8 and 5.9, increasing the
threshold for giant pulses does not allow predicting more accurately rogue waves.
However, the dip following the rogue events is more clearly drawn in the second
case. The oscillation pattern following the rogue wave was globally more visible in
the case where the threshold was lower. In the case of dragon-king events (Fig. 5.16),
the dip following the giant event is still present but it is not really possible to extract
an oscillation pattern as we did for the rogue waves. It is also difficult to be positive
about the dip usually found before extreme events. In the case of dragon-king events,
it seems to be there although secondary extreme events close to themain event disturb
the superposition diagram. The overall relevance of the latter may be affected by the
small number of events we were able to take into account and a dataset with more
dragon-king events could allow us drawing a more precise conclusion. In the case of
rogue waves, the superposition diagram from Fig. 5.15a shows that all the extreme
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Fig. 5.15 a Time series centered on one single extreme event and superposition of 37 rogue waves.
The corresponding averaged output power is displayed with a purple solid line and the threshold
corresponding to an abnormality index of 2 is displayed with a dash-dot line; typical patterns
occurring before and after the rogue wave are also underlined. b Same data plot but for 13 rogue
waves surging above an abnormality index of 2.4

Fig. 5.16 Time series
centered on one single
extreme event and
superposition of 17
dragon-king events. The
corresponding averaged
output power is displayed
with a purple solid line and
the threshold corresponding
to an abnormality index of 2
is displayed with a dash-dot
line

events (even those which are not that tremendous) can be predicted and potentially
suppressed before they occur. We did not try to implement the latter method but the
long elapsed time between the precursor and the rogue peak (a few hundred times
larger than that observed with VCSELs or laser diodes) would ease such suppression
in the case of unwanted rogue waves, as already envisioned in the case of a solid-
state laser with electro-optical modulator [54]. We have to keep in mind that extreme
events can affect the performances of QCLs and that methods have been successfully
tested in other semiconductor lasers to get rid of them.An accurate cartography of the
rogue wave phenomenon in QCLs would also be useful to determine the impact of
several parameters such as the modulation frequency or the value of the spontaneous
emission factor.
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5.2.6 Controlling the Likelihood of Extreme Pulses

In this section, we focus on extreme events in QCLs. Extreme events may share
statistical properties with rogue waves even if their behavior is different. They indeed
both correspond to large deviations of the system state away from its nominal value
but extreme events are characterized by a variation of a parameter. This variation
leads to a deviation of the intensity statistics to the otherwise Gaussian distribution,
hence explaining the occurrence of intense pulses.

Being able to generate extreme events in QCLs can be of prime importance for
sensing applications. The mid-infrared windows is known to hold the fingerprint of
many chemical molecules and QCLs has been successfully used for spectroscopic
applications. However, roguewaves are not easy to predict less than onemicrosecond
in advance, as we previously saw, and are consequently difficult to monitor for
industrial applications. In this subsection, we explain how to experimentally trigger
extreme pulses with a probability higher than 40%. Following the conclusions in
the first subsection, applying a modulation with a low amplitude will decrease the
mean value and standard deviation of the laser’s output and may be prone to extreme
events. Figure 5.17 shows the extreme events appearing when a sine modulation of
0.1 MHz at a low amplitude of 4 mA is applied to the QCL. It is important to note
that, contrary to the CW rogue wave case, this configuration does not require a tilt
of the feedback mirror. The waveform looks very similar to the one in Fig. 5.11a
with extreme events seemingly distributed in a random manner. However, a more
accurate analysis of the distribution shows that extreme events can only appear when
the external sine modulation reaches a maximum. This is illustrated in Fig. 5.17b for
two extreme events and this configuration shares similarities with the entrainment
phenomenon case at 2 MHz (Fig. 5.10b) where the magnified events were only
popping up for a specific phase-shift of the modulation signal. This result echoes
the microsecond excitability process described in Ref. [55] for a laser diode with
stochastic resonance, except that in our case, the amplitude of the extreme events is
not consistent throughout the time trace. Even if this method allows forecasting the
extreme events in a narrow time-interval around the extrema, the maximum success
rate is very low (around 10%) and the global picture is that the triggering of these
events is almost random. Furthermore, the amplitude of the extreme spikes is not
constant throughout the time trace and this may not be suitable for applications like
remote sensing. Sine modulation is however not the only lever to trigger extreme
events in semiconductor lasers.

A recent numerical study showed that the best success rate for triggering such
events was obtained when the excitation was a pulse-up signal [31] in the case of an
injected laser diode. In this configuration, Jin and co-workers were able to achieve a
success rate of 50%. We thus decided to implement a similar pulse-up configuration
in the case of EOF by means of an asymmetric square-wave modulation. This square
signal has a duty cycle of 20% and a low amplitude of 4 mA. The period of the
pattern is 10 µs. Figure 5.18a shows a time trace of the QCL operated under the
aforementioned conditions. Extreme events can only appear simultaneously with the
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Fig. 5.17 a Experimental time traces of the QCL under EOF and a sine-wave modulation with a
period of 10 µs and an amplitude of 4 mA. The threshold corresponding to an abnormality index
of 2 is displayed with a dashed line. b Close up on two extreme events and the low-amplitude sine
modulation, revealing that extreme events can only occur on top of the periodic modulation

Fig. 5.18 a Experimental time traces of the QCL under EOF and an asymmetric square-wave
modulation with a period of 10 µs, an amplitude of 4 mA and a duty cycle of 20%. The threshold
corresponding to an abnormality index of 2 is displayed with a dashed line. b Close up on four
extreme events and the low-amplitude square modulation, the vertical arrow represents the ampli-
tude discrepancy between the extreme pulses and the square-wave modulation. Extreme events are
synchronized with the pulse up of the perturbation

pulse up corresponding to the upper part of the square wave. Figure 5.18b shows
the synchronization of the extreme events with the periodic modulation signal and
also depicts the difference in amplitude between the extreme events and one of the
pulse-up which did not give birth to a magnified event. The latter case is however
less frequent than in the configuration with a low-amplitude sine forcing since the
success rate for extreme events is now more than 40%. It is relevant to note than
this success rate is very close to that predicted in the simulations for another type of
semiconductor laser [31]. Further comparison could be drawn with the laser diode
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Fig. 5.19 Perturbation efficiency depending on the amplitude of the phase jump, in the case of a
VCSEL subject to injection. The left panel displays the success rate aswell as the associated extreme
pulses. Low-amplitude phase jumps do not trigger any visible response (bottom inset, 52◦), while
above a certain threshold (55◦) nearly all perturbations are successful. The right panel shows the
response to phase jumps of the injection beam depending on the phase jump height. In all cases the
phase jump last 100 ps and the repetition period is 20 ns. On the top trace, no response is observed.
On the bottom trace, nearly all perturbations successfully trigger a response. The middle trace is
the intermediate case in which either types of response can be observed. Courtesy of [27]

Fig. 5.20 Configuration similar to that exposed in Fig. 5.19 (left chart) but for a pulse-up operation
instead of a phase-jump injection scheme.The success rate is expressed as a function of the amplitude
of the pulse-up. A comparison with Fig. 5.19 (left chart) shows that the triggered extreme events
have a different shape and last longer. Courtesy of [27]

case becauseQCLshave not been found to exhibit relaxation frequency and thismight
be better to favor rogue wave operations. Indeed, modulating the laser at a frequency
below the relaxation frequency leads to a configuration where rogue waves are likely
to occur. Conversely, modulating above the relaxation frequency does not ensure a
high success rate for rogue waves. It is even possible to totally avoid rogue waves by
modulating at a frequency close to the relaxation frequency [17].

The comparison can be extended to the case of VCSELs. For instance, the max-
imum success rate of 47% we were able to reach is in good agreement with exper-
iments using a pulse-up configurations, since results showed a maximum value of
60%, as visualized in Fig. 5.20. And similarly to the latter case with VCSELs, the
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Fig. 5.21 aHistogram of the time-intervals between extreme events in the case where the threshold
corresponding to 2 times the significant height Hs is applied to the time trace of Fig. 5.17. b His-
togram of the time-intervals between extreme events in the case where the threshold corresponding
to 2 times the significant height Hs is applied to the time trace of Fig. 5.18

extreme events that we were able to produce with a high success rate have an almost
constant amplitude, which is consistent with a potential use for applications.

Figure 5.21 underlines that the time-interval between the extreme spikes in the
case of Figs. 5.17 and 5.18 is given by an integer multiple of the time period of the
external modulation, which is 10 µs in both configurations. In the case of Fig. 5.21a,
some integer multiples are more likely to be selected (especially 40 µs, 50 µs and
90 µs) whereas some others never occur. The extreme events phenomenon seems to
be dependant on a parameter of the system, but the long time-scale (a few dozens of
μs) does not correspond to the external-cavity period (which is only a few ns) that is
usually responsible for a repetition pattern in the case of phase-conjugate feedback
[35]. In our case, this process needs further investigations to be clearly explained and,
more specifically, why some time-intervals are favoured. A parallel for the very long
timescales (more than 1000 times the ones found with other semiconductor lasers)
could be drawn with a recent investigation on QD-lasers, which are also highly-
damped semiconductor lasers [56]. These efforts proved, both experimentally and
numerically, that QD-lasers can output square waves with a period of 1 µs when
they are subject to injection with a specific wavelength detuning [57]. In the case of
Fig. 5.21b, most of the extreme events are triggered every 10 µs, corresponding to
the period of the external modulation. This eases the potential use of such on-demand
bursts for sensing applications or neuron-like systems.

To further analyze the extreme events we triggered, we decided to superimpose
the time traces at the peak of the extreme pulse, like we already did for rogue waves
and dragon-king events. The results show that there is a huge difference between the
sine perturbation and the pulse-up perturbation, as can be seen in Fig. 5.22. Indeed,
the sine perturbation leads to an extreme event preceded by a dip and followed by
oscillations with a lower amplitude, similarly to what is depicted in Fig. 5.15a. In
the case of the pulse-up perturbation, there is dip corresponding to the beginning of
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Fig. 5.22 a Time series centered on one single extreme event and superposition of 17 rogue waves
in the case of the sine perturbation. The corresponding averaged output power is displayed with a
purple solid line and the threshold corresponding to an abnormality index of 2 is displayed with a
dash-dot line. b Same data plot but for 48 rogue waves in the case of the pulse-up perturbation

Fig. 5.23 a Close-up of the superposition of extreme events seen in Fig. 5.22a. b Close-up of the
superposition of rogue waves seen in Fig. 5.15a. The two figures show that the length of the giant
pulse depends on the conditions of operation

the square modulation but, after the extreme event, no oscillations can be spotted.
Another difference between the several configurations studied is the width and shape
of the extreme pulse. In the case of the pulse-up perturbation, Fig. 5.22b shows the
extreme pulse lasts in average 500 ns and is composed of a steep incline followed
by a very steep dropoff, simultaneously with the end of the 2 µs square pattern. A
closer look at the pattern obtained in the case of the sine perturbation and in the case
of rogue waves shows that the oscillations following the giant pulse have roughly
the same frequency but the width of the pulse itself varies a lot. As can be seen
in Fig. 5.23a, the spike lasts in average 20 ns in the case of the sine perturbation
and 100 ns in the case of CW bias. Furthermore, the pulse is sharper in the case
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of a sine perturbation because the extreme events have all the same width, which
is not the case with CW bias and pulse-up perturbation where the reproducibility
seems hard to achieve, as depicted in Figs. 5.23b and 5.22b. It is relevant to note
that, in the context of VCSELs, various patterns of extreme pulses have already
been observed while varying the conditions of operation, as illustrated in Fig. 5.20.
Indeed, in the case where the injection phase-jump is replaced by a pulse-up similar
to the one we applied to the QCL, the VCSEL can generate extreme events lasting
approximately 1 ns, which is almost ten time longer than those triggered with the
phase-jump configuration. In addition, the pulse-up also seems to suppress the dip
that usually follows extreme events. Turconi and co-workers explain that, on the one
hand, the pulse-up configuration induces a strong linear response, or, in other words
a large bump, before giving birth to a narrow extreme pulse only if the amplitude of
the bump has reached a threshold. On the other hand, the phase-jump perturbation
has a slight linear response and only a narrow extreme pulse is displayed, provided
that the phase-jump is above the aforementioned threshold (�φ = 55◦). Although our
time traces with a pulse-up operation (Fig. 5.22b) show an initial bump followed by
an extreme event, the building process seems different in the case of QCLs because
the pulse-up signal is small compared to the average size of the extreme pulse, as
shown by the vertical arrow in Fig. 5.18. Another conclusion of their experimental
efforts is that the injection configuration allows reaching a maximum success rate
(nearly 100%) higher than the pulse-up configuration (roughly 60%). The latter being
compatible with the success rate (47%) we were able to achieve in the case of QCLs.
Further investigation is required in order to fully understand how the shape of the
extreme events varies with all the parameters we studied in the case of QCLs under
EOF.

5.2.7 Extreme Events for Neuron-Like Systems

Many trials have been carried out in several fields in order to reproduce the behavior
of neurons. Some of the first attempts were performed with chemical oscillators [58]
but the typical characteristic time of non-linear chemical dynamics is, at least, in
the order of second [59] and is thus slower than a biological neuron cluster. The
electrical domain then drove attention [60] with complex grids and operation speeds
below 1 ms, which is up to one hundred time faster than conventional neurons. In
order to obtain a faster process, optical neurons have also been considered [61] with
many configurations based on VCSEL as the core component [62] and for several
experimental activation schemes such as polarisation switching [63], electrical bias
stimulation [64] or via saturable absorber [65]. With VCSELs, the maximum pro-
cessing rate is close to the GHz and is thus several order of magnitude faster than
the best performances with electrical circuits [66]. The purpose of neuromorphic
computing systems is to process information tasks inspired by the brain’s powerful
computational abilities with ultra-fast lasers. One of the key requirements to repli-
cate biological neurons’ response is to perform controllable inhibition and excitation
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(or activation) [62]. The latter is fragmented in several sub-categories called tonic
spiking, phasic spiking, tonic bursting, phasic bursting, excitability, spike threshold-
ing and spike latency among others [67]. While most of these sub-categories have
already been successfully assessed in the case of VCSELs [66], we demonstrate that
tonic spiking, phasic spiking and spike thresholding can be achieved in a QCL under
OF, as illustrated in the following.

In the case of QCLs, wewere able to trigger spikes in two different configurations.
The onewith the sine forcing allowed us displaying spikeswith a low success rate and
with uneven amplitude. Consequently, it would be difficult to take advantage of this
process in order to create an optical neuron since the two key parameters for such con-
figuration are a high reproducibility and a constant amplitude that does not depend on
the excitation strength, provided that this excitation reaches a threshold. The second
configuration we tested, with the pulse-up excitation, showed an improved success
rate and a consistent amplitude when extreme events are triggered. The conclusion is
that the latter configuration is more appropriate for neuromorphic photonics. In order
to go a step beyond in the analysis of our two configurations leading to controllable
extreme events, we draw a comparison with existing analysis in other semiconduc-
tor lasers. The existence of optical bursts with various heights can be related to the
aforementioned optical rogue waves that we used to describe the threshold criteria.
A closer look at the extreme spikes we triggered (Fig. 5.22b) shows that these bursts
start with a very steep edge, then are followed by a large incline up to the maximum
amplitude which is itself followed by an abrupt edge down to the free-running value.
For all the extreme bursts, the width of the described process can range from 0.3 µs
to 1 µs but is not identical for all the spikes. These three steps are very similar to
what has been observed in the case of optical systems under either injection or optical
feedback when applying the Van der Pol-Fitzhugh-Nagumo (VdPFN) model [68],
consisting in a general scenario of relaxation oscillations which are characterized by
the competition of two timescales: the timescale of carriers in the nanosecond range
and a thermal timescale in the microsecond range for a configuration with quan-
tum dot lasers which are highly-damped semiconductor lasers [57, 69]. In particular,
Ref. [69] also shows spikes with regular amplitude and similar sharp edges, as shown
in Fig. 5.24. Furthermore, a jitter is also present in the superposition diagram, even
though in the case of quantum dots, themaximum of the burst occurs at the beginning
of the pattern while it occurs at the end of the pattern in our case. In addition, the
characteristic time of the pattern observed with quantum dots is very similar to the
one we observed with the QCL under OF. The VdPFN model could thus explain
why the typical time-delay dynamics, in the range of nanosecond, observed in other
semiconductor laser configurations is not reproduced in our case. Last but not least,
the VdPFNmodel has been recently studied in order to draw a qualitative comparison
between semiconductor lasers with external optical feedback and biological neurons
simulated with a stochastic model [70].

For each occurrence, the spike has a characteristic time of the order of the μs
and that is of paramount importance in neuromorphic photonics. This indeed means
that our basic optical neuron system operates 10000 times faster than biological neu-
rons and 100 times faster than electronic artificial neurons. Compared with existing
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Fig. 5.24 Superposition of
typical optothermal
pulsations in the case of a
quantum dot laser subject to
feedback. The pulses exhibit
both dynamics in the order of
microseconds and time
jittering. Courtesy of [69]

optical neuromorphic systems which use semiconductor lasers under the injection
of a remote laser, our configuration takes advantage of external optical feedback
and consequently, only one laser component is required to build one basic spik-
ing neuron. This means that excitable QCLs under external optical feedback have a
response time that bridges the ultra-fast neuromorphic optics obtained with VCSELs
(characteristic time in the order of the nanosecond) and the electrical neural grids
with a characteristic time around the millisecond. Up to date, electrical networks
are more complex with configurations made of thousands of neurons, and further
inquiries in the case of QCLs and photonics will be dedicated to the combination
of several optical neurons to build clusters [71]. The advantage of our optical feed-
back configuration is that only one laser is required to process a neuron whereas the
injection configuration, widely used in VCSELs, requires two lasers. Another draw-
back of injection operation is that during the perturbation process, the wavelength
of the remote laser is modified and consequently, the injection-locking is momen-
tary lost [64]. This means that the wavelength detuning between the master VCSEL
and the slave VCSEL must be tuned adequately in order to have proper operation
and this adds constraints to the conditions of operation. Finally, mid-infrared wave-
lengths around 6 µm are in the amide I band and the amide II band of proteins [72],
which means that these wavelengths are strongly absorbed by biological tissues and
are adequate for precise targeting with low collateral damage, especially in neural
tissues. Consequently, surgery applications such as coagulation and ablation have
already been demonstrated with QCLs emitting at such wavelength [73]. This paves
the way for direct interactions between biological matter and optical neurons based
on mid-infrared QCLs within the amide I and II bands.

5.3 Conclusion and Future Work

This chapter was dedicating to the experimental analysis of rogue waves and extreme
events in the case of a QCL under EOF. Even though it is possible to exhibit rogue
waves in the case of a free-running QCL with EOF, they are not easily predicted
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and extreme events are more likely to happen in a configuration with a periodic
modulation of the pumping current and a small amplitude. A fine tuning of the
modulation pattern and frequency allows controlling the time-interval between the
spikes. Extreme events could be used in applications such as sensing, especially
when they can be triggered on demand, provided that the amplitude of these events
is regular and that the extra power canbeprecisely assessed. Indeed, theMCTdetector
used in this study does not measure the continuous power of the QCL and so this
value cannot be compared with that of the extreme events. Having a global picture
about the triggering of extreme events and the entrainment phenomenon is also
essential when it comes to realize a secure transmission using two quantum cascade
lasers. The transmission is actually secure because the message to be transmitted is
hidden in the chaotic pattern and this message is to be recovered thanks to a chaos
synchronization. However, if the chaotic pattern is disturbed by, for instance, extreme
events, the synchronization can be jammed or, even worse, the message can become
obvious amid the chaotic carrier. The privacy of the message would consequently be
broken. This can be considered a serious threat because encoding amessage introduce
specific frequencies in the electrical signal driving the QCL and may lead to extreme
events synchronized with the pulse-up. A thorough analysis of the amplitude and the
frequency of the message is necessary to minimize such drawbacks.

Future efforts will focus on giving a precise cartography of the extreme events
with respect to the amplitude of the perturbation, the period of the perturbation and
the external-cavity length. Indeed, it was found in the case of a laser diode subject to
phase-conjugate feedback that the lengthof the cavity had apreponderant role and that
rogue waves could only be observed if the external cavity was short enough [74]. As
many experimental and numerical works focused on the injection scheme to trigger
rogue waves, it would also be relevant to study more carefully this configuration in
the case of QCLs and to compare our results with the numerous modelling results
if we are able to produce rogue waves. Last but not least, extreme events can be
envisioned to disrupt transmissions in the context of all-optical processing of RF
signals. Indeed, it would be interesting to analyze the impact of such sudden bursts
in radio-over-fiber links [75] or to inject these bursts in free-space optics (FSO)
systems in order to degrade the BER of the channel up to values where the message
cannot be surely recovered.
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Chapter 6
Conclusions and Perspectives

In this dissertation, we have focused on QCLs emitting in the mid-infrared domain
since this range of wavelengths is of prime importance for free-space communica-
tions due to the high transparency of the atmosphere. Themid-infrared domain is also
more adequate than near-infrared wavelengths because detrimental factors, such as
divergence and scintillation, are reduced at higher wavelengths. Other applications
involving QCLs include, but are not limited to, countermeasure systems, surgery and
high-precision spectroscopy becausemanymolecules and chemical compounds have
a strong absorption in the mid-infrared. Our efforts were directed towards the imple-
mentation of a free-space secure communication with chaotic QCLs, thus requiring
a thorough analysis of non-linear phenomena in this kind of semiconductor lasers.

Chaos experiments with a QCL under EOF determined the best conditions of
operation in order to have complex and sustained chaos at mid-infrared wavelength.
We showed that chaos could be generated not only close to the injection threshold, but
also far from threshold where the QCL is able to output more optical power. We also
showed that the lower the temperature, the easier the generation of chaotic patterns,
but cryogenic temperatures come with bulky setups and may not be suitable for
real-field experiments requiring versatility. We thus decided to focus on experiments
with Peltier-cooled QCLs operated far above threshold to maximize output power
and compactness. We also showed that chaos was more developed in the case of a
quasi-continuous bias but once again, this may not be suitable in the case of secure
communications. This experimentalworkwas complemented by anumerical analysis
of the influence of the α-factor on the bifurcation diagram of the QCL under EOF.
We showed that despite the fact that the reciprocal space curvature of the subbands
in a QCL should give a LEF very close to zero, only a quite large α-factor can be
compatible with the dynamics we observed. These findings were backed by a self-
mixing interferometry derivation of the experimental α-factor of a QCL pumped far
above threshold, which confirms a larger value than expected. Further studies will
be required to determine if the value of the LEF depends on the method used to
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derive it. Indeed, experimental methods focusing on low-frequency schemes (e.g.
self-mixing interferometry) tend to give higher LEF values than those relying on
multi-GHz analysis. This may imply that the LEF is linked to an opto-thermal effect
and that high values of LEF are restrained to a few dozens of MHz, where we
experimentally retrieved chaotic patterns. This could explain whywe did not observe
non-linear dynamics at GHz frequencies, even thoughQCLs do not exhibit relaxation
oscillations and should thus be prone to very high-frequency dynamics.

To deepen our understanding of the chaotic phenomena, we decided to further
tailor the bias current of the QCL under EOF by adding a periodic bias modula-
tion, as already experimented in other semiconductor lasers. This combination of
EOF and bias forcing allowed us confirming that QCLs are prone to the entrainment
phenomenon. The latter drives the chaotic spiking in order to synchronize it with
the periodic perturbation and can offer means of communication with controlled
chaos. The entrainment phenomenon was proven effective in both the case of a sine
perturbation and a square perturbation, and an accurate control of the number of
spikes per period was achieved through the tuning of the frequency and of the ampli-
tude of the periodic forcing. Further tuning of the QCL’s output can be considered
with feedback techniques we have not implemented yet. For instance, filtered optical
feedback and phase-conjugate feedback could help us generating complex chaotic
patterns at high frequency, even if the peculiarities ofmid-infraredwavelengths brake
the implementation of such setups.

Other non-linear phenomena were also observed with QCLs. For instance, it
is possible to output a square wave with cross-polarization reinjection technique.
The period and duty cycle of that pattern can be tuned by varying the feedback
strength and the polarization of the reinjected beam. This is quite unusual in other
semiconductor lasers where a cross-polarization technique leads to a square-wave
emission but with a fixed period related to the length of the external cavity. This
result can be of paramount importance in the case of all-optical modulation of QCLs
albeit an accurate lever must be found to control the period and duty cycle of such
pattern. In order to increase the bandwidth of chaos in QCLs, it is possible to take
advantage of a combination between external optical injection and EOF. Indeed, the
results obtained when injecting the light from another QCL showed that we were
able to output higher non-linear frequencies than with EOF only. Further studies will
try to generate chaos with frequencies of several hundreds of MHz of bandwidth,
because this means that the frequency of the message to be transmitted can be higher
while still well hidden among the chaotic carrier. Another option to achieve high-
frequency modulation of a QCL would be to inject in the QCL’s emitting facet with
a near-infrared laser because this was proven useful in quenching the QCL at high
rates. We will carry out experiments to determine the influence when injecting a
wavelength that is strongly different from the one emitted by the QCL, in order to
determine the minimum rise-time achievable with this method.

Eventually, we also discovered rogue waves and extreme events in the output
of a QCL under EOF, as already observed in other semiconductor lasers. Although
semiconductor lasers can be seen as a test-bed for rogue waves, which are found
in many fields of physics such as hydrodynamics, acoustics or astrophysics, this
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phenomenon can also be hazardous because the high-power bursts can deteriorate
optical components. Moreover, they can also disturb a transmission in the case where
a message is enciphered within a chaotic carrier. We thus described precursors of
rogue waves in order to forecast them.We also showed it was possible to trigger them
on-demand with an appropriate pulse-up modulation and this means that extreme
events could be used in order to jam detectors. Further efforts will study how to
suppress rogues once the precursors have been identified. This may be easier in the
case of QCLs under EOF because the typical time of such events is in the order of
100 ns, which is 1000 times longer that observed in laser diodes.

All these insights about the non-linear dynamics in QCLs drove us to an experi-
mental demonstration of chaos synchronization in two QCLs sharing similar param-
eters. We showed that the slave QCL could output a signal either synchronized or
anti-synchronized with that of the master laser, similarly to what was unveiled for
laser diodes and VCSELs. We then combined the chaotic signal of the master with
a message at 0.5 Mbits/s to realize a secure free-space transmission at mid-infrared
wavelength. The best BER was found to be 6% in the case of anti-synchronization,
and a careful analysis of the eye diagrams led us to the conclusion that a poten-
tial eavesdropper could not decipher the message when getting the signal with the
message embedded in chaos. This paves the way for transmission at mid-infrared
wavelength, taking advantage of the stealth of the wavelength and a simpler imple-
mentation compared to scheme involving quantum key distribution.

Further efforts will thoroughly detail the advantages and drawbacks of QCLs
compared to other existing sources for free-space communications. The case of ICLs
is extremely relevant because these optical sources combine the advantages of mid-
infrared wavelength up to 7 µm and of interband transitions. Other lasers with such
transitions have already been proven to output chaos at several Gbits/s. However,
no studies about the non-linear dynamics of ICLs exist and consequently, a careful
analysis of all the experimental parameters, similar to the one we have carried out
for QCLs, is required before comparing the real-field beam stability of near-infrared,
ICL and QCL sources.

In addition, we plan to complement our transmission studies with
direct-modulation schemes without chaos encryption, for both QCLs and ICLs. Sev-
eral encoding methods will be tested such as OOK modulation and PAM schemes.
We want to establish the first ever FSO link with a QCL/ICL directly modulated at
a bit-rate of nearly 1 Gbits/s and for a 4–5 km horizontal path. The experiments will
be performed in winter with low visibility and in summer with strong turbulence.
Comparisonswill be drawnwith other semiconductor lasers emitting both in the near-
infrared and mid-infrared domain in order to select the most relevant option in terms
of data transmission rates and ranges in the worst weather conditions. We already
proved that the choice of such a wavelength has a strong impact on the telecom
channel availability, especially in the case of mizzle or fog [1]. Real-field experi-
ments with a large incline between the emitter and the detector are also envisioned
in order to assess the potential of our methods for ground-satellite transmissions.
These efforts will take support on existing facilities and prior studies carried out by
ONERA with laser diodes [2].
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As we are planning to increase the range of our communication experiments,
we will be interested in optical sources with more optical power. In this situation,
BA-QCLs can be of prime interest because we do not require Gaussian beams in
our experiments. We showed that it is possible to increase the output power of such
lasers with weak optical feedback. It would be relevant to explore more carefully the
pioneering non-linear dynamics experiments with BA-QCLs [3], as well as exter-
nal modulation schemes. Thus, we would access long-range mid-infrared sources
for both secure communications and regular high-speed transmissions. High-power
QCLs can also be produced with Talbot coupling in the case of laser arrays [4].
The numerical non-linear analysis we performed gave details about the regimes we
would be able to produce but external modulation of such arrays has not been carried
out yet. We plan to experimentally realize the first QCL external-Talbot cavity in
order to obtain a more versatile scheme than the integrated Talbot cavities already
demonstrated. Then, the next step will be to extend our non-linear efforts to such
high-power sources and compare the results with those obtained with conventional
and BA one-ridge QCLs.

When taking a step back at our experimental results, some questions remain unan-
swered and new experiments, as well as further numerical studies, will be required.
For instance, someof the non-linear phenomenaweobserved (all-optical squaremod-
ulation, rogue waves...) are also retrieved in laser diodes but with a huge difference in
terms of characteristic time. As we used the Lang and Kobayashi model to derive our
numerical analysis, this may imply that we have to redesign our model by taking into
account the last insights from the quantum dot community, which also found larger
time-scales in the case of quantum dots under external optical injection. This will be
an opportunity to close the gap between QCLs and QD-lasers which are both highly-
damped semiconductor lasers but which are rarely compared in numerical analysis.
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