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Introduction to the Series

Welcome to the SPIE Field Guides—a series of publications
written directly for the practicing engineer or scientist.
Many textbooks and professional reference books cover
optical principles and techniques in depth. The aim of the
SPIE Field Guides is to distill this information, providing
readers with a handy desk or briefcase reference that
provides basic, essential information about optical princi-
ples, techniques, or phenomena, including definitions and
descriptions, key equations, illustrations, application
examples, design considerations, and additional resources.
A significant effort will be made to provide a consistent
notation and style between volumes in the series.

Each SPIE Field Guide addresses a major field of optical
science and technology. The concept of these Field Guides
is a format-intensive presentation based on figures and
equations supplemented by concise explanations. In most
cases, this modular approach places a single topic on a
page, and provides full coverage of that topic on that page.
Highlights, insights, and rules of thumb are displayed in
sidebars to the main text. The appendices at the end of
each Field Guide provide additional information such as
related material outside the main scope of the volume, key
mathematical relationships, and alternative methods.
While complete in their coverage, the concise presentation
may not be appropriate for those new to the field.

The SPIE Field Guides are intended to be living docu-
ments. The modular page-based presentation format
allows them to be easily updated and expanded. We are
interested in your suggestions for new Field Guide topics
as well as what material should be added to an individual
volume to make these Field Guides more useful to you.
Please contact us at fieldguides@SPIE.org.

John E. Greivenkamp, Series Editor
College of Optical Sciences
The University of Arizona
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Field Guide to Physical Optics

Physical optics is a broad subject that has been in vigorous
and continuous development for more than a century. It
can be thought of as encompassing all optics, except
possibly ray optics, but it may also be regarded as a subset
of physical phenomena described by electromagnetic optics.

This Field Guide is a practical overview of the subject area,
with specific emphasis on information most useful in the
field of optical engineering. Within this Field Guide, the
reader will find formulae and descriptions of basic
electromagnetic wave phenomena that are fundamental
to a wave theory of light. Tools are provided for describing
polarization. And, although vector diffraction theory and
electromagnetic methods (e.g., FDTD and RCWA) are not
treated here, emphasis is placed on scalar diffraction and
imaging theory, which are essential in solving most
practical optical engineering problems.

I owe thanks to the various professors who first taught me
these subjects: Jack Kasher and Daniel Wilkins at the
University of Nebraska at Omaha; and then later at the
University of Arizona College of Optical Sciences: Arvind S.
Marathay, Jack D. Gaskill, Roland V. Shack, James C.
Wyant, and John E. Greivenkamp. I also owe thanks to
Tom D. Milster, who graciously allowed me to review his
soon-to-be published text and adopt portions of his
notation. Thanks also go to Kerry McManus Eastwood for
her extensive help in preparing this volume and to Eric P.
Goodwin for his help in reviewing the material.

Finally, I dedicate this Field Guide to my wife, Jenny, who
is always there to keep me coherent and in phase.

Daniel G. Smith
Nikon Research Corporation of America

January 2013
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Glossary of Terms and Acronyms

ax,ay,az Field amplitudes in x, y, and z directions
A Scalar optical field amplitude
A Vector optical field amplitude
Ac Coherence area
A,B,C,D Elements of a lens system matrix
B Magnetic induction
c Speed of light
CTF Coherent transfer function
CðxÞ,SðxÞ Fresnel cosine and sine integrals
D Diattenuation
D Electric displacement
DOP Degree of polarization
e Base of the natural logarithm
e Eccentricity
E Electric field magnitude (scalar quantity)
E Electric field
E Jones vector
f Lens focal length
F Coefficient of finesse
F Finesse
F=# F-number
FWHM Full-width at half-max
G Green’s function
h Point spread function
h Gaussian beam half-width at half-max
hF
z Fresnel’s wavelet

hH
z Huygens’ wavelet

H Transfer function
H Magnetic field strength
HLP Horizontal linear polarization
HWP Half wave plate
i Imaginary number

ffiffiffiffiffiffiffi�1
p

I Irradiance
j Electric current density
J Jones matrix
Jn Nth order Bessel function of the first kind
k Wavenumber
k Wavevector
K Obliquity factor
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Glossary of Terms and Acronyms

L Linear operator
LCP Left-hand circular polarization
LP Linear polarization/polarizer
LSI Linear and shift invariant
m Order of diffraction
M Mueller matrix/characteristic matrix
Mj Characteristic matrix of the jth film layer
MTF Modulation transfer function
n Index of refraction (real)
n Surface normal
N Complex refractive index
NA Numerical aperture
Nj Number densities
Nf Fresnel number
OFZ Open Fresnel zone
OPD Optical path difference
OTF Optical transfer function
P Pupil function
PER Polarization extinction ratio
PSF Point spread function
q Complex curvature of a Gaussian beam
q Grating vector
QWP Quarter wave plate
r Scalar position coordinate
rs,rp Coefficient of reflection for s and p

polarization
r Vector position coordinate
R Reflectance
R Resolving power
RCP Right-hand circular polarization
s1,s2,s3 Object and image distance
S0 Magnitude of the Stokes vector
S Stokes vector
S Poynting vector
SR Strehl ratio
ts,tp Coefficient of transmission for s and p

polarization
tA Amplitude transparency function
T Transmittance
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Glossary of Terms and Acronyms

TE Transverse electric
TIR Total internal reflection
TM Transverse magnetic
U Scalar optical field in complex notation
U Vector optical field in complex notation
v Fringe direction
V Fringe visibility
VLP Vertical linear polarization
w Gaussian beam 1/e2 radius
w0 Gaussian beam waist radius
x,y,z Position coordinates
x̂,ŷ,ẑ Unit vectors in the x, y, and z directions
y Optical admittance
z0 Rayleigh range

a Absorption coefficient
a,b,g Direction cosines
gðr1 ,r2 ,tÞ Complex degree of coherence
Gðr1 ,r2 ,tÞ Mutual coherence function
d Path difference or a small angle
r Laplacian operator
Dl Coherence length
Dl Range of or change in wavelengths
Dn Range of or change in frequency
Dt Coherence time
:, :0 Permittivity and permittivity of free space
h Tilted or effective optical admittance
u An angle
k Extinction coefficient
l Wavelength
l Mean wavelength
l1,l2 Amplitude transmission of eigenpolarizations
L Grating period
m,m0 Permeability and permeability of free space
n Optical frequency
�,h Spatial frequency components
r Electric charge density
s Electric conductivity
S Aperture transmission function
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Glossary of Terms and Acronyms

t Delay time
f Lens power
f Phase angle
F Radiant flux
c1,c2 Eigenpolarizations
v Angular optical frequency
v Mean angular optical frequency
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Maxwell’s Equations and the Wave Equations

Maxwell’s equations (SI
units) in an unbounded,
linear, isotropic, and homo-
geneous medium:

r �D ¼ r, r�E ¼ � @B
@t

r �B ¼ 0, r�H ¼ jþ @D
@t

Thematerial equations are D ¼ :E, B ¼ mH, j ¼ sE

D Electric displacement C/m2

E Electric field V/m

B Magnetic induction T

H Magnetic field strength A/m

j Electric current density A/m2

r Electric charge density C/m3

: Permittivity F/m

m Permeability H/m
s Electric conductivity (Vm)�1

The vacuum permeability and permittivity are

m0 ¼ 4p� 10�7 H=m

:0 ¼ 8:8541835� 10�12 F=m
These seven equations can bemanipulated into the following
vector wave equations:

r2E ¼ :m
@2E
@t2

þ ms
@E
@t

, r2H ¼ :m
@2H
@t2

þ ms
@H
@t

The Laplacian r2 in Cartesian, cylindrical, and spherical
coordinates are

r2 ¼ @2

@x2
þ @2

@z2
þ @2

@z2
¼ 1

r
@

@r
r
@

@r

� �

þ 1
r2

@2

@u2
þ @2

@z2

¼ 1
r2

@

@r
r2

@

@r

� �

þ 1
r2 sin u

@

@u
sin u

@

@u

� �

þ 1

r2 sin2 u

@2

@f2

Since E and H are vector quantities, each component must
satisfy the scalar wave equation, where V is a scalar
electric or magnetic field:

r2V ¼ :m
@2V
@t2

þ ms
@V
@t

1Electromagnetic Waves
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Principle of Linear Superposition and
Complex Notation

The principle of linear superposition (or superposi-
tion principle) states that the optical field at each point
is the algebraic sum of the overlapping fields. This can
be seen as a result of the linearity of the wave equation;
if E1 and E2 are both solutions of the wave equation then

r2E1 ¼ :m
@2E1

@t2
þ ms

@E1

@t
, r2E2 ¼ :m

@2E2

@t2
þ ms

@E2

@t

The sum of the two solutions is another solution.

r2ðE1 þE2Þ ¼ :m
@2

@t2
ðE1 þ E2Þ þ ms

@

@t
ðE1 þE2Þ

This assumes, as is often the case, that the medium is
linear or that the field strengths are not so large as to
modify the optical characteristics of the material. Under
this condition, the fields can overlap without affecting each
other.

It is both common and highly convenient to use a complex
representation of the optical field.

U ¼ Aeiðkz�vtþfÞ

Although the complex notation is used throughout this
text, all optical fields are real quantities, and the actual
field is the real part of the complex field:

E ¼ Re½U � ¼ 1
2
ðU þU�Þ ¼ A cosðkz� vtÞ

This is particularly important for nonlinear operations
where the complex notation leads to incorrect results.

2 Electromagnetic Waves
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The Helmholtz Equation

When possible, it can be convenient to express the scalar
field U as the product of two functions separately depending
on the position r and time t.

Uðr,tÞ ¼ FðrÞGðtÞ

Choosing�k2 as the constant of separation, thewave equation
can be separated into spatial and temporal wave equations,
generally known as theHelmholtz equations:

r2FðrÞ þ k2FðrÞ ¼ 0,
@2GðtÞ
@t2

þ v2k2GðtÞ ¼ 0

Although both of these equations are sometimes referred
to as Helmholtz equations, in the field of physical optics,
the termHelmholtz equation is usually reserved for the
spatial wave equation:

r2FðrÞ þ k2FðrÞ ¼ 0

An implication of these second-order homogeneous partial
differential equations is that bothF andG can be decomposed
into harmonic functions, opening a vast mathematical
toolbox for analyzing optical systems.

If F has the form FðrÞ ¼ uðrÞeikz, and the second derivative
of u with respect to z can be neglected, the result is the
paraxial Helmholtz equation:

r2
xyuþ 2ik

@u
@z

¼ @2u
@x2

þ @2u
@y2

þ 2ik
@u
@z

¼ 0

The paraxial Helmholtz equation is useful, for instance, in
deriving the form of the Gaussian beam.

3Electromagnetic Waves
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Plane Wave

A plane wave can be any periodic function where the
surfaces of equal phase are planar. However, this term
usually refers to a function that, satisfying the Helmholtz
equation, varies harmonically in space and time as

E ¼ A cosðk � r� vtþ fÞ
A, in this case, is a constant
vector describing the direc-
tion of the electric field,
and k is the wavevector,
which depends on the
wavelength l and the
direction of propagation,
which is expressed here in
terms of the direction
cosines a, b, and g:

k¼ kk̂ ¼ 2p
l

ðax̂þbŷþ gẑÞ ¼ 2p
l

ðx̂ cosux þ ŷ cosuy þ ẑ cosuzÞ

The magnitude of the wavevector 2p=l is known as the
wavenumber. Care must be taken with this term since
the field of spectroscopy defines the wavenumber as 1=l
and typically expresses it in units of 1/cm.

Although actual fields are always real quantities, it is
convenient and ubiquitous to specify the plane wave in
complex notation.

U ¼ Aeiðk�r�vtþfÞ

Beware that using the complex notation in nonlinear
expressions can lead to incorrect results. Although ubiqui-
tous, this convenient notation should be used with some
caution and with the understanding that fields are actually
real quantities.

4 Electromagnetic Waves
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Spherical and Cylindrical Waves

The idealized point source radiates energy isotropically, and
symmetry dictates that the wavefronts form concentric
spheres known as spherical waves. In a spherical coordi-
nate system centered on the source point, the functional form
of the spherical wave can only depend on the radial
coordinate r and time t. With the Laplacian in spherical
coordinates, the scalar wave equation becomes a 1D wave
equation where the wave function is the product rU.

@2

@r2
ðrUÞ ¼ 1

�2
@2

@t2
ðrUÞ

The harmonic spherical wave is a solution to this
equation and may be expressed in terms of a source at
some source point location r0 ¼ x0x̂þ y0ŷþ z0ẑ and initial
phase f0, and traveling away from the source.

Uðr,tÞ ¼ A
jr� r0j e

iðkjr � r0j � vt þ f0Þ

True point sources are not found in nature, but the spherical
wave is still extremely useful in practical engineering
problems, where it can form a good approximation to many
types of point-like sources.

Also of immense practical importance is the paraxial
approximation to the spherical wave, or the Fresnel
approximation:

Uðr,tÞ � A
z� z0

e
ik

2ðz�z0Þ
�

ðx � x0Þ2þðy � y0Þ2
�

ei
�

kðz � z0Þ � vt þ f0

�

The harmonic cylindrical wave is also a solution to the
wave equation and is most easily expressed in cylindrical
coordinates:

Uðr,tÞ ¼ A
ffiffiffi

r
p eiðkr�vtþf0Þ

5Electromagnetic Waves
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Speed of Light

Substituting the complex representation of a plane
wave V with frequency v, traveling along the z axis,
into the wave equation provides an expression relating
the speed � to frequency v, permittivity, permeability,
and conductivity:

V ¼ Aeiv
z
v�tð Þ ! v2

�2
¼ :mv2 þ imsv

Most problems in optics are set in nonabsorbing media
where the imaginary part is very close to zero, and
� ¼ c=n ¼ 1=

ffiffiffiffiffiffi

:m
p

. In vacuum, n ¼ 1 and conductivity is
zero, the speed of light is the vacuum value c, and

c ¼ 1=
ffiffiffiffiffiffiffiffiffiffi

:0m0
p ¼ 2:99792458� 108m=s

More generally, the speed of light is modified by the
complex refractive index, which has real and imaginary
parts n and k, respectively. The imaginary part is known as
the extinction coefficient, and the real part is often
referred to as the index of refraction or refractive
index.

N ¼ c
�
¼ nþ ik

Note that the sign of the imaginary part depends on the
choice of increasing or decreasing phase.

Decreasing phase eiðkz�vtÞ ! N ¼ nþ ik

Increasing phase e�iðkz�vtÞ ! N ¼ n� ik

Below are some other useful relationships where the
subscript r indicates a value relative to the vacuum value.

n2 � k2 ¼ :m

:0m0
¼ :rmr, 2nk ¼ ms

:0m0v
¼ mrs

:0v

6 Electromagnetic Waves
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The Beer–Lambert Law

The transmittance T through a material is the ratio of the
input-to-output power or flux. A complex refractive index in
the exponential form of a plane wave produces an
exponentially decaying transmittance, which is the essence
of the Beer–Lambert law, or Beer’s law. This describes
the exponential decay with propagation through a medium
with the extinction coefficient k or, equivalently, the
absorption coefficient a:

T ¼ kU=U0k2 ¼ e�
2v
c kz ¼ e�

4p
l kz ¼ e�az

a ¼ 2v
c
k ¼ 4p

l
k

If an absorbing medium consists of several absorbers, the
absorption coefficients add in proportion to their concen-
trations. For example, if M absorbers have absorption
cross sections sj and number densities Nj, then the Beer–
Lambert law becomes

T ¼ e
�z
P

M

j¼1

sjNj

Similar expressions can be formed in terms of other
quantities such as molar concentration and mass density
absorption. It is also common to see absorption defined in
base 10 rather than base e, in which case,

T ¼ e�az ¼ 10�a0z ! a0 ¼ a=ln10

Beer’s law assumes that the medium is linear, homoge-
nous, isotropic, and nonscattering, and, strictly speak-
ing, applies only to collimated beams of a single
frequency. The transmission of a more general beam
can be estimated by integrating Beer’s law over angles
and wavelengths of the rays (or components of an
angular spectrum of plane waves) in the beam.

7Electromagnetic Waves
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Increasing versus Decreasing Phase Convention

Both cosðkz� vtÞ and cosðvt� kzÞ represent a monochro-
matic wave traveling in the positive z direction.

In complex notation, both are commonly used and are
valid. However, practitioners of physical optics should
become skilled at spotting the differences because the
resulting errors can be subtle and sometimes devastating.

The most obvious implication of the choice between
increasing and decreasing phase conventions is the sign
of the imaginary part of the complex refractive index:

Decreasing phase convention : U¼ Aeiðkz�vtÞ ! N¼nþ ik

Increasing phase convention : U¼ Ae�iðkz�vtÞ ! N¼n� ik

It may be parsimoniously argued that the increasing
phase convention describes the behavior of a source
whose phase is increasing with time, and so the phase
should decrease with increasing distance from the source.

The decreasing phase convention used in this text
implies that the phase decreases with time but increases
with optical path. This convention is convenient in
problems that are either monochromatic or can be treated
as sums of monochromatic systems. In either case, the
time part of the phase can be dropped providing a
simplification in notation since the minus sign in the
exponent does not need to be carried throughout.
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Linear Polarization

The electric field of a linearly polarized harmonic plane
traces a sinusoid in a plane parallel to the direction of
propagation. This plane is known as the plane of vibration
and is pictured as the vertical plane in the figure above.

In a plane that is perpendicular to the direction of pro-
pagation, at some fixed location z, the electric field traces
out a line segment over time that is also contained in the
plane of polarization:

Eu ¼ Re½Aeiðkz�vtþf0Þðx̂ cos uþ ŷ sin uÞ�

¼ Aðx̂ cos uþ ŷ sin uÞ

Because the electric field adds in a linear medium, the
principle of linear superposition means that any ellipti-
cal polarization state can be expressed as a combination of
two orthogonal linear polarization states whose relative
phase and amplitude determine the shape and orientation of
the polarization ellipse.

For this reason, many problems are broken into separate
problems for two linear polarization states. For example, it
is convenient to treat s and p polarization states separately
in thin films.
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Right- and Left-Hand Circular Polarization

ERCP ¼ Re
A
ffiffiffi

2
p eiðkz�vtþf0Þðx̂ þ ŷe�ip=2Þ
� �

¼ A
ffiffiffi

2
p
h

x̂ cosðkz� vtþ f0Þ þ ŷ sinðkz� vtþ f0Þ
i

At a moment in time, the electric field of a right-hand
circular polarized plane wave traces out a right-hand
corkscrew along the direction of propagation. In a fixed
position, the electric field sweeps out a clockwise circle in time
as seen by an observer looking at the source.

ELCP ¼ Re
A
ffiffiffi

2
p eiðkz�vtþf0Þðx̂ þ ŷeip=2Þ
� �

¼ A
ffiffiffi

2
p
h

x̂ cosðkz� vtþ f0Þ � ŷ sinðkz� vtþ f0Þ
i

In left-hand circular polarization, the corkscrew, frozen
in time, is left-handed, and at a fixed position the electric
field sweeps out a counter-clockwise circle as seen by an
observer looking at the source.
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Elliptical Polarization

The electric field vector of a harmonic plane wave traveling
along the z axis can be written somewhat generally:

E ¼ ax x̂cosðkz� vtþ dxÞ þ ay ŷ cosðkz� vtþ dyÞ
This general state is known as elliptical polarization
because the field at a fixed z traces an ellipse as described by

Ex

ax

� �2

þ Ey

ay

� �2

� 2
Ex

ax

� �

Ey

ay

� �

cosf ¼ sin2 f

f ¼ dy � dx tana ¼ ay=ax ð0 � a � p=2Þ
tan : ¼ � b

a
tan 2u ¼ tan 2a cosf ð0 � u � pÞ
sin 2: ¼ sin 2a sinf ð�p=4 � : � p=4Þ
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Elliptical Polarization Handedness

Elliptical polarization handedness depends on the sign of
:. For right-handed elliptical polarization (: < 0) and the
electrical field traces a clockwise oval when looking
toward the source, or equivalently, makes a right-handed
corkscrew in space at a moment in time.

Right handed Clockwise : < 0

Linear : ¼ 0

Left handed Counter-clockwise : > 0

The Jones vector E and Stokes vector S describing
elliptical polarization are

E ¼ ax

ay eif

� �

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2
x þ a2

y

q cosa

eif sina

� �

S ¼

a2
x þ a2

y

a2
x � a2

y

2axay cosf

�2axay sinf

0

B

B

B

B

@

1

C

C

C

C

A

¼

S0

S0 2 cos 2a

S0 sin 2a cosf

�S0 sin 2a sinf

0

B

B

B

@

1

C

C

C

A

¼ S0

1

cos 2: cos 2u

cos 2: sin 2u

�sin 2:

0

B

B

B

@

1

C

C

C

A
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Poincaré Sphere

The Poincaré sphere visually represents polarization
states expressed in terms of Stokes parameters or the angles
: and u.

Normalized Stokes vectors are commonly used so that
polarization states residing on the surface of the sphere
have amaximum degree of polarization (DOP): DOP¼ 1.

Linear polarization states reside along the equator and
vary continuously from horizontal linear polarization
(HLP), to linear at 45 deg (LP þ 45 deg), to vertical
linear polarization (VLP). Right-hand elliptical states
reside above the equator with right-hand circular
polarization (RCP) at the north pole. The southern
hemisphere contains the left-hand states with left-hand
circular polarization (LCP) at the south pole. Note that
orthogonal polarizations are always on opposite sides of the
origin.

13Polarization

Field Guide to Physical Optics
Downloaded From: https://www.spiedigitallibrary.org/ebooks on 21 Mar 2022
Terms of Use: https://www.spiedigitallibrary.org/terms-of-use



Jones Vectors

Since the optical field of an elliptically polarized plane wave
can be expressed as a sum of orthogonal linear-polarization-
basis states having the same frequency and wavelength, the
time and space dependency can be factored from a constant
complex vector E known as the Jones vector:

E ¼ x̂ ax eiðkz�vtþ dxÞ þ ŷ ay eiðkz�vtþ dyÞ ¼ E eiðkz�vtÞ

E ¼ Jx

Jy

� �

¼ A
ax

ayeif

� �

The following table provides a sampling of unit-amplitude
Jones vectors.

Horizontal linear EHLP ¼
 

1

0

!

Vertical linear EVLP ¼
 

0

1

!

Linear at 45 deg ELþ 45 deg ¼ 1
ffiffiffi

2
p
 

1

1

!

Linear at �45 deg EL� 45 deg ¼ 1
ffiffiffi

2
p
 

1

�1

!

Linear at angle u ELu ¼
 

cos u

sin u

!

Right-hand circular ERCP ¼ 1
ffiffiffi

2
p
 

1

�i

!

Left-hand circular ELCP ¼ 1
ffiffiffi

2
p
 

1

þi

!
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Jones Matrices and Eigenpolarizations

Many polarization problems can be treated with Jones
calculus, where an input polarization state represented by
the Jones vector E1 is modified by an optical element or
group of elements described by a 2 � 2 Jones matrix J to
produce the output polarization E2:

E2 ¼ JE1 ¼ m11 m12

m21 m22

� �

E1x

E1y

� �

¼ m11E1x þm12E1y

m21E1x þm22E1y

� �

If there are N polarization elements, the system Jones
matrix is the product of individual matrices.

E0 ¼ JN � � �J2J1 E ¼ Jsystem E

A Jones matrix can have two orthogonal eigenpolariza-
tions, represented by the Jones eigenvectors c1 and c2

with the amplitude transmissions represented by eigenva-
lues l1 and l2. In terms of the trace T ¼ m11 þm22 and
determinant D ¼ m11m22 �m12m21 of J:

l1 ¼ T=2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

T2=2�D
p

, l2 ¼ T=2�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

T2=2�D
p

if m12 6¼ 0, c1 ¼ ðm12,l1 �m11ÞT , c2 ¼ ðm12,l2 �m11ÞT
if m21 6¼ 0, c1 ¼ ðl1 �m22,m21ÞT , c2 ¼ ðl2 �m22,m21ÞT
if m12 ¼ m21 ¼ 0, c1 ¼ ð1,0ÞT , c2 ¼ ð0,1ÞT

The eigenpolarizations c1 ¼ ða, bÞT , c2 ¼ ð�b�, a�ÞT and
eigenvalues l1 and l2 (where aT denotes a matrix
transpose) can be used to derive the Jones matrix:

J ¼ 1
aa� þ b b�

a �b�

b a�

� �

l1 0

0 l2

� �

a� b�

�b a

� �
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Jones Rotation and Reflection Matrices

Counter-clockwise rotation of a vector about the z axis can
be expressed as a matrix operator JRotðuÞ.

E0 ¼
E cosðfþ uÞ
E sinðfþ uÞ

 !

¼ E
cosf cos u� sinf sin u

cosf sin uþ sinf cos u

 !

E0 ¼ JRotðuÞE

JRotðuÞ ¼
cos u �sin u

sin u cos u

� �

The Jones rotation matrix JRotðuÞ can be used to rotate a
Jones vector as shown above, but it may also be used to
rotate any Jones matrix such as a retarder or polarizer.

J0 ¼ JRotðDuÞJJT
RotðDuÞ ¼ JRotðDuÞJJRotð�DuÞ

Properties of the Jones rotation matrix:

Det½JRotðuÞ� ¼ 1

JT
RotðuÞ ¼ JRotð�uÞ

JRotðu2ÞJRotðu1Þ ¼ JRotðu1 þ u2Þ

Reflection reverses the direction of propagation. By conven-
tion, this reverses the x component of the field so that the
Jones reflection matrix is

JMirror ¼
�1 0

0 1

� �

Note that the reflection matrix is not invariant under the
above form of rotation, so care must be taken when using
the rotation matrix in a system with a mirror.
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Retardance

A linearly polarized plane wave propagating within a
uniaxial crystal—such as calcite (CaCO3) or quartz
(SiO2)—with its electric field aligned to the optic axis
(crystal-lattice axis of symmetry) is known as an extraordi-
nary wave, or e-wave, and experiences a refractive index ne.
When the electric field is perpendicular to the optic axis, it is
known as an ordinary wave, or o-wave, and experiences a
refractive index no. The difference in phase between the
e-wave and o-wave is the retardance and may be expressed
as a phase angle, such as degrees or radians, or in terms of
optical path in waves or nanometers.

In a positive crystal, such as quartz, ne > no, the e-wave
travels slower by virtue of its higher refractive index so
that the optic axis is known as the slow axis, while the
fast axis is perpendicular to the optic axis. In a negative
crystal, ne < no, and the fast axis is parallel to the optic
axis.

Biaxial birefringent crystals, such as mica and borax,
exhibit three characteristic refractive indices. Cubic crys-
tals, such as NaCl or CaFl, are not usually considered
birefringent except in the ultraviolet where they present a
retardance with a higher-order angular dependence known
as cubic birefringence.
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Retardance (cont.)

As indicated by the phase difference between s and p pola-
rization in the Fresnel equations, reflection can also
produce retardance that depends on the refractive
indices, wavelength, and angle of incidence. Thin-film
theory shows that this effect also depends on the materials
and thicknesses that make up the thin-film stack.

Retardance of bulk material can also be attributed to
mechanical stress from an applied force, thermal effects, or
nonuniformities intrinsic to the transmitting materials,
such as glass or plastic.

An optical component that is designed to introduce a phase
difference between orthogonal polarization states is known
as a retarder. If the polarization states are horizontal and
vertical, and the retardance is given in radians as f, then
the Jones matrix for a retarder can be derived as follows:

c1¼
1

0

 !

l1¼ eif=2

c2¼
0

1

 !

l2¼ e�if=2

9

>

>

>

>

>

=

>

>

>

>

>

;

!JRðfÞ¼
1 0

0 1

� �

eif=2 0

0 e�if=2

 !

1 0

0 1

� �

JRðfÞ¼ eif=2 0

0 e�if=2

 !

If f>0, then this Jones matrix describes a retarder with a
horizontal slow axis, since the x polarization is retarded
more than the y polarization.

This text uses the decreasing phase convention, and
it should be noted that under the increasing phase
convention, this Jones matrix would indicate a vertical
slow axis for f > 0.
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Dichroism and Diattenuation

A dichroic material has an extinction coefficient that
depends on the orientation of the optical field. A dichroic
uniaxial crystal, such as tourmaline, has anisotropic
conductivity that produces different extinction coefficients
parallel and perpendicular to the optic axis. When the
dichroism is large, the material may be used as a
polarizer, but uniaxial crystals are seldom used in this
way. It is more common to use polymer-based sheet
polarizers, which produce a more controllable dichroism.

The terms dichroic and dichroism also refer to the
separation of colors—the safer term for referring only to
the difference in amplitude transmission between eigen-
polarizations is diattenuation. The Jones matrix for
linear diattenuation with horizontal amplitude transmis-
sion ax and vertical amplitude transmission ay can be
derived as follows:

c1¼
1

0

 !

l1¼ tx

c2¼
0

1

 !

l2¼ ty

9

>

>

>

>

>

=

>

>

>

>

>

;

!JDðtx,tyÞ¼ 1

12þ02
1 0

0 1

� �

ax 0

0 ay

� �

1 0

0 1

� �

JDðax,ayÞ¼
ax 0

0 ay

� �

The diattenuation D of an element is the contrast between
themaximumTmax andminimumTmin possible transmittance:

D ¼ Tmax � Tmin

Tmax þ Tmin

In the case of diattenuation of linear polarization,

D ¼ ja2
x � a2

y j=ða2
x þ a2

yÞ
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Polarizers and Malus’ Law

A polarizer is a device designed to remove all of the
polarization components but one: the preferred polarization.
The degree to which the polarizer accomplishes this is
characterized by the polarization extinction ratio (PER):

PER ¼ Tmax

Tmin
¼ 1þD

1�D

A linear polarizer that perfectly transmits linear polari-
zation oriented at an angle u with the x axis can be
characterized by its eigenpolarizations and Jones matrix.

c1 ¼
cosu

sinu

 !

l1 ¼ 1

c2 ¼
�sinu

cosu

 !

l2 ¼ 0

9

>

>

>

>

>

=

>

>

>

>

>

;

!JLPðuÞ¼ cos2 u cosusinu

cosusinu sin2u

 !

The transmittance of linearly polarized light at an angle uþ
Du anddirected into such a device is governed byMalus’ law.

It=Ii ¼ cos2 Du

A circular polarizer passes only one circular-polarization
state. The Jonesmatrices for right- and left-hand circular
polarizers can be constructed as

ERCP ¼ 1
ffiffiffi

2
p

1

�i

 !

lRCP ¼ 1

ELCP ¼ 1
ffiffiffi

2
p

1

i

 !

lLCP ¼ 0

9

>

>

>

>

>

=

>

>

>

>

>

;

! JRCP ¼ 1
2

1 i

�i 1

� �

ERCP ¼ 1
ffiffiffi

2
p

1

�i

 !

lRCP ¼ 0

ELCP ¼ 1
ffiffiffi

2
p

1

i

 !

lLCP ¼ 1

9

>

>

>

>

>

=

>

>

>

>

>

;

! JLCP ¼ 1
2

1 �i

i 1

� �
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Optical Activity

A material that rotates the polarization state is optically
active. The Jones matrix for optical activity is a phase-
modified rotation matrix JROT whose eigenpolarizations
are left- and right-hand circular polarization:

ERCP¼ 1
ffiffiffi

2
p

1

�i

 !

, lRCP¼ei2pl nRt, ELCP¼ 1
ffiffiffi

2
p

1

i

 !

, lLCP¼ei2pl nLt

Jb¼1
2

1 �i

�i 1

 !

ei2pl nRt 0

0 ei2pl nLt

 !

1 i

i 1

 !

¼eif
cosb �sinb

sinb cosb

 !

Optical activity generates a phase f and a counter-
clockwise rotation b>0 of the polarization state about the
direction of propagation:

f ¼ ptðnR þ nLÞ=l,b ¼ ptðnR � nLÞ=l
Traditionally, materials that rotate the polarization clock-
wise when looking toward the source are dextrorotatory
or d-rotary (b < 0), while counter-clockwise rotation when
looking toward the source indicates a levorotatory or
l-rotary material (b > 0). The amount of optical activity
varies with material and wavelength, and is given by the
specific rotary power in units of angle per length:

Specific rotary power ¼ b

t
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Stokes Vectors and Degree of Polarization

The Stokes parameters can be understood in terms of the
measured irradiances fI0, IH , I45 deg, IRg transmitted
through four filters, each transmitting 50% of natural,
unpolarized light. Conventionally, the first filter passes all
polarizations equally, the second is a linear polarizer with a
horizontal transmission axis, the third is a linear polarizer
with a 45 deg transmission axis, and the fourth is a right-
hand circular polarizer. The Stokes parameters convention-
ally expressed as a columnar four vector are

S ¼

S0

S1

S2

S3

0

B

B

B

@

1

C

C

C

A

¼

2I0
2ðIH � I0Þ

2ðI45 deg � I0Þ
2ðIR � I0Þ

0

B

B

B

@

1

C

C

C

A

Unlike Jones vectors, Stokes vectors can describe partial
polarization, and when a beam is a result of combined
incoherent and partially polarized sources, the resulting
Stokes vector is a sum of the component Stokes vectors.

Ŝ is the normalized Stokes vector, and sp is the Stokes-
three vector.

Ŝ ¼ S=S0 ¼

1

s1
s2
s3

0

B

B

B

@

1

C

C

C

A

¼ 1

sp

� �

which is useful in defining the degree of polarization:

DOP ¼ jspj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

S2
1 þ S2

2 þ S2
3

q

=S0, 0 � DOP � 1

For a perfectly polarized beam, DOP ¼ 1, and the Stokes
vector lies on the surface of the Poincaré sphere. When
DOP < 1, the beam is partially polarized, and the Stokes
vector is somewhere inside the Poincaré sphere. When
DOP ¼ 0, the Stokes vector is at the origin, corresponding
to totally unpolarized light.
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Mueller Matrices

When using Stokes vectors, polarization elements can be
described with 4�4 Mueller matrices.

S0 ¼ MS

The Mueller matrix for diattenuation aligned with the x
and y axes:

MDðTx,TyÞ ¼ 1
2

Tx þ Ty Tx � Ty 0 0

Tx � Ty Tx þ Ty 0 0

0 0 2
ffiffiffiffiffiffiffiffiffiffiffi

TxTy
p

0

0 0 0 2
ffiffiffiffiffiffiffiffiffiffiffi

TxTy
p

0

B

B

B

@

1

C

C

C

A

Horizontal and vertical linear polarizers:

MHLP ¼ 1
2

1 1 0 0

1 1 0 0

0 0 0 0

0 0 0 0

0

B

B

B

B

B

@

1

C

C

C

C

C

A

MVLP ¼ 1
2

1 �1 0 0

�1 1 0 0

0 0 0 0

0 0 0 0

0

B

B

B

B

B

@

1

C

C

C

C

C

A

Right- and left-hand circular polarizers:

MRCP ¼ 1
2

1 0 0 1

0 0 0 0

0 0 0 0

1 0 0 1

0

B

B

B

B

B

@

1

C

C

C

C

C

A

MLCP ¼ 1
2

1 0 0 �1

0 0 0 0

0 0 0 0

�1 0 0 1

0

B

B

B

B

B

@

1

C

C

C

C

C

A

The Mueller matrix for a retarder with retardance f and
slow axis aligned to the y direction:

MRðfÞ ¼

1 0 0 0

0 1 0 0

0 0 cosf �sinf

0 0 sinf cosf

0

B

B

B

B

B

@

1

C

C

C

C

C

A

,
MQWP ¼ MRðp=4Þ
MHWP ¼ MRðp=2Þ
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Mueller Matrices and Rotation

The Mueller matrix that performs a rotation of the
laboratory coordinate axes is

MRotðuÞ ¼

1 0 0 0

0 cos 2u sin 2u 0

0 �sin 2u cos 2u 0

0 0 0 1

0

B

B

B

@

1

C

C

C

A

The rotation matrix can be used to rotate a state of
polarization and therefore behave like optical activity with
u ¼ �b.

S0 ¼ MRotð�bÞS ¼

S0

S1 cos 2uþ S2 sin 2u

S1 cos 2u� S2 sin 2u

S3

0

B

B

B

@

1

C

C

C

A

Or it can be used to model arbitrarily aligned components
such as a rotated diattenuator/polarizer or a rotated
retarder:

MðuÞ ¼ MRotð�uÞMMRotðuÞ

For example, a polarizer with a transmission axis at an
angle u from horizontal is

MLPðuÞ ¼ 1
2

1 cos 2u sin 2u 0

cos 2u cos2 2u cos 2u sin 2u 0

sin 2u cos 2u sin 2u sin2 2u 0

0 0 0 0

0

B

B

B

@

1

C

C

C

A
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Poynting Vector, Irradiance, and Optical
Admittance

In unbounded, isotropic, nonabsorbing media without
charges or currents, plane waves travel as transverse waves,
and the electric andmagnetic fields form an orthogonal triad
with the Poynting vector S.

The Poynting vector, with units of W=m2, is interpreted as
the instantaneous radiant-energy-flux density. The time-
averaged Poynting vector is then the irradiance perpen-
dicular to the direction of travel I?. In complex notation
with constant amplitudes E0 and H0, the irradiance is

hSit ¼
1
2
Re fE�H�g

I? ¼ 1
2
yjE0j2, where y ¼ N

cm

The optical admittance (or characteristic optical
admittance) y has SI units of siemens and is the ratio of
magnetic and electric field strength of the electromagnetic
wave.

If themedium is nonmagnetic and nonconductive, the optical
admittance becomes

y ¼ n
cm0

¼ n c :0

and in vacuum

y0 ¼
ffiffiffiffiffiffi

:0
m0

r

¼ 2:6544� 10�3S

Some authors use the optical inductance 1=y instead.
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Plane of Incidence

The diagrambelow illustrates the interaction of a planewave
incident on a planar boundary. The direction of propagation
of the incident, transmitted, and reflected waves are
contained within the plane of incidence.

Polarization isdefined in termsof theorientationof theelectric
field, and it is often convenient to define the polarization state
as either perpendicular or parallel to the plane of incidence.

When the electric field is perpendicular to the plane of
incidence, the wave is transverse electric or TE polarized,
and is known as s polarization.

When the electric field is parallel to the plane of incidence,
the wave is transverse magnetic, or TM polarized, and is
known as p polarization.

The “s” in s polarization stands for senkrecht—German for
perpendicular. The “p” in p polarization stands for parallel,
which is also German::: for parallel.
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Stokes Relations

The principle of reversibility states that if there are no
losses, then wave propagation is reversible.

The left diagram illustrates a unit-amplitude plane wave
incident on a planar boundary between two homogeneous
dielectric materials with the reflected and transmitted
amplitudes r and t. Reversing the directions of the two
waves, as shown in the right figure, results in one wave
returning toward the source and another component
directed back into the second material.

The principle of reversibility requires that the amplitude of
the wave returning to the source is equal to the incident
amplitude, while the amplitude directed into the medium
must be zero.

The two equations below are known as Stokes relations.
The second equation implies that there is always a 180-deg
phase difference between waves reflected from either side
of the boundary.

r rþ t t0 ¼ 1

r tþ t r0 ¼ 0
!

t t0 ¼ 1� r r0

r ¼ �r0

In addition to reversibility, the Stokes relations also assume
that the waves add in amplitude, meaning that they obey
the principle of linear superposition.
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Airy Formulae and Airy Function

A plane wave of amplitude A0 is incident on a plane-parallel
plate of index n0. By the principle of linear superposition, the
total reflected or transmitted amplitude is the sum of all of
the components directed toward the respective space. The
coefficients of reflection and transmission (r, r0, t, and t0) are
those used in the Stokes relations, and the phase difference
between adjacent rays is d. Assuming a lossless boundary,
applying the Stokes relations, and simplifying the infinite
sums produces

Ar

A0
¼ A0ðrþ r0tt0eid þ r03tt0ei2d þ � � �Þ ¼ r

1� eid

1� r2eid

At

A0
¼ tt0eid þ tr02t0ei2d þ tr03t0ei3d þ � � � ¼ 1� r2

1� r2eid

The Airy formulae describe the ratio of reflected and
transmitted irradiance relative to the incident irradiance,
while the Airy function specifically refers to It=I0.

Ir
I0

¼
2r

1�r2
� �2sin2 d=2

1þ 2r
1�r2
� �2sin2 d=2

,
It
I0

¼ 1

1þ 2r
1�r2
� �2sin2 d=2

where the phase difference between adjacent rays is

d ¼ 4p
l

nd cos u
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Airy Function and Finesse

A plot of the relative transmitted intensity (Airy function)
illustrates fringes of the order m ¼ d=2p.

Analogous to conservation of energy, the reflected inten-
sity distribution is the complement of the transmitted
intensity, with dark fringes in place of bright fringes.

The finesse of the fringes can be defined as the ratio of
fringe separation to the fringe full-width at half-max
(FWHM):

finesse ¼ F ¼ fringe separation
FWHM

� p

2

ffiffiffiffi

F
p

Where the approximation is valid for small d, andF is defined
as the coefficient of finesse,

F ¼ 2r
1� r2

� �2

The Airy formulae can then be conveniently expressed in
terms of the coefficient of finesse:

Ir
I0

¼ F sin2 d=2

1þ F sin2 d=2
,

It
I0

¼ 1

1þ F sin2 d=2
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Fresnel Equations

The amplitude coefficients of transmission and
reflection for s and p polarization (TE and TM) are given
by the Fresnel equations and may be derived with the
condition that the total electric and magnetic fields parallel
to the boundary are continuous across the boundary.

ts ¼ 2y0 cos u0
y0 cos u0 þ y1 cos u1

tp ¼ 2y0 cos u0
y0 cos u1 þ y1 cos u0

rs ¼ y0 cos u0 � y1 cos u1
y0 cos u0 þ y1 cos u1

rp ¼ y0 cos u1 � y1 cos u0
y0 cos u1 þ y1 cos u0

In nonmagnetic media, the optical admittances y0 and y1
can be replaced by the complex refractive indices N0 and
N1, since m0 cancels from the ratios:

ts ¼ 2N0 cos u0
N0 cos u0 þN1 cos u1

tp ¼ 2N0 cos u0
N0 cos u1 þN1 cos u0

rs ¼ N0 cos u0 �N1 cos u1
N0 cos u0 þN1 cos u1

rp ¼ N0 cos u1 �N1 cos u0
N0 cos u1 þN1 cos u0

In nonabsorbing and nonmagnetic media, the complex
refractive index can be replaced by the real index. Snell’s
law then supplies the form originally derived by Fresnel:

ts ¼ 2 cos u0 sin u1
sinðu0 þ u1Þ tp ¼ 2 cos u0 sin u1

sinðu0 þ u1Þsinðu0 � u1Þ

rs ¼ � sinðu0 � u1Þ
sinðu0 þ u1Þ rp ¼ � tanðu0 � u1Þ

tanðu0 þ u1Þ
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Coefficient of Reflection

In this field guide, the coordinate system is defined so that
rs ¼ rp at normal incidence. However, many authors choose
coordinate systems such that rs ¼ �rp at normal incidence.

Typical amplitude coefficients of reflection in dielectric
media are shown in the following diagram:

The coefficient of reflection for p polarization goes to zero
and changes phase by p at the Brewster angle uB. This
fact is often used in Brewster windows, which allow very
high transmission for TM or p polarization.

Reflectance r2 becomes maximum at the critical angle
uC, where both polarizations experience total internal
reflection (TIR).
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Reflectance and Transmittance

Refraction causes a beam with a perpendicular area A to be
transmitted as a beam that has been foreshortened by the
ratio of cosines as shown above.

The reflectance and transmittance are defined, respec-
tively, as the ratio of reflected and transmitted flux relative
to the incident flux. In the case of reflectance R, the area of
the beam is unchanged, so the cosines and refractive
indices cancel but not so for transmittance T:

R ¼ IrAr

IiAi
¼ E2

r

E2
i

¼ jrj2

T ¼ ItAt

IiAi
¼

nt
2cmt

E2
t

ni
2cmi

E2
i

cos ut
cos ui

¼ nt=mt

ni=mi

cos ut
cos ui

jtj2

where r and t are the polarization-dependent coefficients of
reflection and transmission.

In nonmagnetic media, mi ¼ mt ¼ m0, resulting in

R ¼ jrj2 T ¼ nt

ni
jtj2
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Laws of Refraction and Reflection

Snell’s law is a consequence of Maxwell’s equations and
represents the relationship between the refractive indices
across a boundary and the angles of incidence and refraction.

n1 sin ui ¼ n2 sin ut

When the first medium has a lower refractive index than
the second (n1 < n2), it is possible for the angle of refraction
to reach 90 deg. The angle at which this occurs is known as
the critical angle uC . As may be verified with the Fresnel
equations, angles beyond the critical angle experience
total internal reflection.

uC ¼ sin�1
n2

n1

� �

In vector form, the law of refraction can take these forms:

n1ðk̂i � n̂Þ ¼ n2ðk̂t � n̂Þ

n2k̂t ¼ n1k̂i þ n̂ðn2 cos ut � n1 cos uiÞ
The law of reflection can be stated as ur ¼ ui, as a special
case of the law of refraction where n2 ¼ �n1, or as the
simplified and convenient vector forms:

k̂r ¼ k̂i � 2ðk̂i � n̂Þn̂

k̂r � n̂ ¼ �k̂i � n̂
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Phase Difference between Parallel Reflections

The phase difference d between two partial reflections
made by parallel boundaries, illustrated in the figure as
ray segments ABC and AD, is determined by the distance
between the boundaries d, the refractive index n0, and the
ray angle within the medium u0.

d¼2p
l
Dt¼2p

l
nDt

¼2p
l
½n0ð }ABþ }BCÞ�n }AD�

d¼4p
l
n0d cos u0

Note that many authors define d as half this quantity,
which corresponds to the differential phase acquired in
traversing the space between the boundaries.

Provided that the coherence length of the source is larger
than d, the reflected beams will interfere, and the condition
for constructive interference between two such reflected
plane waves is

2p m ¼ d þ f ¼ 4p
l

n0d cos u0 þ f

ml ¼ 2n0d cos u0 þ f

2p
l

Where there is a difference in phase due to the optical path,
there is generally also a phase difference due to reflection,
denoted here by f.
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Characteristic Matrix of Thin Films

To simplify expressions, the
description of thin films often
involves the tilted optical
admittance η, which is the ratio
of the magnetic and electric field
strengths parallel to the planar
boundary and depends on the
complex refractive index
Nj = nj ikj, the admittance of free
space yfs, and the angle of propaga-
tion within the layerθj.

The tilted optical admittance
is different for TE and TM
polarization.

The behavior of the jth layer can then be described in terms
of its characteristic matrix Mj and the phase δ /2
acquired by a ray traversing a layer:

The characteristic matrix of the full stack of thin-film
layers is

There is a separate  characteristic  matrix for TE  and  TM
polarization   found  by   inserting  the   appropriate  tilted
optical  admittance.
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Reflectance and Transmittance of Thin Films

The behavior of a thin-film stack can be treated as a single
surface with an equivalent optical admittance heq ¼ C=B,
which depends on the characteristic matrix and the tilted
optical admittance of the substrate hsub.

B

C

� �

¼
Ym

j¼1
Mj

� � 1

hsub

� �

¼ m11 þm12hsub

m21 þm22hsub

� �

! heq ¼
C
B

The generally complex amplitude coefficients of reflec-
tion and transmission are, respectively,

r ¼ reflected amplitude
incident amplitude

¼ h0 � heq

h0 þ heq

t ¼ transmitted amplitude
incident amplitude

¼ 2h0

h0 þ heq

The amplitude coefficients of reflection and transmission
depend on the polarization, and so TE or TM coefficients
are computed using the associated tilted admittance.

The reflectance and transmittance (also polarization
dependent) are

R ¼ rr� ¼ h0 � heq

h0 þ heq

 !

h0 � heq

h0 þ heq

 !�

T ¼ hsub cos usub
h0 cos u0

tt�¼ hsub cos usub
h0 cos u0

4Reðh0ÞReðheqÞ
ðh0 þ hsubÞðh0 þ hsubÞ�

These expressions assume that the incident medium is
nonabsorbing, or that the refractive index is real, but these
results are valid even if the other layers and substrate are
absorbing.
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Superposed Plane Waves

An expression of the complex monochromatic plane wave is
written in terms of its wavevectork, frequency ω, and vector
amplitude A:

The physical field E is the real part of U.

By the principle of linear superposition, N super-
posed plane waves add in amplitude in a linear medium.

is generally a complex vector so that it includes the
orientation of the optical field, polarization ellipticity, and
the phase at r = 0, t = 0. Furthermore, it may be written as
the product of the complex unit vector â and the scalar
amplitude A:

Total irradiance is the time average of the square of the
electric field. In a nonmagnetic, nonabsorbing medium:

The quantities Ix, Iy, and Iz are independent contributions
and  may be computed  separately.  The  factor  of   cnε    
is   admittance,   converting   squared  field   to  power  per  
unit area.
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Interference of Two Plane Waves
(Different Frequency)

Consider one component contribution to the total irradi-
ance for a sum of two plane waves. Using the simplifying
notation Ajâjx = Ajxeiφ jxx̂ and:

The x-component contribution to the total field becomes

The resulting optical field is made up of a sum of amplitude
components and a difference of amplitude components that
are π 2 out of phase. Each component includes a high-
frequency factor (1014 to 1015 Hz—usually undetectable)
and a low-frequency factor.
The x-component contribution to the irradiance is propor-
tional to the time average (indicated by angle brackets) of
the square of the x component of the electric field. So for
integration time, ∆t 1/ωΣ , the x-component contribution
to the total  irradiance in  a  nonmagnetic,  nonabsorbing 
medium  becomes

The same applies to the y- and z-component contributions.
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Interference of Two Plane Waves (Same Frequency)

The superposition of two plane waves having the same
polarization and direction of propagation is a highly
instructive example of interference but also forms a
model of several important interferometric systems. The
field from two superposed plane waves of the same
frequency but different amplitudes and phase, traveling
along the z axis, can be expressed in complex notation as

U ¼ jA1jeiðkz�vtþf1Þ þ jA2jeiðkz�vt þf2Þ

¼ jA1jeif2 þ jA2jeif2
� �

eiðkz�vtÞ

The resulting irradiance is independent of position and
time but varies with the cosine of the phase difference.

I ¼ c:
2n

Uðz,tÞU �ðz,tÞ

¼ c:
2n

jA1j2 þ jA2j2 þ 2jA1jjA2jcosðf1 � f2Þ
h i

¼ I1 þ I2 þ 2
ffiffiffiffiffiffiffiffiffi
I1I2

p
cosfD

When the phase difference is in the first or fourth quadrant
(between �p=2 and p=2) the irradiance is greater than the
sum of the irradiances produced by each wave separately
and is known as constructive interference. At integer
multiples of 2p, the constructive interference is maximum.

When the phase difference is in the second or third quad-
rants, the irradiance is less than the sum of the irradiances
produced by each wave separately and is known as
destructive interference. At odd integer multiples of p,
the destructive interference produces a minimum:

fD ¼ mp, m 2 Even! Maximum constructive interference

fD ¼ mp, m 2 Odd! Maximum destructive interference

39Interference

Field Guide to Physical Optics
Downloaded From: https://www.spiedigitallibrary.org/ebooks on 21 Mar 2022
Terms of Use: https://www.spiedigitallibrary.org/terms-of-use



Phase Velocity and Group Velocity

When two interfering waves have different frequencies, the
electric field appears as the product of two harmonic
functions of time and position.

U ¼ Aeiðk1z�v1tþf1Þ þ Aeiðk2z�v2tþf2Þ

¼ 2A cos kDz� vDtþ fD

2

� �

eiðkSz�vStþfSÞ=2

The field behaves like a single-frequency plane wave
traveling at the speed vp, known as the phase velocity,
and a lower-frequency modulating wave form, traveling at
the speed vg, known as the group velocity.

Phase velocity is the speed of the constant phase surfaces.
Group velocity is the speed of the envelope and, in a mildly
dispersive medium, the speed with which energy is trans-
ported. In other cases, this quantity can exceed the vacuum
speed of light or even go in reverse directions.

In the limit of small vD, the finite difference can be replaced
by a derivative:

vg ¼ dv
dk

¼ vp þ k
dvp
dk

¼ vpl
dvp
dl

The group index of refraction ng can then be defined as

ng ¼ c
vg

¼ c
dk
dv

¼ nþw
dn
dv

¼ n� l
dn
dl
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Interference of Two Plane Waves (3D)

The field and irradiance in  nonabsorbing, nonmagentic
media  from   two   superposed   plane waves   with  the
same     frequency     but     different    wavevectors      and
amplitudes   is

The factor of depends on the relative
orientations of the respective optical fields (their polariza-
tions).
The interference fringes are arranged in parallel planes
that are all perpendicular to the difference in wavevectors
k and separated by the distance 2 k

In the case of an arbitrarily oriented observation plane, the
fringes can be described in terms of a     fringe vector   kf   that
is  simply a projection of k into the observation  plane
whose normal is n̂:

The fringe vector describes both the direction of the
fringes v̂ and the fringe period . The fringe vector and the
related concept of the grating vector are useful when
considering diffraction from 1D gratings.
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Fringe Visibility / Modulation / Contrast

Interference of two or more wave fields results in fringes
that have maximum and minimum irradiance either in
space or time as a function of a variable phase difference.
Complete destructive interference refers to the case in
which the resulting irradiance is zero. Constructive
interference refers to cases where the resulting irradi-
ance is greater than the sum of the individual irradiances.

The level of interference is characterized by fringe contrast
V , which is also known as fringe visibility or fringe
modulation, and is the ratio of the difference over the sum
of maximum and minimum irradiance:

V ¼ Imax � Imin

Imax þ Imin
¼ 2

ffiffiffiffiffiffiffiffiffi

I1I2
p
I1 þ I2

p12

Loss of fringe visibility can result from a number of factors.
In the case of just two plane waves, nonparallel polarization
expressed by the factor p12 will cause a loss of visibility that
goes with the cosine of the angle between polarizations.

In addition to a loss of visibility in the irradiance itself, there
can be a loss of contrast in the detected signal due to the size
of the detector. When a is the width of a rectangular
detector, and L is the fringe pitch, the contrast of a 1D-
fringe pattern that would otherwise be 100% becomes

V ¼ sinðpa=LÞ
pa=L

This demonstrates that the visibility is maximum for a ¼ 0
and goes through a contrast reversal when the detector
size a drops below the fringe pitch L.
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Interference of Two Polarized Plane Waves

It is useful to consider TE and TM polarization separately
when two wavevectors are in the same plane of incidence.

k1 ¼ 2p
l

ðŷ sin u1 þ ẑ cos u1Þ, k2 ¼ 2p
l

ðŷ sin u2 þ ẑ cos u2Þ

kf ¼ 2p
l

ðsin u1 � sin u2Þŷ

Assuming that the frequencies, amplitudes, and phases of
the two plane waves are the same:

ITE ¼ c:
n
A2ð1þ coskf yÞ ITM ¼ c:

n
A2½1þ cos ðu1 � u2Þcoskf y�

TE fringe visibility is independent of the difference in angles
ju1 � u2j, but TM fringe visibility varies with the relative
angle and can become negative for differences larger thanp/2
resulting in contrast reversal.

This interesting result has serious implications for imaging
systemswithNA > 1=

ffiffiffi

2
p

, whereTEpolarization canproduce
contrast-reversed images for some spatial frequencies.
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Grating Equation

In a planar 1D grating of period L, constructive interfer-
ence of scattered plane waves occurs at angles um, where m
is known as the order of diffraction. The diffracted angles
obey the grating equation, and at normal incidence

L sin um ¼ ml

When the direction of the beam is
perpendicular to the grating lines
but at an angle ui to the plane of
the grating, this equation applies:

sin um � sin ui ¼ ml=L

When the direction of the incident beam is oblique to both
the grating lines and the plane of the grating, then it is
convenient to express the diffracted wavevector k0 in terms
of the incident wavevector k and a grating vector q. The
grating vector magnitude is 2p

L with a direction assumed to
be in the x-y plane so that f is the angle that the grating
vector makes with the x axis.

k0x ¼ kx þm
2p
L

cosf, k0y ¼ ky þm
2p
L

sinf

k0z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jkj2 � k02x � k02y

q

The choice of the sign in the last equation depends on
whether k0 refers to a transmitted or reflected order.
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Interference of Two Spherical Waves

Many systems can be modeled
based on the idealized scalar spher-
ical optical wave, even though such
waves do not occur in nature.

The crests of two sphericalwaves
with initial phases f1 and f2 and
wavelength l is schematically
shown at the right. Constructive
interference occurs where crests
meet crests. Destructive inter-
ference occurs where crests meet
troughs.

Surfaces of equal phase difference
are hyperboloids revolved about
the axis passing through the two
point sources. Three equivalent
expressions of these hyperbolae are

z2

a2 �
r2

b2
¼ 1, r ¼ aðe2 � 1Þ

1 þ e cos u

z ¼ cr2

1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 4r2

ðm þ DmÞ2l2�d2

q

where Dm is the fractional
fringe order, e is the eccentric-
ity, Rc is the radius of curva-
ture, and

Rc ¼ b2

a
¼ d2 � ðmþ DmÞ2l2

2ðmþ DmÞl ¼ 1
c

r2 � r1 ¼ ðmþ DmÞl ¼ 2a

Dm ¼ f2 � f1

2p
, e ¼ d

ðmþ DmÞl
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Huygens’ and Huygens–Fresnel Principles

The Huygens’ principle states that
each point on a wavefront is considered
the source of a new spherical wave. The
wavefront propagated downstream is
then constructed from the envelope of
the set of wavelets.

This is usually presented as the seed
idea of a diffraction theory. The prob-
lem is that it does not actually account
for diffraction because it does not
include the concept of interference.
Also, it implies that in addition to the
forward-moving wave, there should be
a backward-moving wave (which is not
observed experimentally).

The Huygens–Fresnel principle is
a modification of Huygens’ principle
where the back-propagating portion
of each secondary wave is dropped
and furthermore has some angular
dependence known as an obliquity
factor.

The scalar theory development shows
that the so-called Huygens’ wavelet
takes the form of something close to a
spherical wave.

hH
z ðrÞ ¼ � eikr

2pr
ik� 1

r

� �

cos u

¼ eikr � tan�1kr

2pr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 þ 1=r2
q

cos u
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Fresnel Diffraction

The Huygens–Fresnel principle is applicable when a
spherical wave is emitted from point S and secondary
waves are emitted from an intermediate plane at point Q to
construct the field U at point P.

U ¼ A
il

ZZ

eikr1

r1

eikr2

r2
KðuÞrdfdr¼�iAeikðs2�s1Þ

Z

eikt

r1r2
KðuÞrdr

t is the optical path difference from the on-axis path:

t ¼ ðr1 þ r2Þ � ðs2 � s1Þ � r2

2ðs2 � s1Þ
Fresnel zones are concentric annular regions where the
outer edge of each is defined by an optical path difference of
l=2 from the inner edge. Using the above quadratic app-
roximation in phase, and a linear approximation in the
denominator (r1r2 � �s1s2), and assuming that the obliq-
uity factor KðuÞ is constant within a zone, the field due to
the nth zone of outer radius rn is

Un � �i
Aikðs2� s1Þ

s2 � s1
Kn

Z

nl=2

ðn�1Þl=2

eiktkdt ¼ 2ð�1Þnþ1U Kn

So the contributions of odd zones are 180 deg from the even
zones.

In the approximation Kn � 1 (especially good on axis), the
contribution of a single zone is twice the field produced by
all of the zones together.
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On-Axis Irradiance behind a Circular Aperture

The Fresnel number Nf is the number of Fresnel zones
“seen” from the observation point P.

Nf ¼ D2

4l
1
s2

� 1
s1

� �

A point source at S behind a circular aperture will
produce an on-axis field and irradiance at P that depends
on the Fresnel number.

UNf ¼ �iU
Z

Nfl=2

0

eiktk dt ¼ Uð1� eipNf Þ

INf ¼
c:
2n

jUP j2 ¼ 4I 1� cosðpNf Þ
� �

where U and I are the field and irradiance without an
aperture, and t is the optical path difference for point Q.
The on-axis irradiance oscillates with distance from the
aperture and with the aperture size.

In the above diagram, L is defined as

1
L
¼ 1

s2
� 1
s1
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Fresnel Zone Plate

The Fresnel zone plate, or
zone plate, is an aperture
that blocks every other Fres-
nel zone, as shownat the right.

The result is that only odd
(or even) zones contribute to
the on-axis irradiance.

Under the parabolic approxi-
mation, each zone contributes
twice the optical field that
would exist in the absence
of the device, so that the
relative on-axis field is proportional to the number of open
Fresnel zones (approximately half of the Fresnel number),
and the irradiance is proportional to the square of the
Fresnel number.

UP ¼ 2NOFZ U � NfU , IP ¼ 4N2
OFZI � N2

f I

At positions where an odd number of Fresnel zones is con-
tained within each zone of the zone plate, another bright spot
appears on-axis. Each of the axial bright spots is an image of
the source, so zone plates behave like thin lenses with
multiple focal lengths (of orderm), bothpositiveandnegative.
The thin-lens equation can be used to find the conjugate
locations for each order.

Each image order is dimmer than the first-order image,
and the background irradiance tends to reduce the contrast
of extended images.
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Integral Theorem of Helmholtz and Kirchhoff

Green’s theorem relates the scalar field U and a Green’s
function G in a volume V and on the enclosing surface S.

ZZZ

V

ðUr2G�Gr2UÞdV ¼
ZZ

S

U
@G
@n

�G
@U
@n

� �

dS

The spherical surfaceS0 is anadditional portion of the surface
of integration that separates P from the volume.

If U and G both satisfy
the Helmholtz equation
and have continuous first
and second partial deriva-
tives on the surface of
integration, then the vol-
ume integral vanishes.

ZZ

S0

G
@U
@n0 �U

@G
@n0

� �

dS ¼ �
ZZ

S

G
@U
@n

�U
@G
@n

� �

dS

The Kirchhoff Green’s function GK has the form of a
spherical wave centered on the observation point so that

GK ¼ eikr

r
! @GK

@n
¼ ik�1

r

� �

eikr

r
cosðn,rÞ¼ ik�1

r

� �

eikr

r
n �r
jn �rj

In the limit as S0 collapses on P, the integral theorem of
Helmholtz and Kirchhoff gives the field at P.

Up ¼ 1
4p

ZZ

S

eikr

r
@USðrÞ

@n
� USðrÞ @

@n
eikr

r

� �� �

dS

Given:

1. Scalar theory holds.

2. U satisfies the Helmholtz equation.

3. U has continuous first and second partial deriva-
tives on and within S.

50 Scalar Theory of Diffraction

Field Guide to Physical Optics
Downloaded From: https://www.spiedigitallibrary.org/ebooks on 21 Mar 2022
Terms of Use: https://www.spiedigitallibrary.org/terms-of-use



Sommerfeld Radiation and Kirchhoff Boundary
Conditions

In the case of an observation
point P and an aperture S
within a generally curved
surface, the contribution
to the diffraction integral
of the field U on surface
S2 (a portion of a sphere
with radius R) can be
neglected if

lim
R!1

R
@U
@n

� ikU
� �

¼ 0

This condition is known as the Sommerfeld radiation
condition and is satisfied when the scalar field U radiating
away from the aperture vanishes at least as quickly as a
spherical wave.

The diffraction problem is further simplified when the
Kirchhoff boundary conditions—also known as the
Cauchy boundary conditions—are applied.

1. Across the transparent portion of the screen S, both
the field and its derivative are exactly the same as
they would be in the absence of the screen.

2. In the surface region outside the screen S1, both the
field and its derivative are zero.

Strictly speaking, both conditions cannot be true for both
the field and its derivative at the same time, but results
of these assumptions are so useful and sufficiently accurate
that we can generally accept the inconsistency and use them
in a wide variety of problems.
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Fresnel–Kirchhoff Diffraction Integral

The diffraction integral can be evaluated as a sum of inte-
grals over three portions of a closed surface that includes an
aperture.

The Kirchhoff boundary condi-
tions and Sommerfeld radiation
condition leave only the integral
over the open aperture. If it is also
assumed that the aperture is illu-
minated by a spherical wave of
amplitudeA centeredonQ, thenwe
arrive at the Fresnel–Kirchhoff
diffraction integral:

Up ¼ A
i2l

ZZ

S

eikðrq þ rpÞ

rqrp

n � rp
jn � rpj �

n � rq
jn � rqj

� �

dS

Given:

1. Scalar theory holds,

2. Sommerfeld radiation condition,

3. Kirchhoff boundary conditions,

4. Illumination by single point source,

5. P is several wavelengths from S.

The Fresnel–Kirchhoff diffraction integral is interesting in
that it does not require a planar aperture, but its use of the
Kirchhoff boundary conditions means that it requires an
inconsistency in the field after the aperture. Nonetheless,
this formula is generally considered very accurate for dis-
tances of several wavelengths or more from the aperture.
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Rayleigh–Sommerfeld Diffraction Integral

With a planar boundary, a Green’s function consisting of a
linear combination of two Kirchhoff-type Green’s functions
can remove the inconsistency in the Kirchhoff boundary
conditions. In this scheme, one is placed at the observation
point, and the other is placed directly opposite the
boundary, outside the volume of integration.

Two convenient cases are used: in the first case, the Green’s
function vanishes on the boundary, and in the second case,
its derivative vanishes on the boundary.

GI ¼ eikr

r
� eikr

0

r0
! GIjS ¼ 0

GII ¼ eikr

r
þ eikr

0

r0
! @GI

@n
jS ¼ 0

These produce the first and second
Rayleigh–Sommerfeld diffrac-
tion integrals,UI andUII, respec-
tively.

UI ¼ 1
il

ZZ

U
eikr

r
cosðn,rÞdS

UII ¼ 1
2p

ZZ

@U
@n

eikr

r
cosðn,rÞdS

Given:

1. Scalar theory holds.

2. Sommerfeld radiation condition holds.

3. P is several wavelengths from S.

4. I. U is unchanged within the planar aperture but
vanishes outside the aperture (also known as the
Dirichlet boundary conditions).

II. @U=@n is unchanged within the planar aperture
but vanishes outside the aperture (also known as
the Neumann boundary conditions).
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Boundary Conditions and Obliquity Factors

The Fresnel–Kirchhoff and Rayleigh–Sommerfeld diffrac-
tion integrals contain obliquity factors K that depend
on the choice of both Green’s function and boundary
conditions. Take the case of a planar boundary illumi-
nated by a single spherical wave originating at q. Then,
all three diffraction integrals express the field at p with
the form:

Up ¼ A
il

ZZ

eikðrp þ rqÞ

rprq
K dS

When the Kirchhoff boundary conditions are satisfied
(outside of the aperture U ¼ @U=@n ¼ 0), then

G ¼ GK ¼ eikrp

rp
! K ¼ cosðn,rpÞ � cosðn,rqÞ

2

The first Rayleigh–Sommerfeld solution uses the Dirich-
let boundary conditions (outside of the aperture U ¼ 0),
and

G ¼ GI ¼ eikrp

rp
� eikrq

rq
! K ¼ cosðn,rpÞ

The first Rayleigh–Sommerfeld solution uses theNeumann
boundary conditions (outside the aperture @U=@n ¼ 0),
and

G ¼ GII ¼ eikrp

rp
þ eikrq

rq
! K ¼ �cosðn,rqÞ

Interestingly, the Kirchhoff boundary conditions yield an
obliquity factor that is the arithmetic mean of the
obliquity factors obtained with the Dirichlet and Neu-
mann boundary conditions.
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Fresnel Diffraction Formula

The first Rayleigh–Sommerfeld diffraction integral depends
on r and a cosine factor (obliquity factor). Expanding these
into Taylor series, and truncating at the second order in
phase and first order in amplitude, composes the Fresnel
approximation.

cosðn,rÞ
r

� 1
z
, r � z 1þ 1

2
x0 � x
z

� �2

þ 1
2

y0 � y
z

� �2
" #

The validity of these approximations is said to depend on the
relative size of the next term in the Taylor series. Inserting
the Fresnel approximation into the Rayleigh–Sommerfield
diffraction integral produces the Fresnel diffraction
integral, which is valid within the so-called Fresnel region
or near-field.

U 0ðx0,y0Þ ¼ eikz

ilz
e

ik
2z

ðx02 þ y02ÞZZ

S

Uðx,yÞTðx,yÞe
ik
2z

ðx2 þ y2Þ
e
�
i2p
lz

ðxx0 þ yy0Þ
dx dy

where z3 � p
4lmax ðx0 � xÞ2 þ ðy0 � yÞ2

h i2

This condition on z3 is sufficient because it allows us to
neglect the next term in the Taylor series. However, in
practice, the validity of the Fresnel approximation is
somewhat more relaxed since the only requirement of the
higher-order contributions is that they remain constant.
This explains why the Fresnel diffraction integral is often
useful at small distances from the aperture.
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Fresnel Diffraction between Confocal Surfaces

Two surfaces are confocal surfaces if their curvatures are
centered on each other, forming the rotationally symmetric
system shown above. A nonrigorous but instructive way of
relating the fields on confocal surfaces (indicated with a
tilde), is to estimate the phase on the curved surfaces in
terms of the tangent planes and substitute this into the
Fresnel diffraction formula.

~U¼ Ue
ip
lzðx

2þy2Þ ~U
0 ¼ U 0e�

ip
lzðx0

2þy02Þ

U 0 ¼ eikz

ilz
e
ip
lzðx

02þy02Þ
ZZ

Ue
ip
lzðx

02þy02Þe�ikzðxx0þyy0 Þdxdy

~U
0 ¼ eikz

ilz

ZZ

~Ue�ikzðxx0þyy0 Þdxdy

This interesting result shows that propagation between
confocal surfaces causes both quadratic phases (inside and
outside the integral) to vanish.

A more rigorous derivation, starting from the integral
theorem of Helmholtz and Kirchhoff—which can be applied
directly to the spherical surfaces or by using the principle
of stationary phase—produces the same result.
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Fraunhofer Diffraction Formula

The Fraunhofer approximation assumes that the dis-
tance from the aperture is great enough that the quadratic
phase in the Fresnel diffraction integral becomes negligible,
resulting in the Fraunhofer diffraction integral:

U 0ðx0,y0Þ ¼ eikz

ilz
e
ik
2zðx0

2þy02Þ
ZZ

S

Uðx,yÞTðx,yÞei2plz ðxx0þyy0Þdxdy

where z � p
2lmax½x2 þ y2�

As illustrated, a transparency illuminated by a uniform
spherical wave converges on the observation plane. The
spherical wave is approximated in the Fresnel diffrac-
tion integral by a multiplicative quadratic phase with a
radius of curvature R.

U 0ðx0,y0Þ ¼ eikz

ilz
e
ip
lzðx0

2þy02Þ
ZZ

T e
ip
l

1
z�1

Rð Þðx2þy2Þe�i 2plzðxx0þyy0Þdx dy

When the curvature of the illuminating wavefront is
centered on the observation plane R ¼ z, the quadratic
phase inside the integral vanishes, and the field becomes a
scaled Fourier transform of the amplitude transmission—
again arriving at the Fraunhofer result:

U 0ðx0,y0Þ ¼ eikz

ilz
e
ip
lzðx0

2þy02Þ
ZZ

Tðx,yÞ e�i 2plzðxx0þyy0Þdxdy
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Huygens’ Wavelet

The Rayleigh–Sommerfeld diffraction integral assumes that
the observation point is several wavelengths from the
aperture (z � l). Without this assumption, the field trans-
mitted by the apertureU becomesU 0 at a distance z through
this convolution:

U 0ðx0,y0Þ ¼ � 1
2p

ZZ

S

Uðx,yÞ e
ikr

r
ik� 1

r

� �

cos udS

where r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðx0 � xÞ2 þ ðy0 � yÞ2 þ z2
q

, and cos u ¼ z=r:

This represents a mathematical expression of Huygens’
principle, which states that each point in a wavefront is a
source of a spherical wave. However, this integral indicates
that the convolution kernel hH

z is slightly different from a
simple spherical wave and is sometimes referred to as the
Huygens’ wavelet:

hH
z ðrÞ ¼ � eikr

2pr
ik� 1

r

� �

cos u ¼ eikr � tan�1kr

2pr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 þ 1=r2
q

cos u

Under the Fresnel approximation, Huygens’ wavelet
becomes the Fresnel wavelet (a parabolic wave) and
provides an alternative way of deriving the Fresnel
diffraction integral in terms of convolution:

hF
z ðrÞ �

1
il

eikze
ik
2zðx2þy2Þ
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Angular Spectrum of Plane Waves

The angular-spectrum approach to diffraction is the idea
that a field can be decomposed into a set of plane waves,
each of which are then easily propagated individually.
Each plane wave in the decomposition has the form

Aeiðk�r � vtÞ ¼ Aei
2p
l ðaxþbyþgzÞe�vt ¼ Aei2pð�x þ hy þ gzÞeiðkgz � vtÞ

� ¼ a=l and h ¼ b=l are spatial frequencies in a Fourier
transform, while fa,b,gg are generally interpreted as
direction cosines in the angular spectrum of plane
waves Að�,h; zÞ. At t ¼ 0 and z ¼ zi,

Að�,h; ziÞ ¼
ZZ

1
Uðx,y; ziÞei2pð�xþhyÞdxdy

Uðx,y; ziÞ ¼
ZZ

1
Að�,h; ziÞe�i2pð�xþhyÞd�dh

This decomposition is permitted if the medium is linear
and the field satisfies the Dirichlet conditions (not to be
confused with the Dirichlet boundary conditions used in
the first Rayleigh–Sommerfeld diffraction integral):

• Absolutely integrable;

• A finite number of maxima and minima;

• A finite number of finite discontinuities;

• No infinite discontinuities (bounded).

When the angular spectrum is propagated using the
transfer function of free space Hzð�,h;DzÞ,

Að�,h; zf Þ ¼ Að�,h; ziÞHð�,h; zf � ziÞ

An inverse Fourier transform recovers the field at z ¼ zf :

Uðx,y; zf Þ ¼
ZZ

1
Að�,h; zf Þe�i2pð�x þ hyÞd�dh
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Transfer Function of Free Space

The exponential phase applied to the plane-wave spectrum
upon propagation is known as the transfer function of
free space Hzð�,h; DzÞ and is variously written as

Hzð�,h;DzÞ ¼ ei
2p
l Dz

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�l2�2�l2h2
p

¼ ei
2p
l Dz

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�a2�b2
p

¼ ei
2p
l g Dz

where

Dz ¼ zf � zi
fa,bg ¼ fl�,lhg
g ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� a2 � b2
p

The plot below illustrates the phase (black) and amplitude
(blue) of the transfer function of free space versus a with
b ¼ 0 for several small propagation distances.

Within a2 þ b2 < 1 (the spatial frequencies less than 1=l),
Hz has a unit amplitude and a curved phase that increases
in curvature with propagation distance.

In the range a2 þ b2 > 1 (spatial frequencies greater than
1=l), the transfer function is purely real. These plane-wave
components are evanescent: they form standing waves
directed orthogonally to the z axis that decay exponentially
with propagation distance.
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Method of Stationary Phase

Integrals of the form below occur frequently in diffraction
theory, and in many cases w is large enough to cause the
phase to oscillate rapidly with changing gðrÞ:

f ¼
Z

uðrÞeiwgðrÞdr

In those regions of rapid oscillation, the integrand tends to
average to zero so that the overall integral is heavily
weighted to regions where gðrÞ is slowly varying around
stationary points (x0,y0) where the first derivatives are
zero so that a Taylor expansion becomes

gðx,yÞ � gðx0,y0Þ þ ðx� x0Þðy� y0Þgxyðx0,y0Þ
þ1
2

ðx� x0Þ2gxxðx0,y0Þ þ ðy� y0Þ2gyyðx0,y0Þ
h i

where gxx ¼ @2g
@x2

, gxy ¼ @2g
@x @y

, gyy ¼ @2g
@y2

Under the stationary phase approximation, the Taylor
series is substituted back into the integral, and the
amplitude is evaluated at the stationary point outside
the integral. When there is more than one stationary point,
the integral becomes a summation over the stationary
points:

f ¼ i2p
w

X

x0,y0
uðx0,y0Þ aeiwgðx0,y0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

gxxðx0,y0Þgyyðx0,y0Þ � g2xyðx0,y0Þ
q

The stationary phase approximation can be used to derive
the Fresnel and Fraunhofer diffraction integrals from the
plane-wave-spectrum approach to diffraction. The sta-
tionary phase approximation is also useful in a wide
variety of other problems, optical and otherwise.
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Talbot Images

If an infinite periodic transparency with period L is
illuminated by a normally incident plane wave of wave-
length l, then the irradiance distribution will repeat itself
as the field propagates, forming what are known as
Talbot images, or self images, every Talbot distance
zT ¼ 2L2=l.

In addition to producing an image of the initial periodic
transmittance, an inverse Talbot image is formed at L2=l,
and in between each Talbot image and inverse Talbot
image there is a double-frequency image.

Although the above diagram illustrates a simple 2D
grating having a single pitch in each orthogonal direction,
the Talbot effect ismore general and applies to any periodic
structure.

Periodic structures of finite extent also display this effect.
However, the contrast begins to decay after a few cycles.

A common application of the Talbot effect is the so-called
Talbot interferometer. When the illuminating wavefront
contains some aberration, the self images are deformed.
The deformation is roughly linear with the slope of the
abberrated wavefront, and the self image can be processed
to retrieve the wavefront information.
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Babinet’s Principle

A consequence of the principle of linear superposition is that
the field leaving a complex aperture can be decomposed into
contributions from complimentary subapertures. The dia-
gram illustrates the total fieldUt in termsof the incident field
Ui and the two aperture transmission functions S1 and S2.

Babinet’s principle states that at some distance from the
complex aperture, the field is the sum of the propagated
fields from each subaperture. This is a consequence of the
linearity of beam propagation, as indicated below with
complimentary S1 and S2 and the linear operator L:

LðUtÞ ¼ LðUiÞ � LðUiS1Þ þ LðUiS2Þ

Although this schematic diagram employs irradiance plots
computedwith theFresnel diffraction integral, remember that
Babinet’s principle applies to the field (not the irradiance).

Babinet’s principle is useful in the problem of an infinite
half-plane aperture illuminated by a normally incident
plane wave. Any point on the edge of the geometric shadow
has an equal contribution from either half-plane of the
unobstructed beam, so the field amplitude on the edge of
the geometric shadow is 50% of the unobstructed field, and
the irradiance is 25% of the unobstructed irradiance.
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Fresnel Diffraction by a Rectangular Aperture

Assuming a normally incident plane wave of amplitude A,
the Fresnel diffraction integral gives the amplitude U
in a parallel plane at a distance z.
U ¼ �ieikz

�
(

C
w� 2x0

ffiffiffiffiffi

lz
p

� �

þ C
�w� 2x0

ffiffiffiffiffi

lz
p

� �

þ i sign S
w� 2x0

ffiffiffiffiffi

lz
p

� �

þ S
�w� 2x0

ffiffiffiffiffi

lz
p

� �� ��

�
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C
h� 2y0

ffiffiffiffiffi
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� �
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�h� 2y0

ffiffiffiffiffi

lz
p

� �

þ i sign S
h� 2y0

ffiffiffiffiffi

lz
p

� �

þ S
�h� 2y0

ffiffiffiffiffi

lz
p

� �� ��

where signðzÞ is þ1 or �1
depending on the size of z, and
the Fresnel integrals (not to
be confused with the Fresnel
diffraction integral) are

CðxÞ ¼
Z x

0
cos

pu2

2
du

SðxÞ ¼
Z x

0
sin

pu2

2
du

Many mathematical software packages include Fresnel inte-
gral calculators, making evaluation of expressions in terms of
CðxÞ and SðxÞ very easy. The example below shows the case of
a slit that is 10 � 100 wavelengths in size and where the
irradiance is evaluated at 10, 40, and 160 wavelengths from
the slit.
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Cornu Spiral

TheCornu spiral is a plot of the phasor B ¼ C þ iS, where
C and S are Fresnel integrals. The Cornu spiral can be
used to make quantitative diffraction calculations in
certain situations, but today its main use is in providing
a deeper understanding of diffraction problems.

For example, it is easy to see from theCornu spiral that at the
border of the geometric shadowof aknife edge, illuminatedby
a unit-amplitude plane wave, the field amplitude is halved,
while the irradiance is one-fourth that of the unobstructed
field because the arc starts at the origin and wraps around
one-half of the full spiral.

As the observation point moves into the shadow, the arc
wraps around one end of the spiral, and the length of the
phasor (and thus the irradiance) decreases monotonically.
As the observation point moves away from the shadow, the
arc wraps around the other end, and the phasor length goes
through a series of maxima and minima.
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Cornu Spiral (cont.)

It is also instructive to consider the case of a long, narrow slit
of width w. In this case, the diffraction integral reduces to

U ¼ �ieikz � B
w� 2x0

ffiffiffiffiffi

lz
p

� �

þ B
�w� 2x0

ffiffiffiffiffi

lz
p

� �	 


When the observation point is behind the center of the
slit, the path along the Cornu spiral is symmetric with
respect to its origin. In the example plot below, the width
of the slit and the distance to the observation point are
chosen so that the center of the diffraction pattern is
relatively dark.

As the observation point shifts, the length of the arc along
the Cornu spiral does not change, but its position does, so
the irradiance oscillates between relative maxima and
minima on either side of the center.

As the observation point moves well outside of the geometric
shadow, the path wraps tightly around the spiral so that the
phasor length becomes smaller and the local maxima and
minima approach zero.
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Propagation through a Lens

A transparency illuminated by a normally incident unit-
amplitude plane wave, a lens placed at a distance f � z, and
the field is observed in the rear focal plane.

z > 0 indicates that the transparency is to the right of the
front focal plane.

1. Propagation of the field transmitted by the transpar-
ency is performed using the spectrum of plane waves
and the paraxial approximation to the transfer function
of free space.

2. The action of the lens is represented by a quadratic
phase e�ik (x2 þ y2)/2f.

3. The Fresnel diffraction integral propagates the
field to the observation plane.

Because the observation plane is at the back focal plane,
the quadratic phase inside the Fresnel integral is canceled
by the action of the lens. If the lens is assumed to be
infinite in extent, then the simplification produces

U 0ðx0,y0Þ¼eikð2f�zÞ

ilf
e
ikz
2f 2ðx

02þy02Þ
ZZ

tAðx,yÞUðx,yÞe�i2plf ðxx0þyy0Þdxdy

If the transparency, as defined by the transparency function
tA, is placed in the front focal plane, the leading quadratic
phase disappears so that without the Fraunhofer approx-
imation, the lens produces a final field that is a scaled
Fourier transform of the initial field.
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Airy Disk

Consider scalar distributionU
0
within the pupil at a distance

z from the front focal plane of a lens:

U 0 ¼ eikð2fþ zÞ

ilf
e

ikz
2f2

r02
Z p

�p

Z 1

0
Ue�i2p

lf rr
0cosðu�u0Þr dr du

¼ 2p
eikð2fþ zÞ

ilf
e

ikz
2f2

r02
Z 1

0
UJ0

2p
lf

rr0
� �

r dr

J0 is the zero-order Bessel function of the first kind. The
field in the focal plane of the lens is the Fourier–Bessel
transform of U. When U ¼ circð2r=rÞ, the field is
proportional to the jinc function and becomes the familiar
Airy disk, which is proportional to jinc2.

U 0 ¼ pDeif

i2lðF=#Þ
J1

pr0
lðF=#Þ
� �

pr0
lðF=#Þ

¼ pDeif

i4lðF=#Þ jinc
r0

2lðF=#Þ
� �

jU 0j2 ¼ p2D2eif

16l2ðF=#Þ2 jinc
2 r0

2lðF=#Þ
� �

¼ Airy disk

r0
2lðF=#Þ jinc r0

2lF=#

� �

0 1

0.705085 0.5

1.63472 �0.132279

2.67929 0.0644825

3.69871 �0.040008

4.70970 0.0279185

5.71679 �0.0209052
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Double-Telecentric Imaging System

Two positive elements, separated by the sum of their focal
lengths, with the stop in the common focal plane, form a
double-telecentric system, because the entrance and exit
pupils are at infinity.

U0ðx,yÞ is the field in a plane zo from the front focal plane,
and the field incident on the stop Upð�,hÞ is

Up ¼ eikð2f1� zoÞ

ilf1
e
ikzo
2f 21

ð�2þ h2Þ
ZZ

Uoe
�i 2p

lf1
ðx�þ yhÞdxdy

The field at a plane zi from the final back focal plane
Uiðx0, y0Þ in terms of the pupil function Pð�,hÞ is

Ui ¼ eikð2f2þ ziÞ

ilf2

ZZ

PUpe
� ikzi

2f 22
ð�2þ h2Þ

e�i 2plf2ð�x
0þ hy0Þd� dh

When substituting Up, the quadratic phases cancel if the
first and last planes are conjugate:

zi=zo ¼ f 22 =f
2
1

These two integrals show that the image is estimated by
first Fourier transforming the field leaving the object
plane, then multiplying by the pupil function, and finally
Fourier transforming again to arrive at the image plane.
Defocus is included by means of a phase factor.
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Linear and Shift-Invariant Imaging System

Most imaging problems can be cast in a simplified optical
model where an object plane is at a distance zo from an
entrance pupil, which is relayed to an exit pupil with some
magnification mp, followed by an image plane with
magnification mi at a distance zi beyond the exit pupil.

fx0,y0g ¼ mifx,yg, f�0,h0g ¼ mpf�,hg
It is convenient to assume that the imaging system is
linear and shift invariant (LSI). If the operator F
describes the imaging system where Fff1ðxÞg ¼ g1ðxÞ and
Fff2ðxÞg ¼ g2ðxÞ while a and b are constants, then F is
linear and shift invariant when

Ffa f1ðxÞ þ b f2ðxÞg¼ a g1ðxÞ þ b g2ðxÞ
Fff1ðx� x0Þg¼ g1ðx� x0Þ

Complex exponentials such as f ðxÞ ¼ e�i2p�x are eigenfunc-
tions of LSI systems. Because they also form the kernel of
the Fourier transform and the Fraunhofer diffraction
integral (which assumes LSI), a cornucopia of mathemati-
cal tools are available to describe LSI imaging systems.

Shift invariance is not satisfied if there is an image flip, so
it is also convenient to carry out calculations in either the
object or image space using the geometric object or image
as the input.
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Coherent and Incoherent Point Spread Function

The point spread function (PSF) of an optical system
hðx,yÞ is the image of a point object. The image produced by
an optical system can be thought of as a convolution of
geometric image and the PSF:

f ðx,yÞ ¼
ZZ

gðx,yÞhðx� a,y� bÞdadb

Although negative magnification can violate shift invari-
ance, it can always be recovered by using image space
coordinates.

The coherent point spread function of an LSI coherent
imaging system is the Fraunhofer diffraction integral of
the pupil function Pð�,hÞ:

hcðx,yÞ ¼ A
lzi

ZZ

Pð�,hÞe�i2plzi
ð�x,hyÞd� dh

The central ordinate theorem states that the central
value of the Fourier transform of a function is the integral
over the function itself and shows that the on-axis
irradiance is proportional to the square of transmission-
weighted area of the aperture.

Ið0,0Þ ¼ / h2
c ð0,0Þ ¼

A
lzi

ZZ

Pð�,hÞd� dh
�

�

�

�

�

�

�

�

2

Incoherent imaging occurs when the fields at any two
points in the object are completely uncorrelated, causing
each imaged point to add in intensity rather than
amplitude. So the incoherent point spread function
is the squared modulus of the coherent point spread
function:

hiðx,yÞ ¼ jhcðx,yÞj2 ¼ A
lzi

ZZ

Pðx,hÞe�i2plzi
ð�xþhyÞd� dh

�

�

�

�

�

�

�

�

2
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PSF for Rectangular and Circular Apertures

The coherent PSF of a rectangular aperture is the
product of sinc functions, and the incoherent PSF is the
product of sinc-squared functions:

hcðx,yÞ ¼ ab
A
lzi

sincðpax=lziÞsincðpby=lziÞ

hiðx,yÞ¼jhcðx,yÞj2¼ ab
A
lzi

� �2

sinc2ðpax=lziÞsinc2ðpby=lziÞ

The PSF of a circular aperture is a jinc function. The
incoherent PSF is a jinc-squared function.

hcðx,yÞ ¼ pa2

4
A
lzi

2J1ðpar=lziÞ
par=lzi

¼ pa2

4
A
lzi

jincðpar=lziÞ

hiðx,yÞ ¼ jhcðx,yÞj2 ¼ pa2

4
A
lzi

� �2

jinc2ðpar=lziÞ
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Transfer Function

Although the image can be computed as a convolution of
the geometric image with the PSF, it is often more
convenient to use the transfer function Hð�,hÞ, which is
simply the Fourier transform of the PSF.

If the image f ðx,yÞ is a convolution of the geometric image
giðx,yÞ with the PSF hðx,yÞ

f ðx,yÞ ¼
ZZ

giðx0,y0Þhðx� x0,y� y0Þdx0dy0

then the Fourier transform of the image is the product of
the geometric image spectrum Gð�,hÞ and the transfer
function of the imaging system Hð�,hÞ.

Fð�,hÞ ¼
ZZ

f ðx,yÞe�i2pð�xþhyÞdxdy

¼ Gið�,hÞHð�,hÞ

where

Gið�,hÞ ¼
ZZ

giðx,yÞe�i2pð�xþhyÞdxdy

Hð�,hÞ ¼
ZZ

hðx,yÞe�i2pð�xþhyÞdxdy

The transfer function itself depends on the type of imaging
(coherent, incoherent, or some form of partial coherence)
and the pupil function, which could include aberrations
and apodization.
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Coherent Transfer Function (CTF)

In the case of a coherent imaging system, the PSF of a
linear-shift-invariant system is related to the Fourier
transform of the pupil function Pð�,hÞ:

hcðx,yÞ ¼ A
lzi

ZZ

Pð�,hÞei2plzið�xþhyÞd� dh

The transfer function is the Fourier transform of the PSF:

Hcðfx,fyÞ ¼
ZZ

hcðx,yÞe�i2pðxfxþyfyÞdxdy

¼
ZZ

A
lzi

ZZ

Pð�,hÞe�i 2plzi
ð�xþhyÞ

� �

e�i2pðxfxþyfyÞdxdy

Carrying out this integral shows that the coherent
transfer function (CTF), also known as the amplitude
transfer function, is a scaled version of the pupil
function.

Hcðfx,fyÞ ¼ AlziPð�lzifx,� lzifyÞ

The leading factor of Alzi is often dropped because only the
general shape of the image is of interest. Also, whenever
the pupil is symmetric to inversion (which is usually the
case), the negative signs in the arguments to P can be
dropped, and the CTF becomes

CTFðfx,fyÞ ¼ Hcðfx,fyÞ ¼ Pðlzifx,lzifyÞ

Note that the pupil function includes the aperture and also
any wavefront aberrations and apodization.
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Incoherent Transfer Function and the
Optical Transfer Function

In an incoherent imaging system, each point in the object
(and therefore in the geometric image) does not interfere
with the others, so the image points add in irradiance
rather than in amplitude. As a result, the point spread
function of an incoherent imaging system is the squared
modulus of the coherent point spread function:

hiðx,yÞ ¼ jhcðx,yÞj2 ¼ A
lzi

ZZ

Pð�,hÞe�i2plzi
ð�x þ hyÞd� dh

�

�

�

�

�

�

�

�

2

The incoherent transfer function Hi is the Fourier
transformof thePSF,which is the autocorrelation of theCTF:

Hiðfx,fyÞ ¼
ZZ

hiðx,yÞe�i2pðxfxþyfyÞdxdy

¼
ZZ

A
lzi

ZZ

Pð�,hÞe�i 2plzi
ð�xþhyÞd�dh

�

�

�

�

�

�

�

�

2
 !

e�i2pðxfxþyfyÞdxdy

¼jAlzij2
ZZ

Pðlzifx,lzifyÞPðlzifxþ�0,lzifyþh0Þd�dh

¼
ZZ

Hcðf 0x,f 0yÞH�
c ðf 0x�fx,f 0y�fyÞdf 0x df 0y

Normalizing by the central value yields the optical transfer
function (OTF): the normalized autocorrelation of the CTF
(a scaled and flipped version of the pupil function).

After a change of variables, the OTF in a symmetric form is

OTFðfxfyÞ ¼Hiðfx,fyÞ
Hið0,0Þ

¼

ZZ

Hc f 0xþ
fx
2
,f 0yþ

fy
2

� �

H�
c f 0x�

fx
2
,f 0y�

fy
2

� �

df 0x df
0
y

ZZ

Hcðf 0x,f 0yÞH�
c ðf 0x,f 0yÞdf 0x df 0y
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Strehl Ratio

The Strehl ratio is the
ratio of the central
value of an aberrated
and/or apodized PSF to
that of an unaberrated
and unapodized PSF.
At a distance zi from
the exit pupil,
close to the Gaussian focus distance zg, the Fresnel
diffraction formula gives

SR ¼
z�1
i

ZZ

AðrÞPðrÞeifðrÞdr
�

�

�

�

�

�

�

�

2

z�1
g

ZZ

PðrÞdr
�

�

�

�

�

�

�

�

2 ¼

ZZ

OTFaðvÞdv
ZZ

OTFuðvÞdv

where A is real and represents apodization, while f
represents phase aberration, and P is unity everywhere
inside the exit pupil. The right-most expression is derived
from the Fourier transform relationship between the PSF
and OTF, where a and u indicate aberrated/apodized and
unaberrated/unapodized OTFs.

The limit of small aberrations in the Strehl ratio can be
estimated through the variance of the phase aberrations:

s2
f ¼ hf2i � hfi2, where hf i ¼

ZZ

PðrÞf ðrÞdr
ZZ

PðrÞdr

SR ffi ð1� s2
f=2Þ2 Mar�echal formula

SR ffi 1� s2
f

SR ffi e1�s2
f

The first expression is the well-knownMaréchal formula,
and although the second expression is less expensive
computationally, the third expression usually yields more
accurate results.
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Properties of the OTF and MTF

If the pupil function has inversion symmetry, then we can
also state that the OTF is the normalized autocorrelation
of the pupil function:

OTF ¼

ZZ

Pðx,yÞP�ðx� lzifx,y� lzifyÞdxdy
ZZ

jPðx,yÞj2dxdy

The modulation transfer function (MTF) is the abso-
lute value of the OTF, and the pair have several important
properties.

MTFðfx,fyÞ ¼ jOTFðfx,fyÞj
1. The MTF and OTF are normalized so that

OTFð0,0Þ ¼ MTFð0,0Þ ¼ 1:

2. The OTF has Hermitian symmetry and the MTF has
inversion symmetry:

OTFðfxfyÞ ¼ OTF�ð�fx,�fyÞ
MTFðfxfyÞ ¼ MTFð�fx,�fyÞ

3. The central value is always larger than, or equal to,
any other value:

jOTFð0,0Þj � jOTFðfx,fyÞj
MTFð0,0Þ � OTFðfx,fyÞ

4. The OTF of an aberration-free system is always real
and nonnegative so that OTF ¼ MTF.

5. Aberrations cannot increase the value of the MTF over
an unaberrated MTF at any particular frequency.
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CTF and OTF of a Circular Aperture

The OTF for an unaberrated imaging system with a
circular aperture is the autocorrelation of a circ function,
which corresponds to the overlapping area between two
relatively displaced circ functions:

circðrÞ ¼
r < 1 ! 1

r ¼ 1 ! 1=2

r > 1 ! 0

8

>

<

>

:

gcircðrÞ ¼
2
p

cos�1ðrÞ � r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 � r2
p� �

circðrÞ

For an aperture diameter of a, the CTF and OTF become

Note that the cutoff frequency of the OTF is twice that
of the CTF and that we can write these in terms of the
f-number (F/#) or numerical aperture (NA) of the beam.

f incoherentcutoff ¼ a
lzi

¼ 1
lðF=#Þ ¼ 2

NA
l

¼ 2f coherentcutoff
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CTF and OTF of a Rectangular Aperture

With a rectangular aperture of dimensions a� b, the CTF
is just the product of rect functions.

CTF ¼ rect
lzifx
a

� �

rect
lzify
b

� �

The OTF is then the product of tri functions:

OTF ¼ tri
lzifx
2a

� �

tri
lzify
2b

� �

triðxÞ ¼ jxj � 1 ! 1 � jxj
jxj > 1 ! 0

�

The incoherent cutoff frequency is twice the coherent
cutoff but depends on the direction in the fx-fy plane.
In a direction along one of the sides, the cutoff is a=lzi.
But the maximum cutoff will be along one of the
diagonals.

f incoherentcutoff ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ b2
p

lzi
¼ 2f coherentcutoff
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Coherent and Incoherent Cutoff Frequency

The classic coherent imaging system uses a normally
incident monochromatic plane wave for illumination.

When the object is a grating with a single frequency at the
coherent cutoff, theþ1 and�1 orders are just barely accepted
by the aperture of the imaging system. These three beams
then produce a fringe pattern at the cutoff frequency. If the
grating frequency is any greater than the cutoff frequency,
then only the zero-order diffracted beam is passed by the
imaging system, and the modulation is reduced to zero.

f coherentcutoff ¼ a=2
lzi

¼ 1
2lðF=#Þ ¼

NA
l

In an incoherent imaging system, the grating is illumi-
nated from every direction. Although frequencies just beyond
the coherent cutoff are still blocked for a normally incident
wavefront, the zero order and either the þ1st or �1st orders
can be passed by other angles of illumination and allowed to
interfere at the image plane. The off-axis light continues to
produce modulation until only one of the three beams can be
passed; this occurs at twice the coherent cutoff.

f incoherentcutoff ¼ a
lzi

¼ 1
lðF=#Þ ¼ 2

NA
l
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Rayleigh Criterion

The Rayleigh criterion is a common metric for determin-
ing whether two points or lines are resolved. It states that
the first zeros of two neighboring point or line spread
functions overlap with the maximum of one over the first
zero of the other.
In the case of point objects and a circular aperture, the dip
in the middle of the two images is about 74% of the
maximum.

By the Rayleigh criterion, the angular resolution of a
diffraction-limited telescope with a circular-entrance-pupil
diameter D and imaging wavelength λ is

Angular resolution = 1.22 λ D

In spectroscopy, neighboring slit images must be resolved,
so it is also common to apply the Rayleigh criterion to sinc
functions as shown below.
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Rotationally Symmetric Gaussian Beams

The classical Gaussian beam closely approximatesmany real
beams—primarily coherent laser beams—and is therefore of
great importance in wave optics.

The basic form of the Gaussian beam, which is a solution
to the paraxial Helmholtz equation, is a parabolic
approximation to a spherical wave with complex radius
curvature q:

U ¼ ueikz ¼ � iA
q
ei

kr2
2q eikz

The paraxial Helmholtz equation requires that @q=@z ¼ 1
or that q ¼ zþ aþ iz0, where a and z0 are real constants:

u ¼ � iA
q
e
i kr

2

2jqj2ðzþaþiz0Þ ¼ � iA
q
e
i kr

2

2jqj2ðzþaÞ
e
�kz0r

2

2jqj2

It is customary to set a ¼ 0 so that the wavefront is flat at
z ¼ 0. The Rayleigh range z0—which must be positive so
that u has the form of a paraxial spherical wave with a
Gaussian irradiance profile—is the distance between the
maximum and minimum absolute curvature.

Imposing a form with a real radius of curvature R,
standard deviation, s, total power F, and Gouy shift u,

u ¼ � iA
q
e
i kr2

2jqj2=ze
kz0r

2

2jqj2 ¼
ffiffiffiffiffiffiffiffiffi

F

ps2

r

ei
kr2
2R e�

r2

2s2e�iu

where

q ¼ z� iz0 R ¼ zþ z20=z A ¼ ks0
ffiffiffiffiffiffiffiffiffiffi

F=p
p

s2 ¼ s2
0ð1þ z2=z20Þ z0 ¼ ks2

0 tanu ¼ z=z0
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Rotationally Symmetric Gaussian Beams (cont.)

Another common form of the Gaussian beam uses the e�2

beam radius w.

u ¼ � iA
q
e�ikr

2
2q ¼

ffiffiffiffiffiffiffiffiffi

2F
pw2

r

e�ikr
2

2R e�
r2

w2 e�iu

w ¼ w0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ z2=z20
q

tanu ¼ z=z0 tan d ¼ w0

z0

R ¼ �z� z20=z q ¼ zþ i z0 z0 ¼ 1
2
k w2

0

Independent of how the radius is defined (with s, w, or
something else), the radius of the beam traces out a
hyperbola with propagation. The divergence of a Gaussian
beam d, or sometimes tand, is the angle defined by the
asymptote of the beam radius and happens to be the same
angle defined by the beam-waist radius as viewed from the
Rayleigh range.
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Gaussian Beam Size

The size of rotationally symmetric (or two-fold symmetric)
Gaussian beams can be described in several ways. The
beam size is usually given in terms of the irradiance, and
the most common size parameters are the half-width at
half-max h, the 1/e radius s, and the 1/e2 radius w. These
plots illustrate the relationship between these size para-
meters relative to the irradiance profile of the beam (top)
and the beam divergence, which may also be defined
using the same size parameters.

Although each of these parameters is a half-width, full-
widths are sometimes encountered as well.
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Rayleigh Range and Sister Surfaces

The Rayleigh range z0 is perhaps best defined as the
distance from the beam waist where the Gouy shift u is
p/4 because this is true for general Gaussian beams, which
are not necessarily rotationally symmetric and do not
exhibit separability in x and y.

In the case of a rotationally symmetric Gaussian beam,
the Rayleigh range is simultaneously the distance from
the waist where the wavefront curvature is maximum,
where the beam area doubles, and where the axial
irradiance halves. It also corresponds to a pair of sister
surfaces positioned at equal distances on either side of
the waist.

Sister surfaces are pairs of Gaussian beam wavefronts that
are located at each other’s center of curvature, as
illustrated here.

The positions, radii, and Gouy shifts of sister surfaces obey
these relationships:

zz0 ¼ �z20,
1
w2 þ

1
w02 ¼ 1

w2
0
, ju� u0j ¼ p=2
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Gouy Shift and Wavefront Curvature

The phase of a Gaussian beam relative to a parallel-
propagating plane wave will lose 180 deg as it goes from
–1 to þ1. This effect, which also exists in any focused
beam, is known as the Gouy shift (often misspelled
as “Guoy”) and is captured in the Gaussian beam
parameter u:

tanu ¼ z
z0

In this plot, the rotationally symmetric Gaussian beam
profile is shown schematically with a dashed line super-
imposed on the plots of wavefront curvature and Gouy
shift. It is clear that the Rayleigh range corresponds to
the location of Gouy shift of �p/4, as well as the positions of
maximum absolute wavefront curvature (for the case of a
rotationally symmetric Gaussian beam).
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ABCD Method for Gaussian Beams

The complex curvature q completely specifies the unit-
power rotationally symmetric Gaussian beam, and the
ABCD method relates input and output complex curva-
tures q and q0 through the elements of a paraxial system
matrix:

q0 ¼ Aqþ B
CqþD

The system matrix (which can be formed from the
submatrices shown in the table below) determines the
propagation of a ray of initial height y and the optical angle
v ¼ nu (paraxial angle u and refractive index n):

y0

v0

� �

¼ A B

C D

� �

y

v

� �

¼ Mn:::M2M1
y

v

� �

¼ M
y

v

� �

Transfer by reduced thickness
t ¼ t=n (thickness t and index n) MT ¼ 1 t

0 1

� �

Thin lens of power f
MR ¼ 1 0

�f 1

� �

Conjugates at magnification m
MC ¼ m 0

�f 1=m

� �

Focal planes for lens of power f
MF ¼ 0 1=f

�f 0

� �

Nodal planes with initial and final
refractive indices n and n0 MN ¼ n=n0 1=f

�f n0=n

� �

Any system matrix can also be derived in reverse, given
initial and final heights and optical directions of any two
linearly independent rays:

M ¼ A B

C D

� �

¼ y01 y02
v0
1 v0

2

� �

v1 �y2
�v1 y2

� ��

y1 y2
v1 v2

�

�

�

�

�

�

�

�
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Young’s Double Pinhole

In the classic Young’s double pinhole experiment, a
source illuminates a pair of separated pinholes located at
r1 and r2, and the irradiance is observed at r0 as shown.

The irradiance at the observation point is the time-averaged
square of the combined fields arriving at the observation
point. The fields generally include transmission coefficients
and obliquity factors

ffiffiffiffiffiffi

K1
p

and
ffiffiffiffiffiffi

K2
p

, and the fields themselves
further depend on the time delays t1 and t2 in reaching the
observation point, which in turn depends on the relative
position of the three points and the source.

Iobsðr0;r1,r2Þ¼1
2
cn:0

ffiffiffiffiffiffi

K1

p

Uðr1,tþt1Þþ
ffiffiffiffiffiffi

K2

p

Uðr2,tþt2Þ
�

�

�

�

�

�

2
� �

t

¼1
2
cn:0 K1 Uðr1,tþt1Þj j2

D E

t
þK2 jUðr2,tþt2Þj2

D E

t

h

þ2
ffiffiffiffiffiffiffiffiffiffiffiffi

K1K2

p

jUðr1,tþt1ÞU�ðr2,tþt2Þj2
D E

t

i

Iobsðr0;r1,r2Þ ¼K1I1þK2I2þcn:0
ffiffiffiffiffiffiffiffiffiffiffiffi

K1K2

p

Gðr1,r2,t1,t2Þ

The first two terms are the irradiance due to each pinhole
(as if the other were not present), while the third term
represents the presence of any interference and depends on
the mutual coherence function:

Gðr1,r2,t1,t2Þ ¼ jUðr1,tþ t1ÞU�ðr2,tþ t2Þj2
D E

t
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Mutual Coherence Function

In most cases, the source is considered stationary in time
so that themutual coherence function is only a function
of the difference in time delay t.

Gðr1,r2,tÞ ¼ Uðr1,tþ tÞU�ðr2,tÞh it
Either form of the mutual coherence function is generally
complex and can be normalized to form the complex
degree of coherence: gðr1,r2,tÞ.

gðr1,r2,tÞ ¼ jgðr1,r2,tÞjei fgðr1,r2,tÞ ¼ Gðr1,r2,tÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jUðr1,tÞj2
D E

t
jUðr2,tÞj2

D E

t

r

Referring to Young’s double pinhole, assuming temporal
stationarity and that the source has a narrow bandwidth
with average angular frequency v, and absorbing the
obliquity factors into the irradiances, the field at the
observation point is

Iobsðr1,r2,tÞ¼I1þI2þ2 gðr1,r2,tÞj j
ffiffiffiffiffiffiffiffiffi

I1I2
p

cos½vt�fðr1,r2,tÞ�

This represents a set of fringes whose visibility at each
point is determined by the modulus of the complex degree
of coherence:

V ¼ Imax � Imin

Imax þ Imin
¼ gðr1,r2,tÞj j

Because the position of the observation point is included in
the time delay t, the phase of the complex degree of
coherence fgðr1,r1,tÞ produces a shift of the fringes. This
could be caused, for example, by a source that is not
equidistant from the pinholes, or by a phase delay
introduced as a block of nondispersive glass in front of
one of the pinholes.
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Spatial Coherence: Mutual Intensity

Spatial coherence, characterized by the mutual intensity,
refers to the ability of two source points to interfere when
there is no time delay, or when the time delay is short
compared to the coherence time: the quasi-monochromatic
condition.

The mutual intensity is the mutual coherence function
under the special case of zero time delay (t ¼ 0) and
temporal stationarity (the mutual coherence function only
depends on the difference in time delay).

Gðr1,r2Þ ¼ Gðr1,r2,0Þ

Or, in normalized form

gðr1,r2Þ ¼ Gðr1,r2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jUðr1,tÞj2
D E

t
jUðr2,tÞj2

D E

t

r

Gðr1,r2Þ is sometimes called the spatial coherence
function or mutual optical intensity (mutual intensity
is used here because it is somewhat more common). At
r1 ¼ r2, there is perfect correlation, and

Gðr1,r1Þ ¼ I1 and gðr1,r1Þ ¼ 1

If r2 ¼ r1 þ Dr, then the width of Gðr1,r1 þ DrÞ as a
function of Dr is known as the correlation length. The
correlation length can be specified in terms full-width at
half-max, radius of the first zero, or any other convenient
size parameter; the coherence area is then the area within
the same specification.

Note that the correlation length sometimes goes by the
name of “coherence length,” but one should be careful with
this term, which is reserved here to refer to the path length
associated with the coherence time.
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Van Cittert–Zernike Theorem

The Van Cittert–Zernike theorem is a key result of
coherence theory that explains how propagation produces
spatial coherence from an incoherent quasi-monochromatic
source.

The mutual intensity of a spatially incoherent source
drops off rapidly with the separation of the two points, so
the width of the mutual intensity is generally on the order
of one wavelength and can be approximated as

Gðr1,r2Þ ¼ Acdðr1 � r2ÞIðr1Þ
where Iðr1Þ is the radiant exitance of the source, d is a
Dirac delta function, and Ac is the correlation area.

Assuming shift invariance, the downstream mutual inten-
sity can be expressed in terms of a point spread function,
and if that point spread function is the Fresnel wavelet
h ¼ hF

z , then

Gðr02 ,r02Þ¼hUðr01ÞU �ðr02Þi

¼
��

ZZ

Uðr1Þhðr01�r1Þdx1dy1
��

ZZ

Uðr2Þhðr02�r2Þdx2dy2
���

¼ Ac

l2z2

ZZ

Iðr1Þe�ik
2zðr01�r1 Þ2e

ik
2zðr02�r1 Þ2dx1dy1

¼ Ac

l2z2
e
ik
2zðr02�r01 Þ

ZZ

Iðr1Þe�ik
z fx1ðx02�x01 Þþy1ðy02�y0

1
Þgdx1dy1

This is the essence of the Van Cittert–Zernike theorem,
which states that if the source is spatially incoherent, and
the Fresnel approximation (not the more stringent Fraun-
hofer approximation) is satisfied, then the mutual intensity
at a distance is the Fourier transform of the source. So a
collection of light waves that starts out as perfectly
incoherent (spatially) becomes coherent with propagation.
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Temporal Coherence

The perfectly monochromatic harmonic wave is an ideali-
zation of temporal coherence that implies a sinusoidal
wave that has existed and will continue to exist forever.

The length of time that a wave continues to resemble
a sinusoid of a single frequency is the coherence time.
Although a source with an infinite coherence time
is unlikely to be encountered, many lasers can, in
certain circumstances, have practically infinite coher-
ence times.

Although sources of different frequencies may be made to
interfere, it is generally assumed that the interference
between different frequencies occurs on a time scale too
short for normal detection. This allows us to model sources
with a finite bandwidth as a sum of single-frequency
systems. Often, one source is enough.

When a source can be treated as if it is monochromatic, it is
referred to as quasi-monochromatic. A source behaves
as if it is monochromatic if the fringe modulation (as a
function of time delay) remains constant within the range
defined by the application, or as long as the maximum
optical path difference is somewhat less than the coherence
length:

OPDmax << Dl

92 Coherence Theory

Field Guide to Physical Optics
Downloaded From: https://www.spiedigitallibrary.org/ebooks on 21 Mar 2022
Terms of Use: https://www.spiedigitallibrary.org/terms-of-use



Coherence Length

Several types of interferometers make two copies of a
wavefront so that one is directed down a path that is Dz
longer than the other and then recombined to interfere at
an observation plane. If the recombined amplitudes are
equal, then the irradiance for a monochromatic source in
vacuum is

IðDz; nÞ ¼ c:0
2

2A2
n ½1þ cosð2p Dz n=cÞ�

and the fringe contrast is 1 and is independent of path
difference.

If this source cannot be considered monochromatic but
rather has a finite power spectrum A2

n , then the irradiance
is the weighted sum over all of the frequencies:

IðDzÞ ¼
Z 1

0
Iðn;DzÞdn ¼ c:0

Z 1

0
A2
n ½1þ cosð2p Dz n=cÞ�dn

When the power spectrum is symmetric about n0,

IðDzÞ ¼ I1 þ c:0 cosð2p Dz n0=cÞ
Z 1

�n0

A2
n0þn0

cosð2p Dz n0=cÞdn0

and the fringe visibility is

V ¼ 1
F

Z 1

�n0

A2
n0þn0

cosð2pnn0z=cÞdn0

Depending on the width Dn of the power spectrum, the
fringe visibility as a function of the path difference will also
have some finite width Dl, which is known as the
coherence length of the source. In addition, the coher-
ence time Dt ¼ Dl=c is the length of time over which the
source emission remains correlated with a delayed copy of
itself. The definition of the spectrum width and coherence
length/time varies; it might refer to half-width at half-max
or full-width between zeros, etc.
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Coherence Length for Simple Spectra

Two very narrow frequency components:

a2
n ¼

1
2
dðn� n0 þ Dn=2Þ þ 1

2
dðn� n0 � Dn=2Þ

V ¼ cos
pz
c
Dn

� �

Top-hat frequency distribution:

a2
n ¼

1
Dn

rect
n� n0
Dn

� �
, V ¼ sinðnpzDn=cÞ

npzDn=c

Gaussian frequency distribution:

a2
n ¼

1ffiffiffiffiffiffiffiffiffi
p=8

p
Dn

e�2ðn�n0Þ
2=ðDn=2Þ2 , V ¼ e�

1
8

pnDn
c

z
� �2

94 Coherence Theory

Field Guide to Physical Optics
Downloaded From: https://www.spiedigitallibrary.org/ebooks on 21 Mar 2022
Terms of Use: https://www.spiedigitallibrary.org/terms-of-use



Fabry–Pérot Interferometer

The Fabry–Pérot interferometer consists of parallel
reflective surfaces through which a source is imaged onto a
screen, as shown.

The resulting circular fringes are then described by the
Airy formulae. With the ray angle u inside the gap where
the refractive index is n, and an additional phase factor f,
the order of interference is

m ¼ d

2p
¼ 2nd

l
cos uþ f

p

On axis, the interference order m0 is maximum. Gener-
ally not an integer, it can be defined in terms of the
fractional part Dm and the order of the smallest circular
fringe m1.

m0 ¼ m1 þ Dm ¼ 2nd
l

þ f

p

The angular coordinate of the jth bright fringe for small uj is

uj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l

nd
ðj� 1þ DmÞ

r

When used in spectrometry, overlapping rings must be
discerned for different wavelengths. This leads to the
concepts of resolving power and free spectral range,
both of which are essential to the practical use of Fabry–
Pérot spectrometers.
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Fabry–Pérot Spectrometer

Closely separated fringes (at different wavelengths) are
considered resolved when the intensity dip between equal
peaks is 8=p2 � 81% of the peak intensity and Dd is the
separation of these peaks in a plot of the fringe irradiance
versus the path difference d.

Under this 81% condition (derived from the Rayleigh
criteria for imaging point sources) the resolving power—
which is the ratio of the primary wavelength to the least
resolvable-wavelength difference Ddmin—depends on the
order of the fringe m:

R ¼ l

Dlmin
� mF ¼ mp

ffiffiffiffi

F
p

2

where F is the coefficient of finesse that appears in Airy
function, and F is the finesse (the ratio of the fringe
separation to the width of a monochromatic fringe).

When the gap between the mirrors is large enough, fringes
from different wavelengths may overlap at different
orders. The range of wavelengths (or frequencies) over
which this does not occur is known as the free spectral
range.

Dlfsr � l2

2nd
, Dnfsr ¼ c

l

Dlfsr
l

¼ c
2nd
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Special Functions and Fourier Transforms

f ðxÞ ¼
Z

1

�1
Fð�Þei2px � d� Fð�Þ ¼

Z

1

�1
f ðxÞe�i2px�dx

f ðxÞ Fð�Þ

FðxÞ f ð��Þ

a f1ðxÞ þ b f2ðxÞ F1ð�ÞþF2ð�Þ

f1ðxÞ � f2ðxÞ F1ð�Þ F2ð�Þ

f ððx� x0Þ=aÞ jajFð�Þe�i2px0�

f ða xÞei2px �0 j1=ajFð� � �0Þ

2 cosð2px �0Þ dð�� �0Þ þ dð� þ �0Þ

2i sinð2px �0Þ dð�� �0Þ � dð� þ �0Þ

dðx� x0Þ e�i2px0�

rectðxÞ sincðp xÞ

e�x2 ffiffiffiffi

p
p

e�p2�2

eipx
2

e�ipð�2�1=4Þ

combðx=aÞ jajcombða xÞ

@n

@xn
f ðxÞ ði2p�ÞnFð�Þ
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Equation Summary

Vector wave equations:

r2E ¼ :m
@2E
@t2

þ ms
@E
@t

, r2H ¼ :m
@2H
@t2

þ ms
@H
@t

Scalar wave equation:

r2V ¼ :m
@2V
@t2

þ ms
@V
@t

Helmholtz equation:

r2FðrÞ þ k2FðrÞ ¼ 0

Paraxial Helmholtz equation:

r2
xyuþ 2ik

@u
@z

¼ @2u
@x2

þ @2u
@y2

þ 2ik
@u
@z

¼ 0

Plane wave, spherical wave, cylindrical wave:

U ¼ Aeiðk�r�vtþfÞ

Uðr,tÞ ¼ A
jr� r0j e

iðkjr�r0j�vtþf0Þ � A
z� z0

e
ik

2ðz�z0Þ½ðx�x0Þ2þðy�y0Þ2�eiðkðz�z0Þ�vtþf0Þ

Uðr,tÞ ¼ A
ffiffiffi

r
p eiðkr�vtþf0Þ

Beer–Lambert law:

T ¼kU=U0k2 ¼ e�
2v
c
kz ¼ e�

4p
l
k z ¼ e�a z, a¼2v

c
k¼4p

l
k

Degree of polarization:

DOP ¼ jspj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

S2
1 þ S2

2 þ S2
3

q

=S0, 0 � DOP � 1

Polarization extinction ratio:

PER ¼ Tmax

Tmin
¼ 1þD

1�D
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Equation Summary

Malus’ law:

It=Ii ¼ cos2Du

Jones vectors for linear polarization states:

ELu ¼
cos u

sin u

 !

EHLP ¼ 1

0

� �

, EVLP ¼ 0

1

� �

, EL þ 45 deg ¼ 1
ffiffiffi

2
p 1

1

� �

,

EL � 45 deg ¼ 1
ffiffiffi

2
p 1

�1

� �

Jones vectors for circular polarization states:

ERCP ¼ 1
ffiffiffi

2
p

1

�i

 !

, ELCP ¼ 1
ffiffiffi

2
p

1

þi

 !

Jonesvectors fromeigenpolarizationsandeigenvalues:

Eigenpolarizations: c1 ¼ ða,bÞT , c2 ¼ ð�b�,a�ÞT

Eigenvalues: l1, l2

Jones matrix:

J ¼ 1
a a�þb b�

a �b�

b a�

� �

l1 0

0 l2

� �

a� b�

�b a

� �

Jones matrix for retardance:

JRðfÞ ¼ eif=2 0

0 e�if=2

 !

Jones matrix for diattenuation:

JDðtx,tyÞ ¼
ax 0

0 ay

� �
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Equation Summary

Jones matrix for a linear polarizer at angle u:

JLPðuÞ ¼ cos2 u cos u sin u

cos u sin u sin2 u

 !

Jones matrix for horizontal and vertical linear
polarizers:

JHLP ¼
1 0

0 0

 !

, JVLP ¼
0 0

0 1

 !

Jonesmatrix for right- and left-handcircularpolarizers:

JRCP ¼ 1
2

1 i

�i 1

 !

, JLCP ¼ 1
2

1 �i

i 1

 !

Jones matrix for optical activity:

Jb ¼ eif
cosb �sinb

sinb cosb

� �

Jones rotation matrix:

JRotðuÞ ¼
cos u �sin u

sin u cos u

� �

Jones reflection matrix:

JMirrorðuÞ ¼
�1 0

0 1

� �
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Equation Summary

Degenerate normalized Stokes vectors:

ŜHLP ¼

1

1

0

0

0

B

B

B

B

B

@

1

C

C

C

C

C

A

, ŜVLP ¼

1

�1

0

0

0

B

B

B

B

B

@

1

C

C

C

C

C

A

, ŜL þ 45 deg ¼

1

0

1

0

0

B

B

B

B

B

@

1

C

C

C

C

C

A

ŜL � 45 deg ¼

1

0

�1

0

0

B

B

B

B

B

@

1

C

C

C

C

C

A

, ŜRCP ¼

1

0

0

1

0

B

B

B

B

B

@

1

C

C

C

C

C

A

, ŜLCP ¼

1

0

0

�1

0

B

B

B

B

B

@

1

C

C

C

C

C

A

Elliptical polarization—Jones and Stokes vectors:

E ¼ ax

ayeif

� �

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2
x þ a2

y

q cosa

eif sina

� �

S ¼

a2
x þ a2

y

a2
x � a2

y

2axay cosf

�2axay sinf

0

B

B

B

B

@

1

C

C

C

C

A

¼

S0

S0 2 cos 2a

S0 sin 2a cosf

�S0 sin 2a sinf

0

B

B

B

@

1

C

C

C

A

¼ S0

1

cos 2: cos 2u

cos 2: sin 2u

�sin 2:

0

B

B

B

@

1

C

C

C

A

Mueller matrix for diattenuation:

MDðTx,TyÞ ¼ 1
2

Tx þ Ty Tx � Ty 0 0

Tx � Ty Tx þ Ty 0 0

0 0 2
ffiffiffiffiffiffiffiffiffiffiffi

TxTy
p

0

0 0 0 2
ffiffiffiffiffiffiffiffiffiffiffi

TxTy
p

0

B

B

B

@

1

C

C

C

A
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Equation Summary

Mueller matrix for horizontal and vertical linear
polarizers:

MHLP ¼ 1
2

1 1 0 0

1 1 0 0

0 0 0 0

0 0 0 0

0

B

B

B

B

B

@

1

C

C

C

C

C

A

MVLP ¼ 1
2

1 �1 0 0

�1 1 0 0

0 0 0 0

0 0 0 0

0

B

B

B

B

B

@

1

C

C

C

C

C

A

Mueller matrix for retardance:

MRðfÞ ¼

1 0 0 0

0 1 0 0

0 0 cosf �sinf

0 0 sinf cosf

0

B

B

B

B

B

@

1

C

C

C

C

C

A

,

MQWP ¼ MRðp=4Þ

MHWP ¼ MRðp=2Þ

Mueller rotation matrix:

MRotðuÞ ¼

1 0 0 0

0 cos 2u sin 2u 0

0 �sin 2u cos 2u 0

0 0 0 1

0

B

B

B

@

1

C

C

C

A

Fresnel equations:

ts ¼ 2N0 cos u0
N0 cos u0 þN1 cos u1

rs ¼ N0 cos u0 �N1 cos u1
N0 cos u0 þN1 cos u1

tp ¼ 2N0 cos u0
N0 cos u1 þN1 cos u0

rp ¼ N0 cos u1 �N1 cos u0
N0 cos u1 þN1 cos u0

Brewster angle and critical angle:

uB ¼ arctan
n1

n0
uC ¼ arcsin

n1

n0
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Equation Summary

Phase difference for reflection between parallel
planes:

d ¼ 4p
l

n0d cos u0

Thin films:

hTE
j ¼ yfsNj cos uj

hTM
j ¼ yfsNj= cos uj

Mj ¼
cos dj=2

�i sin dj=2
hj

�i hj sin dj=2 cos dj=2

0

B

@

1

C

A

, d ¼ 4pNj

l
dj cos uj

B

C

 !

¼
Ym

j¼1
Mj

� � 1

hsub

 !

¼
m11 þm12hsub

m21 þm22hsub

 !

heq ¼ C
B

r ¼ h0 � heq

h0 þ heq
t ¼ 2h0

h0 þ heq

Reflectance and transmittance of thin films:

R ¼ rr� ¼ h0 � heq

h0 þ heq

 !

h0 � heq

h0 þ heq

 !�

T ¼ hsub cos usub
h0 cos u0

tt� ¼ hsub cos usub
h0 cos u0

4Reðh0ÞReðheqÞ
ðh0 þ hsubÞðh0 þ hsubÞ�

Group velocity:

vg ¼ dv
dk

¼ vp þ k
dvp
dk

¼ vpl
dvp
dl

Group index:

ng ¼ c
vg

¼ c
dk
dv

¼ nþw
dn
dv

¼ n� l
dn
dl
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Equation Summary

Fringe visibility or contrast:

V ¼ Imax � Imin

Imax þ Imin
¼ 2

ffiffiffiffiffiffiffiffiffi

I1I2
p
I1 þ I2

p12

Grating equation—normal incidence:

Lsinum ¼ ml

Grating equation—standard mount:

sin um � sin ui ¼ ml=L

Grating equation—general:

k0x ¼ kx þm
2p
L

cosf, k0y ¼ ky þm
2p
L

sinf

k0z ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jkj2 � k02x

q

� k02y

Fresnel number:

Nf ¼ D2

4lL
¼ D2

4l
1
s2

� 1
s1

� �

Fresnel diffraction formula:

U 0ðx0,y0Þ¼e
ikz

ilz
e
ik
2zðx02þy02Þ

ZZ

S

Uðx,yÞTðx,yÞeik
2zðx2þy2Þe�

i2p
lz ðxx0þyy0Þdxdy

Fraunhhoffer diffraction formula:

U 0ðx0,y0Þ ¼ eikz

ilz
e
ik
2zðx02þy02Þ

ZZ

S

Uðx,yÞTðx,yÞei2plz ðxx0þyy0Þdxdy
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Equation Summary

Huygens’ wavelet:

hH
z ðrÞ ¼ � eikr

2pr
ik� 1

r

� �

cos u ¼ eikr�tan�1kr

2pr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 þ 1=r2
q

cos u

Fresnel wavelet:

hF
z ðrÞ �

1
il

eikze
ik
2zðx2 þ y2Þ

Plane wave spectrum:

Að�,h; ziÞ ¼
ZZ

1
Uðx,y; ziÞei2pð�x þ hyÞdxdy

Uðx,y; ziÞ ¼
ZZ

1
Að�,h; ziÞe�i2pð�x þ hyÞd� dh

Að�,h; zf Þ ¼ Að�,h; ziÞHð�,h; zf � ziÞ

Uðx,y; zf Þ ¼
ZZ

1
Að�,h; zf Þe�i2pð�x þ hyÞd� dh

Hzð�,h;DzÞ ¼ ei
2p
l Dz

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�l2�2�l2h2
p

¼ ei
2p
l Dz

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�a2�b2
p

¼ ei
2p
l g Dz

Talbot distance:

zT ¼ 2L2

l

Propagation through a lens (distance z from front
focal plane to back focal plane):

U 0ðx0,y0Þ ¼ eikð2f�zÞ

ilf
e

ikz
2f2

ðx02þy02Þ
ZZ

tAðx,yÞUðx,yÞe�i2p
lf ðxx0þyy0Þdx dy
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Equation Summary

Propagationbetweenconjugatesofadouble-telecentric
system:

Ui ¼ eikð2f2þziÞ

ilf2

ZZ

P Upe
�ikzi

2f2
2

ð�2þh2Þ
e�i2p

lf2
ð�x0þhy0Þd� dh

Strehl ratio approximations:

SR ffi ð1� s2
f=2Þ2 ffi 1� s2

f ffi e1�s2
f , where s2

f ¼ hf2i � hfi2

Coherent cutoff frequency:

f coherentcutoff ¼ a=2
lzi

¼ 1
2lðF=#Þ ¼

NA
l

Incoherent cutoff frequency:

f incoherentcutoff ¼ a
lzi

¼ 1
lðF=#Þ ¼ 2

NA
l

Gaussian beam:

u ¼ � iA
q
e
i kr2

2jqj2=ze
kz0r

2

2jqj2 ¼
ffiffiffiffiffiffiffiffiffi

F

ps2

r

ei
kr2
2R e�

r2

2s2e�iu

q ¼ z� iz0 R ¼ zþ z20=z A ¼ ks0
ffiffiffiffiffiffiffiffiffiffi

F=p
p

s2 ¼ s2
0ð1þ z2=z20Þ z0 ¼ ks2

0 tan u ¼ z=z0

ABCD method for Gaussian beams:

y0

v0

� �

¼ A B

C D

� �

y

v

� �

¼ Mn:::M2M1
y

v

� �

¼ M
y

v

� �

q0 ¼ Aqþ B
CqþD

Paraxial system matrix from two independent rays:

M ¼ A B

C D

� �

¼ y01 y02
v0

1 v0
2

� �

v1 �y2
�v1 y2

� �

,

y1 y2
v1 v2

�

�

�

�

�

�

�

�
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Equation Summary

Basic paraxial system matrices:

MT ¼
1 t

0 1

 !

MR ¼
1 0

�f 1

 !

MF ¼
0 1=f

�f 0

 !

MC ¼
m 0

�f 1=m

 !

MN ¼
n=n0 1=f

�f n0=n

 !

Coherence length:
Two narrowband sources: Dl ¼ 1

2
c
Dn

¼ 1
2
l2

Dl

Top-hat spectrum: Dl ¼ c
Dn

¼ l2

Dl

Gaussian spectrum:Dl ¼ 4
p

c
Dn

¼ 4
p

l2

Dl

Coherence time:
Dt ¼ Dl

c

Mutual coherence function:

Gðr1,r2,t1,t2Þ ¼ jUðr1,tþ t1ÞU �ðr2,tþ t2Þj2
D E

t

Finesse:

F ¼ fringe separation
FWHM

� p

2

ffiffiffiffi

F
p

Coefficient of finesse:

F ¼ 2r
1� r2

� �2

Free spectral range:

Dlfsr � l2

2nd
, Dnfsr ¼ c

l

Dlfsr
l

¼ c
2nd
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Equation Summary

Fourier transform and inverse Fourier transform:

Fð�,hÞ ¼
Z

1

�1

Z

1

�1
f ðx,yÞe�i2pðx� þ yhÞdxdy

f ðx,yÞ ¼
Z

1

�1

Z

1

�1
Fð�,hÞei2pðx� þ yhÞd� dh

Central ordinate theorem:

Fð0,0Þ ¼
Z

1

�1

Z

1

�1
f ðx,yÞdx dy f ð0,0Þ ¼

Z

1

�1

Z

1

�1
Fð�,hÞd� dh

Central moment theorem:

Z

1

�1
xnf ðxÞdx¼ 1

ð�i2pÞn
@n

@�n
Fð�Þ

�

�

�

�

�

�¼0

Parseval’s theorem:

Z

1

�1

Z

1

�1
f1ðx,yÞ f �2 ðx,yÞdxdy ¼

Z

1

�1

Z

1

�1
F1ð�,hÞ F�

2 ð�,hÞd� dh

Z

1

�1

Z

1

�1
jf1ðx,yÞj2 dx dy ¼

Z

1

�1

Z

1

�1
jF1ð�,hÞj2 d� dh

Convolution:

f1ðx,yÞ � f2ðx,yÞ ¼
Z

1

�1

Z

1

�1
f1ðx0,y0Þ f2ðx� x0,y� y0Þdx0 dy0
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Equation Summary

Special functions:

rectðxÞ ¼
1 jxj < 1=2

1=2 jxj ¼ 1=2

0 jxj > 1=2

circðrÞ ¼
(

1 r < 1

0 r 
 1

8

>

>

<

>

>

:

sincðxÞ ¼ sinðxÞ
x

jincðxÞ ¼ 2J1ðxÞ
x

Delta function (a practical definition):

dðx� x0Þ ¼ 0, x 6¼ x0

Z

b

a

dðx� x0Þf ðxÞdx ¼ f ðx0Þ, a < x0 < b

Delta function properties:

dða xÞ ¼ 1
jaj dðxÞ

dðx� x0Þf ðxÞ ¼ dðx� x0Þf ðx0Þ
dðx� x0ÞdðxÞ ¼ 0, x0 6¼ 0

Comb function:

combðxÞ ¼
X

1

m¼�1
dðx�mÞ

combðx,yÞ ¼
X

1

m¼�1

X

1

n¼�1
dðx�m,y� nÞ ¼

X

1

m¼�1

X

1

n¼�1
dðx�mÞdðy� nÞ
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Index

ABCD method, 87
absorption coefficient, 7
Airy disk, 68
Airy formulae, 28–29
Airy function, 28, 29
amplitude coefficients of

reflection and
transmission, 30, 36

amplitude transfer
function, 74

angular spectrum of plane
waves, 7, 59

Babinet’s principle, 63
beam divergence, 84
Beer’s law, 7
Beer–Lambert law, 7
biaxial, 17
Brewster angle, 31, 102
Brewster windows, 31

Cauchy boundary
conditions, 51

central ordinate theorem,
71, 108

characteristic matrix, 35
characteristic optical

admittance, 25
circular aperture, 48, 72, 78
coefficient of finesse, 29, 96
coefficients of reflection,

31
coherent imaging, 80
coherence length, 93
coherence time, 92–93
coherent point spread

function, 71
coherent transfer function

(CTF), 74, 78–79

complete destructive
interference, 42

complex degree of
coherence, 89

complex notation, 2, 4
complex refractive index,

6, 35
confocal surfaces, 56
constructive interference,

39, 42, 45
contrast reversal, 42–43
Cornu spiral, 65–66
correlation length, 90
critical angle, 31, 33, 102
cutoff frequency, 78, 80,

106

decreasing phase
convention, 8, 18

degree of polarization
(DOP), 13, 22, 98

destructive interference,
39, 45

dextrorotatory, 21
diattenuation, 19, 23, 99,

101
dichroism, 19
direction cosines, 4
Dirichlet boundary

conditions, 53–54
Dirichlet conditions, 59
double-telecentric, 69, 106

eccentricity, 45
eigenpolarizations,

15, 99
elliptical polarization,

11–12, 101
evanescent, 60
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Index

e-wave, 17
extinction coefficient,

6–7, 19

Fabry–Pérot
interferometer, 95

Fabry–Pérot specrometer,
96

fast axis, 17
finesse, 29, 96
Fourier transform, 57, 97,

108
Fourier–Bessel transform,

68
Fraunhofer

approximation, 57, 67
Fraunhofer diffraction

integral, 57
free spectral range, 95–96,

107
Fresnel approximation, 5,

55, 58
Fresnel diffraction, 47, 56,

64, 67, 104
Fresnel diffraction integral,

55, 64, 67
Fresnel equations, 30, 33,

102
Fresnel integrals, 64
Fresnel number, 48, 104
Fresnel wavelet, 58, 105
Fresnel zone plate, 49
Fresnel zones, 47
Fresnel–Kirchhoff

diffraction integral, 52
fringe contrast, 42, 93
fringe modulation, 42, 92
fringe vector, 41

fringe visibility, 42, 93,
104

Gaussian beam, 3, 82, 83,
84, 87

Gouy shift, 82, 85–86
grating equation, 44
grating vector, 41, 44
Green’s function, 50
Green’s theorem, 50
group index of refraction,

40
group velocity, 40, 103

harmonic cylindrical
wave, 5

harmonic spherical
wave, 5

Helmholtz equations, 3, 50
horizontal linear

polarization (HLP),
13–14, 23, 99–102

Huygens’ principle, 46, 58
Huygens’ wavelet, 46, 58,

105
Huygens–Fresnel

principle, 46

incoherent imaging, 71, 80
incoherent point spread

function, 71
incoherent transfer

function, 75
increasing phase

convention, 8, 18
integral theorem of

Helmholtz and
Kirchhoff, 50, 56
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Index

interference, 39, 41
irradiance, 25

jinc function, 68
Jones calculus, 15
Jones matrix,

15, 99–100
Jones reflection matrix,

16, 100
Jones rotation matrix, 16,

100
Jones vectors, 12, 14, 99

Kirchhoff boundary
conditions, 51–52, 54

Laplacian, 1, 5
law of reflection, 33
law of refraction, 33
left-hand circular

polarization (LCP), 10,
13, 20, 23, 100

levorotatory, 21
linear and shift invariant

(LSI), 70
linear polarizer, 9, 20,

100

Malus’ law, 20, 99
Maréchal formula, 76
material equations, 1
Maxwell’s equations, 1
modulation transfer

function (MTF), 77,
99

Mueller matrices, 23–24
mutual coherence

function, 88–89, 107

mutual optical intensity,
90

negative crystal, 17
Neumann boundary

conditions, 53–54

obliquity factors, 54
on-axis irradiance, 48, 71
optical admittance, 25, 35
optical transfer function

(OTF), 75, 77–79
optically active, 21
o-wave, 17

p polarization, 26
parallel boundaries, 34
paraxial Helmholtz

equation, 3, 82, 98
phase difference between

parallel reflections, 34,
103

plane of incidence, 26
plane of vibration, 9
phase velocity, 40
plane waves, 4, 38–39, 42,

98
Poincaré sphere, 13
point spread function

(PSF), 71–72
polarization extinction

ratio (PER), 20, 98
polarizer, 20, 22–23, 100,

102
positive crystal, 17
Poynting vector, 25
principle of linear

superposition, 2, 9, 37
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Index

principle of
reversibility, 27

quasi-monochromatic,
92

Rayleigh criterion, 81,
96

Rayleigh range, 82, 85
Rayleigh–Sommerfeld

diffraction integrals,
53

rectangular aperture, 64,
72, 79

reflectance, 32, 36
reflectance and

transmittance, 32, 36,
106

refractive index, 6
resolving power, 95–96
retardance, 17–18, 23, 99,

102
right-hand circular

polarization (RCP), 10,
12–13, 20, 23, 100

rotation matrix, 21

s polarization, 26
scalar theory, 46
scalar wave equation, 1
self images, 62
sister surfaces, 85
slow axis, 17
Snell’s law, 33
Sommerfeld radiation

condition, 51
spatial coherence

function, 90

spatially incoherent
source, 91

specific rotary power, 21
speed of light, 6, 40
spherical waves, 5, 45,

98
stationary phase

approximation, 61
stationary points, 61
Stokes parameters, 13,

22
Stokes relations, 27–28
Stokes vectors, 22
Strehl ratio, 76, 106
superposed plane waves,

37, 41

Talbot images, 62
Talbot interferometer,

62
temporal coherence, 92
thin films, 35, 103
tilted optical admittance,

35–36
total internal reflection,

31, 33
transfer function, 73
transfer function of free

space, 59–60
transmittance, 32, 36,

103
transverse electric, 26
transverse magnetic, 26

uniaxial crystal, 17

Van Cittert–Zernike
theorem, 91
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Index

vector wave equations, 1
vertical linear polarization

(VLP), 13, 23, 100, 102

wavefront curvature, 86
wavenumber, 4

wavevector, 4

Young’s double
pinhole, 88, 89

zone plate, 49

115

Field Guide to Physical Optics
Downloaded From: https://www.spiedigitallibrary.org/ebooks on 21 Mar 2022
Terms of Use: https://www.spiedigitallibrary.org/terms-of-use



Daniel G. Smith has been
with Nikon Research Corpo-
ration of America since 2004
where he works on a wide
variety of optical engineering
problems that usually require
a good deal of physical optics
to solve. He received a BS in

Mathematics and Physics from the University of Nebraska
at Omaha. He received a PhD in Optical Sciences from the
University of Arizona College of Optical Sciences where he
enjoyed the privilege of being a Kodak Fellow and recipient
of the Arthur G. DeBell Memorial Scholarship. He also
serves as co-chair of the Physical Optics conference within
the SPIE Optical Systems Design symposium.

Downloaded From: https://www.spiedigitallibrary.org/ebooks on 21 Mar 2022
Terms of Use: https://www.spiedigitallibrary.org/terms-of-use



SPIE Field Guides 
The aim of each SPIE Field Guide is to distill a major fi eld of 
optical science or technology into a handy desk or briefcase 
reference that provides basic, essential information about 
optical principles, techniques, or phenomena.

Written for you—the practicing engineer or scientist—
each fi eld guide includes the key defi nitions, equations, 
illustrations, application examples, design considerations, 
methods, and tips that you need in the lab and in the fi eld.

John E. Greivenkamp
Series Editor

P.O. Box 10
Bellingham, WA 98227-0010
ISBN: 978081948548-9
SPIE Vol. No.: FG17

Physical Optics
Daniel G. Smith

This Field Guide is a practical overview of physical 
optics, with specifi c emphasis on information most 
useful in the fi eld of optical engineering. Within this 
book, the reader will fi nd formulae and descriptions 
of basic electromagnetic wave phenomena that are 
fundamental to a wave theory of light. Tools are 
provided for describing polarization, and emphasis 
is placed on scalar diffraction and imaging theory, 
which are essential in solving most optical engineering 
problems.

www.spie.org/press/fi eldguides

Downloaded From: https://www.spiedigitallibrary.org/ebooks on 21 Mar 2022
Terms of Use: https://www.spiedigitallibrary.org/terms-of-use


