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:i-"band spectrum in the treatment of the behavior of an electron in a
~ crystal under the influence of an external force. The following is the
 resulting detailed picture:

. Let us assume that the electron is, for instance, in & quantum state

' in the middle of a band. Tts eigenfunction is then essentially a running

; ‘wave, and the electron transports a charge which constitutes a current.

If a force acts in the direction of propagation of the wave, the energy

 of the electron is increased and it must change into a higher quantum

state. After a while it occupies the highest quantum. state in the

particular band, namely, the upper band edge. In this state, the

wavelength corresponds to the Bragg reflection condition for a certain
group of lattice planes. The in-phase superposition of the spherical

waves difiracted by the lattice points results in a wave propagated in

the opposite direction with the same intensity, so that the electron in
this quantum state is represented by a standing wave. The electron

. does not transport any charge in this state and, therefore, does not

constitute a current. In spite of the energy increase, the electron has,

‘as a result of the participation of the lattice, lost its transport action

and its velocity. The electron has been slowed down to zero velocity,

~ although the force and propagation direction of the wave, ie., the

- force and electron velocity, were in the same direction.

The behavior of an electron in a crystal under the influence of the
lattice is compared with a ‘“quasi-free’’ electron, which is not affected

| by lattice forces, by describing the process on one hand by the equation

dv

'F + lattice forces = m - a : (I11.2.01)
and onthe other hand by the equation .
F = Mgy g (I11.2.02)

'According to (111.2.02) one obtains the correct value for the accelera-

tion dv/dt only if the effective mass m.y of the quasi-free electron has a

value! m, which is different from the real mass m. In the case just
cons:dered m, must even be negative. 3 ;
" In general we find the following value? for m,

TR
Mm, = W | (I11.2.03)

1o distinguish it from the effective mass ms of heles to be introduced later.
#Bee in this connection Chap. VII, §5 and §6, particularly Eq. (VII.6.28), and

D Pfirsch and E. Spenke, Z. Physik, 137: 309-312 (1954).
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" where E, iz the energy of the negative electron. K. depends on
the quantum state of the electron and is, therefore, a function of the
wave number k = 2r/\ of the electron (A = de Broglie wavelength).
In view of the band structure, F, is a multivalued function of k (see
Fig. 111.2.1), 'The various branches, or more specifically “bands,”
are characterized by the band number N. “”’! indicates differentia-
tion with respect to the wave number k. i
¢ is now evident that in the upper part of the band the electron
bahaves like a free electron with a negative mass. Experience has
" shown that this statement is at first somewhat difficult to comprehend.
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Fra. TI1.2.1. Electron energy E, as a function of the wave number k. In the
lower parts of the bands m, is positive and in the upper parts it is negative.

0y = 31_ .
B G W) = — B (6 )

T hope that I have helped to overcome thig obstacle by pointing out as
clearly as possible that the definition of the “effective” mass consideis
only the external force F and neglects entirely the strong influence
of the lattice on the electron. It is not surprising that, with this
approach, the proportionality factor between force and acceleration '
assumes most peculiar, e.g., negative, values. :

However, for many considerations it is convenient to treat the
totality of the electrons as a free electron gas. If this can be aAccom-
plished by a simple substitution of an effective mass for the real value
of the electron mass, it is worth while to accept the modificd mass
values which can even become negative in the upper part of a band.
Inorder to remember that the electrons are not really free but are sub-
ject to exceedingly strong lattice influences which are only apparently
eliminated by an artifice, one often speaks of quasi-free electrons.



¢ ofaut Almost Filled Valonce Band — ~ 61

, TheEquwalence of an Almost Filled Valenc&' i
' Band with a Ferml Gas of Quam-free Holes

phall now undertake the proof of the equivalence between an
p 'etely filled valence band and a Fermi gas of quasi-free holes.
ogmal step is the comparison of the follbwmg two particle emsembies "
. N — M electrons which leave M states of the N possible valence-
states unoccupied. We shall_ca]l this quantxty of partaclek the
| almost filled valence band.”
Betitious positive chaxges (—i—e) together with N ordma.ry-
tive electrons (—e) which just fill the N available states of a
‘band.? We shall call this quantity of particles the “ﬁlled
ce band w;’t.h ﬁctltlms posztwe additional charges.” :
we shall consider the action of an external electric field on the '
icle ensembles to.be. compared. The current thus produced
same in both cases, provided that we can assign such properties -
M fictitious cha.rges +e that they move under the influence of
3 al electric field (and the lattice forces) in the same manner as
{ electrons of the filled band which are in the M quantum states
are left unoccupied in the real valence band. This identical
in space a.n'd time of the M eIectroms and M fictitious bos;twe'

The external ﬁeld as well as the lattice poteutw.l exert
- opposite forces on the ‘positive additional char ges as on the
ons since the signs of the charges are opposite. lxactly the same
on results, however, if the sign of the mass is changed too.
n the standpoint of wave.mechanics, the identical motion of -
ompanied electron (-—e, +m) and the accompanying additional
 charge (+e, —m) may be established as follows. The prob-
ampht.ude ¥n oi' the. ﬂegat.xve electron satisfies the Schrﬁd.mger

\b.. — eU(r)yb,. + Jﬁ a:;, U(r) lat@e potentxal

2 et ' o i (III 3.01)
pmbabﬂlty s.mp)xtude yb, of the ﬁctxtmua posxt.we a.ddmonal
ga.tmﬁes the Sahrodmger equatlon

: charge, 50 that the charge of tha nsga.twe eleotron is —e and that of the
‘hole +s ; ”
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h? : 2 0
g M+ U@ = b L)
Comparison shows that the probability a.mplitu&ee ¥ and ¢, are not
’direct.ly equal, but that they are complex conjugates.
— Y@ b, N) = V3@ b N) (I11.3.03)

-
\

k = wave number; N = band number. e

This is sufficient for the exact agreement of the space-time distribu-
tion of the probabilities YW and ¥y}, respectively, so that the posi-
tive charge accompanies the electron continually. If one converts to
the stationary Schrodinger equations : '

h? : > i
~ om Ayn — BU(r)';c"n —‘En\t’s (IT1.3.04)
h? .
+ om Ay, + fU(r)lP, = fuh_, : (II1.3.05) .
2 : ; ;
ek + 2 A+ UGS = Eob (111.3.06)
it can be seen that -

Bk N) = —E;(, N) - (I11.3.07)

This relation will be useful later. - : :

The field thus creates the same current, on one hand, in the real
almost filled valence band and, on the other-hand, in the filled valence
band with the fictitious positive charges of mass —m. -If we calculate
the current for the latter particles alone, the contribution of the filled
valence band is eliminated; for we have already pointed out in the
introduction that in a filled valence band the current contribution-
of the electrons in the lower part of the band with the positive effec-
tive masses and the current contribution of ‘the upper part of the band
with the negative effective masses compensate each other exactly.
Therefore, the only remaining current is-the original contribution
of the M positive charges, namely, the “holes” with the charge te
and the mass —m.. - -

Similar to the case of the electrons in §2, we can now change over
from the holes which are subject to the lattice forces (holes in a crystal)
to the quasi-free holes by introducing an effective mass value m, in
place of —m, thus taking into account the effect of the lattice forces.
In analogy to Eq. (II1.2.03), wefind

A2

ms = G (111.3.08)
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the help of (ITL.3.07) we obtain _ - o
my(k; N) = _--m..(k N) - : '(III 3. 119)

dlstnbutlon of the M holes among the quantum states of the

])p.nd is governed in the foregoing considerations by the follow-
Each quantum state which is not. ch‘upled in the real almost
‘yalence band ean ‘accommodate one hole in the filled valence
t.h_a ﬁctmous posmva a.dd1t1ona.l charge. Thm rule can now be

 Electrons g Holes

...... im: ; . ) .. -—-?n

a2 ' A

™~ = E7(k, valence) < © |™ = T E(K, valence) 0

1) Bl A2
| ™ = E77(k, conduetion) ~ 0| "™ T T Ev"_(k"m"'nducuon)

-

Fi. 111.3.1. Properties of electrons R, s
E(k, number of band} ‘o Fatk, . . ) = anergjt of the elw&ra'na

‘bly one in whlch only holes are conmdered mthout Deference
distribution of electrons Thla comes about m ‘the followmg

1
f(E-) ,n..-T
!‘ + 1
robability that this state is mot occupied with an electron is
ore Fetco
5 3.—3: - E.—Er ;
B e e e T SAMILERLR S
o f(ﬂ-) ='“—x._-‘"i‘;”*_-_ 455 ) R e ey e T
e i) R e
) 1 S e
= (=HE)—(—En = B=(=Ep = f(E)

O R R A
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At the end we have put —E, = E,. Bemdes the energy of the Farrm
level changes sign as weH like all energy values. F, is then the energy
of the positive hole; for in the potential or electrostatic part of the
energy we find the charge as a factor, and in the kinetic part the mass.
Both factors change their sign when we change over from electron to
hole.*

The ongma.l rule yields the probablhty 1 — f(E,) for the occupancy
- of a quantum state by a hole. Without reference to electrons, we find
the same probability of occupancy if we postulate Fermi statistics for
the holes because then we have to introduce /() as the probability of
oceupancy of a quantum state. This is equal to 1 — f(%.), accordm.g
to the foregoing derivation,

In summary we see that the current contribution of the real valence
band which is almost filled with (N — M) electrons has exactly the
same magnitude as that of a Fermi gas of M quasi-free holes with the
charge +e¢ and the effective mass m, = — A*/E"(k, valence) > 0.

The preceding argument can certainly be extended to the transport
phenomena where magnetic fields H act upon the electrons. The
Lorentz force — (e/c)v X H which acts upon an electron moving with
the velocity v contains also the charge as proportionality factor.
Hence here, too, we must assign the mass —m to the fictitious positive
additional charges in order to compensate for the change of sign of the
charge; the subsequent conclusions are the same as in the case of the
electric fields. ;

Transport phenomena are not necessarily always a consequence of
electric or magnetic fields; they can also be eaused by concentration or
temperature gradients. The pertinent relations follow from the
statistics of the participating current carriers. We have just shown -
that the statistics of negative electrons lead to the same results as the
Fermi statistics of positive holes, so that we are justified in applying
the 'hole representation also to transport phenomena which are caused
by concentration and temperature gradients.

Finally, if the conductor is accelerated or decelerated, the electrons
in a conductor are set in motion by forces of inertia, aunﬂarly to soup
which spills ower in a carelessly moved plate.

If a coordinate system is, for instance, accelerated in the positive 2
direction, a mass M which is not acted upon by any forees will remain
unmoved and stay behind with respect to the coordinate system. To
the observer, moving with the acceleration, the mass M appears to
encounter a force in the direetion of the negative z axis. If the mass

1 _E, = E,also followed from the comparison-of the {wo Schrédinger equatmns
~ for electrons and holes. See Eq. (IIL 3 07).



- (e

counters other addmonal forces (such as springs under tenmon)'
the mass M performs certain motions due to these spring forces in
'uerence syatem, the observer in the accelerated reference system
of these motions as if’ the mass M encountered an

unﬁers an acuelemmon +g a force F —mg seems to act on 1ts
ons. This inertial force can be replaced by an electric field
3 +(m/e)g, for this field would exert a force F = —eE = —mg on
electrons with their negative chargea —e. The equivalent field E
ould, howeyer, cause a current i = ¢E. Therefore the acceleration
the conduct.or must cause a current arising from the inertial
—mg with a current dens;ty i = +(m/e)og, as was observed in
riments. carried out by Tolman and others.
n for such transport phenomena effected by inertial forces, we
oose either the electron or the hole representation. We have:
seen that the acceleration or deceleration of a eonductor ‘acts on
'ohaerver, who is carried slong, as an additional gravitational field
In the same manner as one calculates the force exerted on an
on by an electric field 'E, namely, by multiplication with the
6 (—e) one obtains the mertml force of the gravitational field
g, namely, by ‘multiplying with the real mass (+m); for the lattice
do not enter the picture in the calculation of the inertial force.
ce there is no possibility of overlooking them, and m.; does not
‘any part. Accordingly, one derives the inertial force on the holes
om the gravitational field —g by multiplication with the “true”
—m. The gravitational field exerts, therefore, the inertial force
: (—g) = —mg on the electrons and (—=m)-(—g) = +mg on
oles.

If we calculate now the accelera.tmn from the force, we must con-
the lattice forces this is accomplished by using the effective
as proportmnahty factors between force and acceleration
of the true masses (page 10). These have oppomt.e signs for
| electron and a hole in the same quantum state (see Fig. 111.3.1).
e resulting acceleration is again the same for both particles because
3 merhal force as well as the effective ma.sachange their sign. ~ This
s the permanent identity of the location in space of electron and
The hole representauon must therefore be also a.pphcable for -
e action of gravitational and inertial forces.

We have shown that f.he electron as well as t.he hole representatlon

3. Equivalence of an Almost Filled Valencs Band 65
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is applicable to ransport phenomena which are causeéd by electric or
magnetic fields, by temperature or concéntration gradients, and by
inertial or gravitational forces. In any specific case it is desirable to
choose theé representation which yields the lower eatiier nuinber
. because this will tend to allow the use of the Maxwell-Boltzmann
- limiting case of the Fermi-Dirac statistics. B AARE

For the case of & sparsely occupied conduction band, ohé prefers the
electron representation which leads to a Maxwell-Boltzmann gas of
quasi-free negative electrons with positive effective mass mey, for
Mmoo = h2/E" (k, lower edge of conduction band) = m, > 0 is posi-
tive in the lower part of the conduction band. :

In the case of an almost filled valence band, however, one will choose
the hole representation with which gne obtains a Maxwell-Boltzmann
" gas of quasi-free positive holes with positive effective mass

. po
Mo« = T F7(k, upper edge of valence band)
for E'" (k, valence) is negative at the upper edge of the valence band
(see Fig. 111.2.1). -

Before concluding this §3, we shall briefly discuss another question.
Sometimes the argument arises as to whether it is possible to dis-
tinguish between electron and hole condubtion in & certain experiment.
We can point out a relatively simple method to answer this question.
The final equation for the result of the experiment in question should
be, as far as possible, expressed in terms! of ¢, m, m,, and m,. Then
we pass over from the hole tonduction case p to the elevtron gonduction
case n by the following substitution?

=my >0

pam -
- +e— —e
==
: +m, — M
 Here we often utilize the equation g = (¢/meir)r for the carrier mobility ». See

Eq. (VI1.9.25). - : _

* 2 The validity of the first three substitutions is beyond doubt. With respect to
the fourth substitution, we must realize that we are not dealing with optional
descriptions of one and the same case—such as electrons at the lower edge of the
conduetion band—in the electron or hole language: The following equation would
be applicgble if this were so: '

3 : m@sw = —~MOett

It is rather 4 transition between two différént cases, namely, the transition from
" holes at the upper edge of the valence band to electrons at the lower edge of the

conduction band. The correct substitution fof this is

M@t = My, MO et = My
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In this transition p — n, the result of the expenment e:ther cha.ngee
 sign or it does not. Accordmgly, the experiment either allows a
~ differentiation between hole and electron conduction or it doesnot. A
(aw -examples will elarify this procedure.

o, Electric current d‘ue fo an electrw ﬁeld N

¢ Expenmental result _ .4 =oE

;’.;Expres:sed in terms of e, m, My, Mp:. 1= g‘u;pE =-1..5: prE
r

i:'_Trans;tmn p—>n: i= ((_: )) nrE, = —"‘:—” nrE

oy - 1' =
.8, = ':B,H
« gxpmdiﬂtermsﬂfg’ m, Ma, My e = %"‘ﬂ'el—fH

=~ — (e) "__1._5_5-
9 ST )H cm.H

is no change of elgn, therefore, it ne naot poemble to dustmgmsh
een p-type and n-type.
hough C. G: Darwin' has pointed out that one eannet learn any-
concerning the effective mass of the electrons from the Tolman
riment, the opposite has been assumed on oceasions.? In order to
_hm mtuaﬁon, we pass beyond the snmawhet formal Bubﬂtlﬁu-

10.G. Du'mn Proc Roy Soc. (Lmdm), 1_\154: 61 (1936). DEE N
Sheldon Brown and S. J. Barnett, Phys. Rev 871 601 (1952).
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n-type conductor p-type conductor
sz Conduction 2. Conduction
«  band %ﬂ band
Valende  piritagmes ¥ Valence
; . band  BWRGEEE  Cpgng
"Reol’ mass M=~m
Effective mass m, >0 m, >0
Charge ; Q=-e : Q=4e
External acceleration +g  —»= 9
Inertio” force Fa=—mg=— F,=+mg—
Acceleration o=fin - Ege bln.
e ; ] m - m
n P
Conwmion{;l b
direction of

current flow

tion method of page 67 and represent the experiment with an electron
and hole conductor by Fig. II1.3.2.

84, TheFaJlure of the Hole Concept in Problems

" Involving Electron Interaction

The statements in §3 might give the impression that the hole concept
is not only particularly useful in the ease of almost filled bands, but
also possible and completely permissible in all cases. Concerning the
correctness of the last statement we find, upon eritical examination of
the derivations in §3, that this is not true because of the interaction
between electrons. - The first step in §3 consisted of the substitution

of a filled band with N electrons and of M- fictitious positive charges

with ‘negative masses for the band with (N — M) electrons and M
empty states. The statement, which was made in the course of this
first step; that N — M original electrons move in the same manner in

both cases’is probably correct even if we consider the interaction -

between the electrons.! - - gy
In the second step of the foregoing discussion it is stated that in

*Incidentelly, a closer. inspection of the interaction Will give an opportunity
to clarify the word “fictitious” further. It was chosen to indicate that each of
these positive charges does not interact with the ‘“‘accompanied” electron; for if
it existed the interaction would Be infinitely large.

Y ST

e
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'a.lent to the M ﬁctitmus posﬂ;we chargea alon.e, ie., that. tjll O11-
tions: of the N electrons cancel cach other. . This :tatement san-r

otion of the N electrons of the filled band differs from that in the -
ce of the M fictitious positive charges. It is, however, only in
latter case that their contributions ca.ncel exaetly in transport
blems, and we see that the second step in the foregomg discussion,
nely, the omission of the electron contannon anmt pemsmble if
raction is considered. :

‘he band model, howevar, considers the mteracﬁmn of electrons only
: dequately, namely, only as a cox;tnbutmn to t.he fixed lattice
potential which is independent of the position of the electron under
_consideration. The hole representation is equivalent to the electron
sentation only if the action of the other electrons on the electron
er consideration can be represented by such a fixed contribution to
potential. This equivalence was demonstrated in §3 for fixed
tric and magnetic fields which are independent of the electron
'cenﬁderat.lon One can state in summary: In so far as an ade-
te electron representation of processes in solids is possible within
 seope of the band model the hole representation is fully equivalent
8 d n many cases more convenient. - Where the interaction between
ctrons breaks down the vahdlty of the band model, the hele repre-
tation also loses its va.11d1t.y It remains to be seen whether this
ation is final, or whether more comprehensive investigations. are
to reestabhsh the hole repr eseni;s.tion in mteractlon cases.!

L. 85. Problems (Hall Effect)

Give numerical values for the Hall angle for n-type and p-type germamum

= 1,000 oersteds. What is the transverse voltage across a germanium bar
w1dth for a current, density of 1 amp /cm‘ and for an impurity density of

nors or accéptors/em3? -

‘When both electrons and holes are present in s semiconductor traversed by

t, a magnetic field will deflect them to the same side of the urystal, as
l‘&g ITL.1.1. Tf the initial deflection currents were equally large for both

atup Generally, however, the initial deflection currents will be different from

‘other. An electric field will then build up such that the stronger one of the

deflection currents will be retarded while t,he wealcer one, which consists of the
eha.rge carriers, will be accelerated. . The final field is determined by the-

1In this connection, see the experiments of K. G. McKay and K. B. McAfee,
5. Rev., 91: 1079 (1954); and possibly also E. Spenke, “ Hamburger Vortrige,”
1, published by E. Bagge and H. Briiche, Physikverlag. Mosbach; in preparatior.

In the presence of the M fictitious pommve chargeg,' o i g

of earriers, no electric charge and therefore no transyerse electric field would
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condition that the net elecirical current is zero; tlns means that the electron and

hole particle currents ate finite and equdl.
Show that the Hall-angle G for the oompomte H&U effect is given by

ot O = Dot T (T1.5.01)
© pep + nps €

3. What is the value of tan e according to Eq. (II1.5.01) for (z) an intrinsic
semiconductor, (b) & semiconductor with minimal conductivity [see Eqs. (1.3.07).
and (1.3.08)]? Give numérical values for germanium for H = 1,000 oersteds.
At what conductivity is the Hall angle equal te zero? ]

Make 2 qualitative plot of both o and tan © as a function of log n/n; and show
the relationships of the significant points on these curves (assuming up < ua). -

4. Calculate the density of the transverse particle current of electron-hole pairs. -
For what carrier density and what conductivity does this current have a maximum?
What is the ratio of the maximal transverse current density to the longitudinal
particle current density in germanium for H = 1,000 oersteds?



CHAPTER 1V -
The Mechanism of Crystal Rectifiers

8l1. Introduction

Qur ideas about the structure and the mechanism of commercial
crystal rectifiers have changed during recent years. The introduction
~ of a radically new type of rectifier is partially responsible for this
'-:i. - change: This is the so-called p-n junction. It was developed by
B W. Bhockley‘ and a large staff of coworkers at the Bell Telephone
. ~ Laboratories in the United States. One realization? of this new recti-
-.-‘  fier tyype consists of a single-crystal germanium wafer (see Fig. IV.1.1).
" Oneelectrical connection is made by scldering
ﬁi; “antimony (Sb) to one side and the other by Seraingle. qyso}

~ soldering indium (In) to the opposite side.
" The crystal is subsequently heated to an ele-
'&“ ‘vated temperature for some time, so that the
~ antimony s:lnd the indium diffuse® from theirre- ¢ vara direciion
~ spective sides into the wafer. The transition S :
~ region, thus introduced, between antimony- ffagbl tlyg: wrsokiber:
" ~ containing and mdmm-contammg germanium
~ or n-type and p-type germanium* exhibits pronounced rectifying prop-
erties. The voltage-current characteristics (see Fig. IV.1.2) show that
la.rge currents with small voltage drops can flow from the indium to the
~ antimony side, ‘whereas in the opposite direction there is only a small
residual current even for large voltages. 2

~ 1'W. Bhockley, Bell System chh J., 28: 435 (1949); “Electrons and Holes in
- Semiconductors,” D. Van Nostrand Company, Inc., Princeton, N.J.; 1950.
~ *R. N. Hall and W. C. Dunlap, Phys. Rev., 80: 467 (1950). R. N Hall; Proc.
E. IRE, 40: 1512 (1952).
- *It was recently found that alloying processes and subsequent recryatallization,
4 mther than diffusion processes, are responsible for the formation of p-n junctions
- by the method just described. In this connection, see R. R. Law, C. W. Mueller,
?:—f J. L. Pankove, and L. D. Armatrong, Proc. IRE, 40: 1352 (1952). Similar prin-
{h'. ciples ‘apply to the process of preparing Si p-n rectifiers. . See G. L. Pearson and
- B. Sawyer, Proc. IRE, 40: 1348 (19562).
- 4 8ee in this connection pp. 18 to 24.
: 71
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How did the earlier rectifier types compare? ‘The selenium rectifier -

of E. Presser,! which still dominates the high-current field, consists of a
base electrode of iron (Fe) or aluminum (Al) (see Fig. IV.1.3). A

cry‘sta.]hne selenmm (Se) layer is deposxt.ed on this base which, in turn,
' is ecovered with an electrode of tin-

L cadmium alloy (Sn-Cd). The for-

? ward current direction is from the

s base to the cover electrode. '

€ The predecessor of the selenium

§ ' rectifier is the cuprous oxide recti-
Sl o _ :?:a\;:’i; fier of L. O. Grondahl? which-con-"

_ sists of an oxidized copper (Cu) plate

s (see Fig.1V.1.4). The cuprous ox-

dgitt ""o_  ide layer is covered with a graphite

v or silver electrode. The. forward

art Biaard current direction is from the graph—
resistance ite or silver electrode to the copper

metal.

3 The crystal deteetor discovered
R S by the Strasbourg physics profes-

iﬁs ENH Hpeahceton it R e e e was
Y R widely used in the radio field be-

tween 1920 and 1930. . It was then almost entirely replaced by the vacuum
tube until about ten years later, when it made a sensational comeback
in the form of the germanium and silicon (;hodes for microwave work.
In these rectifiers (see Fig, IV.1. 5), a metal point makes contact with a
germamum (Ge) or silicon (Si) crystal under shght Spring pressure,

Forward Eirection-a- —— Forward umc‘hnn
Fia. IV.1.3. Selenium " F1e. IV.14. Copper
rectifier. * oxide rectifier.

The crystal is attached through a nonrectifying large-a.rea contact to
its metalholder. - In germaniumdiodes the forward current flows when
1E. Presser, I’ unkbaa!?er, p. 558 (1925); Blekirotech Z., 533: 330 (1932).

L. 0. Gmndabl Science, 36: 306 (1926); J. Am Ins£ Elec. Engrs., 46: 215 °

(1927).
$¥. Braun, Pogg. Ann’, 153+ 566 (1874); Wied. Ann., 1:95 (1877); 4: 476 (1878);
19: 340 (1883),

sl st i st o 3 e L
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uted over the entire volume of the erystalline semiconductor mate-
It is known that these processes take place ‘entirely within a

ckness.! The barrier- layer in 4
selenium rectifiers is at the surface g
f the selenium near the tin-cad- E

ium alloy; in cuprous oxide rec- ®
ers it is at t.hebounda.ryofthe.- H
~copper base and in the detectors i

%ﬁ‘ﬁ to the metl_sl boundary at the s W"l-'& fisxmaniun snd eallioon

mg germamum constituted somethlug entirely new.
However, B. Dayydoy? pointed out as early as 1938
~ that strong unipolar effects are to be expected at the
junctiop between p-type and n-type semiconductors.
- As a matter of fact, it was shown in recent years that
in the selenium rect1ﬁer just described the barrier
layer does not, in reality, occur at the boundary be-
tween the tin-cadmium a.ﬁoy and the selenium. = A
chemical reaction between the tin-cadmium electrode
_ and the selenium during the preparation of these rec-
tifiers leads to the formation of a cadmium sélenide
layer® (see Fig, IV.1.6). Poganski* as well as Hoff-
J mann and Rose® were able to demonstrate beyond
t.hat the barrier layer is located at the boundary between the
semiconductors cadmum selenide and selenium, rather than at the
da.ry between the metal tin-cadmium, and the semiconductor cad-
1 selenide. A similar situation is moat probably realized in germa-

w Schottky and W. Deutschmann, Physik. Z., 30 839 (1929).
B. Davydov, Tech. Phys. U.S.8.R., 5: 87-95 (1938) i 3 .
for instance, Uno Lamm, ASEA J ournal, 16: 114 (1939).  W. Koch and
. Poganski, FIAT Rev. Ger. Ec: Final Report 706, p. 18 (1946). M. Tomura,
ull, Chem. Soc. Japgn, 22: 82 (1949) J. Phys. Sec. Japan, 5: 349 (1950). 8.
anski, Dissertation, Technical University Berlm, 1949 Etektfatech Z.,72: 533
- 1); Z. Elekirochem., 563 193 (1952),
¢S Poganski, 2. Physik, 134: 469 (1953).

- 'A. Hoffmann and F. Rose, Z. Physik, 136: 152 (1953).
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nium and silicon point-contact detectors as well. In any case, special

surface treatments and “forming processes’’! are necessary to obtain

good rectifier characteristics, which shows clearly that peint-contact
detectors do not consist of simple metal-semiconductor contacts.?
Nevertheless, rectification effects can occur in metal-semiconductor
contacts.® We shall discuss the physics of the metal-semiconductor
‘contact in the first part of this chapter, namely, in §1 to §4, prineipally

because the context allows the discussion in mmple terms of the space- -

charge boundary layer, the extension of the carrier density, the Boltz-
mann equilibrium between diffusion and field current, and other topics.

In the second. part-of this chapter, namely, in §5 to §8, we shall
encounter the same phenomena in the rectification effects at a semi-
conductor-semiconductor boundary, though in more complex form.
This underlines the present-day importance of the original boundary-
layer theory of Schottky.? ”

PART 1. THE METAL-SEMICONDUCTOR CONTACT

§2. The Zero-current Condition of a
Metal-Semiconductor Contact

The decisive advance of Schottky’s boundary-layer theory for
crystal rectifiers over all previous theories lies in the realization that
special concentratmn and potential conditions prevail in the boundary
region—in the “boundary layer” of the semiconductor—and that these
conditions depend on the current through the rectifier.

Let us visualize, for instance, an n-type semiconductor with a uni-
form donor concentration np throughout (see Figs. IV.2.1 and 1V.2.2).
The concentration np of these donors and their dissociation energy
Eop shall be so small* that all donors have-given up their electron ©
(saturated impurities) at normal temperatures. The coneentration
np+ of the positively charged donors is then a constant independent

1 These are electrical overloads with forwa.rd or reverse currents or also alter-
nating current. In spite of certain hypotheses, the forming processes as well as
the surface treatments are still essentially an empirical art, for the physics of the
point contact is not at all understood.

* R. Thedieck, Physik. Verhandl., 3: 31 (1952); 3z 212 (19562); Z. angew. Phys.,
5: 165 (1953). L. B. Valdes, Proc. IRE, 40: 445 (1952).

* 3 W. Schottky, Naturwiss., 26: 843 (1938); Z. Physik, 113: 367 (1939); and
118: 539 (1942). The experlmenta.l investigation of rectifieation effects in metal-
semiconductor contacts without an intermediate layer is due to 8. Poganski, Z.
Physik, 134: 469 (1953).

¢ Concerning the condition for saturated Jmpunl.ma, see pp. 47 to 50..

VPP, AR L AVRER S -

e TEECET

P



§2 Zero-current Condxtlon of a Metal-Semiconductor Gonuet £ 5

‘ Tl:pf:locsai'.u:m in space : s
AR np+ = np = const _ (IV201)

and in t.he mtenor of the semiconductor the neutmhty_condmon for
~ the electron concentra.t.lon n requires

i : ‘n=ng=np* (1V.2.02)

¥ ’However at the boundary between semiconductor and matsl the elec-
‘tron concentration # is determined by an entirely different requirement
than the neutrality' condition, namely, by the requirement of thermal
ethbnum with the metal. For the time being we consider the con-
- dition of zero current, so t.hat the number of alaetrens pasamg from left

ﬁjﬁ’,’,’%\\\ ‘f?ffffff@@Eé‘z\\\\\ f/.ﬁ.” A’\\\\N\ \\\\*

10 /!1/ \\\\\'\\\\\\\

n,.x const

{ id'? Electron concentration i |o"
[0". =

Ng™ Nt

2 o NNy
¢ L norconst: TR
Distance x from the
Dus!unce x from lhs metal boundury ‘metal. bodndary - Y

{ma Iv. 2.1. A Goyraulation boundary Fia. IV.2.2. Depletion boundary layer
- layer (ns < ns = nn*)

ber of electrons passing in the opposite dlrectlon.‘ This reqmre—
t demands a very specific electron concentration np at the semicon-

Fmet ser

RPN e (1V.2.03)

: % % :
— 25101 (’%"’) (ﬁ) em=s  (IV.2.04)

a.n effective density. of sta.t.es in the conduction band. Wi .m isa

' 1of work function of the metal elect‘.rons, but refers to electrons

Z from the metal into a semiconductor rather than into vacuum

the usual work function definition. , b

1 The reader will find a proof in Eq. (X.7.01). N is introduced in Chap. VIII,
and §4, see Eqs. (VIIL1.04) and (VIIL4.04). <
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Tha most interesting feature of Eq. (IV.2. 03) is, for the present, that
np is determined by the work funetion ¥,... w., whereas the concentra-
tion ng in the intericr of the semiconductor is determined by the concen-
tration nmp+ [see Eq. (IV.2.02)]. The work function ¥, w= and the
donor density np = np+ are, however, entirely independent of each

other, hence also the quantities np and ns.

This fact is not surprising; for the density ng deep in the interior of
the semiconductor must be independent of the compomtmn of the
remote metal electrode—Cu or Sn for instance. The boundary
density nag, however, is very strongly affected by the neighboring
metal. Thus we see that, in general, np and n;s have different values
and that npz = ng would be a most 1mprobable coincidence.

Thus we can distinguish two cases:

Accumulation boundary la,yér: np > ng = np (see Fig. IV-2.1)
- Depletion boundai'y layer: , ne <mng=np (see Fig. TV. 2.2)

Physically observa.ble effects will occur in the second case of a deple- -

tion boundary layer (see Fig. IV.2.:2). In this case the boundary
layer represents a high resistance as a result of carrier depletion. If
the effect is sufficiently pronounced, a relatively thin high-resistance
‘layer can dominate the electrical behavior of metal, boundary layer,

‘and semiconductor connected in series. 'The reduction of the resistance

of a thin layer, in the opposite case of the accumulation boundary
layer, has a negligible effect on the total resistance in view of the con-
stant and much larger resistance of the entire semiconductor body.
Accumulation layers are, therefore, of interest only with reference to
nonrectifying contacts to semiconductors, whereas the metal-semicon-
ductor contact with a de¢pletion boundary layer exhibits rectification
propertles

Before wé demonstrate this by considering the behavior in the pres-
ence of current, we have to discuss the distribution of the electrostatic
macropotential' ¥ within the boundary layer. This layer is no longer
neutral like the interior of the semiconductor, for with n < np+ there
are not emough negative electrons © available to compensate the
charge of the positive donors D*. The boundary layer contains,
therefore, a positive space—cha.rge density p(x) which, according to the
Pomaon. equation

V'(z) = — — p(z:) ' @av.z. 05)

£ bends the  potential downward. A so—called o d1ff usion voltage” Vp 1s
present at the boundary layer (see Fig. 1V.2.3).

1 See p. 837 concerning this term. o
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. $2. Zero-current Condition of a Metal-Semiconductor Contect 71

d ; Thm potential difference within a conductor in the absence of current

is very difficult to comprehend, as experience has shown. First we
~ recall that absence of current does not necessarily exclude potential
~ differences. For instance, the so-called Galvani voltage' is established
; between the inner potentla.ls of two conductors of different material in
| the absence of current; in the same case the so-called Volta or contact
~ potential® exists between the surface potentials, as i# well known from
| the ealculation of the-effective grid bias in a vacuum tube. The
f{;; reader who is interested in more detail concerning this aub]eut and its
e nnect.lon with the diffusion volt-

[ 54 \\\\\\\\\\\\\

B cemd o Chap X //,r',ﬁe,/,/ék\\m:se':\"\s‘s:\\‘\\

B It is, however, useful to realize ok

| that the diffusion voltage Vp is nec- )

t ~ essary to establish the zero-current . 006 - 1

By Potential V v

- condition. Thelarge concentration 012 : 10

g g“r’adie'nt from ns to npy must lead to ol8

. a large electron current from right Distance x from the
to left. The zero-current condi- melalbedndary ===

‘Fie. IV.2.3. Potential distribution in

~ tionisestablished solely by the elec- .~ 7 opletion boundary layer.

tnes.l potential difference Vp Whlch

transport.s the negatively charged eicctrons from left to right in order

to compensate the current resulting from the concentration gradient.

- The stratification of the earth’s atmosphere is a well-known analogy.

. Here, too, the absence of vertical motion of the air may be regarded as

~ acompensation of two opposite air currents, namely, the rising air cur-

[ rent from the lower high-pressure layers to the higher low-pressure

' layers and a downward air current due to the gravitational attraction

 of theearth. The resulting air pressure or the proportional concentra-
~ tion n of the air molecules obeys the so-called barometric equation:

; _mez '
n(z) = n(0) e X7 © (IV.2.06)
where m == mass of a molecule '
it g = gravitational acceleration
.k = Boltzmann constant
i T = absolute temperature
sy = altitude coordinate
- If we substxtute the electrostatic energy (—e) ' V() of an electrOn
@ in the electrostatic potential ¥V (z) for the potential energy mgz of a
- molecule in the grant.at.mna] field of the ea.rth we obtain according to
- (IV.2.08)

4 Bee pp. 342 to 345 concerning this term. .

WEETET



78 " _IV. The Mechanism of Crystal Rectifiers

e¥i=) ]
i/ n(z) = nge T (Iv.2.07)
:Injmrticular, we find atrthe semiconductor boundary x = 0
' V() = —V> (IV.2.08)
and n(0) = nz - (IV.2.09) -
so that we arrive at 5 _
L) ]
np =nge kT : (ITV.2.10)

The relations (IV.2.06) and (IV.2.07) are special’cases of the.concen-
tration distribution of a Boltzmann gas in a space with varying poten-
tial energy. Therefore we call spatial concentration distributions like

(1V.2.06) and (IV.2.07) Boltzmann distributions and the mutual com-
pensation of two opposite particle currents Boltzmann equilibrium.
If, in Fig. IV.2.3, we plot the potential linearly and in Fig. IV.2.2 the
concentration # logarithmically, Eq. (IV.2.07) leads to an identity of
the V(z) and n(z) curves if the scales are chosen appropriately. The
possibility of deducing the identity of the concentration and potential
curves (plotted as indicated) from the existence of a Boltzmann equi-

librium is often useful,
This concludes the discussion of the zero-current case. We shall see

in §3 what currents arise if the potential difference Vp of the zero-cur-
rent condition is changed by an externally applied voltage U.
83. The Metal-Semiconductor Contact with Current

We begm with the a.ssumptmn of an increase of the potential of the

metal electrode by the voltage U, while the potential on the semi-

conductor side is fixed at the far right (see Fig. 1V.3.3). In this case
the potential drop across the boundary layer is not Vp but only
VD I Uiuﬂ!

Actually one must dlstmgumh between a voltage Uf,, between the
terminals of the rectifier and the portion Ut which lies across the
boundary layer itself and is smaller than Uf,.. The neutral portion of
the semiconductor adjacent to the boundary layer of Fig. IV.3.2 has
also a finite resistance which we shall call the ‘“base resistance Rz.”

The current through the base causes a voltage drop Rzl which is in

geries with the boundary-layer voltage Urw:
' Ufew = Ugrw + Eal
From the current-voltage characteristics of the boundary layer
I = f(Utoew)
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o

f,ansucs I = f(Uterw) of the bound- HUrora)— ,"
~ ary layer. ’!
/
gpace charge which is responsibie . T
: 4 p of this space charge is given very
~ ap+of the immobile donors D+, for

i Ra
- the variable and therefore adjust- - o [
~ able concentration n of the mobile !'
/
/

§3. The Metal-Semiconductor Contact with Curreat - 179

one obtains the over-all characteristic I = g(UZ..) of the entire recti- -
ﬁer including the base resistance Rp (see Flg IV.3.1). In thefollowing

we shall deal only with the charac- sl g

~ In order to establish the reduced [Nz
potential barrier Vp — Utw, the L e S il '°"‘"

. /
must also be reduced. The density i ll
{4
y

nearly by the fixed concentration

electrons & does not play any part
in comparison with np+ in the es-
gential portion of the space-charge 1 v—

boundarylayer. A reduction of the 't

~ space charge, responsible for the Fia. IV.3.1. Modification of the

potential drop, is possible only boundary-layer rectification charac-
through a reduction in the width of Wfﬁtl;éﬂ-f = f(Uy) by the base resist-
the total space charge. The con- ""*°™”

_ centration ng corresponding to neutrality must, therefore, be maintained
- further to the left than in the zero-current condition (see Fig. IV.3.2).

One can visualize this in the form of a “conceptual aid ! by assuming

/ IN\\\\\\\\\\\\\\ : ///% AORMANANNANNAY
gn \\\\\\\\\{J\Q N orise \53\“1'95’(‘ \EERK\\\\\\

—-—— O ¥ 3
» ’Os'q iR T T
‘5 |°|= Zero-current case = 006 o Yo Urorw v
T o Forword biased S ol2 T r
E _IO‘a ng FIN-s o8 ~forw-
BB U Dis fance <Afrom e 3 - Distance ' from the
Y metal boundary ———s _ metal boundary ——s=

| Fro. IV.3.2. Flectron concentration n  Fre. IV.3.3. Potential distribution

-with forward bias. . V(z) with forward bias.

A tlmt. the electrons which flow from the interior of the selmconductor

toward the. positive electrode extend their concentration ng somewhat

. further into the boundary zone which, in the absence of current, is de-

pIeted of carriers. In any case, the carrier depletion is less intensive
1 Only a “conceptual aid” and net a physically correct picture!
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80 IV. The Mechanism of Crystal Rectifiers

with the assumed bias than in the unbiased condition, and it is cer-
‘tainly plausible that this is accompanied by a reduction of the differ-
ential resistance. The polarity of the applied voltage corresponds,
therefore, to forward currentin the rectifier; hence the subscnpt “forw”
for the voltage Uk
We shall now conslder an applied voltage of oppos:t.e polarity where
the metal electrode is biased negatively by Us. relative to the zero-
current condition, while the poteéntial far to the right on the semicon-
ductor side is again held constant. The potential barrier is thus
increased from Vp to Vb + Us (see Fig. IV.8.5), which requires an
increase in space charge. This can take place only if the carrier deple-
tion is widened at the boundary (see Fig. IV.3.4) leading to an increase

VPt \\\\\\
“Mstal ‘\\\\\\g\ mi¢onduetor N\
' o
006 |- / \t
7 RIS | )
LR 'nja\\\\\\\\\\\\gst\?r\\\\\\ A g‘:g . i
? st I =4 57 /0 B AT
io'* - o S 030F u
P iou.-. Zero current cose %l rev
€ 1o nReverse bios 0.36 l
(] 0.42
Distance x from the ] Distance x from the
~metal boundary ——s= * metol boundory e
F1a. IV.3.4. Electron concentration n Fia. 1IV.3.5. Potential distribution
with reverse bias. V(x) with reverse bias.

of the differential resistance. Thus we realize reverse current in the
. rectifier, indicated by the subscript “rev” for the voltage Use- The
electrons © now flow from the negatively charged metal electrode into
‘the semiconductor. This seems to cause the low concentrations of the
boundary to extend somewhat further into the semiconductor. i
The foregoing considerations will be utilized quantltatwely for a°
computation of the characteristics in §4 and §5. To complete §3
we must indicate what happens in a p-type semiconductor in con-
trast to the previously treated n-type semiconductor. Here again
we find that the metal contact effects a change of the hole concentra-
tion from the value pg in the interior of the semiconductor which satis-
fies the neutrality condition. Again, only the depletlon and not the
accumulation boundary layers can be observed in view of the series
connection of the “base resistance” of the entire semiconductor. The
resistance of such layers is dependent on the load; thus, as in the
n-type case, the depletion-layer width is reduced along with the differ-
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~ ‘ential rectifier rcsistance when the positive holes @ are flowing from
the interior of the semiconductor toward the metal electrode. = For this
purpose a negative bias must be applied, which indicates that a p-type
- semiconducter requires a negative polarity of the metal electrode for
forward current, whereas the previously described n-type semiconduc-
tor requires a positive polarity of the metal electrode. - This difference

of the polarities between n-type and p-type conductors, which is easily
E remembered with the concept of the spreading of the carrier concentra-
;-_.;, ~ tion, was predicted by Schottky® as ea.rly as 1935. This prediction
© has often been checked experimentally since and has always been
I found correct. In order to do this it was necessary to determine the
& conductivity type of the semiconductor in question by Hall efféct or

| thermoelectric measurements. By now the Schottky rule is so well
- accepted that it is used to determine the conductivity type of semi-
I conductors, since it is generally much more convenient than Hall effect
- and thermoelectric measurements. Above all it allows the determina-
* tion of local transitions from p-type to n-type conduetivity in a non-
homogeneous semiconductor, because the metal electrodes can be
‘spring-loaded point contacts which allow very high resolution.

§4. Calculation of Characteristics

We have seen in the zero-current case that the absence of current
can be regarded as a consequence of the exact compensatmn of two
eurrents in opposite directions. Accordingly, even in the biased case
the observed current must be the resultant of two opposite currents
: which compensate each other at least partially. The analytical expres-
i sions for these two currents differ, depending on whether the thickness
of the boundary depletion layer is large or small compared to the mean
. free path of the carriers. First we shall consider the case of small

boundary-layer thickness. ' '

. a. Boundary-layer Thickness Small Compared with the Mean
. Free Path of the Electrons (Diode Theory)

Here decelerations of the electrons by collisions with phonons? or -
with imperfections and impurities within the boundary layer can be
neglected. The number of electrons arriving per square centimeter
and per second from the interior of the semiconductor at the semi-
_conductor interface z = I of the boundary layer (see ‘Fig. IV.4.1) is

1'W, Schottky: comment on the paper by Stbrmer, Z. tech. Phys., 16: 512 (1935).
# Concerning this term see pp. 13 to 14 and Fig, 1.2.9 as well as p. 256.
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equal to the unilateral thermal current density" (1 dni st the
aorrespondmg electron concentration ns. The fraction

!;xp i (g(_‘fn’l;; Uz.cv)) :

of these electrons possesses the necessary kinetic energy to pass over
-the peak +e(Vp + U..) of the potential barrier and can therefore
reach the boundary of the semiconductor.? We thus find at a plane
close to the semiconductor boundary « = 0 a particle current denmty
irom the nght to the left :
ot AP 1S __#(¥p+ Urev) :
A S (IV.4.01)

§ = —

Vbx

In contrast to this “retarding field” of the electrons which run up
against the rise in potential energy from the interior of the semicon-
ductor, the current of elettrons from the semiconductor boundary
toward the interiof is a “saturation current’’; for it is aided rather than

1 The unilateral thermal current density in a Boltzmann gas of the concentration
ns can be caloulated to be

ve=(

o T (W
.-_};ﬂfg]g-[o,..f-d..-.\sﬁmj%.;

The ‘“mean thermal veloeity oa”’ is given in this book in accordance with the
law of equipartition

Mot
——i-v’

ulﬂ?
.

as the quantity (pp. 256 and 264)
‘ T y i 4
: v = Vﬁf—ﬂ ; (VIL.(.22)
This yields the unilateral thermal current density
% 1'_61- Rt
3In the. oomputa.twn of the fraction of electrons arriving at the peak, we mu.ut
integrate not to » = 0 as in footnote 1, but rather oniy to .

S \!?(Vn m—; Uesr)
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Multiplication with the elementary charge e yields a reverse current
which flows m conventional te:;ma from right to left:

ey = e-va-ng(l —e i )
V 6x (IV.4.05)
or . T = 15 (1 — e “'*"U":) G|
In the forward direction iy and UL, are replaced by —tory 80d — Utorw, |
'~ respectively: 4 2
+ Utorw : P
torw = 15 (€ ET — 1) (1V.4.06)

For higher forward voltages Uy > kT/e the forward current
increases exponentially (IV.4.06), whereas for higher reverse voltages
U.ev > kT /e the reverse current (IV.4.05) saturates. The saturation
value is

\/-r 6 bu mn AV.4.07)

Accordmg to BEq. (X.7 01), with the work function Winet sam W€ find
the boundary denmty g .

i ‘!m:t BeTn
‘nn = Nge ¥T (X.?.‘Ol)
50 that we obtain ' ;
_¥met som
: o is = ‘\/—1—-— CROC IRy B R (IV.4.08)

If we mtroduce e = 1.6 - 10-1 coulomb, v from Eq. (VIL9. 22), and ;
"N from Eq. (VIII.4.04) and utilize kT = 25 9 - 107" ev (T/300°K), we -

'Iamve at
is = 1.08 - 107 220 (’"‘“) ( 00’1{) ‘*3“(*?%?2”)'(30_375_) ;
: \ IV.4.09
= 120 “mf,’ ("‘“') (—) i) ()
e 2 :

Equations (IV.4.05) and (IV.4.06) give the characteristics for thin
boundary layers. .We shall- now consider the opposite case.

b. Boundary—layer Thmkneu Large Compared with t.he Mean
Free Path of the Electrons (Diffusion Theory)

Here the electron suffers many collisions with phonons and imperfec-
tions or impurities. The electron current from right to left is caused
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§4 Calcu]atxonof Charactemum A | 8.5,
"'concentmtlon gradlent and may be expressed as a dlﬂ'usmm

¢ -
PE

5= Dyon@) Nl (IV4'10)

= diffusion constant of the elect.rons) whereas the currvent from

to right results from the potentml gra.dlent and may he expressed
a field current

P o L @V4LY

e diiiusioﬁ eo.n'sta.nt D, and the mobility u, o_f'the electrons are con-
ted by the Nernst-Townsend-Einstein relation
D= i ; '(rv.uz)

hat we find for the total current from left to right, which is source-
a.nd hence mdependeut of locatmn,

— ' ; kT '
s==s-a==p,.nV(w)-p..*-"ﬂ.(a:) (IV413)
rding to §3 this particle current direction from the boundary to .
interior corresponds to reverse current. We find the reverse-cur-
densmy by multlphcamon with the elementary charge e

L e =V @) — k(@) (IV.414)

isisa lmea.r dlﬁ'erﬁmal equation of the ﬁrat order for the coucen-
on d:stnbutlon n(z). The solution is'
t=1 : § G o 7

.+ﬁ.r’(=! i yi'l’:vT +kr(”"’ V) dé¢ (IV.4.15)

f=z

-n(:t) = fia‘e

-

can be venﬁed by mtroducmg it into (IV 4, 14) The only integra-
n constant oceurring in the solution of the ﬁrst—order differential
ation has already been determined in (IV.4, 15) 'so that the neu-
lity concentration 75 of the interior of the semiconductor i is obtained
he semiconductor interface x =  of the boundary layer.!
~on the other hand we apply (IV.4. 15) to the metal mterfs.ce
0 of the boundary layer, we find according to the qua.htatwe con-
erations and the figures of §3

n(O) =f£,f BRI (IV416)
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as well as ; y 3T .
V(@) = ~Vp — Urew (AV.4.17)
go that ; 7 :
. AN
i e a Ll o '”' + @ ( m__v., r :

o s Tvs @ F?Vp'e F?U + ii?g-/; e W_,v( ‘kw dE' (IV.4.18) *

~ Using the squation _ ;
nge K1 ='ng AV.2.10)

. we find for the reverse-current density -

; " & Ve
Trey = e:.cuﬂs'j-r' ;5 Lol (IV.4.19)

e L v —ve
: o KT i di -

\

§=0 :
- Tf the potential function V(z) is known, the integral in the denomina~ .
tor can be evaluated at least in principle, and (1V.4.19) already repre-

_ sents the characteristic 4. = f(U.). The following reasoning often .
yields an adequate approximation.* The exponent (e/EIN(V(0) — .
V(&) of the iutegral is always negative within the integration range
0 < & <1 (see Mig. IV.4.1). The essential contributions, therefore,

, ocour in the vicinity of £ = 0 where the approximation

VO)— V() = ~Es k- (V420

is again applicable. (Ep &= contributioix of the boundary field
strength, see Fig. 1V.4.1.) The integral in the denominator fhus
becomes { : ;

g ; EStbi '
o i _eBp iz,
f FETOT® g f o KTE g = ;}% [e H‘]E:f (IV.4.21)
=0 e (247 j ] ;

Since elal/(kT) >> 1 the term corresponding to & = I can be omitted.
We find thus simply iy

Eml ; .
\ ! .. dE }52

% 5 f dé o . (IV.4.22)
_ . and obtain from (1V.4.19) the equation of the characteristic

] i "".“_ My, - r
G = eusnsBa (1 — o ) (IV.4.93)

1 But not always! The case of unsatursted impurities in the boundary layer
cannot, be treated accurstely in this manner. e

< J
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~ For forward current the substitution trey - — e A0 Uy = = Utorw

; +1 = Ul :
hhoew = epangEg(e ¥ 00 — 1) - - (IV.4.24)

 The comparison with the characteristic equations (IV.4.05) and
: (IV’ 4.06) of the diode theory shows the great similarity between the
~ results of the two theories. The saturation current of the boundary
" concentration ns :

. : ig.= -\;ﬁ: evung (IV.4.07)
pla.ced by the field current corrupiﬁng to this concentration:
Lo = WIEB : (IV.4.25)

alsn on t.he apphed voltage through the boundary !ayar field strength
% Ez. Gompared to the exponential term in (IV.4.23) or (IV.4. 24), this
" dependence is significant. The reader will find further particulars in

- §5. The Coneelitratlon Distribution in a

i Boundary Layer
Even with current flow’ the concentration distribution n(z) follows
eV ()

gu the Boltzmann law n(z) = ns e T in most of the boundary layer.
~ Only in the immediate proximity of the metal is the concentration
~ increased for reverse current and decreased for forward current (see

- Fig. 1V.5.1) with respect to the Boltxma.nn distribution. For reverse
gﬁrrent the dxﬁumon current 13 so much reduced tha‘t. e,., is almost a

Equa.tlon (IV.4.15) gave for the concentration distribution:

10! Ee=l

& - @) = np 'O 4 B e f *ﬁ”’"’ O g av.415)
' o © fms

~ This can be mmphﬁed by not;ng the negatwa sign of the exponent in
the integral, as in the calculation of the characteristics, hence deducing

. 1W. Schottky, Z. Physik, 118: 530 (1042). E. Spenke, Z. Phyeik, 1261 67
.“M) Z. Naturforsch., 4a: 37 (1949). St ulhs
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that a.ppreclable contributions occur only in the vieinity of .‘;‘ =z,
where we can approximate as follows: )

V) ~ V(@ ~ ~E@E~2)  withE@) >0 IV.5.01)
We obtain the integral

E=l a
+ V@) — Ve kT =50
o dt ~ s (1 7] (1V.5.02)

Emz

If we forego a description of the concentration conditions at @ = [,
we can neglect the exponential term in the parenthesis, and we obtain

o TR ] R SRR O e
U‘l‘_n;" ,L i0 l: = -
: Ogond SN
o : e,
o TS
1|o"‘—-retd — 7 i nawlz{ﬂ“
o |- current _...:# Boitzmann region = * 332%52:“" _
region g/ : e
- e ool
§'01 ' g %10 it fusion
= A Ups 61T 5 I current
" s o LD
= Reverse case e e e
e 4112 : 3 2 a :
o } ] G Forward case
10 ] St — 10 ==
1_0’0 /-nmék} IO'O :;
" j
0? szw] | _ J 0
0 02 04 06 08 1010712 .14 1610° 0 02 04 06 080°
x/cm— x/cm—e

Fra. 1V.5.1. The concentration distribution n(z) is composed of a Boltzmann
distribution ns.w(z) and an added eoncentration n,44(z). The figure is based on
the values ns = 1.3.10' ¢mn~2 and Vp = 10}7 = 0.259 volt. With respect to the
additional assumptions and simplifications see E. Spenke, Z, Physik, 126: 67 (1049).

for the concentration distribution in the reverse-current case.

TV (z) " tier
n(x) =~ nge *ir R T
( ) 8 i 8ﬂmE(x)

For forward current the substitution #rey — — 1w leads to

forz <1  (IV.5.03)

+-T—' V(z) : Tror
k w
n(x) = nye XL eyl M Ral
( ) 8 en E( )

These e ﬁations contain very important physical information.
Theysindichte that the electron distribution n(z) is composed of

forz <1  (IV.5.04)
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NBot:(T) = Ng e+“'*"vw (Wr 5.05)

ver the Boltzmann component nn.,u.(z) has ﬂ H“oundmy valufe

s . ._J

U
I Foverse-cutrent is too small by a fa.ctor e 5T =

: i T ~prUne i ks
mﬂgewu H'n &7 =nse "T'" (IVISOG)

a

nm(O) = ng e"""‘r.vfnﬂ :

_ issaly e
@ n.“(:c) G,UmE (.'L') (IV-&-OS)
ed for reverse current according to (IV.5.03) a.nd is subtracted for
ard current according to (IV.5.04).
influences not only the concentration n(z) but also the concen-
gradient n'(z) (see Fig. IV.5.1). The concentration gradient
it the diffusion current are tremendously reduced for reverse
t when compared to the pure Boltzmann component s, (z) with
ct compensation of field and diffusion current. For all practical
ses, the field current inus = eunn(2)E(z) alone remains, which
mmply N P
: . Ltiela = ‘g * ME(&) (IV.509)
naits < 7uaa. This leads with (IV.5.08) to
' irad = Taoy . (IV.5.10)

] rw‘ard current, however, the concentration gradientisincreased
mpared to the pure Boltzmann contribution (see Fig. IV.5.1).
dlﬁumon current greatly predonnnates over the field current, and

re 1V.5.1 shows, however, that the influence of faag s notmed
t the metal mterfa.ce of the boundary layer. Toward t‘ii
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interior of the semiconductor we find
TeBoity > Nada

and the distribution is a Boltzmann distribution not only for zero
current but also for reverse and forward current. This is again very
plausible. Let us take, for instance, reverse current and go from left
to right through the boundary layer in Fig. IV.5.1. To the extreme
left we find the field-current region, where the density increases at such
a rate that, with the decreasing field strength, the required total cur-
rent is carried as field current. This increase leads to an increase of
the concentration gradients.! This in turn causes the diffusion cur-
rent in the opposite direction to increase which, to begin with, is
.immaterial. However, further to the right the diffusion current in the
opposite direction approaches the same order of magnitude as the field
current. Both currents must then have become large compared to
the total current i.., in order to leave a residual current 7., in spite of
the mutual compensation. We have now passed over frond the field-
current region on the left to the Boltzmann region on the right.

Thus in the region of the boundary layer adjoining the semiconduc-
tor, the Boltzmann distribution prevails substantially not only for
~ zero current but also for current flow. Therefore, the logarithmically
plotted concentration distribution n(z) and the potential distribution
V (x) are identical for current flow as well as for zero current as shown
on page 78. '

PART 2. THE p-n JUNCTION

86. The Zero-current Condition of a p-n Junction

The first five paragraphs of this chapter were concerned with the
properties of a semiconductor-metal contact. A systematic procedure
would require next the treatment of & contact between two different
semiconductors. However, the multitude of possible phenomena is

1 When considering the concentration gradient, it must be pointed out that the
concentration is plotted as logi n(z) and not as n(z). Thus we obtain the con-
centration gradient dn/dr from the slope d In n/dx by multiplying with the con-
centration n(z) itself:

dn dinn
a; = ﬂ-(z) z 7

The slope d In n/dz increases somewhat from left to right. However, the factor
n(z) increases much more rapidly, so that the concentration gradient dn/dx
increases very rapidly from left to right.
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large that we are forced to make a choice. In view of thuir
1 importance, we shall limit ourselves to the so-called p-n
3. A p-n junction is not a contaet between two entirely differ-
semiconductors such as selenium and cadmium selenide; the term
tion” is chosen to indicate that only one single host lattice is
t and that there is a transition from a zone doped with acceptors
ducing holes into a zone doped with donors producing electrons.
oferring to the example discussed in §1, we maglne—see Flgs
1 and IV.6.1—that indium (In) is diffused into a germanium
le crystal from the left, creating acceptor impurities 4~ and
@®. This leads to p-type germanium on the left. Antlmony
is dxffused into the erystal from the right, creating donor impuri-
Dt and electrons ©. This leads to n-type germanium on the

To begin with we consider the special case of a symmetrical
n. unction. Let us assume, for instance, an impurity concentration'
S102¢ om—2: ' ; 5

. Ma- = np+ = 10¥% em—? (IV.6.01)
mean distance between two impurities is thus :

8452 - 10%2 e
: N d0MsiemEs
teratomic distances in germanium because the concentration of the
fum atoms is 4.52 - 10" ecm=3. For reasons of neutrality, the
rmanium on the left must contain a hole concentration

= 165

Pp = 10’ cm—? (Iv.6.02)
on the right an electron concentration ;
' e = 10'% cm—* (IV.6.03)

ddition, the so-called thermal pair formation (see page 25ff) intro-
throughout the germanium pairs of electrons and holes continu-~
v 50 that the p germanium containe a certain electron concentration
the n germanium contains & certain hole concentration p,. For
. current these concentrations result from thermal equilibrium
en pair formation and its counterprocess, recombination. The
e ron concentration n and,the hole concentration p obey (but only ;

‘the case of thermal ethbnum) a law of mass action?

ncp=n} (IV.6.04)

pt at vary low temperatures all the substitutional impurities in germanium
5 concentrations considered here are dissociated.
2 8ee pp. 26 and 305.
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> The so-called intrinsic denmty n; for germanium at room tempera.—
* ture has approximately the value! ;

~ 10" cm—* (IV.6.05)

This results in an electron concentration on the left in the p germanium
& ;
np = 101 cm—* (1V.8.06)

and an equal hole concentration on the right in the # germanium of
Pa = 10" cm—? (IV.6.07)

From the standpoint of space charge, these 10¢ times smaller concen-
trations can, of course, be neglected compared with n, and p,.

We make the unreahstlc but convenient and fundamentally per-
missible assumption that the impurity concentrations ns- and np+
maintain a constant value in space of 101% ¢cm—3 on the left and on the
right, dropping abruptly to zero at the centerz = 0. This assumption
introduces an abrupt transition from indium doping to antimony
doping at the center. Such an abrupt transition is obviously not
shared by the concentrations n and p of the mobile holes and electrons.
The concentrations n and p must exhibit a spatial distribution differing
from that of the impurity concentrations ns- and np+ because they do
not drop from their neutrality values p, and n,, respectively, to zero
after crossing the center z = 0 but rather to the equilibrium values
P» = n}/n. and n, = n}/p,, respectively, as required by the mass-
action law (IV.6.04). In this §6 we shall discuss the distribution of p
and 7 in the case of thermal equilibrium corresponding to zero current.

The transition frém p, to p, and from 2, to n,, respectively, must
assume the form of an S-shaped curve (see Fig. IV.6.1). Space
charges are formed on the left and on the right of the center z = 0.
The positive space-charge density in the region z > 0 bends the elec-
trostatic potential V(x) downward (see Fig. 1V.6. 1) according to the
Poisson equation

V' (z) = — o p(:c) <0 forz > 0 (1v.6.08)

whereas the negative space-charge density connecting at the left bends
the potential V(x) back to horizontal:

Viz) = — i;f o) >0 forz <0 (1V.6.09)

1 More accurately, 2.5 - 102 em™3.  See E. M. Conwell, Proc. IRE, 40: 1329
(1952), Table 1I. : f

[SRERE VL -
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r-all result is—as for the boundary layer of a Toetal-semi-
ontact—a potential step® mthm ‘which is establmhed a
3 dmtnbutmn

p@ = pac KT (1V.6.10)
e+'-??""’ AV.6.11)
of the step, i, the d).ffumon voltage Vp, can be calculated

n(z) = N,

; + ¥ s
i‘A" DT ep o* eD -
o* © o p* of
Eyr R e
A DD PR pHiNigiphe Tt
. ', A n~germanium

56 o ouoo 200 oooo oooooooootou eepssceasene D‘. &
e Phe TN A i
'lou . oe. f{ l

. . o

_,,
zskae

“a,
ol 83883833
~

gtheaeequn.tmns for x—b — _wit_h V(--_' ,05) = ‘."'_fo
&5 M = ;+ff,n

: ; 'IV.6.12-
Pa n; . X ( . )

ential at.ep is pmaent in gpite of the fact that the germanium erystal is
bothternnnalel Seaalnopp 78aml77andpp 350 to 361.
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In the present case, Vp would be

o B

Vo = = In ;t:
: 1016 o

- = 259mv-in om = 25.9 mv - 13.8 (I1v.6.13)

Vo =~ 0.358 volt ‘

Because of the Boltzmann equilibrium (IV.6.11), the logarithmically
plotted electron concentration curve n(z) is again identical with the
potential curve ¥ (z) in Fig. IV.6.1. The logarithmic plot of the con-
centrations n and p has a further property which arises for p-n junc-
tions but not for Schottky boundary layers with only one carrier type.
The law of mass action (IV.6.04) requires that in Fig. IV.6.1 the n and
p curves be symmetrical with respect to the horizontal line n;. With
~ the help of this criterion, we shall be able to determine the predomi-
nance of generation or recombination, respectively, in the nonequilib-
rium cases, i.e., when current is flowing.

87. The p-n Junction with Current

What changes in the conditions just described when, for instance, a
positive voltage + Us.w is applied to the left p part of the rectifier while
the potential of the right » part is fixed by grounding? The potential
step is now reduced from Vp to Vp — Usrw (see Fig. IV.7.1). The
formation of this reduced step requires a diffuse double layer with less
space charge than previously. The concentrations p and n must,
therefore, maintain! their neutrality values p, = n4- and n. = np+
further into the transition region than in the previous condition of zero
current. The concentrations p and n are no longer symmetrical to the
intrinsic density n., and their produet is now p - n > n}. This devia-
tion from the law of mass action (IV.6.04) means that recombination
exceeds pair formation in the entire transition region.  This comes
about in the following way: The potential increase at the left end of
the rectifier drives the positive holes of the p region from left to right,

namely, toward the transition region. The negative electrons of the

right n region are attracted by the left positive electrode and thus flow,
also, toward the transition region. Therefore the concentrations »
and p increase within the transition region. This leads to an increase
of the recombination rate r -n - p, whereas the generation g remains

constant since it is independent of the concentration. A new steady-

1 This argument should be made more precise as on p. 79.
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'oondmon is established, when the excess of recomblmhon over
-ation ig just campensated by the influx into the transition region
:both gides. 'The foregoing shows furthermore that the total cur-
i.;.,,._, is a pure hole current 7, on the left side and & pure electron
nt. %a on the right side (see Fig. IV.7.1, top).

Ll
= |

1V.7.1. Current dxstnbutmn, potential distribution, and concentration dig-
tion in a p-n mnctmn The forward bias case.

becomes now pla.uslble that the experimentally observed hzgh
nce of a p-n rectifier at small bias (the “gzero-bias resistance” in
IV 1.2) arises from carrier depletion in the transition region.
e the carrier denmtles p and n drop to the intrinsic density ni. Ag
e saw at the end of Chap. I (p. 27), this condition of intrinsic con-
ion corresponds to the highest attainable specific resistance in a
conductor. This cause of the high zero-bias resistance of the p-n
ctifier ‘has been reduced by the apphcatmn of a positive voltage to
e left p end of the rectifier. The high carrier concentrations of the
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p part and n part are, as we have seen, effectively carried along by the
hole and electron currents directed toward the transition region, so
that they are, so to speak, extended into the otherwise depleted transi-
tion region. The resulting reduction in resistance of the transition
region, and hence of the p-n rectlﬁer, shows that this polarity and the
direction of the conventional current from left to right through the
rectifier constitute the forward direction.

Fia. IV.7.2; Potential dmtnbut.lon and concentration dmtnbutmn in a p-n junction.
The reverse bias case.

The proof that the oppoaite direction of the conventional current is
the reverse direction can now be made quite brief (see Fig. [V.7.2). A
negative potential — U,,, must be applied to the left end so that the
conventional current flows from right to left. The potential step in
the transition region increases thus to Vp + U, and requires for its
formation more space charge. This can be attained only by widening
the depleted transition region. The widening of the high-resistance
trausition region increases the rectifier resistance. Thus the reverse
direction is realized.
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§8 The Special Cﬁse of a Low Recomblnatmn
p-n Junction According to Shockley

7 Bhockley has pointed out that the use of crysta]s with very low
: mbination rates leads to very special charactenatma of -n rect.x—

lOi F---_ .
L [}
. 0.5 =
rl:!
-

|
[
fo the pMcnilaI
ste -uU ; SN

Boltzmann distribution
according to the potentiol
step Vo A

<k

g, IV.8.1. p-n junction with low recombination. The forward-bias case. The
in the forward-bias case is not strictly horizontal (constant) to the left
» and to the right of z,, but rather a slight drop from left to right is present.
iese “‘base regions” weak base fields are present which, however, are too
1o be clearly incorporated in the above figure.

ly, the polarity shown in Fig. IV.7.1. We have pointed out pre-
y that the current in the rectifier is carried by a hole current at
ar left and by an electron current in the opposite direction at the
right and that the hole current passes over into the oppositely
ted electron current in‘the transition region owing to the predomi-
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nance of recombination. If, according to Shockley, special measures,
which we shall describe later, are taken to reduce the recombination
appreciably, the holes will penetrate deeply into the n region and the
electrons into the p region (see Fig. TV.8.1). The @ current begins to
be taken over by the © current of opposite direction deep within the
p region, long before the transition region isTeached. At the beginning
x, of the transition zone the exchange is already 49 per cent complete,
in the middle of the transition region the ratio 1,:4, = 50:50,' and at
the end z,, of the transition region it is, for instance, 49:51, so that the
remaining replacement of 7, by takes place over a long distance in
the n region. - _ -

Thus at the point z, the numerous holes and the few electrons carry
approximately the same current, namely, half of the total current #orw.
This stems from the fact that the holes are accelerated by only a very
weak base field strength? whereas the few electrons contribute about
the same current Yie.« a8 a result of the relatively large concentration
gradient. The field contribution to the electron current ecan be com-
pletely neglected for all practical purposes. While the weak field can
contribute an equal hole current Y3~ because of the large number of

holes, the current contribution arising from

. ; A the few electrons 7 is only of the order of
(ﬂ/p,) . %'i{or' = % 2 10“‘1:1“! in a typlcal
_// example. e

-1 Thus we see that the electrons which are
dragged into the p material carry their con-
tribution to the total current in the form of a
W;],) pure diffusion current. This diffusion enr-
- i rent is, however, not constant in space, but
Fra. IV.8.2. Aid for the diminishes as the electrons penetrate further
derivation of the diffusion  from right to left into the p material as a
equation. :
consequence of the predominarce of the re-
combination 7 * % p over the generation g. Hence, for two planes at
z and z + dz (see Fig. 1V.8.2) we obtain

D, - n'(x 4 dz) — Dy -n'(z) = (r n(z) pp — g) dz (IV.8.01)
Applying the law of mass action (IV.6.04) to the p germanium, we
obtain .
_ g =17 "Ny P» (IV.8.02)
and using this on the right side of (IV.8.01) we obtain
+Dun! (z) dz = rpp(n(x) — np) dz

1} We still sssume the symmetrical transition ng = ng(= 1018 cm=3),
2 In this connection, see also the caption to Fig. IV.8.%.

|

D, x)
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 another form '

a: 1 TV.R,
iz @) = np) = EE'(”(“’)« —n,) =0 (I'V.8.03)

hére we have introduced the so-called diffusion length of the electrons

.
B TR . Va0
- , 4 Pahs
this connection we often use the concept of the “lifetime r,”” of the
 electrons in p germanium, defined by* ;
e : 1
8 '; R 8 ¥ : e ® TEVET ' W-S-OE
o i . avsos
o justification of this definition would be too lengthy at this point.
~ We refer the interested reader to Chap. IX, §1, where similar problems
~ are discussed in detail. We shall note ‘only that the combination of
. (IV.4.12), (IV.8.05), and the Nernst-Townsend-Einstein relation
~ (IV.4.12) leads to

- o DA oo D (1V.8.06)
T0p : e 5

L, and 7, are added to the conductivity o as material constants charac-
terizing a given semiconductor sample. The solution of (IV.8.03)

which fits the electron current as it diminishes toward = — « is
S e 1 (L0 )

n(@) = n,+Ce

ag_thpt the logarithm of the concentraﬁon plotted in Fig. 1V.8.1 shows
4 linear decrease toward — » as long as n(z) is large compared with the
ibrium value n,. The slope of this straight line is determined by

! This relation applics to the specific reaction © + & -+ 0. The carrier anni-
tion does not necessarily have to follow this recombination equation. Atomic
foctions and impurities as well as more extended lattice disorders, such as
aces and surfaces, play an important role here. However, ‘there is little
{ that in a first approximation the devistion n — n, from the equilibrium

tration 7 it the determining factor. Hence the expression .

1

: x4 (n — np)

or the number of carriers disappearing per unit time and volume has & rather
al significance—independent of the particular recombination mechanism
‘4 @ — 0. We shall, therefore, in the following always give the equations in
m_wh_ichmahesuseofr.—I/rp,simthiamhtionisﬁadto‘theapouiﬁc
ction © + @ — O. Tud 508 :
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the diffusion length I, in such a fashion that the concentration n(:c)
“drops by a factor e over a distance L,. .
We shall now calculate the current which is carried by the diffusion
tail; from (IV.8.07) we obtain

x--x,

Pirll) = c* S %—' G v (I7e8.08)

Thus 2,, the contribution to the total current Zeprw which is carried by
electrons, is at the point z = z,:

in(es) = L2 () — ny) ~ (1V.8.09)

.~ For the computation of the characteristics, we must determine the
concentration increase n(z,) — n, at the beginning x = z, of the elec-
tron diffusion tail on the left (see Fig. IV.8.1) as a function of the volt-
age Uy., applied to the p-n junction. This can be done by stating the
Shockley condition of “low’’ recombination more precisely. Low
recombination means a small recombination coefficient and therefore,
according to (IV.8.05), long lifetime . and, according to (IV.8.04),
long diffusion length L,. The requirement of ‘“low’’ recombination
means actually that the diffusion length L, is long compared with the
width z, — 2, of the transition region. In this more precise form the
Shockley condition has decisive consequences. The electron concen-
tration drops within the small transition region z, — z, by several or
many powers of e, whereas in the diffusion tail the drop within the large
diffusion length L, is only by a factor e. The concentration gradient
and with it.the diffusion current must, therefore, increase enormously
in the transition from diffusion tail to transition region. This is
possible only if the excessive diffusion current in the transition région
is compensated by a field current of a.lmost equal magnitude, for the
current contribution ¢, of the electrons remains practically unchanged.
Thls mdlca.tes that an approximate Boltzmann equilibrium exists in
the transition region. This, in turn, leads to the potential curve V (z),
the logarithmically plotted electron concentration n(z) being identical
within the transition region. Since this applies also for zero current,
it is evident from Fig. 1V.8.1 that the rise by the forward bias Uy, of
the potential curve V(z) in the p region is associated with a rise in the

y o
concentration cmwe'p.(_w) at the point z = z, by the factor e+k_'*"{ :
n(z,) = ny e+l?i"U‘“' (1V.8.10)

Thls however, is the relation between the volts.ge Utorw and t.he con-
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h ing 2 = .'c, of the electromo dJﬂ'ua,;omtalli
e looking on page 100. :
motenstm equation fuew = f(Ug:w) Of & p—n junction is now
sined without great effort First we combm (IV.8.10) with
V.8.09): : e 1A 10!3&1@,[@ we gt

(2 2 ny (o e e txva 11) |

%w-"" ta(Tp) + in(x,) ¢ (IVB 12)

eurrent contribution 7, has essentially the same value at the point -
Z, as at the point z = z,, smce the recombination in the transition
n is to be neglected

: (Z) = 1p(2a) ; Erv.8.13)
 analogy to (IV.8.11) we have ' S _ V5
(oA %)z D (GRET e S S (IV.8.14)
P

combma.tmn of (IV.8.12) with (IV.8.13) and (1V.8.14) leada to the
ncteristic equation for the forward current

?d'new e Dﬂn’ ""‘-E‘Di ?(é-’.ﬁUfmw g 1)

BT fnr the reverse curtent h ‘ (IV.8.15)

(Dﬂnp g D’p‘) (1 Unv)

e obtain, therefore the same exponential eha.ract;ermtms for tha
ey p-n junction with low recombination as from the diode theory
the metal-semiconductor contact. The satumtmn current how-
18 now i C R
S5hire el Dny D,pn) b ;
ig c( . + % R (IVS.I&)

(IV 8.06), the Nernst-Townsend-Emst.em rela.t.loh av. 4 12), and
mass-action law (IV. 6 04) we find e

is = ekl - nz ,/“"p \ﬁ‘:n) (IV.8.17)
_ » ? fn

ch yields, with Eq. (I-V.S.OE), applicable to the specific reaction

<,



02 IV. The Mechanism of Crystal Rectifiers
e+ o0 SN :

4 = Ve .r kT n} (ﬁ + @) (IV.8.18)
: P> N7

SIS :

These sahlgtiq‘n-current values are much lower than those derived
from the diode theory for metal-semiconductor contacts. With the
help of (IV.4.07), (IV.8.17), and (VIL9.22) we obtain with ns = n; in
the diode theory,! setting the two terms in (IV.8.17)% equal to each
other,

is (metal semiconductor) 1 1 .jera Py

is (p-n junction) 2 /o2 Nmu, n
: Y -3 -
= |7.0-10- (v 8ec) e/ 7y 8 19)

(un/em? volt—' sec™)  ni/em™

For germanium with 7, = 100 psec, un = 3,500 cm?/volt-sec,
pp = 101 cm~3, and n; = 10% em—3, we thus obtain

ig (n.letal se{mcoqductor) 1410+
ig (p-n junction)

We hope that the foregoing discussion has shown that the physical
reason for the unipolarity of a p-n rectifier with long diffusion length
no longer lies in carrier-concentration extension effects within the
transition region. The actual transition region, within which the
carrier concentration is approximately equal to the intrinsic density
ns, is no longer of decisive iTit:ftgnée-ior.the magnitude of the actual
current, for this current is rea ily provided by small deviations from
the Boltzmann equilibrium.® The decisive effect is the current yield
of the diffusion tails. The current yield of a diffusion tail is, however,
vastly different for the two current directions (see Fig. 1v.8.3). In

1 For np < n: 8N InVersion ocours within the boundary region (see p. 26). The
neglect of carriers of upposite polarity in the diode theory is no longer permissible
in the boundary region. : B )i

2 This is permissible for order-of-magnitude considerations.

* For the reverse direction this is, however, approximately correct only to
Urer < V1 (IL/x0] /2/x), Where V = kT/e = 25.9 mv (7'/300°K), L = Laor Ly
is one of the two diffusion lengths, and zo = ~/eV/dzenp* or /EV /Axeny- is the
go-called Debye length of the semiconductor. This was calculated by Herlet for
the case of constant impurity concentrations na- and np+ changing abruptly at the
junction. The term Debye length stems from the similarity of zo with the charac-

 teristic length in the Debye-Hickel theory of strong electrolytes. As an aid for
visualizing this length, we recall that a constant space charge produces a parabolic
potential distribution according to the Poisson equation (IV .2.05). At the begin-
ning of this parabolic potential distribution, the potential difference of }4V is estab-
lished within a Debye length. - 1
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;the neeesaary concentmhon inereases are possible mthout
50 that currents of any magnitude can be carried. The concen-
on. decreage required for the other current _direction, however,
approaches a limit because
soncentration at the ‘beginning
h diffusion tail cannot be made
s than zero.  This should help in.
1elizing, fhe saturation of the
mt for reverse polanty .
ese. P rectlﬁers with e A e
sion lengths exhibit excellent o B I T A ST
se' characterigtics since the
fusion tails with their extremely
: _cdncentmtmns govern the proc- -
This was demonstrated in the
srison with & metal-semicon-
tor contact. From the prac-

‘standpoint, high diffusion e e

forward bias

% -
Reverse bias

@ngt}m are attained by using erys- xfl.,, I ;
of greatest possible perfection m-po = e ""'“
recombination takes place pri- : " . region

rily at surfaces and crystal im- 11:? va t§.3 dOot;a:enmu&n $g_tribu-.
4 n o € elecirons in the usion
etmns It is not nnly neeea- tail wlthm r.hep part. Li Hlot,

] to now we have made the rather nnreahstlc aasumptlon tha.t the
mpurity concentrations ny- and np+ maintain their constant values '
the center z = 0 of the pn ]unctmn where they drop abruptly to

If we examine the reasoning of the previous pamgraphs inelud-
y §8, we fingd that this unrealistic assumption does not affect the
ts appreciably. Assuming, for instance, ns-(2) and np+(z) curves

Sec in this connection W. Shockley and W. T. Read, Jr., Phys. Reo., 87: 835
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- asshown in Fig. IV.9.1, we find in analogy to the premously comndered
case (Fig. IV.6.1) on the left a hole concentration x

Dy -m-(-—w)+np==m (-°°)+-*‘ ~ ng-(— ) (I1V.9.01)
and on the right an electron concentratlon
i = np+(+ ) + po = o+ ) + — o~ ﬂn*{+°°) (1V902)

which are established for reasons of neutra.hty. The electron con-
centration n in a transition region drops again from the value n, to the
value n,, and we again find in this transition region for zero current a
diffusion volta.ge

Vi Eln ¥ (IV.9.03)

Ny . ‘

so that the diffusion current in the direction of the concentration
gradient n, — n, is compensated by an oppomte field current. The
space charges of a diffuse double la.yer are necessary for the formation

Trcnsmon region
A

.r_- .

9""'? n o) '# (+ @)
10 °mmm°mmo.4oo.%3rv gd'...t -_s,vmm-mm-.u. 2889
105 [-Po _ ~ 4 7 ‘;. Je i)

10" : ° :
lor’ n . _..iy o z n;

% 5 o
10'2 N ..’ ) / \ ".'a°
Ll od
o' kL o N %, 3
2 5 & 2 Pr.
10 -o-—-o——n—-o--ql.-“" / ""‘50:--.-'-—-——0—-.——-
"‘ ‘noo
25 ooo
‘\?\.0.. gEo
o9 e® ﬂt’
.0

Fia. 1V. 9.1. p-n junction with gradually changing (graded) xm;:urlty densities. -

- of the potential step Vp. Hence, it is not possible for » and p to have
~ in the entire transition reglon values prescribed by the neutrality
eondlt.mn

and the law of mass ﬁction

These would be -

ﬂ'mlnl(z) = 4 Winp+(z) — na-(z)]
+ Vilnp(2) — na<(@)) + n} (IV.9.06)

B e = . (1V.9.04)

n-p=n} (IV.9.05)

.




_ §9. Su,qpl.emont-nry Remarks on p-n Junctions 105
z) = --—%[n&(w) — na(@)] : )
+ VYo (@) = na @) + n? (IV 9. 07)
pt transitions of the impurity concentrations n,- and np+
me. case: Fig. IV.6.1), the deviations p(z) — Puewem (z) and
- 1;.....,.1 (z) will have the order of magnitude of n4(z) or np+(zx),
ctively. For very gradual transitions, these deviations p(z) —
(@) and 7n(2) — Noeaet () Will be amnll compared to n4-(z) or

» preseribed by (IV.9.03) must be formed in a double layer—
_ ojxe case in a relatively thin layer with apace—charge densities
) =~ —ens-(z) or p(z) =~ + énp+(z), in the other case in a layer
1 the space-charge densities p(:r:) < —em{x) or p(z) K +-enp+(z).

These details do not, at .Iea.st at this stage, prevent a distinction
en the transition region and the two diffusion tails in the case of

on, the dominant carrier type (the “majority carriers’) carries its
rrent contribution as pure field current in a small “base field” and
: mn;onty carrier type (the “minority carriers”) carries its current
tribution in the form of a pure diffusion current. Therefore,
(IV.8.09) applies again for the current contribution of the elec-
: beyond the transition region. The concentration value at the
ginning of the diffusion tail is again determined by the Boltzmann
ibution in the adjacent transition region [Eq. (IV.8. 10)]. Thus

finally (IV.8.15) for the total current. -
he realization that the vahdxty of the characteristic equation
- (IV.8.15) depends solely on the adjacency of a Boltzmann region and

thm the ’Bolﬁzma.nn region, will be fruitful when we consider unsym-
rical p-n junctions later in this paragraph. However, we should

y potential step is always given, in the critical reverse case, by
Vb + U.., independent of the width. Experience indicates that at field
0 gths of 10° to 10¢ volt cm~! breakdown occurs, which may lead
destruction of the crystal. However, reversible secondary phenom-
precede this stage; we shall mention here only the so-called

band by high field strengths. K. B. McAfee, E. J. Ryder,
1 See, for instance, pp. 223ff,

Eh
&
R,

, respectively. In both cases, however, the same diffusion volt- -

t flow. For current flow, too, the Boltzmann equilibrium is =
proximately maintained. In the regions adjacent to the transition

find again (IV.8. 11) for the current contnbutmn 1. of the electrons -
diffusion tails, and not on the variation of the concentration

t out here that the maximum field strength i 1s of course appreciably -
erin a thin transition regmn than in a wide one, since the height of °

er effect,’ where valence electrons are transferred into the conduc- _
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W. Shockley, and M. Sparks® have explained the reversible steep rise

of the reverse current above & critical reverse voltage by the Zener
effect.? Disregarding the actual mechanism, it is known that the fail-
ure of rectifiers above o certain reverse voltage is associated with
excessive field strengths, and this shows that the impurity transition
raust be as gradual as possible in order to attain the highest possible
Teverse voltages.®  The only limitation in this direction is the original
assumption that the fransition region must be small compared with
the diffusion length which, n turn, calls for the greatest possible
diffusion lengths. This requires the use of single crystals with very .
low imperfection content, as pointed out previously. j

b. Asymmetrical p-n junctions il _

We have already pointed out that the characteristic Eqs. (IV.8.15)
. and (IV.8.17) are based on the adjacency of a Boltzmann region and
two diffusion tails and that the details of. the concentration distribu- 4
tions, particularly within the Boltzmann region, ave unimportant.
This allows us to apply the tharacteristic Eqs. (IV.8.15) and (1V.8.17)
to the unsymmetrical pn junction. . _ o

We dgpé, for instance, the p region with 108 acceptors/om® and the
n region with only 101 donors/cm?®. Then we have ' - j

»

Py = 10 0m— >> na = 105 om=*

The first berm. of the sum in the expressions (IV.8.16) and (IV.8.17) for
_the saturation current represents the electrons and disappears for all* |
practical -purposes in comparison with the hole contriliution. Since
the saturation current is not only decisive in the reverse'directidn but -
determines the entire characteristic (IV.8.15), the forward current
consists essentially of holes which flow from the p germanium to the
n germanium, The forward-biased p-n junction of a highly doped p

1 K, B. McAdee, &. J. Ryder, W. Shockley, and M. Sparks. Phys. Rev., 83: 650
(1951). The cxponent in Eq. (1) of this paper is, however, too large by a factor 2.
This appears to be only a printing error, for in the numerical equation (3) of the

‘same. paper the exponent has again the right value. : ‘
2 8eealso G. K. McKay and K. B. McAfee, Phys. Rev., 91: 1079 (1953). k

: R. N. Hall and W. C. Dunlap, Phys. Ie., 803 467 (1050). Wo would like to
suggesy the use of the expression p-n Junction also for very sigep impurity concen-
{ration variations, i.e., for very abrupt transitions between p and n germanium.
As a criterion for the distinction betiveen iransition or junclion and conlacl or
boundary, we shall use the uniformity or change of the crystal laitice.  W. Shockley
had probably the same distinction i mind when in his original paper [Bell System
Tech, J., 28: 444 (1949)], he considered a.bruptly changing impurity distributions

“under the heading “unetion.”’ ‘ 1 3

\
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and lightly doped n material acts, therefore, as a good “emitter” of
Iﬁh'oles into the n ms.t.ena.l This will be of meorta.nca in transistor .

3 _In this connection we mention another fact whmh is not restricted to
: the asymmetry of the p-n contact but is also important for the mecha-
- nism of a pn-p transistor. The reverse current of a p-n junction is
~ small because of the small current yield of the diffusion tails with
reverse bias. If, therefore, in a p-n junction with reverse bias, carrier
: pmrs are introduced by other means than the normal thermal excitation
~ such as light incidence (internal photoelectric effect) or by high field
* strengths (Zener effect), the reverse current will be affected by these
_ additional minority carriers. The same will apply if the carrier
_depletion is alleviated by the injection of carriers from a foreign carrier
~ source. This means that a p-n junction with a reverse bias acts as a
. good “collector.” We shall treat these matters in more detail in the

‘next chapter. Beriiod -

310 Junction Capacitance

- Tt is clear from the preceding paragra.phs that for any given voltage
: ~ there is a certain distribution of charge carriers at and near the p-n
. ". - junction. If the voltage is changed, this charge distribution has to be
. - readjusted, too. This means that, during a change in voltage, the
current is not equal to the current which corresponds to the instantane-
‘ous voltage but that there is an additional current which is propor-
 tional to the rate of change of voltage. Such a current is a capacitive
~ current, and we therefore have to attnbute a certain capac:ta.nce 1o a
p-n Junctlbn < :
The mobile charges in a semmonductor are minority carriers and
~ majority carriers. Both contribute to the junction capacitance, but
~ in a markedly different way. We treat the nunonty carriers first; and
' we restrict -ourselves to Junctmns with low internal racombmatlon
i (Shockley case). -
- When a p-n junction is biased in the forward dlrectlon, a diffusioh
tail of minority carriers extends to a depth of about a diffusion length
- into the bulk aemmonductor as shown for the p-type s1de in Fig.
e R
i 5~ 0n the D slde the electron density of the diffusion tail—that is, the
 total electron density minus the equilibrium densuty-—zs according to
Eqs (IV.8. 07) and (IV.8. 10),

r—zp

“n(D) =y oy (SRR LY SR im0
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The total number of electrons stored per unit ares in this LB o
follows by integration

f [n(z) — n,] d.'c = n,L (ek"" Vtorw _ 1) (IV.10.02)

~ If now the voltage is changed by dU..., the stored electron charge
changes by dQ., resulting in what may be termed the d@ﬁ'erenﬂai

storage capacitance for electrons 3
dQn € ﬂrpLu il } r

Ca Tl T e“ (IV.10.03) |

In add1t1on, we have a similar chfferentml atora.ge capacitance for holes
ok de € p“,L’ —T-Ufnr‘lr >

C, e ek ke (IV.10.04)

so that the total storage capacltance is
Cue = Co + Cy = 7 I, (oL + PaLiy) ak?”“’“' (1V.10.05)

X We have called this capacitance a differential capautance because
it is not the total charge divided by the voltage but rather the change
in the charge for a small change in the voltage. Whenever, as in our
_case, the charge is not directly proportional to the voltage, this is a
more useful definition because it is the differential capacitance which is
seen by a small a-¢ signal superimposed on a d-c signal. ”

The storage capacitance is also often called diffusion capacitance
because it arises from the carriers diffusing across the junction.

From (IV.10.05) it follows that the storage capacitance increases

~ rapidly with the forward bias. The forward current increases in a

similar fashion, and for eU,,.» > kT’ the storage capacitance is directly
proportional to the current.

For a reverse bias, the storage capacitance drops off very rapidly to
zero. However, the total capacitance of the junction does not vanish;
there is an additional capacitance of the space-charge transition regioh
itself, generally called the transition capacitance. This is the capaci-
tance due to the maamty carriers which was mentioned earlier. As we
will show, it also varies with voltage, but much less so; in the forward

-direction, the transition capacitance is normally much smaller than
the storage capacitance so that it can be neglected (see the problems in
§11). We therefore can restrict our discussion of the transition

capacitance to the reverse direction, where the opposite is true.

As shown already in Flg 1V.3.4 for the metal-semiconductor contact,
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__harge regzon wxdans for increasing reverse bias. The SOM6
course, for a p-n junction. This widening arises from the
ment of tha majority carriers which neutralize the ionized
punt:ea, As a result a ca.pacltlve current ﬂows‘ But contra.ry to

ction but rather a displacement current as in an ordmary condenser
- This similarity between the transition capacitance and an ordinary
ndenser qapamtance holds guantitatively. To show this, we intro-
duce the concept of an ‘“equivalent condenser that eorrasponds to a
reverse-biased p-n junction. This is an ordinary plate *condenser
hich is filled with a dielectric of the same diclectric constani as the
conductor and which has a plate distance equal to the width of the
- space-charge region of the junction. If the boundaries of the space-
charge layer are parallel pianes, the equ:va,lent condenser is a parallel-
late condenser; if they are curved in any arbitrary way, the plates of
_equivalent condenser may be assumed to be of the same shape.
equivalent condensers that correspond to different reverse-bias
;?l_um of the same junction are, of ¢ourse, different. ' .

If we now apply a small bias dU.,, across the equivalent condenser,
s plates will charge up by a small amount dQ. Let us then take away
; charge from the pla.tes of the condenser a.nd transfer every charge

.

bmmdary by an mﬁmtemmal amount. These charge elements are
hen manged'an the semconductor in an 1dent.1ca.l geometry and in 3

¢ therefore produca—superposed on the already present field dm-
'utlon ingide the space-charge layer—an additional field that is
"tica.l with the field inside the condenser, because the original
e distribution itself is not affected by the new charges. ‘The addi-
' _-voltage that develops across the p-n junction is then equal to the
v that had been applied across the condenser. This means that
! dlﬁerentml tmnmtxon capacitance dQ/dUm is equal to the capaci-

4"’(% e 3:')
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This problem can bé solved as follows: The space-charge region of a
p-n junction is an electric double layer containing an equal number of
positive and negative charges. Therefore, if pis the local space-charge
density - '

Zn r . g . 5
[ pdz=0 : (IV.10.07)
. The electrical dipole moment per unit area of the layer is
Tn 2
M = f oz dz

Ty

-

and the potential difference AV across such a dquble layer is known to
be equal to

 4r
M= ]

Ina p-n junction biased in the reverse direction, the total potential dif-
ference is U.ey + Vb, where Vb is _t.he diffusion potential. Therefore,

Ty =i-"i§f pzdr . (IV.10.08)

If p(z) were known, one could determine , and z, and thereby z, — 2z,
from the two equations (1V.10.07) and (IV.10.08).
From the interior of a reverse-biased junction, all mobile carriers are
swept out. The charge density, then, is equal to the charge density of
- the ionized impurities and, if all impurities are ionized,

p(z) = elnp(z) — n4(z)] . (IV.IO._OQ)

Near the ends of the boundaries of the space-charge layer, however, the -
mobile carriers are only partially swept out and the charge density
approaches zero gradually, as shown in Fig. IV.3.4. This tailing off
takes place in that region where the electrostatic potential differs from
the potential of the adjoining neutral semiconductor by only a few
kT/e. For every deviation kT/e from the outside potential, the
majority carrier density drops by e~ so that the remaining mobile
carrier density is negligible as soon as the potential has changed by
more than a few kT/e. Now, k7'/e is a very small voltage, at room' =
temperature about 0.026 volt. This tail -region, therefore, con-
tributes only a small amount of the total potential difference whenever
U... + Upislarge compared to kT/e, and this is practically always the :
case, since generally ¥ p alone is large compared to £T/e. b S




R U2 .Tupcnon Gapamtsnoe & R h
therefora been suggeated by Schottky,! and justified by .a
mathema.tmal a.na.lyms, that one can replace the actua.l gradua.l-

p—oﬁ 2 ThJB means that z, and Ty are determ.tned from the two
uations _ :

[ oo@ = m@naz =0 aV.1010)

(no@) = na@)] zdz = 5= (U + V) (IV.10.11)
Rl ; .

y, it is this.introduction of an abrupt transition that gives a
-defined meaning to the quantities z, and z,,; with a gradual transi-
it is not immediately clear which coordinate is to be chosen as the
d” of the space-charge layer. Schottky showed that t;he values

for a number of Blmple dlstnbutlons In the case of an a.brupt :
tlon say
z < 0

o (IV.10.12)

np(@) — na@) = {;:; forl

.\/2“ i (nD + = ) (Ueew + V) (IV 10. 13) '

Sema . I
- x!‘:‘ 276:”1’) (ﬂ.'f) Fn ) (wa o)z VD) (IV.10.14) )
_ [&enpt+mna, _ : ;
iy S \jz = Gue ) (@ydons)

unportant. special case of this is the extremely unsymmetnca.]ly
d junction because it occurs in many practical alloy junctions and
es the beha\uor of the semiconductor sl.de of a metal-sermcon—

‘e n : ; < :
_ =% = \lgren3 (c{,.. + V»)., . avies)
Ty = ?nrc (Urev ar VD) : independenp of na  (IV.10.17).
5 Tn — Tp = T (IV.10.18)

Schottky, Z. Phyuk 118: 530 (1942).
f_Nota that Fig. IV.3.4 has a logarithmic scale. If replotted lmear}y, it shows
] 'tho real chargé distribution drops off rather a.bmptly
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Since the junction width a?lwaya increases with increasing voltage, it
follows already from (IV.10.06) that the transition capacitance
‘decreases with increasing U,... But while the storage capacitance
decreases exponentially, the decrease of C is fairly slow. In our
example we found a decrease with the inverse square root of the total
potential difference. Other impurity distributions lead to other varia-
tions, For further details we refer the reader to the problems in §11.

" 811. Problems

1. In analogy to a differential capacitance dQ/dU a differential conductance .
can be defined ag difdU. Give a formula for the differential conductance of a
p-n junction both as a function of the voltage and as a function of the current.

2. An abrupt p—n ]unot.mn in germanium may have the following physical
parameters:

i

na = 101 cm—* np = 1015 c;n? ra = 10 usoo , Ty = 50 usec

Assuming the values for ny, € us, and pp given in the text, calculate the followmg
electrical properties of this junction:

a. The diffusion voltage Vo.

b. The thickness of the space—ch&rge region and the transition capacitance per .

" unit area for zero bias,
" g, The diffusion capacitance per uait area for zero ' bias.

d. The reverse saturation current density and the forward current dens:ty for 8
bias of 0.2 volit.

3. For the p-n junction in the preceding problem, determine graphically or
numerically the voltage for which the diffusion capacitance becomes equal t,o the
trangition capacitance. .

4.* The following experimental data are known about a particular germanium
p-n Junct.ton

4. The transifion eapacitance per unit area follows the rala.tmnship

ﬁ =10 10“"(;% +o.31_4) 'GE}'*

‘b. The reverse saturation current at room temperature is 192 ua/em?

¢. The diffusion capacitance per unit ares at zero bias is 0.363 uf /fom?®,

Determine from these values the physical parameters of the junction, such as
the impurity densities and the lifetimes, n.asum.mg the junction to be abrupt and
assuming the values for ns, €, un, and up given in the text,

What is the uncertainty in the physical parameters if the contact potential
_varies by +40.001 volt, provided that the other experimental c'lata. are accurate?

5. Verify Eqs. {IV 10.13) to (IV.10.15).
6. What is the capn.c:tance—voltage relationship for a graded junction fer which
the impurity density is given by :
y np(E) — fu(:o) = axr (1V.11.01)

where a tB 8 constant of the dimension cm“? Assume, for example, a value of
a = 10 cin—%. At what voltage, then, is the capacitance equal to 104 ppf forat?

7. What is the capacitance-voltage relationship for a so-called p-i-n Jumhou, -_




§11. Problems

-

3

: mnohonwhemthepregmnandtheumgonmsepnmtedbymmtrmﬁxﬂ
_'oertam thickness, say wi? i
i TR ) <0 Gpas ity
¢k np(z) — nalz) =10 s for 0 <z <ws (1V.11.02)
v -1 LF.”;‘ L "b{ < T e

the result differ from the behavior of an abrupt junction without the
layer but with othe:gmeﬂdenﬁul structure? Calculate the zero bias
tance for a germanium junction mha»-w“ "‘ na-lO“ cm™,
104 em. ; Ly
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CHAPTER V

The Physical Mechanism of Crystal
Amplifiers (Transistors)

§l. Introduction

The trausistor is a device for the amplification of electrica’ signals;
80 it may not be too far-fetched to refer in the discussion of its mecha-~
nism to the oldest and simplest device of this type, namely, the electro-
magnetic telegraph relay (see Fig. V.1.1). Here, a weak current
arriving over a long transmission line actuates a switch which starts or
blocks the strong current from a

Localt [ toad  local source. The essential part of
source OUR®  this process can be described as a
= 53 signal which varies the conductivity

gﬂi'r'{?»k in a current path of a local current
s source, effected in this particular
Fig, V.1.1. Amplification by 2 tele- oage by a variation of the cross sec-
£raph relay, tion at a certain point.

As an alternative of such a modification of the geometric dimensions
of the current path, one could also consider a change of the specific con-
ductivity, for instance, by varying the number of carriers. This actu-
ally happens in a number of transistor types, namely, by more or less
intensive injection of additional charge carriers. Within the range of
‘this common mechanism, the various types differ only in the nature of
the affected current path. ‘If the injection occurs into an ohmic con-
ductor, we have the filamentary transistor (§2). If the affected
curient path is a p-n junction, we have the n-p-n transistor (§3).
Finally, in the point-contact transistor, the boundary layer of a
metallic point contact is affected by injected carriers (§4).. The last
transistor type to be discussed, namely, the unipolar transistor, oper-
ates like the relay by means of continuously variable geometrical
dimensions of the current path (§5). This can again be interpreted as
a variation of the carrier concentration as in the other transistor types.

In contrast to the other types, it is here restricted to more or less
114
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ed boundary reglons of the current.cross section. F ¢
iation applles to the majority carriers and not the mmonty

§2. The Filamentary 'Transistor

s was pointed out in the mtroductmn, in this transistor type addi-
charge carriers are injected into an ohmic condutor. So far, we
d the term injection as though it required no further explana-
The error of this notion is evident from the fact that effective
injection is possible only into a semiconducter, but not into a

Therefore we must first dlscusa camer injection and the
ted time effects. :

re Effects with Ca_r-r_ier' Injeoti‘éun'

choose the example of a grounded germanium crystal which is
ped with 7+ = 10'® arsenic atoms/cm?® and is, therefore, an n-type
miconductor.? The neutrality condition requlres in thls case an
ron concentration n of

_‘ AR == p = 10+1% em—? ' (V.2. 01)

oW We want. f.o increase the cuncentra.twn n by eie.ctron bombard-

t, for instance, by én = 10®* ¢m—* to n + on = 1.1 - 10*® cm=3.-

AT accomplished for only an extreruely short period of time
use the additionally introduced electrons repel each other and

w to ground. Ixpressing this more precisely, the introduction

r = 10+ electrons/cm?® disturbs the neutrality of the conductor,

e resulting space charge p creates an electric field which sets the

: electron concentration n + &n in motion. The resultmg cur-

ents reduce the additional concentration again to zero. Not only the

additional én electrons participate in this process but predomi-

s the n(>> #n) electrons which were aiready present hefore the
bance: This disturbance is, therefore, rapidly removed and can
nly for a very short time. _
quantitatwe treatment of the time decay of a space charge p(t) :

from the contmu.lty equation: :
.g-;-’=—dm'-_'_ (V.2.02)

b t.ufmna.l zmperfeotlons or 1mpumtlea in germamum can be n.mumed 't.o_
v ionized —except at extremely low temperstuma and very high dopmg ‘
trations. Hanca we ean put np = np+. :
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With the eurrent ;

i=cE=—cgad¥V (V.2.08)
we obtain from (V.2.02)* |
.g%’ ST SAT (V.2.04)

Combination with Poisson’s equation

N 4?' A ' (V.2.05)
results in

.g_:_’ = - ‘.*.:_" : _ (V.2.06)
with the solution . :
| o)) = p(0) & T (v.2.07)

from which we find the relaxation time

Troee = 50 (V.2.08)

The germanium with 10 em~* electrons just mentioned would have a
conductivity

o = eun
= 1.6 - 102 coulomb - 3.6 - 10+* cm?/volt-sec - 10+!¢ cm—
] G = 5.76 ohm—! ecm !
= 5.76 - 9+ 10+1t gec—! = 5.19 : 10+!2 gec™? ] (V.2.09)

With 20, — 16.2 we find from (V.2.08) in this case
3 Teotnx = 2.49 - 10713 gec (V .2.10)

From (V.2.08) and (V.2.09) we.obtain the relation for the felaxa.tion
time : ' ; ;

(v.2.11)

g
Troex = dreusn
which shows that the speed of the decay process is determined not
by the disturbance itself but by the undisturbed concentration n.
T.... becomes very small because of the magnitude of n. Hence, if one
introduces electrons into an n-type conductor, the change of concentra~-
tion is maintained for only 10—'? to 10~ sec.

1 With A = div grad = 9%/82* + 9*/dy* + 9*/9% :
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emtuatmn is, however vaaﬂyd1ﬂ'erant1f op = 10“ holes/cm® ¢an
troduced additionally into the n germanium under consideration.
e additional holes also repel each other, but only their own small
pcentration 5p = 108 cm— is available for the decay of the concen-
ration increase dp. Therefore the slow decay process does not take
ace at all. Instead, the electrons increase their concentration
n = 10%¢ ¢m—* by én = 10** em—* to 1.1 -10!'® cm—3; because their
wn high concentration 10*¢ cm—?is available for this build-up process
proceeds very rapidly. Neutrality is again established as soon as
s electrons have increased theip concentration 1.0 - 10'¢ em~* to
.1 - 10'¢ cm—?%, and there are no fields left which could remove any
ctrons or holes.

However, this condition is not mamtamed indefinitely e:.ther In
p. I §3, we have shown that in all semiconductors a thermally
mined carrier generation g and a carrier annihilation r-n - p by
ombination counteract each other continually. Time changes in
ier concentrations n(¢) and p(f) must follow the law!

; % = %(-t-)- =g — r-at) - p@) = r[n} — n(t) - p(t)] (V.2".12)

The intrinsic density n; in this law has approximately’ the value
$ om—* in germanium at room temperature. In equilibrium a hole
centration p = 101 cm—* must coexist? with the electron concentra-
on n = 101¢ em—%, because the time-independent equilibrium con--
trations n and p are, according to (V.2.12),

0=g—r-n-p=r{n—n-p) - (V.2.13)
e time-dependent disturbances &n(f) = ép(f) =~ 10 cm—* intro-
ced into (V.2.12) lead, in conjunction with (V.2.13), to

%an = %ﬁp =r[n} — (n + n)(p + 'Ep)]

—r(n ép + p én + on bp)
iﬁ view of the relative orders of magnitude of n = 10! cm3,

X vauiad concentration changes are not eﬁacted by other causes such as the
ergence of a carrier flow.

.E. M. Conwell gives ng = 2.5 -10* om™% Proc. IRE, 40: 1329 (1952),
Table II.

y ‘The concentration p = 10'° em~* does not play any role in the neutrality con-
ion compared with n = 10! cm~? and np+ = 10 cm~%, Even in the problem
the dispersion of the injected holes ép = 10!* em™3, it is for all practical purposes
necessary to consider the already present equilibrium density p = 10% cm™2,



118 V. The Physical Mechanism of Crystal Amplifiers (Transistors)
p = 101 cm—?, and on = &p =~ 10" em—?, we obtmn

dii 34 | on Giis

t
n = dp~e ™ (V.2.15)

We can now see that even a neuiral deviation én = ép from thermal
equilibrium (n = 10'¢ em3, p = 10'° em~®) cannot last forever but
decays exponentially with a ‘“lifetime 7, = 1/(rn) of the holes in the
n conductor.” This lifetime 7, and also the lifetime r, = 1/(rp) of
eleetrons in a p conductor are strongly dependent on the perfection of
the crystal lattice through the recombination coefficient! r. Fixeep-
tionally perfect crystals exhibit lifetimes as high as 102 sec, and even
relatively poor single crystals rarely have lifetimes less than 10~7 sec.
The lifetimes 7, and 7, are therefore much hlgher than the relaxation
times Tretax.

Summarizing and generalizing we can now state: The electrons in
n semiconductors and the holes in p semiconductors, i.e., the “majority
carriers,”’ remove disturbances of quasi-neutrality in a semjconduct.or
within extremely short times Traw = 1012 gec. It is immaterial here
how the particular disturbance has come about. If the disturbance is,
for instance, caused by the injection of “minority carriers,” the
majority-carrier concentration is increased within the short time 7o
in order to establish neutrality. Both concentrations decay there-
after exponentially with the lifetime T a8 the time constant, which
is very large compared with the relaxation time T

b. The Filamentary Transistor

The foregoing discussion shows that it is useless to inject majonty
carriers in order to influence the conductivity of a current path. The
additional carrier concentrations decay within much too short times
T'.... or within much too short distances veun - Trews if the injected
carriers are transported with a drift velocity vusp.

When minority carriers are injected, however, the equalizing flow of
majority carriers reestablishes neutrality within a few relaxation times
T...e S0 that the space-charge field with its dissipating tendency is
removed. The conductance in the current path in question is thus
increased by the additional minority carriers as well as by the neutral-
izing concentration rise of the majority carriers.

The questmn arises now as to how the injection of minority carriers
is accomplished. The introduction by bombardment from the outside

1'8ee also footnote 1, p. 99.
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res a vacuum, high voltages, and electron-optical structures and
: f,herefore very cumbersome. Furthermore, this method would be
cted to electrons and could be applied only to a p-type semicon-
or. The following two methods are much more elegant. First,
h t exmta.tlon may be used to increase the pair generation above its
ermal]y determined value. The creation of pairs of positive and
gative carriers leads not even to a momentary deviation from neu-
ity. This effect is utilized in the so-called phototransistor. .
ond, charge displacement effects known from rectifier theory may
itilized. Thus holes may be earried {rom a p semiconductor into an
~msemiconductor. This is the emitter action of a p-n junction biased in
forward direction, as mentioned on page 106. Finally, it has been

P a. V.2.1. The ﬁlamentary transistor. The current arrows do not represent the
§1reotmn of the actual currents but rather the direction in which the current in

tion is considered positive. Accordingly, the voltage arrows do not represent
e acf.ual poteutlal dmp but rather the direction in which the potential drop
oltage) in question is considered positive. The schematic “batteries, however,
e represented with the correct polarities as they are applied in the operation of
€ ‘Lransistor.

nd empirica.lly that the forward cu'rrent of a metal-semiconductor
ntact on germanium may consist largely—possibly entirely—of
ority carriers. The interpretation of this effect is believed to lie
a disguised p-n action.
Be that as it may, forward-biased _‘p-'ﬂ. junctions and metal—senucon—-
cto_r point contacts represent simple “‘emitters’” for the injection of
inority carriers. _ :
In conjunction with the introductory remarks of §1 we obtain the
owmg arrangement of a crystal amphﬁer (see Fig. V.2.1). A rodor
nt of single-crystal n germanium is provided with large-area elec-
les at each end to make good ohmic connections. The left “base
ode” .is grounded, and a negative bias [[U > 4+ kT/e] is
phed to the right ‘“collector electrode.” An emitter is applied to
¢ rod near the base with a positive bias with respect.to the base in
tp‘ produce emitter action. A fraction v of the current 7, which
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flows from the emitter into the® germanium rod consists of holes
(y = injection efficiency = the fraction of the emitter current carried
by minority carriers). These holes are collected by the negative
collector after entering the n germanium so that they modulate
the conductivity of the current path between emitter and collector,
depending on their number. Therefore, variation of the emitter volt-—
age U, must be capable of controlling the power supplied by the
ba.ttery in the collector circuit.

c. Su.rvey of Procedure and Objective of the
Following Calculations

The preceding rough descnptmn of the effects under discussion will
now be refined quantitatively. The mathematical formulation of the
mechanisms, however, is not a goal in itself. Our goal is, rather, to

~ develop clearly the physical concepts of

Injection efficiency v
Transport factor 8
Inherent (or frue) current amplification a;

and to single out the fundamental physical effects so as to indicate their
significance for the operation of the over-all structure, namely, for the
amplification properties of the transistor.

The transistor is a special case of a switching or rather a transducer
element in which a primary or input circuit controls a secondary or
output circuit. The behavior of such a transducer element is, accord-
ingly, determined by two current-voltage relations (namely, one for
the pnmary and one for the secondary clrcult.)

s ) (V.2.16)
e 1) (V.2.17)

For small deviations u,, %, %, %, from an operating point, these
equations can be linearized:

Uq = T11e + T1sle | (V.2.18)
Ue = To1le + T2ale - (V.2.19)

“where r1; and r2, are the differential primary and secondary resistances.
The coupling resistance r,; furnishes the desired influence of the
‘primary circuit on the secondary circuit. The feedback resistance ria
determines the feedback effect of the secondary circuit on the primary
circuit.
The amplification and transfer properties, respectively, of a eircuit
element with a primary and a secondary circuit are described appropri+
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: _amphﬁcatmn and the power amphﬁcstlon in the ma.tched condl—
lion. These amplification values are generally derived from the
resistances r1; * * * r2. This will be done in §6, since the relations in
- question and their derivation have nothing to do with the physical
meeha.msm of the filamentary transistor.
The following calculations for the filamentary transistor relate the
values of the resistances ri; = * : 7y to the structural data and the
- characteristic constants of this type of transistor. The equations of
p 56 are used in the same way for the amphﬁcatlmi factors. A discus-
- sion of the equations which we derive will help us to understand the
~ importance of the individual effects for the performance of the fila~
"~ mentary transistor. '

B4 The Current-Voltage Equations of the
Filamentary Transistor

First we must establish certain sign conventions. We adopt the
~ choice of signs customary in transistor literature, so that the flow of
~ positive charge carriers into the semiconductor constitutes positive
~ currents I, and I.. Within the single crystal rod, we measure a
: ; coordinate = positive from the collector end z = 0 toward the left
. (see Fig. V.2.1). The electrical field strength & within the crystal is
.f 'ta.ken as posmve in the direction of i increasing x values as usual.
~ We shall now consider a certain location = of the single crystal rod
 between the point I (immediately in front of the emitter) and the
~ collector ¢ (see Fig. V.2.1). Here we find a field strength directed
- from the left to the right, and hence negative aecording to our conven-
- tion. ItsvalueisEo + Ei(z) < 0;Eois the component present before
~ injection. The corresponding electron concentration is no + n; and
the hole concentration n}/ne + pi(z) = pi(z), because the injected
 hole concentration p1(2) even at low injection levels is large comps.red
~ with the already present hole density nj/n, (= 10'° e¢cm—? in our
- example). Restricting the' analysis to low injection levels where we
can neglect terms of the second order, we find for the current density
- I./Q of the collector current (Q being the croas-aectaonal ares of the

germamumrod)

éf = epnnollo + Gﬂaﬂd(ﬁ)gu ar Bﬁypl(x)Eo + epanoliy(z) (V.2.20)!

. 1 The signs in this equation are correct, since I and K, - K, are positive in the
e direction, namely, from right to left. In transistor operation Ic as well as
s + E, arc negative, at least for the n semiconductor here assumed.

f"
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It is carried partly by electrons and partly by holes in this region of the
current path. . Introducing the mobilit.y ratio

b=E2 (V.2.21)

" Fp
we find :

einre@(Bo + Ex(@)) = L. — euplbma(2) + pi()QBs (V.2.22)

The injected hole concentration p; decays with time according to
the exponential law (V.2.15) by recombination. If we consider an
arbitrarily chosen number of holes at a distance L, — z from the point
I, the concentration p(z) has decreased by a factor

: e—‘fl‘, e e*‘it*:)ffpﬂd.ilt :
compared with the original concentration p(L), and a time

Lg — &
P e Lty
Varint

¢

has passed since the introduction of these holes into the n germanium.
The same applies to the additional electron concentration ni(z) which
has the same value as p:(z) for reasons of neutrality. Wefind therefore

Z

ni(z) = p:(x) =pl) e o - (V.2.23)

We substitute this in (V.2.22) and introduce the hole contribution of
t.he collector current I, at point I :

eup1(Lo)Ey - Q = I, (L) (V.2.24)
and finally integrate (V 2.22) from z = 0 to z = L:
z=Lec
ewanQ / (s + E;(z)) dz
z=0

e
L T (b)) f e it dy  (V.2.25)
: r=0)
Since K, + Ei(x) = —grad V, the field-strength integral on the left
side leads to the value — (U — Uc) = U, — Uy, i.e., the total voltage
between the collector ¢ and point I. Introducing the unmodulated
“collector resistance,”

; i . :
Te = E;n?%nQ . (V\:.2.26)

dividing by L., and carrying out the integration on the right side of




T, L‘ :
— Uy =L~ @ + b)f.,(m """" [1 = o 7] (V.2.27)

e mtroduce an abbrevxa‘blon r s
5 i A S Led 4 ¢ g
8= 1’-’%‘-'3 (1 —e mmnt) - (V.2.28)

[ t.erm.s of thgtfransit time between point I and collector ¢

£ I. . . : -I ..
i
TR, _te - :
_ B = (1 ) i (v.2.30)
This ‘“transport factor B” represents the fraction of the holes
ted by the emitter at z = L. which actually arrives at the col-
r, i.e., which is not lost by recombmauon From (V.2. 27) we
then

: ;‘ (Ue — Uy = _Is —-,(} a7 b’)ﬁf,,‘(Lc) g (V231)
' ' ally We-can replace I.,(L;) by the negative hole contribution —I,,

the emitter current or use the injection efficiency mentioned on
120 so that

1.,(L¢) e (V.2.32)
’I‘hls equation 13 obta.lnecl by resolving Kirchhoff’s law A
DT ol =0 e 8 (V2.88)
an equation f__or' the electron currents g
I + (1 — -r)I =+ I,,(L) =0 (V.2.34)
for the hole currents! ; _
0+ ylu+ 1 ('La =0pk) % (V.2.35)
uations (V 2 31) aﬁd (V.2.32) combme toyield =
s Y= (1+b)ﬁ'mf.+r“ N 0V2 36}

we apply Ohm’s law to the path between the base and point I and,
her use (V.2.33) after mtroducmg the quantity

O ST R A (V.2.37)

The hole contribution to the.base current I, is zero, because the field Ko draws
injected holes away toward the collector on the right. g
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we obtain finally , _ _
a, = (1 + b)By (V.2.38)
o s foki Ue_ rb(I.+Ie) e WJ.'!“"J; Hho
: Ug = (rn + ag)le + (m + r)le (V-2.39)

This is the current-voltage relation in the secondary circuit of the fila-
mentary transistor. The equation for the primary circuit can be
obtained in a much simpler way.

Between the metal of the emitter point and the body of the germa-
nium at point I, we find the voltage U, — U, (see Fig. V.2.1). The
relation between this voltage and the current I,, i.e., the emitter
characteristic, is not linear: :

Us — Ux = §(I) (V.2.40)
i13h:p1a.ti<:um (V.2.37) and (V.2.33) yield for the current-voltage relation
in the primary circuit of the filamentary transistor

.Ul == 1‘51.‘ SE f(-r-) AF rblg (V.2.41)

These equations are usﬁq.liy linearized by considering only small
deviations e, U, e, % from the d-c operating point U,, Us, Is, Ie.
Introducing the differential emitter resistance

; re = f'(Ls) s ovr (V12:42)
we find :
Yo = (15 + 7o)ie + Tole o (V.2.43)

y Ue = (Tb S aorc)'iu Ty (fb Gy f:)'i: LA (V.2.44:)

e. The Ampli'ﬁcati_bn Properties of the '
Filamentary Transistor
~ Comparing (V.2.43), (V.2.44) with (V.2.18), (V.2.19), we obtain
="t ?'.. T2 = 1 ;
ro1 = Tp + e Teg = 1o + Te = (V245)

With the help of (V.2.45) we can now evaluate the general amplifica-
tion formulas (V.6.08), (V.6.07), and (V.6.08) for the special case of the’
filamentary transistor: Short-circuit current amplification (Rz = 0):

fe _rt ad | g
[lr_.].hmms ™+ Te V.249)

Open-circuit voltage ambliﬁcﬁtiog Ry = »):

Uz _ _ Tt oads '
[uo ]npn ofreutt i .-|- s (V ,2.47)

o
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Power amplification under matched conditions (Bz = rss = 13 + 1)
bR Ll : :
N = J

it S8 (et e 1 |
]mw- +_4 (rs + 14) (15 + ) D -]_: (s + ' o)7s (V-2.48)
2 (n =+ rl)(fb + 7o) e

T If we succeed in eliminating the base resistance 7, which causes
~ instabilities,! by proper structural design, i.e., by locating the emitter
~ as far as possible to the left near the base, we obtain: .

i_mrt—aimuit current amplification (Rz = 0):

[’T‘] fasstia toy (V.2.49)
-__._; } A5 e _|short clreuit -
- Open-circuit voltage amplification (B = «): :
izl e A ot :
i [u! ]opo-dmit . a.l 1... (V.2.50)
Power amplification under matched conditions (Rr = ras = re):
Uze el e
g [u‘.it]muhd 7 + 4 Fe Te (V.2.51) :
I we finally add Eq. (V.2.38)
; ' o = (1 + b)By - (V.2.38)
with (V.2.21) o
i L—'*‘ : (V.2.21)
~ .and with (V.2.30) :
- S0
A iesiaBim il = 6F 7e) o (V2.30)

-

~ We arrive at a very clear picture of the physical relations:
1. The largest possible injection efficiency v, namely, unity, is
~ advantageous for all three types of amplification. This is plausible
~ since the emitter current 4, which is controlled by the emitter voltage
. U, consists then entirely of modulating holes. On the other hand, all
amplification properties are lost as v — 0. The conductance of the
~ current path cannot be modulated by the injection of electrons into
§  n germanium. \ :
2. The largest possible transport factor 8, namely, unity, is advan--
- tageous for all three types of amplification. This is plausible since all
" 1§eo in this connection p. 148, According to Eq. (V.2.48) we have ris =1, for
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injected holes are then effective along the entire path from the emitter
to the collector and are not lost by recombination before reaching the
latter. < 4 % .

3. The largest possible mobility ratio b is advantageous for all three
types of amplification. This is plausible since many electrons of high
velocity, contributing correspondingly little to the space charge, are
required to neutralize holes of low velocity, contributing greatly to
the space charge. The current amplification which is attained with
an ideal emitter (y = 1) and ideal transport factor (8 = 1) is often
called the true current amplification a:. It is in the case of the fila-
mentary transistor _ de

and therefore depends here on the space-charge action of the holes.

In general, a; gives the effectiveness of a hole arriving at the collector
in modulating the collector current. o is, therefore, defined as the
ratio of the foial collector current variation 7. to the initiating variation
i., of the hole current arriving at the collector

= [‘f‘-] : _ (V.2.52)
3 "'c, U=l
The secondary condition 1, = 0 assures that the collector current
variation is caused only by ic,. 3 3

4. Let us consider the special case v =1, 8 =1, b =0. The
emitter current thus consists entirely of modulating minority carriers
which are not reduced by recombination but are all captured by the
collector. ‘They are assumed to be much faster than the majority
carriers, so that they modulate the conductance of the path from
emitter to collector only with their own conductivity and not with the
conductivity of additional majority carriers needed for reestablishing
neutrality. etor | 3 : :

In this cage, the current amplification is unity, e.g., no current ampli-
fication takes place. However, voltage and power amplification are
still obtained, if it is possible to make the collector resistance 7c large
compared to the emitter resistance re—for instance, by means of a long
and thin current path from emitter to collector. i

This special case represents, in a way, the pure and unadulterated
transistor effect: Injected minority carriers modulate the conductance
‘of the current path of a “local” battery merely by their presence.
" i The difficuliy in realizing such a condition lies in the fact that it is hard to
keep the recombination small in spite of the length and the small cross section.
A consequent reduction of 8 and hence a, much below 1 would spoil everything.
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fication. Current amplification is poamble only if, in addition,
ace-charge action of the minority carriers, requiring a concentra—
crease of the majonty carners, comes into play.

§3 The n-p-n Transistor

t pa‘th conta.mmg a strong “10-

‘eal”’ current source is influenced by *
small controlling power of a cur-
coming from “far away.” In [}
the filamentary transistor the in< :

~Collector

fluenced current path is a piece of . 1le
ohmic conductor, whereas in the n- ‘ qLEmim, ;/Ut_mcﬁon
transistor! it is a reverse-biased

e neE A AT e 4 s e |~ i
of the blocking effect of such Reve 1 % o bl
p«n junction 15 the depletion of S
pority carriers in the diffusion “I' ¥
tails, which ordinarily act as cur- Re i B AV Emiter _
ent sources.? Counteracting this ; Junctions
arrier depletion by the injection c of
yarying number of minority car- e A
s results in a control action on R
the reverse current of the junction.
B m;er-tor or emitter in an n-p-n

2

23 ol

.. e
Collector

h'anaxstor is not a. forward—bxased
t eonta.ct but another p-n junc- o La ey
n which is biased in the forward - Emitter. Collector

direction, in contrast to the eolleq— :
Thus we arrive at the n-p-n .

stor shown in Fig. V.3.1 as the
Fic. V.3.1. The t.ran.sformnt.lon of t.hc

stage.  The opera.tlon of this

filam n—pm
sistor type is, therefore, based '“ansf:;fy HRngylor tato e
oughly on the following mecha-
isms: The left n-p Junctmn, whmh is bmsed in ths forwsrd dxmctmn,

'W. Shockley, Beu System Tech. J., 281 435 (1949) W. Shocklgy. M. Sparks,
G. K. Teal, Phys. Rev., 831 151 (1951) : , R
’Seepp 102to 103.° ' , e vk __1_-;_.;_'
3Beep. 106. . ° . ; : T 5 L SRR

;esulta in voltage and power amplification w1th0ut. current
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emits electrons into the central p layer; these electrons are collected by
the p-n junction on the right which is biased in the reverse direction,
‘and the reverse resistance of this p-n junction acting as collector is &
sensitive function of the number of captured electrons. The electron
currents flowing in the n-p-n transistor are therefore essential for its
functioning. However, it will be necessary to consider also the hole
components of the emitter and collector currents in the following
‘quantitative treatment.

_a. The Spatial Distribution of the Carriers and the Variation
of the Electrostatic Potential

In order to study the mechanism of an n-p-n transistor in detail, we
shall begin with a description of the concentration distribution and the
potential distribution for zero current (see Fig. V.3.2). The intrinsic
density? n; =~ 10" cm~* is a guide for the concentration distribution,
since it is constant throughout the entire crystal and therefore repre-
sents a horizontal line across the figure. We assume that, for instance,
the left n region is doped with np; = 10%¢ and the right n region with
np, = 10M antimony atoms/cm?, whereas the central p region contains
ny = 108 indium atoms/cm? (see Fig. V.3.2).* This leads to the p
and n distributions shown in the middle of Fig. V.3.2, which are sym-
metrical to the intrinsic density n»; =~ 10'* em™* because we have
assumed zero current and hence thermal equilibrium. The potential
distribution V, plotted underneath, is identical with the electron dis-
tribution 7 as a consequence of the Boltzmann principle (IV.6.11), the
logarithmic plot of the electron concentration n, the linear plot of the
potential V, and finally, the choice of suitable scales.

Figure V.3.3 shows the changes which take place if the n-p junction
on the left is made an emitter by applying forward bias '

U. = — 0.078 wolt ~ — -3’:7""

and the p-n junction on the right is made a collector by applying a
reverse bias U, = 4-0.3 volt. The concentration distributions within
the transition regions of both p-n junctions maintain almost entirely
the original Boltzmann character® in spite of the current flow.

The hole concentration p is therefore increased by the factor
oilUAT — g~eUe/T gt the point z, and is decreased by the factor

1 E. M. Conwell quotes for germanium at room temperature the more accurate
value n¢ = 2.5 - 1013 cm~3. See Proc. IRE, 40: 1329 (1952), Table II.

2 The subseripts ! and r in np; and npr indicate left and right.

'3 Bee p. 100 and Fig. IV.8.1.
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AT = g—Ud/XT gt the point .. The iher‘éaaa at the pd&nt z, leads
' _us:on tail which decreases toward the left and i in which p is
by the factor e for each diffusion length L,;.! This diffusion
‘determines the hole component of the emitter current. In the
uation of the decrease at the point 2, we must bear in mind the

B e

-ta---qv--.--sa»--q;----u--t-m-----»-q‘I i 3
-.--b-'.-

lo"t _ .. ‘ f\ 4’-;..--.5...1'-: )

} -o--on--a-
-t--o--.----o--u--o--o----.-

£ |

a few dlﬁ'umon lengths’ L, and determines the hole component

equ&l to aero., This decrea.ae f,rom nght to left takes nlaoe I
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~ Theincrease of the electron concentration n at the point zy leads to
a diffusion tail which decays toward the right and extends in principle
over several diffusion lengths L,. The adjoining concentration
decrease to the right, from the equilibrium density n, = n?/n4-in the
interior of the p region to practically zero at the point 2;, extends, in

L
-+ : ‘

= +
il * ﬂ’l‘”
R, | F BUS& o
Ue=~0078 volt Sl chade | Ug=0,3 volt

- ; n g P E .n ETA
“Emitter y ; llector

electrode : e e c?ecirodt
cm3
106 F—~0—0—0—0—0—0—0—0—0—s Y
101
lol‘
Iol3
jo'2
10"

vy |

L
Dsffumon

Volt,
0,3

0,15

~0,5L :
Fra. V.3.3. The np-n tranmator Concentration and potential distribution. The
operating case.

pnnclple, also over several diffusion lengths L,. In Fig. V.3.3 we have
made the assumption that the width W of the p layer is smaller than,
or at*most equal to, the diffusion length L,., in contrast to Fig. V.3.4, so
that the left and the right diffusion tails overlap and electrons are
transported in a single diffusion process from the emitter at the left to
the collector at the right. Thus the small electron supply from the
p layer which is limited to the saturation-current value is enhanced
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P layer becomes too wide (W > L,., Fig. V.3.4), the diffusion tml on
left drops to zero so that the electron concentration n remains
_ _'onta.l for a certain dlstance at the thermal equilibrium value
= n}/n4-; the diffusion decay sets in beyond this point, in front of
. collector junction. In the region of the p layer where n is now
zontal, we find . essentlally & pure hole current; for the electrons

Qe--oms\m ere%fmdemka '!ﬂmu : )

n n
: Emit:er = W » Collector
electrode - . i electrode

p

A ST -

E :
Diffusion length L

.- W.
PO~ 0= 0= —0— ~Om = =Om

: A T : s i Xbr X
Fra. V.3.4. 'I'hen-p—ntra.nmstor wlt.h too wide a base width (W > L,).

with their low concentration could furnish a substantial contribution
,t.he current only ‘in the presence of a nonexistent concentration
adient. . The great majority of the electrons injected by the emitter
lost through recombination long before they reach the collector.

’;';l’he Current;Voltage Equations of the n-p-n Trailsistqr
The conditions in a diffusion tail were calculated in connection with
pn rectlﬁer The fact that the dwergence of the diff usnon current

_ to the dlﬂ"erentlal equatlon

"

A (n(a;:) =) =z (@) — ) =0 (IV.8.03)

» were then satisfied with the particular solution 4 e++/En which
sponds to an electron current vanishing at minus infinity. Now
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p layer of our n-p-n tranéié_tor'the complete solution

‘n@) —n, =Ae’ L 4 BeIr o (V.3.01)
‘The integration constants 4 and B are determined by the boundary i
conditions i :
n(zw) = npe X2 (V.3.02)
_eUe : P
n(xy) = nye T (V.3.08)
We obtain with 25, — zu ~ W : |
i o | sinh .'BM-L"" x.
n(@) =np| 1+ (¢ T — 1) i
sinh —
La
+ (e ¥T — 1) Wj‘ (V.3.04)
T sinh —
Ly

The electron component I,, of the emitter current I, can be calculated
as a diffusion current at the point zy;: |

I.= (=€) "Du- (—n/(z)) - 4  (V.3.085)
="'-Ir' e-Il'-'n - (e_% — 1) u:'.cot,]:l—Irii
S » X I
; _eUe
.+. (e kT

ginh — | -

L,

A is here the cross-sectional “area” of the n-p-n transistor.

If we use the Nernst-Townsend-Einstein relation D, = p,kT/e in

(V.3.06) and define the following conductances

epaNy L—A; coth Z}?,: = Gy, (v.3.07)
ity s = G, (V.3.08)

we. find for the electron component 7,, of the emitter current I.-
elle

5 eUs » __ '} L 1
AN gy e < SR — 6, e 1) "(v.3.00)

A

PSS~ |

Ay IW]‘-A (V.3.06)

S
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 h e' component must be added for a hola diffusion faﬂ ex‘l;ends into
he left n- regmn ;

cU. i a:—:!g.'
p(z) —m+p..:(e kT i)e T (V.3.10)

elUg
_ ‘ . S _eﬂrpul ‘Eé;.‘ Ee'z"_' (8'7]_‘? = 1)EVRS. 1)
or in simplified form : AR SN o 0 P T
{ : : kT .U. - . a0
L, = —Gy, - = (e = 1) *‘ (V.3.12) -

| Gu, = cuspu I_‘f (V313
,'Fina.lly we obta.m for the emitter current I, = I, + I., with the help
of ‘Eqgs. (V.3.09) and (V3 12) ;

.'.' g +Gu_(1 — e T).}.G, (1 —e 1‘_) ‘(V314)

-

4 a.nd corraspondingly for the collector cur:ent

* eUs ¢ elle . :
{, = +G,;—‘(1 - r“) +G = (1 e KEL(VE341 5):

Gu - Gu_ - Gu_ = en.ﬂ, ii coth W + ep.,p..; ﬁi (V°3:16)-.

B . ,- : G'-[,- = Glri e eﬂn": 4 _1_ ; o i (V.'3.17)
S Bthd - v : L W [
5 rpE, S o amh o 1
P Lﬂl 1 i ¢y
| . ; v L i e
. Gl"g= G-Fl. e "'e“uﬂp L w : (Y.3.18)
i _ o T-_

G = G',,f-i— G,.,, = eu.n, T coth Ui + eu,pnrf (V.3. 19)
s AP pr

« by U, + u,, and U, by U, + u, and if we expand on the right side
e small quantities u, and % and maké use of (V.3.14) and (V.3.15),
W find for the small variations ,, 1, . . . about the operating point

. - Ifwerepla.ca!.m (V314)a.nd(V315) by I, + 4., I. by I. +a,,“-
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Tsy Usy s & the equations

3 _FUR '—E-g_c A
: 4o =Gue T u, +Gie T u = gute + guee  (V.3.20)
5 - ele elc ™

T:f = (In oiigl Uy + Grr (bt Ug = g1ty T Faolhe (V321)

Thus we have found the current-voltage characteristics of the n-p-n
transistor in the conductance form, whereas for the filamentary transis-
tor we arrived at the resistance form [(V.2.43) and (V.2.44)].

¢. The Transport Factor g and the Efficiencies v, and 7.
"~ {or the n-p-n Transistor !

The foregoing equations allow us to obtain a more aceurate quanti-
tative picture of our previous qualitative concepts of the mechanism of
the n-p-n transistor. The emitter has the task of emitting toward the
collector & number of electrons proportional to the emitter-voltage
variation u,. This task is better fulfilled, the more elecirons are con-
tained in the emitter current resulting from u, alone

[Jumo = guitte = Gu, +CGu,) e ** uq

A measure of merit of the emitter is the injection efficiency

. =“{':ca]u¢-ll ple Gu, ful Gﬂ&
E i BJeme  Gu +Gu, “Gu

We shall later find it useful to introduce & correspending collection
efficiency for the collector

(?.3.22)

ey (,':_T,2
Ye v G..

The effectiveness of the emitter is not assured solely by an adequate
content of electrons. The emitted electrons must also be collected by
the collector and must not be lost by recombination. A measure of
the proper functioning of the collector is, therefore, the ratio of
theé electron current! [ —ic,]u.-0 arriving at the collector and the electron
current [is,lu=o0 emitted by the emitter. " The transport factor g is thus
given by - . :

- (V.3.23)

.

Ny s [£¢n}u¢—0 : Gua cosh E :

tV.3 .24)

) The minus sign is required because for i. the positive direction is defined -
" gppositely to that for 74 : § ;
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<1 - (v.3.25)

~ an that the optimum value 1 is dependent on W & Ly 83 we found on
3 ,ggge 131 m a qualitative manner. The differential conductances
: . ga23 ¢an be described mth thehelp of Yo Ver and 8, as we can

f:‘~

g1 =+ F‘*G e g1z = — Q- e*wm ;
et datit e (V320
vsu“— G-e ¥I°° 9=s=+ra
e R oAk,
o - ety [ (V.3.27)
Te g 7

!'

'Current and Voltage 'Amplification of the n-p-n Trammtor

] i t into the mechanism of the n-p-n transistor if
_ derive the current amphﬁcs.tmn for the short-circuited collector
% = 0) from the current-voltage equations (V.3.20) to (V.3.21) and
:oonductsnces (V.3.26):

SORaly s iy 3 S )
Wy

- The current amplification can at best reach the value 1.avhen the
port faftor B and the injection efficiency v, of the emitter have
optamumvslues 1. Thisrequirement for maximum current ampli- -
tion is thus the same as for the filamentary transistor. However,
contraat ‘to Egs. (V.2.49) and (V.2.38) we do not have the favorable
1 4+b = +pua/uyin addition to Bv.. The irue current amplifica-
on «; is, therefore, equal to 1, as can also be seen from a su1ta.ble

i

odification of the deﬁmng equation (V. 2.52)
i
o [ig'.]ﬂ.:-ﬁ . (V.3.281)‘

vided that the secondary current-voltage equation (V.3 .21) and the
t that Gy = G, (V.3. 18) are utilized in the evaluation of (V.3.281).
=1 + b for the ﬁlamentary translshor bec;use of t.he space—charge
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carriers. Such an increase of the majority carrier concentration exists
also in the n-p-n transistor. However, it does not affect the current as
long as the latter is determined by the yield of the diffusion tails.
Only when the ohmic resistance of the path becomes important,
namely, at high currents may a similar effect be expected in the n-p-n

* transistor.!

The voltage a.mphﬁcatlon with open-circuited collector (7, = 0) i is,
_according to (V.3.21) and (V.3.26), :

Ue LR il f‘f?(ﬂ'r_* U-)I !
We havenow U, > 0 and U, < 0, and the difference is
U _U >>E—-26mv>0

so that the exponential factor is Iarge compared with 1. Evenif g and
7. do not have their optimum value, large voltage amplifications are
obtained. In the n-p-n transistors described by Shockley, Sparks,
“and Teal? the conductivity of the collector n layer is, incidentally,
about an order of magnitude smaller than that of the p layer with the
base electrode. Accordingly, the collector current consists predomi-
nantly of holes. Despite a . appreciably smaller than 1, these tran-
_sistors exhibit high voltage amplification in accordance with (V.3.29).
. However, apart from the practical importance of the case vy K 1, the
discussion of this cond.ltlon is informative.

The Special Case?® v, << ,yve.=1,8=1

With v, = 1 and 8 = 1, the two current-voltage: equstmns (v.3. 20)_
3 a.nd (V. 3 21), utilizing (V. 3 26), can be written in the form

: e R B e, - (V.3.30)
o= =G F g o TH L (V.a3))

SAK . ’

e 5 y
The feedback term G - e ¥7” 4. can now be omitted in (V.3.30).

! Early shows that, in weakly doped collectors, the minority carrier current is a
field current and not a diffusion current. Thus inherent current amplification
becomes possible... See J. M. Early, Bell System Tech. J.; 32: 1271.(1953), par-
ticularly pp. 1306&' -

* W, Shockley, M. Sparks, and G. K. Teal, Phys. Rev., 83: 151 (1951).

3 To bring out the pnnmples involved, we assume t.lmt ve = 1 and B=1in @
addition to v < 1. '
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ke ‘the term below it, it contains the very small fhotor ew'f' 5
somwnsated by 1/~, whu:h according to our assumptions, is large
he current-voltage equations then assume the form

Naid ! LN & ,i 4 5
i = G e E_.U‘ s
Ug

_.:',_1.-,=—Ge*?”' += Geﬁ o= i G e

8 '_BY solving for the voltages we obtain the resistance form:

bt ‘}é'e’bffu'i. B , (V332)
B R S )

These equatmns have now become Jdent.lca.l with the current—volta.gb
_aquatlona (V.2.43) and (V.2.44) of the ﬁlamentary' transistor if they
g, are written for the special cﬁse rn=0,8=1v=1,b=0 dxscussed

Us = Tels S AR - (V.3.34)
. ut:'c‘i.'i_rc'ic £ : (V335) L

In fact, we can now see an almost complete a.nalogy between the
ﬁlamentary transistor and the n-p-n transistor:
1. In both cases an ideal emitter (y = 1 or v, = 1) injects minority
carriers which are collected without loss by the collector (8 = 1). |
- 2. A space-charge action and with it a true current amplification

is absent in both cases, in the filamentary transistor because of the
ewhat artificial assumption b = p./u, =~ 0 and in the n~p-n tran-
stor because of the fundamental reasons discussed on page 135.
3. The injected minority carriers influence the conductance of a
ent path whose conductivity, without m]ectlon, i predominantly
termined by carriers of the opposite polanty This is, in contrast.
0 point 2, a rather natural assumption for. the filamentary transistor,
hereas zt ‘seems somewhat artificial for the n-p-n transistor.! ;
This makes a detailed discussion of the opposite limiting case
e = 1 desirable, b‘;ause characteristic features in the mechanism of

~ 1Tnasmuch as (V. 3 29) shows that for hxgh a.mphﬁcs.t.mn ve ought to be as large
"pouible, namely, ye— 1. Then the entire collector current consists of electrons
which, in contrast to the holes, are subject to modulation. The fact that real
transistors can, nevertheless, have ve << 1 (see pp. 135 to 138) is probnbly a conse-
: o{ the partwular met.hod of preparation.
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the n~p-n transistor wf.ll appear whlch have no analogies in the ﬁla.-
" mentary transistor. _
f. The Special Case 7.,'= 1, Yo =1,8=1
. The current-voltage equa.t.mns (V.3.30) and (V.3.31) assume in this

case the form : 3 .
G e G TR (v.336)
= G B+ G L (V8B
and we see _thz}t the base current is Zero, mdependently_of u. and %.:
By= (e + 1) =0 (V33

This pa.rtlcular case exhibits a certain analogy, between the n—p—n
~ transistor and the vacuum tube. Thus the base corresponds to the con-
~ trol grid by way of the absence of current, the ermtt.er corresponds to

—Ug ~Ug

i
o

e
=
T

Fia. V.3.5. Comparison of thhwp-nmnmtqrmthespecmlmea.-l,a.-l
8=1 mi.h the vacuum tuba

‘the cathode by way of emission, and the collect.or corresponda to the
anode by way of collection (see Flg Y.3.5). :
If we write (V.3. 37) in the form

—F‘f;Ue

e;=--a{e".f'“" o177 {ew + =2
e

w" (e — u-)]
we see with the aid of Fig. V 3.5 and by comps.nslﬁl mth the vacuum—
tube eqmmt.u:m.1

ta = Slug + Duy}

144 = plate current, ux = plate voltage, ug = grid volmse, S = = transconduct-
ance, D = reciprocal voltsge amplification,






